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and equivalence (if the group is indifferent between actions A ~ind B , i t  i s
i n d i f f e re n t  between A and any p robab i l i ty  comb i na t ion ts f  A and B ) ,  then  t her e
is a group ut i  I i L y  fune t ion which  is a weighted  sum ot  t he i n d i v i d ua l
u t i l i t i e s .
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( :ll ~\I’’F1: R I . l~ 1 ’T I H ) I ) t ( ’ ’l l ~)~;

~ is 4 r e e r t t n

r ’t rp  d e c i s i o n s arc  b a s i c  c o m p o n e n t s  o f  sec i c t y .  I h e y  o c t - sr  4 1

l e v e l  of s o c i a l  i n t , r s c ’ t  i on—- f ron t h ~ s e l e c t i o n  of an e ’i e n i n g ’ s ti ~~~~’ 1 t i ’ : r - er~

a c i s na l  l v  l at  i n g  coup le  to  t h e  e l e c t i o n  of :i p r s i ’ n t  h~’ :4 1, ir t ~€ - S t i n .

H i t  d~. sp i t  e t h e i r  ubi q u i t o u s  p r e s e n ce , g r o u p  d e ci s i o n s  are no t  ;-;ell ‘in i e r s t o H .

cor e i t  h o l d s  b o th  ~. r  de ’~ r i o t  iv e  t h e e  t I ~~ h O~~~ ’? 0 ’ ‘ 40 ’. ‘, r O l I j ) - ~:4~~(

I t ,  i i  ‘n - in  ¶ o r ‘rese  r i p  t i ‘- ‘ c t I C , )  rv  - r u les or  nal i I n’ r a t i o n . ,  I ; r 4  o u t

- &  I 1; 1 )00

‘I b i s  s I t u a t i o n  c o n t r t i s t s  w i t h  the  s t a t e  of d e c i s i o n  t h eory  or i n d i v i d u a l s .

I r e  ~ 0 .4  f a i r l y  r i c h  l i t e r a tu r e  d e a l i n g  w i t h  empi r i ca l  s t u d i e s  of i n d i v i d u a l

e t io i , ‘ t ’ ~~ 
,‘j rn l t h e  t l eo r ’.’ of  r a t i o n a l  i n d i v i d u a l  cl i o i  ce—o f ten ca l led  dec i s  ion

,- , n ; i l , - : is-- --l ias made rap id progress  in the pas t  q u a r t e r  of a c e n t u ry . Stemm i ng

p r i r i - I r  i l y  f rom the  t h e o r y  of games , a coherent  set of r u l e s  has evolved wh i c h

i , r l s  p roved  h i~’I i l v  f r u i  t f u l  in i d en t i f y ing the  n i a i o r  e l e m e n t s  of ind iv idua l

cho I c1-
~ , :40( 1 in es t ah i isli 1mg ii f r amework  w i t h i n  w h i c h  r a t  l ona I i n d i v i du a l

dec I s  ions  can he do f i n e d .  This  f r a m e w o r k  involves  t h e  no t  i o ns  o i nn e r i . a l

va l i n e  r ; t . I l  t s :  (U t  f l i t  l o s)  , est m a ted  p r ob ab i l l  t ies  (sonic t i m e s  c a l  led  sub b e t  i vy

p r u h i a l i l i t  i e s)  , and t h e  r u l e , select  the  a c ti  on w h i c h  ‘ : ay i r ’H s i ’s  ~~~j~t o t  2 u t i l i t y .

The st u r n h l l u g  b lock  in a t t e m p t i n g  to  ex tend  these  not ions  t o  g roup  dec i s ions

t i e  cx  f r-i t once  4 ) 1  d i s a g r e e m e n t .  if  all the member s  of  a g r o u p  a gr e  on the

s a l  l e n t  f e a t u r e s  of :n d e c i s i o n  p r o b l e m , no special  d i f f i c u l t  ics i r i s e .  But  in

a l m o s t a l l  i n t e r e s t i ng  dec i s ions  in  prac ti ce , nemhers of the  group can d i f f e r

w i d e l y  on any r e l e v a n t  aspect  of the  dec i s ion  p roblem .

There are two generic bases for disagreement: uncertainty (incomp lete

in format ion ) and c)fl flirting Interes t o .  I f  c ro c i  :i 1 ( i p ee  t i  4 ) 1 t h e  dee I i :  ion

ti re poorly und r ’ ;  t oed , then d i f f e r e n ce : ;  of 0~ In in n  t i r e  I ) r et  t y  muc h  i n e v i t a b le .

1

— ~~~~~~~ - ~~~~~~~~~~~~~~ . — --- .—-—~~ —— ~~~. .~~~~~ - ~~~~ 
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I n  t iWI i t i o n  , i f v a r i o u s  c I u , : r s e s  of a ct i o n  op en  to tile g r o u p  lead  to d i f f e r e n —

i l a l r e~ ’ , r b  t o  s ’rribe ro  of t h e  group , th en  t h e  members  are  l i l t ly o eva twi t

t ht ’  t i n  ‘ - i ;  i t  :4 Ct 10) 1 I i  I I t o  ‘ n t  l v .

‘ I t , ’ ’ ; , -  t o ’ ,. u t n i r i e  , ‘;o ,s es of d i s a g r e e men t  sp awn w i d e  v a r i e t y  of r h i o c ’ , r d o .

“ a- f e l l o w  Ln ~’ s h o r t  l i s t  i s  not  i n t ended  to be camp r eh cn s  i vi 
* 

b i t t  i i )  p i npn  i i )

- - ‘me of  t i , ,  r l er e  c r i t i ca l  t Y p e s .  Appended to each t \ p e  is  . 4  t l ) l , e h S t  t i l l ’ ’ t i t l i s t  i t s

‘it j e l t  h i g h l i g h t s  t h e  bone - i f  c o n t e n t i o n .

P o i n t  o f  vies ’ . Wha t is t h e  p r o b l e m ’?

2.  F,~~~i s . t l  . Wha t  is t l u ’  ca se?

3. V a l u e .  H t t a t  is w u ’ r t h i w h i i l e ?

4.  i n t e r e s t .  Who s e t s  n h . , t ?

Po in t  of v i e w  dj f fer e o c c : ;  are the  ha rdes t  to c h a ra c t e r  ze and t h e  ‘i t t

d i f f i c u l t  to deal  w i t h  i i i  ‘r ’ ( :a ’ t ice .  In any g iven  d e r is io n , in d i v i d u a l s  - i t ,  an d

ho h a v e  q u i t e  d i f f e r e n t  ‘h n od e l s ° of the  s i t u a t i o n . In an e r i v i  r on iu t en t  i t  c h i : : p u : t  ‘ ,

in ,  i n d i v i d u a l  can take an ecolog ical poin t of view , a n o t her  an c c i ’n o n n i c , s t i l l

a n o t h e r  a h u m a n i s t i c  or t i e s t i t e t  Ic , and so on. These d i f f e r t ’n ” , ’u ca n n o t  be su m med

up e n t i r e ly  b y p hrases such as d i f f e r e n t  e m p h a s is , or d i f f e r e n t  b e l i e f s . The

d i f f e r e n t  p o i n t s  of view are d i f f e r e n t  ways of r e p r e s e n t i n g  t i .  :- s ’r l d .  A c e —

n a te  n o t i o n  is  problem f o r m u l a t i o n . D i f f e r e n t  ind ividu: - i l s  f o r r . , n i t e  ~he dec i s i o n

p r o b l i ’ -: (as they  see i t )  in c at e g o r i e s  which  t aken  t o g e t her , do r i i ’ t  t t ’ r ’ :  a

~~ 
p 

“ o l t i ’ r i ’ u i t  s t r u c t u r e .

