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ABSTRACT

Let X(t), t > 0, be a homogeneous Poisson process with

A~

arrival rate 60 . Sequential estimation procedures (0,6O ) are

considered with loss due to estimation L(6,6) = 6—1(9-6)2,

and sampling costs involving both time and arrival costs. In this
context the Bayes' sequential procedure is obtained in a simple
computable form. The large sample properties of the procedure are
then studied when 0 is fixed but unknown, and the Bayes' stopping
rule T is shown to be asymptotically equivalent to the best fixed

sample size procedure when 0 is known. Asymptotic normality of

the Bayes' sequential estimator GT of 0 is also shown.
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THE CONTINUOUS TIME BAYES' SEQUENTIAL PROCEDURE
FOR ESTIMATING THE ARRIVAL RATE OF A
-~ POISSON PROCESS AND LARGE SAMPLE FROPERTIES

C. P. Shapiro and Robert Wardrop

1. Introduction. Conditional on the value of 6, 6 > 0, let X(t), ¢t >0, bea
homogeneous Poisson process with rate 6 . Let J(t), t > 0, denote the sigma algebra
generated by X(s), 0 < s < t . Sequential estimation procedures of the form (0,6o )
are studied, where 0 is a stopping time with respect to F(t), and go is an F (0)

measurable random variable, with J(0) the sigma algebra of events prior to 0 .

The loss due to estimation is

(1.1 L(8,8 = 671(e-8)2 .

< ; ; A e % -1 -
This loss measures estimation error in terms of standard deviation 6 forcing more

precision at smaller 6-values. The loss was suggested by Dvoretzky, Kiefer, and Wolfowitz

(1953) and tlodges and Lehmann (1951).

The cost of sampling consists of two components: CA > 0, the cost of observing one
arrival, and CT > 0, the cost of observing the process for one unit of time.

In Section 2, the Bayes sequential procedure, (T, §T), is derived using a gamma
prior on 8 and the loss and cost struc ures described above. 1In Sections 3 and 4, the
asymptotic properties of (T, 61) are examined without reference to the Bayesian origin
of the procedure. The limiting form of T is given in Theorem 3.1 and the asymptotic

~

normality of 0T is given in Theorem 4.1. Concluding remarks along with methods for

choosing Y and c, are given in Section 5.

sponsored by the United States Army under Contract No. DAAG29-75-C-0024.
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2. The Bayes' sequential procedure. For a given prior distribution on 6 , the Bayes'

sequential procedure (BSP) minimizes the total expected cost,

-1 a9
(2.1) E(O (e-eo) ) + E(CA X(0) + cTo)

over all pairs (o, 00) . For a fixed stopping time ¢ , the first term in (2.1) can be

: =1 &2 : a
written as E(E(9 ~(6- 60) | F(0))) and is minimized by taking 60 to be the Bayes'
estimator of 6 given F(0) . Hence, the first step in finding the BSP is to determine

the posterior distribution of 6 given (o), for any o .

¥ %%t BB,

Henceforth, let 9 have prior density w(8) = F(ao)- Bo (¢] e for

6 >o0, a4y > 1, and Bo > 0, abbreviated gamma (ao,eo) . With this prior density, the
posterior distribution of 6 given F(t), is gamma (at,Bt), where at = ao + X(t)
and Bt = BO + t . Using the loss defined in (1.1), the Bayes' estimator of 6 given
F(t) is ét = B;l(at—l) and the posterior expected loss using §t is B e For

0 a stopping time, the posterior distribution of 6 given %(0) is gamma (uo,Bo) by

the strong Markov property of the Poisson process. Thus, the Bayes' estimator of 6

A - A -1
given JF(0) is 60 = Bol( ac-l) with posterior expected loss E(L(0,00)|5(o)) = 60 s
For t > 0, define
=
= + .
(2.2) Ce =6 * e, X(t) + cpt

~
The total cost of the procedure (0,66) is ¢ o and the expected total cost is E(C 0)
The Bayes sequential procedure minimizes E (C o) .
Define the stopping rule T by
-1

> > .
(2.3) T =least t >0 such that c,a +cf8 >8

Note that P(T < ) =1, and that T is very simple to use. Rule T will be shown to be
Bayes' in Theorem 2.1. Before motivating the rule, Lemma 2.1 gives bounds for T and

x(t) .

