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ABSTRACT

The research presented in this report is both a continuation and an

extension of the optirn-s.lity criteria approach to structural opt imization

reported in AFOSR~Th_75_l !ii3l . In the present study the optimality criteria

method is extended to provide a capability for the automated minimum weight

design of elastic, red-indant structures composed of one- and two-d imensional

structural elements and subjected to multiple, independent static load ing

conditions. The design variables are taken to be the thicknesses of the

structural elements. These variables are constrained to be between specified

maximum and minimum values, as are the Inl ernal stresses in each element and

the nodal displacements of the structure. Results are presented t c  indicate

both the excellent performance of the optimality criteria method and the wide

range of structures which can be designed using the algorithm .

Finally, the algorithm Is extended to include the new (to automated

design ) and very important requirement thnt structural integrity under the

applied loads be maintained given the presence of existing structural fat igue

cracks . This requirement , which is cast in an energy format and incorporated

in the design algorithm as an inequality constraint, Is shown to have a

dominant effect in the design of safe, minimum weight aircraft structures.

iv
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I.,

I. INTRODUCTION

- - The research presented herein is both a continuation and an extension

of the opt imality criteria method developed on AR~)~F Drant No. ‘2-2~~ LA ,

reported in AFOSR-TR-75-1451 and subsequently published in Ref. 1. This

research activity has been concerned wi th  the develo~ nent of a capab ility

for automated minimum weight design of elastic, redundant aircraft struc-

tures suh~ ected to mult iple independent static loading conditions and con-

strained against several types of inadmissable structural behavior . The

activity reported in AFOSR-TR-75-1431 was quite fundanental in nature ;

the basic redesign algorithm was developed and tested on elastic truss-

type structures subject to only stress constraints and constraints on

maximum and minimum values of the design variables. Wbile the results

were very encouraging for this rather restrictive problem, the computational

aspects of the design algorithm were not completely understood . In a

broader sense, the app~ics~bility of the optimality criteria approach to

more complex (and practical) design problems was untested. Therefore, in

the research activity which followed that presented In AFOSR-TB- 7~-l~ 3l,

three primary objectives have been to:

(i) Extend and refine the basic opt imality criteria method to improve

i f ~ already efficient performance and reduce the experience

required by the user to exercise the algorithm.

( 2 )  Increase the structural modeling capability contained in the

algorithm to the point where two- and three-dimensional assem-

blages of one- and two-dimensional structural elements could be

designed us ing the opt linality criteria algorithm.

1 
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(3) Extend the types of design constraints to include stress,

displacement, minimum and m~tx imum constraints on the design

variables, and constraints based on gross structural Lehavior ,

i.e., constraints incluued in other existing algorithms for

the design of elastic redundant structures.

To a certain extent, these three research objectives were interrelateh

since , for example , algor ithmic perforriance could be adequately meas ’Lr~ c

only after developing design experience with structure s more complex than

trusses which are subjected to several different types of constraints.

5- In the development of the capability for treating constraInts

against inadmissible structural behavior , the usual constraints on stresses

and displacements were incorporated into the design algorithm. H~~ever,

since a rather substantial literature [2 - ~] demonst rates the ease wi~ r.

which optlinality criteria methods can deal with constraints on gross struc-

tura]. behavior (e.g., on minim um natural frequencies or elastic buckling

loads ) a new type of constraint was incorporated into the algorithm ; a

constraint requiring the structure to maintain its integrity given t~~i’

presence of existing structural fatigue cracks . This fracture mechanics

constraint , which can be cast In a form based on energy concepts for th e

structure, pr ovides a test of the capability of the algorithm to treat

energy-type constraints. More importantly, the develolmient of this

f racture constraint provides a means for establishing the effect that

fracture mechanics considerat ions can play in determining safe, minimum

weight structural designs . As wifl be shown in this Report , this new

fracture mechanics constraint is very important and in fact may govern

Li - - _ _ ~~~~~_ _  

_ _ 1 
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the minimum ~eight structural design of typical aircraft structural sub-

assemblies.

This Report contains a brief review of the mathematical foundations

of the optimality criteria method utilized in this research in i’~~tiDn TI,

as well as a general discussion of the computational features incorporated

in the design algorithm. Section III contains a description of the ~tri~c-

tural modeling capability of the present algorIthm and also a review of its

computational characteristics for several well known test problems . The

development of the fracture constraint is described in detail in Section IV

as well as its implementation in the optimality criteria ~ies~gn algorithm.

A discussion of the results obtained in this research is given in Section 7.

5
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II • THE MATHEMATICAL OPTD-IALITY CR CrEi~ U~

AND hi. IGN RUlE

A. Review of the Optimality Crite:Ia

The structural weight minimization problem is stated formally as
~/

follows : find a set of independent design variables ~~ j = i,~ ,.. .,~~:,

such that

~ o, k = l,2 ,... , M ~i)

and

w(D~ ) —
~~ mm

where the objective function w (u .)  is the weight and the constraint

function s ~~ (D
J

) are behavioral constraints on the structural response

and side constraints on the design variables.

The necessary criteria for opt imum design , which are the basis for

the present method, are the Kuhn-Tucker necessary conditions (]. For an

opt imum Design D~ these conditions are,

M

~ -Q~ 
= 0, j = l,2 ,.. .,N ~ )

= 0,

k = l,2 ,...,M

~~ °‘ 
(4 )

where is the Lagrange multiplier associated with the k-th constraint .

If’ the constraint is noncritical, ~~ 
< 0 and = 0; if the constraint

is critical, 
~~ 

= 0 and 0. Thus , the Kuhn -Pucker necessary

14
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conditions may be simplified to read

+ — 0 j = l,2 ,..., N (~ )

where — 0 and > 0 for all R (< H) active critical constraints.

The active side constraints on the design variables can be separated

from the active behavioral constraints and the Kuhn-Tucker necessary con-

ditions for a local opt imum design can be rewritten as follows :

K
V

~i5 + L 2’k ~~~ 
= 0 j ~

~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ 
~~~~~~~~

-.
~~~- + ~~~~~~ ~~~~~~~~~~~~~~~~~ 

~~~~ mifl 
(8)

where K is the number of active behavioral constraints, J is the set

of design variables not constrained by min imum or maximum s ide values , and

J and J are the sets of design variables constrained by max imum
max

and minimum values, respectively.

The separated form of the Kuhn -Tucke r necessa ry cond it ions can be

rewritten by dividing both sides of Eqs . (6 ) -  (8) by the weight gradient

~.4/ ~~ (assumed positive , the case for most struct ural design problems )

to give

= 1 , J € J
k j 

?‘ , 
~~~~~max

~~~~~ mifl

where the parameters I j , j — l,2 ,...,N , are defined as the design

5_~~ ___ _ __  
-- --

~~~~
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factors .

The relations in Eq. (9) are the criteria for minimum we igr.t . That

is , if for a given design, the set of i-: active behavioral constraints is

such that the corresponding Lagrange multipliers are positive and Eq. 9

is satisfied for all I, then the design satisfies the Kuhn-Tucker neces-

sary conditions and is therefore a local opt imum design.

B. Redesign Rule

The form of Kuhn-Tucker necessary conditions given by Eq. (9)  siig-

gests an associated redesign rule. Qualitatively, the criteria of Eq. (9)

imply that : (1) if I. 1.0, then D . is uptimally sized ; (2) if

I > 1.0 and D .  — D. , then D must be increased to obtain an
~ i jmax

improved design ; and (5) if I. < 1.0 and b . > 2 . , then ~
) . must

~ 3min
be decreased to obtain an improved design. Therefore, the iterative re-

design rule Is taken to be the following: given the (
~-th design with

associated design factors I . ( D ~~) , then the design variables at iteration

(~ ~ i) ar.~ related to the design variables at i teration (~ by the

relation

il’ D ~~ ~~. (2 ~~) ] 7 ~ ~ Pk 
~~ ~min ‘ - ‘~ ~max

J)~~~ P. if’ f t I ~~(I)~~f lD~ ~ (10)
max max

2 if f [ I ( fl~) 1fl~ ~ 2 .
1min . k j  miii

where f’(1 . ) 1.7. Tn the present study t l i ~ f\inction f is taken

to be



f~I1
(D~

) ] 11
1
(nTh h/2 (11)

where T~ is the design factor at iteration

This redesign rule is exact for statically determinate strictures
i s _

., wit.h weight functions linearly dependent on the design variables ard sub-

~iect , to a single frequency or buckling con ralnt, ~ r subject to a single

load condition and a single stress or displacement constraint. ~ffhe rede-

— sign ru1~ is approximate for the design a” stati cally indeterminate struc-

tures and/or multiple load conditions. It is emphasized that the ~esign

objective , Eq. ( 9) , is exact.

C. ç~~ p~tational Aspects

The f ollowing sequence of operat ions defines each iteration of t~ e

redesign procedure : ( i )  identify the active and near-active behavioral

constraints and side constraints; (2) calculate tL~ gradients a-id i~-

grange multipliers of the active behavioral constraints; (~~~~ ) evaluate .}~~

design factors ‘~efined by Eq. ( 9 ) ;  (d) eit~ier terminate the rei iCn pro-

cedure if’ hq. ()) is identically satisfied or resize the structure u s in~ the

redesign rule. A ~rte~ description of each operation is described below .

The k-tb behavioral, constraint is strictly active i” ~~, O.U,

or if the so—called response ratio, ft = g. 1. l.u. dc’~ever , r 0r

numerical purposes a behavioral constra int is identified as active (or near

active) and governing the redesign if’ its response ratio is arbitrarily

close te ~~ie (1.0), that is , if

< 1.0

where i~’ is a preselected constraint buf fe r  parameter, usually contained

~
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in the range 0.O~ < ~ < 0.10 . The identification of near-active con-

straints and the final we ight obtained are sensitive to the value of the

constraint buffer. Large values of ~ allow early identification of near-

active constraints hut usually result in heavy final designs because of the

large spread in the values of the response ratios of the near-active con-

straints. Smaller values of ~ usually give lighter final designs because

of the comparitively smaller spread in near-active constraint response

ratios .

Analytic expressions for the components of the constraint gradient s

(that is , derivatives of stresses and displacements with respect to the

design variables ) are obtained by different iating both sides of the stiff-

ness relations for the linear elastic structure

[K]1u1 = IF) (15)

to give

(u) + [K] 4~ .1 = 10) . (ia )

tn Eq. (13), [K) is the system stiffness matrix, (F) is the vector of

equivalent applied nodal forces and (u) is the vector of developed

nodal displacement-s. The applied mechanical loads are assumed to be

independent of the design variables.

Solving Eq. (i~~) for the displacement gradient gives

.:~~i. = - [K] ’
~~ 4 1  1~i! . (15 )

For a given design, the gradients of the active displacement constraints,

= (u i/u!
) - 1.0, where u~ is the i-th component of the displacement
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vector and u2 is the limiting value, is obtained by reduc ing the product

(~~[ K]/~ ri~~)Iu1 and back substituting through the decomposed stiffness

matrix.

The gradient of active stress constraints is obtained by different i-

at ing the stress-displacement relation for a member to give
— I

4 1  = [D ] [B] 44 1  (id)

and substituting for the displacement gradient from Eq. (is) . In Eq. (i!),

(a) is the vector of element stresses, ED] is the linear elastic con-

stitutive matrix and [B] is the linear strain-displacement matrix.

