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ABSTRACT

CSKYF I is an out-of-core profile approach

Cholesky algorithm equation solver for large sparse
positive definite systems of linear equations.
CSKYTI is an adaptation of an existing CDC 6000 series

program , CSKYDG2, for the Texas Instruments ’ Advanced

Scientific Computer (ABC 6) at the Nava1 Research
Laboratory . The preprocessor program SF111? for
CSKYTI was similarly obtained from CSK’YDC2’s S[TIJI’

program. This report documents a comparison of the

performance of CSKYTI arid its SEI1JP on the ABC 6

with that of CSKYDG2 and its Still? on the CDC 660(1 at

DTNSRDC. It would appear that the •\~~ 6 requires double

precision arithmetic to obtain the si gnificance of

single precision computation on the CDC 6600. Even so,

the ASC 6 was found to he fast compared to the CDC 6600.

I NTROI1JCT ION

One of the long range projects of the Computation , Mathematics , and
Logistics Department has been the development of mathematica l subroutines

suitable for use in the computer-aided structura l analysis of ships .

Many unrelated efforts in both government and industry have resulted in

computer programs that treat particular classes of structural problems .

These programs often involve the solution of similar mathematical
V problems but , since the solutions are reached independently, the efficiency

and accuracy of the various algorithms used may vary greatly. The need to

coordinate these diverse efforts, to develop improved methods of more
general applicabili ty, and to produce more comprehensive programs for

solving Navy structural problems became obvious. A project was therefore
established to coordinate research efforts involving mathematical and
computational methods in the area of structural mechanics and to integrate

the work of mathematicians, computer specialists , and structural

S I
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engineers in this field.

The present considerable interest in the finite element approach to

structural analysis is evidenced by the widespread use of NASTRAN (NAsa

STRuctural ANalysis program) and other such programs. According to the

NASTRAN Theoretical Manual,’ “From a theoretical viewpoint , the formula-
tion of a static structural problem for solution by the displacement

method is completely described by the matrix equation KU=P.” Thus, there
is a need for accurate efficient computer subroutines capable of solving

these large sparse positive definite systems of simultaneous linear

equations. However, the order of K is often so large that, even when
advantage is taken of K’s sy~~etry and banded structure , it is not feasible,
and sometimes not even possible , to store K in the core memory of a

computer.
To handle such a case the computer program CSKYDG2 was developed.

CSKYDG 2 is an out-of-core Cholesky algorithm equation solver which takes
the profile approach . 2 CSKYDG 2 makes use of SETUP, a preprocessor program
which stores the profile of the upper triangular half of the matrix K in

random access files. CSKYDG2 and SETUP were written in FORTRAN Extended

for the CDC 6000 series of computers. The present program CSKYTI was

obtained by modifying CSKYDG2 so as to take as much advantage as feasible

of the special features of the Texas Instruments ’ Advanced Scientific

Computer (1! ASC 6) at the Naval Research Laboratory. The SETUP pre-

processor program for CSKYTI was obtained similarly from the SETUP program
for CSKYDG2. This conversion was undertaken chiefly to investigate the

effectiveness of the A_SC’s “pipe line” architecture with respect to the
“vectorization” of computer code by comparing the performance of the two
versions of the same program on the ABC and the CDC 6600, respectively .

‘The NA.STRAN Theoretical Manual,” edited by R.H. MacNeal, National
Aeronautics and Space Administration, Washington, D.C., (1969) p. 3,1-1.

2 Gignac, D.A., “CSKYDGZ: An (Xit-of-Core Cholesky Algorithm Equation
Solver (with Respect to Profile) for Large Positive Definite Systems of

• Linear Equations,” Naval Ship Research ~ Development Center Report 4655
(March 1975).
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MATHEMATICAL DETA I LS

DEFINITION OF TER?~

• Positive Definite

A real symmetric matrix A of order n is said to be “positive
definite” if its associated quadratic form xTj~.x is positive for all
vectors X other than the null vector 0. A is also characterized by the

fact that all its eigenvalues are positive . (The reader will remember

that all the eigenvalues of a real symmetric matrix are real.) Clearly A
is also nonsingular , that is , A 1 exists. A system of simultaneous
linear equations in n unknowns, AX=B , is said to be positive definite if

A is positive definite. In theory, such a system can never be singular,
though numerically it may turn out to be nearly so.

