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The research presented in this report is both a continuation and an
extension of the optimility criteria approach to structural optimization
reported in AFOSR-TR-75-1431. In the present study the optimality criteria
method is extended to provide a capability for the automated minimum weight
design of elastic, recundant structures composed of one- and two-dimensional
structural elements and subjected to multiple, independent static loading
conditions. The design variables are taken to be the thicknesses of the
structural elements. These variables are constrained to be between specified
maximum and minimum values, as are the internal stresses in each element and
the nodal displacements of the structure. Results are presented to indicate
both the excellent performance of the optimality criteria method and the wide

range of structures which can be designed using the algorithm.

Finally, the algorithm is extended to include the new (to automated
design) and very important requirement thet structural integrity under the
applied loads be maintained given the presence of existing structural fatigue
cracks. This requirement, which is cast in an energy format and incorporated
in the design algorithm as an inequality constraint, is shown to have a

dominant effect in the design of safe, minimum weight aircraft structures.
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I. INTRODUCTION

The research presented herein is both a continuation and an extension
of the optimality criteria method developed on AFOSR Grant No. 74-26LOA,
reported in AFOSR-TR-75-1431 and subsequently published in Ref. 1. This
research activity has been concerned with the development of & capability
for automated minimum weight design of elastic, redundant aircraft struc-

! 4 tures subjected to multiple independent static lcading conditions and con-
4 strained against seversl types of inadmissable structural behavior. The
a activity reported in AFOSR-TR-75-1431 was quite fundamental in nature;
the basic redesign algorithm was developed and tested on elastic truss-
type structures subject to only stress constraints and constraints on

maximum and minimum values of the design variables. While the resulis

were very encouraging for this rather restrictive problem, the computational

aspects of the design algorithm were not completely understood. In a
broader sense, the appiicability of the optimality criteria approach to
more complex (and practical) design problems was untested. Therefore, in
the research activity which followed that presented in AFOSR-TR-75-1431,
three primary objectives have been to:

(1) Extend and refine the basic optimality criteria method to improve
its already efficient performance and reduce the experience
required by the user to exercise the algorithm.

(2) 1Increase the structural modeling capability contained in the
algorithm to the point where two- and three-dimensional assem-
blages of one- and two-dimensional structural elements could be

designed using the optimality criteria algorithm.
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(3) Extend tue types of design constraints to include stress,
displacement, minimum and maximum constraints on the design
variables, and constraints hased on gross structural behavior,

i.e., constraints included in other existing algorithms for

P2 e

the design of elastic redundant structures.
To a certain extent, these three research objectives were interrelated
since, for example, algorithmic performance could be adequately measured
only after developing design experience with structures more complex than

trusses which are subjected to several different types of constraints.

i
’
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¥

; b In the development of the capability for treating constraints

i against inadmissible structural behavior, the usual constraints on stresses
and displacements were incorporated into the design algorithm. !However,
since a rather substantial literature [2 - 5] demonstrates the ease with

.

which optimality criteria methods can deal with constraints on gross struc-
tural behavior (e.g., on minimum natural frequencies or elastic buckling
loads) a new type of constraint was incorporated into the algorithm; a
constraint requiring the structure to maintain its integrity given the
presence of existing structural fatigue cracks. This fracture mechanics
constraint, which can be cast in a form based on energy concepts for the
structure, provides a test of the capability of the algorithm to treat

: energy-type constraints. More importantly, the development of this
fracture constraint provides a means for establishing the effect that

| fracture mechanics considerations can play in determining safe, minimum
weight structural designs. As will be shown in this Report, this new

fracture mechanics constraint is very important and in fact may govern




the minimum weight structural design of typical sircraft structural sub-

assemblies.

This Report contains a brief review of the mathematical foundations
of the optimality criteria method utilized in this research in Section TI,
as well as a general discussion of the computational features incorporated
in the design algorithm. Section III contains a description of the struc-
tural modeling capability of the present algorithm and also a review of its
computational characteristics for several well known test problems. The
development of the fracture constraint is described in detail in Section IV
as well as its implementation in the optimality criteria design algorithm.

A discussion of the results obtained in this research is given in Section V.
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II. THE MATHEMATICAL OPTIMALITY CRITERIA

AND REDESIGN RULE

A. Review of the Optimality Criteria

The structural weight minimization problem is stated formally as

(s
follows: find a set of independent design variables D

§ =1,2,000,N,

J’
such that

gk(Dj) €0, E=12;..0M (1)
and

W(DJ) —— min

where the objective function W(Dj) is the weight and the constraint
functions gk(Dj) are behavioral constraints on the structural response

and side constraints on the design variables.

The necessary criteria for optimum design, which are the basis for
the present method, are the Kuhn-Tucker necessary conditions [6]. For an

optimum Design D, these conditions are,

J
M
; %
,§¥-+>1 A 535 = 0, J=1,2,.0,N (3)
T 3
B = O
K =1,2,000,M
e ()

where Ak is the Lagrange multiplier associated with the k-th constraint.
If the constraint is noncritical, N <0 and Ak = 0; 1if the constraint

is critical, 8, = 0O and Xk 2 0. Thus, the Kuhn-Tucker necessary
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conditions may be simplified to read

& ®
*%?‘ . > A ﬁﬁk = 0 3 =1,2,00e,N (5)
s e 3

vhere g =0 and A >0 for all K (< M) active critical constraints.

The active side constraints on the design variables can be separated
from the active behavioral constraints and the Kuhn-Tucker necessary con-

ditions for a local optimum design can be rewritten as follows:

K
’%?' = 24 e e Qe (6)
- 3
W .,
*@*i&?ﬁ;fo - el " (7)
k
K
- | 0
WD—J*Z’\SD—JZO 5 ¢ Tyan (8}

where K 1is the number of active behavioral constraints, J 1is the set
of design variables not constrained by minimum or maximum side values, and
J and J are the sets of design variables constrained by maximum
max min
and minimum values, respectively.

The separated form of the Kuhn-Tucker necessary conditions can be
rewritten by dividing both sides of Eqs. (6)- (8) by the weight gradient

id/3DJ (assumed positive, the case for mogt structural design problems )

to give
K B
k =1 J € d
. ’
Ij = sl 21, Jeme (9)
D =
J _<_l’ J""Jmin

where the parameters IJ, J =1,2,00e,N, are defined as the design




factors.

The relations in Eq. (9) are the criteria for minimum weight. That

is, if for a given design, the set of K active behavioral constraints is
such that the corresponding Lagrange multipliers are positive and Eq. (9)
is satisfied for all Jj, then the design satisfies the Kuhn-Tucker neces-

sary conditions and is therefore a local optimum design.

B. Redesign Rule

The form of Kuhn-Tucker necessary conditions given by Eq. (9) sug-
gests an associated redesign rule. Qualitatively, the criteria of Eq. (9)
imply that: (1) if IJ. = 1.0, then DJ, is uptimally sized; (2) if

I, > 140 and B, < D, , then D. must be increased to obtain an
, J max J

improved design; and (3) 4if 1, <1.0 and D, > D, , then D, must
J min J
be decreased to obtain an improved design. Therefore, the iterative re-

a
design rule is taken to be the following: given the «&-th design Dk with
(¢
associated design factors Ij(Dk), then the design variables at iteration

(+ 1) are related to the design variables at iteration « by the

relation
. {94 (04 Y\ (@
£lT. (D )ID, if D < PIT (D )ID, <D
ik jmin AN Jmax
oyt g o, 1r £(1,()I0] > 1, (10)
; Imax “max
D, i £[1,(0))ID] < D
min & J “min

where f(1.0) = 1.0. In the present study the function f is taken

to be




RISy > R aandfe e .
£(1,(0))] [1,(5)) r§ (11)

where IJ is the design factor at iteration (.

This redesign rule is exact for statically determinate structures
with weight functions linearly dependent on the desig; variables and sub-
ject to a single frequency or buckling constraint, or subject to a single
load condition and a single stress or displacement constraint. The rede-
sign rule is approximate for the design of statically indeterminate struc-

tures and/or multiple load conditions. It is emphasized that the design

objective, Eq. (9), is exact.

C. Computational Aspects

The following sequence of operations defines each iteration of the
redesign procedure: (1) identify the active and near-active behavioral
constraints and side constraints; (2) calculate the gradients and La-
grange multipliers of the active behavioral constraints; (%) evaluate the
design factors defined by Eqe. (9); (4) either terminate the redesign pro-
cedure if Eq. (9) is identically satisfied or resize the structure using the

redesign rule. A brief description of each operation is described below.

The k-th behavioral constraint is strictly active if & =100,
or if the so-called response ratio, Rk = 8y + 1.0 = 1.0, However, for
numerical purposes a behavioral constraint is identified as active (or near
active) and governing the redesign if its response ratio is arbitrarily

close to one (1.0), that is, if

1.0-8 < R < 1.0 (22)

where {8 1s a preselected constraint buffer parameter, usually contained
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in the range 0.0k < 8 < 0.10. The identification of near-active con-

straints and the final weight obtained are sensitive to the value of the
constraint buffer. Large values of £ allow early identification of near-
active constraints but usually result in heavy final designs because of the
large spread in the values of the response ratios of the near-active con-
straints. Smaller values of f8 usually give lighter final designs because
of the comparitively smaller spread in near-active constraint response

ratios.

Analytic expressions for the components of the constraint gradients
(that is, derivatives of stresses and displacements with respect to the
design variables) are obtained by differentiating both sides of the stiff-

ness relations for the linear elastic structure

[Kl1{fu} = (F} (13)
to give
%[D“—leum (K] 35‘%3 . %gj} = 1o} . (14)

In Eq. (13), [K] is the system stiffness matrix, {F} is the vector of
equivalent applied nodal forces and {u} is the vector of developed
nodal displacements. The applied mechanical loads are assumed to be

independent of the design variables.