Sor t ’  of t h e  issues invo lved  in poin t ‘~f vi  t ”~ d i r t  I gr e e n  n t  are  ,t i se i isscd in

( l i a p t  i r  I f  • 
‘ ‘i’ t ur n  2 u n d e r  t i n e  t op ic  u n i v e r s e  of  d i s ’ , ’u t o e .  1) 1 t er en t  iu ~h i —

v Id uals  c ii i  , in e I I , ’ , ’  t , he t a l k i n g  in d I f  f~’ r en  1 1 ;t n gu age o  i f  t t e~ b tmi i i d  t h a ’

p r o h l e i ’r  d i f f e r e n t l y .  For ex a m p l e , one i n d i v i d u a l  Can m a i n t a i n  I l i n t  a g i v e n

p05:4 I b I l  i t  y i s  I r r e l e v a n t  t o  some cen t r a l  f e . i  t n o e of the dcc is i o n , ana l a u n t  h er

‘d iv  i i i  no 1 r n - t i n t  a i n  t h a t  n i t  t i n t ’  con t r a r y  i t  is ii I g h 1 y re I e~’ - , i , t  
* 

- in t l  bet Ii Is’

, - o r r e i ’ t  w i  t i  n t h i i ’  I r r n s p t ’ e t  ly e  un iverses  (if I i  u t t o t i n  ‘5’
.2



~!t ’ t l io d s ’  o f  ( I t oh  u i 1, s i  t i t  ~~~ n t  i t  vi  ir d i f  t e r ic’  i ’ , i n ’  n o t  w e l l  t & ’ ’’ ’’ I ’

t n t  t Iii ’ p r e s en t  t ma ’ . ‘b lic one t e n t  r u l e , ‘‘ F l  r s t  , l e l  ha- ’’ ’ or  t t ’ r m r ;  , ‘‘ i s  r ’ ’l  i t i v e l

f e e t ’ I e . I t  i s t T ; i ’ i i t  h a l l s  , i s : , u r r l ’s .1 e o n r n K i l l  t i n t v e r ; e  u t  i i n s i ’ t n i r s e . ‘ l T t ’  1 ‘ ‘ I u , o l o ” v

e x i s t s  v,’ f , i ’ ’ h o l l i l u f  i f  i n d i v i d n t i l s  e o n ,  f o r m u l a t e  t h e i r  i n i h i v i c h t i a l  ‘ i d o l ;

“;t r l  ft i t  l v .  Anon ’, t hese  Ire  c l u s t e r  anal y s i s  t o  g e n e r a t e  corru’n on ‘- c t ’  o~ c r t t e—

‘ ‘ r i -u , :111t h r e l e va n ce t r ees  to a l low  f o r  severa l l evels  of - i t ’ ,g r e g a t i  r .

‘s- i - - er , ~l t e  r i ’ q t n i : ;  l I e  t h e o r y  to app ly thes ’’  tec ’i n iq u er  to po in t  of ‘iiew 2 1 5 —

i r ’ i , ’ t ”ii’flt has not been genera ted , and more to t h e  p o i n t , f i g u r es  of ‘r ’i ’r i t  f o r

t ’ V t l l I n a t f l l g the  e f f e c t i v e n e s s  of the techn iques have no t  been d e f i n e d .

I n t h i s  r e p o r t  , p o i n t  ol  v iew d i sag reemen t  w i l l  u s u a l l y  be s i  l e st ep p e d  b .

t i e  a s s i n mp t  l en t t h a t  11w group has alread y agreed on ti common model of the b as i c

I ac t  ts r - i  In t h e  dec is  ion . The fo rma l resolu t  ion p rocedure s  then deal w i t h  the

I i . ’  r t ‘- ‘ t i , ’ . o f  d i s a g r e e m e n t  whi  cli can a r i se  wi t i t  in t u e  conr unon model .

“ t i e  t i n a  I t h i . s agr eem ent  is the c leares t  of the  f o u r , and t h e  .‘pe f o r  wh ich

r M ’ t ; u o d , of r e so l u t i o n  are  mos t advanced . A ma jo r  f r a c t i o n  of  t h is r epo r t  w i l l

h i ’  devo ted  to  t h e  top ic.

t ,~a 1 u e  :111(1 i n te r e s t  d i f f e r e n c e s  are easier discussed toge the r , s ince  they

t i r e  of t en  con fused , I n  t he  t e rmino logy  of d e c i s i o n  t h e o ry , v~~l ucs rel ’ it e  to

c r i t e r i a , oh~ e e t I ’ ,~ ’:; , or  p a y o f f s , whereas  i n t e r e s t s  r e l a t e  to t i~ a l l i a : , - i t i o n

or d t s t r i l u i t  i on  of rei- ’a rds .  i t  is p o s s i b l e  f o r  t r i l l  i n d i v i d u a l ’ ;  to  ogr e corn—

p let  i i  y on w h a t  I ,  w o r t h  h a v i n g ,  and d i s a g r e e  c o m p l e te  l y on who shou ld  have

it. I n  f ; i e t  , t F i t - r e  I s  ;i s i gn i  f i can t  i nve r se  r e l a t i o ns hi p  b etween  v a l u e  m d

j u t  , ‘r c s t  d i s a g r e e m e n t . ‘th e g r e a t e r  the d i sag reem en t  on v a l u e s , t in ’  smal le r  the

d i , i g r e e r m ’n t  on interests. The relationshi p can he ill in s t  r a t ed  by t l i e  old

n u r s e r y  rhyme a b o u t  t ack  Sprat and his wile . b a c h ;  S p r ; i t  c o u l d  eat no f a t  , and

lii t3 t4 l i t ’  Co l ll( l  en t no I can—comp le t e  d i sag reemen t  a b o u t  v ;i  I nc r :  • , \ l t  a ri ’ -. t i l t  
*

t hey  could eat t he  p l a t t e r  clean—it o c o n f l i c t  of  In t e r e s t . .

-I 
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~t , t n v  d i s c i u s s i  ons of v a l u e  c o n f li c t , e s p e c i a l ly  in t h e  e c o n o m i c  I i t e r a t u r i ’

, ‘ t i s c , u n i ’ t h e  l i s t  i n l e t  Ion b e t w e e n  these two t y p es  of  d i  s ; i gr t ’em en t  by  s i mp l  i t y i n g

the  r u t  i va l  i o n a l  co m p o n e n t  of d e c i s i o n s  to a s i n g l e  n o t i o n , name ly pr e  f er e nc e .

Au ’u oh~~ec t  A i t-i c o n s i d e r e d  more va luab le  t o  i n d i v i d u a l  t t han  o b j e c t  El i f

p r e f e r s  A t o  B ( i . e . ,  I w o u l d  s e l e c t  A ‘y e n  - l g i ven  a f r e e  cho i ce ) . h owever ,

p re  f c r e n c e  has two “dimensions ” , value per se and a m o u n t .  Ant  m d i  v i  d i n a l  can

p r e f e r  i t e m  A to  i t e m  B f o r  e i t h e r  or bo th  of two reasons , i t e m  A is a more

‘,‘ , i l u a h l e  k i n d  of i t e m  than  Ii , or they are b o t h  the same kind of i t e m  rind h

i n c l u de s  more .

T h e  mos t i n t e n s e  f o r m  of i n t e r e s t  d isagreement  occurs  mih en va l ue are

i d e n t i c a l , h u t  t h e r e  is a s c a r c i t y  of rewards.  In the t h e o r y  of games , t h e

‘- ; h t i r p ” ’ . t c o n f l i c t  occurs  w i t h  t h e  ze ro—sum t w o —p e r s o n  game where  t i ne  pav o l  f i t

e q u i v a l e n t  f o r  each p l a y e r , b u t, t h e  ru les  of t h e  game (let er m i n e  t h a t  w h a t  e v e r

e rie p l i \ ’ ) ’ r  ,~a i n s  t he  o t her  loses .  o n t ime o t h e r  hand , i f  i n ( lj v i d u a l  1 ‘l ’s ’ ; wit

wan t  w h a t  i n d i v i d u a l  .1 wants , and vi ce versa , it is hard to start :n quarrel.

‘J ’ l t e  s t a t u s  1 va lue  j u d g m e n t s  is somewhat up in the  a i r  a t  t h e  p r e sen t  t ime .

