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DETECTING THE SHIFT IN THE PROBABILITY OF
SUCCESS IN A SERIES OF BERNOULLI TRIALS

by
S. Zacks
Z. Barzily

1. Introduction and Summary

This paper studies the problem of controlling the success prob-
ability of a sequence of independent Bernoulli trials. More specif-
ically, a sequence of independent Bernoulli trials starts with a success
probability 6 , 0 < 6 < 1 , and at an unknown epoch the success prob-
ability shifts to ¢ greater than 6 . The present study is devoted to
the development of a stopping rule when both 6 and ¢ are unknown.

We study the problem in a Bayesian framework and show the nature of the
optimal dynamic programming solution when one is penalized for early or
late stopping. The nature of the Bayesian optimal stopping rule when

® and ¢ are known was established previously by Sirjaev [2].

When the success probabilities are unknown the optimal solution is consid-
erably more complicated. This paper shows how approximate solutions can
be obtained and applied effectively. A series of numerical illustrations

shows the effectiveness of the proposed procedure in some simulated cases.

The problem studied here was motivated by a problem of determining
the epoch of change in the readiness of systems. The results of this

study can be applied to a variety of other problems of applied interest.
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The paper is comprised of six sections. The formulation of the Bayesian
framework and the likelihood functions is carried out in Section 2.
Section 3 provides the dynamic programming formulation of the optimal
stopping rule. The case of known success probabilities is discussed in
Section 4. Section 5 discusses the convergence of the algorithm when the
success probabilities are unknown, and the results of some simulations
are given in Section 6. These simulations strongly indicate that the
proposed detection procedure is quite effective. It is generally very
difficult to detect shifts on the basis of small sequences of 0 -1

Bernoulli trials.

2. Likelihood Functions, Prior and Posterior
Distributions

Let X 2Xgseee be a sequence ot independent Bernoulli random
variables, i.e., each Xi can assume the values 0 or 1 , and

P[Xi=1] = Oi , i=1,2,... , where 6 is the probability of '"success.'

i

This paper considers the problem of one shift in the values of 6i s
More specifically, let 71 = 0,1,2,... and

0, if i<
0, = s (2.1)
¢ if 1>
where 0 <6 < ¢ <1 . Thus T 1is the epoch of shift from 6 to ¢ .
This epoch of shift is unknown.

The approach here is Bayesian, and accordingly, the parameter
values (1,0,¢) are considered as random variables. Moreover, it is
assumed that T 1is priorly independent of (0,¢) , having a prior p.d.f.
p(1) concentrated on the nonnegative integers. The parameters (6,¢)
have a prior distribution over the simplex 0 < 6 < ¢ <1 , with a prior
p.d.f. h(6,¢) . 1In the present paper we focus our attention on a geo-

metric prior distribution for T of the form




m K if 1T =20

0
w(T) - T"l , (2'2)
(l—ﬂo)p(l-p) : if 1>1
where 0 <7 , p < 1 . This prior distribution was introduced by Sirjaev

in [2]. The likelihood function of (T,08,9) , given observations on

> Al (xl,...,xn) , 1is
n-1 T, j-r, ™ n-j-1{™
L(T,0,65 x ) = | =} 03 1-0) ¢ ™I (1-9) o
= j=0
(2.3)
X T n-T
+1{t>n} 0™ a-0) ",
] (
where T, = Z x. 5 J=lyec.e,niy T n) =T -T, and T, = 0 . This like-
j i=1 i n-j n 3 0

lihood function provides the information in the sample on the parameters
(1,0,¢) . If © and ¢ are known we consider the likelihood as a function
of T . The posterior p.d.f. of (1,6,4¢) , given X » can be obtained from

the likelihood function (2.3) and Bayes' formula. This posterior p.d.f. is

R(T,8,45 x ) = V(1) h(6,0) T(T,6,45 x ) /D (x) , (2.4)
where _
0o l l ~
D (x)= T W@ S J L(i,6,0; x ) h(0,0) dgas . (2.5)
g §=0 0 6 S

Other functions of interest are the posterior probability of {t<n} given

X s and the posterior probability of future success given xn v Ls€hs

P{xn+j=l | xn} » 3=1,2,... . The posterior probability of {t<n} given

X is used to decide whether to stop the process. We denote it by

~

nn(xn) and compute it according to the formula

P* A
n
"n(l‘n) =1 - T S [ L(n,0,¢; l‘n) h(8,¢) d¢do , (2.6)
n-~n 0 06

where W: = Z Y(j)
j=n
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We will show later that under general conditions on h(0,¢) the

posterior probability ﬂ“(xn) converges to 1 a.s., as n »> » , Given

X s the future probability of success is, for all j=1,2,...