The calculat ion of the Lagrange multipliers of the near-active con-

straints can be accomplished in several ways. In the present study, the

Lagrange multipliers are evaluated by minimizing the function .~~ 
=

where

K 2
j Z ? \k l

= 1 + 
k 

. (17)
.1

The conditions for minimizing ~ are

-

~~~~~~ 

= 0, k l,2,..., K (i13)

giving a set of linear algebraic equations, equal in number to the number

of near-active constraints, to solve for the Lagrange multipliers.

Since , in general , there are more design variables than active



constraints, the minimization of the function ~ amounts to the minimiza-

tion of the mean square error between current values of the design factors

‘1 and the optimum value 1.0 that is ,

-~~ 
= (i~ 

- 1.o) 2 
. (19)

i

Move limits must be imposed on the design factors before resizing ,

because the redesign rule is valid only near the opt imum and is approxi-

mate elsewhere. The move limits are taken as uniform so that

1.0 — IA I < I~ < 1.0 + A l , j = l,2 ,...,N (2 0)

where J A I  is a preselected move limit parameter.

Re sizing the structure may cause the set of current active re-

straints to change (constraint switching); excessive constraint switching

may cause infeasible designs . Srnsll move limits minimize this effect.

However , constraint switching and infeasible designs may still occur ,

particularly in the initial stages of the redesign where the resizing

rule is most approximate. Feasible designs are then obtained by scaling

4 the design variables so that

~~~

1 ,~~ l

where H is the response ratio of the most active (and violated)

constraint.

For problems with stress limits only the move limits must he rela-

tively small with 0.0k < A I < 0.08. (In addition , for problems with

stress limits only, a fully stressing move is made on those design var ia-

bles with corresponding design factors less than zero. This move is

10

--
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useful in quickly identifying the net of design variables constrained by

minimum values.) For displacement - limited problems the move limits may

be greater and are typically Al 0.25. The set of near-active con-

straints in displacement-limited problems is usually smaller arid more

stable than the set in stress-limited problems; therefore, relatively

larger move limits are possible in displacement-limited design.

Computational experience indicates that the following default

values for the two preselected design parameters h and l- ’~ are

usually adequate for obtaining near optimum designs : (i) for stress-

limited problems, t~ 
= 0.08, A l 0.08; (2) for displacement-limited

problems (and stress and displacement limited problems), ~ = 0.10 , =

0.2~ . It is usually possible to improve the final designs obtained with

the default parameters by reducing the value of the constraint buffer ~‘,

although more iterations may be necessary for convergence. For displacement-

limited problems the buffer ~ can be chosen independently of the move

limit I A I .  However, because of the sensitivity of the stress constraints

in stress-limited problems , it is necessary to reduce the move limit

parameter as well as the constraint buffer parameter.

Finally, it is necessary to modify the functional . and recalculate

the Lagrange multipliers and the design factors if, in the trial resizthg,

(i)  new side constraints are identified, or (2) negative multipliers are

obtained. When a new side constraint is identified, it is necessary to

delete the design variable from the sum in Eq. (iT) over the variables

contained in the set J. When a negative multiplier is obtained, it is

necessary to delete the corresponding constraint from the sum in Eq. (17)

over the set of K active behavioral constraints.

11 
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Both the deletion of design variables associated with side constraints

and the deletion of behavioral constraints associated with negat ive multi-

pliers may require, within each redesign cycle, one or more iterations (one

complete solution per iteration) to obtain a stable list of side constraints

and active behavioral constraints. When the constraint lists stabilize,

the resized structure is analyzed and scaled and the redesign procedure

reentered .

F). Algorithm Efficiency

The opt imality criteria method of the present study is in general

less efficient than previous physical opt imality criteria methods. How-

ever , the present method is more general than previous optiniality criteria

methods since: (i)  convergence to local opt imum designs is obtained ; and

( “ )  special forms for different behavioral constraint types are -iot needed.

The generality of the present method is obtained at a greater corsputat ional

cost , pr imarily for constraint gradient and Lagrange multiplier

calculations .

The present method is more efficient than mathematical programm ing

methods , primar ily because of the relat ive simplicity of the resizing

calculation. The efficiency advantage is most prevalent for design

problems in which the number of final active constraints is less than the

number of design variables. However , the results for the (3-bar truss

stress-limited problem 171 show the present method with a significant

(2 to i) efficiency advantage over the latest generation mathematical

programming methods for prohlern 3 with a large number of design variables

and a large ramTher of final active constraints.
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The computer code for the present method incorporates a number of

features to reduce both computer storage requirements and execution time .

Hri efly, the~~- features are :

(1) dynamic allocation ~f all arrays in terms of’ the relevant

control parameters ;

(2) overwriting of arrays ;

(3) storage c ” only non-zero degrees of f’ree lom ;

(~ ) design variable linking;

(r) system stiffness calculation by stiffness gradients with

‘
~ ~[ic]

I V]  = 
/ —v—— 1:- .] (2’)

j j

where the stiffness gradients are calculated only once and

stored in compacted form;

(()  analytic gradient calculations; and

(7) elimination of dependent gradients (due to symmetry related

design variable linking) .

Additional detai1.’~ are given in the Appendix A.

Further and significant efficiency gains could be obtained by:

(i )  incorporating approximation concept s to reduce the number of complete

structural analyses (that is , decompos ition of the system s t i f fness  matr ix

and reduction and back substitution of the load vectors) ; and ( : )  us ing

icerative solution methods to reduce the number of complete solutions for

~he Lagrange multipliers.

13
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H . Comparison with Other Optimality Criteria Methods

Opt imal ity criteria methods using the Kuhn-Tucker necessary condi-

tions as the criteria for optimum design have been proposed [14 ] .  However ,

the associated redesign rules in these methods do not, in general, con-

verge to designs satisfying the Kuhn-Tucker necessary conditions because:

(i) elements governed by stress constraints are resized using stress

ratio; and (2) in most cases the ‘ envelope method” is used wherein re-

sizing is accomplished considering the most critical constraint for each

* 
element.

Optimality criteria methods with redesign rules capable of converg-

ing to designs satisfying the Kuhn-Tucker necessary conditions were pro-

posed by Kiusalaas [3] (and implemented for multiple constraints by Rizzi

1 ]  ) and by Terai [91. The method of Kiusalaas differs from the method

of the present study primarily in the calculation of the Lagrange multi-

pliers of the active constraints. In Ref. 8 a set of simultaneous linear

equations for the Lagrange multipliers is obtained by requiring strict

activity of constraints identified as near-active during resizing ; that

(‘fl (1
is, = + Ag~ = 0.0. The set of equations is solved using

Gauss-Seidel iteration. Inactive constraints corresponding to negative

Lagrange multipliers are deleted when encountered and the side constraint

list is updated before resizing.

The results for design problems with a small and stable list of’

final constraints shows the method of Ref. 8 to converge to designs satis-

fying the Kuhn-Tucker necessary conditions with all final constraints

strictly active (and, therefore, capable of giving final designs lighter

in weight than f inal designs obtained using the present method). h owever,

114
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the method of Ref.  8 has no advantage over the method of the present study

for problems having a set of active constraints which is neither small nor

stable as, for example, in large primarily stress-limited problems.

Indeed , the potent ial efficiency advantage of optimality criteria methods

over mathematical prograzmiing methods may be lost when applying the method

of Ref. 8 to large problems . The results of Ref.  ~ imply that infeasible

designs with a large number of active and violated constraints are needed

from the beginning to properly sort the final constraint set. This re-

quires the solution of large sets of linear equations for the determination

of the Lagrange multipliers throughout the design process.

15 
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III. 1~(TEN DE D MODELflhG CAPABILITY

The generality of the optimality criteria r~e~ ho—i of the present ~tud :J

is demonstrated by results for the d~ sigri of trusses , pla tes and sti~ fc’ne-:

plate systems. These results were obtained ‘istr~- a r’omputer program coded

in FORTRAN IV for use on the UCLA Campus - o ~put log Ne twork IBM 3’~C ,~9l

system. All calculations were performec in a sirgi~ precision arithmet ic ;

the FORTRAN G compiler option was used , unless noted otherwise. The program

structure is described in Append ix A and requ ’ re i ~ ita cards are listed in

* Appendix B.

A.  Finite Element Library

Five finite element types are included in the present computer program

for numerical stress analysis. These element types are :

1. the two-node truss element ;

2.  the three-node subparametric truss element ;

5 . the planar constant strain triangle (CST ) ;

. the planar four-node isoparametric quadrilateral (Qub -~- ) ;

and

5. the planar eight-node isoparametric quadrilateral (Qj TP:~~~).

The more complex isopararnetric elements are preferred in nearly all

cases over the simple constant strain triangle for planar analysis. The

advantages of the isopararnetric elements are :

1. improved structural modeling capability ;

2. improved accuracy over simple triangles and rectangles ~‘or the

same number of degrees or freedom; and

‘
~. reduced data preparation.

11
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The primary disadvantage of the complex e1erier~i is the -~x1 ra ~ c- r~

required to generate the element s t i f fness  matrix. However , sioce ~ 1pr~imt

sti~ fnes~ matrices are calculated only once (to fonn the  stiffne~~~~rai-

lents ), the additional cost of the ir itlal stiffness calculation is n~x.

s ignificant in a design program.

Element stiffness matrices are obtained by numerical in tegra t io~~.

The complex element s are mapped into s imple shapes in a natural coor H ELate

system in which the stiffness coeff icients  are evaluated us ing Gaussian

* quadrature. (Two-point quadrature is used for the three-node truss ele-

ment, two- and three-point formulas are used for the QUt~ d , and two- ,

three- and four-point formulas are used for the QUA~~ element.) Additional

details on stiffness generation are included in Appendix d.

Note that it is not necessary to retain a constant strain triangle

(as is done in the present program). A straight-sided triangle may he

formed by collapsing one side and two nodes of the QUPJ)14 to a single node;

a curved-sided triangle may be formed by collapsing one side and three nodes

of a QUAD8 element to a single node. The CST element is presently used

only in the transition zone between fine and coarse element grids.

Four behavioral constraint types are included in the present computer

program . These constraint types are :

1. limits on allowable element stresses ;

. limits on allowable nodal displacements;

3. limits on allowable relative nodal displacements; and

1; • fracture mechanics constraints, i.e., limits on developed open-

ing mode stress intensity factors.

17
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Application of mathematical optimality c r i t e r i a  metho-i s to buckl ing

and frequency constraints has l -e - ~n demonstrated by Teral Li] (with special

forms of the redesign rule for problems with only one active constra~rt

type). Application to aeroelastic flutter constrairit ’ has -een demon-

strated by Rizzi [81 so that these results are not duplicated In the

present study. Bather, a new constraint type, against fast fracture, is

considered. The need to include fracture constraints in analysis a~id de-

sign is evidenced by the increasing volume of literature on thc sub~~ ct in

a number of structural engineering problems , ranging from nuclear reactor

components to lightweight aircraft components. Little work has been d mne

to rationally include fracture constraints in automated design. This import-

ant design consideration is described in detail in Section IV.

Truss Results

Both two- and three-dimensional truss problems were investigated using

the present methods. Results for the 3, 10, 25, (3 and 7~ bar trusses with

stress limits only are given in Ref. 7. Results for the 10, 2~ and E3 tar

trusses with stress and displacement limits are given in Ref. 1. These re-

suits compare favorable with previous results obtained by both mathematical

prograraning and physical optimality criteria methods. The pres~ot method

is effective in generating near optimum designs arid is capable of (-orver g-

thg to t rue opt imum designs when the physical optImalit.~’ ~riteri~ mc~~hods

cannot. The present method is also very e f f i c ien t  compared to the r~ost

recent design methods based on mathematical programming. The r~u;nber of

s~ r-urtural analyses needed in the present method are essentia.U y

t j e  sarn~ as the number n-~eded in the mathematical programm ing method s, u t .

1.8 
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the redesign procedure is much less costly. This eff’ic~~ncy is retained

i~or 1~rge problems as illustrat.en by the results for the (
~~-ha” t r.iss

wing carry through box. These results are ie’L -~ -~ because f’ t r  l-- .p r~-

ance ot’ this problem In the literature.

63-bar truss ~~~~ car~~r through box, two load conditions,

stress limits o~~z.

• 
The structural configuration is shown in Fig. . . T’- e  ma ter i~~1 is f

titanium with E = lr.0 x 10~ psi ., (~ O.l~ pci ., and = 1X .~~; 
~

psi. No design variable linking is specified ; thererore , this pr& ler~ has

(~ independent design variables. i~ minimum area constraint  0.01 Ir~. is

imposed on tb~ design variables~ maximum limits are not impos e - i .

