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ELECTRON STATES NEAR SURFACES OF SOLIDS*
Daniel C. Mattis
BELFER GRADUATE SCHOOL OF SCIENCE

Yeshiva University
New York, New York 10033

ABSTRACT

The mathematical thecry of electron eigenstates mear the surfaces
of solids is developed in stages. We first study the eigenstates of
solids which terminate at a surface but are otherwise unperturbed, and
prove that near the surface the 3-dimensional band edges are 'softened"
and van Hove's singularities in the density of states are eliminated.

A set of '"vacuum states" lying primarily outside the solid is constructed
out of plame waves orthogonalized to the eigenstates of the solid. This
set of vacuum states is not orthomnormal, and must be orthonormalized by

an original procedure, different from that of Schmidt (which is unsuit-

D cnilile e il e

ed). Effects of surface perturbations are studied. An exact methoa

is elaborated for obtaining eigenfunctions in closed form, for a variety 1
of perturbing potentials, extending arbitrary distances from the sur-
face and including inter-band matrix elements. It consists of calcula-
ting the effects of one surface layer at a time, and cumulating the re-
sults. The intrinsic instability of certain surfaces against the forma-
tion of bands of surface states is shown to be the consequences of the
vanishing of a bulk quantity o, one of the components of the inverse-

effective mass tensor, at certain points in the B.Z.

’

*Research supported in part by the Office of Naval Research, and the
National Science Foundation.




I. INTRODUCTION

With a vast literature now appeared on various aspects of the
theory of surfaces of solids, it might seem that the scope for further
investigation is thoroughly circumscribed. Yet, even & cursory glance
at this published literature reveals the lack of strong mathematical
underpinnings, of the type that Floquet's theory and group theory gave
to thf electron states( the Bloch functions) of the periodic solid.
m‘%-f the published works consist principally of detailed numerical
investigations of the Schrodinger differential equation in the neighbor-
hood of the surfaces. There, perturbing potentials, both one-body and
two-body, are taken into account, self-consistently in the best of
these investigations. The study of easily solved simple models, such
as nearest-neighbor simple cubic ("cubium') structures, yields only
qualitative '"seat of the pants' experience but no generally epplicable
formulas or theorems.

In the present work we have taken an approach which we hope the
reader will agree to be justified and rewarding. ©wr idea is that in
any surface problem, the proper basis set in which to do the calcula-
tions must be adapted to the symmetry of the problem, in this case the
termination of the solid. If this feature is 'built in".uh‘;\many fea-
tures common to all surfaces can be identified in ndva;ge, and the cal-
culations for specific problems reduced to & minimum.

Then, in studying the effects of surface potentials on thesm sur-
face;ldapted functions, we find aiﬁ::f:iy-aso now quite muted and p;e-
dictable; when the perturbing potentisl is sufficiently strong or the

energy contours sufficiently flat (the aiz =0 cri:erionl- see below),




there appear bound states, that sre identified as surface states. 1In
general, the basis functions are scattered among themselves by the per-

turbations at the surfasce. Calculations of the scattering and of the

bound state properties can be reduced to straightforward simple algebrs,

and the introduction of more sophisticated effects (many-body corre-

lations, principally) then involve no more difficult concepts or calcu-
lations than for the bulk. While not a universal theory of surface of
solids, the present work does outline procedures that re-cycle to &
maximum extent the considerable information, already available about
periodic solids, to the study of the surface related properties. Let

PLYIN */_o’ vad .

us now examine some of the concepts that help=bedmg<thiscabout.

Although chemists describe molecules as a collection of atoms in-

terconnected by 'chemical bonds'", these being quantities which retain

their integrity (length, strength, and relative angles) 4in a wvariety

of compounds, little use of this important concept has been

made in solid-state theory outside the framework of such approximate
schemes such as LCAO. In the present paper, we make the obvious iden-
tification of the bond K(Rij) connecting an atom at R1 to 8 second atom
at R, as the lattice Fourier transform of the band energy cn(k). The

3
exact Bloch energies en(k) and corresponding eigenstates tﬂk(r) of the

perivdic 1sttics sre rhe nrincinal dineredients in the present formula-
1

tion of the electronic theory of surfaces of solids.

(A) Our theory of surfaces is developed in several stages. As the
first and most important step, bonds which connect the '"inside' atoms

to "outside' atoms are cut at a surface introduced into an otherwise




semi-infinite solid; internal bonds a&s well as the internal Hamiltonian
retain their bulk velues. The exact new eigenstates are then simply
obtained as linear combinations of the Bloch functions, the coefficients

being determined by a set of boundary conditions. While this procedure

Q_\(p\(c't L
can be carried out 1azitiieﬂiil only for extremely simple examples of

nearest neighbor or next-nearest neighbor bonding? or for an empty lat-

tice, our method is so formulated that in general, exact eigenstates

at this stage can be easily computed mﬁ’, using simple matrix
algebras on the known bulk solutions. Moreover, we derive a veriety of
properties of the eigenstates of the terminated solid without recourse

to numerical methods. For example, we prove in sll generality:

~There are no '"surface states', i.e. no bound states lying in the
ranges of energy forbidden to bulk states. The energy eigenvalues of

the eigenfunctions of the terminated but otherwise unperturbed solid

interlace the Bloch energies, from which they differ only to order
O(I/Nz), where Nz = npumber of planes of atoms parallel to the surface
-y ’.

-At energies cn(k) such that the velocity of an electron perpendi-

cular to the surface b = ﬁ-l aen(k)/akz vanishes, so does the relative

probability \tnk(k)\z of finding it at a finite distance z from the
surface. Thus the locsl density of states (l.d.o.s.) at planes near
the esurface ¥w¥a are lacking the accumulated contributions from band
edges and saddle points in the energy spectrum, with consequent erosion
of the band edges and elimination of the van Hove singularities charac-

teristic of the bulk d.o.s. and band struc:ure.3
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(B) Turning to the second stage of the theory, the instabilities of
the new eigenfunctions against simple model surface perturbations is
examined. Generally, surface potentials, or changes in the bond
strengths, can "pull" eigenstates into the surface or '"push" them out
of it. More importantly, such perturbations can ceuse bound states,
i.e. surface states, to appearéliézgé:;the continuum of the Bloch
states. Thus, for a given point kx’ky in the two-dimensional (2D)
Brillouin Zone (B.Z.) of the surface, we could have states lying out-
g#ide the continuum of energies en(kx,ky;kz)(defined by allowing kza to
wander over the interval == to +n), provided the‘perturbation is suffi-

ciently strong or the incipient instability sufficiently great. At

this point we show that the instabilities arise at or near certein

unusual points in the 2D B.Z. where the inverse-effective-mass parameter
-2 az

2 ;
azz(kx,ky) = N gn(k)/akz vanishes, the derivative being evaluated

at the values of.kz for which cn(kx,ky;kz) has 4its maximal and/or mini-

mal values, at fixed n,kx and ky. Only & knowledge of the bulk band

structure and & choice of surface orientation relative to the crystal

axes (to determine the orientation of the z-axis, normal to the sur-

face) are required to locate the zeros of @, and thus to establish

the bands and surface orientatjons most likely to produce surface s:ates}
(C) In the third stage, more general perturbations are considered

and the mathematical procedure for obtaining the new eigenstates and

eigenvalues — both in the continuum and for the bound surface states

— 48 developed. It is only for large perturbations that we can expect

to see surface states lying within the bulk band-gaps, es weak per-

turbations produce surface states whose energies usually overlap parts

P
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of the bulk continuum, #i:do not mix as long as they belong to

J
different values of n or kx and kv.ff The various contributions to the
perturbing Hamiltonian include: & changed Madelung potential (zero out-
side the solid, varying progressively to its bulk limiting value at
large z), a macroscopic dipole moment due to the imbalance of forward-
backward charge on orbitals of surface atoms, relating to changes to
the usual Hartree-Fock &and correlation energies due to termination of
the crystalf In sddition to scattering of the various eigenstates,
such perturbations can also mix different bands (conserving kx,ky how -
ever), resulting in & distortion (rotation, elongatién, or whatever)

of the original bonds. They can also admix the 'vacuum states'", ori-

ginally decoupled by the breaking of surface bonds.

For the purposes of a reglistic calculation, one must therefore re-
introduce a2 complete set of states for the outside space — the ''vacuum
levels'. These may be chosen as acomplete set of plane wave states
displaced by &n energy determined by the magnitude of the work function,
and orthogonalized to the eigenstates of the solid near the surface.

A procedure for doing this is outlined. The perturbations described
in the previous paragraph have matrix elements connecting the inside
states to the vacuum states as well as to each other, and so we had to
have c‘acheme far calculating them.

This work is intended to provide s thorough introduction to a va-
tiety of new mathematical aspects only; we intend to present applica-
tions in subsequent publications. Problems concerning "reconstruction"

of surfaces are also deferred.




I1. SOME FAMILIAR BUT USEFUL CONCEPTS
'
The bulk Schradinger equation H¢(r) = e¥(r) determines the complete,

orthonormal set of Bloch states ¥ . These can be written in two distinct

ways: —

- -k i = -
L L N e r_ynk(r)] or
= 2.
" 4 1(K-R,)
] k(r) = Nx,y,z Tz e Gn(r-R Dty
3

in which unk(;) is & function having periodicity of the lattice, and
Gn(;;ﬁj) is the Wannier function for the nth band at the Rjth lattice
site. The orthonormal Wannier function is localized within a small
neighborhood of its nominel site, decaying exponentially at large dis-

ances from it. The energy eigenvalue of the above Bloch steate is:

; 7T
e k) =——— T T e Ik (R, .} (2.2)
n - -— n 1J
X,Y,2 Ri RJ

It is, in the extended zone scheme, periodically extensible into the
second, third, etc. Brillouin Zones. For our purposes, knowledge of
(2.2) for X in the first Brillouin Zone is sufficient. For the study
of surfaces, an even smaller, two-dimensional, Brillouin Zone is impor-
tant. Let the normal to the surface plane define the z-direction, so
that the surface defines the x-y plane. The new boundary conditions

at the surface and the perturbing potentials localized near the sur-
face may or may not affect the translational symmetry in the x-y plane.

When they do, we say the surface is "reconscructed".6 In the present

work we avoid these complications. We shall always assume the surface




to be unreconstructed, i.e. we shall make strong use of the hypothesis
that the translational symmetry 4in the x-y plane is maintained exactly
as in the bulk even though this symmetry is destroyed in the z-direc-
tion by the surface.

At every fixed value of k“ E (kx'ky) the energy e(kH,kz) achieves

8 minimum and & maximum, at kz and kz tespectively. These will

min max

be denoted the 'relative band edges® to distinguish them from the 'ab-
solute band edges'" at which the entire nth band achieves its lowest and
highest energies. We denote the lower relative band edge e:in(kH) and
the upper one e:ax(k“).

At any k in the nth band one defines an inverse-effective-meass

=
tensor o with nine components Qn,ij given by:
o B = ()2 i ®) (2.3)
n,ij Bkiok n F

In surface studies, one is particularly concerned with just one of
these components, o , evaluated at k
n,zz z

in

,22

and kz . We introduce

min max

(kn) and a:f:z(k”), both functions

only of k”; quantities which, together with e:in(kn) and e:ax(kn) we

the self-explanatory notation o:

must evaluate using knowledge of the usual (bulk-)band structure.

To f£ix ideas, consider the hypothetical simple=-cubic tight-binding

"cubium', which has a band structure:

€n - xn(cos kxa°-+ cos ky’o + cos kyao) (2.42)




for the surface perpendicular to one of the crystsl axes, and

€ = K (cos k 8 + 2 cos k a 2-35 cos k e 2-%) (2.4b)
n n X 0 y o z 0

for a surfsce in the (0,1,1) direction. For the first, (0,0,1) orient~-

ation, we obtain assuming K< 0,

= min,max _
kz _ (975 kz e n/a, € Kn(cos kxao + cos kyao) + K

n

min,max
and o
ZZ

= 2 4 =
= \Kn!ao (setting * 3RS
whereas for the second, (0,1,1) orientation,

- / %
K, nin = 0 for cos\kyaoz )> 0 and k,

= b =
min = ™ /a, for cos (kyaoz 5< 0,

with k = ﬂzl‘:/a in the former and O in the latter case. Then,
z max o

SiEaa L o (cos k.a =2 |cos k a 2-!51)
n X 0 v o
and
min,max _ 2 =%
o, =| K 8" cos kyaOZ | (2.5)

For the first orientation, the two-dimensional Brillouin Zone (2DBZ)

is 8 square extending from -n to +mn for both kxao and kyao. For the

second, it is a rectangle, with kxao extending from =n to +m while kyao

X min

extends from —ﬂ2’5 to +n2°. We display contours of constant € and

min

the behavior of o, in Figures 1 and 2 ('max and o"°F are similar).

In equations (2.1) and (2.2) the factors Nx v,z refer to the total

» )

number of cells in the 3D ecrystal. With Nz the total number of planes




parallel to the surface plane, and N the number of cells in each

plane, we have obviously:

N = NN
z x

e, = (2.6)

24

Kn(iij) in equation (2.2) is the 'bond strength'" or Hamiltonien
matrix-element connecting the Wannier function in the nth band in the

cell centered at ii to that at'ij. While inthe periodic solid Kn is &

-— —_—

function only of the relative vector Rij £ Ri;ij’

surface complicates matters. Zero Boundary Conditior: require that we

introduction of a

cut all bonds that extend outside the solid, i.e. regq-ire us to set all

Kn = 0 for which either ii or ij lie outside the solid. This procedure
will be examined in the following Section.

