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ABSTRACT

• Let Wn~ 
n = 0,1,... be the time until the nth arrival of a

• Poisson process with rate B . Using invariant loss L( B, 0) =

o
_2

o_~ )
2 and sampling costs involving cost per arrival and cost

per unit time , the Bayes ’ sequential procedure (N*,ON* ) is derived .

The large sample properties of the procedure are then studied in the

*classical framework , and N , the stopping time, is shown to be

*asymptotically equivalent to n , the best fixed sample size procedure

when e is known. Asymptotic normality of the sequential estimator

is also shown.
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LARGE SAMPLE PIOPE1~Pi I~S OF TIE BAYES’SFX~.JEN1~IAL

PW.)CEDtrnE FOR ESPII’1ATfl’~G THE ARRIVAL RATE OF A POISSON P1~)CESS

wim INw~RL ~r ioss

C. P. Shapiro~ and Robert Wardrop~

1. Intrcxluction. Let W , n = 0 ,1, . . . ,  be the t ixi~ until the nth arrival of a Poisson proc~ss

• with rate 0. Take W
0 = 0. Conditional on 0, W has a gamma dis t r ibut ion wi th

shape parameter n and mean n/ 0 (gam ma (n,0)). Let ~~~~ n = 0,1,..., denote

the sigma algebra generated by W
1 , 0< i <  n. Sequential estimation procedures

of the form (N ,ON
) are considered , where N , the number of a r r iva l s  observed , is

a stopping time with respect to r ,  and 0N is art F
N 

measurable random van-

able , with FN the sigma algebra of events prior to N.

The loss due to estimation is L ( 0,0) = G
_ 2 ( 0 _ O ) 2 . Using  t h i s  loss , the de-

cision problem of estimation of 0 is invariant under the group of scale trans-

forma tions (Ferguson , 19671. Such a loss function measures the estimation error

in variance uni ts, e _2 , and forces more precision at small values of 0.
The cost of sampling involves two Components: C

A = the cost of observing

one arrival , and C
T = the cost of observing the process for one unit of time .

In Sect ion 2 , the Bayes ’ sequential procedure (denoted (N ,0~~~) throughou t

the paper) is derived in Theorem 2.1 using a gamma prior on 0 and the loss and

cost structures described above . In Sections 3 and 4 the large sample properties

of the procedure (N ‘0N* 
) are examined without reference to the Bayesian origin

• of the procedure. The limiting form of N is given in Theorem 3.1 and the

asymptotic normality of is given in Theorem 4.1.

~Th is work was done wh ile at. the Un ive r s ity of Wisconsin , Madison , and
• on leave from Michigan State University.

j University of Wisconsin—Iladison , Department of Statistics.

Sponsored by the U n i te s  Statc~ Army under  Con t r ac t  No.  D A A G 2 9 - 7 5 — c - 0 0 2 4 .
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2. The Baye s’ Sequential Procedure. The problem of finding the Bayes ’ p r o c e d u i .

(N , 0 ) is solved as follows . For a given stoppinq time N , 0N is the haye s ’

estimator of 0 given F
N
. The opt imal  choice of N is then obtained by f i n c 1 i n~~

that stopping time which ,mi n imizes  the expected tota l cost (Bayes ’ risk due to •

estimation plus the expected cost of sampling). See DeGroot (1970) or Chow ,

Robbins, and Siegmund (1971) for more details.

Suppose 0 has prior distribution gamma (ct ,~,B~
) where e

0
>2 and > 0.

Then the posterior distribution of 0 given F~ is gamm a (e ,~,B )  with a = a
0

+n

and = + W~ . Using the loss func t ion  g iven in Section 1, the Bay es ’ est:-

mator of 0 given F is 0 = 8~~~(ct~ — 2 ) .  and the expected posterior loss usinu

is EEL (0
~~ n)IF n 1 = (a~ —l)

1 . Thus , by the stron g Markov property , the total
• cost of the procedure (N ,óN) is