Solving Eqe. (14) for the displacement gradient gives

3% w s [x]‘l%[,j‘—j fu) . (15)

For a given design, the gradients of the active displacement constraints,

is the i-th component of the displacement

& = (ui/ut) - 1.0, where u

i
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3
§
;
.
14

vector and u, is the 1limiting value, is obtained by reducing the product

(\[K]/\DJ)[u} and back substituting through the decomposed stiffness

matrix.

The gradient of active stress constraints is obtained by differenti-

ating the stress-displacement relation for a member to give

%[1%1 = [D][B]%ﬁ‘d (16)
i

J

and substituting for the displacement gradient from Eq. (15). 1In Eq. (16),
{o} 1is the vector of element stresses, (D] 1is the linear elastic con-

stitutive matrix and [B] is the linear strain-displacement matrix.

The calculation of the Lagrange multipliers of the near-active con-
straints can be accomplished in several ways. In the present study, the

Lagrange multipliers are evaluated by minimizing the function 9 = .9(A)

where

K %,
i > %%,
.Q(}\) = l + _TJ—

. (17)
3 3,
J
The conditions for minimizing 9 are
%T;s g}’ k = 1,2,.00,K (18)

giving a set of linear algebraic equations, equal in number to the number

of near-active constraints, to solve for the Lagrange multipliers.

Since, in general, there are more design variables than active

e e




constraints, the minimization of the function .9 amounts to the minimiza-
tion of the mean square error between current values of the design factors

and the optimum value 1.0 that is,

4 = j{ (1j % ZaE) (19)
J
Move limits must be imposed on the design factors before resizing,
because the redesign rule is valid only near the optimum and is approxi-

mate elsewhere. The move limits are taken as uniform so that
1.0 - |a] < I, < 1.0+ Ial, 4 w22, vees R (20)

where |A| is a preselected move limit parameter.

Resizing the structure may cause the set of current active re-

ﬁt straints to change (constraint switching); excessive constraint switching
! E may cause infeasible designs. ©Small move 1limits minimize this effect.
However, constraint switching and infeasible designs may still occur,
particularly in the initial stages of the redesign where the resizing
rule is most approximate. Feasible designs are then obtained by scaling

the design variebles so that

where R 1s the response ratio of the most active (and violated)

constraint.

For problems with stress limits only the move limits must be rela-

tively small with 0.04 < |A| < 0.08. (In addition, for problems with
stress limits only, a fully stressing move is made on those design varia-

bles with corresponding design factors less than zero. This move is

10
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useful in quickly identifying the set of design variables constrained by
minimum values.) For displacement - limited problems the move limits may
be greater and are typically IAI = 0.25. The set of near-active con-
straints in displacement-limited problems is usually smaller and more
stable than the set in stress-limited problems; therefore, relatively

larger move limits are possible in displacement-limited design.

Computational experience indicates that the following default
values for the two preselected design parameters £ and lh! are
usually adequate for obtaining near optimum designs: (1) for stress-
limited problems, £ = 0.08, |A| =0.08; (2) for displacement-limited
problems (and stress end displacement limited problems), £ = 0.10, 4] =
0.25. It 1is usually possible to improve the final designs obteained with
the default parameters by reducing the value of the constraint buffer £,
although more iterations may be necessary for convergence. For displacement-
limited problems the buffer B can be chosen independently of the move
limit |A|. However, because of the sensitivity of the stress constraints
in stress-limited problems, it is necessary to reduce the move limit

parameter as well as the constraint buffer parameter.

Finally, it is necessary to modify the functional .3 and recalculate
the Lagrange multipliers and the design factors if, in the trial resizing,
(1) new side constraints are identified, or (2) negative multipliers are
obtained. When a new side constraint is identified, it is necessary to
delete the design variable from the sum in Eq. (17) over the variables
contained in the set J. When a negative multiplier is obtained, it is
necessary to delete the corresponding constraint from the sum in Eq. (17)

over the set of K active behavioral constraints.

11




Both the deletion of design variables associated with side constraints
and the deletion of behavioral constraints associated with negative multi-
pliers may require, within each redesign cycle, one or more iterations (one
complete solution per iteration) to obtain & stable list of side constraints
and active behavioral constraints. When the constraint lists stabilize,
the resized structure is analyzed and scaled and the redesign procedure

reentered.

De Algorithm Efficiency

The optimality criteria method of the present study is in general
less efficient than previous physical optimality criteria methods. How-
ever, the present method is more general than previous optimality criteria
methods since: (1) convergence to local optimum designs is obteined; and
(2) special forms for different behavioral constraint types are not needed.
The generality of the present method is obtained at a greater computational
cost, primarily for constraint gradient and Lagrange multiplier

celculations.

The present method is more efficient than mathematical programming
methods, primarily because of the relative simplicity of the resizing
calculation. The efficiency advantege is most prevalent for design
problems in which the number of final active constraints is less than the
number of design variables. However, the results for the 63-bar truss
stress-limited problem (7] show the present method with a significant
(2 to 1) efficiency advantage over the latest generation mathematical
programming methods for problems with a large number of design variables

and a large number of final active constraints.

1z




The computer code for the present method incorporates = number of

features to reduce both computer storage requirements and execution time.

Briefly, these features are:

E | (1)

()
(3)
4 (&)
| (5)

v

(6)
(7)

dynamic allocation of all arrays in terms of the relevant
control parameters,

overwriting of arrays;

storage of only non-zero degrees of freedom;

design variable linking;

system stiffness calculation by stiffness gradients with

N
e

x] =>‘Tl§l[nl (22)
gt

where the stiffness gradients are calculated only once and
stored in compacted form;

analytic gradient calculations; and

elimination of dependent gradients (due to symmetry related

design variable linking).

Additional details are given in the Appendix A.

Further and significant efficiency gains could be obtained by:

(1) incorporating approximation concepts to reduce the number of complete

structural analyses (that is, decomposition of the system stiffness matrix

and reduction and back substitution of the load vectors); and (2) using

iterative solution methods to reduce the number of complete solutions for

the Lagrange multipliers.

15
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E. Comparison with Other Optimslity Criteria Methods

Optimality criteria methods using the Kuhn-Tucker necessary condi-
tions as the criteria for optimum design have been proposed [4]. However,
the associated redesign rules in these methods do not, in general, con-
verge to designs satisfying the Kuhn-Tucker necessary conditions because:
(1) elements governed by stress constraints are resized using stress
ratio; and (2) in most cases the "envelope method" is used wherein re-
sizing is accomplished considering the most critical constraint for each

element.

Optimality criteria methods with redesign rules capable of converg-
ing to designs satisfying the Kuhn-Tucker necessary conditions were pro-
posed by Kiusalaas [3] (and implemented for multiple constraints by Rizzi
(8] ) and by Terai [9]. The method of Kiusalaas differs from the method
of the present study primarily in the calculation of the Lagrange multi-
pliers of the active constraints. In Ref. 8 a set of simultaneous linear
equations for the Lagrange multipliers is obtained by requiring strict
activity of constraints identified as near-active during resizing; that
is, g;wl = gt +‘Ngk = 0.0. The set of equations is solved using
Gauss-Seidel iteration. Inactive constraints corresponding to negative

Lagrange multipliers are deleted when encountered and the side constraint

1ist is updated before resizing.

The results for design problems with a small and stable list of
final constraints shows the method of Ref. 8 to converge to designs satis-
fying the Kuhn-Tucker necessary conditions with all final constraints
strictly active (and, therefore, capable of giving final designs lighter

in weight than final designs obtained using the present method ). However,




the method of Ref. 8 has no advantage over the method of the present study
for problems having a set of active constraints which is neither small nor
stable as, for example, in large primarily stress-limited problems.

Indeed, the potential efficiency advantage of optimality criteria methods
over mathematical programming methods may be lost when applying the method
of Ref. 8 to large problems. The results of Ref. & imply that infeasible
designs with a large number of active and violated constraints are needed
from the beginning to properly sort the final constraint set. This re-
quires the solution of large sets of linear equations for the determination

of the Lagrange multipliers throughout the design process.
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III. EXTENDED MODELING CAPABILITY

The generality of the optimality criteria method of the present study
is demonstrated by results for the design of trusses, plates and stiffened
plate systems. These results were obtained using a computer program coded
in FORTRAN IV for use on the UCLA Campus Computing Network IBM 560/91
system. All calculations were performed in a single precision arithmetic;
the FORTRAN G compiler option was used, unless noted otherwise. The program
structure is described in Appendix A and required data cards are listed in

Appendix B.

A. Finite Element Library

Five finite element types are included in the present computer program
for numerical stress analysis. These element types are:

1. the two-node truss element;

Z+ the three-node subparametric truss element;

3. the planar constant strain triangle (CST);

i.  the planar four-node isoparametric quadrilateral (QUADL);

and

5. the planar eight-node isoparametric quadrilateral (QUADS).

The more complex isoparametric elements are preferred in nearly all
cases over the simple constant strain triangle for planar analysis. The
advantages of the isoparametric elements are:

1. improved structural modeling capability;

7+ 1mproved accuracy over simple triangles and rectangles for the

same number of degreec of freedom; and

5« reduced data preparation.

16




The primary disadvantage of the complex elements is the extra effort

required to generate the element stiffness matrix. However, since element
stiffness matrices are calculated only once (to form the stiffness grad-
ients ), the additional cost of the initial stiffness calculation is not

significant in a design program.

Element stiffness matrices are obtained by numerical integration.