The problem was initiated from a uniform star t in ,~ design . I-. woi~ ht

or 51145 lbs. was obtained after 15 analyses using the s t ress- l imi ted

default .tesign parameters i~ = 0.08 and ~- I O. - 
~~- . An improved ~-e~~’~~t :~

-~tt.h W = ~~~~~~~~~ lbs. was obtained after L ftnaiyses with e = . 1 and

= 0. - i S . These results, detailed in Table ~, compare favorably w~kL Ysr-

stress ratio design of 5 31i lbs. after ~~~) analyses ~h 1 and the ~esign

obtained using mathematical programming 1C~ with ~~ 
= -4y7? lbs. after

14 analyses.

It Is clear from Table ? that the convergence of the present method

Is not monotonic . The fluctuation in the number of active constra ints  is

primarily due to: (1) the approximations inherent in the redesign rude;

(2) the sensitivity of member stresses to changes in member areas ; and

(3) the large number o~’ active constraints in t~~e f inal  design. The

U
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TABLE 1

FINAL ~ES IONS FOB 63-BAR WING CARRY THROUGH BOX

Truss Final Cross Section Truss Final ‘:ross section7
Member Areas (in’ )  Member Areas (j n~~)
No. No.

1 38.36 - 3 3

2 36.53 34 ~~- ~~8~~-

3 ~~2 .66 55 -.

54.53 36

5 25.24 37
( 

2 8 .5 5  ~-8 .33
7 17.87 39

8 20.73 1,0 5.51

9 05.14 ~l .i- ,

10 ~7.]2 42

II 7.59 43
• 12 9.16

13 24.08 ~• ‘

14 20.53 - •( 11.00

..l6 -.7

16 2.62 - +0 t1.~ ’

17 ~7.39 - o
18 37.58 ,g 

~~~~~~~~

19 - .01 - 1  ,
.‘

-

~~

00 .01 22 r

21 - - .50 - .
- - -

22 .10 - .

23 .~)1 ~ -

r7  I

8 2 • 7 -
~ 

- 
. - -1

- .~~~~~

-
~~~ 

- 
5.1 - . 1

51 ~~ .5’ .1
I r 

~~~ We ight ~lbs)  ~
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TABLE 2

ITERATION HISTORY FOR 65-BAR W ING CARR Y T1{ROUGH BOX

I
, 

_________________ - ____________________________ ______________________
-
~~ Analysis Number of 

~ ~. ht (lb )
Number Active Constraints e g s

~~ 1 2 50214.2

2 6 6387.0

3 9 5795.0

-~~ 4 i8

5 U 5501.3

- 6 2 5667.0

7 33 5272.8

- 8 27 5286.9

9 6 5462.2

10 1 5747.3

U 44 5026. 4

22 
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final designs in Refs. 4 and 10 are essentiafly fully stressed . The final

design in Ref.  10 has 58 active stress constraints and five active minimum

area constraints. The final design of the present study has ~~~ act ive

stress constraints and nine active minimum area constraints ; this design

is not completely converged since the Kuhn-Tucker necessary conditions are

not identically satisfied. However , the square root of the design factors

of 42 of the 54 nonminimum area bars are converged to + 5 percent of

‘4 unity and the remaining desi gn factors are conver ged to + 10 percent of

unity. Cont inued redesign does not lead to large changes in variable sizes

or final weight .

The final results for this problem using the present method required

18 C~~J sec. for execution on the IBM 560/91, using the FORTRAN 2 compiler.

The method of Ref. 10 required approximately 48ci~J sec. of execution time

on the same IBM 360/91 computer and the FORTRAN H compiler for a one percent

overweight design (w = 5045 lbs.), using default design parameters. Subse-

quent results in Ref. 10 with design parameters selected to speed converg-

ence required approximately 36 CRJ sec. for a one percent overweight

design (w = 5025 lbs.). Thus, the present optimality criteria method

retains a computational efficiency advantage over mathematical programming

methods even when the number of design variables is larger than the number

of degrees of freedom and the number of final active constraints is not

small compared to the number of design variables.

2. Center Hole aate Results

The minimum weight design of a center hole rectangular plate subject

to a uniform tensile stress is considered. The structural configuration

23
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is shown in Fig. 2.  Three design cases are considered : ( i)  unreinforced

hole with stress and minimum side limits; (o) unreinforced hole with

stress, minimum and maximum side limits; and (3) reinforced hole with

stress and minimum side limits. Plane stress conditions are assumed.

Due to symmetry, only a quarter of the plate need be considered. The

finite element idealization of the quarter plate is shown in Fig. 3. The

skin is modeled by 29 planar four-node isoparametric quadrilaterals arid

the reinforcement by five two-node truss elements. No design variable

linking is imposed and there are 34 design variables , the thicknesses of

the 29 planar elements and the areas of the five truss elements. Numeri-

cal integration for the stiffness is accomplished by two-point Gaussian

quadrature . The largest of the integration point Von Mises equivalent

stresses of an element is assumed to govern the design of the element.

Initial stress analysis of the unreinforced plate i~~i checked against, re-

sults obtained us ing the finite element model with 18 eight-node quadri-

laterial elements (Fig. 4).

For all three cases, the applied tensile stress Is = 21,704.4

psi, and the material is aluminum 7075 1~ (with E io.8 x ~ ,6 ‘-sj•,v

0.333, o = .l pci. and cr
y 

= -t 80.() x 10~ psi.) . A minimum side limit =

0.01 in. is imposed in all cases. &].1 results were obtained us ing the

stress limited default parameters ~ 0.00 and -2 1 = 0.08. All results

appear to compare favorably with the design presented by Pope [U], but

only a qualitative comparison is possible since Pope does not provide load-

irig or material property information. Pope ’s study also was slightly dif-

ferent since his design variables were the nodal thicknesses.

_ _  _ _ _  - - ~~~~~~~-—~~~~ ~~~~- - - - - - - -~ - -~ ~~ - - ~ ~~~~
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4+

= 21 ,704.4 I) SI

4’
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0 20
” .4

Fu q . 2. Rectanqula r Plate w ith Center Hole
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Fu q. 4. QUAD-B Finite Element Model of Unstuffened Center Hole Plate
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C.l Unreinforced hole, stress and minirmini limits

The problem was Initiated from a uniform design with skin thickness =

0.084 in. A we ight of 0.318 lbs. was obtained in 18 iterations. The

results given in Table 3 show the large buildup in thickness around the

hole.

The design is not fully converged . There are 20 active stress con-

s-traints and five active minimum side constraints. The square root of the

design factors are converged to 1.0 4- 3 percent (with the largest

variation in the design variables close to, but not equal to, the minimum

area) . Therefore, as in the previous examples , cont inued redesign would

not lead to large changes in the design variables or final weight .

C. ? Unreinforced hole, stress, minimum and maximum limits

The large thickness buildup around the unreinforced holes is unreal-

istic for plate manufacture and may also violate the conditions for plane

stress analysis. These difficulties can be minimized by imposing maximum

as wefl as minimum limits on the design variables. The procedure was

Initiated from a uniform start ing design with thickness = 0.oR -+ in. The

design problem was modified by imposing a maximum s ide limit = 0.l~ ir-~.

on the design variables. P. weight of 0.523 lbs. was obtained in 1--

iterations with final results as given in Table ~‘ . This weight is as ex-

peeted greater than the design obtained with no maximum side limits.

The design is fully converged with ?l actIve str ess  constraints,

one maximum side constraint and six minimum side constraints. The design

factors for the elements not constrained by minimum or maximum side limits



~~~~~

— - 

~~~ ~~~~ ‘T~~~
’ 

~~~~~~~~~ ~~~~~~~~~

- -

TABLE S

MINIMUM WEIGHT DESiGN OF PLATE WITh UNRE INFORCED
C~~TER HOLE, STRESS AND MINIMUM

ThIC1~~ESS LIMITS

Variable Thickness Variable Thickness
-

~ H

1 c.i(70 1 ic 0.c1( -~

0.1(~~Th 1~~ C . fll(~
(

-
: 