In the tight=-binding scheme7 the bond-strengths Kn(ﬁij) are esti-
mated first, and the band-structure calculated therefrom. In more mod=+
ern achemes,8 the band structure en(?) is obtained by direct solution
of Schrgdinger's differential equation appropriatc to the periodic
solid, with or without correlation and exchange corrections. Once this

is done, we can convert (2.2) to obtain the Kn’s:

— -

-%.R
S P T g B - 2.7
18tp.2.

a
= 0
Kn(Rij) > (5;

In the Wannier-function representation, the eigenstates of the Hamilton-

ian for electrons in the solid take the general form:

¥ (r) = ? U(Rj )Gn(r-RJ) (2.8)

& ansiliee i O s st S I M it B

e teiend B i




where the U's are the components of the eigenvectors of the N x N ma-

trix (2.7), and are to be mormalized to unit length. By using & trans-
lation-operator representation of (2.7) we can obtain & Schrékinger-

like equation for these amplitudes:

B UR =EU® (2.9)
in which the "Hamiltonian'" is a generalized translation operator:

H = e (-13RR) = % xn(i'j) exp (R, -3/3R) (2.10)
3

When subject to PBC the normalized solutions of (2.9) ere evidently

%
Y2

with the energy eigenvalue E = enfi).

plane waves N; exp({i-ij) and (2.8) reduces to the Bloch form (2.1),
In tight-binding, the Wennier functions are presumed known, or

are approximated by the corresponding atomic o:bitals:7 In the more

modern procedures, the Bloch states or their periodic ccmponents_gnk(?)

are obtained by a direct computer solution of the appropriate SChrgdinger

differential equa:ion;8 we may then use these known eigenfunctions to

construct the Wannier functions, by inverting (2.1):

-— -

) =i 4 -RE
Y " Ny Ko1otn.z. | ok
a ik-(r-R,)
- (=2y° 3 .
o 1“}[3 j e 8, @ (2.11)

We shall henceforth assume these functions to be kncwm.

10
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III. ZERO BOUNDARY CONDITIONS

A terminated solid consists of atomic planes at Zj = m a, with

3

mj = 1’2""’Nz' The interplenar distance a is & function of the ori-

entation of the crystal axes, of course (a = B for the (001) exeample :

in Section II &nd & = a°2-¥ in the second, (0l11), example). The

existence of a surface at mj = 0 elimime tes the PBC in favor of re-

3 quirements that the amplitudes U (defined in the preceeding Section)

. These are denoted the zero boundary

vanish at mj = 0,=1,22 cee

conditions ZBC.

We take advantage of periodicity in the x-y plane to factor the

amplitudes:
— = -% &

Unk(Rj) Nx,y exp 1(kij-+ kij) Unk(Zj) (3.1)

where the U(Z)'s satisfy the difference equation:

'S U@ =E U () (&l

for which the translation operator is given as:

"4 cn(k“,%a/aZ) (3.3)

Alternately,

+P ad /32
va T K(p) e (3.4)
p=-P

in which

11
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i “+m/a —ipakz
Bép) = 5= [ dk, e (k) e , (3.5)
-n/a
by obvious specializations of the preceeding Section. It is important

to emphasize that the coefficients K(p) will vary with planar wave-vec-

tor k“ E (kx,ky) and band index n and should be so labelled: K“’k'i (p).

\

For all reasonable band structures, one may without significant error
cut off the sum in (3.4) beyond a finite maximum integer P, which rare-
ly exceeds 0(10) but may often be as small as 1 or 2. We assume the
existence of such a cut-off P, and amplify much of the material in
refereice 1 for the sake of a complete presentation.

We start with the inverse of (3.5):

ik &
<+P
ek) = I _K(@ (e *)P (3.6)

Here and elsewhere in this paper, we suppress both the band index n and
the planar wave-vector k“ for reasons of typographical clarity. Where-
ever this could occasion some confusion, we restore all the parameters.
We also use the notation T & (k“,n) on occasion, e.g. KT(p) is the
quantity defined in (3.5) and c_r(kz) in (3.6), the latter also denoted
en(i) :

The equation (3.6) will now be viewed as a 2Pth order equation for

= exp(ikza) , having in general, 2Pdistinct complex roots. We label these

12
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Ca - exp(ikz(a)n), with index a = 1,2,...,2P. The most general solu-
tion of (3.2) at a fixed E = c(kz) for & real specified value of k is
z

thus:

U(Zj) agl Aa exp(ikz mja) = 051 Aa ga 3.7)

in which the given kz is one of the members of the set of kz(a)'s, e.g.
1 =

kz = kz( ). The coefficients Aa &re now obtained, under the simplify-

ing assumptions of no-spin=-orbit coupling, which allows us to assume

the K's in (3.4) - (3.6) real and svimetric under the interchange

P~ =p.

(1) By an obvious symmetry, for every root k there is & second
root -k. We know one real ToOt, kz(l) = the specified k,. Including its
negative, there is a total of 2Q real roots, with Q > 1. The remain-
ing 2(P=Q) roots are complex, so half of them (those with negative im-
aginary parts) must be discarded because they lead to growing (and
therefore un-normalizable) exponentials inside the solid (mj > 0). The
magnitudes are: || = 1 for 2Q real-k  ToOts and gl < 1 for the re-
maining P-Q complex-kz roots that are retained.

(i1) An alternate formulation of (3.6) regards this as a Pth order

polynomial equation in cos(kza). Because of the real coefficients, the

Toots come in complex pairs such as:

13
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(cos kza - u+ iw)(cos kz. -u=-1iw) =0 (3.8)

¢
1f kz‘a) is here an acceptable root (i.e. Im kz (@)

> 0), then, by in-

*
spection, so is -kz(d) , and the two are distinct unless they are purely
dmaginary. Summarizing: the

k (Q)l
z

(8) purely real s come in % pairs, the

() *

(b) complex k (a)'s come in pairs: k (@ and =k , while the
z z z

(c) ©Pure imaginary kz(a)'

s are necessarily unique.
(11i) We now impose ZBC on (3.7), setting U(Zj) = (0 for

mj = 0,-1,...,-(P-1). There is no requirement at m_ < —-P &s the bonds

3
within the solid, which are to be ‘'broken” by the imposition of the
boundary conditions, extend out only as far as -(P-1). Thus the P+ Q
non-zero coefficients Aa in the expansion (3.7) are constrained by a

set of P linear homogenecus equations, &nd are reduced to a set of at

most Q independent members. The net number Q is determinable as

follows: we study the behavior of e(kz) as kz is varied in the real
interval 0 < kz < w/a. 1In the range where ¢ is single-valued, Q = 1.
In the range (if any) where e¢ is double-valued, Q = 2, etc. This is
illustrated in Figure 3. We note that the net number of ‘solutions is
precisely half of that obtained using PBC, a not unexpected result.
(iv) Orthogonalization and Normalization of solutions. We dis-

tinguish twc types of sums, those which depend on Nz:

(o)

N,
% 2m 5 -
Z ]Ca‘ N, only for kz real, i.e. lcal ol (3.9)

and those which, in the thermodynamic limit Nz- =, are independent of Nz:

14
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‘E.i g =t . I—E%—; (3.10)
a B
The latter occur when either kz(d> or kz<B) are complex or imaginery,
or, in general, for o ¥ B. (We recall that the imaginary parts sre al-
ways positive; for real kz(a) we may here (but not in (3.9)) introduce
an infinitesimal positive imaginary part to speed the convergence.)

(8) let us now normalize & function of the type (3.7) when Q = 1.
There are P+ 1 terms in the expansion (3.7): the specified kz and -kz,
a cvertain number S of purely imaginary kz(°'> 's, and the remainder
(P-1~5) complex pairs of the type kz(") and -kz(")*. Thus, (P-1-S) is
an even integer or zero. We write U as follows:

m m m
V@) = A& T+ a0 T+ e T4 L (3.11)
The ratios a, = A2/A1, &, = A3/A1,.. . are determined by the P boundery
conditions. We have chosen kz(l) = kz’ kz(z) = -kz, so that
lg,l = Ig,l= 1 and 211 other Jg,l < 1. 1In part (b) below, we shall
prove A, ¥ 0.

Because both the Hamiltonian and the boundary conditions are reel
the solutions (3.7) are real (or can be made real by a trivial (constant)
multiplicative factor). Thus, azAl- Al*; the coefficients ‘iAl for the S

terms involving the pure imaginary kz(a)'s are all real; end the coef-

ficients a_, a of the (P-1-S) conjugate pairs are themselves complex
n

n+ 1
* *
conjugates: anAl'.'n-flAl .

The normalization requirement is thus

15
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m
sz+ ...]Iz

N m
o 2 j
1 mf‘l 18, 1°10¢," + o,

(3.12)

> 2
lAll [2n, + o]
by use of (3.9) eand (3.10) and ]azlz = 1. Thus, A, is 2 constant:

%

la,| = (1/28)) (3.13)

independent of e(kz) and of a, for i > 3, a fortunate simplification.

(b) The degenerate cases for Q > 2 are treated analogously, by
constructing Q linearly independent functions of the type (3.11) each
containing one or more of the real kz's (and their mates -kz), ortho-
gonalizing them, and then normelizing each.

This requires us to prove that one cannot construct & solution

utilizing only the P complex or imaginary allowed kz s. Such a proof

is also required in part (a) preceeding, to justify the assumption
Al % 0, on which the entire analysis (3.11) - (3.13) was based.
Supposingone could construct a solution U using any subset (P' < P) &«f P'
distinct kz(a)'s, labeled o = Q+1.Q+2,...,Q+P’, such as:
‘
: 3.14
U(m) =1 Ax' C;#r (325
’
with the ZBC epplied 8t m = 0,-1,...,-(P-1) to determine the Ar's.

These P’equations mey be conveniently summarized in matrix form:
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r-
r i e
A
. 1
¢ Ay (3.15)
[ J
N ) =0
A'
i g B

!/ /
in which the elements of the PxP matrix are:

M = Ql-s column index, r = 1 F(
rs T b ’ IR A

and row index s = 1,...,P" (3.16)

Equation (3.15) can be satisfied iff the determinant of ¥ vanishes. This

is recognized as Vandermonde's determinant, having the value:

IS, S
Dec [l = f Pl &g - &) Fot?)
r r=1

which cannot vanish as the gr's are all distinct, Q.E.D.

The above has as one important consequence, that no decaying solu-
tion (alias surface-state) can be found to the unperturbed ZBC problem,
i.e. all states in this model have at least one component with (| = 1
that survives in the bulk. A second corollary is that no new states

are created in the energv-gap region by the imposition of ZBC, as Q=20

there.

The next step is to construct Q distinct functions of type (3.11),
each leading off with a different ;i chosen from the set of Q real,
positive, specified kz's {llustrated in Figure 3, The rglls again come

3
in pairs: thus|12| = ]1: however we can no longer assume that kz( ) and

17




the succeeding ones are complex, @s a number of them may belong to the

set of reals. Let Rlla} denote the set of reals contained in one of

the linearly independent solutions; it contains at least 2 members, and
at most 2Q. Let R2 be the set of reals in a second solution. The sets
R

and R, mey be distinct, in which case, by equations (3.9) and (3.10)

1 2
the two solutions are effectively orthogonal (in the limit Nz-— i
However, they may have one or more pairs of reals in common, as in the

following example:
m m *
Up = AL - G+ 2 s 8y Lp® i)
and

m

v, = B(C;'t Bt <o)

the dots indicating remaining terms &ll involving complex or imaginary

kz's. The normalization requirement for v, leads to:

18)2 = [2):21'1.

We Schmidt-orthogonalize the two solutions, replacing U, by:

1

U! = U, - (NAB(ar % 2,))U
1% 4 . A= U

The solution Ui cen now also be normalized. Note that the
Schmidt-orthogonalization and the normalizations are all to be carried
out without regard to evanescent complex or imaginary kz's. This

may be regarded as one of the important simplifications afforded by pro-

ceeding to the infinite Nz "thermodynamic" limit, and distinguishes the
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present procedure from those9 in which the solid is modeled by & finite
number of parallel planes.

(v) Deep in the bulk (mj — ®) the evanescent components disappear,
s0 for any properly nommalized @nd, if need be, Schmidt-orthogonalized)

solution U(m):

ln, [u@|? = 1/n, (3.18)

m=— &

at any energy e(kz), for any degree Q of degeneracy. We define the various

local density-of-states functiona.lo for the mth plane in the nth band as:

(<]

Pn'm(E) = N;; EH pﬁ,m(E), where T = (n,kn) and

2
p’T’m(E) = i lunk(mﬂ 6(E~en(kH,kz)) (3.19)

<

By the preceeding, we see that the bulk limit po(E) is attained:

o = -1 -
a3 Pp o(E) 8 LE) = N, zkza(s en (kjjvk,)) (3.20)

which includes all degeneracies in the nth band. The summed density=-of-
states p(E) = Epn(E) is sometimes also of interest. The evaluation of
such quantities at or near the surface, where the evanescent contribu-

tions are in principle important, is the topic of Section 5.

