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ABSTRACT

Let Wn, n=20,1,... be the time until the nth arrival of a
Poisson process with rate 6 . Using invariant loss L (6, @ =
9-2(9-6)2 and sampling costs involving cost per arrival and cost
’ i per unit time, the Bayes' sequential procedure (N*,éN*) is derived.
The large sample properties of the procedure are then studied in the
classical framework, and N*, the stopping time, is shown to be
asymptotically equivalent to n*, the best fixed sample size procedure
when ¢ is known. Asymptotic normality of the segquential estimator

§N* is also shown.
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LARGE SAMPLE PROPERTILS OF THE BAYES'SBEQUENTIAL

PROCEDURE FOR ESTIMATING THE ARRIVAL RATE OF A POISSON PROCESS

WITH INVARIANT LOSS
ek
C. P. Shapiro and Robert WardropF

1. Introduction. Let hh, n=20,1,..., be the time until the nth arrival of a Poisson process

with rate 0. Take wo = 0. Conditional on 8, wn has a gamma distribution with

shape parameter n and mean n/6 (gamma(n,0)). Let For 0= 0,1,..., denote

the sigma algebra generated by wi, 0< i< n. Sequential estimation procedures

of the form (N,ON) are considered, where N, the number of arrivals observed, is

a stopping time with respect to Fo» and GN is an Fy measurable random vari-

able, with Fn the sigma algebra of events prior to N.

The loss due to estimation is L(6,0) = 6-2(6-6)2. Using this loss, the de-
cision problem of estimation of 6 1is invariant under the group of scale trans-

formations (Ferguson, 1967). Such a loss function measures the estimation error
3 . ; -2 e
in variance units, 6 ©, and forces more precision at small values of ¢©.

The cost of sampling involves two components: Cp = the cost of observing

one arrival, and Cp = the cost of observing the process for one unit of time.

* A
In Section 2, the Bayes' sequential procedure (denoted (N ,6 ) throughout

N*
the paper) is derived in Theorem 2.1 using a gamma prior on 6 and the loss and
cost structures described above. 1In Sections 3 and 4 the large sample properties

* A
of the procedure (N ,€ .,) are examined without reference to the Bayesian origin

N*

*
of the procedure. The limiting form of N is given in Theorem 3.1 and the

asymptotic normality of 6N' is given in Theorem 4.1.

1This work was done while at the University of Wisconsin, Madison, and

on leave from Michigan State University.
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2. The Bayes' Sequential Procedurc. The problem of finding the Bayes' procedu:.

~ ~

*
(N , ON*) is solved as follows. For a given stopping time N, 0 is the Baycs'

N

estimator of ¢ given F The optimal choice of N is then obtained by finding

N
that stopping time which minimizes the expected total cost (Bayes' risk due to
estimation plus the expected cost of sampling). See DeGroot (1970) or Chow,
Robbins, and Siegnund (1971) for more details.

Suppose 0 has prior distribution gamma (uo,Bo) where ao_iZ and g8_>0.

0
Then the posterior distribution of 0 given B is gamma (an,Bn) with T u0+h
and Bn = 60 i Wn. Using the loss function given in Section 1, the Baycs' esti-
mator of 6 given & is 6n = Bgl(an-Z), and the expected posterior loss using
En is E[L(B,@n)lrn] = (un~1)-l. Thus, by the strong Markov property, the total

cost of the procedure (N,éN) is

o A=l
CN = (aN 1) + CAN + cTwN .
The Bayes' procedure minimizes E(CN).
: _ ! G =1 :
Define stopping rule N = first n >0 such that cTBn + CA?n > oy + Cp-
*
Note that P(N < «») = 1, and that the rule is easy to use since both a and Rn
*
have a simple form. Also, note that if Cp = 0, then N is a fixed sample size

*
stopping rule since only Bn is random in the defining expression for N . Duc

to this degeneracy, assume c., >0 henceforth.

T
Lemma 2.1.
; * -1/2
i) If cA:>0, then N < Ca / ’
* -
14) if oy >0, then ¥ = (Byel5 .
Proof. Define stopping rules N, and N by
= fhwak -1
NA = first n>0 such that Cpldy 2a o+ Cp
= Pl ? =1
NT = first n>0 such that CTBn > a ” .
* . . 3 . .
Then N < mln(NA,NT). From the definition of Np, either N, =0 or N, -1
satisfies the reverse inequality: c,a < u_l + c,. This last expression
A NA-l NA—l A

implies that N, < e /2 1

A S Cp . A similar argument applied to N, gives NT<(£0 Cn)

The following lcmma is a technical result necded in the proof of Theorem 2.1.
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Lemma 2.2. If N' 1is a stopping rule such that EcC < o then