In d i v i d u a l s  do disagree on the  relat ive w o r t h  of d i f f e r e n t k i n d s  of rewards

as well as on allocations . h owever , there is no generally accepted criterion

of co r rec tness  of value jud gments .  In the preva len t  view , v a u i , t ’  j u d g m e n t s  are

‘‘ad 1 l b .

2. ~ ‘ s o h t i t f o n  of ~~~~~~~~~cmen t

I n  p r  ‘ i t  i cal  a f f a i r s , t h e r e  t i r e  a number of reasons I or ave i i i  i i i ~ ’. or r est i  I v —

in 1 ’  d l : ;  r ig r e e f -k ’  o t .  Above t i l l  , of course , di sag re emn ’in  t can h i ’  ;nn I n iped I men t to

i t t  ion , p r o v i d i n g  , i c t  ton requi ret ; consent on t l ie  p a r t  ot  member :;  oh  t i n t ’  g r o u p .

B u t  in  odd i t  Ion , d i s a g r e e men t  u s ua l l y  entails cost:; in delayed n e t  ion , and in

oh r,nsive m i t  e r.n(’tion. It can lead to c o n f l i c t  , ranging from “verb a l ba t  t ies ”

o more v i o l e n t  forms of con f ro n t a t i o n .  A more i n s i dio u s  It I nd of cc: ,  t ( ‘ I l l

4
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i n  t i n e  f on ni t ’ t  i h t ’ g r a , l i , ’t l i t e t ’  i s i on s . liii’ c o o l a nt  m u  p rocess , e sp e c i a l l y

I t  i t  I i t s ’ ’  1 vet- i  : :o— i ’ , i  I 1 n .d coup rein I r i s  , (‘an lead I, i t  Ia rye h I - i s i s i n  t l i i ’  I I no I

c h i o  I e e

t h i s t t ~ i t - n i  l v  , a unnr n ib e r  ~~ p r oe~’dun ’u  hav e  ‘ ‘ ‘o l v e t i  to t h e a l  w I I _ l i  d is ign i ‘cmi i t t

*
‘c m. ’ o t  t h e  none w i d e l y  p r a c t i c e d  are :

I .  ) i c ’ t a t o r i , i l . One i n d i v i d u a l  makes t h e  d e c i sio n .

ohjectiv e . The decision is made according to preestablished rules.

‘3. Darwinian. The decision is the outcome of competition .

4. Collective. The decision results from amalgamation of the individual

~j udgmen ts.

‘b ite dictatorial solution is by far the mos t common way of resolving dis—

[1 oi’eurs not only in tyrannies , but in all walks of life. ‘l’here

is notb t b ri g necessarily despotic (i.e. , arbitrary) in t h e  no t i on .  The i n d u s t r i a l

ma l ing e r , t i ne government agency head , the head of a household , any one who can

cl a im “ h inal authority ”, is a device to resolve disagreement. In practice , the

“ u nit’  man” na lure of the procedure is obscured by complexity——e.g., th e bier—

a r c i n i e ; i I  structure of large management staffs——and by the constraints which

t h e  “ s y s t e m ” p laces on the abuse of power.

f i n  ih ie t. ;nto ri al solution has more titan historical usage to j u s t i f y i t .

It is effective , it is efficient , and it has the advantage that it is free

iii ‘ (rifle of tine more vexing conceptual issues t f  multi—person procedures . Because

of these strong advantages , it is like ly to he the most  widely used method ot

re’,ti l v i u n g  disagreement for some time to come . h owever , the dictatorial solution

li - n ’ - ;n numbe r of weaknesses beyond the potential abuse of p ower. Above a l l , i t

have omi t ted from t h i s  l i s t  the more violent procedures such as physical
i - o e r e  i o n , and tine more blatantly totalitarian procedures such as information
r u n t  rd , not b e c r u n i t a ’  they are rare , but because th ey tire outside the scope of
t i ne  p r e s e n t  t r e a tm e n t , which is limited to cooperative decisions.

5



is subject to the biases , limited point of view , and other p a t h o l o g i e s  of

i n d i v i d u a l  j u d g m e n t .

Objective r e s o l u t i o n  of disagreement takes a number of forms . Perhaps

the most relevant to the present discussion is the form exemplified by

institutionalized science. The scientific community has developed a set of

criter ia to settle factual issues. An essent ial element of these criteria is

*
ob jee ti vt t ’- . The rules can hi’ expressed in terms that d o not refer to the

m d  t v l d u a l  r e si - -ire he r , i . e .  , in terms of data , and inferences from data. ‘~‘ h i r r e

may be sor-re controversy concerning the precision of the criteria , especial ly

with regard to inferences. But the contras t between the relatively objective ,

rule—prescribed procedures of the natural sciences and the fuzzier procedures

i n  othe r social domains is clear.

Perhaps the most salient feature of science from the present perspec t ive

is its extraordinary success. By relegating pure debate and personal influence

to  the background in settling factual disputes it has exhibited a power to

solidify knowled ge in :i way that is well beyond reasonable doubt. ~
‘or th is

reason , there appears to be little question that scientific knowled ge is the

most excellent kind ~ f information that can he input into a deci’ ;i ’n——when it

**I’-, available.

There is only  one serious weakness of the scientific niethod f o r  most

decisions ; namely, It is incomplete. If a firm scientific - basis can he found

for an assertion , it is a valuable input to any  d e c i s i o n  f o r  w h i c h  It is

*
Sortie scientists would claim that inter subjectiv ity is a l l  t h a t  is r e qu i  red .
¶Mmethme r m t  ersuib ject lvi ty can he achieved without oh ec t ive ri’ ii’ rence P” 

‘Ui -

is a moo t subject.

**‘b’he o n l y  d u b i e t y  he re j r  a matter of relat ive s o l i d i t y .  9u ch ci t h e “kno w— h ot ”’
of t ec n o  1 l i l Y also i nns a high —order of credence , even t h ough i t  does u n it have
the ov e r t  v a l i d a t i o n  St r u c t u re  of t ;y s t en n a t i  t’ sr i  t ’nce.  t’ hmu ’ I u . c h i n i u i l  or , 1s t  S test
‘‘ I~~~~, I t  work?’ ’  appear s  to he about as powe t fu l  tn ’  t h i ’ ’ :;c i u ’ u n t  j u t s ’ ‘‘ I s  it f-f I~ I 1 —

:; t t i n t  I - i t ed liv expe r I nit ’nt t ‘? ‘‘ in weed I itt’, out groundless  b e l l e t  s -

6
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i ‘ ‘ b t ’ v , n n t .  i i i  i i  - n  I u t r i  Sc 1 0 1 1 1  i t  b a r b s  is  i t t  ; i v . u I l , n h t h ’  I l i e n  I i i -  u t  i t ’ -:’ tt ’fl t

u s i n  u ,  n o t  I t  I t  j h m u i i t ;  i t  I - :  ~ i n i p l ’ ’  inpr ’ovu i i .  For ‘ tt lSt m i t  - r e :  I f l ’ ’

h ’ ’ I r , h u t n ’ r , i b r - . ’ - p r o p o r t o u n  i i i  I i ,  t o i l  i - t o t ’s  a rc ’  ii t h e  i - i  r I r I ~- 1 h r - h - , .

