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ELE CTRON STATE S NEAR SURFACE S OF SOLID S* ~~~~~~~
Daniel C. Mattis .‘ 

.I~ .

BELFER GRADUATE SCH OOL OF SCIENCE
Yeshiva University

New York, New York 10033 

ABS~~~CT

The mathematical theory of electron eigenstates near the surfaces

of solids is developed in stages. We first study the eigenstates of

solids which terminate at a surface but are otherwise unperturbed , and

prove that near the surface the 3-d imensional band edges are “softened”

and van Rove ’s sin gular i t ies  in the density of states are elim inated.

A set of “vacuum states ” lying primarily outside the solid is constructed

out of plane waves orthogonalized to the eigenstates of the solid . This

Set of vacuum states is not orthonormal , and must be orthonormalised by

an original procedure , d i f fe ren t  from that of Schmid t (which is tmsuit-

ed ) .  Effects  of surface perturbotions are studied. An exact methoc
is elaborated for obtaining eigenfunct ions in closed form , for a var iet y
of perturbing potentials , extending arbitrary distances from the sur-

face and includin g inter-band matrix elements . It consists of calcula-

ting the effects of one surface layer at a tine, and cumulatin g the re-

sults . The intrinsic instability of certa in surfaces aga inst the forma-

tion of bands of surface states is shown to be the consequences of the

vanishing of a bulk quantity one of the components of the inverse-

effective mass tensor , at certain points in the B.Z.

*Research aupported in part by the Office of Nava l Research , and the
National Science Foundation .
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I. fl~TR0DUCT I0N

With a vast literature now appeared on various aspects of the

theory of surfaces of solids, it might seem that the scope for further

investigation is thoroughly circumscribed . Yet , even a cursory glance

at this published literature reveals the lack of strong mathematical

underpinnings, of the type that Floquet ’s theory and group theory gave

to the electron states ( the Bloch functions) of the periodic solid .

lt~~~~of the published works consist principally of detailed numerical

investigations of the Schr8dinger differential equation in the neighbor-

hood of the surfaces. There , perturbing potentials , both one-body and

two-body , are taken into accoun t , self-consistently in the best of

these investigations. The study of easily solved simple models , such

as nearest-neighbor simple cubic (“cubium”) structures , yields only

qualitative “seat of the pants” experience but no generally applicable

formulas or theorems .

In the present work we have taken an approach which we hope the

reader will agree to be justified and rewarding. .G~t• idea is that in

any surface problem , the proper basis set in which to do the calcula-

tions must be adapted to the sy~ netry of the problem , in this case the

termination of the solid , if this feature is “built in” .~~~~
’
iuany fea-

tures co=on to all surfaces can be identified in adva~ce, and the cal-

culations for specific problems reduced to a minimum.

Then , in studying the effects of surface potentials on the sur—
~L4~ Q~ -

face-adapted functions , we f ind ~‘ i i’~~ ~~s now qui te  muted and pre-

dictab le; when the perturbing potential is sufficiently strong or the

energy contours sufficiently flat (the 0 criterion1— see below)

,I
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there appear bound states , that are identified as surface states. In

general , the basis functions are scattered among themselves by the per-

turbations at the surface . Calculations of the scatterin g and of the

bound state properties can be reduced to straightforwa rd simple algebra ,

and the introduction of more sophisticated effects (many-bod y corre-

lations, principally) then involve no mor e difficult concepts or calcu-

lations than for the bulk. While not a universal theory of surface of

solids , the present work does outline procedures that re—cycle to a

maximum extent the considerable information , already available about

periodic solids , to the study of the surface related properties. Let
SAL. 

~~
.. 
~jo! ‘J..ZJS

us now examine som e of the concepts that help -brtis~ ‘-4-~~a~’~’.t.

Although chemists describe molecules as a collection of atoms in-

terconnected by “chemical bonds”, these being quantities which retain

their integrity (length , strength , and rela tive angles) in a variety

of compounds , little use of this important concept has been

made in solid-sta te theory outside the framework of such approximate

schemes such as LCAO . In the present paper , we make the obvious ideri-

tification of the bond K(R~ .) connecting an atom at R1 to a second atom

at R~ as the lattice Fourier transform of the band energy c (k). The

e~~ ct Bloch ene r~ ies ~~(k) and corresponding e~~enstates $ k(r) of the

~~~~ ‘ ‘~ ~~ 4nt- 4~~~1 i-ncredients  in the present formula-

tion of the electronic theory of surfa ces of solids .1

(A) Our theory of surfaces is developed in severa l stages . As the

first and most important step, bonds which connect the “inside ” atoms

to “outside ” atoms are cut at a surface introduced into an 
otherwise2
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semi—infini te  solid ; inte rna l bonds as well as the interna l H an i l ton i an

retain the ir bulk values . The exac t  new e igenst a res  are then simply

obta ined as lin~~ r comb inations of the Bloch func t ions , the coef f ic ien t s

being determ ined by a set of boundary conditions . While this procedure

can be carried out .za1yti~ -~ 1~ only for extreme ly simple examp les of

nea rest neig hbo r or nex t—neares t  neighbor bonding ,2 or for en empty lat-

tice , our method is so formulated tha t in genera l , exact eigensta tes

at thi s stage can be easi ly computed ~ ~~~~~~~~ us in g s imple  matr ix

a lgebra on the Ia~own bulk solut ions .  Moreover , we de rive a verie ty of

properties of the eigenstates of the terminated solid without recourse

to nume rica l methods . For example , we prove in a l l  genera l i ty :

—There a re no “sur face  s ta tes ” , i .e .  no bound s ta te s lyin g in the

ranges of energy forbidden to bulk states . The energy cigenvalues of

the e igenfunctions of the t e rmina ted  but  o therwise  unper turbed solid

interlace the Bloch energies , from which they differ only to order

0(1/N), where N number of planes of atoms parallel to the surface

—

—At energies c (k) such that the velocity of an electron perpendi-

cular to the surface v ~ ~~~~~~~ 

~
c
~
0)Thk

~ 
vanishes , so does the relative

probabUivy 1$ k~ ’~ 
of f inding it at a finite distance z from the

su rface . Thus the local densi ty  of s ta tes  ( l .d .o .s . )  a t  planes near

the ~ i . rf ,ce  ~~~~ are lacking the accumulated contributions from band

edges and saddle points in the energy spectrum , wi th  consequent eros ion

of the band edges and elimination of the van Hove singularities charac-

teristic of the bulk d.o.s. and band structure .3

3
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(B) Turning to the second stage of the theory , the instabilities of

the new eigenfunctions aga inst simple model surface perturbation s is

examined . Generally, sur face  po ten t ials , or changes in the bond

strengths , can “pull” eigenstates into the sur face  or “push” them out

of it. More importantly , such perturbations can cause bound states ,

i.e. surface states , to appear o
~
t
~~~~ A

the cont inuum of the Bloch

states. Thus , for a given point k~~k~ in the two—d imensional  (2D)

Brillouin Zone (B.Z.) of the surface , we could have states lying out-

s ide the continuum of energies c(k ,k;k ) (defined by allow ing k a  to

wander over the interval - .  to +‘-), provided the per turba tion is suffi-

ciently strong or the incip ient instability sufficiently great. At

this point we show that the instabilities arise at or near certain

unusua l points in the 2D B.Z. where the inverse—effective -mass parameter

~ ~—2 ~
2
c (k)/~k

2 vanishes, the derivative being evaluated

at the values of. k
~ 

for which 5n x~~y
;kz
) has its maximal and/or mini-

mal values , a t f ixed n ,k and k .  Only a knowledge of the bulk band

structure and a choice of surface orientation relative to the crystal

axes (to determine the orientation of the z—axis , normal to the sur-

face) are required to locate the zeros of o~ , and thus to establish

the bands and surface orientations most lik:iy to produce surface states~

(C) in the third stage , more general perturbations are considered

and the mathematical procedure for obtaining the new eigenstates and

eigenvalues — both in the continuum and for the bound surface states

— is developed . It is only for large perturbations that we can expect

to see Burface sta tes  ly ing within the bulk b and-gaps , as weak per-

turbations produce surface states whose energies usually overlap 
parts4
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of the bulk continuum. ~~~~~~ do not mix as long as they belong to

different values of n o r  k and k.f The various contributions to the

perturbing Hamiltonian include : a changed Madelung potential (zero out-

side the solid , varying progress ively to its bulk limiting ‘value at

large z), a macroscopic dipole moment due to the imbalance of forward -

backward charge on orbi tals of surface atoms , relating to changes to

the usual }iartree—Fock and correlation energies due to termination of

the crystal~~ In addi t ion to scat te ring of the various eigen states ,

such perturbations can also mix differen t bands (conserving k ,k how-

ever), resulting in a distortion (rotation , elonga tion , or wha tever)

of the original  bonds . They can also adm ix the “vacuum s ta tes ” , ori-

ginally decoupled by the breakin g of surface bonds .

For the purposes of a realistic calculation , one must therefore re-

introduce a complete set of states for the outside space — the “vacuum

levels”. These may be chosen as a complete set of plane wave states

di splaced by an energy determined by the magnitude of the work function ,

and orthogonalized to the eigenstates of the solid near the surface .

A procedure for doing this is outlined . The perturbations described

in the previou s paragrap h have mat rix elements connecting the ins ide

states to the vacuum states as well as to each other , and so we had to

have a scheme far calculat ing them.

This work is intended to prov ide a thorou gh introduction to a va-

ziety of new mathematical aspects only; we intend to present applica-

tions in subsequent publications . Problems concern ing “reconstruction ”

of surface s are also de ferred.

5



- -  

~
— . . - -  -

~~~~~~~~~~~

II. SO~~ FAMIL IAR BtJT USEFUL CONCEPTS

The bulk Schr~dinger equation H*(r) c$ (r) determines the complete ,

orthonornial set of Bloch states $ . These can be written in two distinct

ways : — —— —
~~ ikr —

— Nx y z  te -~nk~~~
1 or

— 
(2.1)

— ~ i(~ -R) —
$ ( r ) — N 2 2 e ~

x ,y,z n •j
.1

in which u k (r) is a func t ion  havin g per iodic ity  of the la t t ice , and

0 (~~—~~.) is 
the Watmie r func t ion  for  the nth band a t  the R . t h  l a t t i c e

ft 3 3
site . The orthonorma l Wannie r funct ion  is localized within a small

~ieighborhood of its nomina l  si te , decaying  exponentia l ly at  large d is-

‘- ‘nces f rom it .  The energy eigenvalue of the above Bloch s t a te  is:

ik R..
£ (k) — 

N 
1 

~ e ~
( (s.) (2.2)

ft x,y,z R~~ R . 
n 3

It is , in the extended zone scheme , periodical ly extensible into the

second, third , etc. Brilloufn Zones . For our purposes , knowledge of

(2.2) for k in the first Brillouin Zone is sufficient. For the study

of surfaces , an even smaller , two—d imensional , Brillouin Zone is impor-

tant. Let the normal to the surface plane define the a—direction , so

that  the surface  defines the x-y plane . The new boundary conditions

at the surface and the perturb ing potentials localized near the sur-

face may or may not affect the translational symme try in the x-y plane .

When they do , we say the surface is “reconstructed”.6 In the present

work we avoid these complications. We shall always assume the surface

6
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to be tmreconstructed , i.e. we shall make strong use of the hypothesis

that the translational symmetry in the x-y plane is ma intained exactly

as in the bulk even though this symmetry is destroyed in the a—direc-

tion by the surface .

A t every fixed value of k~ E (k ,k) the energy c(k~ ,k )  achieves

a mthimt.m~ and a maximum, at k and k respectively. These will
z mirt a mex

be denoted the “rela tive bend edges~’ to distinguish them from the “ab-

sol ute band ed ges ” at which the entire nth band achieves its lowest and

highest energies. We denote the lower relative band edge £~
th
(kp
) and

maxthe upper one € (k11 ).
Ac any k in the nth  band one defines an i n v e r s e — e f f e c t i v e —mass

tensor with nine components o~~1,. 
given by:

(~)~
2 

~~~~~ 
€n

(k) (2.3)

In surface studies , one is particularly concerned with just one of

these components , 0’ , evaluated at k and k . We introduce
n,zz z mm z max

the self-explanatory notation 0’
m~ (k

u
) end ~nax (k

u
), both functions

on ly of k~ ; quantities which , tog:ther with c~~~ (k 11) and c~~
8’

~(k
1~

) we

mus t evaluate using knowledge of the usual (bulk-)band structure .

