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. ABSTRACT
For each tGT:={t€1Rn_l:a<t < «.. < t < b}, let A, _(x)
= - 1 n-1 t
*?,. be the Lebesgue function of the process of polynomial interpolation on
i
'; N i [a,b] by polynomials of degree < n at the points
8
. - a =: tO < tl < e s tn-l < tn := b. Let Ai(g) := max A (%),
t _lixgﬁ
i=1,...,n. Based on work of Kilgore [8], we prove the following conjectures.
(a) Bernstein: III\EHGo is minimal when Al(g) = ce. = An(E).
*
(b} Exd8s: If X. (E) =X , i =1,...,n, then for all s e TNt} ,

*
min A (s) < A < max A, (s) .
. dhRs y A=
i i

Analogous results are proven for trigonometric interpolation.

These results are of interest since ”At'L» gives the norm of the
linear map of polynomial interpolation on th; continuous functions and
therefore bounds the effect of noisy data on their polynomial interpolant
and shows how close the interpolation error is to the best possible error

by any method.

AMS (MOS) Subject Classifications: 41A05, 42Al12

Key Words: polynomial interpolation, optimal nodes, Lebesgue function,
minimal projector.

Work Unit Number 6 (Spline Functions and Approximation Theory)
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Introduction. It is the purpose of this note to complete and extend work of Kilgore [8)
on the optimal nodes in polynomial interpolation.

The problem is as follows. Consider the Banach space Cla,b] of continuous functions
on the finite interval [a,b], with the usual norm

l€]] := max |£(x) |

a<x<b
lf"
Throughout the paper, we take n to be a fixed integer,
Ly N
P n>2.
1 Corresponding to each point t in
E & 1 |
: n- !
= : < e % b |
; T {te R A <R <t _, <b}. *
1 i
we construct the linear map Pt of polynomial interpolation in Cla,b] at the n + 1
| Az
! points or nodes a =: to,tl,...,tn := b. 1In its Lagrange form,
1y
P f g= £t )8
t .2 G i) i
L == 1=0
with
X = &
L. (x) := l l ——d, e [Q,n) -
e Wby Nt
b S b

The problem is one of determining optimal nodes, i.e., a point or points t* € T for which

e .1l = inf {ip ] -
b £ wr £
Here, ||Pt|]:= supf€C|ktf"/"f|L as usual. Consideration of this problem is motivated by

the fact that Pt is a projector on Cla,b] and its range is nn, the subspace of
polynomials of degree < n, which implies that

y . . Ie - ng” < {1+ “PE”) dist(f,m ) .

.Sponsored by the United States Army under Contract No. DAAG29-75-C-0024 and the National
Science Foundation under Grant No. MCS575-1738S.
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{ It is well known that ”Ptll can be computed as
4 el = liall
3 with
4
. A = £.|
o ooasg &

the Lcbesque function of the process. A simple argument shows that At(x) > 1 with

g equality iff x € (to,...,t }. Set

E n
‘ Ai(g) := : max At(x) for 1. € [l.:n)
ti_lixiti = E

| 3
;.Jf In 1931, S. Bernstein [1] conjectured that HPt,[ is minimal when At equioscillates,
. _; i.e., when XI(L) = Xz(g) T see = Xn(E). Later, Erdgg [7) added to this the conjecture

”- . that there is exactly one choice of t for which At equioscillates and that
p & (1) min 2. (£) < e inf,jPS}l for every t € T
1 s€T =
‘ The latter conjecture appears already in Erdos [6] in the form: “minili(g) achicves its
é maximum when St equioscillates."
Subscqucnt_;nrk on these conjectures and related topics is summarized in Luttmann &

'M | Rivlin [11], and in Chency & Price [4].

Substantial progress in answering these conjectures has come only very recently.

Kilgore and Cheney [9) showed the existence of t € T for which At equioscillates. This

2 —

result was considerably strengthened by Kilgore [8] who showed that an optimal Lebesaue
function, i.e., a At for which HAtI|= X*, must necessarily equioscillate.