IV. SURFACE AMPLITUDES (UNPERTURBED)
27,11
The nearest-neighbor "tightest-binding" (P=1) model ’ is readily

solved by the above procedures,l1 to obtain:

L9




x

Uk(m) = (Z/Nz) sin(kz am) (4.1)

The bulk limits (3.18) = (3.20) can be explicitly verified, and the be-
havior near the surface can be determined. In particular, we see that
at finite distance m from the surface the amplitudes near the band edges
(at kz = 0 and n/a) vanish as (kz - kz min) and (kz - kz max) Tespec-
tively.

In this Section we shall prove, confirming our earlier conjecture,1
that this "erosion'" of the band edges is a perfectly general phenomencn.

We shall then analyze the behavior of the surface density-of-states 1

*
function and of such important quantities eas Uk(m)Uk,(m') near the

relative band edges, as required for the analysis of the perturbed

surfaces in the following Sections.

For the sake of definiteness, we study only the band minima; the

maximea are studied in precisely the same way, &nd do not require =ddi-
tional commentary. Note in passing that a relative bend extremum can
be non-degenerate (Q=1) only if it occurs at kz = 0 or n/a as in (&.1)
above. If it occurs at an arbitrary point within the Zone, Q > 2; &
local minimum such as point ( kb) in Figure 3 has Q > 3.

(a) To start, let Q = 1, P arbitrary. We use equations (3.11) -
(3.13) for the form of Uk(m). We now write the P "ZBC equetions'" for
m= 0,-l,..., plus one equation at m =1 for Uk(l), extending the matrix

formulation introduced in equation (3.15):

‘r -— e — p— —
AI Uk(l)
A 0
o e
M' . - 0 4.2)
] . -
A
ke 4Ly L% ]
20




in which the R+l dimensional square matrix M' has elements:

: o F2=5
M 5 Cr (4.3)

We know from prior analysis ]A1| = (1/2Nz);5

= |a,!, (see equations
(3.11) = (3.13)). We now wish to obtain rigorous bounds on Uk(l) and

A3,AA,.,.,A in the limit as kz approaches kz . Cramer's rule

B1’ min

is used to invert (4.2):
a_ = p_/petim']] (4.4)

in which Dr is the determinant of a8 matrix, of which the column vector
of the r.h.s. of (4.2) is the rth columm, while all other columns are

the same as in M'. Explicitly,

0 ¥ ler
1 _-1
0 4 o
A = — 2 (4.5)
& S Y
1 1 1 ¢
-1 -1 -1
Cz Cz C3 &8
|l <ol Sl
I‘ 'y . » “

The numerstor factors into Uk(l) times a Vandermonde determinant of the

type (3.17), denoted F In the limit kz - kz _— when Cl- CZ’ the

1
denominator (also & Vandermonde determinant) venishes as a linear power:

lim Det|M'|| = (sin k 8)C, (4.6)
k_ =k =
2 Z min

o - exp-ikza, with

as the first two columns become identical and ;2 = ;1
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k = 0 or m/a. C, is & constant near k, Thus, substituting

z min 1 min’
the known value of Al vields:
lim. lu, ()| = |sin k a8l |c,/F,|(1/2N )i 0 .7
k =k k Z 1 1 z
z 2z min

The vanishing of Uk(l) in the limit is ensured by the non-vanishing of
the Vandermonde determinant Fl.

In the limit k_— k ._, the analogous expression for A, differs
z z min 2
from (4.5) only by interchanging of the second and first columns in

the numerator. This establishes & second result:

%

1im. Ay = =<hy = i(l/2Nz) . (4.8)

2
kz-‘kz min
the factor ofils to make U real. Finally, for r > 3 we have Dy =

Uk(l) x Fr’ with Fr appropriate Vandermonde determinant, and so:

= % = J % -— 4.
lim.IArl (1/2N)) lrr/rll (1/258,)% B_ sin k &8 = 0 (4.9)

in which Br is constant in the neighborhood of kz win We have made
use of the fact that for r > 3, Fr = (gl-;z) = 21 sin kza, with kz-— 0

or n/a.

This last result (4.9) is important in that it sharply limits the
extent to which the evanescent (decaying) waves contribute to the solu-
tion at the extremum. It establishes the qualitative similarity between
all the Q=1 type extremum solutions, for arbitraryband structure, with

one another and with the simplistic P=1 limit, equation (4.1).
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(b) Turning to the more complicated enalysis of Q > 2, we write,

as before, P "ZBC equations" for m = -(P-1),...,0 together with addi-

tional equation for Uk(wrl). We wish to establish that the functions |
U(m) associated with the extrema (such as kz(l) and kz(z) in Figure 3) |
vanish at the extremum (denoted *) while other functions distant from
the extremum but degenerate with it (such as point kz(a) in Figure 3)
have finite amplitude U3(m) at finite m > 1.

At our disposal are P-Q distinct complex k's and Q+1 reals, the i
latter to be chosen from among the 2Q reals, as follows: pick one pair

straddling & minimum (such as kz(l) and kz(2> in the Figure), and choose

the remaining Q-1 reals &ll unpaired, from amcng the positive and nega-

tive k's at our disposal. The unpe&ired k's may be lumped together with
the complex and imaginaries for the purpose of an analysis such as in
part (8), and one recovers all the results (4.2)-(4.9), with a slight
modification: sin % (kz(l) - kz(z))a replaces sin kza on the r.h.s.

of Equations (4.6), (4.7) and (4.9). At an absolute maximum or minimum
it is impossible to choose Q+1 resls without including at least one

such pair, therefore all possible Uk(m) vanish at finite m as the energy
approaches its extremum. For local minima, however, such as the case
illustrated here,it is possible to pick a set of k's such that no pair
straddles the minimum, all remaining distinct as the energy approaches

(3), all of which

the relative extremum. For example, pick ikz(l) and kz
*

Temain distinct as ¢ is decreased through the minimum value ¢ . In this

case, the Vandermonde determinants all remsin finite, and consequently

the amplitudes and U(m) are all finite.
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Thus solutions streddling 8 minimum (or & meximum) vanish near the
surface as the minimum or maximum is approached, whereas other solutions
may remain finite.

In the cslculation of the surface 1.d.o.s.1o as in Equation (3.19)
the extreme — local as well as absolute — will contribute little be-

cause of the vanishing of the amplitudes. Two interesting consequences

follow for the quantities po in €3.19): first, po at the band edges

min/max;3/2

; L min/max
will vanish as !;-en i !%

Tather than as |E-¢ , the latter
being the ususl behsvior near the band edges for the bulk edges for the
bulk d.o.s. such as (3.20). Second, the familiar spikes and cusps in

the d.o.s. known as van Hove sinzularities%z caused by saddle points in

the energy surface, will not appear in the l.d.o.s. (3.19) due to the
vanishing of the amplitudes near the surface at these stationary points.
We have proved that the unperturbed surface 1l.d.o.s. pg’ is nar-
Tower, smoother, and (beceuse the ares must be constant) has a higher
maximum at the center of the band than its bulk counterpart. As m in-
creases, the structure characteristic of the bulk progressively re-

appears.

V. EXACTLY SOLUBLE SIMPLE MODEL PERTURBATION

A perturbing Hamiltonian at the surface will mix the eigenstates
Unk(m) of the unperturbed ZBC semi-infinite solid. 1Ifthe perturbation
extends to P difierent surface planes and mixes L distinct energy
bands, the solution of the scattering problem will require the diagon-
alization of & (P x L)-dimensional matrix, and the bounde-state ("sur-
face-state') problem requires the solution of an equally high-dimen-

sional transcendental secular equaticn. 1In this Section we solve the
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simplest non-trivial model of a perturbing Hemiltonian Hs which is die-
gonal in the Wannier representation (L= 1) and confined to the

first m=1 surface plane (hence P=1). It goes without saying that Hs
has the translational symmetry of the lattice in the x-y plane; the com-
plications which result from breaking this symmetry, as in the example
of a single ad-atom, are deferred to & subsequent paper.

The matrix elements of Hs in the terminated-solid representation

are:
B d,r ¥ OB DY, 5.1
( s)nk,n'k' E f 32' 'nk(r)Hs(r) n'k'(r) (5.1)
in which
ik X, + k Y.)
= T = J -% Y X y J -'_-.
Yok #Tkz(r) (hx,y) = e Unk(mj)Gn(r Rj) (5.2)
]
and Z, = mja. For Hs diagonal in the representation of the Wannier

functions Gn(;;ﬁ ), and localized at m=1, the matrix element is indepen-

3
dent of k and k ':
2 z
*
Bk nte™ gnunk(l)unk'(1)5kx,kx'5ky,ky'6n,n' (5.3

in which

g = 4,7 0 "G (5.4)

j)ﬂs(r)Gx_'(r—Rj)ij’1

The eigenfunctions of the total Hamiltonian Ho + Hs, subject to ZBC,
consist of scattering states and possibly bound states, also known as
"surface stateét We stert by constructing the latter. Using the short-

hand T = (n,k”) we denote these:
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Q* A Ez F'.'(‘kz)w'fk(r) (5.5)

Schrodinger's equation for the bound state E_ is:

(H°-+ HS)QT - ETQT (5.6)

% :
We make use of the knowledge that Ho‘nk = eT(kz)Ynk, with €¢(kz) a
more suggestive motation for the band energy cn(E). {we also occas-
sionally write U, kz(m) for Unk(m).) Multiplying Schrgdinger's equation
b
*
on the left by ?nk(r) and integrating over electron coordinates yields

a set of equations for F(kz):

*
FT(kz)(ET - eT(kz)) = AgnUnk(l) 5.7
where

A= T U (DF (k')

kiy

Self-consistency requires either A = 0, in which case §1 is not normal-
izable and thus does not exist, or A ¥ 0, in which case A wmay be fac-

tored out to obtain:
1= -g S (E) (5.8)

where
3
L o L o My [0 e, O
S ()= T . 9B, "G (E] ~E (5.9
4 k', €r(k")E Ny - Syl TR e

Because lU]z = N:l, ST(E) is a quantity O(l) in the thermodynamic
1imit. It 4s also, in general, complex, when E overlaps the continuum

of eT(kz) between the relative band extrema. Thus for (5.8) to be
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satisfied, ET must lie outside each continuum. This requirement does

not preclude the bound state ET at one value of T overlepping the con-

tinuum eT'(kz) for a different T', as H, does not mix different T's.

For &, positive (repulsive perturbation) E7 must lie above

max
eT(kt'max) E € (ku). But (-87(2)) achieves its maximum at E

e_(k

-k, max)’ therefore by equetions (5.8) there can be no surface state

of a repulsive potentiel unless z exceeds the critical value

g 2 IS (e (k)7 o |o22%| /247 (5.10)

Estimates of the numerator of S_ from either (4.1) or (4.16) and ex-

pansion of the denominator of ST about kz using eT(k + q) =

max Z max

etk Y = 2lc::xla-2 sinz(qa/Z) lead to the above estimate of the
T.h.s. of (5.10). (See Appendix A.) Evidently the instability egainst
bound-states is greatest at points in the 2DBZ where the curvature @, 8t
the relative-band maximum is the smallest (i.e. &t points T where the
effective-mass is the greatest).

For g, negative (attractive perturbation) the bound surface state

energy ET lies below e_r(kz ) B e:in(k”). We find there can be no

min
such state unless the magnitude of the sttractive potential exceeds a

critical value:

-1 i 2
By S (S (e (k, 00 N7 = =7 "] /20 (5.11)
with the estimate of the r.h.s. being obtained in a similar way to
(5.10). (Note that S is negative in the above.) Where Wan ™ 0 any
arbitrary weak perturbation will cause & surface state to ’'peel off";

see Figures 1, 2 and 4.
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1f a bound state exists, it must be normelized. One readily finds
for the normalized amplitudes:

| :
! Snunk(l)

i MRl %
ki B k) = = Ze, () [ee, /g 1 (5.12)

T

|
|
H in which the derivetive is to be taken using (5.8).
{
i Note that - may be sufficiently large to cause surface states for
X some ku but not for others. While in the n.n.s.c. (100)-band-struc-

ture equations (5.9) end (5.10) are insenmsitive to kH, in the (011)

-orientation of the same band structure, the same o at kyao ~ = wz'%
22

Tesults in instabilities shown in Figure 4.