To fix ideas , consider the hypothe tical simple—cubic tight—b inding

“cubium ”, which has a band s tructure :

— i~ (cos k a + cos k a 1- cos k a ) (2.4a)

_ _ _  - 

y ~
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for the surface perpendicular to one of the crystal axe s , and

£ — K (cos k a -i 2 cos k a cos k a 2~~ ) (2 .4b)
n x o  y o  z o

for a sur face  in the (0 ,1, 1) d i rec t ion . For the first , (0,0,1) orient-

ation , we obtai n assumin g K < 0 ,

tnin ,maxk — O . k TT/a ,~~ — K ( c o s k a  + c o s k a ) . i . Kz min z mex n x o  y o  ri

mth ,uiax 2and o — ± K a (sett,.ng ~ — 1)zz n 0

whereas for the second , (0 , 1,1) orie n t a t i o n ,

k 0 fo r cos ( k a 2 ½) > 0 and k mm T~2
½ /a 0 fo r cos ( k a 2 ’

~ ) <  0 ,

with  k = T~2 ½/a in the former and 0 in the latter case. Then ,

min,max K (cog k a ~ 2 I cos k a 2’~~j )
Ti X O

-and

tiixi,uiax 
— ~~~ ~2 cos ‘Ic a 2~~~ (2.5)zz n y o

For the f i r s t  or ientat ion , the two-d im e~ s iona 1 Brillouin Zone (2DBZ)

is a square extend in g from —~ to -’-~ fo r both k a and k a . For they o

second , it is a rectangle , wit h k a  extending from —1r to +i~ while k~a 0

extends from —tr2~ to +,~2
½ . We display contours of constant and

the behavior of ~~~~ in Figures 1 and 2 
~
‘max end 0’

max are similar) .

In equations (2.1) and (2.2) the factors N refer to the total
x’y,z

- 

- 

number of cells in the 3D crystal. With N
~ 

the total number of planes

8
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parallel to the surface plane , and N the number of cells in each

plane , ,.ie have obviously :

N N  (2.6)x.y,Z z x ,y

in eq uation (2.2) is the “bond rtrength” or Hamiltonien

matrix-element connectin g the Wann ier function in the nth band in the

cell centered at B. to that at~~~.. %Thile in~~ie periodic solid K is a
i 3 Ti

function only of the relative vector P. a R . —R , introduction of a- i3 ~~~1
surface complicates matters . Zero Boundary Conditior.~ recuire that we

cu t all bonds that extend outside the solid, i.e. rec -ire us to set all

K 0 for which either ~ or P.. lie outside the solid . i’his procedure
Ti i 3

wi ll be exam ined in the following Section .

In the tight-binding scheme 7 the bond—strengths K(R i.) are esti-

mated first , and the bend—structure calculated therefrom. In more mod -’

schemes ,8 the band structure c (’
~) is obtained by direct solution

of Schr~dinger ’s differen tial equation appropriat.~ to the periodic

solid , with or without correlation and exchange corrections . Once this

is done , we can convert (2.2) to obtain the

— (~~)3 ~ d3k 
~~~~~~~~ 

~~(~) 
- (2 .7)

lstB.Z.

In the Wannier—function representation , the eigenststes of the Namilton—

ian for electrons in the solid take the general form :

$(r) — z U (R )
~ 

( -
~ ) (2.8)

~ j n  j

_ _  

_ _  

_
.~~~~~~ _ _ f~~~ ~ir ~~ - ~
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whe re the U ’s are the components of the eigenvecto rs of the N x N ma-

trix (2.7), and are to be norma lized to unit length . By using a trarts-

lation—opera tor representation of (2.7) we can obtain a Schr~ d inger—

like equat ion for these ampl i tudes :

H IJ(R) E U~1) (2.9)

in which the “liamiltonian” is a generalized translation operator :

B a c (-i~ / )  — ~ X ( R  ) exp(R .-~ /~R) (2.10)
n 

B.. 3
.3

When subject to PBC the norma lized solutions of (2.9) are evidently

plane waves N ½ exp( i~~R .)  ari d (2 .8 )  reduces to the Bloch form (2 1),
X , y , Z 3

w ith the energy e igenva lue E =

In t igh t—bin d ing, the Wanri ier  f unc t ions  are presumed known , or

are approximated by the corresponding atomic orbitals? In the more

modern proced ures , the Bloch s t a t e s  or the ir periodic components u
k

(r)

are obtained by a d irec t compu ter sol ut ion of the appropr ia te  Schr ~ dinger

d i f f e r e n t i a l equat ion; 8 we may then use these l~iown e igen funct ior i s to

con struct the Wannier functions , by inverting (2.1):

—— - .-i•~
.
_

~
e (r)j x ,y, z k C lst B . Z .  nk

a ik.(r-R ) 
—

~ 

d
3

k e ~ 
~~~~~~ 

(2.11)

We s h a l l  h e n c e f o r t h  a ssume  these func t ion s to be knc ’~n .
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III. ZERO BOUNDARY COKDITIONS

A terminated solid consists of atomic planes at Z~ — m
j
a~ with

— 1,2,... ,N .  ‘The interp lanar d istance a is a function of the ori-

entation of the crystal axes , of course (a — a for the (001) example

in Section II and a a
0
2 ½ in the second , (Oil) , example). The

existence of a surface at m
j 

0 e lm ira tes the PBC in favor of re-

quirements that the amplitudes U (defined in the preceeding Section)

vanish a t — 0 ,—1,—2 These are denoted the zero boundary

conditions ZBC.

We take advantage of p~ riodicity in the x-y plane to factor the

amplitudes:

U k
(R .) = N ½ exp i(k

~
X .
~

+ k Y .) U k
(Z .) (3.1)

where the U(Z) ‘s satisfy the difference equation :

~/ U~~ (Z) — Z U~~ (Z) (3.~~

for which the translation operator is given as:

. €1~(k~
,~~~ThZ) (3.3)

Alte rna te ly ,

pa~ /~zZ K(p) e (3,4)
p--P

in wh ich

11
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-4- n/a .-ipak
K(p) 

~~
— r dk c (k~ ,k) e 

Z (3.5)

—n/a

by obvious specializations of the preceeding Section . It is important

to emp hasize that the coefficients K(p) will vary with planar wave —vec-

tor k1~ a (k ,k ) and band index ri and should be so labelled: ~ k (p)
.

For all, reasonable band structures , one may without significant error

cut off the sum in (3.4) beyond a finite maximum integer P, which rare-

ly exceeds 0(10) but may often be as small as 1 or 2. We assume the

existence of such a cut—off P, and amplify much of the ma terial in 
-

refere.~ce 1 for the sake of 
a complete presentation .

We start with the inverse of (3.5) :

ike
c(k ) — Z K(p)(e 

Z 
)P (3.6)

~ p -P

Here and e lsewhe re in this pape r , we suppress both the band index n arid

the planar wave-vector k\\ 
for reasons of typographical clarity . Where-

ever this could occas ion some confusion , we restore all the parame ters .

We a’so use the notation r a (k~,n) on occasion , e.g. K,r(P) is the

quantity defined in (3.5) and c(k ) in (3.6), the latter also denoted

c~~(k).

The equation (3.6) will now be viewed as a 2Pth order equa tion for

~~. exp (ik~a), havin g, in general, 2p d i s t in ct  complex r o o t s . W e  labe l these

12



- -  — T-:

ç—  exp( ik  ~~~~~~ wi th index ~ 1,2,...,2P. The most general solu-

tion of (3.2) at a fixed E — e(k
5
) for a real spec ified value of kis

thus :

2P 2P
U(Z ) — A exp(ik ~~ m .a) — Z A ~ -~ (3.7)

.i ~— l ~ Z 3 n—i O~

in which the given k is one of the members of the set of k
2~~~~

’s, e.g.

k — The coefficients A are now obtained , under the simplify -

ing assumptions of no-sp in—orbit coupling, wh ich allows us to ass ume

the X ’s in (3.4) — (3.6) real and svtiroetric under the interchange

p — — p .

(i) By an obvious sy~~tletry , for every root k there is a second

root —k. We know one real root , ~~~~ the specifie d k
~
. Including its

‘negative , there is a total of 2Q real roots , with Q > 1. The rema in-

ing 2(P-Q) roots are complex , so half of them (those with negative im-

aginary parts) must be discarded because they lead to growing (and

therefore un—normalizable) exponentials inside the solid (m~ > 0). The

magnitudes are : — 1 for 2Q real
~
k
~ 
roots and ~~ < 1 for the re-

maiming P-Q coniplex~k~ roots that are retained.

(ii) An alternate formulation of (3.6) regards this as a Pth order

polynomial equa tion in cos (k a) . Because of the real coe f f i c i ent s , the

roots come in complex pa irs such as :

13
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(cos k a  — u+ iw)(cos k a  — u — iw) 0 (3.8)

if is here an acceptable root (i.e. in > 0), then , by in-

spection , so is _kz
(
~~
*
. and the two are distinct unless they are purely

4 ~.maginary . St=arizing: the

(a) purely real k~~~~ ’s come in ~ pairs , the

(b) complex k~~°~’s come in pairs : and _k
5
(:t
~ *, wh ile the

(c) Pure imagina ry k~~
°’
~ ’~ are necessarily unique.

(iii) We now impose ZBC on (3.7) , setting U(Z
1
) — 0 for

In . — 0,—1 ,...,—(P-l). ‘There is no requirement at <—P as the bonds

within the solid , which a re to be “broken” by the imposition of the

boundary conditions , extend out only as far as — (P-I). ‘Thus the P+ Q

‘non—zero coefficients A in the expansion (3.7) are constrained by a

set of P 1~near homogeneo us equa tions , and arc reduced to a set of at

most Q independent members . ‘The net number Q is determinable as

follows : we study the behavior of e(k ) as k is varied in the real

interval 0 < k < i~/a. In the range where c is single-valued , Q 1.

In the range (if any) where £ is double—valued , Q 2, etc. This is

illus t rated in Figure 3. We note tha t the net number of solutions is

precisely half of that obtained using PBC, a not unexpected result.