In the present paper, which is very much based on Kilgore's analysis, we prove the
validity of all of the above conjectures. Explicitly, we prove (Theorem 1) that there is only
one t ¢ T for which At cquioscillates, and we prove (Theorem 2) that

Ry < N (B) oy alil - i€ )
A

cannot hold except in the trivial case when t = s from which (1) follows immediately. 1In

addition, we prove analogous results for trigonometric interpolation.
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The article is organized as follows. In Section 2, we outline Kilgore's proof of

;~ the fact that an optimal Lebesgue function must equioscillate. Section 3 is concerned

> ; with the proof of Theorems 1 and 2. In Section 4, we extend these results to the case of
trigonometric interpolation. Explicitly, we prove the intuitively obvious fact that

trigonometric interpolation on [0,27) at equidistant nodes is optimal.

.
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2. Kilgore's result. In this scction, we quickly review the broof of Kilgore's

result that an optimal Lebesque function must equioscillate. This we do for completeness
and in order to facilitate its extension to trigonometric interpolation in Section 4. We

continue to use the notation introduced in Section 1.

em (Kilgore [8]). 1If ||A£” = A* (% jnr&gT “PEII)' then At equioscillates,

i.e., then Al(g) = AL = ... = An(g).

o

|

roof outlinc. For i€ [1,n], denote by Fi the polynomial of degree < n which
agrees with At on [ti 1,ti]. One easily verifies that l-‘i is the unique element of
b for which

n

(_l)i-j+l

for je€ [0,i-}] ,
F.(t,) =
ey §ei
(-1) for je [1.,n] -

Furthermore, denote by 1i the unique point in [ti ,ti] at which At and Fi take on

=1
the value Ai(y),

Polr. )l = A () - max |F.(x)| for all i€ [1,n]
s (e | fi= i .
. 5 SR<k,
e
Kilgore jpoints out that the theorem follows at once if it can be shown that
for each t ¢ T, each k € [1,n], and all u close to A(t) := (Xi(s))?, there
(2)
exists s € T close to t so that Ai(g) =y for all i #F¥k .
For, then Ak(g) < ”At]] for some k implies the existence of s (near t) for which

gl < il -

Kilgore establishes (2) by showing that

n n=1
- = #0 .
(3) for te T, and k € [1,n], Jk : det(aki(s)/atj)i=1;j=1 0
i#k
His proof of (3) begins with the observation that
axi n Fi(t.) n
sy = F - (—t———_——%—T/ﬁ B, =5l
3 33 k=0 3" "1l k=0 3
k#j

which chows Ai to be continuously differentiable on T and also shows that (3) is

ecquivalent to
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n n-1
€ € #
(4) for t€ T and k [1,n), det(qi(tj))i=1:j___1 0,
i#k
with

qi(x) 1= Fi(x)/(x = Ti)' ie [1,n] .

Since each qi is a polynomial of degrec <n -2, (4) is, in turn, equivalent to the
linear independence of any n - 1 of the n polynomials ql....,qn. For the proof of
this linear independence, Kilgore uses eight lemmas. The first five lemmas lead up to

the following

Lemma 6 (of [8]). On the interval ([t ,t ], the zeros of F!,...,F' 1lie in the
———— 1 n —_—_— 1 n _

pattern

P onenl 302, o=l oo 1302, ;000 e 035 20) Myn=lise 302,00 -

P

Here, the number i denotes a zero of Fi, and i denotes the point T

It may be instructive for the reader to consider the following alternative argument
which obtains Lemma 6 as an immediate corollary to the corresponding result for the zeros
of Fl,...,Fn.

For r e [1,n\{i}, Fi changes sign on (tr_ ,tr), hence must have a zero there.

1
Since Fi cannot have more than n zeros, these zeros must all be simple and Fi has no
p i i S :
other zeros in [a,b]. Let a{ ),...,u;_i denote these zeros, in increasing order. Then

‘tr-l'tr)' for r <i,

0:1) €
(tr,tr+1), for r >4 .
If F, has an additional zero, we denote it by o(i) or by c(i) depending on whether

i : 0 n
it is less than a or greater than b, respectively.

Lemma 1. For i < j, the zeros of F and Fj strictly interlace. More precisely,

i
c:j) < c:i) for all applicable r in [O,n].
Proof. The function G, := F, - (-1)37lp, satisfies
0 for k€ [0,i - 1)V [j,n] ,
Gl(tk) - i

20-1"" for ke (i, - 11 .