CN = (a N -l)
~~~ 

+ CAN + cTWN

The Bayes ’ procedu re mi n imi zes E(c
N
).

* — l
• Define stopping rule N = first n > O  such that cTBf l  + C

A
Ct
fl ~~ 

+

Note that P(N < co) = 1, and that the rule is easy to us: since both and

• have a simple form . Also , note that if CT = 0 , then N is a fixed sample size

stopping rule since only B1~ is random in the defining expression for N . Due

to this degeneracy ,  assume CT > 0 henceforth.

Lemm a 2 . 1.

* —1/2
1) If C

A
> 0 , then N < cA

* — 1ii) if C
T 

> 0 •~ then N < (t3 0cT)

Proof. Define stopping rules N
A 

and N
T 

by

NA = first n>0 such that cAct + C
A

l

N = f i r s t  n > 0  such t ha t  c B ‘ a ’T T n — n
Then N < min(N A ,NT). From the definition of N

A , ei ther NA 0 or N A - 1

satisfi es the reverse inequality: CActN 1< ~N 1  + C
A

. This last cxpressic~n

—1 ’2 A It — 1implies that NA < CA 
/ 

. A s imi lar  argumen t applied to  N
T gives NT

c(
~~o 

c.~
)

The f o l l o w i n g  lemm a is a t echn ica l  r e su l t  needed in the proof of Theorem 2.1.

— 2 —
4 4
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Lemma 2.2. If N’ is a stopping rule such that ECN I < co then

u r n  J c d P = 0
n + c o  {N’> n~

Proof:

= (ci1~—l) 
~ + C~~fl + CTWn. Thus, E CN I < if and only if EN ’ < 

~“ and EWN ,
~ ~~

Consider each of the three C~ terms separately.

(i )  dP < (a~ —1)~~~P[N’ >n~ 0 as n
{N ’ >n )

(i i)  f cAndP = C
A ~ 

j  ndP < C
A ~ kP (N ’ =k).

• {N’>n} k=n+l~ N’ =k} k=n+l

This last term tends to 0 as n-’~°~ since EN ’ < co

(iii) f C
TWd P = C

T ~ 5 W~~1P < CT ~ ~ 
W~dP

{N’ >n} k=n+l {N’=k) k~ n+1{N’=k)

since Wi,, < W~ for  k > n .

This last term tends to 0 as n-~ ’ since EWN,.< co~

The theorem below sta tes that  the dec ision proc edu re (N *,ON *) ninimi~ e~ t ’ •~

expected total cost among all decision procedures (N’ ,ON ,) with N ~ 0, and t~

(N 
~°N*

) is the Bayes ’ procedure.

Theorem 2.1. if (N’,ONt ) is a sequential decision procedure t.Itt n 
~~~~~~~ 

<fl (c ..,).

Proof. The cost sequence is first shown to be in the monotone ciise. N~~~: t 1
given 0, W~~ 1 = W + X , where X is exponential (U) and independent of ~~~~~~ Th~~

E ( C 41 1 F , 0)  = n+l~~~~~ 
cA

(n +l )  + c
T
(
~
\
n 

+ 0~~~).