The complex elements are mapped into simple shapes in a natural coordinate

system in which the stiffness coefficients are evaluated using Gaussian
quadrature. (Two-point quadrature is used for the three-node truss ele-
ment, two- and three-point formulas are used for the QUAD4, and two-,
three- and four-point formulas are used for the QUADS element.) Additional

details on stiffness generation are included in Appendix C.

Note that it is not necessary to retain a constant strain triangle
(as is done in the present program). A straight-sided triangle may be
formed by collapsing one side and two nodes of the QUAD4 to a single node;
a curved-sided triangle may be formed by collapsing one side end three nodes
of a QUAD8 element to a single node. The CST element is presently used

only in the transition zone between fine and coarse element grids.

Four behavioral constraint types are included in the present computer
program. These constraint types are:

l. 1limits on allowable element stresses;

2e 1limits on allowable nodel displacements;

3« 1limits on allowable relative nodal displacements; and

L, fracture mechanics constraints, i.e., limits on developed open-

ing mode stress intensity factors.
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Application of mathematical optimality criteria methods to buckling
and frequency constraints has bteen demonstrated by Terai (9] (with special
forms of the redesign rule for problems with only one active constraint
type). Application to aeroelastic flutter constraints has been demon-
strated by Rizzi [8] so that these results are not duplicated in the
present study. Rather, a new constraint type, against fast fracture, is
considered. The need to include fracture constrsints in analysis and de-
sign is evidenced by the increasing volume of literature on the subject in
a number of structural engineering problems, ranging from nuclear reactor
components to lightweight aircraft components. Little work has been done
to rationally include fracture constraints in automated design. This import-

ant design consideration is described in detail in Section IV.
B. Truss Results

Both two- and three-dimensional truss problems were investigated using
the present methods. FResults for the 3, 10, 25, 63 and 72 bar trusses with
stress 1imits only are given in Ref. 7. Results for the 10, 25 and 63 bar
trusses with stress and displacement limits are given in Ref. 1. These re-
sults compare favorable with previous results obtained by both mathematical
programming and physical optimality criteria methods. The present method
is effective in generating near optimum designs and is capasble of converg-
ing to true optimum designs when the physical optimality criteria methods
cannot. The present method is also very efficient compared to the most
recent design methods based on mathematical programming. The number of
complete structural analyses needed in the present method are essentially

the same as the number needed in the mathematical programming methods, but

18

s o

. J‘r?le* ;.{g.

Bt St




the redesign procedure is much less costly. This efficiency is retained
for large problems as illustrated by the results for the €3-bar truss
wing carry through box. These results are reviewed because of the import-

ance of this problem in the literature.

63-bar truss wing carry through box, two load conditions,

stress limits only.

The structural configuration is shown in Fig. 1. The material is

&

titanium with E = 16.0 x 10 psi,, o = 0.16 pci,, and B A 100.0 x 167

LiE

psi. No design variable linking is specified; therefore, this problem has

n

5 independent design variables. £ minimum ares constraint = 0.01 ins is

imposed on the design variables; maximum limits are not imposed.

The problem was initiated from a uniform starting design. A weight
of 5145 1bs. was obtained after 15 analyses using the stress-limited
default design parameters £ = 0.08 and !ﬁl = 0,08, An improved result
with W = 5026 1bs. was obtained after 12 analyses with B = 0.06 and
I&! = 0,05. These results, detailed in Table 1, compare favorably with the
stress ratio design of 5034 1bs. after 50 analyses (4] and the design
obtained using mathematical programming (10] with W = 4977 1bs. after

14 analyses.

It is clear from Table 2 that the convergence of the present method
is not monotonic. The fluctuation in the number of active constraints is
primarily due to: (1) the approximations inherent in the redesign rule;
(2) the sensitivity of member stresses to changes in member areas; and

(3) the large number of active constreints in the final design. The

e e
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TABLE 1
FINAL DESIGNS FOR 63-BAR WING CARRY THROUGH BOX

Truss Final Cross Section Truss ¥inal Cross Section
Member Areas (ing) Member Aress (ing)
No. No.

a3 38.36 A 5«26
2 36.53 Sk 5.85
5 52 «66 55 5.26
b 54.53 % 5.8
5 25.24 ST 3.36
6 28.55 28 355
7 17.87 39 3,4k
8 206D lite] 0 1
9 251k Ly 519
10 B 12 L2 16.03

T .59 L3 18.Lk2
12 9.16 Ly 11.69
&- 15 24,08 L5 14,09
' 1 20.53 L€ 11.8
B 15 4416 L7 £ali5
16 262 4 11.90
1T 37+39 49 15.85
18 37.58 50 TBT
L 19 0,01 53 7.65
20 0.01 5e 5e25
21 038 53 «20
3 22 0.18 5L 5456
2 0.01 55 9.ls5
2 1.11 56 ‘ Le 30
25 0.3k 57 j 47
: 26 2493 58 | .01
2 1.08 59 I 01
28 Lo T2 | 60 | .01
29 0.85 61 } 01
30 3012 £ ' .01
31 3436 £3 [ .01

% 55T Weight (1vs) €0P6 b

Iterations 1
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TABLE 2

ITERATION HISTORY FOR 63-BAR WING CARRY THROUGH BOX

Alfll:ig:: g Actiggng::stizints Weight (1bs)
- 2 30214.2
2 6 6387.0
3 9 5795.0
4 18 54283
> 1 550143
. 2 5667.0
€ 33 5272 .8
8 27 5286.9
? 6 5162 .2

28 1 57473
1 Ly 50264
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final designs in Refs. 4 and 10 are essentially fully stressed. The final
design in Ref. 10 has 58 active stress constraints and five active minimum
area constraints. The final design of the present study has L4 active
stress constraints and nine active minimum aree constraints; this design

is not completely converged since the Kuhn-Tucker necessary conditions are
not identically satisfied. However, the square root of the design factors
of 42 of the 54 nonminimum area bars are converged to + 5 percent of
unity and the remaining design factors are converged to + 10 percent of
unity. Continued redesign does not lead to large changes in variable sizes

or final weight.

The final results for this problem using the present method required

18 CPU sec. for execution on the IBM 560/91, using the FORTRAN I compiler.
The method of Ref. 10 required approximately U48CPU sec. of execution time
on the same IBM 360/91 computer and the FORTRAN H compiler for a one percent
overweight design (W = 5045 1bs.), using derault design parameters. Subse-
quent results in Ref. 10 with design parameters selected to speed converg-
ence required approximately 36 CPU sec. for a one percent overweight
design (W = 5025 1lbs.). Thus, the present optimality criteria method
retains a computaticnal efficiency advantage over mathematical programming
methods even when the number of design variables is larger than the number
of degrees of freedom and the number of final active constraints is not

small compared to the number of design variables.

Ce Center Hole Plate Results

The minimum weight design of a center hole rectangular plate subject

to a uniform tensile stress is considered. The structural configuration




is shown in Fig. 2. Three design cases are considered: (1) unreinforced
hole with stress and minimum side limits; (Z) unreinforced hole with
stress, minimum and maximum side limits; and (3) reinforced hole with

stress and minimum side limits. Plane stress conditions are assumed.

Due to symmetry, only a quarter of the plate need be considered. The
finite element idealization of the quarter plate is shown in Fig. 3. The
skin is modeled by 29 planar four-node isoparametric quadrilaterals and
the reinforcement by five two-node truss elements. No design variable
linking is imposed and there are >4 design variables, the thicknesses of
the 29 planar elements and the areas of the five truss elements. Numeri-
cal integration for the stiffness is accomplished by two-point Gaussian
quadrature. The largest of the integration point Von Mises equivalent
stresses of an element is assumed to govern the design of the element.
Initial stress analysis of the unreinforced plate is checked against re-
sults obtained using the finite element model with 18 eight-node quadri-

laterial elements (Fig. 4).

For all tnree cases, the applied tensile stress is e = o I (07 B
psi. and the material is aluminum 7075 T6 (with E = 10.8 % 106 psi.,V =
0.333, o = 0.1 pcie. and oy =+ 80.0 x 105 psie)e A minimum side limit =
0.01 in. 1is imposed in all cases. All results were obtained using the
stress limited default parameters £ = 0.08 and [A| = 0.08. All results
appear to compare favorably with the design presented by Pope (11], but
only a qualitative comparison is possible since Pope does not provide load-
ing or material property information. Pope's study also was slightly dif-

ferent since his design variables were the nodal thicknesses.
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Cel Unreinforced hole, stress and minimum limits

The problem was initiated from a uniform design with skin thickness
0.084 in. A weight of 0.318 1lbs. was obtained in 18 {terations. The
results given in Table 5 show the large buildup in thickness around the

hole.

The design is not fully converged. There are 20 active stress con-
straints and five active minimum side constraints. The square root of the
design factors VIJ

variation in the design variables close to, but not equal to, the minimum

are converged to 1.0 + 3 percent (with the largest

area). Therefore, as in the previous examples, continued redesign would

not lead to large changes in the design variables or final weight.

Ce2 Unreinforced hole, stress, minimum and maximum limits

The large thickness buildup around the unreinforced holes is unreal-
istic for plate manufacture and may also violate the conditions for plane
stress analysis. These difficulties can be minimized by imposing maximum
as well as minimum limits on the design variables. The procedure was
initiated from a uniform starting design with thickness = 0.084 in. The
design problem was modified by imposing a maximum side 1imit = 0.12 in.
on the design variables. A weight of 0.323 lbs. was obtained in 19
iterations with final results as given in Teble . This weight is as ex-

pected greater than the design obtained with no maximum side limits.