~[

P[xn+j=1 | 35n] = {0 T{t > n+3} | x_} + Efo 1{t < n+j-1} | %
(2.7)

This probability can be expressed in terms similar to those of (2.6).

Explicit expressions will be considered later.

3. Optimal Stopping Times

The problem of detecting the shift point T can be approached
from a decision theoretic point of view in the following terms. After
each observation we have the option to stop sampling and declare that the
shift has already occurred. The process is then inspected, and if the

shift has not yet occurred a penalty of $C2 is imposed for undue stopping.

On the other hand, if we do not stop and the shift has already occurred,

we are penalized $C1 for each additional observation. We develop here

a characterization of the optimal stopping rule, using the methods of
dynamic programming. We start with a truncated version and impose the

restriction that stopping must occur after a finite number of observations.

)

n

Let

(xn) denote the minimal posterior risk after n observa-

tions, given Xy ® when at most j more observations are allowed. For

j=0 we have

(0) = cyft -
Rn (fn) i CZ : -"n(l(n)) 3 (3.1)
If one more observation is allowed, i.e., j=1 , the posterior risk asso-
ciated with observing X 1 is
—(1) _ R :
Rn (fn) Clnn(fn) 63 CZ(l h{"n+l(§n+l) | §n}) ' (3-%3
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Moreover, since

"n+l(§n+l) = L{I{T<n} | x +l] we obtain from

the liw of iterated expectation that
E{r G ) D x ) =B{tlrand | x J=m G+ (1-7 x))p . 3.3)
Using (3.2) and (3.3) we obtain

R Gy - mi“l“ﬁo)%’ : —Rﬁl)@n)}

(3.4)
2 1- ™ (x )) + mln(? C,m (x ) - 2p(l - "n(fn))) .

[

Obviously, Ril)(xn) < Rﬁo)(xn) for all . TN It is optimal to stop

after n observations, when j=1 , if - and only if
Czp

TH S R e ST (3.5)
n ~n Cl + Czp

If j=2 , then according to the optimality principle of dynamic

programming it is optimal to stop after n observations if and only if

RéO)(fn) < e (x) + { (1)( ) | fn} . Moreover,
gD - 5

E{ n+l(xn+1 l fn} & C2 hll o “n+l(§n+1) I fn}
3 E"“l"(O € Tpg (X ) = 06,1 - "n+1(’fn+1))> | ’fn}
- 1)
= cy(1 - m (x))a-p) +M TV (x) . (3.6)

where

(1)

(x,) = E[min(é, €y Tna1 Fna? = pCZ(i * Mot oy )) | fn} ’
(3.7)

The minimal posterior risk is then

R () = min®@ ) 4 on x) + ST I ) I E N

or
(2) & :
Rn (?Sn) & (’2(1 B "n(l(n))
(1)
+ mm(o, c,m (x) - Czp(l ™ nn(fn)) + i (5n)) . (3.9)

-G -
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Notice that

Ril)(xn) . Furthermore, for j=2 it is optimal to stop after n

observations if
L)
2 h G

. (3.10)
C1 + C2p

"n(fn)

The stopping boundary for j=2 [the RHS of (3.10)] is not smaller than
that for j=1 [the RHS of (3.5)]. Thus, if wn(xn) < C2p/(C1 + C2p)

it is optimal to continue and take at least one more observation.

In a similar fashion we obtain by backward induction that, for

Akl > a2
(i) 3 .
N G m G - n e
(3.11)
- min(O. Cm (x ) - Cp(1 - "n(fn)) + Mﬁ]-l)(§n)) ,
where, for each i > 2 |
(1)
Mo (x )
(3.12)
n (i-1) E
£ E{min(o' C1Mnt1 Bpar) = CP(L = T (x 1)) + M (§n+1)) | fn] ’
Lemma 1:
Msi)(fn) 2 Mﬁi-l)(fn) (3.13)

with probability one for all i=1,2,.
u(®
n

.. and all n=1,2,... , where

(x ) 0.