‘c t e n t  i~~t r  i i , i t ~~ ’ i’i1ios, ’d , u n o t h n e i i n i ~- ’ ’  p i e t  e n t ’ ’~:, t i n t t h u h  r s i - I  ou d  , n - i:

‘ I .  - , ‘oni t - u t  I on i t h i n  t sc I t  ‘n ’ t~’ u - un  s’;iv n u i t b i  j i u y  i f - n i vti i i i i ’ s . 1 i t - re - h O t  I:; I ‘ >

a r i, - ’ I ’ ,’ i it ’b,-~~t ’ 1ie ~’i n n i n g  en t h u s  ‘s i l t  i ’c t  w i t h i n  o r ’ ,- st’ i en utif Ic n1 ’ j r r t r t l l t i

t” t~~’ t l i t ’  t I :‘r e h ’ i  nI , hew. ’vc ’ r , the r t ’ a r t -  no v - t j . l i . - ~Ut!~ ’’i rt ” n t  r ; - i ;  cr111 r i - i  i m  t h e

‘‘o f f i c i a l ’ ’  sand ion of s c i e n t i f i c  i ’i i ’ t h i titl .

t e rm Da r w i n i a n  r e f e r s  L i ’  a ~:ide v n ets of i v t - c s  o f  d i s a g u ’ c ’i ’” r t ’ i t t

i . - r , u i l u t  ion t h a t  involve  compet  i t i o n .  i’ e rhap s  the p u ” e st  examp le ii:  t h e  d eh ,u t e

w l a ’ r ’  t t - .-ti m i d  ividuals present a r t  p o w e r f u l  n r t - - iv  of ,ir r in r q e :i t t , for anti .iy ,t j n: r t

- a t ’  i ‘‘ -n S t  - I t  t ” ’ i , ’ i i  t as they can , and ‘‘ t ile hi ’s t man wi n is ’’ . “ h ’  t vp i ct I lorma I

de h ’~~ti’ r t ’ t . , , i  r u ’ ; a ~ud ge (o r j u d g es )  w h i t  is , in  o f f  n o t , t t i t -  otn’ncv o t  r i - - r e i n —

l i i i .  in more  ~u Ot cal  s e t t i n g s , expressed h~’ phr i r t t ’ r -  sorb  e; th e  ‘‘i~~i’t c’tp i r i c e

i t  i l - i  r , tin e I nt e Liectual forum , and the  11 I .e  , L i i i ’  ro it ’ of judge is presunm ab I y

t i ’ ’ ’  liv :i loosely ‘lef inecl  in t e r e s t e d  c o m m u n i t y .

- ‘ c - i i i  r & ’  n ;n rro t - ,’ I ~‘ d e f i n e d  group dec i s ions , t lie - - r  ‘ t i p  i t  se i i  n - i ’.’ ‘e t ‘Ut ’

m i  no’,- also include t h e  contenders .  Tieso l r n t  ion is  b’~’ ‘‘ consensus ’’ a

‘ - nt - - i - i l v u i ’tu ’ly defined process including , u s u a l l y  , l i c e — t o — f - -ice di s c u s s i o n ,

v a r i o u s  f o r :  of mutual pe rsuas ion , and o ther  i n f l u e n c e s  which  mri :- ’ lead to

i - r i ’ . ’ :  s - l i t .

I have  L a i n ’ ]  et l  th is fuzzy class of procedures ‘)arwinian because u i  the

i t - u p  I i t ’ d  i o ’ i i r t p t  ion  t h l ; i t  the c o m p e t i t  Ion leads to “s u r v i v a l  of t he  ii t t e s t ’’ --- i .e.

t i ,  i t  t h e  : , : , t  c ’ s r u ’ I  l e n t  j u d g m e n t  I : ;  t h e  out , ’ t h a t  wins  out . This i r i r r i t i r i p t  ion

i p p t ’ ;t r s  t ii lie more an art i d e  of I al Lii than the result of c a r e f u l  e v a l u a t i o n .

Tb” ru’ m n ’  -;t - r  I Oilfi problems In de si gn i n g  e x p e rim e n t :;  t i  evaluate t 1 n ’ effec t ive—

nul ’Sf ; of competit ive processes for selecting thi t ’ best (e.g., t i i&, nest riccuu rate)

- ‘ 7
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i iid r~r :ieni t out o f  a list of contenders . Neverth eless the question w h et h er cot’rdet 1—

tive processes are. effective It: an empirical ttinc . ‘lv own attit u d e , b ased  on a

It ” ; e~’q-n ’r inaents of ’ niv own and a f t e r  s u r v e yin g  th e  r at h i e r  sparse  I t i ’ r . ’uL ,nre on t h e

su bj e c t  is t h a t  compet  i tiv e  p r o c e d u r e s  arc ’ p r o b a b l y  P et t e r  t han  I i  e t ’ lt o r i  :tl

- ‘nc ’s , a t  least  on the average . h owever , i f  c o m p e t i t i o n  is v i e w e d  m s  a f i l t e r i ng

p r t ’c n ’ s s , then r,iv imp r ession -is that  the e f f i c i i ’n c y  of I l l  t n t ’ i n g  per  s t a ” . e is

r i t , c r lo t .

The f i r s t  t h r e e  me thods  of r e s o l u t i o n  arc rough ly  w;-ivs i f  s e l e c t it i ’ “ i i i

~u dgment  out of a group of judgments .  t ine  somewhat vague rationale that ‘ - i n  l i e

f o r w a r d e d  on the i r  hehall is t h a t , given disagreement , t h er e  is one j u l  ~r i t ’ r t t

t h a t  is co r r ec t , and t h e  o the r s  wrong;  or somewhat  wemib ’c’ r , the re is one j t n d g —

‘sent wh i c h  is b e t t e r  t i t an  t h u  o thers , and the goal is to f i n d  t h a t  j in i l gitn ’nt .

~h -  f o u r t h  method has u d i f f e r e n t  r a t i o n a l e,  i t  s t a r t s  f r o m  the assumpt iont

th: ’ t i”  th e r e  is m a j o r  d isagreement , especially w i th i n  a 1:nowlc-dgt’ahle group ,

t h e n  in m i l l  l i ke l ihood , none of t h e  members of the  group knows t he  answe r to t h e

‘ p i t ’ s t i o n .  In  suc h-n a case , rat ’ner t i tan  s e l e c t i n g  a s i ng l e  :insi-:er , more cant be

t ’, , ij n et l  by ;n m : u ig a m at i ng  all  t i n e  answers—hence the t e r m  co l lec t ive .

t h i c ) ( l ’ ;  ‘ i f  ;nma lg ama t m u ’ . m d  ividual judgments are in an earl v st p~ ’ ()1~

deve lopmen t .  P r o c e du u r c ’ s w h i c h  are impiementable in p r ac t  ice c l i i i - ’ t lnwui t o  si tm e

f o r m  of  n , - i sul re of centr ;nl t endency (mean , median , geometric rican , e t c . )  with a

measliri- o f ~ d i spe r s ion  ( s t a n d a r d  deviat ion , in t er q u ar t i l  e range , e t c . )  to  in i d i —

cat e  t ine  degree  of d i s agr e e m e nt .  However , in t h - ’ o u ’ v at leas t , mo r e sop h i s t i c a te d

i ’i u ’ t hno d s of pooi int’ i n d i v i d u a l  jud gments  are poss ib le , and a r t ’ d i s c u i s u e d  in

C h a p t e r  V.

h ut ;  t of Ut u’ r e su i l  Is win i t ’  f o r m  the hn ody of t h is  report a ru’ p ret; en t ed

w i  Li i  inn  t h (  f ramework  of  t t e  c o l l e c t i v e  approach to dis ;ngreeme uit rose l u t i  on.
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I.

‘F’ 0’ , n ; ’ i ’ r , - t - , i L  i o n  l~r~~h~~en can t  b u t ’  ‘ ‘ :- :pr esuetl  t ’i ’ u ’; , u l  17 iS I ‘t i l . t w s : I i ’ i ’t i t ;

‘:rouup ‘ I  in, !iv i ,h , nal- m t- ’luo , on ~i g i v e n  su b j e c t , llmi ’ !O , i  s t  of ~ijt !’’t’: ,” n ’ . 1 . t,’Pei.i

t i e  I nde~: r~’ or’: t o  i nd iv idua l  I . To oh lain a ‘i- L I j u j u u d i ’ , ment on ( i t ’  S tri e

[ i l - i c , h u i m ,  i s  - i function i ’( ,l) , .1 = (J 1, . .  . , , 1 ) , which ae,gre~’rit e’; the me t o f’

a i t n h i v i d n n ; u i  ~i tdgu nent s  i n t o  a s i n p ’ l s  c~roup ~tndguncnt .  “he function F shu o uul i l

l i i i  t i l l  - r e m I t ’  ;t r mi i~ ’ hi t f o r w a r d  cond i t ions :

~ u u b s  tant lye Condi t  I ont; . F C l )  should be the  s uite ‘;orL of j u i d g ; - - ; i t  as

tin e 1 . . ‘ xmi ni’nie : I f  tile 1 . are prohah i l i t  et ; for a given even t , t i”n

F( 1) s h o u l d  be a p r o b a b i l i ty .