N' |
lim Jcap=0. ’
. !>
n+® {N'> n} /
Proof: {
1
v - "1 o = 1) @ Bt P2 < o |
cn = (an 1) + cpn + cTwn. Thus, E CN.< if and only if EN'< and EhN. 5 ;
Consider each of the three ¢, terms separately.
(1) j'(o:n-l)-1 ap < (an-l)-lP[N'>n] >0 as n-orw ,
{N'>n]}
-] o
(i f eppa =, G fs SndP < ey O kEN'=K).
{N'>n} k=n+1{N'=k} k=n+l
This last term tends to 0 as n»® since EN' <
-] 0 f
(iii) [ c W ap = e 1 e Tl e i Wae ]
{N'>n} k=n+1 {N'=k} k=n+1{N'=k}
since wn < Wk for k > n.
This last term tends to 0 as n»» since EWN.< ©,

o
The theorem below states that the decision procedure (N ,GN.) minimizes t!l.c

expected total cost among all decision procedures (N',ﬁ ) waithi R0 “and this

Nl
* ~
(N 'ON*) is the Bayes' procedure.

Theorem 2.1. 1If (N',@N.) is a sequential decision procedure then E(C“*)j E(SN.?.

Proof. The cost sequence is first shown to be in the nonotone case. Note that

given 6, Waey ™ W+ Xy where X 1is exponential () and independent of W . Thus,

-l ,_l
E(cn+llrn,0) = (o,.3=L) + epntl) + e (W + 8 7).
. i ~1 : =] . &
Taking E[-lrn] and using E(0 Irn) = B 0x,~1) yields
-1 =1 =g
i = - - (0 i B«
E(Cn+l|fn) Cp B (an 1) +cp + CT( - 1) =

*
Thus, the cost sequence is in the monotone case and the rule N can be expresscd
*
as N = first n>0 such that E(Cn+1lcn) > c,. Now since c >0, Lemma 2.1
implies Ecy, <. Let N' be any stopping time such that N'>0. If Ecyr =
*

then N is obviously better. If EcN.
the monotone case thcorem (Chow, Robbins, Siegmund, 1971) to conclude ECN.jiECy'

<®, then Lemma 2.2 allows application of

s

il




* *
3. Large sample properties of N . In this section the stopping rule N is

examined in the classical framework. The parameter 6 is considered fixed but un-
known and all probabilities and expectations are conditional on 6 and denoted

* A
Pe, Eo, respectively. The procedure (N ,6 «) does not minimize EOCN for all

N*
6, but only the average of EeCN over the prior distribution of Section 2.

The large sample properties of the procedure (N*,aN,) are studied by letting
the sampling costs tend to zero. Note that the stopping rule N* is a fuﬁction
of the sampling costs ¢ = (cA,cT). Define n* = n*(e) = (cA + Cq 6-1)—1/2.

3 . . 3 3 * 3 : .
main result in this section (Theorem 3.1) is that N is asymptotically equi-

The

* &
valent to n as ¢ tends to 0 = (0,0) with cAch tending to ¢y < «. As
=1

*
motivation for this limiting form of N , compute EgCh equal to (on-l) + cpn +

n cq e'l, where the expectation is conditional on 0. Let H(x) = (nx-lfl te,x +
CpX 9-1. Then H(x) attains a unique minimum at x = tey, + c,r()"l)_l/2

*
Ignoring the (ao-l) term, this minimum is n defined above.

+ (ao-l).

The following lemmas give rates and uniform integrability results needed in

the proof of Theorem 3.1. Two cases are considered depending on the limit, c
-1
CpCp -

Lemma 3.1. For each € >0,

0'
of

*
1/2

D(c,r)1,

N -
P&l = -1]> ¢) < b(c_:_)oxp[cT

where b(c) »bo < o, and D(c,e)»D(e) < 0 and finite, as cA,cT—»O such that

AR TRy U

PP ——

*

N I : Poa
Proof: Po(—;; =13e) = Pe(wk ‘Bk)' where
W, = waiting time until the ksh arrival, B, = (u,C )-] - T c-l(a -1) - R %
k T e kS e Yk 0’ !
*
and k = [(l4e)n ] with [+] the greatest integer functicn. {

= Po(exp(—twk) > exp (-t Bk)) < exp(t Bk) Eonp(—thk)

- kitn (1 + £ 61y

For all ¢t >0, Po(wk <Bk)