The design is fully converged with 21 active stress constraints,
one maximum side constraint and six minimum side constraints. The design

factors for the elements not constrained by minimum or maximum side limits
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TABLE 5

MINIMUM WEIGHT DESIGN OF PLATE WITH UNREINFORCED
CENTER HOLE, STRESS AND MINIMUM
THICKNESS LIMITS

Variable Thickness Variable |T Thickness
T
3 0.1670 | 16 | o.0162
2 0,106k : 17 i‘ 0.0166 |
3 0.03h45 18 | 0.2 30
4 0.0100 ,I 19 0.0464
5 0.0100 | 20 | o.0100 |
6 0.0141 2l 0.0141
7 0.0749 } 22 | o L0182
8 0.0729 23 | 0.0210
9 0.,0324 | 24 0.0235
10 0.0100 25 0.0330 |
1 0.0107 26 0.0186
12 00175 27 0.0251 |
15 0.0582 | 28 0.0286 .
| 1k 0.0l59 29 0.0207 ;
15 0.0100 W=0.3179 1bs. jl




TABLYE 4

MINTIMUM WEIGHT DESIGN OF PLATE WITH UNREINFORCED

CENTER HOLE, STRESS, MINIMUM AND MAXIMUM
THICKNESS LIMITS

Variable Thickness Variable | Thickness ],
b . 1 041200 16 0.0123
¥ 2 0.08L6 17 0.0143
[ ‘ 3 0.0347 18 0.0372
4 0.0100 19 0.0376
5 0.,0100 20 0.0100
é 0.0893 23 0.0100
7 0.0762 e 0.0138
8 0.0610 25 0.0196
9 0.0307 24 0.0248
10 0.0100 2 0.0334
A% 5 0.0125 2 0.0186
12 0.0475 2 0.0242
13 0.0534 28 0.0304
14 0.0L433 29 l 0.0213
15 0.0100 W = 0.3229 1lbs.

L .
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are identically equal to 1.0, the design factors for the element con-
strained by the maximm limits is greater than 1.0 and the design factor

for the elements constrained by minimum side limits are less than 1.0.

C.5> Reinforced hole, stress and minimum limits

The unrealistic thickness buildup near the hole of the unreinforced
plate may also be averted by reinforcing the hole. The reinforcement isg
modeled by five two-node truss elements. The design process was initiated
from a starting design with uniform thickness = 0.80L in. and uniform re-
inforcement area =0.3%6 inz. A weight of 0.316 1lbs. was obtained in 13
iterations; details of this design are given in Table 5. As expected, the
presence of the reinforcement causes a reduction in the skin chickness
around the hole and the final weight, as compared to the unreinforced case.
(However, in all cases, the difference in the design variables and final

weights is not large.)

This design is not fully converged. For this problem there are =2k
active stress constraints and seven active minimum constraints. The

square root of the design factors are converged to 1.0 + 2 percent.
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TABLE S
MINIMUM WEIGHT DESIGN OF PLATE WITH REINFORCED CENTER HOLE,
STRESS AND MINIMUM THICKNESS LIMITS
o ‘} -
Variable Thickness Variable Thickness
i | :
33 1 0.,0802 19 0.0387 i
= g‘
A 2 0.1225 20 0.0100 é
. 3 0.0418 21 0.0138 i
5‘& } L
- - ! 0.0122 22 0.0178 ! 7
B 5 0.0100 23 0217 | i
|, 6 0,024k 2L 0.0246 r‘
' 7 0.0433 25 0.0262 | i
8 0.0867 26 0.0206 ‘
9 0.0356 27 0.0238 i
i 10 0.0100 “8 0.0262 [
g
11 0.0168 29 0.0229 I
12 0.0232
Area
13 0.0352 20 0.0717
i
14 0.0618 31 0.0182 «
15 01,0100 3D 0.0100 i
16 0.0185 5% 0.0100 A
i
17 0.0195 34 0.0100 ig
18 0.0225 W = 0.3157 1bs. ?
.
1 k‘,
X
i
:
32
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IV. OPTIMIZATION INCLUDING FRACTURE CONSTRAINTS

The need to include fracture constraints in structural analysis and
i, design is evidencgd by the increasing volume of literature on the subject
in & number of structural engineering problems, ranging from nuclear re-

actor components [12 - 15] to lightweight aircraft components {16 -20].

However, little work has been done to rationally include fracture con-

. atl

straints in automated structural design. Simultaneous failure concepts
were used by Hunt [16] to design stiffened panels. Hunt assumed an opti-
mum minimum weight design would occur when the stress in the frame /crack
stopper and the average stress in the skin panel conteining the crack sim-
ultaneously reached allowable values. Recently, Davis “1] used mathema-

tical programming methods to design an integrally stiffened two-panel tox

W PPN . 1 e

beam with stress, displacement, buckling and fracture constraints, as well
as side constraints on the design variables. The design variables were
skin thickness and the thickness, depth and spacing of the integral stiff-

eners. The fracture constraints included limits on developed stress intens-

Y T T

ity factors under large static loads as well as limits on crack growth dur-

ing cyclic loads. Analytical results were used for the stress intensity
factor under static loads and for the increment in the stress intensity

factor under cyclic loads.

Yy T

The simultaneous failure method of Ref. 16 has limited application

since simultaneous failure design may not yield a true optimum design as,
for example, when side constraints on the design variables are included. b
The mathematical programming method of Ref. 21 is capable of converging to ;
K true optimum designs, but the method is computationally expensive, even

when implemented with analytical results for developed stress intensity
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factors. Extension of the method of Ref. Z1 to problems requiring numeri-
cal calculation of developed stress intensity factors would be computation-

ally prohibitive.

The present optimality criteria method can be used for efficient
automated minimum weight design of structural components for which
analytic solutions for developed stress intensity factors are not aveil-
able. The finite element method is used for stress analysis and the strain
energy release rate method (the compliance method) is used to calculate
developed opening mode stress intensity factors. Only two structural
analyses are needed at each design iteration to calculate necessary re-
sponse gradient information as well as the developed stress intensity
factor. The method is applicable to design under large static loads, includ-

inf fail-safe design of aircraft fuselage panels.

A brief review of the principles of linear elastic fracture mechan-
ics (LEFM) follows, after which is presented the response gradient calcu-
lations required to incorporate the fracture mechanics constraints into the -
design algorithm. Numerical results for a fuselage design problem are

used to illustrate the importance of fracture mechanics constraints.

A. Irwin Theory of Linear Elastic Fracture Mechanics

Irwin [272] has shown that a general linear elastic stress state
asymptotically close to a crack tip is a linear combination of three
distinct stress states, each stress state associated with a particular mode
of crack tip deformation. The three deformation modes are Mode 1, the
opening mode in which the crack surfaces separate in a direction normal to

the crack surface; Mode II, the sliding mode in which the crack surfaces
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slide along a direction perpendicular to the crack front; end, Mode 1T, the
tearing mode in which the crack surfaces slide in a direction parallel to

the crack front.

The near crack tip stresses and displacements in each mode have been
obtained using complex variable techniques (23] and eigenfunction expansions
(k). The near crack tip results are the product of an intensity factor
and functions of the position coordinates. The results for Mode I deforma-

tion of an infinitely sharp crack are

L l-sin(g)sin(%g)
KI (&) (&} 3
o = ——=— cos (= ) 1+ sin (= ) sin ( = ) (23)
Yy Nemr s : 2
TK‘I sin(?g)cos(—z—g—)
u K. — cos(?e)[ﬁ-l+281n2(g)]
i r g ;
=L (24) 3
2L\ 2m 5
v sin(g)[Kﬁ-l-?}cosc(g)]

where KI is the opening mode stress intensity factor and x and y
are cartesian coordinates and r and © are polar coordinates with
origin at the crack tip (Fig. 5). In Eq. (24), u and v are the dis-
placements along x and Yy, respectively, |L is the elastic shear

modulus and

(3-Lv) , plane strain
e (25)
. (3-v)/(1+ v), generalized plane stress
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Fig. 5. Geometry of Region Near Crack Tip




These results are valid only for r << c¢ where c¢ is the crack half-
length.

The stress intensity factor X_ controls the intensity of the elas-

1
tic stresses near the crack tip. For a small extent of yielding at the
crack tip, the elastic stresses outside the plastic zone are not greatly
disturbed and are completely described by the stress intensity factor.

Therefore, the stress intensity factor is the relevant fracture parameter

for elastic and limited ylelding fracture.

The value of the stress intensity factor is dependent on the load-
ing and specimen geometry and is obtained by an analytical or numerical
solution of the boundary value problem. Thus, the near crack tip stresses
are the same for different boundary conditions if the stress intensity

factors are the same.

The criterion for the onset of fracture is that the state of stress
at the crack tip reaches a critical state, or equivalently, that the stress
intensity factor reaches a critical value. Therefore, for the opening mode,

fast fracture first occurs when

K. =K (26)

where KC is the critical opening mode stress intensity factor.

Experimental results show the critical opening mode stress intensity
factor to be primarily dependent on specimen thickress and the state of
stress at the crack tip. For thick test specimens, predominantly in a
state of plane strain, the critical opening mode stress intensity factor

is a material constant and is denoted KIC' The critical plane strain

—
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stress intensity factor can be measured for one carefully controlled loading
and geometry. The corresponding critical state of near-crack-tip stresses

is the same for all other cases of loading and geometry.

For test specimens not predominantly in a state of plane strain the
critical opening mode stress intensity factor is not constant, but increases
with decreasing thickness. The critical state of stress is not independent
of the boundary conditions. Therefor., the test specimen and the service

specimen must be of similar geometry and size.