2.  Cons i st ency  Condit ions.  Consistency here  r e fer s  to coherence

between the i n d i v i d u a l  judgments  and the  group j u d g m e n t .  C o n s i s t e n c y

- i t  t i n e  indiv idua l  or group l evel is par t  of the  s u b s t a n t i v e  condi-

t i o n s .  Example:  i f  a l l  the members of the group are in agreement ,

J . = , t ~ f o r  m i l l  i and k , then F(J )  = ‘h ~ ( t h e unan imi ty  p r i n c i p l e) .

I . !‘e r f o rn ’t a nr e  Conditions. If there is a figure of merit for the

individual j u d g m e n t s , t h e n  F ( J )  should not  p e r f o r m  p o o r ly  v i t h u  r e sp e c t

t o  t I I  I N~ui r e of m e r i t .  Example : t 1 .1 Is individ ual i ’s mi n :t \ -,’ ’’rs

on a t e s t , and each i n d i v i d u a l  gets  a h i  “ lu score on the t e s t , t h u u ’n

- ‘ ( b )  should not  get a low score .

C o n d i t i o n s  of type 3 h a v e  no t  rece ived  a gre ;n t  deal  of  , u t t e n t i c ’ n  in t h e

literature on ~r ll u l l decisions , primarily is’s ‘inst Lht t ist ’ of t p ’ 2 mu i r e a c l y ;n pp e ~1r

t o  1~’~~” insur mu o u n tab l e  d i f f i c u l t i e s .  Probably the  best known of t h ese d i f f i -

c u l t  ies is th u  r e su l t  der ived  by Kenneth Arrow t l u , ’nt , i f  the J a r e  i n d i v i d u a l

p r e f e r e n c e  r e l a t i o n s , t in e r e  is no I~ which  f u l f i l l s  :i I ei~, h i g h l y p l aus ib le ,

cen t ;  I t ;tency u’ond it ions . This  r e su l t  is  discussed in some dot al l  in Ch a pt e r  V I .

A ‘;I m il ;n r diffi u: un l ty is exemplified by a result I d e m o n s t r a t e d  some ti n e ago

~ 
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to the e f f ec t  t ha t  I t  the  ‘I . are p r o b a b i l i t i e s , th en no F e x i s t s  wh i ch fulf i lls

the  usua l  axioms of p r ob a bi l i t y  fo r  both  the i nd i v i d u a l judgments  and the group

j u d g m e n t .  This  resul t  is expounded in Chapte r  V . Section 5.

,\ b a s i c  theme of t h e  co l lec t ive  r e s o lu t i o n  of d isagreement  i t ;  t h a t  cond i-

tions of type three can compensate for difficulties with conditions of type two .

The idea is straightfo rward ; if a group judgment  can be shown to p e r f o r m  w e l l

on a g iven  t igure of m e r i t , then a certain amount of n o n — c o n f o r m i t y  b ” t wt ’e ’u

i n d i v i d ua l  and group jud gments is to lerable :  I have called t h i s  the h m er s sn

Princ iple——performance is at least as important a criterion for aggreg.um ion as

*consis tency.

To invoke the Emerson Principle , it is necessary to have a well—defined

f i g u r e  of m e r i t  t h a t  app lies both to individual  judg ments  and t i  g roup  j u d g m e n t s .

For f a c t u a l  judgments , there  is a large family of f igures of mer i t , or scores ,

which enable comparing tine performance of individual and group estimates . This

is the topic of Chapter Ill . Using these scores it is possible to derive a

corresponding family of n—he ads rules, i.e., statements to the effect that the

group score is better , in sonic well—specified sense , than the corresponding

individual scores. This is the topic of Chapter V. The n—heads rules appear

to he a satisfactory justification for using group estimates in decisions

where the individual members disagree on factual issues. ‘flnis “resolut ion” of

disagreement is a good deal stronger than simply finding a “compznt hle ” group

*
Historically, there has been a wide range of reactions to tine discovery of
inconsistenc ies, from panic to stubborn unconcern . The story has it that tine
logician Frege died of a heart attack when Bertrand Russell informed him of
the paradox of the class of all classes which do not contain themselves.
But mathematicians continued to use the  notion of a differential desp i t e
Bishop Berkel ey ’s slashing attack. Zero gradually achieved tine status of a
full fledged nember e’ien though  con t rad ic t ions  e ;nn e t ie r  ved i~ i t  is
“r I t ;u ; e d ” . In  t ine  case o~ the d i f f e r e n t ial and zero , Lh e concep t  u~ re judge d
by the m a t b n r m ;n t i c a l  communi ty  t o  he more ‘nse mu  than danger~- tns .
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~‘ i d u a i  I u u d t ’ ~~t - : i t ;  ru n !  in  [ k e y  - n t  i t - m i S t , th e  p ’r ’ t~ i H ‘it r n  c ~ ct  m r  than

i j u u ! ’ ’ r -  ‘ii i i t  ~~~ ‘ ‘ I t ’ I ’ i i e r  o t  [ h i ’ ’ gm niip .

Vs iut~ - 
nI n ? ’  re:-;t D i - m i t ~ r e c ’m c n h

; , ‘ t i n : ,  iu, i r - ’ ~~ ‘ m ’ b  i i ; !  , ‘ : m t i i m t m i t ’ t ’ - t i ’  val ; u i -  i l u i s n i s , , r c o n l i l u  ~ ol

i n t t - u ’ -  t , i -  I s i s  ‘c o il  n o t e d  p r t ’~’ i o u u - ; i~ , t herr ’ ~~~~ u ; ,  ~‘r  c on I ~i~~t’ e , of mer~~t

t ’ iu -k - ~~~~
- ‘‘  eq s r i )  l v  o m d  iv i d i  ci I s  a; i i  t o  t ‘ ; i~~ ’ i 5  - . “ ‘ - 1,1 , m e -rn r ’ t ’ - ; s i

‘ r i n ’ i p l e  , - - t n n t - t  he used to si d e s tep tb1  c r u ’ i s i s t - ’ u : r .  c o y d i  t i O ~~s . As i t  L i u r a m s

u n i t , t h o r t ’  is  a f n i r 1~’ s t r  l i i i  t e r : , t r d  resolut  ion  n’  is a n s i - s t e n c ’j e , m o f  [ I

,-\rrac” type ‘ - ‘ i t j r h n  does not  W I t n i  on p e r f o r m m u ’c ~ - C S 1 t ’ m ’~ t .  ~f in d i v ’t ’ i ;a l. ‘n- ~~t ; — -

t’flr ’. ; me ,‘“ :ari’sst’d - u ; e r T i n , tl m ;; - ,- ,lt’ ’m --— j .e ., scrrme sem of o b ’j e c t - ~ is se 1e, t~~ i - i .

i r rt ’act- t ;i ’ niH ~‘reI i - r t ’nces  f o r  o the r oh j e c t ’- - S~’ r - sI;c ;1 h i ?  t i n t -  ir i i ’ - i t  I i ,

i ’ t ’i- , ’~~~ ‘ ,i~~t ’ I n t ’ - a  I lo,’ th i ’- m r e t  er e ’n t ’ e s e t — — t h e n  i t  I i ,  I e ; u i , I h l e  to  c ’u i t . t r u c t  ,i

- t o u i p  y e t ,  n or. ’  - ‘m l ’ ’ ‘ I uir m pa t i hie c -mlth tH’ m d i  i d e a ]  ‘ r i - a l e s . ‘ )t’m’ ; iui —

st r : u t  [ t i n  ci I s  ‘ ‘5511 i l - t v  I S  S p r i n i ’ l pal  t o p - l i  t i t (
~~i~~~ On r ‘ ‘ I

: I i n t ’e m e te ’ t i e  tK~~, ’i li i’:,’ a number  of d e s i r a b l e  i e m i t ’ i c c ’ s  in  r i ;e n se l v c~.
__

i ”- i S lOt ’ ‘ he u- - i l - I l l  u ’ , c ‘ m d i  v i d i t a l  pro f e r e n e c u ;  , rind f o r m  Lh ~’ bases or

e x t e n d i n ~’ l r u f f . r ’ ’ n r - , ’ - 1 1  ‘ t i l t -  i i  s-ie r ic a l  k inds  of ’ t t u  :im ur t- i ’mt ’t i t — — i n t r e d u c i n g  t~ , eu . ,

i n to t he f o r t ’ , 1 .np ;r ,; r - n t ui’ - n - t  i i ’  i s i o n m ak i n g  appe ar s  to i : i ’ ,’e m u]  t i p l e  i l v an t  m e - --

b e  t nd s i t  p I . ,uI I os i i ;  p i ons 1st i ’nt  g roup  pre  ferenc t ’  s c al  i ’ m ; .