- 

3 O.o’~~ 18 0.0250

0.0100 19 0.02(4

5 O.01~0 20 0.0100

6 0.0141 21 0.(1~l

7 0.0749 72 0.0182

0.7T9 25 0.0210

0 • 2.3? 4 24 0.02 3~

10 0.0100 0.0530

11 0.0107 2( 0.0186

1~ 0.0175 27 0.0251

13 0.0~0? oP 0.02 0~

0.0459 
L_ .~~~~~~~~~~~~±

_
~~~
1±7

15 0.0100 1’= ’.~ lT~ lbs.

2 I 
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TA1d.2.

MINIMUM WEIGHT 1)ESIGN OF PLATE WITH UNREINFORCED
CENTER HOLE , STRESS , MINIMUM AND MAX IMUM

T}{ICKNF~ S LIM ITS

Variable Thickness Variable Thickness

1 (.i1~
0(; 16 0.0123

2 0.1)8142 17 0.0143

5 0.0347 18 0.0372

4 0.0100 19 0.0376

5 0.01000 20 0.0100-

1 0.0003 21 0.0100

7 • 07(1 - 2? 0.0138

8 0.0(10 23 o.019(

9 
(1 .0307 24 0.0240

10 0.0100 25 - .0331

II 0.0l 5 26 - .oiP/

10 0 .U-2 75 27 0.02~-6~

13 o. nSSl :8 O.

14 0.1)235 29 I 0 .0? 1’
—~~ 1

0. l((- W .3-~ lbs.
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k

are identically equal to 1.0 , the design f’a ’-tors Oer t.hr e1e~ri~-nt e n -

strained t- the maximum limit-s is greater than ‘.1) and ~~~ ‘ins i~~~~ t i  ~‘a-~ ‘r

for the elements constrained by mInimum si1~ limil;~ are less tnan 1.?.

C.3 Reinforced hole, stress and minimum limits

The unrealistic thickness buildup near the hole of the unreinforced

plate may also be averted by reinforcing the hole . The reiri f’orcerner~ is

modeled by five two-node truss elenents. rn~ design procesb wa’ inlt iaaer i

from a starting design with unifo~~ thickness = O.~~04 in. ~r~d ~ i~ form re-

inforcement area ~o.36 in~. A weight of 0.510 l~ s. was o~-ta~ nn~ ir. 13

iterations ; details of this design are given in T~d ic 5- . As ‘cr ~~ te , the

presence of the re inforcement causes a reduction in the ~~~~ ~~~~cr ;n es,’

around the hole and the final weight, as compared to 4- he unreicf’orced case.

(However, in all cases, the difference in the design variables and final

weigh ts is not large.)

This design is not fully converged. Ocr this problem there are 24

active stress constraints and seven active minimum constraints. The

square root of the design factors are converged to 1.0 ÷ 2 percent.
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TABLE ‘3

MINIMUM WEIGHT DESIGN OF PLATE WITH REINFORCED CENTER ?OLE,
STRESS AND MINIMUM THICKNESS LIMITS

ari~~j~~~~~~~~Tn p ~~~~

T

~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

1 O.OR)? 19

2 0.1225 00 ..lC~

3 0.0410 21 - .4131-

0.012? -0 ~.(178

5 0.0100 23 .1.17

6 0.0)’4~ 24 — .~

7 0.0453 .1~~1

8 4.0867 01 .o?o(

9 1.u55( -
- 

07 . - 238

10 4.0100 .8 .2.262

11 0.0168 0.0:12)

12 0.0252
Are 8

13 O.05L0 30 0.0717

14 0.2118 31 .01~

(1.0100 32 1.0100

31 0.(1O’- I

rr 0. 11j  
~ I 

- 1C~
)

18 0.0. ‘ ‘ 3  
- 

W = 0.3157 lbs.
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IV. OFlIMIZATION INCI 1021 i’ RACT1 H~ ‘ 1 CC T}:0 NT?

The need to include fr-act A r - “Oft  t rcdnt:~ in :‘t 1c~ ural anr~iy~ i.~ snl

• design is evidenced by the i!cr~~~ing volume of 11’j-rat lre On the ~uL:eCt

in a number of structural engineering problems , ~ a ’i n j ~ ~‘rcw~ nuclear re-

actor components 112 - i’31 to 1i&~ntw”i~ ht r ’ - r ~~0’t c ’~~ p -~r t ( i  ~l( 
- 7 0 ) .

lowever , little work has been done to rat orlal -‘ 111 (0 )~‘ F ra~ ture c r~-

- 
- 

straints in automated str-ict’ira - ~ni~m. ~~~~~~~~~~~~~~~ fa i.iure rrr~r e~~

- 

: 
were used by Hunt [it-] to design sti ~~j I ~~~ : pai~ ~i ’ . 

- mt ar ~~ume- : ~r

mum minimum weight design would occur when 15e ~ ‘r e~~- in the ~‘rn~~-’1 ~~ ri~~

stopper and -the aver~~ e stress in the nk in  panel conaatning ~ ?~
- ~~ ~

- --

ultaneously reached allowable values. ?.ecent1 ’.’ , -a v i s  2 1) ~.se )

tical programming methods to design an integrally ~-tif0’ene? two-~ - i’e1 i o x

beam with stress, displacement, buckling and fract’~’-e co4s+ re tr,~~, ~s ~eJJ

as side constraints on the design variables. The design varia~- l- ~ were

skin thickness and the thickness, depth and spacing of the inteCr~i ~ti f~
’-

eners. The Fracture constraints included 1imiti~ on developed stress 0~tens—

ity factors under large static load s as well as u nits on crack 0r~~1b dur-

ing cyclic loads . Analytical results were used for the stress intensity

factor under static loads and for the increment in the stress in tens ity
I

factor under cyclic loads.

The simultaneous failure nethx~ of }-ef. l~ has limited anpl i -FiticI n

s~~n~- ’  sImultaneous failure -ies~~ n nay not y ield a t r1 ” op~ ir.’iur~i design as,

for exanpie , when side cc-nstraints on ~1-e -~esL-o variables a”’ ir1cl~0e

The mathematical prograzimiing method of Oef .  0 is capable of converging to

t rue opt imum designs , 11 ’ the mrt.h1d is ccwnputationallv expensive , even

when implemented with analytical results for - -:.‘1op~- . : ~ recs in “T1r1~

Li ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



fact,ors . nxtension O~
’ -h ’ mi’ t~’O ~1 of ,-ef’. .1 to  pro~ lens r .’(]1 1~ r 1 r~ 7 n ImC T

cal calculat ion of’ developed st re~;s I ni enrlty ?rt~- L - r:; would be ~‘orr- nut F0

ally proell Itive.

F The present opt imality criteria method can he ‘ise-i for ~,~~ ic~ ent

automated min imum weight design of structural components for which

analytic solutions t’or developed stress Intensity factors are not avail-

able . The f ini te element method is used for stress analysis and the ~~‘-a~~

ene rgy release rate method (the compliance method) is used to —~alc-ilate

developed opening mode stress intensity factors. Only two structural

analyses are needed at each design iteration to calculate necessary

sponse grad ient informat ion as well as the developed stress intensity

- - factor. The method is applicable to design under large static loads, ino1u-~-

inf fail-safe design of aircraft fuselage panels .

A brief review of the princ iples of linear elastic fracture necharl-
r

ics (LE F’M ) follows, after which is presented the response gradient calcu-

lations required to incorporate the fracture mechanics constraint: i nt o  the

design algorithm. Numerical results for a fuselage design problem are

used to illustrate the Iinpo’-tance of fracture mechanIcs constraints.

I. Irwin Theory of Linear Elastic Fracture ~-1echanics

Irwin [22 ) has shown that a general linear elastic stress state

asymptotically close to a crack tip is a linear combination oF three

distinct stress states, each stress state assc(-iat~-’4 with a particular mc~ie

of crack t ip deformation. The three deformation modes are drile 1, the

open ing mode in which the crack surfaces separate in a direction normal to

the crack surface ; Mode II, the sliding mode in which the crack surfaces 

-—



slide along a direction perpendicular t~ the crack front ; and, Mode IT , tr~e

tear ing mode In which the crack surfaces slide in a direction parallel to

the crack front.

The near crack tip stresses and displacement s in each node have heen

obtained using complex variable techniques ~23] and eigenfunction expansions

[2k]. The near crack tip results are the product of an intensity factor

• and functions of the position coordinates. The results for Node I 4 ef or r n e .-

tion of an infinitely sharp crack are

1%~~~
a 1 - s i n (- - -  )sin (~~~xx 1. -

a = ~~ cos ( ~ ) 1 -i- sin ( ~ ) sin ( ~~ ) (23)
‘

~~

7 s i n ( — ) c o s ( -~- - )
2

2 Q
U K ~~~~~~~~~~~ cos ( 

~~
- )k  - i + ~ sin ( ~ ))

I r - -

= — — (~~~ 4)1I~L \ o n  -
-~ C-V sIn (~~- ) [ ~c + i - C c o s  (~ • f l

whe re K1 is t he opening mode stress intensity factor and x and y

are cartesian coordinates and r and Q are polar coordinates ~:ith

origin at the crack tip (Fig. 5). in Eq. (24), u and v are the dis-

placements along x and y, respectively, IJ- is the elastic shear

modulus and

~~~~~
_ ~. v)  , plane strain

(-‘5)
( 3 -  v ) / ( l +  ~), generalized plane s t ress

z- L , 

- — -~~—-~~~~~~~~~~~~~~~~



Fig. 5. Geometry of Region Near Crack Tip
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These results are valid only for r ~~ c where c is the crack half-

length.

The stress Intensity factor K1 controls the intensity of the elas-

tic stresses near the crack tip. For a small extent of yielding at the
4

crack tip, the elastic stresses outside the plastic zone are not greatly

disturbed and are completely described by the stress intens ity factor .

Therefore, the stress intensity factor is the relevant fracture paraneter

for elastic and limited yielding fracture.

The v& ue of the stress intensity factor is dependent on the load-

ing and specimen geometry and is obtained by an analytical or numerical

solution of the boundary value problem. Thus, the near crack tip stresses

are the sane for different boundary conditions if the stress intensity

factors are the same .

The criterion for the onset of fracture Is that the state of stress

at the crack tip reaches a critical state, or equivalently, that the stress

intensity factor reaches a critical value. Therefore, for the opening mode,

fast fracture first occurs when

K
1 

= Kc 
(26)

where is the critical opening mode stress intensity factor.

Experimental results show the critical opening mode stress intensity

factor to be primarily dependent on specimen thickress and the state of

stress at the crack tip. For thick test. specimens, predominantly in a

stat - of’ plane strain, the critical opening mode stress intensit y factor

is a material constant and is denoted C u.. The crit ical plane strain

37 
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stress intensity factor can be measured for one carefully controlled loading

and geometry. The corresponding critical state of’ near-crack-tip stresses

4 - Is the same for all other cases of loading and geometry.

For test specimens not predominantly in a state of plane strain the

critical opening mode stress intensity factor is not constant , but increases

with decreasing thickness. The critical state of stress is not independent

of the boundary conditions . Therefor-; , the test specimen and the service

specimen must be of similar geometry and size .

B. Solution for Developed Stress Intensity Factors
k

A number of methods can be used to solve for developed stress intens-

Ity factors (given the finite element solution of the boundary value prob-

lem. These methods include :

• (i) stress matching;

(2) displacement matching;

(3) energy release ; and

(4)  embedded singularity.

These methods are briefly reviewed with an emphasis on the calcula-

tion of the developed opening mode stress intensity f actor K1.

B.l Stress matching

In this method , corresponding values of the stresses and pos ition

coordinates are substituted into the singular solution, Eq. (23), to solve

for the stress intensity factor K1. It has been found most accurate to

use the tensile component of stress with Q = 0 (then r = x , the

38
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distance along the x-axis). Apparent stress intensit~r factors ~ are

calculated from E q. (23a ) with ~ 0,

K = a ‘2  ~r . ~o7)I

If the stresses from the finite element analysis were exact, then a unique

value of K. would result . However , extrapolation is necessary since non—

s ingular finite element analysis is not exact near the crack tip. Plotting
+

as a function of r and extrapolat ing the lInear portion of the

relationship to r = 0 gives an est imate of the stress intensity factor at

the crack tip.

The extrapolation can be used only if there is an overlapping range

of validity of the singular solution, Eq. (23a), and of the finite element

solution. An overlapping range of validity Is obtained only by extending

the range of the numerIcal solution near the crack tip by using a fine and

computationally costly finite element grid.

B. isplacement matching

The displacement matching method is similar to the stress matching

method. Corresponding values of displacements and position roordin~ tes

nre substituted into Eq. (4~~) to solve for V r~ It ~ 1e1 — n found most

accurate to use the vertical component of the displacement v with

~~~~~~~~~ so that

—-i
-~~ 

— 
2~v- C T )  \ T

Extrapolation to r 0 give8 an estimate of the i~treas intenBity f~actor

at the crack tip.
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1~.5 Energy release

The relation between linear elastic stra in energy release rate

and the 1ode I stress intensity factor ~-1~ is

= = -
~~~~~

where !~ = ~ ~~~~ 1u~ is the strain energy, A is the projected crack

area and

~~

l.~; , generalized plane s~ reds
= -~ ( 5 0 )

1.0 - V, plane stra in

For “fixed grips,” G - ~~~~~ with ~~ ~ 0 and the energy for

the formation of new crack surfaces is provided by the decrease in the

strain energy of the body as a result of’ crack propagation. ‘or fixed

boundary fo rces , G ~J/~14 , with u/ 14 -) 0 and the energy f o r  the

formation of new crack surfaces is provided by the decrease in potential

energy of the external loads due to crack propagation.

The energy release rate can he evaluated in two ways : ( i )  the

compliance difference t2~ I; and (2) the Bice J-integral 2 6) .  In the

compliance difference method, the release rate G Is calculated by re-

pl ac ing the partial differential  operator , V ~\ in Eq. (O~;), by ~be

f i n ite difference operator \/d\A and measuring the strain energy c f

body with two different crack areas . In the P1cc J-thtegral method , the

release rat” is related to the path independent J-integral

40
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J = [ ( u dy ~ 
. ds ) G

where u is the strain energy dens i ty ,  T is r~~e traction - •‘ector , u is

the displacement vector , x and y are the cartesian coordinates ~-ith

origin at the crack tip, F is the int egral path surrounding tL~- crack

tip and ds is an element of the arc along .

The advantage of the energy release rate rne4.4nd is that fine

finite element grids are not required at the ~ra~C~ tip. The 0i~~ 
- -

integral method requires only one structural analysis to calculate ; ,

while the compliance method requires two analyses.

B.4 Embedded singularity

In this method singular near crack tip elements are used ‘~ith non-

singular elements to model the stress singularity at the crack tip. Two

ty-pes of singular elements are used , cracked elements arid collapsed ele-

ments. With cracked elements the stress intensity factor is a degree of

freedom of the system and is obtained directly by solving the equilibrium

equations . With coflapsed element s the stress Intens ity factor Is obtained

IndIrectly by displacement matching .

For numerical calculations of developed stress inten sity fact ors

In single mode problems, the energy release rate net~ o’Is are best. :—tress

and displacement matching require fine finite element grids near the

crack tip, while the embedded singularity methods require special singular

elements at the crack t ip . For analysis , the release rate calculation by

the 01cc J-integral is Lest since only one str~ic~ ura1 analysis is required .

--1
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However , for design , the compliance method is best since a minimum of two

analyses are already required for gradient calculations , and integration

along a path around the crack tip is not required as with the J-integral .

C. Fracture Constraint Gradient Calculations

Developed opening mode stress intensity factors at the crack tip are

calculated using the linear eleastic strain energy release rate nethod ~the

compliance method) . As was already mentioned , for numerical cal:ulntions

* the partial derivat ive operator )/~~ in Eq. (29) is replaced by the

finite difference operator A/ \A and G is obtained by taking the d4 f fer -

ence in strain energy of the body with two dif fe rent crack lengths , arid

A

1 

+ AA (the derivative applies to a mean crack length A = (A
1 ~

- &, )/2).