Lemma 2.1. For T given by (2.3),

=5 -1/2

& -1
<
i) T _.mm(cA ao » Cq )

-1
i) XM S (eB) T 41

Proof : Fix € 0. Then if T > €, T -¢€ must satisfy the reverse inequality in

"de
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expression (2.3) defining T . Thus,

-1

+ c.a <
c'rB't—c i N B'r-s ®
ke . i 3 : =1 " 5 -1/2 o
This inequality first implies that cTBT_C < BT . which gives T - € < Sy . Secondly,
P 2 -1 : -1 =1
1 < <
it implies that CAGT-E BT_C which gives CABT-E (ar—c) < % and thus,

T-€< (aoca)-l . Also this second form implies e e < B;l which gives ch(T-E) < B;l
and hence X(T1-€) < (cABO)-l . Since € is arbitrary the proof is complete.

The motivation for rule T is given in Lemma 2.3. Briefly, the rule is derived from
the characteristic operator of the marginal process, X(t), obtained from the Poisson
process by mixing over ® according to the prior distribution. Rules derived from charac-
teristic operators have been considered by other authors, namely, Ross (1971) and Starr,
Wardrop, and Woodroofe (1976), and are sometimes called "infinitesimal look-ahead rules."
Such rules are essentially continuous time analogues of rules derived from the monotone

case (Chow, Robbins, Siegmund, 1971).

Recall the definition of ct in (2.2). Define

E(C l(t,x(t))-ct

h

t+h

(2.4) AC, = lim
ht 0

when the limit exists. Likewise, for real valued bounded functions f on [0,®), define

(2.5) X = L E(£(X(t+h) | (£, x(£))=(t,x)) -f(x)

= h+0 =

when the limit exists. The expression in (2.5) is the characteristic operator of the
process X evaluated at the function f . Note that the marginal distribution of X

(not conditional on 0) is used to define (2.4) and (2.5). Thus, the process in question
is not Poisson, but is obtained from the Poisson by mixing over the parameter 8 . Crucial
in showing the optimality of .T is Lemma 2.2 which states that X(t) is margindlly a

strong Markov process.

Lemma 2.2. Suppose that conditional on 6, X(t) is a homogeneous Poisson process with

arrival rate 6. Then for any prior distribution A on 0 , X(t) is marginally a strony

Markov process.
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Proof. Using the fact that P(x(ti) = ki' i=1,2,...,m is equal to (for tii t )

i+l
m

ITT Pe(x(ti—ti_l) = ki-ki-l) dA(B8), the Markov property follows from a straightforward
i=1

computation. Since X(t) is marginally a pure jump process, X(t) is strong Markov.

Lemma 2.3. For all t> o0,

3 -2 -1

i) Act = -Bt + CA(ltBt + Coq

3 -1
ii) Atx (uo+x) (80+t) ks f

Proof: EIC,. ., - ctlat,ey

2!

& =1 = asl =
= [(B +h) By J + c E[X(t+h) ’““'“c'e 1 +cph

1

- -1
= [(Bt+h) - Bt 1+ cAeh + C'Rh :

: -1 .
Thus, since E(Glut) = utst i I:‘.I(!';"_h - Ct[at] is equal to

-1 -1 ~1
[(Bt+h) - Bt 1 + cAatBt h + cTh .

Dividing by h and taking the limit as h tends to zero gives the result. Note that
(ii) is shown in the body of the proof.
From Lemma 2.3, rule T can be expressed as

(2.6) T = least t > 0 such that Act 20

Also, note that AC ¢ changes sign only once.