I n  the  I h s e n c e  of ml figure of m e r i t  I c r  g roup  v a l u e  i t u d g u u i e n t s  • i is not

t o  :i , c , e r t  t h a t  the  ;ç r oup  w i l l  he “b e tt e r  of 1 ’’ i t  i t  uses c o l l e c t  ly e

vs i i , . ’  j u l  pnn ’n s • l i e  me is a ti ri t ’ ‘c fo rm of n — h e a t h :  ru Ie [ b u n t  ‘ i n  he den ved

for collect i ’e v n l u i e  ~udgnient s , b u n t  tin ,‘ nd t i i t i o n a l  n t i ~ i n n  I s  r t ’ - j : m r  ~~‘d , n amely

t h e  i t l t i u l  of t ’ it p . ’ r u t i v e  d e c i s i o n s .

I t it ;  use f u l  ru t th u  I ‘; point t o  have -r e i ns’ - t i! I t I ‘ h i  e r u tu i no l  ogv . An

l n d i v i ! i u , u  I d c i ’  i m ; t i ) n  t s u n  he s n ;n ly z e d  s i  t ) u  the help it ,’i , I i ’ c u u - u i t m n  m a t r i x ,

ii - 
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i l lu s e  r a t e d  in FI gure  1. ‘I ’}ieru- is a list of p o t e n t ia l  act ions t~ ~ (A 1,.. . ,A )

*st  r a t . ’gt e s  , pl,in;; , pol ic  [(‘5 , et c . )  among wh i ch [he m d  I v i i lua l  can ‘hi oos t ’

l u c r e  arc  two p r op e r t ie s  re( ’u i red of this l i s t :  (a) each act ion hiui ,n s t  be

feas ible , i . t - . , the ind i,v I dual mus t  be a bl e  to c a r r y  ou t  any  act ion wh i ch l i e

se lects , and ( b )  t h e  i n div i du a l  must he able to select one a c t i o n  o u t  of t h u

1 i t;t ~~t h e  “ t ree w il l ’ c o n d i t i o n .  The result  of t a k i n g  a given act ion is

dependent  upon a set 0 1 contingencies {E . } (E 1,. . . , E )  ( s t a t e s  i i i  t h e  wor l d ,

u n c o n t r o l l e d  events , e t c . )  The outcome of select ing action anti t he  n c t ’ u i r r —

cu’uee of con t i n g e n cy  E . is  designated 0kj~ 
The set of contingencies is taken

t o  he an event space in t i n e  p rob ab i l i ty  sense , 1. e. , t h e r e  Is m u p ro hnnh i I i t v

d i s t r t h u t !o n  I ’ (E .)  t h a t  r i o , ’ given contingency will occur , wiucre th ese

l I r I l a b i l k t l e s  do not depend on the action taken.

‘~ t t comp he te the  analvs is , it is assumed t h a t  there is a v a l u n e  f u n u i c t  ion

(U t  i i i  C v  or  p a r o  f t  f u n c t i o n )  V( O k . )  which de fines t i ne value of the out come

i i  to tile i n d i v i d u a l.

T’ue d . ’t ’i sion  ru le  f o r  a dec is ion  expressed by a dec i s ion  m a t r i x  Iti s e l ec t

th e action which maximi zes the expected value E P .V(O 1~~) .

~1In the individual case , ti-ne value function V is interpreted itS the v :ultu- ’

to the individual of a given outcome , and the probabilities P(p.) mis  the

p r o b a b i l i t ie s  as seen by the individual.

In  the ‘, roup situation , cacin individual has his own m a t r i x — — a  set of acti ons

t h ,it hi .’ can take , and :j set  of contingencie s which he perceives to he relev ant .

‘~‘ t n  some forms of decisl. orn analysis , the set of actions may he ex tended  Lo ‘n
tree , i.e., 1 b z ’~iu chin g  process in w h i c h  options at a later stage ire
dependent on winnu t  u riS occurred before . Although this more extensive model
has a number of valuable features , the critical issues for group ule t ’isiouis
can he c f l s cu u s s e d  using t i n e  s imple r m a t r i x  de sc rl p t ion ~

**
In the tree version , t he  probabilities of events can depend ott previous
ac t ions. Again , this more general possibility is not needed for most of tine
fol ’l ovtn g discussion .
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But now , in a d d i t i o n  to the cont ingencies , the outcome s are d e L t a  ~iuu ed  by t he

u c t i o n s  of  t h e  o t h e r  me i nh 1’rs of h ut ’ g roup . The s i t u a t i o n  resembles  a game in

the  sense of von N eumann and 1i m g eu s t e r n , b u t  is  a l i t t l e  more genera l .  in

a von Neumann and ~1 o rg e n u m t e r u  game , the set 0 1 c o nt i n g e n c i er ;  and t h e  ou t come

“ : , i t r i x  are common to  ,u l l  t i n e  p layers .

S i n ce  in this  d i s agg rega t ed  case t he r e  is no conrnon value  f u n c t i o n , r in d no

commo n set of p roh a t u i l i t ie s , t h e r e  is no d i r ec t  gener a l i z ;n t  ion 01 t h e  m a x m m i  -~‘ i —

t ion  r u le  wh i c h  def ines  a group decision rule.

A I~~s ic  s i m p l i f i c a t i o n  of the analysis  is obta ined i f  a t t e n t i o n  1:; l i m ’ i t c d

t o  coopera t ive  (lecisions . A coopera t ive  dec is ion  is d e f i n e d  as one in  wh ich

U1e ~, roup i~. c uu i un uu i t t ed  b e f o r e h a n d  to s e l e c t i n g  m u common course of a c t ion .  En

the terminology of game t b u e o r v , the group selet t s  a soord ina t ed  st r at egy .

in o t h e r  words , in a cooperat i ve decision , t ine  p o t e n t ia l  i n d i v i d ua l  course :,  i i i

c t  ion  m ir e compiled i n to  a s ing le list of p o t e n t i a l  group ,;ct ion:;. ‘t’ O t i n  i s

ex t en t , th en , t i ne  group  dec is ion  is s i m p l i f i e d  to sometining more close lv

r e s t - m i l l  ng an i n d i v i d u a l  c h o i c e — — i .e. , tine choice of an at ’t ion out of a s i t u p i e

list of ui -tions .

Limiting attention to cooperative decisions omits a number  01 gr oup

processes that are relevantm to group decision aludlysis. in part icular , it

s l ides  over the  question how the group “decides ” to take mu u, ‘union ,i ’t ion.

-~~~~ ~ewe’,&’r a broad area of important types of decision s remains. Typ ic a l deci sions

encountered in business firms and governmen t agencies s t i l l  rer uni n , i i ;  w e l l

‘it , tie ‘ n ’  of most vol unit a rv or p r im I Zat ions.