LN

PR

Thus, G, has at least i + n+l~j zeros outside {tj,t. ' and j -1 -1 zeros

pl i=1
in (ti,tj_l). Since G1 is a polyncmial of degree < n, it cannot have any additional
zeros and all these zeros must be simple. PRut, since Gl(ti) = 2 > 0, this shows that
(_1)1—rG1 >0 on (t ,,t) forall r<i andso shows that
(5a) = < 0(3) < a(l) <t fori b rie 140 =11
r-1 r r ¥

and also
(5b) Oéj) < Uél) < to if these exist.
We have trivially

. < OFJ) ey

i-1 i i

(5¢) (i)

) I < 0 <gats

-1 j-1 bl
Also, G, (t ) = 2(—1)j-1—i hence (-1)r-iG SHON font (it it ) for r > j, and thercfore
g 2= 2 1 ras el —
(3) (1) s -
(5d) tr < o, < o < tril for r € l3.n 1}
and also
(5e) £l o(J) < 0(1) if these exist.
n n n

Finally, the function G2 = Fi + (_l)J'le satisfies

1" for ke [og <11,

Gz(tk) = 0 for k € [i;3 = 1] ,
by
(=1} " for k€ f§.a) .

G has at least the j - i zeros ti"'

2 n' [t ,tj] and has at least 1i-1l + n-j

rty-1 i-1

zeros outside (t,

1—1'tj]' giving a total of at least n - 1 zeros. Since

S sl :
Gz(ti_l)Gz(tj) 4(-1) , the number of zeros of G in [t

2

i_lltj] must be of parity

j - i. Therefore, since G2 is of degree < n, it follows that G2 has no other zeros

r-i

in [ti_l,tjl. This proves that (~1) G, > 0 on (tr_l,tr) for re€ [i,j] and so
shows that

(i) (3) i ;
(5£) Eouy S %eap & O, ¢%, for re [+1,5=1).

Concatenation of (5a-f) proves lemma 1.
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Figure 1 Schematic drawing of i (soliq), Fj (das?fg) and Fj (dotted)
for n=6, i =3, j =5. The graphs of P} and (-1) F. cross at the

n points indicated by [, those of Fi and -(-1)?7'F, cross at the
n -1 points indicated by O. J

Corollarx. The zeros of Fl,...,Fn on (-»,») 1lie in the pattern

(1) (1) _(n) (1) _(n) (1) _(n) (J)
Op #-=e0p #0)  seens0T 00, )

where I and J are certain integers with 1 S 1 <d s on.

Proof. The corollary is an immediate consequence of Lemma 1 and the additional fact

(1) (n)
0

that o and °n necessarily exist.

Since G1 is of degree n for any i and j, it follows that I equals J -1

or J - 2.

i . i
Let now r: ) denote the zero of Fi which lies between U:t; and c:i) Since

the zeros of Fi and Fj interlace for i # j, V. A. Markov's well known result [12)
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inplies that the zeros of Fi and F; interlace, and interlace in the same manner.

‘therefore, the corollary implies

Lemma 2. The zeros of Fi,...,F; lie in the pattern

ey

L) () (1) _(m) (J3) :
1 Pve 1 ]

T sise X T aheie

ol ' n=lt o lTn
where 1 and J are certain integers with 1 <I<J<n.
(1)

Lemma 6 of [8] follows from this since T = 1i, all i.

The proof of (4) is now finished as follows. Recall that qi is a polynomial of
degree < n - 2 which vanishes at the zeros of Fi except for T4 We may assume 4?

qi(Tl) >0, all i. Lemma 6 then implies that

san q; (1) = -1 for ige t2m, 1%,
sgn q (1) = (-1 for ie (2.m) ,
= sgn ql(Tj) = (-l)j for ' j € [2,n] -

Assume now that Eaqu =0 for some a# 0 with al > 0. Then the set

N := {ke [2,n] : a, < 0} 1is not empty since qk(rl) > 0 for all k. Set P := [2,n]\N

and consider the function

We have ]
-1ry = J ak(-l)j+lqk(1j) bl e WD ~

ke P
while

13 = a (-1)3q (1) + fes =130 g (5, >0 ok Fe B .
j 1 5 I KeN k 1 )

This shows the polynomial f of degree < n - 2 to have n - 1 weak sign changes, and

thoreforc f =0 and so, in particular, P =¢. Hence a < 0O for all k € [2,n). But

k
since qk(Tl) > 0 for all k, it then also follows that al > 0.
In summary, Zkaqu = 0 for some a # 0 implies that alak < 0 for all k € [2,n]. ]
In particular, then a #0 for all ke [1,n], and (4) follows. “

Ny
3
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3. Unigueness. The central result of this article is the following theorem. ,

Theorem 1. The map I : T - Rn-1: e (X;+I(E) - ki(g))z;i is a homeomorphism of
1

T onto Rn- .