Therefore, two complete structural analyses are needed. These two analy-

ses also provide all required constraint gradient information.

Differentiating Eq. (29) with respect to the design variables gives

2~ K ~K
= 

E ‘ (32 )

fro m which

F
7’~13T = 

2cr K ~~~ 
( 3 i )

I j

-or the case of fixed forces,

1 )T 
-
, 

~cuJ 
~1~~)

T 
-- F 

1 2 ~ D.

1 T ~~~~~~ ul
= T cF) 

-
~~~~ 

-

~~~

-

~~~

- 
) . 

( s’. ) 
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$ubstituting Eq. (3-U intc Eq. (~~) gives

- -1-; ( _ ,  ‘
~
‘

= 
7~~T 

I -
~~~ ‘~ T L

j  1 ‘- 3

~~~~~
iJ_ 

(
5’-

‘ -~A 
‘
~~~~ / -

I ‘- j

At the beginning of each redesi~yi iterat i~ r . the disp lacer ~~~~~ ~is-

placement gradients and strain energy are calculated with creek orer A = 1. .

‘f~~e developed opening mode stress intensity factor is obtained by clos ing

- 

- 

the crack so that A = - ~A , calculating the displacements and

strain energy and completing the calculation of Eq. (2 9 i. (The crack front

is closed by suppressing one or more nodes along the crack line ; the s t i f f -

ness matrix and stiffness gradients at A = A
1 

are obtained by impo sir g

t. ~e boundary conditions corresponding to the closed nodes on the stiffness

ma ’
~rix and stiffness gradients at A = kS.) If the fracture constraint is

active, then the displacement. gradients at A = A, are obta ined and the

fracture constraint gradient calculation of’ -kj. (35 ) is completed. Cra’~-

Ients of active displacement and stress constraints are ohtaine~ only at-

A = A
1
.

L~cr1~a1:es~LLts

I c  a typical example , the o~ ign of a c en t e r  cracked st i f f e n e l

‘~irc’raf1 ~~—rl a~ie panel ~s consilerec . The crack is assumed to lie r e —

- ‘‘-arn - ‘iembers in r. s - -mmet r i c  r~anner so tha1~ only a quarter of

04 ’ panel n.’r-’l he r ’-~nsidereci ~ ~- . i - ) .  A iuiiforrr tensile stress , app~-~ xi—

ont ly ‘-qual to the hoop :trecs of a pre ;urir’e (l ~X
’—i~ ?us Ir~~e fc ce~

~l7, 1 1 - ]  ~~ ‘~Pf1- t’~~.
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The finite ‘-‘lement grid for t~ e sktji p a rr r -  conta iti~ rig t L -  ~~~~

show-n In FIg. 7 (region ~~ as shown ir Fig. ( ). A total o~’ 1’2

~~rr~ le elements Is used to model tdie r~~i ffprr~er r acc 1 ; 1-i two—node truss

elements to model the frame, 33 truss eLement .~ to moo d t O e longer-on - anc

~0 planar three—nod e triangles and 55 planar ~cope r~cre tr ic  quadrilat er-

als to model the skin panels. The 1±2 f in i te  ei -’cents are lirke—i ~c

three independent design variabler~. The i~; truss elements are 1 io2e- . ~o

-
, 

(the frame area), the remaining 33 truss ele-i’-n ts - ct - Iir ke-~ to

(the longeron area) and the 105 planar element~ are linked to (the

skin thickness).

The frame and longeron material is Aluminum ~~~ with elastic

modulus E = 10 x 10° psi., Poisson ratio V 0.3,  specIfic weight n =

2 .1 pci., and yield stress 
~ 

= + 57.0 x iC ’ psi. TPe skin materiel Ic

Aluminum 7fl7’~-~~ with ~ = + RO .O ‘~ 10~ psi. The variation of the (-r~ ti-
y —

cal opening mode stress intensity factor K
c 

with thickness for .U~unirrurs

7)7c~T( is shown in Fig. 8 (r’7] . -h~econdary effects  such as specicico ~ii t h ,

stiffener spacing, etc., are neglected.) For thicknesses less t ha’~ appr oxi-

rnately 0.~~’- th~ K~ Is con stant and approximately onial  to T-7.r ~ l0~

psi.\in. The plane strain critical opening mode stress intensity factor

3 - -—-iis taken to be 27.0 ~ 10 psi.~~in. for thicknesses greater than

approximately i.( in.

The fail-safe structural integrity requirement specifies the resid-

tial strength of the cracked panel to be suff icient  to arrest t ~e crack and

permit damage detection in a “walk around” inspect ion 20]. The residual

strength or residual stress is the applied stress r’~qu1red to cause fast

fracture of an existing crack of a. given length. ftc residual stress

45
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of an unstiffened panel decreases with increasing crack length ; there ’ore ,

any crack which propagates rapidly will not be arrerte I and will eoritin:e

to propagate. The residual stress of a ~t~ ffene~ panel initially A’-’ r’-nsec

with increasing crack length but then increases a~ the crack a~-;~--o~ ’- - - - S

the frame me,tiber since the frame member relieves t h e  stress a~

tip. Thus, a fast propagating crack in a stiefcned panel may ~-e ar-e ’ es
i~ if the frame members are suff ic ient ly  c~~I ff .

-
~ 

- The increasp In the stress in the frame member as the crack ao~-roecLe s

- ‘ the frame may cause failure by yielding of the frame material. Thus-, tv-s

dis tinct failure mechanisms are operative, fan-h fracture of the skin ‘ the

skin criterion ) and yielding of the frame (the frame criterion). F-ot~h

failure mechanisms must be prevented in a fail-safe aesign.

The residual stress for the center cracked panel with initial 1esi~ r~

= A .’- 
~~~~~~ D~~ = 4.3  in

c
. and = 0.07 in. is sh~~m in Fig. 9. (The

initial desi gn approximates test panels of flefs . 17, iR and lP.) ime

residual stresses for both the skin and the frame are shown. ~-or c~~pari-

son purposes, the residual stress for the skin of an unstiffened panel

wlth skin thickness 0.07 In. is also shown.) Alearly, the frame failure

4 mechanism will not be active in this init ial  d e s i ’~n.

(The residual stress cu~~es were ehtaine:i by closing the crack ‘~~ce ,

successively suppressing one node at a time along the crack line , and cal-

culat ing the s train ene rgy for each crack length. ~)eveloped stress inten-

s i f y factors were compared to the critical stress intensity fac tor and th~

applie r stress scaled to cause fast fracture of the crack. The finite

element gr id is f iner  near the frame than near the center line of the panel

ec ar ine  of ‘he increasing influence of the frame on the approaching c ra ck .
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Thus, -the residual stress calculations are more accurate near the frame

because of the smaller crack length increments used to determine the

gracilents.)

The residual stress usually attains a maximum value when the crack

just propagates past the frame centerline with the ( fastened ) frame re—

maiming intact. This situation cannot easily he simulated in the present

- 
- 

study because truss elements are used to model the frame members. The ’-e-
—

fore, the maximum residual stress Is assumed to occur with crack half-

length a = (10.0 + 9.75 )/2.0 = 9.A75 in., the m c i m~~ crack length 
4J at

can be considered . The uniformly applied tensile stress is scaled so t hat

the developed stress intensity factor with a = ~~~~~~~~~~~ in. was equal to the

I’ critical value = 57. (i x 10~ psi.’-.in . This scaling gives an applied

stress °a 
= 21,7014.14 psi.

A line of constant stress equal to the applied stress intercepts the

residual stress curve (Fig. 9) at a 9.R75 in. and a ~ 5.2 -  in. Thus,

a = 5.0 in. is the length of the longest crack which will he ar rent eh  at

the applied stress , and is denoted a
~
, the threshold crack length Z~ ).

Longer cracks with a > at will be arrested if the applied stress is less

than 
~a = -:1,7014.14 psi.

The optimum design problem is stated as foll~~ n :  minimize the

weight of’ the stif’fened panel while maintaining for crack length a =

~.R75 in. the residual stress greater than or equal to the applied stress

a = 21, 7r- 4 .14 psi., or equivalently, maintain with a = ) 07r . in.~,

~1tress constraints on longeron and skin yield ing were inclui r ’r3

as well as t i r e  stress constraints on f r ame y ielding . The initial design

with P1 0.5 in~ , ~~~, = 0.3 in~, and 0
3 

0.~’7 in. weighed i~ .H 11-s.
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Minimum limits on the design variables were arbitrarily choreri (

o2 the Initial values); maximum limits were not imposed .

The final design with ft 0.h~~ Irr., h~ ;: . l’ ir . .

0.. = 0.050 14 in. weighed l~.33 lbs. This final design is t’~d.Lv
~mIn

converged with the design factors (Eq. 9) I~ 1.0, ~
— l.r an i

1.2 and was obtained in seven iterations (requiring approximately ~( -

seconds for execution on the UCLA Campus Computing Network IJ-~’ 
‘
~

computing system with single precision arithmetic and the rooTi-AN d

compiler). Only the fracture constraint was active during the design

process.

The fr ame relieves t he st ress at the crack t ip and reduces the

developed opening mode Stress intensity factor at the crack tip. For the

initial design, ~~1/~
D
1 

= -0.H~1 where g
1 

= - i.e is the con-

straint on the developed stress Intensity factor. Increasing the skin

thickness is nearly as effective in decreasing the developed stress intens-

ity factor at the crack tip as increas ing the frame area ; for the init ial

design ~~ /~n3 
-0.779. However, increasing the skin thickness has a

greater effect on weight than increasing the frame area since W

-, 

~~~~~~~~ 

(~~4/~D .) D 1 where %~/~D1 
= 6.140 and w/ ID

3 
= 1’R .C (the weight

gradients are constant). For a given value of the Lagrange multiplier ?