~N

Proof: The proof is by induction on i . Since Mél)(xn) <0

for all xn and all n , we obtain that

X : D e ) :
mi“(o’ C1 a1 Fpap) — CP( Tot1Enar)) + Mol Zpea? ﬂ
(3.14)

2 1M41 ®ne1) - Czp(l & "n+1(’fn+1))) .

- -
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E b for all xn+1 . Hence, the conditional expectations of the two sides s
) % of (3.14), given X » Preserve the inequality. That is, MiZ)(xn) <

FAY : Mél)(xn) , for all n=1,2,... and all X If we assume that

3 -

b 1 ¥ 5 e W M ey o abY et Al S and Akl

. & . noEnt = n ~n

i: X, o we obtain that

1 min(b c,m (x ) -¢C p(l - T (x )) + M(i)(x )) 3
4 > 71 n+l“ntl 2 n+l Zn+l n+l ‘“n+l 4

¥ (3.15)
‘ . v E (i-1)
- mln(b, Cl“n+l(§n+1) CZP(l TTn+1(§n+l)) * Mn+l (§n+l))

The conditional expectation of the LHS of (3.:5), given X o is

M§i+1)(xn) and that of the RHS is Mﬁl)(xn) . Thus we have established

(1)

n

that M§1+1)

(xn) <M (xn) for ali i=1,2,... , all n=1,2,... , and

all X - Q.E.D.

-~

Define the boundary values

G
by ik b i G 1 . (3.16)
» X C. + Czp , ’ 5 9L gece o .

1

When there are only j optional observations it is optimal to stop
(3 (3
: S > s 3 <
e 1 sampling if “n(fn) > bn (fn) Notice that the inequality M (fn) <

- (3-1 €)) G-D "
Mn (§n) implies that bn (En) > bn (gn) for all j=1,2,... with

probability one. Since the sequences béj)(xn) are bounded from above

" vy

by 1, lim bsj)(xn) exists for each n and each xn . Denote these
3y ~ %

L
)
.
:
g
.

limits by bn(xn) . The stopping rule which calls for stopping if
nn(xn)‘z bn(xn) is an optimal solution of the untruncated problem. This
is due to the fact that the risk is bounded below by zero (see [1]). We

notice in (3.16) that f 1 |
( ) at for all n and all X s bn(in) > Czp/(C1 + C2p) é

- Y -
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Hence, if nn(xn) < Czp/(C1 + C,p) it is optimal to continue. The
question is how to determine b (x ) when x is such that m (x ) >
n ~n ~n n -~n" —

C?_P/(c1 + C2p) .

4. The Case of Known Success Probabilities

Consider the case of known success probabilities 6 and ¢ .
This is a special case of the general Bayesian model, in which the prior

distribution of (0,¢) 1is concentrated on a specific point (60,¢0) .

This special case can be applied to practical control problems in which a

rectification of a process is needed whenever ¢ > ¢0 and the interval
(60.¢0) is a "region of indifference.”" Given X the posterior prob-

ability of {t < n} for this special model is:

Taisy
(1-m0) (1-p)"
=] < 4
(n)
P Tn n oL j-1 ! Tn-j n-j n-1
“0(55) wo + (1) pjzl(l-p) (BE) w  + (1-m) (1-p)

(4.1)

where oy = ¢0/(1—¢0) > Py = 90/(1-90) , and w = (l—¢0)/(1—60) .