In particular, there is exactly one t € T with T(t) =0, i.e., exactly one t

for which At equioscillates. Since Kilgore proved that T maps every optimal t to

the point 0 € Rn-l, Theorem 1 implies at once the validity of Bernstein's conjecture.

Corollary. If A, equioscillates, then lng” < |]P§” for all s # t.

We shall use the following two lemmas in the proof of Theorem 1.

Lemma 3. The map I' is a local homeomorphism.

Proof. It suffices to show that

n=1
- #+ X
for all t e T, det(a(xi+1 Ai)(t)/atj)i’j=l 0

Expanding this determinant by rows, one.cobtains

n
det(d(X ., ~Ar)/3t) = § (-1)
i 1 4 =

41
where we use again the abbreviation

n. n=l
d ey & & ALAEL

i#k

Jk := det(aki/atj)

Hence, it suffices to show that

(6) for some € € {-1,1} and all te€e T, k € [1,n], c(—l)ka(g) >0 .

But, since Jk is a continuous function of t and never vanishes on T by Kilgore's

result, and T is connected, (6) is proven once we show that, for some t € T,
) 15, /9 (©) <0 for ke (2,0 .

This we could prove by observing that the last part of the argument for Kilgore's Theorem
as we gave it in the preceding section gives precise information about the signs of the
(n = 1)-minors of the matrix (qi(tj)) which is easily translated into the required
information about the sién of Jk/Jl. all k. But the following argument is more direct

and establishes that




" e ™ " " e e

VIR ) e Tl e T S G A S G b it L R R RS

i (8) axl/axk <10' “for 'k € [2,nl ",

3 a fact which we need again later.
To prove (7) for some t, observe that, since Jl(E) # 0, we can find a continuously
differentiable function G on some open neighborhood V of the point (xi(g))g and an
open neighborhood U of t so that

e 3 A(s) =GN (S e ke &) for a1l Se U
12 2'= n'= =

Also, by Cramer's rule,

i X
8 =} -1 AT SaN. .
3t S e

. and therefore

2 ke
i aG/axk = 85/3Ak = (=1) Jk/Jl for k € [2,n] .
1f now, for some k € [2,n], (-l)ka/J1 > 0, then we could find s € U such that

A () =20 for ie [2,nIN(K)
while

i Xi(g) < A;(8) for both i =1 and i =k,

hence, for an optimal t, s would also be optimal, yet As would not equioscillate,

contradicting Kilgore's result. This proves (7) for an optimal t and so proves (8)

and Lemma 3. 9

Lemma 4. The map [ takes 9T into BIRn_l. Explicitly, if t > s € T with

Asi =0 for some i€ [O,n - 1], then IIF(E)H SERCT
Proof. Since ZAsj =b - a# 0, there exists i such that Asi = 0 while either

As. or As,
i+

i-1 is not zero. Assume without loss that Asi =0 and Asi_ # 0. Now

1

pick t := (ti_l + ti)/z and let x be an arbitrary point in (ti,ti+l). Then

1

; & = ti_l)/(ti+1 = Ray) Ler " x g =
t=t
r

1
[N
s
+
—

b |
3 At /Ati for r

—_—] >
X = t = =]

T “
h | £FOr x> 4 +1 .




Therefore, for all 3j € (0,n],

-

=1 B Xy
vt B -y 3 3
i r<i i+l i-1

2 (£) t-t

1 1 r|
£J.(X)

x-t|
r

At
s 1
-2 A

r#j

as At. » 0 and At. -+ As, # 0. This shows that
¥ i-1 i-1

ti: Ag(t’/ﬂ_t_(’” = ® for every x € (ti’{i+l)

=3

Therefore nm?ixi(g/xiﬂ (t) = », and so llmt->s()‘i+1 = Ki) (t) = - since Ai‘+1 EAL

l I‘(E)" = ® and so proves the lemma.