Taking E f .IF I and us ing  E ( 0 ’ I r )  Bn n l ) 1 y ie lds

E(C
~ +1 I r )  = c~ + - (n -1)~~ + C

A + c
T

( U
~n

1)
~~~~~~fl

.

Thus , the cost sequence is in the monotone case and the rule N can be cxpre~ ~~~~~

as N* = first n > 0  such that E ( c +1 1 c )  > C .  Now since C
T~

O
~ 

Lu;~na 2.1

implies EC5~ 
< 

~‘. Let N’ be any stopp ing t ime such tha t N ’ 0. if ECN, =

then N* is obviously better. If ECN ,  <~~~, then Lemm a 2.2 allows application of

the monotone case theorem (Chow, Robbins , Si egmund , 1971) to conclud e EC
N* ~~

F ,
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* . *3. Large sample properties of N • In this section the stopping rule N is

examined in the classical framework . The parameter 0 is considered fixed but un-

• known and all probabilities and expectations are conditional on 0 and denoted

P0, E0, respectively. The procedure (N*,ON*) does not minimize EOCN for  al l

0, but onl y the average of EOCN over the prior distribution of Section 2.

The large sample properties of the procedure (N*,ON*) are studied by letting

the sampling costs tend to zero. Note that the stopp ing ru le  N is a fu nct ion

of the sampling costs C = (c
A ,cT). Define n~ = n

*(0) = (CA + CT 
o~~~)~~~

#’2
. The

main result in this section (Theorem 3.1) is that N is asymptotically equi-r. valent to ii as c tends to 0 = (0,0) with C
A
C ’ tending to c0 < c o • As

motivation for this limiting form of N , compu te E0C~ 
equal to (a~~-l)  + c

An +

fl CT 0~~~, where the expectation is conditional on 0. Let 11(x) (aX
_ 1) ’+cAx +

—l • . • —l —1/2
C
T
X 0 . Then 11(x) attains a unique minimum at x = (C

A 
+ CT

O ) + (a 0-i ) .

• 
. Ignoring the o ’~ 

term , this minimum is n defined above .

The fol lowing lemmas give rates and uniform integrability results needed in

the proof of Theorem 3.1. Two cases are considered depending on the limit ,

of C
A
C
;
’.

Lemma 3.1. For each c > 0 ,

~0( I - ~~ -11’ c) b (c)oxp(e ~~
’2 D(c ,r) 1 ,

where b (c) ~b0 
< ~~, and D ( c ,c)4D(c) < 0 and f i n i t e , as C

A~~
C

T
O such thot

— l
CA
c
T ~~C0~

Proof: P 0
( -~~- — 1 > i)  = P

O
(W
k ~~~ 

where

= wa i t ing  time until the k~-~ ar r i\ ’a i , Bk 
(
~~k

cT
) 1 

— cAcT
1 (

~~k
_ 1)  —

and k = 1( 1+ ,  ) n )  w it h  L 1  the  groa t ost  m i  ~~~~~ f u n c t io n .

For a l l  t > 0 , P ( W k < B k ) = P Q ( e x p ( — t W k ) >~~~ r~~
_ t  B k ) )  cx p ( t  B k

) E t
o x p ( _ t w k )

= e xp (t  Bh~~ 
k ~n (1 + t

by Berns te in ’ s I n e q u a l i t y .  Since (x l  > x-1 , the e>~ponent is
+ —1/2 +

< b (c) + c,~ 
D (t , c , . ) ,  where

— 4 —
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b~~(c)  = _C
AC ’ t ( e 0— 2 )  + t~n(l+t0 ’) — ~0t and

D+ (t ~ ) — 

t ( cAc ’ 0+ ~ ) l/2  CAC; tO ( l + c)  0 112 ( l+ c )  ~n ( l + t 0~~~)
- 

0 1/2 (1 + C) 

- 

(C AC~~~
0 + 1) 1/2 

— 

(CAc~~ 
0 + 1) 1/2

As CAC; C0 
< co~ D+ (t ,c , c)  -

~ D~~(t , c) > — for all t • But D+ (t ,C) < 0 if

2 
_ _ _ _ _ _ _ _ _ _ _ _and only if 0(1 + ‘.-~~ 

> 

~~ 

0 
— l The ri ght hand side tends to

l+c~ t~ f n ( l + t O

0 as t~~~0. Thus there exis ts  t~ such that  D+ (t , C )  < 0 for all t < t~~.

A s imilar  argument yields P0 (;*—l < — c )  < exp(b  (c)  + C
T D (t , c , c ) ) ,  where

D (t ,c,C)-’ D (t,C) > —~~~~ and D ( t,C) < 0 for all t < t  , for some t .  The

proof is completed by set t ing t 0 = min ( t+,t
_
), D(c,c )  m a x ( D~~(t0,c,c),

and b ( c )  = 2 m a x ( e x p (h ( c ) ) ,  exp b 4 ( c ) ) .

Lemma 3 . 2 .  For each e , 0 < c < l

P 0 ( I — ~~ 
- 1~~> c)  < b ( c ) e x p  c~~

’2 c~~~D ( c , c ) ,

where b ( c )  -~ b0 
< co~ and D ( c , c)  ~÷ D ( c ) < 0 and f i n ite , as C

T
,C
A 

0 such that

CAC T ~ 
~

‘. 

*

Proof: The techniques  here are s imi lar  to those of Lemma 3 .1.  P 0 ( ~~~~~
- — 1 < — c )

P o (W k > Bk ) ,  where Bk is de f ined  in the proof of Lemma 3.1 and k [( 1 - c ) n  3 .

Following Lemma 3.1, for all t < 0 
~o~

11k 
> Bk) 

< exp (—t Bk~
k fn(l —

exp(b (c)+ c~~
2 
c~~ D ( t ,c ,r)) where b (c) = -~~n ( l  — tA r ) + ~0t and

— 
— t ( f l + c  c 1)~~

”2 0 1”2 ( 1 -r )  ( t-c Tc
~~ 

fn ( 1 - t U )~~~D (t , c ,~~) = 2 
T A 