assoc iated with the fractur e constraint , the design factor I~ 23 L) and

‘

~~
I
~~ 

2 H \ L  or ~ L, ~ .208 \i~ . Thus , by Eqs. 10 and U , the skin

and the longerons, which have little effect on the developed stress intens-

ity factoi’,ar~ quickly reduced to minimum value. The minimum value chosen

for the skin will have a large effect on final weight . 

~~~~~~~~~~~~
_
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--
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The residual stress cur ie for the final design Is shown in 21g. i.

Only the skin criterion is active . The threchold crack length for the

final design with aa = 21,7014.L. psi is a~ . .C in. Thus, the optimi-

zation decreases the panel weight ( approximately 15.5 percent ) 2ut

also decreases the threshold crack length , the length of crack which will

just be arrested at the applied load. Durability requirements of the type

proposed in Ref. 20 can also be included in the present opt imization

algorithm. For details see Appendix 0.

H. Discussion

The results for the center cracked tf”eried panel show tnat sig-

nifican~ weight decreases are possible while maintaining the structural

integrity of the panel. 2imilar results were ohtaireh for a center hole

cracked stiffened panel (modeled by deleting the longeron four inches

above the crack lime of the center crack model and inserting an eight inch

diameter hole). Again, the weight decrease is obtained at the cost of an

increased sensitivity to initial crack sizes (i.e., a decrease in thresh-

- 1 - i  crack lengths).

• The criteria for fracture resistant aircraft structures proposed

In -ef. dO includes a durability requirement as well as a structural itte-

grity requirement . The structural integrity requirement ensures t. -ra ’

cracks will not grow to critical size -uring th life span of the st’—’-icture .

For eXaJ- T 1~ - . thr- durab ility requirement proposed in Fef. 20 for rail-safe

im ’cign s t r r . 2 m - .~ that an initiii .1. crack of half length a = O. 1~~ in. not grow

to c-’~i~ical size in t w o  life spans of the aircra t’~. The grout 2 rat e Ic

-‘ci culat i- ignoring ~~ i ri~ -t’iral design - :etaiic. 7ti r — c u r  ‘j r r- ’r.e-t -ns-1r~-s

~ur ;~ “xp~nsive “i-pa ir of a ponm i f’qfl-u-e rrlrg ‘ - - - - ii”- span of ~~ I-

-
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he a_ i ra ’ . ~iral - I ~ [t i  re -r ir emenl - . cons t raint s  ‘ ar . e include ir .

p ci -t en ’ ~.et . I at s~~ 1e Tiddltic’n-J . “omputat ional - oct .

‘22i’ r #- t H of ’  ~-e i -sefl t rr t~idv wt “e 01 - t aj r ~ r - i  r - y  nc-1’2t ~ n~ the

frarie an1 longerons only by trus s aerr -e-’s. iore accti-att results - - ‘d

i-c cd-tajr --- -.i ly a more ~i t ~~ile - i  - - a  ~I H-~ of’ t1 i- franc and 1ori ~rr~r ,~nr ; ~tr

their connections tc ti~e r i - c t .  ‘ mprov”-2 m~~eliz.g vculI pers-it stu 2- c-f

- -‘rack stoppers apr 2rarrie meut-cr -~-- of’ f t  f’f’ereru . ~ ;s~.cr H- I ar. ’]i c ’ w ’ o r r r ;  i i —

eration -u ’ secondary ef fect.r su -h as ‘-~~rr ~ c ec-- ’c:rt r irit~- , ri-:-~ 

etc. tl , -~~ }. This more - ctail~- - ’ ( arid -:ori- cc -~~~~~“)  r-s J - r( - l i s~ - allow

consideration of m o:’ -’ practi-:sd - -a: es ~}-eri’ ra,:: s:-r .s two skir~

since cracks usually rfo riot if ar rr ‘ r i d - i l -  ( a panel 1 - c m .,  ‘

it a r t . at. : r t  -t f’ f’er e r ‘ i  hr ’~ -v~ c a ur 1St 0 Ore  or h o  :-. a i’ aee- .r s-: i- .

panels.

‘22’- 1 ’r” .;’ n. resuits were -ir t ’  Ip” i wit h t ic- t o ~ al r’~n~ ‘-r -i~~ “ m Y  - -

‘-~~ euents I Iir~~r ’ - ~~~~- t - ire~ tn ieperrsro:t resign var~ei i c r  . IP~ ro~ e-: r - - . -i t.i:

may re c-~cp e - t . - 1  i f ’  a e~ s ::evc’re 1 inkIng wi-ri- Im pose- : asH ~i .l ar - r T I  -
-

of’ des igs variables m~ -re cons i - i e : - e -r  , 
~spcc iai 1 , r i ’ -~~r prohal—lr -r ’, - -.

locations.

The ui-s igmis H t a ’ in c c  2 -~ the present ncthod are ri ce on -
- ~

- i x  i —

‘-n ’- of a crack at a ..; s e c -  f ’H -~~: location and wIth a Sr eci,”i- ’d geo— rv asi

assumed D: -ning mode tip deformation . :eve ’-a]. c ’ s ckr i  nt. iiff- res:. L O S ’--

l o rtr ; should i i ’  postulated for a more ‘-cal Lit I:- ap l i tcat  ion c-’t h i :’ net hod .

A finite el i - r ient  analtys  is for en c }-  ocr — -Ic r osin he np.1 i-mr. - ’ n t ”  a n :  ~r~ci - Ic--f

in ~he p r esent . fec  U~n algor ‘~t }im . Thus , hi’ r t - t . c o  I - -an be ap~ 1 i - :  t o a

wi-Ic’ range of design pr -d  lens ri-i-u ~ if l 4~ the inclusion of “-‘“~ 

_
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constraints.

Finally, it should be noted that for this problem the fracture

mechanics constraint was the dominant design consideration, i.e., stress and

displacement constraints were not active. For other applications it i~

clear that stress, displacement arid side constraints may become active ,

but clearly, design for fracture prevention is a very import ant effect and

must be incorporated in automated structural design.

r h

- - - - --- -- - --



V.

The prImarj research O bie c t IVC in the stir-f : o~
’ opt ir-& ‘H1’ t u - i t ” i - l ’ s

approach t.o automated :;t ruct : Ir a]  i - s i gn  Las i’eerr tc- r c ’velc T; ~rr. 
tf

design algorithm capable of’ treatin g large structural syste m s  wit : sevoral 1

hundred or more design variables. In e 1-lition , the algorithm has l eer.

--eveli ope-u with a capability for - f e a d r.~- - wi Is ~~.1::Hrcr’r weight design p”o -

- 

— lems involving stress , displacement , s h i e  ccns t  ~at n ~ .; on o’:ser

: variables and constrqints against f’ r : m - ’ : u re .

As described In this Interim Report these oh . ect ives have s~-e:

attained. The present algorit hn is capable of f 4 - t e r ~n i n u : :  ver-,- e f ” i c- i e : - t

-Iesigns of a wide range of aerospace stru5turcmrr , rr’d cc4,c to nu.ltintr-

stat ic load systems and constrained against several lorrrs of’ trac ts ~~.::‘ . I.-

benavior. The algorithm has been t e st ed  with severa ’ well known i ’ f i su l t .

elastic-truss design problems and has also been exercised on dc si- -r. crc -

lems involving built up assemblages of two-dimensional stiffer:E’ i panel

structures.

The present algorithm has l een shown to produce near optIm-v- :

-Iesigns wi th a significantly smaller computer effort than tI-c i ’c ’sf  a’~’~ tl-

able mathe-nati--al programming techniques. Pdthc’yh t i r e  present algoritf-r-m

doe s require more computational effort than other heurist ic “optimality 
- -

criteria method s (since t i e algorithm is based on tire true -nat i:e’narical

opt imality cri teria , the Kuhn-Tu cker t es t) ,  the - P:rigns prc-dsice-1 hv the

algorithm are at a local opt imum point . Thins cri p&I. i’y i a:: l i-i-n shown

I i i  to produce designs which are superior to -ic-signs - ; e i .- iopc i usi ng rite

heuris tic opt imality criteria methods.

-- - -  - --~~~~~~-- —-—- —-~~~~—-— --— --~~~-~~~~~~~- - - - - - -~~-_-~~~~~~~
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•1
Perhaps the most important aspect of the research reported r :c r - -  ~n

is the development of an automated structural design capabi lity  “Ui-

ing constraints against fast f’r~ict ,:rre due to propagntion 0~’ exIst i ~ ‘ nt  r s c ~

- tural cracks. As indicated by the results in dectico IV, the l i d :;  tori of

fracture mechanics constraints can have a dominant effect on opttr i:s1

structural design since the structures designed with t h i s  cOnst~~a i ’ t  i’-

cluded were not constrained by the more conventional maximum an : - O r  r n ir : i s sr r :

limits on allowable displacements and stresses. ;;ase~
r on than ’2 -i - ; ~:d i f s , it

-
- is recommended that research continue in the area of automated design of’

- - aircraft structures for fracture resistance and safe-life -eau : -‘c’ en s.
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tPf’k ‘
~~ 1.

F f - ~~ (1 ’J\ ’~ ~cV~~(j : r T,: I r O ~

A c-ennutor- program ~ur m (h ’i:- icnt  m ’m ir :troua :,o lp  - los I ,- :: on ’ :-

scale structural system-n m is des cr i n  c-d in .  t h i s  n e - ’ L O T - . ISo- ~ r u ( ~ - :~ -

utilizes finite ‘n1coent;~ 
‘0:- st cc-s :  analnr sis ash ~ hk

necessary corn ni to ions for ic-sign.

- - Five t~~ es of finite elements ire appLe fr  I he str’-s;- ‘L:c-lyols.

These are :

(i)  tin e three— -ii r c - risi-nal , r n - nc— n o-ic - t russ eli -one- t. - ‘PS I”

( ) t i n e  tin’ec- — -l ~~~ e n m r ;  b ’nai , tI- nre—: .~~te outr~ i ane t n o -  t ru m - :

element t- r ’~-1 r ( r ’ 1 ) -

( 3 )  t h e  planar is it -‘ - - ‘f:r~-e—rno ~e conistam rain t riac~1e

‘(IT)

(d) b h mnn p lanar Isot r opic I i ,  n r — n c t - l e  isopa rm~metn ic -n :a :rilal “r aT-

(QU!- )
~ r n :

( 1 ) the planar isutron- Ic eigi t--mn-cmnne iso~’cirmi n c -r r ft n s a  : - ilaterad

(~ is~ A).

-c-ta ils  Sor the st]ff’ncnns matrix c a ;n - ’n i a ]  ions u - c -  LT-~ ven L ’n ‘- p ~’c-n ix ‘
.

Pou r types of l ehavioral cor mn t ratnts are i luc (en in tine present

version of’ t I r e  design progr&’ni. These ‘nrc :

(1) 1 b o n i t o  on the tensile arid compressive :n ’ ’—nnes Tin ‘t i -  t rn:~ r

- Ic-merits and limits on t t e  von ‘( i s - ’: ‘-q - ij v i d i- - nt st r c ’s sP s  in

h~- planar elements;

( :: ) limit s on s n-h i-Vt displac- i e ’r i s ;

( I  ) I to to - - on relati’re m n -  c! I] mnm - - 1 nremn ~ r:’ ; ; ~ m n (

~, ) i~ innit on devc’ op c- c i ‘-~ - ‘‘ 5 : r i  n o - ; ’-  5 t i - c - sm ;  :, - eyi ~~i to’ f’tt cr on ’-
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In addit ion , mcimmi:n umn i ron ‘cc- x in-cs-on sI-ic 1 t m i t :  cm on:”- : - s  1gm-n v n v t ~~ Ic-s ire

Lnclud i- - t .

The nrograo has Irl -n i ;m n - -oh in- -n Ti no - lu- n: ir~,i t h e  n ,Ti  0 sulm rnn t i no • j
routines an’- wri’ t-en in FORTPAiI i n ’ . - - ‘J

~~1 n mr crnut I S l u m - n bc- is U~~ F - - , 711

n ’rr ncr rmn are included in u~ single blank common; ’ i n c  l - - rs-~t h of ‘- ‘ic-h a’u—; -- to;

dynamIcally allocate-i in t e r m s c l ’ t int’ pert  n - ’nl  i n n : n u t  :rn r n r o ’r —  n

a ud i t  inn , there one 1(2 labeled common 51cr; n . 5j] real v an i a ci - ’  -on-n

constants are declared as single precision r ommni~r- n - mc .

Program Struc tu r~ -n
;~~~

The runt- ’—,’ of ’ t in ” ;u ’og r~ L’n is II lus t  i-- 0 i r -  I is ‘- (~~
-,. Al .  uh-r r ’n ’ 

SIfS is l is ted in F i t ’ — . Al . ~-verr7j1 control of ti ’- n r t d -jc t i n  - ,ni - - :Pr: in-n:

: c n n c m n np] i n h e - I  In FA TS . ~- ‘::l control t r ans fer s  n- r” c - I  - n m - n - - - : T i c  I-S- I T .

The four ma; ir functions of t I c -  1 :Orr1~- n m - c : (i ) i’;~ nut ( )

analysis ; (3) constraint evaluation ; f l n -  r - ’ 1 e m n i ~~n .  The f ’t rn : t .  c a ter

function , data Input , is accompitnin ”- : in the  steenlag subronn: 5~~~n :~~~
‘- 

~~~~~~~~

Pesides data input , A T/i lL nccom-ipiioines the -i ;,-nao t c nllocatt -i-r 01’ all

arrays and tine calc’rllat ion of’ the nit t f ’ fne ss  g n a : i ’c ’ c ~ar.c s t c - r a~ - ’ in

compacted form).