= exp(t Bk.
by Bernstein's Inequality. Since [x] > x-1, the exponent is
=1/2
T

< b (c) + e /?p*(t,c.e), where




'
.
[
\
v

et -1 -1
b’ (c) = -cpcq t(aO-Z) + fn(1+t0 ) ~ sot and
- 1/2 -1,,1/2
[ =
s Pl t(cAcT HE) CpCo to (1+€) 91/2(l+€) en (1+t6 1)
D (tl_c_l") ™ § i il .
1/2 -1 1/2 -1 ) 1/2
6 (1 + ¢) (CACT 0 + 1) (CACT 6 4 1)
-1 + + + :
As CaSp 7€ < », D (t,c,€) * D (t,e) > - » for all t . But D (t,e) < 0 if
2 0 + cgl
and only if 6(1 + ) > St oy . The right hand side tends to
l+c 7t Ln(1+t6 )

6 as t+»0. Thus there exists t+ such that D+(t,€) 0NN for alls it < t+.

*
1/2 -
s D (t,c,e)), where

A similar argument yields Po(g*-l < -g) <exp(b (c) + c;
D (t,c,e)> D (t,e) > -, and D (t,e) < 0 for all t<t , for some t . The
proof is completed by setting tg = min(t*,t7), D(c,e) = max(D+(t0,g,c),
D (ty,c.e)), and b(c) = 2max(exp(b (c)), exp b'(c)).

Lemma 3.2. For each &, 0 <e<l
*

Pe(l S* - 1|> €) < b(c)exp ci/z c;lD(g,e),
where b(g)->b0 < o, and D(c,e) » D(e) < 0 and finite, as cT,cA->0 such that
-1 Z
CpCp * @ g

Proof: The techniques here are similar to those of Lemma 3.1. P %; =1 < —e)=

*
Pe(wk > Bk), where B is defined in the proof of Lemma 3.1 and k = [(1-¢)n ].

Following Lemma 3.1, for all t < 6 Pe(wk > Bk) S expi(=t Bk—k fn(1l - tO-l)),
< exp(b (c)+ c;/z c;} D™ (t,c,c)) where b (c) = -fn(l - te-l) + Bot and
-t (0+c <:-1)1/2 01/2(1—8)(t—c c-l ﬁn(l-t?'l)
- " T A 1/2_ T A
D (tpgl‘») o 1/2 1/2 + tCA ()0 + —— = .
e (1-e) +(ag+1) (¢, 6 +cq) (6+cpcq™)

As cpyCp 0 and cpepl o, DT(t,c,f) +D (t,c) < 0 and finite for all ¢ <l.
*
Similar methods applied to PG( ﬂ? -1 > ¢) complete the proof.
n
=1
Lemma 3. 3. If CprCoqp 0 such that CaCp  *Cp < ™o then
* *
(i) N /n is uniformly integrable (P,), and
* &
(ii) n /N is uniformly integrable (Pe).
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B A i S
AR et i > S S

(i) Take a > 1 + ¢. Suppose Cg < ®. Then Lemma 3.1 implies

k f kL =7 * ok
b N /n dpy < (BOCT) PO(N /n > 1 +¢)
k. {N /n >a}
b < (BOCT)-l b(c) exp(c;l/zD(g,a)).
F which tends to zero as ¢ -0. If ¢y = «, then N/t < (l+cTc;lﬂ_1)l/2.

- * *
Thus, since c¢,.c L 0, N /n is uniformly bounded in ¢ and hence uniformly

T A

integrable.

: . * 3 3 * * *
(ii) N > 1 implies n /N < n . Thus,

TR Y
. . y
g EF %

* % * * ok * x ok =1
[ n /N Py Sn. P Un/N > &) =0 Pyl /m <a ).
* *
k" {n /N >a}
E ' Take a > (1-8)-1. Then if cAc;l'*c0 < ®, Lemma 3.1 implies the last expres-
| §
E- sion is
E 3 -1 -1,-1/2 -1/2 -1/2
& i(CACT ER G ) cp ' “ble) exp(cT D(c,€)),
) % which tends to 0 . 1If cAc,;1 *> @, then Lemma 3.2 implies the last expressicn
I k4
| is
} ~1 -1 = =172 Be/28 =] 172 =1
i < »
£ Slepeq) (1 + CpCp® ) (cy” "eq ) b(c) explcy” “e,"Dle,e)),
j which tends to 0 .
i - s )
; Theorem 3.1. If CprCp 0 such that CACT > o < @, then
* *
[ (1) N/ o+ K a.s. (PO),
- o
} (ii) Eq ¥ * 1.
; Proof: (ii) follows from (i) and the uniform integrability shown in Lerma 3.3.
E To prove (i), a Borel Cantelli type argument is used along with monoticity
s * *
i properties of N and n . Let c(k) be a sequence of costs decreasing co-
I ordinatewise to 0 such that cA(k) CT(k)-] tends to Cp < = as ) SCp
| * * x % 5
For simplicity, let Nk and n, denote N ,n respectively when cost c¢ (k) is
* *
used. From the definitions of N and n ,
i * * * 4 % * * :
: "k STo STpyy 859 Wy S8, LBy

for all ¢ in [c(k+1l),c(k)] where containment is coordinatewise. TFix € >0.