The nu ’l 11th u i  ‘oope rat ton (let m e d  above Is quite n:nrrow . N u u t  & ‘ that ~n n v  i i  -

t h e  fout re ’;ol nut ion e c l u t n q l u u u ’ t ;  u i c t ; c r i b t ’d  In  - l ect  ion 2 cain opu’rat e w i t h i n  coop eu’a—

t lye gr o u p s  n ;  u te  f t  ned . ‘lb. ’ reso 1 ut  I on p rou’ed ii rn’s ri’ la te  t o  t h u e  way in win I cii

a g iven  u - o u r u ; e  of au’t Ion i s  s el ec t ed ; the  c o o p e r -n t  lye ;n u n s u i m p t i o n  mere ly

14 
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l i t  e m i  I ne t ;  t h a t  tb - st i t ’c t i nfl w i l l  l i e f rom a s i ng l e , c ommon I I • I l u ;  , mu

u , roulp can t’oI;upi j I t s ’ l  I t o  a common a c t i o n , and st i l l  a l lov ’ onc it ;  iv idua l

t o  m m l i ’ ’ ’ t i ne ‘ m e l  i - i  t Ion .

!n t h e  d i i  , u t r i r i a i  ‘so l u t i o n ’’ t o  t i n e  c o o p e r a t i v i -  d e c i s i t n  i i b l e m , the

‘r et u i t  r ou t  j i u’’ ,’fle es , t h e i r  p r o l ) ah i l  I ties , and t i l t ’  out  come s , a re t hur .  ‘ per—

‘ c ’ as rd ev n u n t  by th e r ; l n g l e  (icc i sionm aker .  S l i t ; ;  l ar l v , l i i i’  value I u n c t i e n

is  one ti - n ut the h r  i ‘n i  onrn ;uker f i n d s  a p p r o p r i a t e . But  there is nothn~~n r ~ in

c ii i c t a t o r i m u  1 solution t - ’ l u  i cli say s  t h a t  the  value  f in e  t ion ref lc ’ct~ t ht-

‘ ii fish’ i n t e r e s t  of t in e  h e  I s t on m a k e r ;  f o r  most  o r g a t u i  z at i o n a l  managers ,

p rt’’ im -ib lv t1 u e .‘el fare of tine organization , as wel l  ~is t~ieir own wel I ire , would

coun t  In t h e i r  va lue  f u n c t i o n s .

\n even ‘n r c  d r - i-:tic sirti p l i f i c a t i o n  is commonly made in forma l t r ea tmen t s

ol  “ r o t u p  d e c i s i o ns , name ly ,  t h a t  the  en t i r e  decision r s ,t r i : : , excep t  for proba—

h i l u t ~ l?s on contingencie s ;nnd the  value func t ion , is  corturion to a l l  members of

t h e  group . The a s su m p t i o n  sweeps most of the problems associated w i t h  poin t of

v i c t . ’ d i s agr e e m e n t  t i n d e r  the  ru g .  There is no good j u s t i l  i c a tion  f o r  the a ssunup—

I Ion , ‘‘tie r t hn ,-nn the f a c t  t b u ; u t  I t h’ipasses many th o r ny  problems . i i t h  t in a t

u n a d o r n e d  t’ : : t ’ u ’ ;e , t h e  a s s u m p t i o n  of a common dec is ion  m a t r i x  w i l l  he adopted  f o r

most of the for m a l  models of group d e c i s i o n  in t h u s r e p o r t .

Di e two i t n s u m p t l o n s  of coopera t ive  a c t i o n s  and a common decision niatri~

lead to a g reatly i ;impl ifiet l arena of disagreement. Disagreement is l imi t ed

to p r o b a b i l i t i es  f o r  con t ingenc ies  and to  the v a lu n e  f u n c t i o n .  The set of

;nrtion s {A , 1, t he  set of co n t i n g e n c i e s  ~E . }  and t ine  outcome m a t r i x  (o i l

m n ’  id .’ut i c ;n l  f o r  a l l  p a r t i c i p a n t s .  Each m d  iv i t i t i a l , however , may have his

own ‘me t of e,-ntl mates P1
(E

1
) for the p robabilities of c iut t i n g e n c i es , and h i s

own val nn t~ funrn’ t Ion  V 1 
(hl~ ~

) On (utut COTT ~,tS
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‘Fine n—he ~u ds rtnles men t ioned  ea r l i e r  t u r n i s in  a basis  f o r  t i ne  r e s o lu h i o n  of

cli s ugreer uen t  on p r o b a b i l i t i e s .  Ord ina l  scales , as prev i  onu s  l y no t ed , mi l i eu - ,’ tint’

orm tu l at i on of a c o n s i s t e n t  g roup  p r e f e r e n c e  scale . I f  in a d d i t i o n , eac h

i n d i v i d u a l  t:an express h i s  value f u n ct i o n  in a n um e r i c a l  f o r m  w h i c h  is linear

in  1,r ol ’ ui i l i t  c - n  t e c h n i ca l ly  h n o c m n  as a u n t i l i  t v  fu i n c t i n n ’ - — t h en t h e  stop to mu

numer i ca l  group  v a l u e  f u n c t i o n  is r a t h e r  smal l .  For examp le , if  i t  is

m is ; ; t i ” ue ch  t hat  t he  group , wh ue n eve r i t  is m d l  f t  er ent  be tween two out n o t  en: -\ and

is also i n d i f f e r e n t  be tween  A at-n d any p r o b a b i l i t y  c o mb i n a t i o n  o h A and B , t h u e n

the gr ou f i  ‘~n i l t i e  f u n c t i o n  is j us t a weigh ted  sun of! the  i n d i v i d u a l  va lue  t in e—

t~ ons. liv a p r o b a b i l i ty  conh ina t i on  is mean t , e . g . ,  a l o t t e r’ - ’ i n  ~,iij chi A w i l l

r c t - , i u lL w i t r  some proh ah i l it y  p and B wil l  resu l t  u-ii tii p r o b a b i l i t y  i—p.  The

a s s u m p t i o n  t h a t  t h i ~~ group in , i n d i f f e r e n t  between an outcome A and a p r ob a b i l i t y

tir r uh i nat  in of A and m u n v  e q u i v a l e n t  outcome B can b)e ca l led the  e q u i v ; i l e u n - e

conih i  t io n .

The ; ur s i rmnp t  ion of in d iv i d u a l  u t i l i t y  f u n c t i o n s  is one t h a t  li :is bn ’ein r,nri uer

c’n i ’r a l l”  accep ted  by d e c i s i o n  t h e o r i s t s .  The e q u i v a l en c e  c o n d i t i o n  f t r  group

g r e t e r e n c e s  is more controversial. h owever , i t  can he b o l s t e r e d  by i t , ’ m ’ m  o l

n — h a i r ,  r u le .  The w e i g h t e d  sum of the i n d i v i d u a l  v a l u n e  f u u i c t  ions m i u u l r ’ i i z e s  t u e

i tci  g u t  ‘d t o t a l  r e gr ’ ’t  of the  members  of the group . An m d  i v i d u i ~u I  ‘ s r e gr e t  is

tine d i f t  er &’nce between what h u e expects the group can a c h i e ve  ( i n  t erms  ‘f hi is

value  f u n c t i o n)  and his  e x p e c t a t i o n  of the va lue  of the act i o n  t h e  gro u p

se lec t:, . The t o ta l  g roup  regre t  is jus t t ine  sum of the  in d i v i d u a l  r e gr e t s .

‘ Ihn c  ~u i  fl t o t a l  r egr e t  u n ’ : ,ul  t is ra t h er weak s ince  t h e u c  i s  inn ; . ‘ p m l  r , n  t . ’

r I t en on tn m d  I c m u t  e t h a t  t i ne  group is “bet t e i  n f l ’’ i f  i t  a . inp I r ;  , i  us’ ’  I phi I

ave rage  i i i  t h u . ’  i n d i v i d u a l  i i i  i t i t l e s  ‘us - n B u ’ )h l ) value I Uflc t ion .  I t  t ioe ;;  g i ve
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- I r o n ’ e i j t i n t  i i  I c  u t i  on fo r  I ~~~ we [p itted ,‘1’~mn t m u ~ ’ - t iii I hi’ u’qin h v i i  ence i~~ n i i  —

*
i o n  a l oe .