(iv) Orthogorialization and Norma l ization of solutions . We d is-

tinguish two types of sums , those which depend on N :

N5
~~ 2m ,~ N , only for k 

~~~~~~~~~ 
i.e. Ic — 1  (3 .9)

S S

and those which , in the thermodynamic limit N5 
— , are independen t of N :

14 
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(3.10)

‘The latter occur when either k~~°~ or k~~~~ are complex or imaginary ,

or , in general , for a ~ ~ . (We recall that the imaginary parts are al—

ways positive ; for real ~~~~ we may here (but not in (3.9)) introduce

an infinitesimal positive imaginary part to speed the convergence .)

(a) Let us now normalize a function of the type (3.7) when Q 1.

There are P + 1 terms in the expansion (3.7): the specified k and —k ,

a -nertain number S of pure ly imaginary k ~~‘‘s,and the remainder

(P—l-S) complex pairs of the type k~~ °’~ and _k
5

(
~ )*. Thus , (P- 1—S) is

an even integer or zero . We write U as follows :

U(z1) - A 1(C 1~~~ ~~~2 ~ a
3
~
3

m
~~ . ..)  (3.11)

The ratios a2 A2 /A 1, 53 A
3

/A1,.. . are determined by the P boundary

condi tions . We have chosen k — k , k (2) —k , so tha t

) c~
) I ~ I’. 1 and all  other < 1. In part (b) below , we shall

‘pr ove A 1 ~ 0.

Because both the Hamilt~nian and the boundary conditions are reel

the solutions (3.7) are real (or can be made real by a trivial (cons tan t )

multiplicative factor). Thus , a2A 1 A 1
*; the coefficients a~A 1 

for the S

terms involving the pure imaginary k~~°~ ’~ are all real; and the coef-

ficients a , a
1 

of the (P —l— S)  conjugate  pa irs are themselves comp lex

conjugates: a~A 1
i.i&~~14 .

The normalization requirement is thus

15
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A I 2 IEc 1 
+ a2 c~~-~ J ! 2

-~ (3.12)

— 1A 11
2 r2N5 + 0(1)1

by use of (3.9) and (3 .10) and e2 1 2 1. Thus , A 1 is a constant:

1A 11 — (l/2N )½ (3.13)

independent of ~(k) and of ai for i > 3, a fortunate simplification .

(b) The degenerate cases for Q > 2 are treated analogously, by

constructin g Q linearly independent functions of the type (3.11) each

containing one or more of the real k ’ s (and their mates — k), ortho-

gonal izing them , and then normalizin g each .

‘This requires us to grove that one cannot construct a solution

u t i l i z i n g  only the P complex or imaginary a l lowed k5 ’s .  Such a proof

is also required in part (a) preceeding, to justify the assumption

A 1 ~ 0 , on which the entire analysis (3.11) — (3 .13) was based .

Suppos ingone could construct a soIition U using~ subse t (P’ < P) ~f F ’

distinct k~~°~ ’s, labeled a. Q4- 1,Q.,- 2 , .. . ,Q4- P’, such as:

I

IJ (m) — r l  A ~~+r 
(3.14)

with the ZBC applied at m — 0,—I ,... ,—(P—1) to determine the

These P’equations may be conveniently su arized in matrix form:

L _ _ _ _ _ _ _ _  _ _ _ _ _



~~~~ I T ~~~~~- 
- - -—--- — —

~~~~~~~~~~~
‘—- _ _ _ _ _  -

A 1

(3.15)

A
F’

‘/
in which the elements of the PxP matrix are :

1—s /

Mrs ç column index , r — 1, . . .

and row index a 1,...,P’ (3.16)

Equation (3.15) can be satisfied gf the determ inant of ~ vanishes. This

is recognized as Vandermonde ’s determ inant , having the value :

1
Det ~ — ~ P~ l (

~ — ) (3.17)
q>r r 1

which cannot vanish as the cr’s are all distinct , Q.E.D.

The above has as one important consequence , that no decayin g solu-

tion (alias surface-state) can be found to the unperturbed’ ZBC problem ,

i.e. all states in this model have at least one component wi th I~~I 1

that survives in the bulk. A second corollary is that no new states

are created in the ener~v-gap region by the imposition of ZBC , as Q — 0

there .

The next step is to construct q distinct functions of type (3.11),

each lead ing off with a different chosen from the set of Q real,

positive , specified k ’ s illus trated in Figure 3. The reals aga in come

in pa irs : thus ta 2l 1; however we can no longer assum e tha t k~~
3
~ and

17

_ _ _ _  ~~--~~~~~~~~~~~~~~~~_  - - -  - - ~~~~~~~-~~~ 
- ‘



----- --- : :
~~~~~~~~~ ~~

‘
~~~: ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

the succeeding ones are complex , as a numbe r of them may belon g to the

set of reals . Let denote the set of reals contained in one of

the linearly independent solutions ; it conta ins at least 2 members , and

at most 2Q. Let R
2 

be the set of reals in a second solution . The Sets

and R
2 
may be distinct , in which case , by equation s (3.9) and (3.10)

the two solutions are effectively orthogonal (in the limit N5 —

However, they may have one or more pairs of reals in comnon , as in the

follow in g examole:

TI: *

U 1 A ( c 1 - -~ a3 ~~ 
+ a3 + ...)

and

the dots indicating rema ining terms al~. involving complex or imaginary

k ‘S. The normal izat ion requirement for U leads to:
2 2

IE~~
2 

— t2N5
1 1

.

We Sc~mid t—orthogona1ize the two solutions , replacing U1 by:

13
1 

— (NZA
*B(a~ ~ a3))t32

The solution can now also be normalized . Note that the

Schmidt—orthogona lization and the normalizations are all to be carried

out without regard to evanescent complex or imaginary k ’ s. This

may be regarded as one of the important sirnplifications afforded by pro-

ceeding to the i n f in i t e  N
~ 

“the rmodynamic ” l i mi t , and dist inguishes the

18
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present procedure from those 9 in which the solid is modeled by a finite

number of parallel planes .

(v) Deep in the bulk (m
1 

— ) the evanescent components disappear ,

so for any properly normalized ~nd , if need be , Schn,idt -orthogonalized)

solution 13(m):

~~~~~ 
U(m)~~ — 1/N (3.18)

at any energy c ( k ) ,  for any degree Q of degeneracy. We define the various

local density—of-s tates functions- 1° for the mth plane in the uth band as:

.z N~~ 

~~ 

P~~m
(E)

~ 
where r — (n ,k11) and

S E I U ~~ (m)~~ e (E—€ (k~ ,k ) )  (3.19)

By the preceeding, we see that the bulk limit p~~(E) is a t t a i n e d :

nl.~
tn

~ 
p
~~~~

(E) e ~~ (E) N
~
’ 

~~
ô(E _c

n (k
~l~

kz ))  (3.20) 
—

which includes all degeneracies in the nth band . The s e d  density-of-

states p ( E)  E Zp (E) is sometimes also of interest. The evaluation of

such quantities at or near the surface , where the evanescent contribu-

tions are in principle important , is the topic of Section 5.

IV. SURFA~~ A~~LUt~’DES (UNPERTUR3ED)

The nearest—neighbor “tightest—bind ing” (P—I) mod~t
7
~
1
~ is readily

solved by the above procedures~~
1 to obtain:

19
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v k (m) — (2/N ) ½ sth (k am ) (4.1)

The bulk limits (3.18) — (3.20) can be explicitly verified , and the be-

havior near the surface can be determ ined . In particular , we see that

at finite distance m from the surface the amplitudes near the band edges

(a t k 0 and n/a)  vanish as (k — k . ) and (k — k ) respec-
z z z mi.n z zm ax

tively .

In this Section we shall prove , confirming our earlier conjecture ,1’

that this “eros ion ” of the band edges is a perfectly genera l phenomenon .

We shall then analyze the behavior of the surfa ce density—of—states

function and of such important quantities as U
k

(m) U
k

,(n ’) near the

rela tive band edges , as required for the analysis of the perturbed

surfaces in the following Sections .

For the sake of definiteness , we study only the band minima ; the

maxima are studied in precisely the same way, and do not require ~~~~~

tional cotrnlentary . Note in ‘passin g that a relative band extretnum can

be non —degenera te  (Q=l) only if it occurs at k
2 

— 0 or ‘n/a as in (4.1)

above. If it occurs at an arbitrary point within the Zone , Q > 2; a

local minimum such as point ( kb) in Figure 3 has Q > 3.

(a) To start , le t Q — 1, P arb itrary . We use equations (3.11) —

(3.13) for the form of Uk(m). We now write the P “ZBC equa t ion s ” for

0,—i,..., plus one equation at s n l  for tJk
(l) , extend ing the matrix

formula tion introduced in equation (3.15):

Uk
(1)

~~ 

(4.2)

- J L A
~~ o J
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in which the P+1 d imens ional square matrix M ’ has elements :

N 
~r 

(4 .3)

We 1~ ow from prior analysis ~A 1I — ( l / 2 N 5)
½ — A2 1 , (see equations

(3.11) — (3.13)). We now wish  to obta in rigorous bounds on 13k~
1
~ 

and

A3,A4,. .. ,A~~1, in the limit as k approaches k min~ 
Cramer ’s rule

is used to invert (4.2) :

A — D /De t~!M
’
~l (4.4)

in whi ch Dr is the determinant of a matrix , of which the column vector

of the r.h.s. of (4.2) is the r th column , whi le  a l l  other  columns are

the same as in N’. Explic itly,

Uk
(l) C2

0 1 1..
—l —1c~ c3 .. __ (4,5)

c2 ~~1 1 j C % ’

—l —l — 1
C2 C3

a .

r~~ ~~2 r 2

~‘2 ~3 
-

• b
4 •

The numerator factors into 13k~
1
~ 

times a Vandertnonde determinant of the

type (3,17) , denote4 F
1
. In the limit ke 

— k m m ’  when C1 
—. the

denominator (also a Vandermonde determinant) vanishes as a linear power:

his Det~1M
’
~ 

— (sin k a)C (4.6)
k — k  

Z 1
z Zm th

as the first two columns become identical and C2 
— — exp—i k a , with

21 
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k — 0 or n/a . C is a constant near k . Thus , substitutingz min 1 ~~min

the 1c~own value of A 1 y ie lds :

Un. ~11 (l)~ - sin k a~ ~C /F ~(l/2N ~~~~~~ o (4 .7)
k— k k z i i  z
z z min

The vanishing of Uk(l) in the limit is en sured by the non-van i sh ing  of

the Vandermonde determ inant F
1
.

In the limit k — k . , the analogous expression for A differs
z z min 2

from (4.5) only by interchanging of the second and first column s in

the numer~’tor. This es tab l i shes  a second result:

k 
lim . A2 —A 1 

— i ( l/ 2N Y~, (4 .8)

z z min

the factor of i .Ls to make t’ real. Finally , for r > 3 we have Dr =

X F , with F appropriate V~indermonde determinant , and so:

litn .IA I — (1/2N )~~ F / F 1 I (l /2N5)
½ Br 

sin k a  — 0 (4.9)

in which B is constant in the neighborhood of k . We have mader z min

use of the fact that for r > 3 , Fr ~ i~~2~ 
— 2i sin k a , with ~~~~~

or ’nia .

‘This last result (4.9) is important in that it sharply limits the

extent to which the evanescent (decaying) waves contribute to the solu-

tion at the extremum . It establishes the qualitative similarity between

All the Q.l type extremuti, solutions , for srbitraryband structure , with

one another and with the simplistic P-i limit , equation (4.1).

-. - 
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(b) Turn in g to the mo r e comp l i ca ted  an a l y s i s  of Q > 2, we write ,

as before , P “ZBC equations for m — — ( P - l ) , . . . , 0 toge ther  w i t h  addi-

tional equation for Uk(tr
~~
l). We wish to establish that the functions

tJ(m) associated with the extrems (such as ~~~~ and k~~
2
~ in Figure 3)

vanish at the extretnum (denoted *) while other functions distar~t f r om

the extremum but degenerate with it (such as point k~~
3
~ in Figure 3)

have f i n i t e  amplitud e L1
3
(m) at finite m > 1.

At our disposal  are P-~ d i s t inc t  complex k ’ s and Q+l rea ls , the

latter to be chosen from among the 2Q reals , as follows: pick one pair

straddling a minimum (such as and k (2) in the Figure) , and choose

the remain ing Q—l reals all unpaired , from among the positive and nega-

tive k ’s at our disposal. The unpaired k s  may be lumped together with

the complex and imeginaries for the purpose of an ar.alysis such as in

part (a), and one recovers all the results (4.2)—(4.9), with a slight

-modification : sin ½ (k~~
1
~ — k

~
’2
~
)a replaces sin k2a on the r.h.s.

of Equations (4.6), (4.7) and (4.9). At an absolute maximum or minimum

it is impossible to choose Q+i reals without including at least one

such pair , therefore all possible Uk(n) vanish at finite m as the energy

approaches its extremum . For local mL-~ima , howeve r , such as the case

illustrated here ,it is possible to pick a set of k’s such that no pair

straddles the min imum , all remaining distinct as the energy approaches

the relative extretnutn . For example , pick ~~~~~ and ~~~~~ all of which

remain distinct as c is decreased through the minimum value  e~~. in this

cas; the Vandermonde determ inants  all rema in finite , and consequently

the amplitudes and IJ(m) are all finite.
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Thus solutions straddling a minimum (or a maximum) vanish near the

surface as the minimum or maximum is approached , whereas other solutions

‘may rema in f in i t e .

In the c a l c u l a t i o n  of the surface l.d.o.s~~
0 as in Equat ion (3.19)

the extreme — local as well as absolute — will contribute little be-

cause of the van ishing  of the ampl i tudes . Two interesting consequences

follow for the quantities p° in ~3.l9): first , p° at the band ed ges

tnin/max 3/2 min /max ,½will  vanish as ‘E — c  r a ther  than as I E — c  , the lattern fl -

be ing the usual behavior near the bend edges fot the bulk ed ges for the

bulk d.o.s. such as (3.20). Second , the familiar spikes and cusps in

the d.o.s. Iciown as van Hove sincularities~~ caused by saddle poir.ts in

the energy su r face , wi l l  not  appear  in the 1.d . o . s .  (3.19) due to the

vanishing of the amplitudes near the surface at these stationery points .

We have proved tha t  t~e unper turbed  s u r f a c e  1. d . o . s .  is nar-

rower , smoother , and (because the area must be constant) has a higher

maximum at the center of the band than its bulk counterpart. As n in-

creases , the structure characteristic of the bulk progressively re-

appears .

V . EXACTLY SOLUBLE S fl-~ LE ~~DEL PERTTJRBATION

A per turb in g H a-m il ton ian  a t  the surface will mix the eigenstates

t k() of the unperturbed ZBC semi-in finite solid . Ifthe perturbation

extends to P dtfferent surface planes and mixes L d i s t inc t  energy

bands , the solution of the s c a t t e r i n g  problem wi l l  r e q u i r e  the diagon-

alization of a (P x L)—d jmensional matrix, and the bound—state (“sur-

face -state ”) problem requires the solution of an equally high—d l.men—

sional transcenden tal secular equation . In this Sect ion we solve the

24 
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simplest non-trivial model of a perturb ing Hatciltonian H5 
which is d ia-

gona l in the Wannler representation (L— 1) and confined to the

first ‘ml surface plane (hence ? I) .  it goes without saying that 1~

has the translational symnetry of the lattice in the x-y plane ; the com-

plications which result from breaking this sycsnetry , as in the example

of a single ad—atom , are deferred to a subsequent paper.

The matrix elements of H in the tertninated sohid representation

are :

(H s) n k n t k l  a J’d3r •f l k S
r )Y

fl~
kI(r)

itt which

i(k  x .  -i- k Y )
= 

~Tk 
(r) (N~~~)

½ 
-~~ e X 

~ 
) ~ U k

(m .
fl
(r-R

J
) (5.2)

2

and Z. — mn~a . For 
~~ 

diagonal in the represen ta tion of the Wann ier

functions G (’ —R~)~ and localized at m n l , the matrix e lement is indepen-

den t of k and k ‘ :

(H$)ukfl~k,~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(5.3)

in which

— !d3
T 

~n j s n J
)6 i s j , l 

(5.4)

The eigenfurictions of the total Hamiltonian H0 ’~ H5
, subject to ZBC ,

consist of scattering states and possibly bound state s, a lso Iniown as

surface states~
’. We start by constructing the latter. Using the short-

hand ¶ — (n ,k~) we denote these:
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I

~~ 
F.~(kY ~’.~~(Z~) (5.5)

Schrodirtger ’s equation for the bound state ET 
is:

(H0 -4 H5)~~ ~~~~ (5.6)

We make use of the I~ iowledge that cl.(kz
) Y

flk~ 
with eT

(k
Z

) a

‘more suggesti ve notation for the band energy c (k). (We also occas-

s ionally  wr i te  t.LI k (ui ) for U
k
(m).) Mult iplying Schrod inge r ’s equation

on the left by ~
*
k
(r) and integrating over electron coord inates yields

a set of equat ions for

c~~~~~)) ig~U~~ (l)  (5.7)

where

I U . ,(l)F_ (k’ )
z

z

Self—consis tency requires either ~ 0, in which case ~ is not normal-

izable and thus does not exist , or ~ ~ 0, in which case 
~~ 

-may be fac-

tored out to obtain :

I ~fl~~ (E 1.) (5.8)

where

k~ , (l) 1
2 

¶1/8 
Nz IU.~. k  (1)1

2

S1 (E) a nit 
— dk c (k E (5 .9 )

k ’5 
€ 1.(k5 )—E —ri/a ~ z

Because ~Uj 2 
~ N

’, S.r(E) is a quantity 0(1) in the 
thermodynamic

limit. It is also , in general , complex , when E over laps  the con t .n u um

of e (k ) be tween the relative band extrema . Thus for  (5.8) to be
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sa t is f ied , E ,r ‘mus t lie outside each continuum . This requirement does

‘mot preclude the bound s t a t e  E~ a t  one v a l u e  of ¶ overlapoing the con-

tin u um c , (k ) for  a d i f f e r e n t  -r ’, as H does not mix differen t ¶ ‘s.

For 
~~ 

positive (repulsive perturbation) E1. must lie above

eT(k ax~ ~ 
c
~~o(1l) .  But (—S1.(E)) achieves its maximum at E —

c~
(k max~ ’ 

therefore by equations (5.8) there can be no surface state

of a repulsive poten tial unless exceed s the critical value

L S~~(C .~(k~ ~~~~~~~~ 
max

1 /2a
2 

(5.10)

Estimates of the numerator of S~ from either (4.1) or (4.16) and ex-

pansion of the denominator of S about it using c (it -~- q) ~¶ z max ¶ z max

c (k ) — 2~Q~
max

18
2 sin 2 (qa/2 )  lead to the above estimate of the

~1’ z max zz

r.h.s. of (5.10). (See Appendix A .)  Evidently t h e  i n s t ab i l i t y  aga inst

bound—states is greatest at points itt the 2DBZ where the curvature o’~~ at

the relative—band maximum is the smallest (i.e. at points ~r where the

effective—mass is the greatest).

For g
~ 

nega tive (attractive perturbation) the bound surface state

energy E lies below £ (k ) C C
’m