This proves t| i
prove hat 11m£_}s|

Theorem 1 is an immediate consequence of Lemmas 3 and 4 and of the following

atcala e e o asio inzl

Theorem (see, e.g., [2], [10]). A local homeomorphism f of to r" with
‘i lim“ x“_N_m”f(x) ” =® is a homeomorphism of R onto K.
f' 4 In a certain sense, this theorem is trivial since it is a special case of well known
% " facts regarding covering maps: The function f is a covering map for R and so,
3 ’vi since R" is connected and simply connected, f 1is a universal covering map, therefore
3 : equivalent to any other universal covering map fo.r ]Rm, in particular, f 1is equivalent
to the identity on R (see, e.g., [13; pp. 80~81]). But, for completeness, we now
give an outline of a direct proof for the theorem.
The range of f is open, since f is localiy 1 - 1 hence an open map. The range
of f is also closed sir.lce lim f(xr) = a implies that the sequence (f(xr)) is A
bounded, therefore, since f "maps <« to o " by assumption, (xr) is bounded, .
hence can be assumed to converge to some x for which then f(x) = a. This shows that
the range of f is r.
3 To show that £ is 1 - 1, assume that £(x) = f(y) for some x,y € R". The
function h : I X I >R : (s,£) » (1 - t)h (s) + tf(x) with h  : I > R : s ¥ f(sx+ (1-s)y)

and I := [0,1] is then a continuous map for which h(z) = f£(x) for all 2z in the set
B := ({0} x 1) U (I x {1}) U ({1} x 1) .
But now, the assumptions on f allow one to "1lift" the map h, i.e., to show the existence

of a continuous map g : I x I » Rm so that fog = h and g(0,0) =y, therefore




g(s,0) = sx + (1 - s)y for all s € I. This implies that both x .and y belong to
the comnected set g(B) on which £ is constantly equal to f{(x), and the fact that
f is locally 1 - 1 now implies that x = y.

This proves the theorem, except for the technical part of "lifting" h. But this
can b¢ proved, e.g., as is Lemma 3 of [13; p. 71) after one has proved, as in the proof
of Theorem 2 below, that curves can be lifted uniquely.

Acknowledgement. We are grateful to M. G. Crandall for pointing out to us the above
theorem and for joining us in the construction of a proof.

We now prove Erdds' conjecture that, for every te T,

*
A € [min X, (t), max. A, (t)] .
ii= L

Theorem 2. If \i(ﬁ) :}Xi(s) for i = .. yn, then s =t
Proof. If Ai(g) = Xi(g) for all i, then s =t by Theorem 1. Hence assume that

Xk(§) < kk(g) for some k. This leads to a contradiction as follows.

The map f:T - Rn-]: r b A(xr) := (Ai(g))g is a local homcomorphism since

det f'(r) = Jl(g) # 0 for all r € T. We can thercfore "lift" any continuous curve
h={0,1] > Rn—l to a curve in T as lona as Xl stays bounded "along" h. Specifically, let

h:(0,1] » B ta » (1 - a)A(s) + ad(t)

Since f is locally 1 - 1, there exists, for each o € [0,1], at most one continuous
function‘ ga:IO,a] > T so that g;(O) = s and foqa = h on (0,a]l]. Let A be the

set of such a. Then A is not empty since it contains 0. Further, A 1is open since,
for every a € [0,1), some neighborhood V of ga(a) is mapped 1 - 1 onto a ball
around h(a) by £, hence ga can be extended continuously to the interval

[0,a] U h-1°f(V) which contains a in its interiocr. Finally, A is closed. To see
this, it is sufficient to prove that [0,a) C A implies a € A, which can be done as
follows. Since [0,q) CA, g:[0,a) » T:a b ga(a) defines a continuous map with g(0) = s
and fog =h on [0,a). We claim that gla) converges to some point in T as «a = a.
Indeed, for i€ [2,n], Xj(g(a)) increases toward hﬁ&) =G &)Ai(i) i &Xi(g) as

a + a, therefore, by (8) in the proof of Lemma 3, Xl(q(u)) decreases monotonely as

=]2=




a -+ &, hence must have a limit since it is bounded below (by 1, for instance). This
shows that limc*ar(g(u)) exists in Rn_l, hence g(a) converges to some point r € T,
by Theorem 1. But then, the definition q(&) = r prov;des a continuous extension of g
to [0,a) with fg(a) = h(d), hence a e A.