-6~




*
Then Pe(N*/n >1 + ¢ for some ¢ < c(m)) is

o *x  *
< I Py(N/n > 1+4e for some ¢ in [c(k+l),c(k)])
k=m
«© N*
k+1 * %
e MR X > (1+e) (n_/n, ,.)).
x=m % ""yn il
si *m... tend Bie Lol b= g/2(1 a S '
ince nk/nk+1 ends to . choose €' = g¢/2(1+c), an m such that nk/”k+l i

> 1l-¢' for all k > m. Then the probability above is

*
o N £ oag
1Py (=225 1+ (e/2))
k=m k+1

b

<

which tends to zero as m » © from the exponential rates derived in Lemnas

3.1 and 3.2.

The limiting form of EGCN* can be derived as a corollary to Thecorem 3.1.

-1 3
Corollary 3.1. If CprCp 0 such that CaCT > S < <, then
*
n EOCN* M2 ;
Proof: E.Cc., = E_(a —1)—l + (c, + C e'l)s N, and ﬁ
A e ™ n* ght v :
* 2 * 1 -1 * ok
n ESCN* = Ee n (QN*_ ) + EeN Are
The last term tends to 1 by Theorem 3.1. Also, by Theorcm 3.1 ﬂ
* -1 * -1 * % ] ] ] ;
n (o -1) * 1 @«sie (P ). Bak no(o =1 < n /N which is uniforinly
N 0 N* = ~

integrable by Lemma 3.3. Thus, the first term tends to 1. E

-




4. Asymptotic normality of 5 and concluding remarks. Once the limiting

N* A
* " > : .
form of N is found, asymptotic properties of 6y« can be obtained by

standard methods.
Lemma 4.1. Suppose Xl,xz,... are independent and identically distributed with
mean 0 and variance 1 , and that N’ is a stopping time tending to © as

sampling costs tend to 0 . If there exists n', nonrandom, such that N'/n' -1

(in probability) then a
N' 4
T, = ﬁf ] x; > 2 (in distribution),
1

where 2 is normal with mean 0 and variance 1.

Proof: The result is well known (Renyi, 1957).

=1
Theorem 4.1. If c,.,cp =~ 0 such that c,c.™ > S 5 . then
: 0 ,-0)
* *
(N )1/2 — N, 2 (in distribution)
6

where 2 1is normal with mean 0 and variance 1 . 1

Proof: s
(€ 6)
*
P (/2 N < x) i
= oI 4 TR R S I :
= PotW s 2 (N ) (ag=2+N )0 = (X+(N ) ) )
’ * ~
- PN, 3 =%+ RN},
where
8 il
Y., = ——7 (W = N 075)
w aw 2/2 i
and

=1 - -1 /2

* * * 2 * B * =1
RN) = (ap=2) (x4 ()12 w2 x G )T v s giem™)
* .
Fix < >0. Then PO(YN, > =y R(N )) 1is
*
£ Py, > =¥:) * P (RIN I< =€},
From Lemma 4.1, Yr. + 2 (in distribution), and thus the first term above tends
N

to 1 -¢(-x-:) = ¢(x+<), where &(+) is the distribution function of a standard

*  * * : y
normal random variable. But N /n +1 (a.s. PO) and n - «, implies

*
R(N') » 0 (a.s.) and hence, P (R(N') < =t) » 0. Noting that ¢ is arbitrary

completes the proof.
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*
Although Bayesian methods are used to derive the procedure (N ,eN,),

the procedurc has desirable properties in the classical framework, and these
properties are independent of the prior distribution in Section 2. 1In parti-

cular, n* is approximately the best fixed sample size procedure if 0 is

known. Thus, the asymptotic equivalence of N* and n* is a strong result.
Once this equivalence is proven, usual properties of fixed sample size esti-
mators will hold for the sequential estimator of 6 (as shown in Theorem 4.1).
The inclusion of two type of costs in this problem is much more realistic
than the simple cost per arrival. Also, when only cost per arrival is con-
sidered, the best sequential procedure is a fixed sample size procedure. How-

ever, with the inclusion of time cost, the best procedure is no longer a fixed

sample size procedure, and Theorem 3.1 shows how these two costs are weighted

asymptotically in determining the sample size.
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