~~~~~ (k ). We find there can be rio
¶ z min n

such state unless the magnitude of the attractive potential exceeds a

critical value :

~~. ES .i.(c r (k z min”~~
1 
~ ~~itth 1 1282 

(5.11)

with the estimate of the r.h.s. being obtained in a similar way to

(5.10). (Note tha t S is negative in the above.) Where ~~~ 0 any

arb itrary weak perturbation will cause a sur face s ta te  to ~‘pee 1 of f” ;

gee Figures 1, 2 and 4.

L 
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If a bound State exists , it muS t be normalized . One readily finds

for the normalized amplitudes:

*

~~ U~~ (l) ½
F.7.(k5

) E (k ) ~~~~~~~~~ (5. 12)

in which the der iva t ive  is to be taken using (5.8).

Note that g
~ 
may be sufficiently large to cause surface states for

some k 11 but riot for others . While in the n.n.s.c. (100)—band—struc-

ture equations (5.9) and (5.10) are insensitive to k~ , in the (Oil)

- orientation of the same band structure, the same ~ at k a ~ ~zz y o

resul ts  in ins tab i l i t i e s  shown in Figure 4.

Sca t t e r ing  theory gives us the form of the rem aining s t a t e s :

~ r ,k 
— 

~
‘nk~~~ ~~

‘ 

~~ 

6k ,lt ‘~~k ,k 
Lit k’~

’nk’~~~ 
(5.13)

z k~~k x x  y y

As in the analysis of the bound s ta te , we wr i te Schr~dinge r ’s equat ion

for this eigenfuuction :

(H
0 

.4- Hs~~ .Tk — E
~
(it5)~ .,. it 

(5.1...)

or , ‘mor e explicitly :

e(k
~

) Y
~ ~
(r) + 

~ 
Lit ,~~ 

,e(k
z
’)!

k ‘( ~~z k~~~k z z  z
a z

.4 g U ~ (l)~~ .(lYif
~
t (
~
) + 

~~ k’ k ‘~ k 
1
~ 

k1,Ukfl(l kt~~~~k,(~
)

a 
~ a 

~ 
z z ~~~ a a

— E ( k
z)E~ k 

(r) -I. I Lk it ‘
~
‘
k 

,(r)l (5.15)
z k5~~~k~ a ’ a a
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and equate coefficients of the ‘f,~’s (the subscripted ¶ and k~1 
omitted for

typographical clarity) . Starting with k we find :

E
~
(k
~
) — C

T
( k )  4 ~~~~ (1)1

2 
U
~k 

(1) 
~ 

Lk k ~~~ 
,,(1)~z z k~~~~k5 z z  z

c,
~
(k
~
) + g~O(l/N ) (5.16)

writin g U for U k• For most purposes E(k ) can be replaced by c ( k  )T a Z z

which it interlaces . However , if it is desired to calculate the cor-

rec tion , the above may be used to do so with the aid of the cofficients

Lit ~~~ 
These we now obtain by equating coeff icients of ‘

~
kI (k

~~
’ ~

— c(k
2

’)L i t i t, + g
fl
uk ~

‘
~

11
k 
,(1) + g~r~U~~~(1)

where

rk 
— I (L ,,u ,,( 1)) (5.17)k,k

These are readily solved , to obta in :

g
~

U it ~
( l) 1J.rit (i)

Li t i t ,  E~,(k~ ) — C
T

( k )  — ti ~ g S .~
(E .r (k))Y~ (5.18)

For most applica tions E,r(k) can be replaced by its thermodynamic

limiting value L
T(k) in this formula . Note that the denominator

(1+ g~ S) cannot vanish , as S is complex in the range of interest owing to

the branch cut along the continuum of the relative band . However, if

there is a bound sta te outside the continuum then at a synstietric point
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~1

just inside the continuum one expects (1+ gRe (S)) — 0, 80 t ha t  the

amplitudes Lk k ~ 
are strongly enhanced there , limited ~nly by the non-

‘vanishin g of the imaginary part in(S). This is a resonance, conjugate

to the bound state ; see point (1) in Figure 4a.

For convenience , we rewrite the e igens ta tes  e x p l i c i t l y  in term s

of the Wannier orbitals . Substitution of (5.2) into (5.5) yie lds:

i(k X . -1-k?)
— N~~ I e X 3 )~ ~ W (ci )ø ( r R  ) (5.19)

¶ x,y~~ 
¶0 j  n j

3

for  the bound s ta te , w i th

W
T0

(tn
j
) — 

~~~

8~
I .i ~ 

( l )U T k  (m i
)

— — 

E . — 
~~~~~ 

t~
ETThgn 

(5.20)

At m . l this has the simple limiting form ,

W
To

(l) — ~~~~~~~~~~~ (5.21)

It is possible to e s t ima te  the decay of the integra l in (5.20) at

m . > 1 by using the results of the previous Section for its numerator

and the effective -mass approximation for its denominator as in Appen-

dix A , obtaining:

W ,~, (m) ‘~
‘W T

( 1)exp (_ Y (tD4) ) (5.22)
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with

1 
2 ~ and

½ (R~2) — ~~(R+2) —11

R . 28
2
(~~

2~~cui)
_1 I

R be ing effective ly the ratio of binding energy to band width for the

bound state. This estimate does not replace a quantitative calculation

based on actual band structure s , but can serve as a guide .

We can now compute the sur face -s ta te  cont r ibu t ions  to the local

density—of—states (l.d.o.s.), at fixed ¶ —

~ r ,m;bd.st.~~~ 
— IW ~0 (m) ! 2 

~
-(E —E

~
) (5.2.~.)

Proceeding with the scattering states in the same way , we write :

i(k X -4- it Y.)
— e x 

~ Y ~ WT,k (m j)øfl
(r_R

j) (5.25)

wi th

wT k (m) a U.1~~~
(m ) + 

~~~
, Lk k . UTk, (m ) (5.26)

according to (5.13), Using L~ ~ 
given in (5.18) we obtain :

*g V ~~~ (1) tJT k  I(l)UT k  , 
(~)

(ut) U (ci) — 
Z — z

l+g~S~ (c) 
~~~~~ 

C — £ (5.27)
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abbreviatin g CT(k) by c. This simplifies at ui I:

W .~~it
(l) UT k (l)/(l -~ ~~

S,~( c ) )  (5.28)

Aga in the ni—dependent integral can be estimated for ci > 1 (see Appen-

dix A) resul t ing in the fo llowing  e s t ima te  of (5 .27) :

W (ci) 
~~

‘ (2 /N )½ sin ((k —k . )ma — e ) (5.29)
z a acm /max k

The scattering—state (i.e. bulk—) contributions to the l.d.o.s.

are:

~z 
IW T ,k (m) 1 2 o (E_c

~~
(k
~
)) (5.30)

(5.24) and (5.30) have been obta ined at fixed ¶ — (rt ,k). The results

are sketched in Figure Ab. The following sum rule follows from complete -

-ness :

.4—

1—  r dE~ p CE) + p (E)! (5.31)J ¶,tfl,bd.st ~r ,m ,sc.st.