Scattering theory gives us the form of the remaining states:

§ =Y (T)+ T & '8 ) ST S (5.13)
J 'T,kz nk k'*k kx,kx ky,ky k,k nk

As in the analysis of the bound state, we write Schrodinger's equation

for this eigenfunction:
(H, + Hs)gf,k = ET(kz)gT,k (5.14)
z z
or, more explicitly:

ek )Y, (By+ T % ek, Y (D)
* kz kz'ikz kz'kz' s kz

* -— - * —
-z SnUk(l) kz Ukl cl)Ykl (r) o Sn t' k '$k Lk k"Uk"(l)Uk ] (I)Ykl (r)
2 Tz 2 2z 2 z 'z 2% 2 2 z

=Ek)Y (H+ I L Yo (0 (5.15)
. kz kz'#kz kz'kz kz
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and equate coefficients of the Yk‘s (the subscripted T and kH omitted for

typographical clerity). Starting with kz we find:

E (k) = ¢ (k) + gnrlusz(1)§2+ . () © %

nU, n(l)ﬂ
Tkz kz’gkz kzkz 'kz

= eT(kz) + gnO(l/Nz) (5.16)

writing U for U_, . For most purposes E(k_) can be replaced by e(k )
Tk, nk z z

which it interlaces. However, if it is desired to calculate the cor-

rection, the above may be used to do so with the aid of the cofficients

Lk,k" These we now obtain by equating coefficients of ?kz-(kz' L %):

- ' %* *
EC by gr = (R, Oy v + gnUkz(l)Ukz'(l) * gnrkukz'(l)
where

rk - kz?‘#kz (Lk,k"ukz"(l)) (5'17)

These are readily solved, to obtain:

*
gnU'f,k '(I)U-.',k (1
Z t4

1 - : 1+ gS_E. (x)]!
k, .k, E k) =& (k) nor el (5.18)

For most applications Ef(kz) can be replaced by its thermodynamic
limiting value eT(kz) in this formula. Note that the denominator
(1+ 8,S) cannot vanish, as S is complex in the renge of interest owing to
the branch cut along the continuum of the relative band. However, if

there is 8 bound state outside the continuum then at a symmetric point
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just inside the continuum one expects (1 + gnRe(S)) = 0, so that the

amplitudes L k' ore strongly enhanced there, limited only by the mon-
’

k
vanishing of the imaginary part Im(S). This is & resonance, conjugate
to the bound state; see point (1) in Figure 4e.

For convenience, we rewrite the eigenstates explicitly in terms
of the Wannier orbitals. Substitution of (5.2) into (5.5) yields:
i(kxx. +k YY)

- a3 IRy =
L Ny E. e w,ro(mj)on(r Rj) (5.19)

for the bound state, with

w-ro(mj) = Ez FT(kz)UT,kz(mj)

*
gnuf,kz(l)uf,kz(mj)

=
kz By = C,I,(kz)

%
feE, /og 1 (5.20)
At m.=1 this has the simple limiting form,

3

S b
Wil = [oET/agn] (5.2

It is possible to estimate the decay of the integral in (5.20) at
mj > 1 by using the results of the previous Section for its numerator

and the effective-mass approximation for its denominator a&s in Appen-

dix A, obtaining:

W, @ ':W.m(l)exp(-Y(m'l)) (5.22)
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with

y=1n : 2 .k hoe
3(R+2) = [%(R+2)7-11
R= 282(022X/m1n)-1 !ET'GT(kz mgx/min)[

(5.23)

R being effectively the ratio of binding energy to band width for the

bound state. This estimate does not replace & quantitative calculation

based on actual band structures, but can serve as a guide.

We can now compute the surface-state contributions to the local

density-of-states (l.d.o.s.), at fixed T = (n,k“):

0 ® = |, @ sEe)

T,m;bd.st.

Proceeding with the scattering states in the same way, we write:

. 1(k X )

+ kY
I 3 y

j
WT,kz(mJ)Gn(r-Rj)

with

™

L

Wep G5 8 Upp b % oMk Prgp v
z z z z z

N

according to (5.13). Using L given in (5.18) we obtain:

K,k
7 g 1 (m)
e W Sep ritlley B
Weg, @ = Uy ® - 5o 5 e - e
e S gn T kz
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(5.25)

(5.26)

(5.27)




1
abbreviating t?(kz) by €. This simplifies at m=1:
w?,kz(l) = UT,kz(l)/(l + gn§ée)) (5:28)
E
Again the m-dependent integral can be estimated for mw > 1 (see Appen-
dix A) resulting in the following estimate of (5.27): E

w,r’kz(m) = (2/Nz);5 sin ((k, =k ma - &) (5.29)

zmin/max
The scattering-state (i.e. bulk=) contributions to the 1.d.o.s.

are:

P

2
T,m,sc.st.(E) = Ez |W,r’kz(m)| 5(E'€T(kz)) (5.30)

(5.24) and (5.30) have been obtained at fixed T = (n,k). The results
are sketched in Figure 4b. The following sum rule follows from complete-

ness:

Y ]
Ll l':‘p-r,n:.bd.st(t) B p-\',z:x,sc:.st.a':)
-l

We also define the total band l.d.o.s. by the sum over k“:

& 53
pn,m,bd.st.(E) Ny EH p‘l’,m,bd.st.(z)
and
-1
pn,m,lc.st.(i) Nx,yE p‘r,m,sc.st.(m

I
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as sketched in Figure 4. These p's also satisfy the sum rule (5.31).
In the limit gn-O the bound-state d.o.s. all vanish and the scattering-
state d.o.s. become equal to the unperturbed functions defined in (3.19)
and (3.20), both of which have unit area. In the opposite limit (large
]gnl) it is possible for the scattering contributions to become smsll
and the area sum rule to be saturated by the bound-state contributions

— this is the interesting limit of complete 'surface bands''.

V1. VACUUM STATES
For the sake of completeness, the set of eigenstates for the solid
must be sugmented by a set of states for the outside, the '‘vacuum
states'". So far, we have used only the Wannier functions of atoms
within the solid as our basis. Let us now test their completeness:

EPRUGE RINCE R FRCRY (6.1)

Rj(mj>0)

alln

Deep in the bulk (z or z' > Pa, with P the cut-off integer introduced

in a preceeding section) we have the limiting behavior:

' ) = 'a
z%%?—ﬂ Q+(r »T) §(r'=r) (6.2)

i.e., the set of Wannier functions of the solid become complete for

the description of arbitrary functions deep in the bulk. But ueasr the
surface, the function 4+(r',r) differs = perhaps seriously so, for
some applications — from the required delta function. .Obviously.
vacuum states are required for the description of electrons outside the

solid. ©Less obviously, they are also required to augment the states
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of the solid for a good description of the surface region, both inter-
mal and external to the solid.
Evidently, one can re-introduce the missing functions in & wmanner

analogous to those which were retained, and define:

*
55 @ (r'-R.)@ (r-R.) & & (r',T) (6.3)
R.(5.<0) O e ) .
3=
all n
Now,
8,z + £ _(r',1) = 6(x'-7) (6.4)

evervwhere. But as the contribution of & _ becomes vanishingly small
when r' or r are deep in the bulk, so does the contribution of q+ be-~
come negligible at 3 ccomparsble distance outside the solid. 1t is thus
mainly within the surface region that both sets of states must be used,
and we see that the surface region possibly has greater structure then
wight have been anticipated; see Figure 5.

Well outside the solid, the Gn's are badly suited for describing
free electron motion. The perturbances due to the presence of the
solid do not manifest themselves until the surface region is reached.
Thus for the vacuum states, plane waves are required, at least asymp-
totically. We wish to construct plane waves using the Gn's, so as to
ensure the orthogonality to the states inside the solid. The simplest

procedure consists of defining the following basis functions:

ik.r'

;k(r) = Ck.¥ fd3r' e a_(r',1)
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in which the normalization constant is:

5 [T}
c, = fd.r'fd " J1E (x7=rT)

1 "
K = 43T e, & _(r".x") (6.62)

In the limit that the volume of the vacuum region 0 = (LszaxNyay) is
dnfinitely greater than the volume of the surface region O(PaszaxNyay)
most of the contribution to this integral comes from the asymptotic re-

gion where A_ = &(r'-r') and therefore,

C. = L N

k 2z xaxN

oy = 0 (6.6b)

and is independent of k.

Variationally, the energy of each state gk(r) is:
d.r O S SR 6.7
Ep = Ja37 (O (- 55 ¥ + BN (@) (6.72)

Because any perturbetions K are limited to the neighborhood of the sur-
face, and because ;k is essentially a plane wave (except in that same

neighborhood) we have;

E, = #2k%/20 + o(pa_/L ) (6.7b)

k

Although normalized, orthogoual to the states of the solié, and
practically '"sharp' in energy, the states ;k suffer from two important
defects. The first concerns their lasck of mutual orthogonality. This
is serious, for it would prevent us from remedying the second: the
fact that they are not exact eigenstates of the total Hamiltonien, i.e.,
that a perturbation Hg, existing near the surface, may mix them with one
another and with the states of the solid. The application of scattering

theory, the calculation of matrix elements such as are required in the
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photoelectric effect and other surface-related dynamicel phenomens,
problems in chemisorption, etc., all require the use of an orthonormal
basis.

For this purpose, Schmidt's orthogonealization procedure fails.

This becomes immediately apparent as one attempts to use it. One starts
with a2 function, say go, orthogonalizes the remaining functions to it
(;k- Ck - (Co';k);o)’ normalizes the new ;k's, singles out the next
function = say Ckl — and repeats the process, itereting until the set
of functions is exhausted. As this procedure is in the nature of an
algorithm, it would appear ideal for computer spplications; however,
suppose we wish to determine the new, properly orthonormalized, func-
tion replacing gk at a finite energy Ek above the bottom of the con-
tinuum. This function can only be reached after an infinite number of
steps! (This is not an unimportant objection, because it is not
Temedied by box-quantization, although this reduces the number of steps
to a large, but finite number of steps. It is not at all clear that

the orthonormal functions approach limit functions as the size of the
box is allowed to approach infinity.) One desires a formulation capable

of yielding the states at an energy E, without the need for calculating

k
all the states belonging to Ek' < Ek first. A second objection is that
the Schmidt procedure is totally arbitrary. If, instead of starting
with go, we had started at some arbitrary Ck’ the function go which
this procedure ultimately would yield, would differ greatly from the
initial Qo; and indeed, every function obtained in this wey would dif-

fer from those obtained by the initial prescription.
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For our applications, we have therefore developed & procedure
which is specifically tailored to continuum states.l The Schmidt pro-
cedure may continue to be used for any finite subset of, e.g., local-
ized states, while the procedure we now outline will be both practical
and well suited for the continuum states. The arbitrariness in the re-
sults we have noted will be parametrized by a set of quantities €
€1r=s which we can choose arbitrarily.

We first make use of the obvious identities:

2X(r',r) = 4 (r,r') and [d " A (r,r™Aa (r',r™ = &, (z',T)  (6.8)

3

together with (6.4) to obtain the overlaps in the form:

*
Jagr T g () = k!

- (/L £ _F k')F k 6.9
/L) R; (m;>0) n,Rj( ) n,Rj( ) (6.9)
all n
with:
3 -ik.r ;

Fn,Rj(k) E L /D7 [dyr e ¢ (R, (6.10)

obtaining (6.5) in the form:
- ¥ dker _ ¥ g * 5 2de
Ck(r) e i Rj(xz'n'j>0)Fn,Rj(k)an(r RJ')} et

n

The vacuum region outside the solid is the given volume (O =
L N aNa , with L ultimately allowed to become infinite. Thus any
ZX XYYy z

finite length such as Paz may be neglected by comparison. The arguments
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given following equations (6.5) and (6.6) indicated that the wave func-
tion (6.11) vanishes for z > Paz, thus only terms with mj < P need be

retained for Lz < z < Psa.

We now start our procedure, by & simple step, in which only &

single function Gn(r) is involved.

Instead of (6.11) let us first assume that the basis set consists

of ;éo) defined &s follows:

gio)(r) = (LY et - Fé°>* g ! (6.12)

in which the @(r) to which all ;k's are orthogonal is normalized and

rio) S i 0 (x)d,r, which 1s O(1). (6.13)
The following results mey be proved using completeness of the eik'r
am z |F{% =1
am FO T =g )
(1/0) E Féo) gﬁo)(r) =0 (6.14)

Our procedure is to construct a pseudo-Hamiltonian in the space of the
functions (6.14) having @(r) as its ground state; the excited states
will then be the desired orthonormal set. So let us define the matrix
elements of H = H_ + H', in the plane wave representation:

A7

- 2%k i
He v ™ 58 ke’ ~ 0 %S K¥<A52

with A an adjusteble parameter and Gk to be determined. Evidently, the
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bound state (ground state) takes the form

ik.r

. - (1/2) E B, © (6.16)

and hes energy = € Schrodinger's equation for the s and &, leads

to:

A

The non-trivial solution of these equations requires:

-1 6,2
A= (1/Q) = ) (6.18)
k %k
- + e
2m o)
and thus the normalized solution is:
* 2
G lc, | ;
p k 1 k -3
8= 3.2 Bt 22 e
27k i (h k P )2
2m €o 2m €
Comparison of (6.16) and (6.14) indicetes that we need g = Féo), the
overlap function defined in (6.13). Thus, we choose:
* o w(0) 22,2
Gk Fk Ak 2m + eo) (6.20)

which, together with (6.18) determines H'. Note that e° remsins arbi-
trary; it in fsct represents the extent of arbitrariness in the pro-
cedure, and parametrizes the infinite number of possible orthonormal
sets which can be constructed having the desired properties. Using any

convenient criterion to determine eo > 0, or arbitrarily setting it
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zero, we can construct the corresponding 'perturbation pseudo-Hamilton-

! ian":
1
! *
' L FON AR 2+ ¢ ) ED) % 2m 4 e )
! , 0
| Kk' ™ ~Q ©),2 6230

£ ) 2, 2
, (1/0) E ‘Fk 1 “(n "k /‘.m+ €
‘ The next step 1s to constr.uct the scattering states of Ho+ H'. They
| are:

*k(r) (1/Q %, where
. f.
0@ = T am s 1O, 1T (6.22)

T kK

We have already solved the scattering problem for a separable H' in the

preceeding section. The Tesults are:

L© (O)m /2m+ e SR WP m+ ey
, = . (16233
Vi 22 2 2 p{®
= & =k k
where Dk is complex:
25 5l
2 2 AK" /2m + €
(0). 1. (0), 2 ) .
( o) 7k, B |© = P (6.24)
| oy W =k