This shows that A = [0,1], hence there exists g:[0,1] » T continuous so that

g(0) = s and feq = h. Therefore, with r :=g(l), we have Aj(g) = Xi(g) for all
ie [2,n], while Al(g) < Al(g) < Al(g). But, since Ak(i) < xk(g) for some k, it
follows that actually

M@ <A W,

either because k = 1, or else because Ak strictly increases along the curve g, there-

fore Xl must strictly decrease along that curve, by (8) in the proof of Lemma 3.

Consider now the curve

h:(0,@) » R i e (@) - @)

By the preceding argument, there exists a >0 ;nd a continuous function g:[O,ﬁ) + T 8o
that f o g(a) = (Xi(g) - a); for all a < a, while Al(g(a)) strictly increases from
A\ at a=0 to = at a= 4. This implies that

(A

=X = = = = i =
of (Gxeh) = (K, Aty = A, A (8) for all i€ [2,n - 1]

i+l +3 i+l

while (A2 - Xl)(g(u)) = AZ(E) - a - Al(g(u)) decreases from its value (\2(3) = Xl(g))
at a =0 to ==, But since Al(g) < kl(s), there exists therefore a so that

(Az - Xl)(g(a)) = (Xz - Al)(E). But then T (t) = I'(g(a)) while g(a) # t since, e.g.,

iz(q(u)) < XZ(E). This contradiction to Theorem 1 finishes the proof of Theorem 2.

Corollary. For all k € ([1,n], the map Tk:T -+ Rn_l:g_» (%i(_l_r__))i#qc is (globally)

one-one.
Proof. If Pk(z) = Fk(g), then either Ai(g) < Xi(g) for all i or else
Ai(g) > Ai(§) for all i, hence r =s by Theorem 2.
We note that Theorem 2 provides another proof of the characterization of the optimal

node vector t as the unique point in T for which At equioscillates. Theorem 2

-]13-
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also shows that the optimal node vector is of no practical importance. For Brutman [3)

has recently shown that, with

i = 2i +1 IO R ;
(9) t, = (a+ b+ (a - Db)[cos e n]/cos o 2)/2, ie (O,n] ,

the zeros of the Chebyshev polynomial of degree n + 1, adjusted to the interval [a,b]
in such a way that the first and the last zero fall on the end points of the interval,

max Ailg) - min A, (B) < <5 .
1 i =

Numerical evidence strongly indicates that even

max Ai(g) = min Ai(g) < .1925
i i

which would mean that the easily constructed node vector (9) produces an interpolation

operator Pt whose norm is within .2 of the best possible valuc for all n.

-14-
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4. Trigonometric interpolation. 1In this section, we carry over the analysis of

Sections 2 and 3 to the case of interpolation by trigonometric polynomials, i.e., by

elements of

'n'n := span{l, cos x, sin x,...,cos nx, sin nx} ,

on [0,27m). Because of the periodicity, the problem is altered slightly. Corresponding

to each point t in

2n
T := {t € R .0<t1<t2<...t2n<2n},

we construct the linear map Pt of trigonometric interpolation in C[0,2n7) at the

2n + 1 points 0 =: to Shieielel S t2n < 2. In its Lagrange form,
2n
Pf= ] flt)e,
> i=0
with

2n S(x - Lk)

L. (x) o e eilE e s 0L 20 .
A K=o By ~ &)
k#i
Here, we use the abbreviation
S(x) := sin(x/2) .
We have again ”PEH = ”AEH where A_": := Zilzil. Set
A, (t) := max A (X)), for all .ie [1,2n + 1] ,
* t, . <x<t, &
1= =4
with t2n+1 = 2m.
Theorem 3. We_have ”P ” = X* := inf ”P ” exactly when ¢t = t. := ((i/(2n+ 1))2n
i AR Ll e e 1’

*
in which case At equioscillates. Furthermore, for any te T\{_t_ 7

min A, (£) < A" < max A, (t) .
i = N N o

Proof. We begin with a proof of the claim that
=

(10) det (M, (1)/3t )™ 2V 4 g for all te T, ke [1.2n+ 1) .
sy J i=l;j=1 s D
i#k

Let Pi be the unique trigonometric polynomial of degree' n which agrees with At on