We also define the tota l band 1.d.o.s. by the sum over k11 :

~n,m ,bd.sJ~~ 
— N ½

~ 
k11 ~ r ,ni ,bd . s t .~~~

and

, sc.st.~~~ 
(5.32)
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as sketched in Figure 4. These p ’s also satisfy the sum rule (5.31).

In the limit g 0  the bound —state d.o.s. all vanish and the scatterin g-

state d.o.s. become equa l to the unperturbed function s defined in (3.19)

and (3.20) , both of w h i c h  have un i t  a r e a .  In the opposite l imit  ( large

1 ~ I) it is possible for the scattering contributions to become small

and the ~~ea sum rule to be saturated by the bound—state contributions

— this is the interestin g limit of complete “surface bands ”.

Vi. VACUUM STATES

For the sake of completeness , the Set of eigertstates for the solid

-must be augnented by a set of states for the outside , the “vacuum

states ”, So far , we have used only the Wannier functions of atoms

within the solid as our basis . Let us now test their completeness:

. L4
(r ’,r) (6.1)

R ( m >0) 3 -~

aim

Deep in the bulk (z or z’ > Pa , with P the cut—off integer introduced

in a preceeding section) we have the limiting behavior :

lii A (r ’,r) — 6 ( r ’—r) (6.2)
z,z’_• -~•

i.e., the set of Wann er functions of the solid become complete for

the description of arbitrary functions deep in the bulk. But uear the

surface , the function ~~ (r ’,r) d if fe r s  — perhaps seriously so , for

some application s — f r om the required delta function . Obviously,

vacuum states are required for the description of electrons outside the

solid . Less obvious ly , they are also required to augment the states
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of the solid for a good descrtption of the surface region , both inter-

‘mal and external to the solid .

Evidently , one can re-introduce the missing functions in a ‘manner

analogous to those which were retained , and def ine :

*Q (r ’—R ,)Q~ (r-R .) a ~~ (r ’,r) (6.3)
R.(ci <0) ~ -~ -~

3 j—

aim

Now ,

~~ (r ’,r) ~~ (r ’ ,r) — ~- ( r ’ —r) (6 .4)

everywhere. But as the con t r ibu t ion  of ~ becomes van ish ing ly sna il

when a ’ or a ar e deep in the bulk , so does the cont r ibu t ion  of be-

come negl igible  a t  a cc.r~parab1e d istance outside the solid . It is thus

mainly within the surface region that both sets of states mus t be used ,

and we see tha t the su r f ace  region possibly has greater  s t ruc tu re  than

might have been anticipated; see Figure 5.

Well outside the solid , the Q ’ s are badly suited for describing

free electron ‘mot ion . The perturbances due to the presence of the

solid do not manifest themselves until the surface region is reached.

Thus for the vacuum states , plane waves are required , at least asycip-

totically . We wish to construct plane waves using the ~~ ‘s , so as to

ensure the orthogonality to the states inside the solid . The simplest

procedure cons ists of d e f i n i n g  the follow in g bas is  fu n c t i o n s :

Cit (r) a ~~~ J’d3
r’ ~~~~ L (r ’,r) (6.3)
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in which the n o r m a l i z at i o n  cons t an t  is:

Ck — ~d3r ’~~d3r ” e Lk r
~~~~_ (r~~,r~1) (6 .ôa )

In the l imit  tha t  the volume of the vacuum region ~ a (L N a N a ) isz x x y y

infinitely greater than the volume of the su r face  region 0(Pa N a N a )
z x x y y

mos t of the contribution to this integra l comes from the asymptotic re-

gioni where ~ — 5 ( r ’-r”) and therefore ,

C L N a N a  ~~~~~~, (6 .6b)k z x x y y

and is independent of k.

V ar i a t i o n al ly ,  the ene r gy of each s t a t e  
~k (r) is:

- rd3r C (r) (- ~~ H (r)) 
~~~~ 

(6.7a)

Because any perturbations ; are limited to the neighborhood of the sur-

face , end because is essentially a plane wave (except in that same

neighborhood) we have:

Ek 
— ~~

2
k

2 /2n -i- 0(Pa /L ) (6 .7b)  
—

Al though normalized , orthogot.~ l to the states of the solid , and

practically “sharp ” in energy , the states s u f f e r  from two important

defec t s . The f i rs t concerns thei r  lack of ‘mutual  o r thogona l i t y .  This

is serious , for  it would prevent us from remedying the second : the

fact that they are not exact eigenstates of the total Ilatciltonian , i.e.,

that a perturbation H5, existing near the surface , may mix theta with one

another and with the states of the, solid . The application of scatter ing

theory , the ca lcu la t ion  of matrix elements such as are required in the
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photoelec tric effect and other surface—related dynamical phenomena ,

-problems in chemisorption , etc., all require the use of an orthonormal

basis .

For this purpose , Sc~m~idt ’s ortho~ ona1iza:iori procedure fa~ 1s.

This becomes f ediately apparen t as one attempts to use ~t. One s t a r t s

with a func t ion , say 
~~~

, or thogonal izes  the rec~aining f u n c t i o n s  to it

(C
~ Ck — ~~~~~ norma lizes the new ç,,~ ’s , s i n g l e s  out the next

function — 
~~~~ k~ 

— and repeats the process , i t e r at i n g un t i l  the set

of func t ion s  is exhausted . As this procedure is in the nature of an

algori thz~, it would appeBr idea l  for computer applications ; howeve r,

suppose we wish to deter-n ine the new , p rope r ly  or thonormalized , func-

tion replacing Ck at  a f in i t e  energy E it above the bot tom of the con-

t inuum . This func t ion  can only be reached a f t e r  an in f ini te  number of

steps ! (This is not an un impor tan t  object ion , because it is not

remedied by box-quan t iz a t i on , although this red uces the number of steps

to a large , but f i n i t e  numbe r of s teps . It is not  at all clear that

the orthonorma l functions approach limit functions as the size of the

box is allowed to approach infinity.) One desires a f o rmu l a t i o n  capab le

of yield ing the states at an energy Eit without the need for calculating

al l  the s t a tes  belongin g to Ek
’ < first. A second objection is that

the Sc~~~idt procedure is t o t a l l y  a r b i t r a r y . If , instead of s t a r t i n g

with  we had started at some arbitrary 
~~ 

the func t i on  C which

this procedure u l t i m a t e l y  would yield , would d i f f e r  g r ea t l y  from the

initial ~~ ; and indeed , every funct ion  obtained in this  way would d i f -

fer from those obtained by the initial prescription .
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For our app l i ca t ions , we have t he re fo re  developed a p rocedure

-which is s p e c i f i c a l l y  ta i lored  to con t inuum st ate s .1 The Sc~~~idt pro-

cedure may continue to be used for any finite subset of , e.g., local-

ized states , while the procedure we now outline will be both practical

and well suited for the continuum states. The arbitrariness in the re-

sults we have noted will be parametrized by a set of quantities c
~~
,

which we can choose arbitrarily.

We first make use of the obvious identities:

L ( r ’ ,r) — L ( r ,r’) and ~
‘d
3
r” ~ (r ,r”)~~~(r ’,r”) ~~ (r ’,r) (6.8)

together  wi th  (6 .4)  to obtain the overlaps in the form :

rd3 r- Ck (k) k t (r)

— (lfL ) F ( k ’) F  (k) (6 .9 )
Z R. (to >O) n~ R~ n ,R .

al l n

with:

F
U R

(k) 
~ ~~~~~~~ 5d3r e k .r  

~n (r-~
Rj )

~ 
(6~ l0)

obta in ing  (6 .5)  in the form :

Ck (r) - (1/ ~~~~ 3e~~
’r- 

- (~/~~)~ ~~~~~
F R

( ) G ( j ) }  (6.11)

n

The vacuum region outside the solid is the given volume C~ —

1 N a N a , with L ultimately allowed to become infinite . Thus anyz x x y y z
f i n i t e  length such as Pa may be neg lec ted  by comparison . The a rgument s

--

~

-

~

1 ~~~~1L$
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given follow ing equations (6.5) and (6.6) indicated that the wave f-mc-

tion (6 .11) van ishes for z > Pa , thus  only term s w i t h  m . < P need be

retained for L < z < Pa.z

We now s t a r t  our procedure , by a sim p le st e p ,  in wh ich  only  a

single function G (r) is involved .

instead of (6.11) let us first assume that the basis set consists

of C~
°
~ 

def ined as follows :

( l/ ~2) ½ ~e
h1(
~~ — r

(O)* ~~ (r)~ (6.12)

in which the 
~
(r) to which all Ck

’
~ 

are orthogonal is normalized and

a $e~~~~~ ~~(r)d r wh ich is 0(1). (6.13)

The followin g results may be proved using completeness of the e
hl
~~
t
:

~0
-’ “( l/~2) z l~ ’ ‘I~ 

— 1
k k

(l/ ~1) : F~°~ ei~
(
~
r 

~~ ()
k k 0

(l/~ ) F~°~ ç~
0
~~(r) 0 (6.14)

Our procedure is to construct a pseudo-Hamiltonian in the space of the

functions (6.14) having ~ (r) as its ground state ; the excited states

will then be the desired orthonorma l set. So let us define the matrix

elemen ts of H — ~~~~~~-~
- H’, in the plane wave representation :

*

2m 
6
k,k’ 

— 

~ 
GkG~~ 

(6.15)

with X an adjustable parameter and to be determ ined . Evidently , the
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bound s t a t e  (groun d s t a t e ) takes  the for-ui

$ (l/~) Z g ei k r -  (6.16)
° k k

and has energy — c .  Schrodinge r ’s eq uation for the and g
~ 

leads

to:

A 2k2 X *
(-j—~

-- -t- c0)~~ ~ 
Gk ~~~~~~~ (6.17)

The n o n — t r i v i a l  solution of these equa t ions  r e q u i r e s :

I Gk 
2

— (l/C2) E (6.18)
k *

2k2
—+  c2m o

and thus the normalized solution is:

* 2
G I G I  -

.