Let Fn(xn) =1 - ﬂn(xn) . We can easily establish the recursive

relationship:
gty T (x ) (1-p)
e et B p1 *n+1 o Py *n+l i
(i )(2) " v Ter(z) o+ Ty asn

(4.2)

This recursive relationship shows that when 6 and ¢ are known, the

{nn(fn); n > 1} process is Markovian. In order to determine the value

of (x

~n+1) it is sufficient to know the value of “n(rn) and the

™
n+l

- B -
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value of x . Let m(x)=m and X =Y, and let f
n ~n n+ !

n+l 1

ZYm(n + (l—")p)
2u(m + (1-m)p) + (1-m (1-p)

y(m,Y) = (4.3)

where Z = pllpo and Y(m,Y) is ﬂn+l(§n,Y) as a function of ™ and Y .
Thus, the sequence {wn(xn); n > 1} is a stationary Markov sequence in

|
!
the sense that, given ﬂn(xn) = T the distribution "n for all i

e Zaa)
k > 1 is independent of n . Furthermore, one can readily prove that

{nn(xn); n > 1} is a submartingale with respect to the Bayes predictive

distributions of X (n > 1) [see the denominator on the RHS of (4.1)].

Thus, with respect to these Bayes predictive distributions, Hn(xn) >0

a.s. (see Sirjaev [2, p. 153]). We provide in the following lemma a proof

for our specific problems which establishes the convergence of wn(xn) to

one whenever a shift occurs at a fixed finite time point T = k . The
convergence established in Lemma 2 is with respect to a sequence of dis-
tributions with fixed parameters, while Sirjaev's result is the convergence

a.s. with respect to the prior mixtures of such distributions.

Lemma 2: When 60 and ¢0 are known, and if T = k for some

k < © , then wn(xn) -1 a.s. as n > o,

I IN——.

Proof: Let

"n %)

§ & DB
n 1- nn(fn)

It is sufficient to show that Sn + ®© a,8. [¢0] . According to (4.1),

n n T n-1 " n-j T(n)

s = I—_i"-(; () a-mz®+ pjzl(——) g, (4.4)

1-p

Obviously,
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Tt(ln+k) L \n
e (Ifﬁ)
(4.5)
T(n+k) n_T(n+k)
g g B (1-¢) "
_ k 0 0
(l—p)n T§n+k) n_Tr(ln+k)
60 (1-60)
T n-T I
The function w n(l-w) T is maximized by w=T /n . Hence
n
(n+k) (n+k)
(T(n+k) )Tn ( T(n+k) )n—Tn
L R 3 2an
n n
e ) e t.8)
n n
60 (1-60)

for all 6 in (0,1) . Finally, since Tén+k)/n -> ¢0 a.s., one obtains

p(n¥K) o (aHk)
s ¢." (1-¢,) "
5 . k . 0 0
g B (1-6) "
0 0
(n+k) (n+k)
T(n+k) Tn T(n+k) n-Tn
S n __n
k n n
[];:: (l-p)n '11_1,: T(I‘H‘k) n_T(n+k)
o " (1-6,) °
0 0
= o a.s. [¢0] 2
Q.E.D.

The boundary function for the optimal stopping rule depends on the

value of T and does not depend on n . Let B(T) , 0 < m <1, denote

the boundary function. The stopping rule requires that sampling be ter-

minated as soon as ﬂn(xn) > B(Wn(xn)) . As proven earlier, B(m) > mx ,
- 10 -
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where Tm* = Czp/(C1 + Czp) . Let M(i)(n) denote the function Mgi)(xn) .

i=1,2,... and let M(m) denote the function Mn(xn) when Nn(xn) =7 .,

These functions do not depend on n . The boundary B(m) is defined as

Czp - M(m)
B(m) = min(l , —zr—:fE;;— g 0<m<1. (4.8)

1

Similarly, for each 1i=1,2,... define

(1)
C2p - M

(m M
C2p + G

31 (1) = mial1 , (4.9)

1

The sequence {B(i)(w); TSl 20 ] converges monotonically to

B(m) for each 1 . Consider the functions M(l)(w) and B(l)(w) 5
According to (3.7),

M (m = En{min(b , C¥(mX) = cp(1 - w(n,X)))} ; (4.10)

where the distribution of X has the probability function

-X

PGxi M = [+ (1-mplgy (-9 % + -m TP (1-0 )1 7% .