The ac-cond ma for f ’mnn -n t ion is a finite c-ienm’-cnt i t r erin ana n -rs n o ,

Inclu d ing , wn”-n sn)”(-If’le l , I ~ e caL-’imlat ion 0” le ”culoped o;o’’ in~ ~ udc- stress

I n ’ ’- n n l t v  factors by the compltamnr’ nc-tIme d. Thc- ;‘j:t- -n nfl “fr no man r ix

Is :n~,rnt i , -nize ’t in I S [F’ ’ , the  system d i m - n ] a c e n c - m n t  in cnic’’Juc tr ’h in 751 1-

an ’: ~i~~’ r n F ~~~~
,. -r  m t ~~‘ ~~5c’s ca1c~~ate-; i~ - ( ~~~~ ~-,T( • If’ “ - - o s t  n r c -  c m - so T’i inn ’ n ’

c -n4 jv c- ( IAC’ TIV (I~ ) i )  then t w o  r n , , ’ :’ - -s a ” - n - c r - m i r e , ,  n ine ‘-. n n c - i v s i :  w i t :

c rack area A ‘m n h  t im ’ -  ot “r i -n c - I s i s  wit h c r c - n - - ! m r c - c n  i-i - ‘. -

‘1 

~~~~~~-~~~--  ~~~~~~~~~
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houndary conditions correspond ing t o  suppre ’ sad notio n (‘o close n c -  c rac’~.

from A. to A
1
) are Imposed In i T ’OUN !J. itress Intensity fanton’s ar c-

then  calculated in C’ -. [ / ’FT T.

The third major f’unction icr the evaluation of’ t 5~- constraints ,

including t ine  identification of near active corir-tr ;ins inn t-~ hEh . :;r a d ic - r nt s

of the near active constraints are then obtained in i[h ;FII1T ani -me p en ’f en t ,

constraints are eliminated in F~I L ’—~~T.

The fourth major ñ1nntion is the iterat ive ~- -de c r i g n . The calctaa-

tion of the Lagrange multipliers an-I the design factnom-mn , tm -n c- i’noosloiorm of’

move limits , the trial resizing and the elimination of inactive o-or n~traints

are accomplished in steering rout ine RE DESN.

Isiput 1)ata Preparation

Required input data cards  are describe-i  f’ully In !-pnendix TI . The

following description is only for that portion of data which : i i f ’t ” - r m n  fr ~~-n

the data required in ordinary finite element programs .

1. f)esi~n variable linking

Element s iz ing variables A . (the areas of’ the t russ ,-ir--’I ’ r : f :  and

the thicknesses of’ the planar elements) are linked n design va- ’ic-~ l s

through the linking n~~trix a . .  so that,

~~~~

_ ) 0— , - -

A . = a . - I t
1 lb ~I 

~~~~

- i en ’n r a l  ized l inking  is ut - o v i l e d  ; t I u r i t I S , lf ” '- ’ m- ’ - r - . t ‘ - 1  ‘mn- -n I  t n’ —’s may i ’m

linked t i n  th~- sarte d e n -  i~ n v a r i r u i , l e  ‘ - n m  “le n en I .S nay i- - - 21 i nJ -m -’ -m to one or

_ 
_ _  -- 1,~~~

_
~~

_
~

_ _ __  



more desi gn variables. For each clement it is necessary to spec i fy t n e

cort-espond thg lesign var labl m and the value of t,he linking coeff ’1 lest

F. ~onstratht criticality buffer

- on A constraint is strictly critical if = (i . or if 
~~

1.0 = 1.0. For numerical purposes, a constraint is assumed active cnn

governing the redesign if

FILTER = 1. - - -~ F, < l.C- (A~: )

where 1on~ is the constraint criticality buffe r and FILTER is t ine variai-l~

name of the quantity 1.1 - h . Default values of FILTER (an~ the constraint

criticality buffer  ~
) are obtained by read ing in a zero initial value.

3. Dependent con-~tra int f il ter

The linear equations to solve for the Lagrange multipliers of active

const raint s , Eq. (it-), are functions of the constraint gradients. The

cons traints for problems with synm-ietry 1-inking are dependent, and therefore,

so are the constraint gradients and the equations for the Lagrance multi-

pliers . Dependent equations are eliminat ed by comparing constraint grani-

jents term by term . Constraint gradients are assumed equal if the d i i ’fe r-

c- nec is less than ~F i F where

ES Th’ = 1
L,fl’ (A3 )

and NS TF Is t he  expectel accuracy of the computer in terms of the number

of signi~’icant digits.

67
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APFI,-C:hiX B

IN?JT F/TA )EI~CH IPTIflT -T

i) Control data, two ~n,.r, m mn .

Card 1: (1 OAt . );  heading

Card F : ( i ~

eolurnn s 1-5; number of nodes .

‘olusnnn s (--10; number of’ element types.

columns U-15 ; number of elements.

columns l6-2P ; number o~ design variables.

columns II1-?5; number of load conditions .

columns (-30 ; number ot’ design cycles.

~
) £~ode point ‘iata input , one card per node (3E 15.6 , 3 15 ) .

- olumns i - I  ~- ;  coorciinate

colij~ms l — - ’~( - ;  x2 coordinate.

col irannn - ‘~~ ~~ ,i ; x -~ coordinate.

columns -- -- --- ; code for x1 
0, f ree .

col.ur-nn s :~~~_ t-~; code for x. =

columns i-1( _
~~~ a ; code ~

‘
~or x3 1, constrained .

~ ) Fi’~— i c -n~t input .

( r c  card p-m ” ' element type ( i ~~n ) .

coli~’in s 1- ~ ; t ype number of’ element.

columns ‘ - -i- - - ;  number of elements of’ type.

columns l]-lJ- ; blank.

columns i(—F0; blank.

element cards.

Card 1: ç5F :l~~.’ , 15 ).

columns 1-13; elastic modulus.

68 
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columns lo-F6 ; Poisson ratio.

columns 2 7-59 ; weight density.

columns i c0~~~~; analysis option (1=piane st ress , 2= plane s t ra in) .

one card per element (815 )

columns 1- 5; nod e I.

columns 6-10 ; node J.

- - 
columns 11-15; node K. k
columns 16-20: node L.

nodes numbered counterclockwise
column s 21-2 5; node M. from I - P

columns - ‘(-30 ; node N.

columns 31-35; node 0.

columns )(-- ~~0; node P.

two cards per element

Card 1: (ic - ) ;  design variable number.

Card F: (El3.6); linking coefficient

1~) Design variable input .

Card 1: (E13.6); default design variable.

Card 2: (~ El(-.I~).

columns 1-13; default minimum value ,

columns 1t~2~~; default maximum value .

one card per design variable (3ElS.(-).

columns 1-13; design variable value.
-t

columns l~- -1( ; minimum value.

column s Ci ~ ~; maximum value.

c ) tor I data input ..

one ‘~~ r - per b al e nc~n e  ( i’ - , 3E16 .().

- -_- — —- ‘- — -~~~—-~~-- - - --- - - S —--



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~

columns 1- 5; node .

column s 6-10 ; load condItion.

columns 11-i 3; x1 
component of load .

columns 2~m-~’(; X,) component of load .

columns 37-~~~9; x~ component of load.

()  Constraint data input.

control card : (~+I5 ) ; constraint activity.

columns 1- 5; stress activity

columns 6-10 ; displacement activity 
- - 

0~ flO n a~~~]V C.

relative displacement
columns 11-1); activity 1, active.

columns l~ -FC; fracture activity

element , cards (if  IACTIV(1 ) =l) .

Card 1: (Ei ~ .().

columns 1-13; default tensile yield.

(nc-lumns lt_ c( ; default- compressive yield.

one card per element (2E 13.( -) .

columns i-if- ; tensile yield stress.

columns 1--2( ; compressive yield stress.

node cards (if I A C T I V ( ? ) 1) .

Card 1: (FF13.6).

columns 1-13; default upper displacement limit.

columns 1-c-F~ - ;  default lower displacement l imit .

onc- car l per node ( t:13.().

c-olurnns 1-15; upper displacement limit.

columns 1IL_1(; lower displacement lh-nY .

7C- 

~~~~~~~~~ -_-- - - ----- - -~~~~~~~~~~~ --—--~~~~~~~~~- - -
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’ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

.:~

~~lative displacement cards (if L~CTT ’ -

c ar l  1: (E13.(); relative displacement 11-’-

~)flP card per constraint (c i’ ).

-
‘ 

columns 1— 
~~
; node A.

columns (-id ; node on

columns i l_ lu ; load cond ition .

- - - - - rr-’~ative i a- -~ne:--I.columns ly -  x~ Irec +~~on cod el not active -

column s Fi-2~~; ~~ direction cod e

- . . relative displacer~er~columns (—CC - ; x-. direction code
active .

fracture cards (if IACT IV (n c ) ~ 1).

Card 1: (E13 .~~~- ) ;  intensity factor limit.

one card per load condition : ( t ~~) ;  load condition activi ty.

7) Cr ack data input (if’ TACTIV(b)=1).

-Card 1: (5i-1l3 .( ) .

columns 1-13 ; crack area factor .

columns i-~-2( ; crack length.

columns 27-39; crack extension.

one card per constrained crack node ‘
~~T 5) .

columns 1- 5; boundIng element t2-pc .

columns 6-10 ; b ounding element num~ er.

columns 11-15 ; design variable number.

columns 1~-- - ; initial crack front n o - i c .

columns ~ 1 -l5 ;  f inal  crack front node .

~~) Constraint elimination -Ia t ’ t  ir ipu~. (~~l~ - , 3El5. ( - ) .

colinirns i-fl ; r i e r ; er  of’ constrairt gradients calculate-I.

71

_ _ _  _ _ _  _ _ _



-~~~~~~~~~~ ---~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~ .i

columns (-l-~; ;  blanic .

eolumns 11—15 ; ic I ’ cO~ t on  option .

columns l(-- ~ ; fl’.

columns 2b--l; blank.

columns !~-2 ..’C~; i’TLTF - .
L

• ~
) Move limit data (215 ,2E13.(-).

columns 1- ~; blank.

columns -‘ -iC ; fully stressing or t lor . .

columns 11-1 3; r ove limit A .

columns 2~~~5( ; ~~~ly nt r es s ing  move limit i ..

10) Print switch data input (5i ~~)

column s 1- ~ ; member area print onwitch.

columns ‘--10; nodal displacement print switch.

column s 11_1c ; member stress print switch.

columns l ( - I O ;  constraint print switch.

columns 21-25; gradient print switch.

switch = 0, no print .

switch = 1, print.

72 
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A PPF-,N: IX C

I-’ThITE F C-tf l F’I’F ITCiI-Ci lEN CTFFSS tCL- -IYC- I~-

The s t i ffness ~‘elat ions fo’- a t o n - e a r  e ia st i - -  - ru ct u re  are

[K] cu (Cl )

~ r e r e  the system st iffness r l it r l x  L-e i is obteire~ by di r”r ~ a : - i it i c :  of ’

-
- the element stiffness matrices ~~~ -.‘i th

1

1 - T -[~~ . = - ~n } ~E ] [ B } d v  .
1 -

In r-q . (~~~) , ~P-1 
i•~ the i b n e ar  st r a in displacement. matrix for  element I,

[El is the matrix of elastic c mot-ant s and V is t i e  volume .

i rtef’ ~erivat1ons of the stiffness properties of the finite element-s

used in the present versIon of tt~e design program are given below. Ti- c

two—node truss eltement (Thuf ’-i l ) is r special case of the ThI]cC5 ‘-1ener~

and the thr ee -~~o- ic t r iangle (c~3T) and the  four-node quadrilateral

~UA P~ ) are special cases of ti- c ~UA ~ elements; therefore , t de  Th~ I TC 3 .

the  OCT and the QLA -~~ elements are not Iercr i ’ e- t  separately. ~-ur ’~ er

details of’ the stiffness calculation can be found in many t - x-ts , including

Del’ . ~9 .

Three-Node Three-Dimensional Truss (THUCI ’> 3 ) .

The three-node subparametric truss element Ic shown in ~- i g.  Ci. The

coord inates x1, ~ç an— i x 5 are system cartesian coordinates , C is a

local coordinate along the trus8vrtrying from C) to L (the truss length)

and Is a natural corrrl thnte along the triics vary ing from -J to 4 1.

75
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I
The isp i acement u a_Long the truss i r  a - n r c  I -;ua i ra’ Ic in ~ be

natural cc)r -dinate r, that Is,

r 1 , , C ,
U = 

[~~
- \1 - rj  - ,

- t
~l 

- r ) I~
-
~i

+ (1+ ~) - ~ (1- r2) 1l~~4 ( 1-  r’
~ )u. ( C3)

where u1, u~ and u
k 

are the system displacements at nodes i, j an- :

k, respectively. The system nodal displacements may be written in ten- s

of the c~~ponents along the system cartesian coordinates (u11, u.,,

etc.) and the projected lengths of t russ along the system coordinates

(~~~, ~~, and where L -
~~ I~~ , + ) ;  that is ,

-
U

1 
— U~~~~~ 

L 

+ ~ il ~~~ + 
~~I3 L

L.
= uj1 —f- + u

12 —i-- + u~~5 
—~~~~ ( - C L . )

U
~k 

= ual
-
L + u

~k2 _f: + U
kS L

The linear strain displacement relation is

r )

The displacement is given in terms of’ th e  natural coordinate r an the

st ra in  displaceme nt- relation is in t e~~ns of the local coordinate C. 
- 

~-

Therefore , i t  Is necessary to reia~ tne natural coordinate derivative I

and the local coordinate derivative to evaluate the strain . Py t De

75
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~~~~~~~~~~ ~~~~~~~~~

chain rule

d~1 d  -- d