— 
k r 1~~ k (6 19)

~~ 
*
2k~ ~ A 2k~ 2
— -i- c (— -.i- c)
2m o 2m o

Comparison of (6.16) and (6.14) indicates tha t we need 
~~~~ 

P~°~
’ , the

ove r lap funct ion def ined  in (6.13) . Thus , we choose :

* (0) 2 2
G
k 

— (A k /2rn + c )  (6.20)

which , togethe r wi th  (6. 18) determines H ’ . Note t h a t  c0 remains arb i-

trary; it in fact represents the extent of arbitrariness in the pro-

cedure , and parametrizes the infinite number of possible orthonorma l

sets which can be constructed having the desired properties . Using any

convenient criterion to determine c > 0, or arb itrarily setting it
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zero , we can cons t ruc t  the correspondin g “p e r t u r b a t i o n  p seudo-Hami l ton -

ian ” ;

1 (F
(O)*)(A 2k2/2m + c ) ( F~~~)(A

2
k ’2 /2m + c )

— 
_k 

(0) 2 ~ 2 

° (6 .21)
(l/c~) E 

~
F
k 

(A k  /Zn -i- c0)

The next step is to constr ict the sca t t e r ing s ta tes of H0 -~- H ’ . The y

a re:

~(r) (lK2)½ , where

$ (r) — 1e~~~
r _i- ( l 1 ~ ) Z ~~~~~ e i k r - } (6.22)

We have already solved the scatterin g problem for a separable H ’ in the

preceeding sec t ion . The Tesul ts  are :

F~
0

~~(A 2 k2 /2m -i- c )F~~~ (A 2k2/2to + € )
° (6 23

k,k’ £2 ., (0)

~~
— (k~ — k’~~) 

D
k

2m

where is complex :

2 ,,2

~~~~~ (~
_
~
-•
~
•
~i- c) ~ ~1

(O)
!
2 ~~

1 
0 (6 .2 4)

~~~ (k’ - k )

This specifies the orthonormal set of wave function s (6.22), positive-

energy e i g e n f un c t ion s  of the synthet ic  H an u l t on i a n  (6.15)

To further orthogonalize this infinite set of function s to a given

we merely iterate the procedure , repl acin g exp(ik.r) in
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(6.12) — (6.16) by $k
(r ) , i.e.

C~~~(r) ~ 
( lI ~~~ lt k

(r) - F~
1
~~~ 1

(r)} (6.25)

and

~ rs;(r)G1
(r)d

3
r

~~~~~~ 
(lI~) ,L~

0
~~, e~~~~~~~~ 1

(r) d
3
r (6.26)

differs from (6.10), it should be noted. If, as we shall assume is

orthogonal to G and is norma l ized as well ,13 then :

~d3
rd
3
r ’ $ (r’)$

k
(r)ø

~
(r)

~~l
(r ’)

— rd3
rd

3
r ’r ~

- $ (r ’)* k
(r) + ~

*(r t)~~~(ryi~~~(r)~~1 (r l)

— Sd3~~3
r ’ f(r-r’)Ø~~(r)G1

(r ’)

— 1 (6,27)

in which we have added a term which vanishes (due to the orthogonaiity

of and Ø~) and used completeness. This proves the equivalent of the

f i r s t  line of (6. 14) . To prove the analogue of the second line , we a ls o

add a zero term containing G and use completeness , obtaining:

(l/~) Z ~~l) 
*k(r) - ~i

(r) (6.28)

and finally, o r th o g o n al ity  of the new functions to the ensures that:

(l/~) ~ F~
’
~ C

U)() 0 (6.29)
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I
The matr ix  e lements  of the new pseudo-Hami l ton ian  in t h e  r e p r e s e n t a t i o n

of the ~~(r) ~—½ -are :

Ckâk,kt — 
~~ 

G~~G~~~ (6.30) 
-

where 5k 
— A 2

k
2

/2n + 0(l/c2) , and X and Gk fo r  the separable  in te rac t ion

-mus t be determined , as previously, so as to make 
~l the uni que boun d

state , and the rema ining states ipso— facto the orthonorma l set of posi-

tive ener~ ’ states orthogonal ~~ 
~~~
. By stric t analogy , one obtains

that these states -take the form :

for —L < z < Pa ,

where

$
(2) (r) = 

~~~~~ 
~ ( l/ ~2) ~ ~~~~~ ~k’~

r-
~ 

(6.31)

in wh ich

(1) 
— 

~~ r~P (e k, 
~~— 

tk 
— 

(6.32)

k

whe re

1 1 2 ~~ “~~~ 
c)~~(e k

_1 e
1
) ~ ~~u ~~k” (e k~t £k) 

(6.33)

In t~e iterative scheme , exp(ik.r) played the role of ~~°) ~~~~ 
of

ett. We now iterate any f in ite number of steps , and re—express

the results in terms of the original plane waves :

ik~r~~ (l/c~) : ~~~~ eix~~~ (6.34)
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in which the func t ions , *~~~
‘
~ 

ç~~½ , form the desired orthonormal set

orthogonal to the set of Q ,~ 1, .  ‘
~ n-i~ 

The recursion relation s are :~
L
~

— 
4

~~
1) 

+ MS~~~~ + Z 
~~~~~~~~~~~~ 

(6.35)

4 - 
~~~~~~ 

~~~~ 
+ c )  

D
(n) (6.36)

- 
~~~~ ~~ ~~ 

~~,, ~F~~~~~I
2 

~~ 
(6.37)

and

— S$~~~~
G
~
d
3
r (6.38)

The c
e

’S are a rb i t r a ry  but should be chosen 0(work function) for real-

i~m . The “energ ies ” are 5
k 

A 2k212m. While for n — 0 , the normali-

zation rf ½ , the energies 5k’ and the procedure outlined above all have

to he modified for practical purposes , --we orthogonalize to a finite

number of planes P in the solid , belonging to L bands , so n is in. fact

finite and < L x P.

VII. MORE ~~NE RAL SURFA~~ PE RTURBATIONS

The mode-I perturbation treated in Section V was exactly soluble

but hardly i-ealistic ; effects of a surface can be expected to extend

well beyond the first surface plane . Although in scattering theory ,

fav problems are soluble in closed form ,
15 we have fortunately found

two forms of surface perturbations , both extending to P surface layers

and irvolving a number L of different bands , for which a complete and

43

_ _ _ _ _ _ _ _ _ _ _  - ~
--



r 
— 

~~~~~

—  --

~~~~~~~~

-----

~~~~~~~~~~ ~~~~

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- -=-

~~~

and explicit solution can be constructed in a finite number P x L steps .

They are :

(a) B5 diagona l  in Wann ier f u n c t i o n  r e p r e s e n t a t i o n , i .e. having

band— diagonal  matrix  elements :

~~s~nk,n ’k’ 
— 
J~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (7.1)

in the terminated-solid (ZBC) representation . This H
~ 

may be inter-

preted as merely a loca l perturb ing potenti al actfi~g seperata ly on

each plane and for each band energy . It never the less  represents

a formidable problem , the solution of which requires special methods

outlined below .

if the perturbing potential varies rapidly across an individual

surface  p lane , it perforce has interband matrix elements. This feature

is lacking in model. ( a ) .  But introducing it can eas i ly  involve us in

huge matrix diagonalization -which we wish to avoid . Still , one would

like to be able to study the effects of interband transitions on such

important propert ie s as recombination of electrons and holes at the sur -

face on semiconduc tors , optical selection rules at the surface , etc.

Therefore we develop a second model in which :

(b) H mixes d i f f e r en t  bands bu t in a “separable ” manner. The

matrix elements in the ZBC representation are :

(H
s)flkfl,k, ~~ l ~n

(m
n
,(m

k ,k t
~~ k

(m
n ,k~

(m) (7.2)

The band index n may also include the positive-energy (vacuum) states ,

provided a suitable high —energy -c ut—off i~ introd uced compatible with

the maximum slope of H9 across a plane .
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Although the two soluble models given above represent entirely

different physical situations , they may be solved by a coomon proced-

ure . First , note that .y 2 (m) corresponds to g (tc). Thus for repulsive

poten tials we take ‘y (n) real , for attractive ones pure imaginary . It

is also convenient to define an operation ‘L.”: ? ~ f
* for all complex

functions except ‘,‘ (m) , for which ~ if ‘,‘ is real , but ~~ —
~~~ if

‘y is imaginary, those being the only possibilities.

We now show that (a) is just a special case of (b). For with

g(tn) — ‘y 2(m) and n limited to a single value , equa tions (7.2) and

(7.1) coincide . By solving for each band n i n d i v i d u a l l y ,  (b) may be

used to solve (a). Thus , it suffices to stud y (b), the more general of

the two models .

Our procedure now is -related to that of the preceedin g Section .

Instead of diagonalizin g H0
-e. H (m) all at once , we first diegonalIze

H0-+ H5(l) , re—express the remaining }1
5
(tn) in the new eigenfunctions ,

diagonali ze (H -÷ H (1)) + B (2) , repeat  the perfor mance , e tc .  Af te r

P steps the total Hamiltonian is diagonal , and a l l  the e igenfun c t ions

and aigenvalues — both continuous and discrete — are Iniown ~n the

presence of the complete per turbat ion .

Le t us work out the mth step. We suppose that H (1
~~

l) 
—

+ 

m~ l H5
(m ’)l is already dia gonalized , and now wish to work out

0 m 1
the effects of the mth perturbation , B9(m). In the representation of

the eigenstates of H(m 1)
, the per turba tion has the -matrix structure :

(H
5(m))q ,q ~ — t

q
(m)tq t (n)ok~j, k~1

I (7.3)
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where

t
q
(m) — .1

q
(m)~~

m_l)
~(U1) (7.4)

and q a quan tum number runn ing over the continuum states (n,k) as well

and the bound states of ~~~~~~~ W
( m l

~
1 (P) is the amplitude of the cor-

responding eigenstates on the pth plane . Eviden tly ,

(O(N~~ ) f o r  q in the con t inuum of

t
q

(m) —

/ 0(1) for q rangin g over the bound states
of H(m~~ ) (7 5)

The eigenstates of the new Hamiltonian B
(m) 

E H
(m l) 

~ H (m) are ob-

tam ed by the standard methods used ir~ previous Sections V and VI , and

resul t ~n new amplitudes given by :

W~
m) (P) - M~~~ tW~~~~~ (p)  ÷ Z,~~~~~

,W~~~~~~(p)1 (7.6)