B. Solution for Developed Stress Intensity Factors

A number of methods can be used to solve for developed stress intens-
ity factors (given the finite element solution of the boundary value prob-
lem. These methods include:

(1) stress matching;

(2) displacement matching;

(3) energy release; and

(4) embedded singularity.

These methods are briefly reviewed with an emphasis on the calcula-

tion of the developed opening mode stress intensity factor KI.

B.1l Stress matching

In this method, corresponding values of the stresses and position
coordinates are substituted into the singular solution, Eg. (23), to solve
for the stress intensity factor KI. It has been found most accurate to

use the tensile component of stress Oxx with © =0 (then r = x, the
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distance along the x-axis). Apparent stress intensity factors K. are

calculated from Eq. (23a) with © = 0,

If the stresses from the finite element analysis were exact, then a unique
>

value of K, would result. However, extrapolation is necessary since non-

singular finite element analysis is not exact near the crack tip. Flotting

*
K as a function of r and extrapolating the linear portion of the

E
relationship to r = 0 gives an estimate of the stress intensity factor at

the crack tip.

The extrapolation can be used only if there is an overlapping range
of validity of the singular solution, Eq. (23a), and of the finite element
solution. An overlapping range of validity is obtained cnly by extending
the range of the numerical solution near the crack tip by using & fine and

computationally costly finite element grid.

B« Displacement matching

The displacement matching method is similar to the stress matching
method. Corresponding values of displacements and position coordinates
are substituted into Eq. (24) to solve for KI. It has been found most
accurate to use the vertical component of the displacement v with

@ =T so that

1 7 ®+DNT i

Extrapolation to r = 0 gives an estimate of the stress intensity factor

at the crack tip.
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B.3 Energy release

The relation between linear elastic strain energy release rate G

and the Mode I stress intensity factor K. 1is

= (29)

1

where U = {F}T {u} 1is the strain energy, A 1is the projected crack

area and

. 1.0 , generelized plane stress ,
a =< (50)
{ 1.0- Vv, plane strain .

For "fixed grips,” G = -W/MW, with YW/ W <0 and the energy for
the formation of new crack surfaces is provided by the decrease in the
strain energy of the body as a result of crack propagation. For fixed
boundary forces, G = /W, with WU/ W >0 and the energy for the
formation of new crack surfaces is provided by the decrease in potential

energy of the external loads due to crack propagation.

The energy release rate can be evaluated in two ways: (1) the
compliance difference [25]; and (2) the Rice J-integral [26]. 1In the
compliance difference method, the release rate G 1is calculated by re-
placing the partial differential operator, ) W in Eq. (29), by the
finite difference operator .\/NA and measuring the strain energy of the
body with two different crack areas. In the Rice J-integral method, the

release rate is related to the path independent J-integral




F S

N _
J=[ (udy—T-j)-cds)=G (31)
\.I‘

where u 1is the strain energy density, T is the traction vector, u is
the displacement vector, x and y are the cartesian coordinates with
origin at the crack tip, [I' 1is the integral path surrounding the crack

tip and ds 1is an element of the arc along I .

The advantage of the energy release rate method is that fine
finite element grids are not required at the crack tip. The Rice J-
integral method requires only one structural analysis to calculate G,

while the compliance method requires two analyses.

B.4 Embedded singularity

In this method singular near crack tip elements are used with non-
singular elements to model the stress singularity at the crack tip. Two
types of singular elements are used, cracked elements and collapsed ele-
ments. With cracked elements the stress intensity factor is & degree of
freedom of the system and is obtained directly by solving the equilibrium
equations. With collapsed elements the stress intensity factor is obtained

indirectly by displacement matching.

For numerical calculations of developed stress intensity factors
in single mode problems, the energy release rate methods are best. Stress
and displacement matching require fine finite element grids near the
crack tip, while the embedded singularity methods require special singular
elements at the crack tip. For analysis, the release rate calculation by

the Rice J-integral is best since only one structural analysis is required.

k1
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However, for design, the compliance method is best since a minimum of two
analyses are already required for gradient calculations, and integration

along a path around the crack tip is not required as with the J-integral.

C. TFracture Constreint Gradient Calculations

Developed opening mode stress intensity factors at the crack tip are
calculated using the linear eleastic strain energy release rate method (the
compliance method). As was already mentioned, for numerical calculations
the partial derivative operator 3/ ¥ 1in Eq. (29) is replaced by the
finite difference operator A/\A and G 1is obtained by taking the differ-
ence in strain energy of the body with two different crack lengths, A1 and A =

2

Al + A (the derivative applies to a mean crack length A = (Al+ A))/E).
Therefore, two complete structural analyses are needed. These two analy-

ses also provide all required constraint gradient information.

Differentiating Eq. (29) with respect to the design variables gives

X 2a KI 3
» ~TF W (32)
d J
from which
o SR T s
3D, ga K. M, ° \2-
J I J
For the case of fixed forces, ;
X _ 1T 2 uly), 2L 3r1T
D, e T WA / 2 AD, \
J J 5
1 . 28 7 4 \Eu} .
= = ~ ) pe ES
: fP} Y\\ pj / (l‘)
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Substituting Eq. (34) intc Eq. (33) gives

g N WV I
;D R S;\ \ —X!}, /
J 1 S
b E T A 7 Afu \
¥ Fl = == | » (35)
Ly KI OHA 3 .,AJ y

At the beginning of each redesign iteration the displacements, ais-
placement gradients and strain energy are calculsted with crack ares A = A?.
The developed opening mode stress intensity factor is obtained by closing
the crack so that A = A1 = AB-AA, calculating the displascements and
strain energy and completing the calculation of Eq. (?9). (The crack front
is closed by suppressing one or more nodes along the crack line; the stiff-
ness metrix and stiffness gradients at A = Al are obtained by imposing
the boundary conditions corresponding to the closed nodes on the stiffness
malrix and stiffness gradients at A = A?.) If the fracture constraint is
active, then the displacement gradients at A = A1 are obtained and the
fracture constraint gradient calculation of Eq. (35) is completed. Grad-

ients of active displacement and stress constraints are obtained only at

A = Al.

De Numerical Results

As a typical example, the design of a center cracked stiffened
aircraft fuselage panel is considered. The crack is assumed to lie be-
tween two frame members in & symmetric manner so that only a quarter of
the panel need be considered (Fig. ). A uniform tensile stress, approxi-
mately equal to the hoop stress of a pressurized DC-10 fuselage panel

17, 1%, 1¢] is applied.
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The finite element grid for the skin panel containing the crack is
shown in Fig. 7 (region ABCD as shown in Fig. (). A total of 1
finite elements 1is used to model the stiffened panel; 14 two-node truss
elements to model the frame, 37 truss elements to model the longerons and
50 planar three-node triangles end 55 planar isoparametric quadrilater-
als to model the skin panels. The 152 finite elements are linked to
three independent design variables. The 14 truss elements are linked to
D, (the frame area), the remaining 33 truss elements are linked to

(the longeron area) and the 105 planar elements are linked to 1, (the

skin thickness).

The frame and longeron material is Aluminum 20°4-T% with elastic
modulus E = 10 x 106 psi., Poisson ratio Vv = 0.3, specific weight o =
0.1 pci., and yield stress cy =+ 576 X 103 psi. The skin material is
Aluminum 7075-T6 with Uy = 80.0 x 105 psi. The variation of the criti-
cal opening mode stress intensity factor KC with thickness for Aluminum
7075-T6 is shown in Fig. 8 [27]. (Secondary effects such as specimen width,
stiffener spacing, etc., are neglected.) For thicknesses less than approxi-

mately O0.45 in. K is constant and approximately equal to 57.0 X 1()D

¢
[

psi.Vin. The plane strain critical opening mode stress intensity factor

3

o N
is taken to be 27.0 x 10” psi.Nin. for thicknesses greater than

approximately 1.0 in.

The fail-safe structural integrity requirement specifies the resid-
ual strength of the cracked panel to be sufficient to arrest the crack and
permit damage detection in a "walk around" inspection [20]. The residual
strength or residual stress is the applied stress required to cause fast

fracture of an existing crack of a given length. The residual stress O




i 2

2 ——+——+¢
ke
h 1

7y _ ) . B

i 2l 3 4 5

(o))

0
O
S

Fig. 7. Finite Element ldealization of Skin Panel Caontaining Crack
Shown in Fig. 1

);6 !




e

n

Ke , pst

80 x 10°
60
40

20

Ke 257 x IO3 psi /in

l i | I el

@) % 4 S 8 1O .2

THICKNESS, IN

‘-‘:r‘)ﬁ i 1} .
Kie= 27 x O~ pst

~/ N

Fig. 8. Variation of Critical Stress Intensity Factor with Thickness

L7




of an unstiffened panel decreases with increasing crack length; therefore,
any crack which propagates rapidly will not be arrested and will continue
to propagate. The residual stress of a stiffened panel initially decreases
with increasing crack length but then increases as the crack approaches
the frame member since the frame member relieves the stress at the crack
tip. Thus, a fast propagating crack in a stiffened panel may be arrested

if the frame members are sufficiently stiff.

The increase in the stress in the frame member as the crack approaches
the frame may cause failure by yielding of the frame material. Thus, two
distinct failure mechanisms are operative, fast fracture of the skin (the
skin criterion) and yielding of the frame (the frame criterion). BRBoth

failure mechanisms must be prevented in a fail-safe design.

The residual stress for the center cracked panel with initial design

o)

. 2 i 2
Dl = 0.5 ine, D2 = 0.3 in. and D3

initial design approximates test panels of Refs. 17, 18 and 19.) The

= 0,07 in. 1is shown in Fig. 9. (The

residual stresses for both the skin and the frame are shown. (‘or compari-
son purposes, the residual stress for the skin of an unstiffened panel
with skin thickness = 0.07 in. is also shown.) Clearly, the frame failure

mechanism will not be active in this initial design.