The next lemma shows that Dynkin's identity (Brieman, p. 376) holds for Eco for

=1
0

a large class of stopping times J. Note that cO =8
Lemma 2.4. Suppose 0 is a stopping time such that E(0) < ® and that X(0) is bounded.
o
-1
Then EC | By +Ef ac, at.
0
Proof. Note that E (30 < ® under the hypotheses of the lemma, and express E Co =

l-':B"1 + cAEx(o) + cTE(o) . Lemma 2.3 gives A(,‘,t = -8-2 + c,Qa B’l + c¢c_ . Simple integra-

o Att T
; -1 ¥l <1 d
tion yields BBO = E f -Bt dt + 80 and E(0) = E f 1 dt. Thus, the proof is complete
; 0 (o] 0
if E X(g) 1is shown to be equal to E I utszl dt . A straightforward truncation argu-

0
ment is used to show this. Since X(0) is bounded there exists M < ® such that

*
X(0) <M. Fix € > 0, and define f (X) increasing and differentiable for all x > 0
-4-
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such that £ (x) =x for x <M and £ (x) =M+¢ for x >M+c . Then f is
bounded, Atf' exists, and Dynkin's identity impliés that E:f.(X(o)) =E f: Atf*(x(t))dt .
But f‘(xw)) = X(0) since X(O0) < M . Also, f.(x(t)) = X(t) for all t < O since
X(t) < X(0) on [t < 0] . Thus, Ef'(x(o)) = EX(0), and Atf'(x(t)) = A (x(1)) = athl
on [t-< O]

Theorem 2.1. For all stopping times O , E(CT) < E(co), where T is given by (2.3).

Proof. Lemma 2.1 implies E(T) < ® and X(T) bounded. Thus,

T
-1
E(C) =E fomct g +B, <=

by Lemma 2.4.

o
-1
Let s = {0: E(0) <= and X(0) bounded} . If 0 is in S, then EC_ = 8, +ef ac  at.
0

Hence, ECO = E CT =E f A ct at - E f AC, dt which is nonnegative since
lo>1) (o<T)
Act >0 on [0>T] and Act <0 on [0<T)] . Thus, T is optimal in S .
If EC o ©, then T is obviously better. Thus consider 0O , E:(_‘,fJ < ®, and
choose a sequence of integers m increasing to ® . Define stopping rule ok =0 if

X (o) _<_mk and =t if Xx(0) > LW where ty is the smallest t such that X(t) = LS

k
Then x(ok) < m and Eokinc < ®», and hence °k is in s for all k . Since T is
optimal in S, E C T < Ecc for all k . Thus, the proof of the theorem will be com-
k
i = <
plete if Ec"k tends to E co as k tends to ® . Write E:cqk ECUIX(O) < nﬁ(] +
!:Ct [X(o) > mk] . The first term tends to E co by the monotone convergence theorem.
k
-1
For the second term, Ectk[x(O) >ml < By P(X(@) >m) + EC ,[X(0) > m ] since X(0) > m
implies tk < 0 . Both terms above tend to O since Eco < o
-5
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3. Large sample properties of T . 1In this section the Bayes' procedure (T , 61) is

examined in the classical framework. The parameter 0 is considered fixed but unknown
and all probabilities and expectations are conditional on 6 and denoted by Pe and Ee .
respectively. The procedure (1,61) does not minimize Ee cc for all 6 , but only the
average of Eec0 over the prior distribution of Section 2.

The large sample properties of the procedure are studied by letting the sampling

costs tend jointly to zero. Define

(3.1) & et 8 - (c,8 + c,r)'l/2 :

The main result of this section (Theorem 3.1) is.that T is asymptotically equivalent to

_1
- = i i < o
t as ¢ (CA'CT) tends to 0 (0,0) with CpCp  GOnverging to <

As motivation for this limiting form of T , note that Ee(:t is equal to

B_l + cAe & cTt . Let H(x) = (Bo + x)_1 + cAB X +c X . Then H attains a unique

t T
minimum at x = (¢ 6 + ¢ )-1/2 - B Ignoring B_ gives t'
A T R 0 ;

The following lemmas give rates and uniform integrability results needed in the proof

of Theorem 3.1.