‘with

t , (m) t (m)
L
q~~~t 

— ~~~~~~
—

_ ~~
°

, 
r~ 

~~~~~~~~ 
(7.7)

and

~ ,,(m)t ,,(m)
g 

C
q~t~E 

(7.8)

The normalizat ion constant may be guessed to be t r ival ly  1 .+ 0(N 1
) for

the scattering (continuum) states; in general it is:
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M
q 

— 1 - i- t
q
(n)~ q

(m) ~~~~
— ln~ l ~+J~ (E

q
)] (7.9)

and the new energies E
q 

~ e
q

(m) 
are related to the previous eigenvalue s

(m-l)
Cq * 5q 

by:

E
q 

— £
q
4 t

q(m)E~q
(m) ¶1- + d~ (E

q
)J_1 (7.10)

Thus , by (7.5) for continuum states the energy corrections are negli-

gible , and the new eigenvalues interlace the old . For bound states of

H
(m
~~ the amplitudes t

q 
are 0(1) and the energies are shifed by a fi-

nite fraction , and equation (7.10) is then a non-trivial transcendental

equation for the new energies . Finally, new bound states can appear as

a consequence of the perturbation at m . These will appear as new Toots

E o f :

1 +,f(E) — 0 (7 .11)

at energies E which differ from any of the set of E
q
’S we have obtained

(eithe r bound- or continuum s ta tes)  us ing (7.10) . The formulas  (7.6) —

(7.9) for the eigen states  can s t i l l  be used for the new bound s t a t e s ;

re placin g Eq by E the solution of (7.11) in these formulas , we observe

that the new pole in L dominates the rest , that it appears both in the

numerator and in the normalization denominator, tha t the terms

tq(1+J)~
1 will cancel thereby , thus leaving a rema inder in precisely

the form of the normalized bound state derived in (5.5) and (5.12).

We proceed to the next stage . Setting,
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t
q
(U*l) — •~q

(n*l)w~
m)

(rn4~l) (7.12)

-where W (m)(m+.l) the amplitude (7.6) at p — m#- l , one solves for the

effects of the perturbation at m + 1. Equa tion (7.3), wi th m + 1

-rep lacin g rn , now defines H5(rn1-l). The procedure is r e p e a t e d .  P such

itera tions following the initial condition W
q~
°~~(P) U k ( P )  suffice

to obtain explicitly the exact eigenstates and e~ genvalue spectrum of

the total perturbed Hamiltonian I-1~~~ = H -i- H , and the correspond ing

amplitudes ~~~ (p) on the pth plane , for any 1 < p < N~~
.

VIII, cONCLUSION

in this paper we have related the band structure to the notion of

the chemica l bond , have shown how the breaking of bonds at a surface

alters the eigenstates , and how addi tional perturbations can create

bound sta tes among these — i den t i f i ed  as the s u r f a c e  bands . The ex-

tinction of the bulk van Rove singularities in the surface dens ity of

states is en interesting new result , which we proved rigorously for the

terminated solid . The introduction of ordinary perturbing Fianiltonians

a f f e c t s  surface  ampl i tudes  smoothly , so the d isappearance  of van Hove

s ingular i t ies  is undoubtedly a completely gene ra l  f e a t u r e . Of course ,

new van Hove singularIties in cases where there exist 2D band of sun-

face states can be expected , but they are then surface-related prope r-

ties. Our theory can have consequences in the interpretation of

photoelectric emission . This important probe is one of seve ra l which

are specific to surfaces and require a good u n d e r s t a n d in g of the posi-

tive-energy (vacuum) states. Fo~ the latter we have developed an
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or thonormal iza t ion  program which is effective for continuum states and

comp lements Schmidt ’s method for orthonorma lization of discrete states.

We als o recapitulated our earlier criterion
1 wh ich d if f e r s  f ro m those

which are presently well l~iown
16 for the instability aga inst the for-

mation of surface states against arbitrary perturbations. Now , let us

turn to the nature of these perturbations.

Surface perturbations have no un iversal  charac te r  and so must  be

dec ided on a case—by—case approach . The study of metals will differ

from insulators , and both are d i f f e r e n t  f rom the large va r i e ty  of semi-

conductor  terminat ions . Let us s t a r t  w i t h  the i n s u l a t o r s : we have

seen tha t the ei gen s tat es  are in one-to-one correspondence wi th  the un-

perturbed states , so that if we populate the valence band , inc luding

surface s ta tes  assoc ia ted  wi th  it , charge n e u t r a l i t y  is ensured . How-

ever , the introduction of the surface has invariably contributed to a

surface dipole moment. (Electrons have been removed , the wavefunctions

of which extended into the solid , whereas the compensatin g ionic charges

lay outside.)  The po ten t ia l  assoc ia ted  with this dipole laye r repre-

sents the varia tion in the Madeluri g potential — the electros :attc pa-

tential felt by the electrons at any site — at the ne ~hocr~—ood of the

surface . The potentials and the charge imbalances tr~e’~ er gender must

be related . Poisson ’s equation and the Har t ree  a p p r c x L — a : i o n  nay a—

chieve this relation , as may the Hantree-Yock method . Such meth od s

have indeed been applied to surfaces , ~nd a vast literature now exists

on them.16 Nevertheless , applications usth~ the present methodo .ogy

may have advantages over the previous ones , many of vhich
1
~ require the

ab— init io solution of Schr~dinge r ’s differential ecuation and make
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l i t t l e  or no use of the in format ion  a l r e a d y ava i l ab le  from the s tud y

of the bulk.

‘The problems of m e ta l s  are d i f f er e n t  but e q u a l l y  cha l l eng ing .  The

~~1ectron s t a t e s  are popula ted  up to the  Fermi energy , which  is de termined

by the b u l k .  Eut the s t a t e s  ly ing  below may have sma l l  ampl itu des

at the surface , and thus the s u r f a c e  e lec t ronic  charge  may be d e f i c i e n t .

We see tha t this would result in an attractive corrective potentia l ,

which in turn would increase the amplitude of the states at the sur-

face , until charge neutrality is achieved. Either Hartree or Hartree-

Pock methods may be used here or the more modern schemes developed

by Kohn and his collaborators .’8 However , one suspects tha t , as in

metals , a judicious application of Priedel’s sun ru1e~
9may prove useful ,

decis ive , or at least , a simplification . We are presently investigat—

ing this possibility as well as those several other issues : catalysis ,

-ad—a toms , etc., which are logically related to the present work.

a
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APPENDIX A

Near an extretnum L~ sin qa and c(k ) ~~ c = 2 j o ~ a 2 -~
’
~ ca ,z max/mm zz

~ihere g ~ k — k . W e  uBe these expansion s not  jus t fo r  sna~~z zmax nlri

q, but throughout the EZ to estimate such çuantitles as:

N 1 
— c(k

~
)i
~~ 

(A .1 ,,

Thus , the above is approximately :

a -c/a —2 -, 
— l— r d~fl sin ~fla sin ~flam~~ -4- 2l~~~~~a sir~ ~~a

’ (A .2)

where , for E outsid e the continuum (bound state) we derive (5.22) as

follows : let

~~ — C . (A .3)max/mu-I

be the binding energy , and R the dimensionless quantity

R = 2 
~~ 

a
2
/
~~~51 . With 

~m 
defined by ‘m — 2a 2J /~~~ , we have :

— 

~ 
d~1 sin i~ sin ~T)m ER -i- 4 sin2 ~Tj 1 ~~~

- 

~~ i 
~ d~~(~~~

1 
- ~m~~l) (~~~2) ~~~~2 l]~~l (A.~~)

where the contour is the unit circle . Evalua ting the residue at:

— E~~ (R+2)2-1~~~ (A. 5)

~ie obtain :

— exp-(m- 1)~ (A.6)

51



II ~iIII IJ

where is expressible precisely in terms of S JE) , and ‘q is defin~~

in (5. 23) .

For E in the continuum, we have rep laced E by c(k ) and obtain :

(A .7)

-where J is real and .3~ ~ Sje(k )). Thus ,

S ( c ( k ) )  ~S.,jexp ica (A.E)

For the der ivat ion of (5 .29) , we use

U (2 /N ) ½ sin can (A.9)

and insert into (5.27): — l

W (2/N ) ½ Sin qma - 

l±~~ s~ 
iq (m—l)a si~ qa c (A.1O)

With the use of (A.8) , we obtain the desired estimate (5.29).

I
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Figure ~

Contours of constant £min 
for  “cubium ” in the 2D ~~~~~~~~~ appropr iate to:

(4) (001) su r face  or ientat ion c O~-(cos k a —4- cos k a 4- 1)
mm X O  y o

(.L) (01.1) surface orientation e
~~~ 

o’-(cos ka’4-2lcos k a 2 ~~ I)

(achm a~ ica11y) . Regions of instability aga inst surface states are in-

dicated by shading, and are obtained from equation (5.11) and Figure 2).

These exist only for the (011) orientation and over the restricted energy

range —l < c <+1; the full band extends from —3 to -~3.
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- Figure 2

Loci of constant o~~
” for (011) surface of cubium . Shaded region near

— 0 indicates instability against the formation of bands of surface-

states for arbitrarily weak surface perturbations . Such regions of in-

stability are generally curved , for arbitrary band structures.
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Yigure 3

Typ ical energy contours at  ¶ (n ,k ,k). The independent variable k

is jus t  one of the roots of the equation c .1(k
~

) — const., where c ,.(k)

is given in equation (3.6). The total number of positive real roots

of this equation is Q, indicated on the left-hand coltatm , In the text

(Sections III and IV) it is shown that only Q of these , coupled with a

number of the complex roots , survive the imposition of surface boundary

conditions . It is also proved tha t eurface amplitudes vanish at  points
-marked (*) where Q change s discontinuously .
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Figure 4
Boun d st a t e s  and the ir e f f e c t  on the d .o .e .  (schematic) .

(a) Graphical construction of solut ion  of equa t ion (5.8) for a
single band . “0” indicates the bound state , “1” the conjugate resonance ,

for the example of an attractive perturbation (g < 0)
(b) L.d.o.s. for (011) cubium , m 1. For weak perturbatIons , as

assumed in this figure , the surface (bound) states contribute only over

a nar row range , indica ted  in the shaded regions of F i g u r e s  1 and 2. in

the bulk (m .) , the surface contributions vanish , and van Hove sing~-

laritie~ re—appear. 

-
~~ 

- - - -—- - - -- - -  - ~—
- - ~~~~~~~~~~



/ 7~s

2a~
4~ys’pi~sfic

wa v~s V/ocA th”-i ’c

Tigure 5

Principal surface regions and perturba tion (schematic) .
(I) Vacuum region , extendin g from z — —Pa to —L (L— ~

). Ei gen-
f unctions are asutoptotical ly p lane waves having posit~.ve ~n ergies

a complete set.

(II) Finite—s ized vacuum interface region , O ( P a ) .  Two sets of
fumctiorts are needed for completeness.

(a) Plane waves are modified here by orthogonalization to
eigenstates of the solid and to each other.

(b) ~ igens tates of the solid leak into this region , to vary-
ing extent.

(III) Finite—sized solid interface region , 0(Pa~
), also two sets

of functions are required .
(a) States of the solid are affected strongly by varying H5.
(b) Some vacuum states leak into here .

(IV) Asymptotic solid . The eigenstates are the essentially coo-
plete set of Bloch functions ; the solid hasarbitrarily large~ength N~a~
(although (N2a~ 7L~) — 0). It ihould be n o~~d tha t there is a d is t inc t ion
between the vacuum states  and the positive energy states of the solid ,
regardless whether matrix elements connect them or not. Both sets are
required for completeness.  Cross—section s are Nx a xNya y ,  sane in all
regions.
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1cL with in1 
= 1 .2  : the plane i i tde\ l i e
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study of bile effect of short— range order. Along Wit h let the ciortiplex l~1ant ’.
I_ i t s - l u tz , si- c cnvts: t~ t- tails in fu (_e ) at tile i’nr rCv For It i s i s t  ri- , t s l s - s - — l r i n u s t s . i r  t r u t h  11w I_ I .-\ it

n tLxinia and minima ,is ar is ing from accidental is inipoi’t it st to i s l e  that our oesv d , - 1 t , m rt nu ri - s i t —

n - i i t - t e l i t o s i t s  in jne’ i- s- i i -tn ’chv large r l u r s t - r s , of t S t S t S .  p r u nc ip t l f v  ni rl u s.sssi - i u u o n r  I b i s -  u - s s i s . ipt ,  x ~- t i t —

si ze thaI for prrtct ic rit  n - I — t h i s  we Ire uiuul nt p ies— erie t ot m l  t ’ s u r i s t u ’  t ~.i.c ( t i - s t i r  Os’ s t t e — t h t l t i t nt . l l

ent s - l l ) . i tm h (-  of hiandluute; h s s w e - v s r . the sinip lt c i t v  is - s -r aged Gt o- t - t n s fund tot s I;~,b -“I. 5 5 1  s i _ I _
i- ui- in

it t he present t iiett iuid nnay st rOCs-su a n iturrit i x —  C I’S . b s u t s s \ t ’ t s r f :i 5 s i t  i I t s  ir is u r i u l s i u s s I b i s  u s l t u c r . vIa

tensiOn to u - t m v s r th is . 5 I h s -  r e t a t ut i r h s h u t p
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In Sec . It we- ~s ru sE- ni a nietfuod for the crilculrit ion “i PA - i u - 5. I S - ‘ -

s s l  ( huc single— f mu d t - (;ree’ts ’s function in t i i u ’  pres -I tt l u st ir  y 1 t i - I u s r u i - s st i d i s . t r s - s  111,11 0 t i-  l s l - l I t - r  ( mu t i i ’ i~

of in .1 il s i t  u~irs uiuiiihue’ r i)f lillptu n t  o s  - Wi t tus’ t i (it s- i s )  ii - n u t , ’ . 1 —  - l  5 5 5 1 5’ s - rs : s n s ’  h i t  u~ s i  s t i r - - m t  I i

t Ut-i s i i l )SV is t i  t pro c’ c’dsi re ( I S  hue ’ i nip is-r u t -i l l s i t  b i t  I b i s  - s i i b i s u _ n t  s s iii sis/ It s, _ t n it is t Ile s _ i  It- ut i _ I l l s  s u n s

sf a u ss ni v s nr:i ius s  Lu t s s r  ~2. Si e t t o t i  Ill is I s - . i- u n t o - i -  I l l _ I t s  f i t  ‘ s u I t - l O S  m i n I l i nus — s - i — s - — l I t  s— s l b — s ts i t —

viii oct I s s  an au n. s lvi- is s i  (he ii S liling h u h  i l — i - n t it I b i s  it  —I s Is s y I- s iii h i t  us nt,- \ s  (iv I t
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c’onip lcx — o l t — * n u s rs;s - ~. w s i fiu n the c - s s i n i i - x t  it _ u s I t s - . . . t i e  . m t i  i s i s f ’  ms - s _ i s - r u t  if ‘ 1 . fl our sirs ‘ s S  is is s u/’ _

ss r de ii -u l  t u s h -ant. t t i ’ s— uIls i t . s o s  nut i u r i - t f i s i d  I t s  s k i s s , ?  5 i s  I s t .  s e t s  b i t  e tud s ’  il l m i i i’ s h u s t i s ’

t ui - ,-se nt -c l in Si r  Is . , inu h s t n f t i u _ f l u  ‘ I t s - s  ‘ us! s f i s , r f _  s i  ‘ 1: l  - u i -  I . ’ s - . 1 si b - s i  h id St, p t u b s  l i i i  sinu
rio::I s s i t l s . r  t t r s s u t i t t  t t i u n  ill irs V O s  ‘ s . . s k s  s u b - s b  5 - s i b  h - s r  si b m i c h l  - s i u r  i . i t c t u t . t l s i b  1~ us

tu rhts ’r uippro_’C itII . l i imi nt-4 Ituat ill ’s Is b u t  l o t s -n . s 1 ’ 1 - r  . ‘ r ’ - - i s - i - , sb t t r - ’ u u , t i ’ t
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ti-t u e-I t ii— 1-cu n tiS’ ts s 
~ r’ sduu s-

s tu i - _ i l u u i t  t t ut e ’hii luit Irtt is )ui ush  t ime ’ I s s m _ u h r s s s I  I’ t uu~1u;i— hm i u n c ts  h u t  , i t u  _ i bu ’ s’ ,s I ’ s s  i h i t i m S ’ 55 5 - l i - ~~t i i m i
115)11 I t t  i nn S is.t l It (t u tu — i i  5 s  i s ’  I I . tte l i l t  5 ib i s - t i  ilr _ s - s t P0 i-s i t  Is - t-, Ii’; i- s