This specifies the orthonormel set of wsve fumctions (6.22), pesitive-
energy eigenfunctions of the synthetic Hamiltonian (6.15).
To further orthogonalize this infinite set of functions to a given

Gl(r), we merely iterate the procedure, replacing exp(ik-r) in
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(6.12) -~ (6.16) by tk(r), i.e

*
(P e am® @ - 5D o m) (6.25)
and
| NN

*
0 -ik'-

= J‘{e‘ = (1/’2)¢ Lok ©

r
}Gl(r)dsr (6.26)
differs from (6.10), it should be noted. If, &s we shall assume 01 is

orthogonal to Go and is normelized as well,13 then:

(1)1

1

anm )z,r & T Jagra e ¥, (), (D8 (D, (")

3

W

-

*

= "=
rdBrd r f Z¥

(x4, (1) + 8 (£")0, ()10 (1), (")

= Jd3rd r' 8(r r')G (r)G (")

=1 (6.27)
in which we have added & term which vanishes (due to the orthogonality
of Go and Gl) end used completeness. This proves the equivalent of the

£irst line of (6.14). To prove the analogue of the second line, we also

add & zero term containing Go and use completeness, cbtaining:

(1) -
(1/(2)51'.K ¢, (1) = 0,(r) (6.28)

and finally, orthogonality of the new functions to the 01 ensures that:

(l/ﬁ) (1) C(l)(r) =0 (6.29)
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The matrix elements of the new pseudo-Hamilton{an in the representation

of the tk(r) Q-¥ are:

A

B W B

*
K, k' =€ chk' (6.30).

where € = ﬁzkz/Zm + 0(1/Q), and A &nd Gk for the separable interaction
must be determined, as previously, so as to make 01 the unique bound
state, and the remaining states ipso~facto the orthonormal set of posi-

tive energy states orthogonal to 01. By strict analogy, one obtains

that these states take the form:

wéz) e e for L, <z<Ps,

where

DRIORENORRLT A S SMC (6.31)
in which

a (1
) _ Fx o (et ) Fpo® (G + €) 1
AR I < - = (6.32)

’ €k T k! D,

where
(e, v+ €,)
(Y 1 1y,2 &t &y ,
Dk (ek+ 51) Q E" ‘I"kn ‘v (ek" & ek) \6'33)

In the iterative scheme, exp(ik:.r) played the role of tio), ‘k of

tﬁl)(r), etc. We now iterate any finite number of steps, and re-express

the results in terms of the original plane waves:

, () ikr (n) eik'-r

hoee + (1/Q) E' M‘k,k' (6.34)
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¢(n) O-% form the desired orthonormal set

in which the functionms, K o

orthogonal to the set of 00,01,..,0n_1. The recursion relations are:lL
(n) (n 1) (n= 1) l (n 1), (n-1)
Mkkl kk' =+ M‘(k' P k" Mk"k' (6'35)
(n) (n)
) _ B Gt e Bl (Gt o) o
Lkt e - Epr 5@ -
k
(e .+ €)
L 1 (n)2 _k"  a°
Dy = et ) g E et T T ke
and
@ _
Be =ie o (6.38)

The en's are arbitrary but should be chosen O(work function) for real-
dicsm. The "energies'" &re ek = h2k2/2m. While fqr n— ®, the normali-
zetion Q-%, the energies €ps and the procedure outlined above all have
to be modified for practical purposes, we orthogonalize to & finite

number of planes P in the solid, belonging to L bands, so n is irn fact

finite and < L x P.

VII. MORE GENERAL SURFACE PERTURBATIONS
The mode]l perturbation treated in Section V was exactly soluble
but hardly realistic; effects of a surface can be expected to extend
well beyond the first surface plane. Although in scattering theory,

few problems are soluble in closed form,15

we have fortunately found
two forms of surface perturbations, both extending to P surface layers

and involving a number L of different bands, for which a complete and
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and explicit solution can be constructed in & finite number P x L steps.
They are:
(a) Hs diagonal in Wannier function representation, i{.e. having

band~diagonal matrix elements:

(H)

- * .
s nk'n'kl = mﬁ‘l gn(m)én,n'éklll,k' U k(m)bnlkl(m) (7'1)

e

in the terminated-solid (ZBC) representation. This Hs mey be inter-
preted as merely & local perturbing potential acting seperstaly on
each plane and for each band energy. It mevertheless Trepresents
8 formidable problem, the solution of which requires special methods
outlined below.

1f the perturbing potential varies rapidly across an individucl
surface plane, it perforce has interband matrix elements. This feature
is lacking in model (8). But introducing it can easily involve us in
huge matrix diagonalization which we wish to avoid. Still, one would
like to be able to study the effects of interband transitions on such
important properties as recombination of electrons and holes at the sur-
face on semiconductors, optical selection Tules at the surface, etc.
Therefore we develop a second model in which:

(b) Hs mixes different bands but in a "seperable' manner. The

matrix elements in the ZBC representation are:
H - g 5 d 7.2
( s)nk,n'k' =1 ¥, (®) Y, 1 (@) kn,kH'Unk(m)Un'k'(m) £2.5)

The band index n may also include the positive-energy (vacuum) states,
provided a suitable high-energy cut-off is introduced compstible with

the maximum slope of H, across a plane.

L4
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Although the two soluble models given above represent entirely
different physical situations, they may be solved by & common proced-
ure. First, note that vi(m) corresponds to gn(m). Thus for repulsive
potentials we take yn(m) real, for attractive ones pure imaginary. 1t
is also convenient to define an operation '"~': T = f* for all complex
functions except \h(m), for which ¥ = Q* if vy is real, but v = -y* if
v 1s imaginary, those being the only possibilities.

We now show that (a8) is just & specisl case of (b). For with
gn(m) = ynz(m) and n limited to a single value, equations (7.2) and
(7.1) coincide. By solving for each band n individually, (b) may be
used to solve (&8). Thus, it suffices to study (b), the more general of
the two models.

Our procedure now is related to that of the preceeding Section.
Instead of diagonalizing Ho + % Hs(m) all at once, we first diagonalize
Ho-+ Hs(l), Te-express the remaining Hs(m) in the new eigenfunctions,
diagonalize (H°-+ Hs(l)) + Hs(2>’ Tepeat the performance, etc. After
P steps the total Hamiltonian is diagonal, and all the eigenfunctions
and eigenvalues — both continuous and discrete — are known in the
presence of the complete perturbation.

Let us work out the mth step. We suppose that H(m-l) =
[Ho + :iil Hs(m')] is already diagonalized, and now wish to work out
the effects of the mth perturbation, Hs(m). In the representation of

the eigenstates of H(m-l), the perturbation has the matrix structure:

(Hs(m))q'qv - tq(m)tq'(m)ékn,kn' (7.3)
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where
e ,(m=1) 4
tq(m) vq(m)kq {(m) (7.4)

and q & quantum number running over the continuum states (n,k) as well

(@-1) ,(@-1)
*Tq

and the bound states of H (p) is the amplitude of the cor-

responding eigenstates on the pth plane. Evidently,

O(N;%)for q in the continuum of H(m-l),
t (m) =
q( )
0(1) for g ranging over the bound states
of H(®-1) (7.5)
The eigenstates of the new Hamiltonian H(m) = H(m-l)-+ Hs(m) are ob-

tained by the standard methods used in previous Sections V and VI, and

Tesult in nmew amplitudes given by:

(@, o y~¥ @1 (m) . (m-1)
Wq (p) Mq [Wq (p) + ':‘"Lq,q-wq. DN (7.6)
with
t y(@t (m)
@ et Ly (7.7)
q,q q q' q
and
T (@t (m)
,./,,,(E) -z, 1— (7.8)
qn cq"-“

The normalization constant may be guessed to be trivally 1+ O(N;l) for

the scattering (continuum) states; in general it is:
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- ~ 2 q.r
M= 1+ e T @ s, 1n[1 +"/m(Eq)] (7.9)

(m)

and the new energies Eq E cq are related to the previous eigenvalues

(m-1)
& ¢ by:
cq q y

h ~ -1
Eq eq-+ tq'(m)tq(m) M+ ai(}:q)] (7.10)

Thus, by (7.5) for continuum states the energy corrections are negli-
gible, and the new eigenvalues interlace the old. For bound states of
H(m-l) the amplitudes tq are O(l) and the energies are shifed by a fi-
nite fraction, and equation (7.10) is then & non-trivial transcendental
equation for the new energies. Finally, new bound states can appear as

a consequence of the perturbation at m. These will sppear as new Toots

E of:

1+,/m(r:) =0 (7.11)

at energies E which differ from any of the set of Eq's we have obtained
(either bound- or continuum states) using (7.10). The formulas (7.6) -
(7.9) for the eigenstates can still be used for the new bound states;
replacing Eq by E the solution of (7.11) in these formulas, we observe
that the new pole in L dominates the rest, that it zppears both in the
numerator and in the normalization denominator, that the terms

tq(l +.13-1 will cancel thereby, thus leaving a2 remainder in precisely
the form of the normalized bound state derived in (5.5) and (5.12).

We proceed to the next stage. Setting,
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£, (me1) = yq(mnwé“‘ (1) (7.12)

where Wém)(m+1) the amplitude (7.6) at p = m-1, one solves for the
effeets of the perturbation &t w+ 1. Equation (7.3), withm+ 1
Teplacing m, now defines Hs(m+1). The procedure is repested. P such
iterations following the initiasl condition wq(o)(p) = Unk(p) suffice
to obtain explicitly the exact eigenstates and eigenvalue spectrum of

the total perturbed Hamiltonisan H(P)

G ®

= H°-+ Hs’ and the corresponding

amplitudes (p) on the pth plane, for eny 1 < p< N_.

2z

VIII. CONCLUSION

In this paper we haverelated the band structure to the notion of
the chemical bond, heave shown how the bresking of bonds at & surface
alters the eigenstates, and how additional perturbations can create
bound states among these —— identified as the surface bands. The ex-
tinction of the bulk van Hove singularities in the surface density of
states is an interesting new result, which we proved rigorously fer the
terminated solid. The introduction of ordinary perturbing Hamiltonians
affects surface amplitudes smoothly, so the disappearance of wvan Hove
singularities is undoubtedly & completely general feature. Of course,
new van Hove singularities in cases where there exist 2D band of sur-
face states can be expected, but they are then surface-related proper-
ties. Our theory can have consequences in the interpretation of
photoelectric emission. This important probe is one of several which
are specific to surfaces and require a good understanding of the posi-

tive-energy (vacuum) states. For the latter we have developed an
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orthonormalization program which is effective for continuum states and
complements Schmidt's method for orthonormalization of discrete states.

We also recapitulated our earlier criterion1 which differs from those

which are presently well known'® for the instability sgainst the for-
mation of surface states against arbitrary perturbations, Now, let us
turn to the nature of these perturbations.

Surface perturbations heve no universal character and so must be
decided on & case-by-case approach. The study of metals will differ
from insulators, and both are different from the large veriety of semi-
conductor terminations. Let us start with the insulators: we have
seen that the eigenstates sre in one-to-one correspondence with the un-
perturbed states, so that if we populate the valence band, including
surface states associated with it, charge neutrality is ensured. How~-
ever, the introduction of the surface has invariasbly contributed to &
surface dipole moment. (Electrons have been removed, the wavefunctions
of which extended into the solid, whereas the compenseting ionic charges
lay outside.) The potential associated with this dipole layer repre-
sents the variation in the Madelung potential — the electrostatic po-
tential felt by the electrons at any site — at the neighborhood of the
surface. The potentials and the charge imbalances they engender must
be related. Poisson's equation and the Hartree &pproximation may a-
chieve this relation, as mey the Hartree-Fock method. Such methods
have indeed been applied to surfsces, and a vast literature now exists
on :hem.16 Nevertheless, applications using the present methodology
may have advantages over the previous ones, many of which17 require the

ab-initio solution of Schrodinger's differential equation and make
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little or no use of the information already available from the study
of the bulk.

The problems of metals are different but equally challenging. The
electron states are populated up to the Fermi energy, which is determined

by the bulk. But the states lying below ¢_ mey heve small amplitudes

F
at the surface, and thus the surface electronic charge may be deficient.