• Bandwidth

A real symmetric matrix A of order n is said to be banded and
have a bandwidth of m where 1 ~ m n if a

13
=O for j-l+i~ >m. The

quantity m is sometimes also called the semi-bandwidth of A.

• Profile

The “profile” of a real symmetric matrix A is the upper triangular
half of A stored coluninwise from the diagonal element of the column to the

last non-zero element of that column.

• Active Column

An “active column” of a real symmetric matrix A is a column
which results in an undesirably large bandwidth .

CHOLESKY ALGORITHM
V 

The Cholesky algorithm solution of a positive definite system of
simultaneous linear equations A XB consists of two steps :

• The factorization of A into the product of a lower triangular

matrix S and its transpose T -- that is , finding S such that A=ST. This

is the Cholesky decomposition of A. S and T are the unique Cholesky
factors of A.

• The joint solution of the equivalent pair of triangular systems

-
- ~~~~~~~~~~~~~~ — V _ V _  V



SY = B

T x = Y

the first of which is easily solved by forward substitution and the second

by backward substitution.

The Cholesky algorithm is both accurate and efficient. It is also

quite stable and does not require pivoting.
Making use of symmetry we may rewirte the usual formulas for the

columnwise Cholesky decomposition of A entirely in terms of T.

= t11a1~

-l
t1~ 

= t11a~
.

i-l
t. . = t. .(a. . - ~ t .t .) i=2 ,... ,j-1 j=3 ,.,.,n

~~~ 
11 ~ k=l ki kj

if j-l 2t . . =~~a . .  - 
~ t~ .

k=l -

The usual formulas for the forward substitution in terms of T are
-l

=

i-l
= t

~~
(h
~ 

- 
k=l 

tki bk) i=2 ,...,n

~~~~~~~~~~~~~~~~~~~~

The usual formulas for the backward substitution in terms of I are

X = t~~Y~

n
x. = t .  . (y.  - z t.~~y~) i=n-l ,.. .,l

1 i i  ~ k=i+l ~

Examination of these formulas leads to the following observations:

• It is more efficient to incorporate the forward substitution

into the Cholesky decomposition, provided that one does not wish to solve



AX=B for several right -hand sides B with the same left-hand side A.

Formulas can be modified to take advantage of the fact that
A and T have the same profile.

IJYPERMATRIX APPROACH

The hypermatrix approach consists in regarding the elements of a

matr ix  A as some partitioning set of submatrices ~~ rather than the
scalars a . . .  For example , if n , the order of A , equals n1+n 2 + ... n~ (where
the n. are integers) , then A can be regarded as a “hypermatrix” of order Q.

whose elements are the obvious partitioning set of Q 2 n~~x n .  submatrices .
“1-lypervectors” are def ined sim i lar ly. Thus the system AX=R defines a
hypermatrix system A’X ’ B’ of order 9~.

In extending the Cholesky al gori thm to hypermatrices and replacing
the scalars a- - by the submatfices A . .  in the above formulas note the

1•1 1J

following :

• Matrix multi plication , unlike scalar mult i p l ica t ion is not

commutative .
• Scalar division is replaced by the solution of a triangular

system.

• The extraction of square roots is replaced by Choleskv

decomposition .

The formulas for the hypermatrix Cholesky decomposition in terms of the

submatrices of T become

= A11

2

122 1 72 = A~ - T12T12

- TI -lT1~ - ~ ll
’
~ 

1’lj

1•
~
j = ~~~~~~~~~~ T

~
.’rk.) i=2 ,...,j - l =~ ,...,n

~~~~~ = ~~ 
- 

k=l 
Tkj Tkj

5
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iI 
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The formulas for the hypermatrix forward substitut i on are

= (T
~i)~~

Bi

i- i
Y. = (T~.)