~~~’_ u i  u~it uuc tb_ it ii s u I t e - - s

t ; f : ) (.‘ — ( J ~ - .I (I — ‘ ‘ 1’ ( 4 )  
ch ispt ’r - siout r-e ’ i , it l i t m u s . nis tu rs i n o ( I tat  out  rippi t i —
tri un e ( is i l l s ly r i c . t- ’urt b tm ruurssrs a Is i uti- ti o n ril

l he’ lull nesols-ent (2) (-tn he n-X i it - i’ —~s-s d iii t s ’ r uurn  s i t  fornu is dc- i- i  t i - s b  in si hoc- ti (. is u s u r t i a t s  in Issu l l s  Ibis-
I tie t o -  di i t i l t isun Ui i - I l Ii’,’ I l l s  ni_s. si t ine s s i s r  r . O t m r  st - s- _sIc _ is - st- o Il is strong s- h u l l s  nuu ue u s - s  t r u s s - -  b u s - —
tdt - u u n u u ’ , ( A  — .l~~ ~~ .t ~~~ B( . 5 — I / P H  m i s t s - i -  of thi s - local n a tut t i - of i t ~ l uin - dr~ ur ci r- rcd s-vs-

t ( _ ’ ) = ’ 1 f r )  . C s u i ( , ) ( t _ _ ‘ 1 (- ( I (eons . HUt s l l s u i 5 c  be u’ ’ ii i r ts i t - u s - i ’ n i n i c u h  I s l  s - n o _ i l l
t u s i t e u s t u l i d i t t s - r s ’ i s u s - i -  ‘ s t b r , - r s  i’ l l - i t s - - u i - s n i-sr i -  u-i - —

hh ’e .uu is e tt t e pertsir- hatu on us ctt ugi t i nr i h tit h e SV _ I u u u t i e r  Is-tide d Out in p ut is (tie iuuu ~~ wb os h u we I s k s -  _ ii- s i n u s
reprm ’ ns- unt _ e tt u t i n , tt te rui tnix ote tnis-t it s ruz - e s u n i b y  or u u t ’ s i - i i - I S - I s  loin - t i n s . su re’ s t - si s o ul ’, s it h t i n tIne
t - i u u n n s f :  t heoret is-al  im ri t ud ljnnit s-u , lbs-  is Li ii de te t - ss . i n ed

t~~,,I - )  ( ,,~i .i + (;~~~(~
— I t I , °(:b It  — ( ( :11 ,1 f io t t i  the h s l h i s n s  l is t  d isp e ns—io n relr it io ut :
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For (tie i- rilculrit ion of (t ie de uusi t t - — sit — ii r i t es  func— - - - -

t ion s m l .s b (— 1 71 luutm 5 l -s’ - Ic) only t h e  configu ra— This is suff ic ient to make s t i r  s t m i u r i -  011511 u ss ui I t s

h i ss t ~ i thv as-e’ i-agedGroen ’s function C... s - s’ / d  ~s ~~~~ 
m - L ) s u h u s - i y  s - .m t u i - , I l i b s  Tt te c h s - u t = t s ’ - - s f - n t m t , ’ s  i - t u n i s

t HI rs t.!. I- s i r  t h e  ouse-par’t icle p r ss 1 m ue i t s ’ r s  I ;~ 
iule I s / s  s Vsd — I is l i - i ’ll 1 Iiens -Iscebi s-s i n -

1110 .ivn r .tsrs d t-’iiur ier i r a r hs - tsu nui n of ill C,,,,(=  * It ) -
~~t t 5 u ’ n h i s  s i  t h e  r tu i i l v t i u ’ i t v s i t m sur  . s I t I t r . i \ u u t n i Is

un ru , - s ds ’u I. le 1u,union (6) is nuts- i l n i - ,t t m’tV Dc— m l  1 itud I i i- u- s -- r u t t i ng  1 ~~- ps undeti ce to ‘ I i ’ ’ asvnip_

t u t u , - 1 1
(z) t s s  b i t  t he i n u - s c h i t i s - t t  re so lvs-u nt  s I s s ’ I _  to t ut  tuint _ s s -  nt’s’ i,hu su u u i - s , - l i- , s s ’ b s n - s ’  i i  5 5 ’ -  t i  l u - u I

l u s t - -- ns i l ls t hue tls t s - Isi _ u . li s s n i h i- m I il — C _~t i -— iti _ s I iii it’s till e , t ’ s  suti die d . ( I r s  t uuuu r o t s -  t n  IS V’- )

/ .ind I reuuioved . Il’s a i- s p s - 1  i t  mi l l  5)1 (t i e  ,u t i msv s . . 55 55— 5. ltiSlik u’t nutu ue r tca l l v .  If is -  s ’I u s s s s — .,’ (i rs- con —

~~- ha~~
— nr t f l i  luuu ’~ I ’ m  bu s ‘ i t  u i n r iguu ut ude ml h i s  - - _ ,_ . ttus ’ n in

— — (In’,’ sis i Ic- —s ’ .ui S s s suu)r : m d  low— i s  s lnuu r )I i- t b  5 s  s un us -
(,~~~

‘ b : } = u ’.:. I - ( ( i ,.~~~ 5 ,
~ — (~~~ ‘ 1 ,1 . U n u l u s ’s ( ( 1  wjll 1st h u t s  s iu isi lar b , s  , 5 i~~ 1 i - S t

17 )  thu _ s t as ’ s - s i r_ I t s -  n - s - s u i t —  u _ l u) be e x 1 s s t t i s t  in _ t h i  I s  —

T he  i r s . t t n u x  i h i t i r u n i r —  I . j s m .t t  s x 1 m m s t ui ’ i t t t . i h i y  wu lt
- - lis t mt - i’ we p u ’s s s s s e it , i b i s ’ sva’s- in svt uict i st- ’- s r i - i-.t ui -— I_ m i l s o  R ; hius - , tb, i ’ x l m _ I u t - l i s u s n I s i r s l u r f  i l _ s r - i’  in _ -

-- - m u  — s PA nu u s f  tie n ’s s m r u d erm is’ 5 u tt l uned , In (hue —.i s-, t - n u i f , o h i c  i).lt- rniu€ ~iC n i t s - I m u s t  j i — — 1 ,, - -- _ — - 
- i . , . r s r l m .uS n slni, : 1 is~. 1 st - c’ i t i h t i_ I s  r i se  155_ s i  Is _ s i - i c  I ts —i-vtime ’h is- — u t r . t h h  f u r  — u s u m h i  I ,ind X l u ssuss ’ i u l  i _ t h i s

-- — - lr ,j~ s r  s . I t i - nu is  s t Ito - - us .s h t s i-t -yrd Isvat large I - I/ s i / s s t s t - s ’ ‘s i ’ s 5 , 5  uii~I i - 5 mli ’s . - - ‘~ - --
- S s i t Ist . kui’k p_ s t r u c k  h id  t- .huuo - u i r e sc tu . Ii sI t - s u I t

/ 5 5  ‘51 ’ 0 ‘u’’s’~/ ’5 - ml ( /551 5 5 5  i5 i~ 1 55 / [ s S u  s~~s - 5m5 , 5 5 /  / /~~ - -- bus un- s ’ s - ut tht tt - l i i i ,  . Ihs- ,s t t ?c  uuin f t h u t s t ’ s u ’s —!,u I’ , m  - / /0 mit ‘ ‘a l  s / O s / u ’ S ’  si  cc i s  sit /s ’ s ,  s s s / . I t i  - 
-l i i i -  1( 1 (8) ~__, Is is  i s t s t s ’ ’ —u ’i’ u i s  5 ’  u ’ \ i~~’t’ —nl s u u _ i t i t u u u , Is ’ s  t r u t u s ’ , i b iu ’ uu , ol blue i -s  i rs - i— i s s t u , — u ,-- t , -, of - _- 

. i b t t l S 5 _ in ti’se ’ I I~ S : it t h i S - n t ,  i r s - — hm _oid r — m ~si- . s s ’ s k —. u h i p r s m xunn _ Ii iIt u4 S r i - rti .is - I d t — i _ s t u i  t _  i- u . s - t b t t u s t ’  -
in l i s t -  cis unsi us oh —r ues , and I b i s ’  sIC w i- _ il i V u i  sibrv u r l n  bite h_ i u s; ~ 51 t i nu tt t h>€ ’ r- s i b 55 st l i- i  1- 1 1 11 - l it  I lis t r .

- - - - s - t i  Is ’ \ l s m s i  mi t  hf i ese ru’ s— nu l ls  I5 ’ .~~ - h a nd C Ips Inchvalue in the ,uvi r ,u r : ,  - ‘p5 m u ’ s b  P0 ( ’ ’o  r u b .  I l I s t s - . if Vs’s
— - t s m i u i p l s s - _ t te ’ d s- I r h i n o  rt’l I u- s t s r  m r  ‘ s h m b I u t i e ’ d  his- ssS t  I—5(01) ui I i , lint ’  t t u l u r s s \ t r m s _ I I  I- str e ’ m l n s - u s — i ,— in c — - 

-
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5 I S

t t t i t s -  rn.I ’rt tlusnli is we’ll ss t h e  s i - b  rs ut r s ’ I l i ’— ‘ s i  (hue
55,’ u ni ts t o itus to st ni t p t ’ iuncip.tl l s s u uu ut  s b  deprl ifui Ii-’ b ind. In t i , - I. tutu , ’ t’ ru tn u ; i ’ of (ill ‘0 us’ s- - si~- s i~ x_

I - sm - r h  i - u  ‘ loc h t’sodn—~ur s ’ l u ’ m u  Cu ’ sf ’; . Ou t -  I- i - i - s i l l s  pet - i  i s o- p S  ‘ s i t u i- s - u r n i ’ri ng bs i ’ s ’ ,s i is - I ’  If is s’~~i - s s i-I
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du , — sm t’ mI ‘ ‘ i - i s I  — u — t s ’ t r i — ~ 5 5 5  s - x p i ’ s ’ l  r i — i - s u t l s  s I t —s i i — i l i \ s  s — i i h s ’ u ’ , s t i s i r i ’ S i n , ’ v _ u l i r i ’  t l s t n r u  I b i s —  — b i _ t i t s uf l i ’r ’ u i m ll I-

to l i i i’  lu _ I r t i s - si l_ I r- i- i m s s u s - -  of ff ibi s -  s l u — e t s ’ r ’  i-i’’. .- t tie’t i , S e s s ’ 1 m 1 l h s h i . It ’s i s - i - i t t — — u t  p_ u — t Id e b u i i - t t r n u i ’s - , nt e
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