(The residual stress curves were obtained by closing the crack face,
successively suppressing one node at a time along the crack line, and cal-
culating the strain energy for each crack length. Developed stress inten-
sity factors were compared to the critical stress intensity factor and the
applied stress scaled to cause fast fracture of the crack. The finite
element grid is finer near the frame than near the center line of the panel

because of the increasing influence of the frame on the approaching crack.

L8
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Thus, the residual stress calculations are more accurate near the frame
because of the smaller crack length increments used to determine the

gradients. )

The residual stress usually attains a maximum value when the crack
just propagates past the frame centerline with the (fastened) frame re-
maining intact. This situation cannot easily be simulated in the present
study because truss elements are used to model the frame members. There-
fore, the maximum residual stress is assumed to occur with crack half-
length a = (10.0 + 9.75)/2.0 = 9.875 in., the maximum crack length that
can be considered. The uniformly applied tensile stress is scaled so that

the developed stress intensity factor with a = 3.875 in. was equal to the

critical value K., = 57.0 x lO5 psi«~in. This scaling gives an applied

C
stress &, = 21,704.4 psi.

A line of constant stress equal to the applied stress intercepts the
residual stress curve (Fig. 9) at & = 9.875 in. and a = 5.0 in. Thus,
a = 5.0 in. 1s the length of the longest crack which will be arrested at

the applied stress, and is denoted a the threshold crack length [28].

t’

Longer cracks with a > a, will be arrested if the applied stress is less

t
than o, = 21,704 .4 psi.

The optimum design problem is stated as follows: minimize the
weight of the stiffened panel while maintaining for crack length a =
9.875 in. the residusl stress greater than or equal to the applied stress

o - 21,7044 psi., or equivalently, maintain with a = 9.875 in.,

K. > K., Stress constraints on longeron and skin yielding were included

I=C
as well as the stress constraints on frame yielding. The initial design
pl

with PJ = 0.5 1te; D, = 0.3 in., eand D3 = 0.07 in. weighed 16.96 1lbs.




Minimum limits on the design variables were arbitrarily chosen (7' percent

of the initiel values); maximum limits were not imposed.

2
The final design with D, = 0.688 in., D, =1, = 0,216 in. and
= ; “min
:>§ = nj = 0,0504 in. weighed 14.33 1bs. This final design is fully
min
converged with the design factors (Eq. 9) Il 21,0, I, <1.0 and T} <

1.0 and was obtained in seven iterations (requiring approximately 16 CPU
seconds for execution on the UCLA Campus Computing Network IBM 360/01
computing system with single precision arithmetic and the FORTRAN G
compiler). Only the fracture constraint was active during the design

process.

The frame relieves the stress at the crack tip and reduces the
developed opening mode stress intensity factor at the crack tip. For the
initial design, fgl/xnl = -0,891 where g = KI/KC - 1.0 1is the con-
straint on the developed stress intensity factor. Increasing the skin
thickness is nearly as effective in decreasing the developed stress intens-
ity factor at the crack tip as increasing the frame area; for the initial
design fgl/inj = -0.779. However, increasing the skin thickness has a
greater effect on weight than increasing the frame area since W =

50 (WJ/3DJ.)D'1 where V/?Dl = 6,40 and W/ ~D5 = 128.0 (the weight

N /j=l
gradients are constant). For a given value of the Lagrange multiplier »

associated with the fracture constraint, the design factor Il =231, and
— T — e
L g L4L,8NI, or NI, ¥ ,208 N1;. Thus, by Egs. 10 and 11 , the skin

and the longerons, which have little effect on the developed stress intens-
ity factor,are quickly reduced to minimum value. The minimum value chosen

for the skin will have a large effect on final weight.

o |
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The residual stress curve for the final design is shown in Fig. 9.
Only the skin criterion is active. The threchold crack length for the
final design with o, = 21,704k psi is 8, = 4,0 in. Thus, the optimi-
zation decreases the panel weight (approximately 1.5 percent) but
also decreases the threshold crack length, the length of crack which will
Just be arrested at the applied load. Durability requirements of the type
proposed in Ref. 20 can also be included in the present optimization

algorithm. For details see Appendix D.
E. Discussion

The results for the center cracked stiffened panel show that sig-
nificant weight decreases are possible while maintaining the structural
integrity of the panel. Cimilar results were obtained for a center hole
cracked stiffened panel (modeled by deleting the longeron four inches
above the crack line of the center crack model and inserting an eight inch
diameter hole). Again, the weight decrease is obtained at the cost of an
increased sensitivity to initial crack sizes (i.e., a decrease in thresh-

old crack lengths).

The criteria for fracture resistant aircraft structures proposed
in Ref. 20 includes a durebility requirement as well as a structural inte-
grity requirement. The structural integrity requirement ensures that
cracks will not grow to critical size during the 1life span of the structure.
For example, the durability requirement proposed in Ref. ZO for fail-safe
design states that an initial crack of half length a = 0.125 in. not grow
to critical size in two life spans of the aircraft. The growth rate is
calculated ignoring structural design details. This requirement ensures

against expensive repair of a panel failure during the 1life span of the

()
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the aircraft. Durability requirement constraints car be included in the

present method at some additional computational cost.

The results of the present study were obtained by modeling the
frame and longerons only by truss members. More accurate results could
be obtained by a more detailed modeling of the frame and longerons and
their connections to the sheet. Improved modeling would permit study of
crack stoppers and frame members of different materials and allow consid-
eration of secondary effects such as stringer eccentricity, rivet spacing,
etc. {1 , 28]. This more detailed (and more costly) modeling would allow
consideration of more practical cases where cracks span two skin penels,
since cracks usually do not start at the middle of a panel but, rather,
start at stiffener attachments and run into one or both adjacent skin

panels.

The present results were obtained with the total number of finite
elements linked to three independent design variables. Improved results
may be expected if a less severe linking were imposed and a larger number
of design variables were considered, especially near probeble crack

locations.

The designs obtained by the present method are based on the exist-
ence of a crack at a specified location and with a specified geometry and
assumed opening mode tip deformation. Several cracks at different loca-
tions should be postulated for a more realistic application of this method.
A finite element analysis for each crack could be implemented and included

in the present design algorithm. Thus, the method can be applied to a

wide range of design problems requiring the inclusion of fracture
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constraints.

Finally, it should be noted that for this problem the fracture
mechanics constraint was the dominant design consideration, i.e., stress and
displacement constraints were not active. For other applications it is
clear that stress, displacement and side constraints may become active,

but clearly, design for fracture prevention is a very important effect and

must be incorporated in automated structural design.
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V. CLOSURE

The primary research obJjective in the study of optimality criteria
approach to automated structural design has been tc develop an efficient
design algorithm capable of treating large structural systems with several
hundred or more design variables. In addition, the algorithm has been
developed with a capability for dealing with minimum weight design prob-
lems involving stress, displacement, side constraints on other design

variables and constraints against fracture.

As descrived in this Interim Report these objectives have been
ettained. The present algorithm is capable of determining very efficient
designs of a wide range of aerospace structures, subjected to multiple
static load systems and constrained against several forms of inadmissavule
behavior. The algorithm has been tested with several well known difficult
elastic-truss design problems and has also been exercised on design prob-
lems involving built up assemblages of two-dimensional stiffened panel

structures.

The present algorithm has been shown to produce near optimun
designs with a significantly smaller computer effort than the best avail-
able mathematical programming techniques. Although the present algorithm
does require more computational effort than other heuristic "optimality"
criteria methods (since the algorithm is based on the true mathematical
optimality criteria, the Kuhn-Tucker test ), the designs produced by the
algorithm are at a local optimum point. This capability has been shown

(1] to produce designs which are superior to designs developed using the

heuristic optimality criteria methods.
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Perhaps the most important aspect of the research reported herein
is the development of an automated structural design capability for treat-
ing constraints against fast fracture due to propagation of existing struc-
tural cracks. As indicated by the results in Section IV, the inclusion of
fracture mechanics constraints can have a dominant effect on optimun
structural design since the structures designed with this constraint in-
cluded were not constrained by the more conventional meximum and/or minimum
limits on allowable displacements and stresses. Pased on these results, it

is recommended that research continue in the area of automated design of

alrcraft structures for fracture resistance and safe-life requirements.
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APPENDIX A

PROGRA!M DOCUMENTATION

A computer program for efficient minimum weight design of large

scale structural systems is described in this section. The program

utilizes fiinite elements for stress analysis and the Kuhn-Tucker

necessary conditions for design. ?
& Five types of finite elements are applied to the stress analysis.
i These are:
o
(1) the three-dimensional, two-node truss element (TRUSSY ):
() the three-dimensional, three-node subparametric truss
element (TRUSS?);
(3) the planar isotropic three-node constant strain triangle
(csT);
(4) +tne planar isotropic four-node isoparametric quadrilateral
(QUADL ); and
(5) the planar isotropic eight-node isoparametric quadrilateral
(QUADS ). 3
Details for the stiffness matrix calculations are given in Appendix C. Jw%
Four types of behavioral constraints are included in the present 5

version of the design program. These are:

(1)

1limits on the tensile and compressive stresses in the truss

elements and limits on the von Mises equivalent stresses in i
the planar eclements; e 3
limits on nodal displaccments;

i
limits on relative nodal displacements; and F%~x
3

1imits on developed opening mode stress intensity factors. kgg

60




In addition, minimum and maximum side limits on the design variables are

included.