Lemma 3.1. For each € >

/2

pe(l(r/c') ~1] > e <2 exp(c;I Dlc.e))

where D(c,e) » D(e) < 0 and finite as Cpr Cp + 0 along any sequence for which

-1
CACT G co, 0 < co St o
-1 -1
> = < = = = S
Proof. Note that {1 > t} = {X(t) Bt}' where Bt (CABt) cTBtcA a, Let

* *
- 5 o & . i 3 5
te (1 + €)t . Then Pe(T/t 1 +¢€) pe(X(ts) Btg) Since x(te) is Poisson

(etc), Bernstein's inequality implies that for all u > 0 ,

pO(X(tL) < Btc) < exp(u Btc) Eeexp(-u X(te))

-u
= exp(u B, ¢ 0 te(e - 1))

€
= exp(c_l/2 u B(c, t_, u)), where
A - €
“1/2 -1 -1/2 172 «1/2 =1, _-u
= - - - 1-e ) .
B(g,te,u) a Btc €eCa Btc %A GtccA u  (l-e
i -1
Since ot e T o > 0, it is easy to show that ci/z te and ci/z Btc both tend to
-6_
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(L +¢€) (6 + c;l)-l/z

. Thus, as sampling costs tend to O, B(c, tc,u) + B(€,u), where

1-1/2 1

—(l+€)(6+c;) s e

AQ-e ) +c) .

Ble,u) = (1 +¢€) 28 + ¢ :

-11/2 -
o | (6u

Now, the limit of B(€,u) as u tends to O is negative and finite, and hence B(g,u) < 0O

for all u :_uo depending on € . Choosing D+(g,€) = uoB(g,t u_ ) vyields the appropriate

e'0
* - *
rate for Pe (T/t > 1 + €) . For the lower probability, define te = (1 -€)t and write
* - - -
Po(T/t’ <1 - €) = Po(X(t)) < B-) < expluc,/?(-Blg, t_, -w))) . As above, there exists

€
u, > 0 such that B(c, tee -uo) > 0, and thus D (c,e) may be chosen as -uoB(g,tE,—uo) . *”

The proof is completed by taking D(c, €) = max(D+,D.) ;

Lemma 3.2. For any € > 0 ,

/2 c-l

* 1
PG(I(T/t ) - 1] > @) < 2exp(cT %

D(c,€)) ,

where D(c,€) > D(e) < 0 and finite as cA’ cT + 0 along any sequence such that

=1
->
cA cT 0.

Proof. As in the proof of lLemma 3.1,

u

Pe(r/t' >1+¢€) <expuB, - Bt (1- e )

€
172 -1

o exP(CT CA u G(Sltslu)) .

;/2 te and c;/z Bt both tend to (l+€) and the methods of
€

Lemma 3.1 complete the proof.

Using the fact that ¢

-1
3. - - < @
Lemma 3.3 As CA' cT 0 such that cA cT co = v

*
i) T/t is uniformly integrable (Pe) v

3
ii) t /(B0 + T) is uniformly integrable (Pe) .

*
Proof. Let Y = Yc = |(T/t ) - ll . It suffices to show that for a > 0 fixed,

- 3 -1
lim [y dpg =0 as c,c.~ ¢, X ® . First suppose that €Sy * €, >0 . From
g9 {ra) -1 =1/2 -1,1/2
Lemma 2.1, Y < oy <, 6 + €eCa ) . Thus, Lemma 3.1 implies that

J v &, % ot o WV2ig 4 o i exp(c-l/z Dlc, a))

6-"0 A TA A -
{y>a}
%
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= -
which tends to 0 as CACT > co > 0 . Secondly, suppose cAch + 0 . Then Lemma 2.1
implies Y < (cAc;IB + 1)1/2 . Thus, Lemma 3.1 implies that
-1 1/2 -1
<
/ Y dpg < (c,c.” 6 + 1) exp(c;’“c,” D(c,a))

{y>a}

which ténds to 0 .

* * - -
To prove (ii), note that t /(B0 ¥ T) <t /B0 = (cAO o cT) 1/2 Bol, and apply the -
same techniques as in (i).
-1
> ot iy " <
Theorem 3.1 If Cpr Cop 0 such that CACT * <, < «, then
*
i) TAE 1 (in Pe probability),
*
ii) Ee('l'/t ) e [
Proof. The results follow immediately from Lemmas 3.1-3.3.
Coroll 3.1 h th o < h 3 2
" > > o > v
rollary 3. If CA' cT 0 such that CACT cO < ®, then ¢t EB CT

-1 ) d o
Proof. Eg CT Ee(Bo +7T) + cAGE(T) + cTE(T) by Wald's Lemma. Thus, t EGCT =

* *
Ee(t /(BO-H')) + Ee('l‘/t ) 1+ 1=2 by Theorem 3.1 and Lemma 3.3.
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4. Asymptotic normality of OT . Once the limiting form of T is found, the asymptotic

distribution of BT is obtained by standard methods. First a well known result for

random sums of random variables is stated.