~~~~~~~~~~~ 

tc~ 1’~ o 0 + ~~~~~~~~~~~~~~ —l— o ”/ ( F C ) + ( ~ o + l )  (c
zIl +cT) 

/ (O+ c AcT

As C
A
I CT -~ O and cAc~~~

c
~’

, D ( t ,c,e) -~D ( t ,c) < 0 and f i n i t e  for a l l  c <1.

Sim i l a r  me tho~ s applied to P ( • -
~
- -1 > c) complete the proof.

Lemma 3.3. If cA ,cT -• 0 such t ha t  CACT
’ •~ c0 < = , then

U )  N / n  is u n i f o r m l y  i nt c g r a I~i e (P 9 ) , and

( i i )  a /N is u n i f o r m l y  in t eg r a b le  (P
0

) .

—5—
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Proof:

( i)  Take a > ~ u .  Suppose c0 < = . Then Lemma 3.1 implies

* * N /n dP 0 < 
o
cT) P

0
(N /n > 1 +c)

(N /n >a}

< (B 0c,~,) 
— l b Cc )  exp (c~~~

”2 D Cc , e ) ) ,

which tends to zero as c - ~ 0. If c0 = =~ then N */n * 
< (l+c Tc

l)l/2.

• Thus , since CTCA -* 0 , N In is un i fo rmly  bounded in c and hen ce uni form ly

integrable.  

* * *(ii )  N > 1 implies a /N < n . Thus ,
* * * * * * * * —1

* ~

j n /N dP 0 < a P (a /N ~ a) = n P Q (N /n < a ) .

{n / N  > a )
p 

Take a > ( l — r ) 1. Then if CAC
~~~~~C O 

< , Lemma 3.1 implies  the last expres—

sion is

+ 0 ) ~~~
/2 C~~~/2 b ( c )  e xp ( c~~~

”2 D ( c, c ) ) ,

• which tends to 0 . If CACT
1 

~ , then Lemma 3 .2  implies the las t  express icn

is 

< (c
~~~cT ) ( l  + CA C T

O )  (cA
c
T )b (c) exp(c~~

2
c~~ D(c ,~~)),

which tends to 0 .

Theorem 3.1. If CA I CT ~ 0 such tha t  C
A
C ’ -

~ c0 < then

Ci) N /n -
~ 1 a . s .  (P 0 ) ,

( i i)  E 0 —~~ - -+ 1.

Proof: (ii) follows from (I) and the uniform integrability shown in Lc~-~~ 3.~~ .

To prove C i ) ,  a Bard Cantelli type argument is  used along with monoti ity

* *propert ies of N and  n . Let c ( k )  be a sequence of costs d ec rea sir q  c~-

ord inat owi se  to 0 such that. cA (k )  cT ( k )  tends to c0 < as k •~

For s i m p l i c i t y, lot Nk and denote N ,n respectively when cost cft) is

used . Prom the t h f I ? L l t I o n s  of N and n

* * * * * *N~ < N k+, and 
~k -~

. 
~c ~~ ~k+1 

•

for  a l l  C in [c (k + l)  , c ( k ) )  where  containment is coordinatewise . Fix c > 0 .

-6-
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Then P0 (N */n * 1 + c for some c < c (rn ) ) is
Co * *
~ 

p
6 (N /n > j +c for some C in [c (k +l ) , c(k)3)

k=m
*

Co Nk+l * *
~ P0 C > (l+e)

k=m
p .