(4.11)

ps——

We can easily verify that for each value of X , Y(m,X) is a strictly
increasing function of w and that ¢(m,1) > 7 for every w in (0,1) . i

Thus, if w > m* , then Y(m,1) > m* , and therefore Clw(n,l) -

Czp(l = y(m,1)) > 0 . Hence, for m > Tk |

wB ) = p_(x=01(cu(m,0) - c,p(1 - v(1.0))7, (4.12)

where a = min(0,a) ; and P“{X=0} = n(l—¢0) + (1-w)(1—90) . Substituting
the formula for Y(m,0) into (4.6) yields
[c,u(mp(1-m) - Cp(1-m) (1-p)]~

w(mp(1-m)) + (1-m)(1-p) :
(4.13)

M (m - [r(1-0y) + -m (1-06,)]

- I -

e ———————————esl




T-356

(1)

Notice that M (m) is a continuous function of 7 and that

ey p(1)

(m) >0 as n > 1 . Correspondingly,
Q

m) is a continuous

function of m and B )(n) > Mk as mw-> 1.

According to the recursive equation (3.12),
M2 (my = s"{(clw(n,x) - G,p(1-u(m, X)) + M(l)(w(n,x)))'} , {518)

¥ @

Thus, () 1is a continuous function of ® . In a close neighborhood

of M(l)(W(n,X)) =0 for x=0,1 and therefore M(Z)(w) = M(l)(ﬂ) H
By induction of i we show that M(i)(ﬂ) is a continuous function of
m for all 1i=1,2,... and that M(i)(w) +0 as m~>1 . Correspond-

ingly, all the boundary functions B(i)(ﬂ) are continuous and converge
to m* as m > 1 . Thus we can show that B(m) is continuous and

converges to T* as T > 1 . Therefore, there exists a value “1 such

that m, = B(m ) and for the first n at which m(x)>m it is op-

1
timal to stop. Sirjaev [2, pp. 149-155] proved this result in a more

general context; however, he has not determined the value of nl . We

have shown that in our framework, m 2k

5. Unknown Success Probabilities with Uniform Prior

In this section we investigate the nature of the decision process
when the prior distribution of the unknown (6,¢) is uniform over the
simplex 0 <6 < ¢ <1, i.e., the prior p.d.f. is

h(6,¢) = 21{0 < 6 < ¢ < 1} . (5:1)

The posterior p.d.f. of (6,¢) is

I V(LGL0,05 x)
8(0,0 | x ) =1{0 <0 <¢<1} 129

. (5.2)

Dn(gn)
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Here
] T n-T
I vLG,0.05 x ) =m ¢ " (1-¢) "
j=0 i
(n) (n)
n-1 j-T n-j-T
+ -mp J a-p)It e o -6y 4 "n-] -4 - 7
j=1
n-1 BT
+ (1-m) (1-p) s L (5.3)

and the function Dn(xn) is obtained by integrating (5.3) over the range

0 <8 <¢<1. Accordingly, we obtain after some algebraic manipulations

Dn(fn) =T B(Tn+2 5 n-Tn+1)

(n) (n) (")
n-1 j-1 B(T 4+l , n=j-T +1) = B(T -i+l , n-T_+i+2)
+ (1-mp } (1-p) el - )“ o
3=1 L 120 B(TM)-141 , n-3-T M +42)
+ (1-m) (1—p)'“'l B(Tn+1 5 n—Tn+2) . (5.4)

where B(vl,vz) = F(vl)T(vz)/F(v1+v2) is the beta function. The posterior

probability ﬂn(xn) can be determined by the formula

T(x) = 1- (1-m eyt B(T 41 , n-T +2)/D_(x ) . (5.5)

If we denote by Y the result of the (n+l)st trial, and if ;ﬁ(§n) =

1 - nn(xn) , then we obtain from (5.5) the expression

(1-p) F (x) D_(x ) B(T +14Y , n+3-T -Y)

Y . 5.6
n+1(x i n+1(x ,Y) B(T 1, n-T +2) (5.6)
More specifically,
o T +1 D (x )
Tt EpeD) = (=0)T (x) +3 i Dn+1(x D) (5.7)

and
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. 48 e n+2—Tn Dn(xn) 3
b, | T ..(x ,0) = (1-p)7 (x) . - ! (5.8)
N n+l ‘“n n~n n+3 Dn+1(§n,0)
From the basic definitions we can establish that
D (x ,1)
_ n+l'<n’
Plx_ 1 | %= D ) (5.9)

According to (3.3), the process {nn(xn); n > 1} constitutes a

submartingale with respect to the Bayes predictive distributions of x -

R

E Thus, 1im 7 _(x_) exists with probability one, and as in Sirjaev [2,

"b' . n- BE=n

7R p. 155] we can show that 1lim ﬂn(xn) =1 a.s., with respect to the
] n-o e

Bayes predictive distributions. 1In the following lemma we prove this

convergence for cases of fixed (6O ) and T = k (finite).