We see that this would result in &n sttractive corrective potential,

which in turn would increase the amplitude of the states at the sur-

face, until charge neutrality is achieved. Eicher Hartree or Hartree- ‘
Fock methods mey be used here or the more modern schemes develcoped

s :
However, one suspects that, as in

by Kohn and his collaborators.
metals, 2 judicious application of Friedel's sum rulelgmayproveuseful,

decisive, or at least, & simplification. We are presently investigat-~

dng this possibility as well as those several other issues: catslysis,

ad-stoms, etc., which are logically related to the present work.
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APPENDIX A

- = I -2 2,
Near an extremum U ~ sin gqa &nd e(kz) R s Pl 2,azz 8 “gin"xqa,

where g # k We use these expansions not just for small

z kzmax /min°

q, but throughout the BZ to estimate such gquantities as:
- * -
i I VOU@IE - e (4.1)
z k, z

Thus, the above is approximately:

n/a = -
I '% f d0 sin Te sin Tam[A + Z]cxzz‘a 2 Bint Ama’l > (4.2)

—n/a

where, for E outside the continuum (bound state) we derive (5.22) as

follows: 1let

tw[E - emax/minl L
be the binding energy, and R the dimensionless gquantity
2 =3 2 |
R=22e%a,|. With J_ defined by I =2a"J /lel ., we have:
J = lfﬂ d) sin 7 sin Tm [R+ 4 i %‘1'1
L : i
1 -1 m 2. q=
= 57 § @ - P hieen -t (A.0)
where the contour is the unit circle. Evaluating the residue at;
2_,4%
3(R+2) = [X(R+2)°-11 (A.5)
we obtain:
.‘Im - .'.l1 exp=(m=1)y (A.6)
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where J, is expressible precisely in terms of ST(E) , and vy is defined

1
dn (5.23) -

For E in the continuum, we have replaced E by e(kz) and obtein:
J =3 el (4.7)

m o}

where Is is real and Iy = ST(e(kz)). Thus,
ST(C(kz)) ~ !STlexp iqa
For the derivation of (5.29), we use
Bl (Z/NZ)gE sin gam
an insert into (5.27):

gnST eiq(m’-l)a

L+gnST

W Q;(Z/Nz)zs [sin qma - sin qa]

With the use of (A.8), we obtain the desired estimate (5.29).
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to the known bulk solution at the pth plane; see Appelbaum and
Hamann, op. cit.?

P. Hohenberg and W. Kohn, Phys. Rev. B136, 864 (1964) and W. Kohn
and L.J. Sham, Phys. Rev. Al40, 1133 (1964), applied to surfaces by
N.D. Lang and W. Kohn, Phys. Rev. Bl, 4555 (1970 and B3, 1215 (1971),
and J. Perdew and R. Monnier, Phys. Rev. Lett. 37, 1286 (1976) and

D.C. Langreth and J, Perdew, Solid State Communication 17, 1425 (1976).

Discussed in many texts, such as Ziman, op. cit (reference 12 above).
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Figure 1

Contours of constant €0in for '"cubium'" in the 2D B.Z.'s appropriate to:

(.4} (001) surface orientation ¢ o-(cos k a_—+ cos k. a_+ 1)
o X 0 y o

in

-3
(4%} (011) surface orientation €, a-(cos kxa°«+-2]cos kyaoz B

in

(schmatically). Regions of instability against surface states are in-
dicated by shading, and are obtained from equation (5.11) and Figure 2).
These exist only for the (0l1) orientation and over the restricted energy

range -1 < ¢ < +1; the full band extends from =3 to +3.
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Figure 2

Loci of constant o::n for (0ll) surface of cubium. Shaded region near
o, = 0 indicates instability against the formation of bands of surface-

states for erbitrarily weak surface perturbations. Such regions of in-

stability are generally curved, for arbitrary band structures.




e o . +

Figure 3

Typical energy contours at T = (n,kx,ky). The independent variable kz
is just one of the roots of the equation eT(kz) = const., where ef(kz)
is given in equation (3.6). The total number of positive reel roots

of this equation is Q, indicated on the left-hand column. In the text
(Sections III and IV) it is shown that only Q of these, coupled with a
number of the complex roots, survive the imposition of surface boundary
conditions. It is also proved that surface amplitudes vanish at points

marked (*) where Q changes discontinuously.
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Figure 4

Bound states and their effect on the d.o.s. (schematic).

(8) Graphical construction of solution of equation (5.8) for e
single band. "o" indicates the bound state, "1" the conjugate resonance,
for the example of an attractive perturbation (g < 0).

(b) L.d.o.s. for (0l1) cubdum, m = 1. For wesk perturbations, &s
assumed in this figure, the surface (bound) states contribute only over
a narrow range, indicated in the shaded regions of Figures 1 and 2. 1In
the bulk (m = ®), the surface contributions vanish, and van HKove singu-

larities re-appear.
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Principel surface regions and perturbation (schematic).

(I) Vacuum region, extending from z = -Paz to -L_ (L_—*®). Eigen-
functions are asumptotically plane waves having positive energies

#2k2/2m% a complete set.

(II) TFinite-sized vacuum interface region, O(Paz). Two sets of
functions are needed for completeness.

(8) Plane waves are modified here by orthogonalization to
eigenstates of the solid and to each other.
(b) Eigenststes of the solid lesk into this region, to vary-

ing extent.

(III) Finite-sized solid interface region, O(Paz), also two sets

of functions are required.

(2) States of the solid are affected strongly by varying Hg.
(b) Some vacuum states leak into here.

(IV) Asymptotic solid.

(although (N,a,7L;) = 0).

The eigenstates are the essentially com-
plete set of Bloch functions; the solid hes arbitrarily large length N,a,

It should be noted that there is & distinction

between the vacuum states and the positive energy states of the solid,
regardless whether matrix elements connect them or not. Both sets are

required for completeness.
regions.

Cross-sections

are NxaxNyay. same in &ll
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ELECTRONIC INSTABILITY OF SURFACES OF SOLIDS*

Daniel C. MATTIS
Belfer Graduate School of Science, Yeshiva University, New York, N.Y. 10033, (/SA

Received 1 February 1977

We study the effects of a surface perturbation on a semi-infinite solid. The bulk band structure is found to deter-

mime whether or not the surface is unstable against the formation of electronic surface bands. A criterion. involving
asingle component of the bulk inverse-etfective-mass tensor, is derived.

Experimental [1] and theoretical #' analysis have
by now established that the surfaces of solids often
differ in crystallographic class 3] as well as in electro-
nic properties*? from the bulk. The fact that not all
surfaces have been found to be reconstructed led
me to seek a criterion, and ultimately to pose a simpler
problem: under what circumstances will an infinite-
simal perturbation produce a band of surface states’
We shall denote this an “intrinsic instability™. for
while any arbitrary surface will have bound states
only if the perturbing potentials at the surface are suf-
ficiently great. one with intrinsic instability abway s
must ** . There have been previous attempts at syste-
matizing criteria for the existence of surface states
[6]: the charge redistribution effected by their exis:
tence may additionally be responsible for the observed
surface reconstruction [3]. In this paper we offer ma-
thematical proof that a surtace defining the x v plane
is intrinsically unstable ift a component of the bulk
nverse-mass tensor e, vanishes along a set of points
or lines in the Brillouin Zone. We thus focus on the
topology of the'bulk band structure as a root cause of
the surface instability: the exact nature and strength
of the surface perturbations £/ are of secondary im-
portance. (Our analysis does not require any particu-
lar methodology such as tight-binding. NFE, APW, etc.)

This research supported by a grant trom the Office of
Naval Research.
Some theoretical concepts are reviewed in [2[; note that
they number the first atomic plane 7 = 0, whereas in the
nresent work itis i = 1. See also chapters by Jones and
sorgin (1],

h as formation of energy levels bound to the neighbor-
hood of a surface-surtace states. Seeref. [4) and eq. (4) of the
present paper.

£l
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The prototype material consists of atomic planes
at Z}- =mja. with m;= 1.2, . N. the plane index. The
nterplanar distance @ is a function of the orientation
of the surface relative to the crystal axes. of course.
The unperturbed Hamiltonian /4, of the terminated
solid has eigenfunctions W, (r). in which kyand k|,
are the usual crystal momenta but k. is restricted to
the interval 0 < &.< m/a. These eigenfunctions have
been shown |7 to take the form:

\llnk (r) = A\r.\.":.,f‘l E cl‘kl““/—+k-r)/‘)L‘,”)\v(/-j)u‘)”(’ R/ ).
4 (1
in which O lr R/-) is the usual Wannier function
(the Fourier transform of the Bloch functions for the
nth band using periodic boundary conditions). While
termination of the solid preserves the translational
invariance in the x v plane (witness the cxﬁ;nmcnliul
factors) it has the effect of replacing V. e exp(ik.Z;)
by the components of a new N XN, u;m;n_\ matrix
(*'",\.(Zl‘). The construction of this tunction and its
analytical properties are elaborated in a companion
paper [7]. We quote one result: suppose the eigenvalue
corresponding to (1), denoted G B o k.)hasa
minimum or maximum at k. = k,, (for fixed A . &
and n). Defining & = (k.
importance:

\
k). the following is of

i U,y (mya)|® < (/N ms> (2)
6-4) : G

for my any positive, finite. integer. By contrast. deep
. ’ Y y

i the bulk (m; = +o0) [ U, 12 = 1/V. is a constant in-
dependent of &. and outside the solid (m; =0 or ne-

3 This s becanse surtace perturbations must always exist. I'or
example. the Madelung potential must deviate in the neigh-
borhood of 4 surtace from its bulk limiting value, See such
discussions as in |5}
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tive integer) U, — 0. Thus. (2) is purely a property of
the witerior neighborhood of the surtace.

We now introduce a perturbing Hamiltonian /1
which. tor simplicity, is taken diagonal in the Wannier
function representation **. It follows that its matrix
structure in the basis set (1) is:

LY s

A

J AR ey H ey (r)

: E}:”‘,,l','j:/\(/u)l'”/‘llul)‘\]\\_‘/\-‘\_z‘;,;_‘_;\;:‘;,,_”' - (3)
P i

By construction. /{_ preserves translational invariance
in the x v plane and thus conserves momenta K. k..
[he quantities &y,
the strength of the perturbation at the pth plane for

the coupling-constants, parametrize

the sth band.
We now study bound states of /{, + /1. They are re-
quired to be of the form:

ks =V AE‘/-,,.A\,.Ar(/\:)\1/,,,‘.m. 4)

This is to be contrasted with bulk states. which take
the form:

o - 1 , /
Sk gokyks = VD) TN, %:‘Sk\-,/\\-hl\\u/\ 4

Lk Vk (1) (5)
in the presence of the surface perturbation /7. The
exact scattering theoretic caleulation of £, is given

in 4 separate paper L Far present purposes it is quite
sufficient to study the bound states (4). it any, and

their energies /:',,.;\\,_/\l s AS K kyoand moare Kept fixed,

we omit these subscripts in what follows for greater
topographical clarity . First, Schrodinger’s equation
(U, + H)E = E S vields the following equation for
the coefficients F(k.):

?/-'u\-:)uk:)\lrm 20 g UEADU(p)F (KW

PRzAZ
= E, 20 F(k )Wy | (©)
Az :

In a more complete study ot the perturbed surface, under

rpeparation, we consider mter-band matrix elements, solve
tor scatterme states and charge redistribution, density -of'-

stites tunctions, ete.
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in which e(k. ) is the bulk band structure €, (k) with
superfluous indices suppressed. Fqguating coetticients
of Wy s we readily obtain a set of linear. homogeneous
equations for the (k. )s.and a condition for 4 non-
trivial solution to exist

s g S
Detlld,, =~ £, 85 EH = 0. (7
The analysis of this secular determiant s the mamn ob-

ject of this paper. The ‘\'/, oare integrals

ma k(g (p')

% 3 ad

= : - : N
8 Y= [dk. o) (%)

: 5
We have absorbed 4 factor of NV 2 in € 4 to form the

wy, = Uy \_‘. - independent of V. i the thermody namic
(farge V) limit. For £ within the continuum range ot

¢ “‘_ ) the SI’-/’
solution. Thus the bound states he outside the extrema
atk,q.
bulk continuum of states for different (A . & )'s or
dirferent band index n.

are complex and theretore (7) has no

while quite possibiy overlapping some of the

As we have seen in (2). the numerators in (8) vanish
when &. approaches an extremum. Therefore the Spp
are ordinarily finite integrals. no matter how closely
o) Now let

us examine €(k.). 1.e. ¢, (K). near an extremum:

L approaches the continuum edge at €(k

k)= €tk Kok )+ ek hy kK. k)%
+ Ok — Ky ) ()
where a. . ‘iilc,,(k) ak. )2 is the zz-component of

the inverse-ettective-mass tensor. to be evaluated at the
: ; ; : ; - : s
point (k. A‘,. Ky, ) in the nth band
positive at a minimum and negative at a maximum, this
quantity could be zero at either, causing Sl' piito diverge
asi| &g — ek, ) U4 when £ Japproaches e (k). Thus,
the criterion for (7) to have a solution, when the coupl-

. While normally

ing constants g, are arbitrarily small.is merely:

/

(g K, Koy ) =0 . (10)

Wherever this s satistied. we necessarily have surfage
states. This may oceur at discrete points or along curves
i the (K &) plare. By continuity.at finite values

5 The behavior of { Leq. (2), 18 purely geometrical and un-
related to the magnitude of a--. Thus any divergent behavior
of the .\'I,'/,‘ integrals is caused solely by the energy denomi-
nators.

469
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nr'gl, a finite neighborhood of these points or curves
also necessarily satisties the condition (7) for the exis-
tence of a bound surface state.

By way of an illuminating application. consider the
s.c. tight-binding band structure: €(k) = K (cosk ca +
COsk @ tcosk.a), tor a physical surface perpendicular
to the (100) axis. The band extrema are at &, = 0 or
ma. and @, takes on the values +K at the one and

K at the other, tor all (k. &, ). Thus, the criterion
¢q. (10) for intrinsic instability is met nowhere in the
2D Brillouin zone. On the other hand, tilting the sur-
face perpendicular to the (011) direction results in new
lattice spacings: @, =a.= a/2Y2 and a,=a.and in the
new coordinate system (k. axis must always be perpen-
dicular to the physical surface) the energy-band struc-
ture is: €(k) = ~K(coskya + 2 cosk a, cos k.a_). The
extrema are at k,,@ = 0 or 7, and eq. (10) now has non-
tribial solutions along the segments kya, =% =, for
all & . This orientation surface is intrinsically unstable,
whereas thie other orientation wus not. for the same
material.