Lemma 4.1. Suppose Yl,Y2,... are independent and identically distributed with mean 0

and variance 1, and that N is an integer valued random variable tending to ® as sampling

* *
costs tend to O . If there exists n , nonnrandom, such N/n tends to 1 (in proba-

bility) then

—

w2

N
( ! ¥,z (in distribution) ,

i=1 |

,,.
sty R B

where Z 1is normal with mean zero and variance 1 .
Proof. See Renyi (1957).

Lemma 4.2. As sampling costs c_, o tend jointly to zero along any sequence such that

A
Cc—l"c < o , *
AT 9 = . { :

1/2

(16) (X(T) -~ 18) > 2 (in distribution)

where 2 is normal with mean zero and variance one.

n

Proof. For each n=1,2,..., X(n) = Z Yi, with Yi = X(i) - X(i-1) independent and
i=1

identically distributed Poisson (6) . Define N = [T + 1), where [.] is the greatest

integer function. Then N i an integer valued random variable with respect to { sn} ’

with & % the sigma algebra generated by Yl,...,Yn . Also, Theorem 3.1 implies that

*
N/t tends to 1 in probability since T <N < T + 1 . Thus, Lemma 4.1 implies that

1/

(NO) 2()((N) - ©ON) tends to 2 in distribution.

Now, T <N <T+1 implies X(N) > X(T) and X(N) - X(1) < X(T + 1) - X(T) .

Thus, for any e >0,

Lo I |

2 i - xmy >0 < @) Y2 e i - x()

* o
Pe((t )

-1/2 * =1/

* =1/2 xm - ) V2 xn |

- *
= (¢t ) € A 6 which tends to O . Thus, (t )

*®
tends to 0 in probability. Next, since N/t tends to 1 in probability,

then N-l/2 X(N) - N-l/z X(t) tends to O in probability. Thus,

-9~
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(Ne)-l/z(X(T) - NB) tends to 2 in distribution. Using N/T tends to

-1/2 A
1 in probability gives (16) 1 (X(1) - NB) tending to Z in distribution.

Finally,

(Te)—1/2 ~1/2

(X(T) - 16) = (10) 1/2

(X(T) - NB) + (18) /(6N - BT) ,

where the last term tends to 0 in probability since N - T S

(6_-9)
1/2
Theorem 4.1. (1) / = S g Z (in distribution) where Z is normal with mean O
)
and variance 1 .
~

7 18 =
Proof. AEL (6_-190)

V) i -~

=gy (T - s =L g - 1-0g)
0 /o (B, +T)

The second term tends to O in probability. The 1lst term tends to 2 in distribution

using Lemma 4.2.

-10-
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5. Concluding remarks. Although Bayesian methods are used to derive the procedure

(T.GT ), the procedure has desirable properties in the classical framework, and these

properties are of course independent of the prior distribution of Section 2. In particular,
the rule T is shown to be asymptotically equivalent to t‘ (Theorem 3.1) where t‘ is
approximately the best fixed sample size procedure when 6 is known. Thus, the asymptotic
equivalence of T and t* is a very strong property.

The stopping rule T also has desirable small saméle properties. A common criticism
of sequential progedures is that they may be unbounded. As shown in Lemma 2.2, T is
bounded, and in addition, X(T) is bounded. Since in applications, the arrivals of a
Poisson process may represent the failures of exbensive experimental units, or failures
of treatments, a rule 0 with X(0) bounded may be desirable for monetary or ethical
considerations.

Furthermore, the bounds given in Lemma 2.2 may gquide the experimenter in his choice
of costs. If the experimenter decides that the experiment must terminate by time A or
that the number of arrivals observed must not exceed B, then costs cA and o can

be selected so that the bounds given in Lemma 2.1 are less than A and B respectively.

«11-
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