-]15=-
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[tj_l,ti], for i€ [1,2n + 1]. Thus,
o I e e e 1
F.(t.) =
T —
(-1)7 for j€ [i,2n + 1) . '

Let Ti denote the unique point in [t 'ti) at which At' and hence Fi, takes on

1=

the value Xi(i). Now

2n Fi(t.) 2n
M/t = -Fle)t (v = [ str, - t) cr——/T [ s(t, - t)
i 1) 365 e k=0 i k S(tj ri) k=0 3 k
k#j

which shows that Xi is a continuously differentiable function on T and also shows
that (10) is equivalent to

2n+l 2n

. #
(11) det(qi(tj))i=1;j=] 0 Wforiall tie Dok e [1,2n + 1)
ik
where
gax) == El(x)/si(x = 1), 1€ [1;2n + 1] .
1 it i .

For the proof of (11), we make use of the following result corresponding to Lemma 6
. (e (i) - N : .
of [8]. Denote by Tl ,...,12n the zeros of Fi in [0,27), necessarily all simple,

in order.

Lemma S. The zeros of F!,...,F! lie in the pattern

! 2n+l
() (i-1) (1) (2n+1) (1) (2n+1) (i+1)
PR Ton < Ton S < Ton < 11 G s Ton-1 < Ton < en S 12n < 2w
for a certain i€ [1,2n) Note that T(l) = 1., and T(k) =1 for ke [2,2n # 1].
e SRR et e M ISk Kk —— ¢

The proof of Lemma 5 follows exactly the same lines as the one given in Section 2
for Lemma 6 of (8] (including the use of the trigonometric analog of V. A. Markov's result),
except that matters are a little casier since both Fi and F; have exactly 2n zeros
in [0,2%), for all 4.

In order to usc lLemma 5 in a prooflof (11) much as Kilgore used Lemma G of [8) in

his proof of (4), we must first show that

2n+l
St v o 2 G (5. = f .
0 < 5, < Sele 2n  and izl alql(ej) 0 for all j e [0,2n)
(12) 2n+1
implics that Z aq = o
i=1

-16~
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For this, observe that Pi(x) = const | | S(x - Tél)), therefore
k=1

qi(x) = const T_T S(x - T:i)) for all i€ [1,2n + 1) .
k#i-1
Here, k # i - 1 is meant to read k # 2n in case i = 1. This shows that q is not
2n-periodic, but 4n-periodic, and odd about 2u, i.e., qi(x + 27) = -qi(x), all x.

Furthermore, the function pi(x) = qi(2x), all x, 1is in

T2n_1 = span{l, cos x, sin x,...,cos(2n - 1)x, sin(2n - 1)x}
Therefore, the hypotheses of (12) imply that the element Eiaipi of 'E2n-l vanishes at
the 4n distinct points él""'§4n with
s /2 for j € [1,2n]) ,
5, =( 3
J sj/z + 7 for j€ [2n + 1,4n) ,

and so Ziaipi = 0, proving (12).

The proof of (11) proceeds now as the proof'of (4) in Section 2, and, with (10) thus
established, the reasoning in the proofs of Theorems 1 and 2 in Section 3 applies directly
to finish the proof of Theorem 3.

We note in passing that Ehlich & Zeller (Sllhave proved a formula for A. in the

trigonometric case,

* et (2k + 1)
(13) A ={1+2 ) (sm (2n+1)2) /(2n + 1) .
k=0
Finally, the above analysis applies without essential change to the case when we

also fix t at some point b < 2m  and consider the optimal choice of t, < ... < t

2n 1 2n-1

in (0,b) for trigonometric interpolation.

5. Postscript. After completion of this work in March, we received word from
Theodore Kilgore that he had succecded in proving Bernstein's conjecture. His proof .

proceeds along different lines.
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prove the following conjectures.
(a) Bernstein: ||I\t||°° is minimal when Al(g) = e = Xn(g).
- = *
(b) Erdos: If A, (t) =X, i =1,...,n, then for all se ™{t},
*
min A, (s) < A < max X, (s) .
: i ; i,
, it i
Analogous results are proven for trigonometric interpolation.
These results are of interest since ||At|L» gives the norm of the linear
map of polynomial interpolation on the continuous functions and therefore

bounds the effect of noisy cdata on their polynomial interpolant and shows how

close the interpolation error is to the best possible error by any method.
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