470
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Electron states in random alloys with short-range order

Paul Bloom* and Daniel Mattis’
Belfer Graduate School of Science, Yeshiva University, New York, New York 10033
(Received 3 August 1976)

We present an accurate and economical iterative method of calculating the energy levels of 1 dsordered or

partly ordered random alloy. Results presented for one- and three-dimensional simple cubic lattiices compare
favorably with exact calculations. We also present the systematic effects of partial short-range order in three

dimensions. A theory of the one-particle propagators is presented, and the theory of electrical conductivaty 18

developed in the context of our new method. Our formulas satisfy the exact conservation laws

L INTRODUCTION

The study of electronic and vibrational spectra
of disordered alloys is currently one of the prin-
cipal concerns of solid-state physics,' stimulated
by the outstanding successes of the coherent-
potential approximation™?® (CPA), now ending its
first decade. Although efforts to improve our
understanding beyond the CPA have not all met
with the same good fortune, there have been re-
cent exceptions. Cluster methods™® have been
devised which are accurate enough to reproduce
the “peaky” structure of the density of states p(w),
which they sometimes do (notably in one dimen-
sion’) with startling fidelity. We have been work-
ing along such a cluster-type approach, and have
found an extremely simple method translating di-
rectly into a computer algorithm. While unsuited
to the theoretical study of Lifshitz" tails, our
method has permitted us to reproduce many of the
other known results over the theoretically per-
mitted range of energy,” even near the energy max-
ima and minima, and additionally, permitted to
study of the effect of short-range order. Along with
Lifshitz, we envisage tails in p(w) at the energy
maxima and minima as arising from accidental
correlations in increasingly large clusters, of a
size that for practical reasons we are not at pres-
ent capable of handling: however, the simplicity
of the present method may suggest a natural ex-
tension to cover this.”

The basic outline of our paper is as follows:
In Sec. II we present a method for the calculation
of the single- body Green's function in the presence
of an arbitrary number of impurities. We then dis
cuss how our procedure can be implemented by the
use of a convergence factor . Section 111 is de-
voted to an analysis of the meaning and uses ol th
Y within the context of a dis-

coniplex self-energy
ordered medium. Results from our method are
presented in Sec. IV, including the effects of short-
range order. Beyond this in Sec. V we make
further approximations that allow us to deter-

mine Ggz(w). Section VI is concerned with the
development of a transport theory compatible with
G. along the lines of Baym and Kadanoff.”

I CLUSTER GREEN'S FUNCTION

Let the Hamiltonian for the electrons within a
single tight-binding band in a hypercubic lattice in
D dimensions be

H=2 T, |06 |+ v, i =T+v, (@

1) t

with T,,=(2D)™" for i.j nearest neighbors and zero
otherwise, |i) the Wannier state at the lattice
point R;, and V; the potential which takes on one
of two values dependil hether atom A or B oc-
cupies the / site. We construct the resolvent oper-
ator G(z) and its various matrix elements:

Gle)= -H)'=[2=(T+Z)- (V=2)]", (2)

in which we reference the operators to a complex
“optical potential” =(2) merely as a device to
enhance the convergence of subsequent expan-
sions, with z equal to the frequency w. extended
to the complex plane.

For those readers familiar with the CPA, it
is important to note that our new departure con-
sists principally in dissociating the complex self-
energy parameter Y(w) trom the site-diagonal
averaged Green's function (f,n(ri_ Whereas in
CPA. knowledge of the one implies the other, via
the relationship

G @)=L | {2= [ T4 Sapnl@)] 1" ), (3)

our experience indicates that it is better to treat
L(w) merely as a convergence parameter, one to
be chosen as an ad hoc aid in the cafculations
rather than by tedious and unnecessary self-con-
As by Eq. (2) the exact G, (2)

sistency conditions am\e
“(2), inany accurate ap-

are all independent of
wovimalion to G, {2) we have latitude in our choice
of %I as discussed below, and we pick the sim
plest possible “(2) for which our calculated G 18

Pproxim itely stationary

LR R
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We next define a modified resolvent operator
""" appropriate to the case in which one sets l_‘,
=0, where we define \.', (i j(V=2X); |i) and, in-
dicating the elimination of the localized fluctua-

tion potential at this site by ( )/, we have
GHl @)= e — (P B)— (V= D)L, 4)

The full resolvent (2) can be expressed in terms of
the modification in (4) by the use of the operator
identity (A - B)™'=A"'+ A™'B(A - B)"!:

E)=6PeI+ e P EI-2).6(). (5)

Because the perturbation is diagonal inthe Wannier
representation, the matrix elements are easily
found:

Goml2) = C(2)+ GRRIV,G(2) /(1= GV, .

(6)
For the calculation of the density-of-states func-
tion p(w) = (= 1 7)ImG,, (v +i€) only the configura-
tionally averaged Green's function G, (« + 7€) is re-
quired. For the one-particle propagators Gi;
the averaged Fourier transforms of all G, (w + /€)
are needed. Equation (6) is now iterated. De-
fine G'*’)(z) to be the modified resolvent oper-
ators with the fluctuation potentials U at sites
/ and / removed. By a repetition of the above,
we have
Gl z)= Gl z) 4 GIHIY G0 () - G Y.
(M
The matrix elements G, decay exponentially with
distance R, : thusthe expansions (6)and(7)are in
a symbolic “parameter” y defined as G{" V.,
which s "sm;lll"_fnr small f’, and “exponentially
small” at large V,. The processes (6) and (7) are

to he repeated any number of times, until the
largest practical clustey size is achieved.! Ter-
mination, by truncation, of the series consists of
approximating the most distant G's, i.e., those
with the largest number of superscripts. by their
value in the average optical potential. Thus, if we
stop at (7), the approximation consists in re-
placing G (z) by (n |[z = (T+S)|**|m). The con-
figurational averages over all the explicitly re-
tained V', are then performed, and all G's obtained.

. CHOICE OF X

We now come to our principal point of departure
from other methods—our choice of . Our results
would depend crucially upon ¥ except for the fol-
lowing observations. Since the behavior of the
local cluster is the dominant characteristic of
disordered systems, we expect results insensitive
to the particular choice of = if the cluster size
is sufficiently large.

DANIEL MATTILS 15

We require a simple functional form for = that
allows for states out to the bands limits. This ex-
cludes the use of =, which is known to produce
bands that are always too narrow. We restrict
the range of possible 2's by requiring that it obey
dispersion relations, insuring that our approxi-
mate ¢ is analytic. Furthermore, a functional
form is desired in which ¢ is accurate in both the
weak as well as strong scattering regimes. Be-
cause ol the local nature of highly disordered sys-
tems. our choice becomes more critical for small
potential differences where effects are more ex-
tended. Our input is the im® which we take as one
or more step functions, nonzero only within the
theoretical band limits. ReY is then determined
from the following dispersion relation:

S@)=t W) + g f i ZetD ®)
This is sufficient to make our approximation to
G(2) satisfy causality. The density-of-states sum
rule, (A_‘, do p(w) =1 1s itself a beneficial con-
sequence of the analyticity of our approximate

G(2) and its resulting 1 = dependence in the asymp-
totic limit as we discuss elsewhere.!' We verified
that in all cases studied, the sum rule on p(w)

was satisfied numerically. If we choose the con-
stant Im= to be of magnitude of ImX ., then in
the weak-scattering and low-concentration re-
gimes ((2) will be quite similar to Gepal2) so

that accurate results can be expected in all re-
gimes,

Before we proceed, the way in which we use
Im® ps must be more clearly outlined. In the
accompanying Fig. 1 we display the two basic be-
havior patterns of [ Im¥.,, | as observed by
Velicky, Kirkpatrick. and Ehrenreich.'” It should
be noted that, here also, Re® and Im" are re-
lated by the Eq. (8). % has to describe every-
thing in the CPA: it determines band gaps, peaks
in the density of states, and the general overall
scale. Most of these results (e.g., band gaps and
complicated structure) are better obtained by our
detailed calculations of the correlated scattering.
We hypothesize that the most useful information
from CPA is contained in the general overall mag-
nitude of Im¥ ... Operationally, in Fig. 1(a), we
would ignore values of [Im¥.g, | from the region
of its maximum as well as the extremeties of the
band. In the former range of energies, we ex-
pect exceptional scattering because it is easiest
for these states to make transitions due to band
overlap, whereas at the band edges the spectrum
will be least disturbed, according to the same con-
siderations. Any value from the shaded region is
then acceptable. In terms of particle lifetimes, we
will obtain the large and small transition rates be-
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FIG. 1. Real and imaginary parts of the complex self-
smergy in the CPA. The two sets of curves are indicative
of the type of results that can be expected from this ap-
proximation, (a) A situation where the alloy bands over-
fap; (b) the case of split bands. Energy is in units of
half-bandwidth, This is an adaption of a figure from
Ref, 12.

cause we almost solve the eigenvalue problem ex-
actly for each configuration and this is clearly
equivalent to a perturbation approach. As for
concentration dependence in T.p,. we will obtain
correct behavior simply because we weigh each
configuration by its appropriate probability. Thus
we are able to include both the dynamical and
statistical aspects of the problem.

In Fig. 1(b), the same analysis leads us to ignore
the very large values of |[Im™~.,, | in both subbands
Here though, the magnitudes are considerably dif-
ferent leading us to suspect that two different con-
stants are needed. Further details of this case
will be elucidated in the following examples
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IV. ANALYSIS OF RESULTS

We first consider the canonical one-dimensional
tight-binding binary alloy for three different scat-
tering strengths at a 50-50 concentration. Figure
2 compares the results of one-, three-, and five-
cluster calculations for p(w) when V=2 0.5 with
exact results. We see in this example the develop-
ment of the peaky structure associated with special
clusters of atoms as our cluster size increases.
Proceeding to a larger scattering strength
(V,=+1.0), we expect that the local configurations
will play a more prominent role because of in-
creased wave function localization. As shown in
Fig. 3 we successfully reproduce most of the
structural details of p(w) for a five cluster. To
check the degree of insensitivity in our five-cluster
model we varied |Im¥ | within the limits given by
Im¥ ., and found little change in the overall pat-
tern as shown in Fig. 4. This indicates, numeri-
cally that the resulting G is stationary and that =
is optimum.

The scattering strengths are now increased to
V,=+2.0, providing a critical evaluation of the
methods capabitities (larger scattering strengths
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I'1G. 2. Comparison of one~, three-, and five-cluster
calenlations for p(w) using [ImE, 4! = 0.15, with v,

0.5, ¢~ 0,5, Background (histogram) is exact result

of Ref. 4. Energy is in units of halt-bandwidth
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FIG. 5. Comparison of one-, three-, and five-cluster

calculations for p(«) in one dimension using [Im ¥ ;4
=0.5, with V;=-1.0 and ¢=0.5. Background (histogram)
is exact results of Ref. 4. Energy is in units of half-
bandwidth.

are in a sense too easy because wave function lo-
calization makes a cluster calculation more plaus-
ible). Using the exact scattering off all configura-
tions of five atoms, the highly discrete spectrum
is well reproduced, as seen in Fig. 5(a). In-
creasing the cluster size to seven atoms, keeping
the convergence factor the same as in Fig. 5(a),
imiproves our agreement with the exact results as
shown in Fig. 5(b). In Fig. 6 we display the re-
sults of again varying {lm‘l within the limits dic-
tated by Im¥ . ,: the major details are again seen
to remain stationary. We have found empirically
that if [Im
states is too “peaky” and as such, representative
of a molecular cluster. instead of the solid state.

If [Im>| is too large, then the central site pre-

is too small, the resuitant density of

dominates, as is correct only in the extreme
“atomie” limit when potential fluctuations greatly
exceed the bandwidth. One can see this from Fig
6 since the sharper curve is associated with the
lowest value of [Im¥ and vice versa.