~~~~~ 

-
~
---

~~~~~~~ J~~~~~~~ Ct . )

where J Is the Jacobian operator relating L1 c- natural and local

derivatives.

The local pos ition coordinate C is linear in term s of tI - c

natural coordinate r , that is ,

L -
S -r (1 + r )  LC7 )

and .1 = dS/dr = L t .  The order of the position coordinate in r is

less than the order of the displacement function ; hence , the term

suhparametrlc [2 )1 .

The strain is

du -l doI- = = ~

~~ [ ( ~~~~~~~
+ r )u. -~ ( 4 +  r 

~~~~~~~~~~~~ 
. (c5 )

Cu I- r - t J tu ting  for u~ , u~ and Uk 
from I-lq . (‘:) gives

E = Dl fU~~ ~onTt) )

where

7~S



T

~ 

~~

—-__ - - - ‘ -

I 

( - ~~ + r ) - ~

- 
(- --~- +r )-- j~-

T - -  

( 4 + r ) ~~~ 

L
[BI = 

~ 

‘
1 

~~+ r) —i- -
, (:11)

— _~ 
( 

~- + r ) ---~

~

_ _

~
‘:‘ ‘

-

~ :::~.
- 2 r -j~

and

I
I

U
j3

U
~k2 ( . (Cu )

U . -
j i

Uj2
Uj 3

The st iffness matrix is

-

L 

Kl 1 = IBI T E[BIdV . (012 )

77
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For constant truss area A ,

[K] . = A ,1 
FI

T 

E 1 B] d s

L r l
= A [BI

T E [B ]  ~ dr . (cis)

o n -  Explicit integration is replaced by two-point Cuass quadrature so

f l  -
. 

that
-

.

[K1 1 = ~~ w~ [B ]~
’ 

~~~ 
(ci~ )

where W . is the weighting function at integration point j  and [Dl .

Is the strain displacement matrix evaluated at integration point j.

Eight-Node Planar Quadrilateral (QUA DB).

The eight-node isoparametric planar element is shown in Fig. .

The coordinates and x~ are system cartesian coordinates and r

and s are natural coordinates varying from -1 to -~- 1.

The geometry of the element in the cartesian coordinates is

“mapped’ into a s imple square in natural coord inates for ease in inte-

gration for the stiffness coefficients. The mapping or interpolating

functions relate the cartesian and natural coordinate positions so t:a~

- - T 1-x - [ c - I x~~1 - g  ~~l

= ~~ 1
T ~~~~

- g -

78 
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r - - —

where

~ 
(i-r)(l-s) - 

~~ (l- r) (l-s~~) - ~~l -  r~~) ( i - s ) j

- ~~~ (l+ r)(l-s) -
~~~~~~ ( l - r~~) ( l - s )  - 

~~ (l~~r)(l - s )

~~~ (l~~ r)(1+s) - ~~~ ( l - ~~~~~ 
)(lfs) - 

~~

~ ( l - r ) ( l + s )  - ~ ( i -r  ) (l~~ s)  - ! (l~~ r~ (l~~ s2 )
fC
gI
T 

~~~~~~~ 
- ~ (ci! )

• (i- r )(i- s)

.
~~

1 , ~~ 
2 -

- i f rj~ l — s

1~~~ ~l - r  )kl+s

L -

~ 

(l-r ) (1-s)

and [xl is the vector of nodal x1 coordinate pos itions.

The displacements u
1 

and i.~~, along t b -  x
1 

an~ x . axis Ic.

terms of the natural coordinates are

r 1 1
T 

(01

T 

1 i~~~~~~~i1 - 

(-:17)

T - T
U- -  — 

[~O1 ~~~~~

where Ic ’~ are the interpolating or mapping functions and and

are t h i -- vectors of’ th e system nodal displacements a ien~ th~

L

and x., ax” s, respectively. The geometry and the deformation are tbe

same order In the natural coordinates , that is R )  = [c 1 . T}:’t:- , the

8o

- L - - ~~~~~~~~~--- --- - -~~~~~~~~~~-------~~~ --~~~~~~~~~ - - -  A
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’

- ,~ r~~ P is an isoparametrt—’ element [1- 9].

-~~ - The l inear strain d isplacemen t relations are

4

= -
~~~~

- 
~~oi8 )

-

~~~~
C

1~ 
- 

~~~~~~~~ 
)

or

1c.1  = =

2E
12 

[c 2 iC-~~1 
_j 1L I  ~

= [~ l ~ I . ( C l i )

It is necessary to relate the natural coordinate derivatives and

the system coord inate derivatives to evaluate the strains . Dy the

ch n ln rule

-

~~~~ 

= 
~~~

-
~~r 

-
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Therefore,

:1

L~I~~ . ( -
-- I )

Equation (Cl~i) can l-e used to obtain the strain displacement matrix ~ 1

in term s of the natural coordinates.

The stiffness matrix is

‘

~ 
I = F [BI

T 
[El [B)dv . ((r.C)

i’or constant thickness t,

[K 1 1 = [~ ]T [E]~D]~~

11 rl
= t I I 1~~1

T [ E1 [B 1 L~ :d r ds . (
~ ~

)

The explic it integration in the natural coordinates is replaced Dy

Cnuss quadrature so that

{K 1 1 = ~~ w~w~~[F(r~~ 
)] T E 1 [P ( r 1 , S . ) ]  v- L)

j=l 1=1
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where w1 and w
1 

are the weight ing functions , D ( r 1 , s1
) ] iS the

strain displacement matrix evaluated at the integration point ( r .  , s.)

and n is the integration order equal to 2 , 3 Cr ‘- (the lai-~ er

values are necessary for accuracy w i t h  highly distorted elements).
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EFFECT OF DES IGN VARIABLES ON LIFE OF STRTJCThRES SUBJECTED
— 

TO CONSTANT ANPLFI~JDE CYCLIC LOA D INGS

When l in en— e~.a n ti c  ~‘r uc -tu  r--  m e c r a n  L-s is aj ip i icah ie t h u -  s t . ’C-1 (-

crack ~r -~w-t h rate cla/dN during constant amplitude cyclic load ir~-

(between o and a ) can be e-cpreased asmax mm

OR. 
= 

I ( - ~onC~- 
-tj - ) (~‘• dN JN - ‘ - m ean

I
- 
i~
. 

-

where N is the number of cycles of loading, ~-I = -

~ma >c :r.in

K 4 (K K ) . Thi-~ 1.ornreter h-~ is the stress int~’c.sItymean I Imax mm max

factor at a = a and I is the st ress intensity factor at amax ra: in

a = () if a - < 0 . . - I: ~-p~~~imenta1 results  exhibit  a linear
mm ‘i n n  mm -

r~ I1 at ion between log (da/dN ) and log (~\K) for constant values of mean

stress (with n ignificant deviation only near final failure) [30], ti~at is ,

= C ( \w )~ ~
- j

0 ”

where C~) and n are enpir ica l  constants de ~~t ined  from tb’’ es~ c rinent a l

results with n usually in the range 2 . 1 K ~ < - - .0.

Solving Eq. (ri~) for dO and integrating bet w ’en th e  init ial nr a - -k

si ze a and Ihe  c r i tica l  crack size a ~Ives the number or cycles t oI C 
- -

failure N , (tb ’ lire of’ tb .- structure ),

a

N r ~‘ 

(‘)

a. (AK )~ 
-

The cra t lent of the lif’e with --espect to a design variable P . iS

L ~ 1
_ _  - -- - ~~~~~~~- - - -- - -~~~~~ ----- ~~~~~~~~--~~~~~~ -~~~~~~~-.
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c - -£ 1 1 C / 1
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~~~~~~~~~~ 
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The durability requirement in bef .  20 states that a. = b. l  F in.

F’or fail-safe design of stiffened panels a = a
t, 

the threshold crack

size . The stress intensity factor -~~~~~ and the gradient Ydd/’~ D . can

- 
- 

- 
be calculated as discussed in Section IV. Then the integral equation

for the life, Eq. (23), and the integral expression for the life gradient ,

Eq. (D)4), can be evaluated numerically. To complete the life gradient

calculation it is necessary to evaluate ~~~~~~~

In the initial stages of crack growth, the crack length is srnaU arC

the stiffener has little effect on the near crack tip stresses. Therefore,

an approximate calculation for the critical crack gradient can be o)-tained

using the analytic solution for a crack in an infinite sheet,

K
1 

= a r~~T . (~~ - )

Equation (~~) is used only to estimate the gradient 
~~~~~~ 

in ~a. ( D L .) .

At the onset of fast fracture a = a and K1 
= K~~. SubstitutIng

= a and K1 
= K~~ into Eq. (D 5 ) and differentiating with respect to

gives

~K(. / / - -= a -
~~~~

-- 

~ 
7O
c / 

+ ~ ~a 
) ~~~

Solving for 
~ c’~~j 

gives

85 

~~~~~~~~~-- - -~~~~~~~~~~~~~~~
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3 .1

For the example problem with iesign variables i~~, ID and 1

3

(and assuming the crack in the stiffened panel acts as a crack in an

~nf’inite unstiffened sheet ) ,

a
a = -r~

- ( _
~~)— S

where q is the far field line load . Therefore,

0 , j~~~~3
= (29 )

— a/ ., j 3

so that

Na
- -  = 

~i3 ~~ 
(:i )

where is the Kronecker delta. This result implies that ~~ is

constant over a sufficient  range of l~ (see Fig . 8).

Substituting Eq. (~ io) into Eq. (D1~) , gives

ati 2a c -

= 
C0 AK1

~( a )  
- “ 

— 
~~~~~ 

-

~~~~~~~~~~ 

-v-- da . (Ill)

Numerical results for the st iffened panel with = .5 in., 2~

0.) ~~~ and D
3 

= 0.07 in. and a at 
= 5.C in. gives

_ 
_ _ _ _  _ _ _  - -  --~~~~~~~~~- —  - “- - - - - - -



~ (K /K )
I C 

= —

~~D

1 

- -

~
(K i/K c)

-

~~~ 

÷ O.00 d5 O.~ (:-l -
~

-4

=

- Since ~K~ / -~D . is proportional to ~n/~D . given a , these results suow
3

that for small cracks the skin has the greatest effect on the stress

intens ity factor , jus tif ying the approximation of -Iq.  (P~I )  to estimate the

critical crack gradient Also , it is obvious that

> 0 j = 1,2,3

showing, as expected, that a decrease in the design variables will d~~-r e~ se

the life of the slructure .
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