1 (B. - 1T~~~ i=2 ,.. .,n
1 11 1 k=l k i N

The formulas for the hvpermatrix backward substitution are

X = T ’ In nfl n

n
= T.~~(Y. - ~ T. X I i n-1 ,. .. ,l

1 11 1 k= . -~-l ik k

Note that the positive definiteness of A guarantees that those matrices
which must be invertible or positive definite accord i ng to the above

formulas are , in fact , invertible or positive definite. This statement is

so easily established as not to require formal proof here .

SETUP AND CSKYT I

simir is a preprocessor subroutine which packs the profile of A in

QDAM ((~jed Direct VV\ccess Method) files on tape 1 , according to the

specified partition . The SETUP subrout ine first reads the order of A and

then reads the rows of the upper triangular half of A from tape ~ . The

SETUP subroutine has four arguments . The partition is specified in the

first two argiunents , NS and NNS, where NS is  t he pa r t i t i on vecto r and \V~~~~

is the number of partition s .* The pr o f i l e  is character i zed in the output

of the last two arguments with respect to th e given partition . The IXSTBI.K
array contains the locations of the d i agonal submat r ices of the hvpermatrix.

The NIIMBI.KS array specifies the number of subma t r i ces sto red from each

column of the hyperniatrix.

* IMPORTANT: It must be pointed out to the reader that the program
published in this report expects a un iform pa r t i t i on  mesh of 10 except
for the \\çth partition whose width is i , I ~ i < 10 . This limitation was
introduced to facilitate the use of Q1)N’4.

()
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The CSKYFI subrout ine effects a Cholesky algori thm so lu t i on  of a
system of l inear equations via the p r o f i l e  approach , usi ng the submatr ices

packed in random access memory by Sxi1JP. VI~he CSKYT I subroutine has f ive
arguments , \NS, NS , LASTBLK , NUMBLKS, and B -- the first four •is already

described . The right -hand side of a system of inear equations is passed

through the B array and the solution of the system is returned in the

same array .

As noted previous l y SETUP and CSKYT T are ASL ~ :wl:intat ions o f pro c~rams

wri t ten  for t he CDC 6000 series of comput - s.

THE TEST I X ~\N1~JV 11 S

F \ V ~~\I I~~I~~~ 1

The ma t r ix  famil of i : i h l e  I . ~~ 
i~ generated a~ follows : let N

he an i n teger ~ 3 . Let he the t r i d H ~ nna l of order N with 4’s on the

lia ~cn:tl and a l i ne  of - l ’ s above and be low the J i:i~ onal . ic ’ I \ he the
iLlent i t s - m a t r i \  of order N . An (\~ 1)  T h t n ~k I  -ci t r i x of order \ , ~\ 

is

con~ t nk Vte d by

(1) st ring in~’ N ~a i iwc ì t  r ~~ a lo ng the d i i~~Ofl~1 1

(2) inser t ing  l ines  of N - i  1 \ Hoatrices above and below the

diagonal , and

( 3) se t t ing  the remain ing  e lem ent s  of \2  equal to 0.

Appl i :;it ion of (~erschgorin ’s theorem shows A.~ t o  he p o s i t i v e  d e f i n i t e .

Vflle r i  J i t  -hand s ide of t he system A.~ ;X = is chosen such that a l l
components of the exact solution v e ct or  have the value I .