In three dimensions the obvious cluster size is
seven sites, Figure 7 compares our calculation
with the Monte-Carlo-type numerical results of
Alben ef al.'* A constant Im? gave poor results

in this case, but the CPA calculations immediately

showed us why: Im¥_.,, was more than one order
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of magnitude smaller in the majority subband than
in the minority subband. Consequently we changed
Im* to the step function shown in the figure var:-
ing the parameters (magnitudes of the steps) again
guided by CPA. The results now agreed well with
the exact computations and were insensitive to the
precise value of our parameters as is evidenced
by Fig. 8 in which a three-step function was used.
To illustrate entirely new applications, consider
effects of short-range order on this same alloy.
With o the Cowley short- range order parameter—
¢, and ¢,=1-¢, the relative concentrations and
P, the probability of finding atom A at a given
site when a B atom occupies a specified neighbor-
ing site—we have P, =¢, +cya, Py, =c4(l - @),
P,g=¢,(1-a), and Pyp=cy+c a. In Ref. 13,
@=0. Forc,=0.1, @ can vary from -0.11 to
+1.0: negative o (s asscciated with enhanced
tendency of A atoms to be surrounded by B's (i.e.,
“antiferromagnetism™), positive « indicates en-
hancement in the probability of either species being
surrounded by atoms of its own kind (1.e.. “ferro-
magnetism™), Using the same convergence pa-
rameters as in our calculation at =0, in Fig. 9
we find distinctive features in the minority subband

g
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FIG. 4. Curves give p(o) for three different values of
Spar Tor a five-cluster caleulation of & one-dimensional
allov with V= 1.0 and ¢ = 0.5, The sharpest peaks are
associated with lowest value of  [m? tetaly 0.4, Other
values are 0.5 and 0.6, Energy s in units of half-band
width.
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FIG. 5. (a) Density of states for a (50-=30) concentrati
is exact caleulations from Ref, 4

results were computed from Im¥ = -0.50 and Re?

configurations of a central atom and its four nearest neigh

atoms using the same (o). This result is comparable i

culation to date, Ref. 1. Energy is in units of half-bandw

density of states that we interpret in terms of mi-
nority-atom clustering: the single peak of o

- 0.07 registers the unlikelihood of finding two
A atoms as nearest neighbors. and the double
peaks of o = 0.7 represent the tendency of the same
atoms to form pairs, triplets, etc. However. due
to the sparseness of A atoms. triplets and highet
order clusters are statistically insignificant for
these values of o,

VOELECTRON PROPAGATION

So far we have developed a method tor calculatin
the site-diagonal configuration averaged Green's
function. We have not indicated. how we would cal

culate the non-site-diagonal propagators. One al

ternative 1s to develop a cluster method for the

[he full band is obtained

{

obtained
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o | 13) (solid line) who solved the Schrédinger equation for
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Glt)= = o= s (1 7
' N s z - A¥(k, 2)— e e
Kk 3 Og
nd :
 (ie -1 2]
Gg=|z - N*(k, 2} = eg]" . ZR
(=)=
Fhe analysis is facilitated by going over to a lo-
calized representation in which we would specify
the number of elements Aj, (7) that we have deter- 2
vined numerically. For example, if we have °_2 00 j‘ 00 0.00 ]Ym 2'00 3.00
wailable G, (<), G, (). and G, ,.(-). then we NERGY

would be able to obtain
FIG. 8. Comparison of seven-cluster calculation of
T AZ)=0 \0(2) 4 s o A% (2) +0,,, AN 7). plw) (dashed line) using a three-step [Im3

I, m

traal (l‘ "N'.‘
dashed line) with results of Alben ef al. (Retf. 13) (solid
by solving the three equations simultaneously. In line). 1 .‘ 0.7 lI and ¢ = 0.1 for this three-dimensional
tight-binding alloy., The shar ak r. S6
the case at hand, we will use a site-diagonal self Ly e sharp peak in Fig. 7 at Ll
is absent because of the coarser energy scale used,
energy since all we have at our disposal are the

Arrow indicates the height to which their peak rises.
computed G,,(2). We will still use

Energy is in units of half -bandwidth,
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FIG. 9. Density of states for V=075, Vg=0.75 in a
three-dimensional simple cubice lattice with concentration
c4=0.1. Cowley short-range order parameter ¢ is
—0.07, 0.3, and 0.7, respectively. [Im¥| is the same as
in Fig. 7 (dot-dash line) and Re¥ is obtained therefrom
by use of Fq. (3). Energy is in units of half-bandwidth.

i 1 ik (BB
s D ¥y

hence (12)
Giz=[2 - A*2) - 2],

as the definition of the off-diagonal elements. The
propagators decay rapidly with distance R, so
both the one-, two-, or three-point curve-fitting
procedures will probably give reasonably equiva-
lent results. Now, all the information contained
in our previous numerical work is stored in A*(2),
the complex proper self-energy part. It is of in-
terest to compare ImA* with Im> ., in order to
see how they differ. This is done in Fig. 10 for
the one-dimensional alloy of Figs. 5 and 6.

In summary we have presented a relatively sim-
ple method for calculating the eigenvalue spectrum
of a disordered system, one that avoids all the
computational pitfalls of self-consistent methods.
This quasi-invariant theory is not only highly ac-
curate, but also allows the bounds on the frequency
spectrum to be naturally determined by the corre-
lated scattering of a local group. We now discuss
transport and develop a formalism that allows our
numerical output to be used in approximations that
conserve particle number and energy.

VI TRANSPORT IN DISORDERED SYSTEMS

The linear response of the current to the electric
field defines the conductivity, which we take to be
the same along the three principal directions in
our simple cubie structure. Following Velicky!!
we have in our single-particle model

RANDOM ALLOYS WITH... 36,59

. f(A)
1(0) l,f d\ (-3-(~)(’.u<\_//)/',w~_//)/-‘//.

1" 'A
(13)
where ¢, the electric charge, is unity and 7/ is the

fermi function. The bracketed term is short hand
tor

(6(x = DB = H)p,Y

Y- Cafa( - mp, o0~ H)py[a) . (14)

o
p, is the momentum operator along an arbitrarily
chosen principal axis and ( ) denotes configura-
tion averaging. Examination of Eq. (14) reveals
that we require the two-particle correlation func-
tion
(G i@y, 2,0 =K | @ = H) (DGn|(2,- HY' 1)
(15)

We can relate (G”) to G by the equation

8.00

6.00 7.00

—t

”J%RCY $.00

=]
3

%OSELF

PR OPaE

2.00

1.00

0.00

4.00

PG, 10, Solid Hine is [Im A @) ] lor the one-dimen
tonal alloy of Figs. 5 and 6 in the five-cluster approxi
mation while the dashed line is the corresponding
ImY pa ). Energy is in units of half-bandwidth,
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i Z: Cib(il)(—;ul(‘):)zkr.ﬁq ’(;;mu(’ Ly '))' (16)
kp

qr

which defines the index structure of the vertex
function. This equation is exact for the exact G
and we will use it to define (¢°) when we have an
approximate single-particle Green's function. We
can place restrictions on possible vertex functions
by requiring the conservation of charge and ener-
gy in the presence of a long-wavelength distur-

bance. This leads to the introduction of a new
operator
Kz, ,? D (17)

It is easy to show that K must satisfy the following
Ward-type identity:

ND DANIEL MATTIES 15

K(zy,2,)=(2,-2))"G(g,) - G(2,)], (18)

which implies a connection between the one- body
operator G and the two- body Green’s tunction (G¥).
Also, one can show with the above condition that
the linear response of the particle number and en-
ergy to a long-wavelength disturbance is zero, thus
ensuring the appropriate conservation laws. If we
use an approximate . then we must construct a

A that maintains Eq. (18) and this allows us to re-
late G to the vertex function in the following way:

We let 2, -2 . then Eq. (18) becomes

) /I(, ( )

Koz, 1/

(19)
Fhe configuration averaged resolvent can be writ-
ten

Gz =G|[2,= T = ALz ) |0, (20)

which leads to the equation

—_— S
S o I v -,I \° ) .
x):Z(‘u("l)(’/l(*x)' Z G2, ( dz ‘)"A,l( v 21
b kq .
But
_(l.\;q(:_l) 1 dAf Z dAz () I\ (2.,2,)
dz, N :l(. N dG,, LS
so that
g 3 A R 1 9¢
2,,2,)= Z(.,,(.,)(,,,( D DEANERGHEN = (22)
3 kg
rh
In (G*), we let m =j and sum over all j with 2, =2,¢
2 G2 )= Y Gy )Gz, + Y Cula)C oi(2))E0, pel21,2)) Y (63 02,,2,)) (23)
J J kq 7
rp
— — =8 RV L
Once we recognize guarantee of conserving charge, energy, ete. The
Ward identity is useful to generate a unique com-
Kiz,,2,) = z .f(.",‘m(:l_ 200 patible vertex function only when the frequencies
i are the same. For the case at hand, Ag(2))
) ) 0,,A*(2,) is a function of the site-diagonal aver-
we find that the vertex must satisfy the equation o b oS 5 b
aged Green's function so the vertex 1S
ap 1 /l\; (l) ¢
By (i 2u)= — oL (24) CoP R ( &)
brypa\“ 1<y - - s P . » B 95
N dG,,(z,) it o By 1B ‘.\; - ) Oy Om=(2, i 2) (25)
We note that not only must this relationship hold
tor the exact vertex function and self-energy but For &, #2., we make the approximation
also in any approximation in which it is desired N . Yl B 51 ) >ay
. I % < y ) 0 N . (£0
that the two-particle correlation function satisfy LGl RER L

the Ward identity, FEq. (18). This means that once
an approximation is made to A*, we can deter-
nmine transport functions that allow the conserva-
tion laws to be obeyed. We could make further

approximations to (G”) but we would then have no

This is certainly consistent with the Ward identity .
and furthermore, it allows us to show that contri
butions to the conductivity from the vertex correc
tions then vanish. The two-particle correlation

function 1s now
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/("nl'vul(‘\ ) ’('n( \ 2,) + Z(" )(:kl(‘ £ g )Z «'rmlr 2102, ). (27)
To find the conductivity we need ((6(\, = H)p,6(x, - H)P.)/ Or

LX) = 35 PE G | 0, = ) | D3 | 60r, = 1) | (28)

ijilm
which requires
Z/>§.mp'>;i(¢;;‘m,,(xl_.\2)): 2 PahiC T+ 3 Y 25, C IS () B, X )Z (G2, (0 AP, (29)
ijim ijlm ijlm

The second term breaks up into

Z /)gi(—:ik(’\l)(‘_'hl(r\‘_') Z E(Al 4 ’\2)«’..‘:”1}7(’\[ ’ '\:)>/’£m “\H W (30)
ilk imr
Let us transform the Wannier sum in A to a Bloch sum. Then since (k]/’ ' =mV (k)& . and G is diag-
onal in the Bloch representation,
= 1 1
»le (G \)?‘;(\)_»,Zi* 3 (31)

= ok, M- AT - A - AY(A) - €

The propagators are even under inversion (k= - K) but the velocity V,=0de€ ok, is odd, giving us zero, and

all vertex corrections now vanish. In this case, the fortunate cancellation of vertex corrections comes

about as a consequence of the approximation of the proper self-energy by a site-diagonal quantity. Eq. (12).
VI ZERO-TEMPERATURE de CONDUCTIVITY

We are now in a position to evaluate v(0). Because the vertex corrections vanish,

(V)= 37 PTG | 5O = ) [0, 6 |68 = H) [ 7% = m® 3V (RIVL(R)(K| 60\ — 1) [R)". (32)
ijtm K
With the definition E 8
K|6(0x = H)[K) = (=1 7) ImGi(\"),
¢ 8 \ 8
we get for {=2 [o(w) =0, (w)], —ﬂ VA Fe
2= IF(\) \ N \' 5
r(”)’-_—/‘ tlv\<_/,(' ) 2 | [‘ \ ;I 8
nJ.. GA = l\ o Lo
{ N ! >
)2 T Tl X *) 12 e [ \y I ‘ 2
X Z V(R [ImGz (V) (33) 2| I h §;
k bo | I n rli‘
where we have included a factor of 2 for the two b | { : “‘
possible spin orientations. At 7=0, —=if(\) oA SO | | " 35
(M = 1), with 4 the chemical potential, and the =5l | Il e
conductivity per atom is zZ | | “ 8
(=} / | | |
2 e Lo 8
7(0) - ; VAR ImGgg(p®) | (34) §4 / | ’\ l o
{
or / I l
A* () g I 5
2 " ImA*(p . . }é
$(0) =2 1k kL =N S E—— = 5 i o :
{ T [ § ( [i= ReA*(u') - F P+ ImA*(u® > 2.00 1.00 UE"%(;R(‘,Y 1,00 2.00 3.00
FIG. 11, Then de conductivity (dashed line) of a thre
- r dimensional alloy with | i =075 and e = 0.1, Density of
X 3 L l‘,(k)'f(l“ - €3) (35) states taken from Fie, 7 i hown in the solid line. Enc

¥ v is in units of half-handwidth.
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This natural separation, only possible for a proper
self-energy independent of &, isolates the lifetime
and energy shifts of the single-particle excitations
from that part of the conductivity which pertains
to the particular lattice under study. We will con-
centrate on a three-dimensional simple cubic lat-
tice with

€; = j(cosk + cosk, + cosk,).
Then,

1'1(]:)-‘ = +sin’k, = L(1 - cos’k,).

ImA* ()

1 1
,I(O)—Tv?hﬂ j:l dE ({Ii— Re-\‘(u')— I:‘]'“'+lm.\‘(u")

We have calculated the de¢ conductivity for our
three-dimensional alloy in order to illustrate our
formal results. Generally, there are two ways in
which the de conductivity can vanish. If the den-
sity of states at the Fermi level is zero then so is
7(0). In addition, we can have a finite p(u), but a
zero mobility because of wave-function localization.
Equation (36) only admits a zero in 5(0) if p(u) is
zero so we cannot take the latter possibility into

Consider the functions

1 (,m‘bl
> ; - o—
PolE) .\'Z E-¢’
k
for which we have

1 P 1 : e
;Z Vi®O(E - &) =3g= Im|[P,(E*) - Po(E")).
¥

The imaginary part of both P,(E*) and P (E*)
vanish outside the unperturbed band and

>J[pz(15*> - P,(EY)]. (36)

r ———a

account. The conductivity 1s displayed in Fig. 11
against its respective density of states. There is
a rather direct correlation between the magnitude
of the density of states and that of the conductivity
This relationship is understood in terms of the
availability of states at a given energy to which an
initial state can make a transition. We also find
peaks in 7(0) which we associate with velocity
peaks in the cubic band structure.
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