0’ %
Lemma 3: If T =k for some k < @ then ﬂn(xn) +1 a.s. as
\ n > o

.

Proof: We write

1 1

B L ¢£e Plt<n-1 | x ,0,01 g(6,¢ | x )d¢d® .  (5.10)

We see in (4.7) that as n > ® then P[T<n-1 I xn,6,¢] -1 a.s., uni-

formly in (6,¢) . Accordingly, there exists N(§) such that for all
n > N@) , Plr<n-1 | x_,6,0] > 1-6 . Thus, from (5.10), "

11
mx) > (1-5)£ é g(8,¢ | x )d¢d® = 1 -6 . (5.11)
Q.E.D.

Note that the above proof does not depend on the assumption of the uni-
X form prior distribution of (6,¢) .
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6. Some Numerical Examples

In this section we provide several numerical illustrations of the

stopping rule:
N = least n >1 such that m (x ) > b(l)(x ) AR (6.1)
= n~n’ — n ‘'~n

for the case where © and ¢ have a uniform prior on the simplex
0<8<¢ <1, and the shift parameter 1T has a geometric prior dis-
tribution. Each illustration is based on an independent simulation of X

values, in which Xn is a Bernoulli random variable with a specified

parameter 6 if n < T and with parameter ¢ otherwise. The simulation
in a given run is continued until the decision rule calls for stopping.
One hundred independent replicas were run in each case, and the empirical
frequency distribution of the stopping locations was recorded. In Table

1 we present these frequency distributions for cases in which T = 10 ,
m=0.01l, p=0.01,06=0.3, and A = C1/C2 = 0.06 . We varied the

parameters ¢ over the range .5 to 1. in order to illustrate the
effect of ¢ on the speed of detection. The above parameters 7 and
p were chosen small in order to lessen their effect on the stopping

times. The value of A was chosen sufficiently small to reduce early

stopping.

As indicated in Table 1, the distribution of stopping locations
after the shift has occurred tends to concentrate near the point of shift
as ¢ increases. This is expected, since large values of ¢ frequently
yield the value x =1 . On the whole, it seems that the stopping rule
(6.1) is sensitive and its performance can be controlled by varying the
parameters m , p , and A . The number of replicas on which Table 1
is based is too small for definitive comparisons of the stopping time
distributions. To establish these distributions more accurately, either

extensive simulations or a different numerical approach is needed.
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TABLE 1

EMPIRICAL FREQUENCY DISTRIBUTIONS
OF STOPPING RULE (6.1)

- 0 gs® g ey 0B e 10
1 0 0 0 0 0 0
2 0 0 0 0 0 0
3 0 0 0 0 0 0
4 0 0 0 0 0 0
5 3 2 0 3 4 5
6 0 0 0 0 1 1
7 & 0T 5 7 5 6
8 6 5 3 5 3 4
9 3 2 3 2 2 1

10 4 8 6 7 7 7

11 11 13 12 7 10 10

12 11 8 15 23 31 35

13 7 20 15 15 26 28

14 6 7 11 15 6 3

15 6 5 10 7 5 0

16 5 7 8 5 2 0

17 11 6 3 2 0 0

18 3 1 3 1 0 0

19 4 3 4 1 0 0

20 4 4 2 0 0 0

21 2 1 0 0 0 0

22 1 0 0 0 0 0

23 3 2 0 0 0 0

24 0 1 0 0 0 0

25 1 0 0 0 0 0

26 1 1 0 0 0 0

27 1 0 0 0 0 0

28 0 0 0 0 0 0

29 1 0 0 0 0 0

30 0 0 0 0 0 0

®In one case here the decision rule did not
call for stopping even after 30 observations.
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