The program has 91 subroutines including the main subroutine. All
routines are written in FORTRAN IV. Only internal storage is used. All

arrays are included in a single blank common; the length of each array i

1}

dynamically allocated in terms of the pertinent input parameters. In
addition, there are ¢2 labeled common blocks. All real variables and

constants are declared as single precision numbers.

Program Structure

The structure of the program is illustrated in Fig. Al. Cubroutine
MAIN is listed in Fig. AZ. Overall control of the analysis and design is

accomplished in MAIN. All control transfers are returned to MAIN.

The four major functions of the program are: (1) data input; ()
analysis; (3) constraint evaluation; and (4) redesign. The first major
function, data input, is accomplished in the steering subroutine DATAIN.
Besides data input, DATAIN accomplishes the dynamic allocation of all
arrays and the calculation of the stiffness gradients (and storage in

compacted form).

The second major function is a finite element stress analysis,
including, when specified, the calculation of developed opening mode stress
intensity factors by the compliance method. The system stiffness matrix
is synthesized in STIFF, the system displacements calculated in GLDISP
and the member stresses calculated in STRESS. If fracture constraints are
active (TACTIV(4)=1) then two analyses are required, one analysis with

crack area A, and the other analysis with crack aresa A1 B By o O
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Boundary conditions corresponding to supprecsed nodes (to close the crack
from A, to Al) are imposed in CBOUND. Stress intensity factors are

then calculated in CALCKI.

The third major function is the evaluation of the constraints,
including the identification of near active constrains in ORDER. Gradients
of the near active constraints are then obtained in GRDENT and dependent

constraints are eliminated in ELIMNT.

The fourth major function is the iterative redesign. The calcula-
tion of the Lagrange multipliers and the design factors, the impositién of
move limits, the trial resizing and the elimination of inactive constraints

are accomplished in steering routine KEDESN.

Input Data Preparation

Required input data cards are described fully in Appendix B. The
following description is only for that portion of data which differs from

the data required in ordinary finite element programs.

1. Design variable linking

Element sizing variables Ay (the areas of the truss elements and
the thicknesses of the planar elements) are linked to design variables
through the linking matrix &ij so that

152, «vssR

= T ) >\/‘l‘.
Ai aij 5 i : 1)

J = 1,2,¢e0,m

e
i

Generalized linking is provided; that is, different element types may be

linked to the same design variable and elements may be linked to one or
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more design variables. For each element it is necessary to specify the

corresponding design variable and the value of the 1linking coefficient.

7?+. Constraint criticality buffer

A constraint is strictly critical if = @:0 or if Rk = gy *
1.0 = 1.0, For numerical purposes, a constraint is assumed active and

governing the redesign if

FILTER = 1.0-B <R <1.0 (a2)

where £ 1s the constraint criticality buffer and FILTER is the variable
name of the quantity 1.0-f. Default values of FILTER (end the constraint

criticality buffer £) are obtained by reading in & zero initial value.

5« Dependent constraint filter

The linear equations to solve for the Lagrange multipliers of active
constraints, Eq. (18), are functions of the constraint gradients. The
constraints for problems with symmetry linking are dependent, and therefore,
so are the constraint gradients and the equations for the Lagrance multi-
pliers. Dependent equations are eliminated by comparing constraint grad-
ients term by term. Constraint gradients are assumed equal if the differ-

ence 1s less than ESTF where

SIF

ESIF = 107N (A3)

and NSIF is the expected accuracy of the computer in terms of the number

of significant digits.
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APPENDIX B

f INPUT DATA DESCRIPTION
-
;. 1) Control data, two cards.
E Card 1: (20AkL); heading
3 Card 2: (615)

columns 1-5; number of nodes.
colunns 6-10; number of element types.
columns 11-15; number of elements.

columns 16-20; number of design variables.

columns 21-25; number of load conditions.
columns 26-30; number of design cycles.

2) Node point data input, one card per node (3E13.6, 3I5).
columns 1-15%; x, coordinate

1

columns 1L-26; %5 coordinate.

s

columns 7 7-39; x, coordinate.

columns L0-Lk; code for Xy 0, free. g
columns 45-49; code for X, =
columns 50-54; code for x3 l, constrained.

t 3)  FElement input.

one card per element type (4I5).
columns 1- 5; type number of element.
columns 6-10; number of elements of type.

columns 11-15; blank.

columns 16-203; blank.
element cards.

Card 1: (3E13.6, 15).

columns 1-1%; elastic modulus.
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columns
columns
columns

one card per

N

columns

columns

-

columns

EE

columns

TR T

columns

columns

columns

columns

14263
27-39;
LO-44
element
I~ 53
6-10;
11-15;
16-20;
2A=25g
26-30;
31-353
36-L0;

Poisson ratio.

welght density.

analysis option (1=plane stress, 2= plane strain).

(815)
node I.
node J.
node K.
node L. S
nodes numbered counterclockwise

node M. from 1 - P

node N.

node O. /

node P.

two cards per element

Card 1: (I5); desi

Card 2: (E13.6); 1

gn variable number.

inking coefficient

L)  Design variable input.

Card 1: (E13.6);

Card 2: (2F16.6).

columns
columns
one card per
columns
columns
columns

5) Loa

one card per

1-13;
14-26;
design

1-13;
14-26;

2T7=39;

i date input.

loaded

default design variable.

default minimum value.
default maximum value.
variable (3E13.6).
design variable value.
minimum value.

maximum value.

node (715, 3E16.6).

€9
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columns 1- 5; node.

columns 6-10; load condition.
columns 11-25; X component of load.
columns 24-26; X component of load.
columns 37-49; X component of load.
£) Constraint data input.
control card: (NI5); constraint activity.
columns 1- 5; stress activity
0, nonactive.

columns 6-10; displacement activity

relative displacement

n G
columns 11-15; activity 1, active,

columns 16-20; fracture activity

element cards (if IACTIV(1)=1). )
Card 1: (2E13.6).
columns 1-13; default tensile yieid.
columns 14-26; default compressive yield.
one card per element (2F13.6).
columns 1-13; tensile yield stress.
columns 1L-26; compressive yield stress.
node cards (if TACTIV(2)=1).
Card 1: (2F13.6).
columns 1-13; default upper displacement limit.
columns 14-26; default lower displacement limit.
one card per node (2E13.6).
columns 1-13; upper displacement 1limit.

columns 14-263; lower displacement limit.

T0
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relative displacement cards (if TIACTIV(%)=1).
Card 1: (F13.6); relative displacement limit
one card per constraint (A15).

columns 1- 5; node A.

columns 6-10; node B.

columns 11-15; load condition.

relative displacement

columns 16-20; X direction code 0, ot sckive

columns 21-25; x? direction code =

= . 2 relative displacement
columns 26=-30; x, direction code Ly active p

fracture cards (if TACTIV(L4)=1).
Card 1: (E13.6); intensity factor limit.
one card per load condition: (I’S); load condition activity.
Crack data input (if TACTIV(L)=1).
Card 1: (3E13.6).
columns 1-13%; crack area factor.
columns 1L4-26; crack length. ~
columns 27-39; crack extension.
one card per constrained crack node (5I5).
columns 1- 5; bounding element type.
columns 6-10; bounding element number.
columns 11-15; design variable number.
columns 16-20; 1initial crack front node.
columns 21-25; final crack front node.
Constraint elimination data input (315,3E13.6).

columns 1-5; number of constraint gradients calculated.




E | 9)

P e

TR e AV as
b 2 e S

3 10)

Move limit datae

Print

columns

columns

columns

columns

columns

columns

columns

columns

columns

switch data input

columns

columns

columns

columns

columns

switch

switch

6-10};
11-15;
16-28;
29-41;

Le-5k;

1- 5;
(=103
11-23;

24-36;

blank.

elimination option.

RS TR

P /to I 15 P
blank.

FILTER.

(215,2E13.6).

blank.

fully stressing option.
move limit A

fully stressing move limit I?.

t

(525

1- 5; member area print switche.

6~10; nodal displacement print switch.
11-15; member stress print switch.
16-20; constraint print switch.
21-25; gradient print switch.
= 0, no print.
=1, print.



APPENDIX C

FINITE ELEMENTS USED IN STRESS ANALYSIS

The stiffness relations for a linear elastic structure are

—_—

K]fu} = (F} {e1)

where the system stiffness matrix (K] 1is obtained by direct addition of

the element stiffness matrices {K]i with

.
[kl, = | LB]T (E][Blav . (c2)

In Eq. (C2), [B] 4is the linear strain displacement matrix for element i,

[E] 1is the matrix of elastic copstants and V 1is the volume.

Brief derivations of the stiffness properties of the finite elements
used in the present version of the design program are given below. The
two-node truss element (TRUSS?) is & special case of the TRUSS? element
and the three-node triangle (CST) and the four-node quadrilateral
(QUADL ) are special cases of the QUADE elements; therefore, the TRUSS3,
the CST and the QUADE elements are not described separately. Further
details of the stiffness calculation can be found in many texts, including

Ref. 29.

Three-Node Three-Dimensional Truss (TRUSS3).

The three-node subparametric truss element is shown in Fig. Cl. The

coordinates Xyp %, and X3 are system cartesian coordinates, S 1is &a

[

local coordinate along the truss varying from O to L (the truss length)

and r 1is a natural corrdinate along the truss varying from -1 +to +1l.