EXNv~ l.L 2

The m a t r i x  fami ly of Table 2 , A~2 ,  is generated as follows : Let N he
an integer ~ 3 . Assume the real syn~ictric mat r ix  of order N 2 and bandwidth
N with N 2 on the diagonal and -l elements f i l l i n g  out the rest of the hand .
Then change the value of each zero element in the last N rows and columi~s

-i As before , GersLh gor ln ’ s theorem shows A~ 2 to be pos1tive



definite. Note that from the viewpoint of bandwidth , ~~ is a fu l l
mat r ix .  The ri ght-hand side of the system VY~~ ,\ = (~~; is chosen such that
a l l  the components of the exact solution vector , except t he last , wh ic h is

1, are :ero .

TABI i~ NO TAT ION

The solut i on t iiaes for V \~~~~~ 
= B,~ and = C~ are t a b u l a t e d  in Tables

1 and 3 , respect i v e l v . These test p roblems were O c i  ~ ina l lv run on t h e

(T W (~~ (1fl at DTNSRIX ac ing  the OPT=l FORT RAN Extended comp i icr  undei tb

SCOPE ~ operat in~ svsten . They were rerun on the ASC h at \Rl ~~~~~~~

t he \\ 1 ORTRV\N conp i Icr  under the General Purpose Operat in s~ ~ v te!-~ ( ~~P~ V )

The col u-in head i ngs are de f i ned as f o l l o w s

N - the order of the system ,
- system bandwidth ,

NS - the partition vector,

‘<N - the order of the hvpermatrix system .
- hvpermat r ix  sy stem ’ s bandwidth ,

~~~~~ 
- the t ime  required to pack the hvpe r m a t r i x  sys tem i n t o

random access mass stora ge ,

- the t ine requ i red to solve the hyper mat r ix  sy stem , and

- the ~uri of t he T51.~~J 1) and I SOlA1~ 
t imes .

( The above t imes  are given in term s of CPU seconds.)
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OBSERVATIONS

At the outset it was suspected that ASC single precision computation
(32-bit word) could not provide solution significance comparable to that

of the CDC 6000 series (60-bit word) . This was found to be the case.

However, since the ASC double precision word is slightly more significant

(64 bits) than the CDC 60-bit word, maintaining significance proved to

be no problem, all the more so since the ASC user is not unduly penalized
for resorting to double precision arithmetic to maintain significance.
(clanging from single to double precision arithmetic on the CDC 6000
series almost quadruples the running t ime of a given program.) Both

CSKYT I and CSKYDG2 provided the same significance--at least 12 to 13

significant digits--for the esamples in this report.

Clearly the improvement in computing time can only be described as

phenomenal. The ASC version of SETUP runs up to 31 times faster than
the CX 6600 version, CSKYT I runs about 5 times faster than CSKYDG2 and
the total time may be as much as 17 times faster. The remarkable improve-

ment in SETUP’s running time results from the more efficient reading and
writing of scratch tape 2 (which is really on a disk) by the head-per-
track disk drives of the ASC. The considerable improvement in CSKYTI ’s

running time over than of CSKYDG2 is no doubt due to the fair amount of
vectorization provided by the NX FORTRAN so as to exploit the “pipeline”
architecture of the ASC.
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DTNSRDC I~~UES THREE TYPES OF REPORTS

(1) DTNSRDC REPORTS. A FORMA L SERIES PUBLISHING INFORMATION OF
PERMANENT TECHNICAL VALUE . DESIGNATED BY A SERIAL REPORT NUMBER.

th DEPARTMENTAL REPORTS. A SEMIFORMAL SERIES. RECORDING INFORMA-
4 lION OF A PR ELIMINARY OR TEMPORARY NATUR E. OR OF LIMITED INTEREST OR

SIGNIFICANCE. CARRYING A DEPARTMENTAL ALPHANUMERIC IDENTIFICATION.

(31 TECHNICAL MEMORANDA. AN INFORMAL SER IES. USUALLY INTERNAL
WORkING PAPERS ON DIRECT MPORTS TO ~~ON$ONS. NUMBERED AS TM SERIES
REPORTS; NOT FOR GENERAL DISTRINUTION.
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