* * * *Since nk/n k+l tends to 1 , choose e ’ = s/ 2 ( l+ c ), and m such that

> 1-c ’ for all. k > in. Then the probability above is

Nk+l
~ P0 

( 
* 

> 1 + ( c / 2 ) )
k=m 5 k+l

which tends to zero as in from the exponential rates derived in Lemrias

3.1 and 3.2.

The limiti ng form of E QCN* 
can be derived as a corollary to Thcore;~ 3.1.

Corollary 3.1. 

fl E O C
N 
: 

+ 0  such that C
A
C
; 

C o 
< co , then

Proof: E
O
CN* = E0(e —l) + (C

A 
+ c,~,0 ) E

0
N , and

4 * * —l * *n n -1) + E0N /n

The last term tends to 1 by Theor:m 3.1. Also , by Theorem 3.1

~ ~~~~~
‘) 1 a.s. (P

0). But a (o
~~

—1) < a /N which is unifor 
~
y

integrable by Lemma 3.3. Thus , the first term tends to 1.

_ _
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4. Asymptot ic  norniality of 
~ * 

and c’onc’iudinq remarks .  Once the l i m i t i n g

form of N* is found , asymptotic proper ties of O N* can be obtained by

standard methods.

Lemma 4.1. Suppose X 1, X 2 , . . .  are independent and identically distributed with

mean 0 and variance 1 , and that N’ is a stopping time tending to as

sampling costs tend to 0 . If there exists n ’, nonrandom , such that N’/n ’ -~ 1

(in probab il ity) then
N ’

= 
1
1/2 ~ 

Xl -‘ Z ( i n distr ibu t ion) ,
(N’)

where z is normal with mean 0 and variance 1.
,•

Proof: The result is well known (Renyi , 1957).

Theorem 4.1. If C
A I CT 

-* 0 such that C
A
C
T
’ -

~ c 0
< Co , then

* 1/2 
________(N ) -

~ Z (in distribution )
0

where z is normal wi th mean 0 and var iance 1

Proo f:

* 1/2 
_____P 0 ( ( N  ) ——s < x)

* 1/2 * — l * 1/2 — 1
= P 0 (W 1~ > (N ) (~~0 — 2 + N  ) 0  ( x + ( N  ) ) —

= P
0

(Y
N* ~ 

— x + R(N)),

H where
0 * —l

p ‘

~ N* 
= - ;-;--i7-~

- 
~~~~ N* 

— N 0 )

and
* * 1/2 — l * 1/2 * 1,’? 1 * —1/2

R(N = ~~ o
_ 2 )  ( x +  (N ) ) — (N ) x (x+(N ) ) + x —  t~0U (N 

)

Fix ~ >0. Then P (i (Y N* > - x +  R ( N ) )  is

< 
~~~0

(
~~~~~ A > — X - i . )  + P 0

( R ( ~~ ) <  —
~~~ ) .

From Lemo n 4 . 1 , V -
~ Z (in distribution) , and thur the first term ahove tonds

N1

to 1 — . (—x— ) -
~ ~ (x4 ) , whore ~~

. is the di stribution function of a st ’.ndard

normal random variable. But N/n .1 (a.s. P )  and a ~ “ , i m p l i e s

R (N ) •. 0 (a.s.) and honcc , P0(NN 
) < —

~~~~
) -* 0. Noting that c is arbitrary

completes the proof.

—8—
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Al thou gh Bay esian methods ar e used to derive the procedu re

the procedure has desirable properties in the classical framework , and these

properties are independent of the prior distribution in Section 2. In parti-

cular, n* is approxima tely the bes t f i xed sample size procedure if 0 is

known. Thus , the asymptotic equivalence of N* and n is a strong result.

Once this equivalence is proven , usual properties of fixed sample size esti-

mators will hold for the sequential estimator of 0 (as shown in Theorem 4.1).

The inc lus ion of two type of costs in this problem is much more realistic

• than the simple cost per arrival. Also , when only cost per arrival is con—

sidered , the best sequential procedure is a fixed sample size procedure. How—

ever , with the inclusion of time cost , the bes t procedure is no lon ger a f i xed

sample size procedure , and Theorem 3.1 shows how these two costs are weighted

asymptotically in determining the sample size. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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