=




A

Fig. C1. Three Node Subparametric Truss Element
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The displacement u along the truss is assumed quadratic in the

natural corrdinate r, that {is,

u = [% (L -7r)- % Qe ;T)Jui
cllaro-ta-A e oy, (c3)

where u u, and uk are the system displacements at nodes iy, 3 and

IS J
k, respectively. The system nodal displacements may be written in terms

of the components elong the system cartesian coordinates (uil’ Usos Uy

5)‘
etc.) and the projected lengths of truss along the system coordinates

| .2 2 i
(Ll, L, and L; where I = \/ L+ I+ L23 J;  tnat ds,

L L L
- Y 2 =
L "uE t M it Yy
Hy L 4
n, = W, = 4+ wu,. = + (ck)
J 31 L J2 L Jo E
L
PR SR TR, R
Uy Y1 T Y T %3 T
The linear strain displacement relation is
& = %g . (C5)

The displacement is given in terms of the natural coordinate r and the
strain displacement relation is in terms of the local coordinate .

Therefore, it 1s necessary to relate tne natural coordinate derivetive

and the local coordinate derivative to evaluate the strain. By the

A,

= TR S Py

IR P T

P

SEET A A s Spe a

M D Mokt | et s

PR AT




chain rule

_®a
~ ar ds

d (g
3c \CO )/

W
<y

a
dr
where J 1is the Jacobian operastor relating the naturel and local

derivetives.

The local position coordinate S is lineer in terms of the

natural coordinate r, that is,
8 = = {i+ 1) (c7)

and J = dS/dr = L/?. The order of the position coordinate in r is
less than the order of the displacement function; hence, the term

subparametric [29].

The strain is

¥ = d—u = J-l g}—l “
das dr

g

2 1 1 : B 5

- o L (-§-+ r )ui + ( R )uk - 2r uj ! : (c8) ;

Substituting for u

where
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For constant truss area A,

E(B] % dr . (c13)

Explicit integration is replaced by two-point Guass quadrature so

that

>
=
=5,

I T ~
[K]i = }; W'th]'j LF]J (c1k)
J=1

o

where wj is the weighting function at integration point j and iE}j

is the strain displacement matrix evaluated at integration point j.

Eight-Node Planar Quadrilateral (QUADS).

The eight-node isoparametric planar element is shown in Fig. Co.
The coordinates X and x, are system cartesian coordinates and r

and s are natural coordinates varying from -1 to +1.

The geometry of the element in the cartesian coordinates is
"mapped" into a simple square in natural coordinates for ease in inte-
gration for the stiffness coefficients. The mapping or interpolating

functions relate the cartesian and natural coordinate positions so that,

(c15)




#s
4 7 3
| SERE TR
" B
.t
s

Fig. C2. Eight Node Planar Quadrilateral (QUAD 8) lsoparametric
Finite Element




where
i/ " B \;\
;l; (A-r)(1-8) - 117 (A-r)(1-8") - 71; (1-r")1-s) |
|
‘i % (A+r)a-s) - % (l-rg)(l 8 ) - % (1+r)Q1 -sx) ;
1 L Lenaes) -2 a-Favs) - 2 aena-sf) !
2 . | 2a-ndaes) -3 a-Piaes) -2 @-na-F) |
] T
b (@) .;( ) 7 (c16)
E . 2 - 10 8 (
R . g |
- %(l*r)(l-sg) !
I
; 1
‘ %(l—rgﬂl+s) i
:'}(l-r)(l-sz) J

¥
- | 3 ,/'
J | .

and f{x} 1is the vector of nodal x, coordinate positions.

The displacements and along the and x, axis in
b Y 1 2

terms of the natural coordinates are

T e .
f9}" (0} (5 3
5 = ' 1 (c17)

i i =
u, fol o} | fu,}
[ = o
where f{@} are the interpolating or mapping functions and {ﬁll and
("ﬁ?} are the vectors of the system nodal displacements along the X
and x, axes, respectively. The geometry and the deformation are the

same order in the natural coordinates, that is f¢} = fcg'ﬁ. Thus, the
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3 QUADE 1is an isoparametric element [°Q].
1 The linear strain displacement relations are
- L.
& e W
..i' l
u,
B Eoe = g (c18)
&
4
H . b ,’ \Ml R \J’E /\
5 ¥2 2N _
= 5 )
R
-
- or
i T —
£ vl 0 |
11 fe}, {0} f
: fq
J e} = L & = | fo)t @7, | !
- o -
F » o
{7 T fu,}
{ D 7
2., % @]

It is necessary to relate the natural coordinate derivatives and
the system coordinate derivatives to evaluate the strains. By the

chain rule

3 i \”& \”‘?_' )
> > > 3,
= | z
) e SR RN O |
B3 ® e |l =
3
g

[(J] - (c20)




W

R —m——— T

v -

Therefore,

3 3
Tx; r
T 5 (c21)
3 3

3 £

Equation (C19) can be used to obtein the strain displacement matrix [E]

in terms of the natural coordinates.

The stiffness matrix is

o~
Q
N

bt

(K}, = [ 8" (El(Blav .
SV

For constant thickness ¢,

1}

tf (81T [(E]l[BJaA

K, .

~~
=
<

N

s

1}

1 5
t / 81t (B1[B)|olar ae .
Yal Yl

The explicit integration in the natural coordinates is replaced by

GGauss quadrature so that

L 4
; i <l \ P o :
IK]i o e ijilB(ri,sj)] sE]LF(ri,u‘j)] (c2L)
J=1 i=1




where vy and w‘j are the weighting functions, [B(ri, sJ)] is the

strain displacement matrix evaluated at the integration point (ri, Sj)

and n is the integration order equal to 2, % or & (the larger

values are necessary for accuracy with highly distorted elements).




APPENDTX D 1
EFFECT OF DESIGN VARIABLES ON LIFE OF STRUCTURES SUBJECTED
TO CONSTANT AMPLITUDE CYCLIC LOADINGS
B When linear elastic fracture mechanics is applicable +the stable

crack growth rate da/dN during constant amplitude cyclic loading

(vetween © and © ) can be expressed as
max min
s da da \ /
) — = — / K .’ :\l
2 i " A s Kiean (p1)
-’3 i
=
{;‘ b where N 1is the number of cycles of loading, AK = KI - KI 5
! ma.x min
> I
' K == (K + K ). The parameter K is the stress intensity
. mean 2 i £ T
max min ma.x
factor at o = 0o and K is the stress intensity factor at o =
max i
min
o . (K — ol < 0). Experimental results exhibit a linear
min I min

min

relation between 1log (da/dN) and 1log (AK) for constant values of mean

stress (with significant deviation only near final failure) [30], that is,

= n {ro )
— = c()(\}() (D2 )

where CO and n are empirical constents determined from the experimental

results with n usually in the range 2.4 < n < 4.0.
Solving Eq. (f€) for dN and integrating between the initial crack
size a, and the critical crack size a, gives the number of cycles to

i

failure N, (the life of the structure),

a(‘
A s

—

=
i

|
.
=
W~
N~

The gradient of the life with respect to a design variable D, is |

8l




-
a
aNZ g & —3 ”':?S - n [\ : S T de (D4 )
i o > / ) * i
Dj 0 AK (a ) Dj Ya (ag)™ 4 TDJ
e i
B The durability requirement in Ref. 20 states that a; = Q=125 in.
L3

For fail-safe design of stiffened panels a, = &y, the threshold crack

size. The stress intensity factor AK and the gradient 3AK/§Dj can

be calculated as discussed in Section IV. Then the integral equation

for the life, Eq. (DB), and the integral expression for the life gradient,

1h Eq. (Dh), can be evaluated numerically. To complete the life gradient
3

calculation it is necessary to evaluate Bac/§Dj.

In the initial stages of crack growth, the crack length is small and

the stiffener has little effect on the near crack tip stresses. Therefore,

an approximate calculation for the critical crack gradient can be ohtained

using the analytic solution for & crack in an infinite sheet,

. (p5)

Equation (D5) is used only to estimate the gradient §ac/3Dj in Eq. (D&).

: At the onset of fast fracture a = ac and KI = Ko Substituting

a = ac and KI = KC into Eq. (D5 ) and differentiating with respect to

D ives
'j g

K
~§§§ = O 1?%; < N Wac ) . ( N Tma ) ~%§3 . (p6)

Solving for \ac/§DJ gives
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3 "9‘ \f.' e

.
D) 28, 2 Nma_ X,
¢ = ol o 4 PTG C (1”)
D (o} . o D, ° Sy
J J J
For the example problem with design variables Dl, D, and “j

(and assuming the crack in the stiffened panel acts as a crack in an

infinite unstiffened sheet ),

where q 1is the far field line load. Therefore,

g & Cad PP
e (n9)
J 'U/T’;: HiE=
so that
3ac aac
: % 8 (p10) -
SI_JE hiE D3
where

835 is the Kronecker delta. This result implies that K is

constant over a sufficient range of D3 (see Fig. 8).

Substituting Eq. (D10) into Eq. (D4), gives

w 2a =
;—‘ PR RN e S ,f ~-—l—§gda . (p11)
Py %o | aay) U3 P ol T

Numerical results for the stiffened panel with Dl = 0.5 iﬁ;, D, =

0.3 in. and D} = 0,07 in. and a = a, = 5.0 in, gives
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b < el I

&

.'*..' - ‘4,"_',\“;““‘ y

3(KI/KC) i
—TD;— = - 0,545
)(KI/KC)

D,

i

+ 0.00595 = 0.0 (m2)

3(K1/KC)
3D

o

S 30?79

Since HKI/BD.j is proportional to 30/3Dj given a, these results show
that for small cracks the skin has the greatest effect on the stress
intensity factor, justifying the approximation of Eq. (DY) to estimate the

critical crack gradient Hac/3DJ. Also, it is obvious that

0 3 = 1,255

—
fw
=

N
R

showing, as expected, that & decrease in the design variables will decrease

the life of the structure.

ey »Iy

DDC
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