5• ~‘cmr ne _ i , i m b t , i t i o n s

‘t o  ‘r o i l  I i i ’ l t t m n t i  ems on r r e i u p  decisions were :)r~~I1o- -;n ’lh ni!i lVe to - ; i m p l i f y

~~‘ ‘~‘ ‘ r ~~ fo r  resolution of d i s agr eem e n t , n a m e ly , th e “Issumpt iOn ‘it ‘u r ;ufl ofl

~o i nt  of vie’a , and t ine  amn slum p t ion of c o o p e r a t i v e , i. e ., coo r d i n u t e d  ac t ions .

In addit ii -’n , t h i e r e  ar e  some c a v e a t s  conce rn ing  g roup  j u d g m e n t  t h a t  a re  d i f ~~i—

c u l t  to c ’1 ra r m i c t t : r i  ze In a completely formal fashi ii . St r i c t  lv ‘ ; n e - m 5i n g ,  these

c,’uvem ;ts a re  t u o t  p m u r t  of fo r m a l  group dec i sion  a n m n i , ’sis ; huo we ve r , th c ’ i  o r.-

r e l e v a n t  to applying group d e c i s i o n  procedures  in p r a c tic e .

‘i— lw-m uds  r u l es  are  a p p r o p r i a t e  w h u e r e  t he re  Is no co- -n t — e f f e c t i v e  wa’i t o

o h t ; u i n  a riore o hb e c t i v c ’  answer to  a decis i o n — r e l e v a n t q u e s t h o n .  T i  the  answer

to ml q u est i o n  can i)e obtained f r o m  we l l—va l ida t ed  sources , m r  P . ’ r e l a t i v e ly

inexpens iv e  d a t a  c o l l e c t i o n, then  t h e  o b j e c t i v e  answer is clearly to he pre-

f e r r e d  to  group  j u d g m e n t .  This cons ide ra t ion  does not c rea te  any concentual

p r oh l c’t’m f o r  g r o u p  decin ;i onn ; in t h e o ry , at l e a s t , e a c h ;  i nd iv i c i iu , i l .  sh ould pre-

f e r  t h e  i ’ m m r t ’  - so ]  Id o b j e c t i v e  i n f o r mat i o n  to h is  own j u d g m e n t .

I ’b ier e j r -n , however , a n o t i n e r  c i r c u m s t a n c e  in wh i ch c o l l e c t i v e  j r u d g t ’ m . ’ m m t  n ov

not  i ’  n u p p r i n r i m i t e  w h i c h  does r ai s e  conceptua l  problem ; , nani elv , the case where

lie group kn ows so l i t t l e  about a quest ion t ha t  a group j u d gm e n t  n a y  be

“ m i s l e a d i n g ” . Th i r ;  case J s  closely related to the s i t u i m u t i o n  v a r i o u s ly  label led

in the  I iter a t ui r e mis “rad ic al uncer tain ty”, “unknown fac tors ” , or “incomp lete

*ln tine demonstration of tine possibility of a consistent group prelerence scale ,
and t h e  demonstration of tine mm regret result , values and i n t e r es t s  ar t ’ not

separated. Each i n d i v i d u a l  is  ,nssumet l  to  h ive e i t h e r  a s i n g l e  p m ’  I erence seale ,
or mu ;;Ingle u tility function , which expresses h , ’t h i  values and i n t e r est s .  There
is sortie reason fo r  h i e 1ieving tha t  separa t ing  values and int e re s t s  ‘-rn s impl i f y
r . ’n o lu t l on  of disa g reeme n t , at least on valu ies , and possih ily on interests as
well. Exp loit ing this possihil I ty re q i ; ire ,q d eve ho p i u i g  a g roup  t h u t ” i r v  f o r  m u l t  I—
d imens iona l  c r i t e r ia .  This topic is t oo ex ten sive t o incl ude i n  the  p resen t
report and will be treated in a s e p a r m u t e  p u b l i c a t i o n .
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i n f o r m a t io n ’’ . For r , ’n u s o n n ,  u ih i ch  ir e  s t i l l  o h ’ m m c c u r n ’ , i f  an i n d i v i d u a l  is p o o r l y

i u for r ’ ie l on ii g i v e n  q u e s t  ion he is l ike ly  t o  give a b i a ss e d  - 1 1 : 5 - 0 r .  I mu ’i , in

th i C o f l t c ’Xt  , nines not  imp ly d i s t o r t i o n  h)y the  i n t e re st s  ~~t th e  i n d i v i d u a l

u l t i ; o u ’~h i t h a t  I a c t o r  mmiv p ioy in r ole , but  o n ly  i m p lies m u , ‘,‘ s t e r m u t i c  dc ’viat  i o n

f r o m  the t r u e  i t n s w e r .  ‘;n ot h er  wm iv to express  t h e  same phenomenon is  t h a t  i I

t h t . ’ i n r i i v i c h u ;n l  is s u f f i c i e n t ly  poor l y i n fo rmed , lie can h u e  m u c o u n t e r ~~1çd i ct o r ;

j n  1 u e a s s e r t s  A , th e n  n o t — A  is more like ly t o l i e  true than A . 1 tok-’r L S O - t

‘ r c ’ r n s t ances , f o r  a y e s — n o  q u e s t i o n , f l i p p ing a f a i r  c oin  w i l l  g i ve  a more

m u c c u u m n n t t ’  .ins ’ie r (on the aver ;nge)  than  the m d i  ‘ i dumn i ’s h e m ; t  l~ less.

The elemnen t ,’ur’ : n—heads  rules apply to any set of jud gments . Thus , no

‘ T h m t t ’  r n o - ,’ poor  the  i n d i v i d u a l  j u d g m e n t s , t ine  e r ro r  0 1 t h u e  mean u - i l l  a l x ’ i v s  be

lo;;s L i o n  or equal  to t h i n ’  ove rage  i n d i v i d u a l  e r r o r .  This resul t  does n t

g ua r an t t ’e , h o w e v e r , thmut th u mean is free from bias. The group can he a counter—

“ ri’ mh i c t o r  mis we l l  as t i n t ’  i n d i v i d u a l  members.  The ques t ion thus  a r i s e s  w h e t h e r

tb ne re are circum stances under which , crudely speaking,  the g roup wo u ld b e

“bett er off ” to use mu random device to obtain an answer to a decision—relevant

ques t join .

rh i s  top ic i - s tine subject of Chapter IV. In theory , h i t h u  for individual ’s

and group s , the re  are q u e s t i o n s  fo r  wh ich  a b e t t e r  ansi-icr can be ob t a i n e d  i ’  some

‘-.suria tion on random ch o i cy .  I have labelled suc!n choices i s’nit u.n l estImatt’s ,

e • , es t m aLes oln ta lni ’d b y t ormu ha r a t h e r  t h an  by I ui l gm &ri n  t . ‘hue pr;uct i cal

prob lem m u sed b y the  i ’ ’ s , i h  i l l  ty  thuat nomin mn l est ir r u n u t e s  i m n u n  p e r f o r m  b e t t e r  t han

jud gment is t i  f i n d  an m d  ~ c ,t t t ur , I . e . , some c c l  1 — d e f i n e d  method of t d en t i  Ir v ing

the circumst ances tinder which nominal estimates are c a l l e d  f o r .

( ;r ou lp  judgment is to some extent a guard against i n d i v i d u a l  h i t s .  In

i : t i;lpt er V , th e d a t a  f r o m  mu s t udy  of probability estimates by a irof ons ionm ’ul

group i ’ m  n r n ; u l y z e d  to  show that individual judgments can  perform more poorly

18 
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ha m c’h ance ; whi t ’  r i m ,  I, - i - g roup d oes l e t  t ‘ r than ‘i i i i  ‘‘ . Tbnus , n u n -  in d in ’a t  ~ r

wou ld h i m u v e  t i  t i L e  i n t o  m n c c o u i n t  t h u . ’  t a c t  t h u a t  t I1 ’ g r i tu c ompensa t e s  i n  ~m m u r t

t o  r m l v i i i  cia 1 e r  t i d .

‘lh ut’ t’e ’ mire ’ I WI ’ p i u t e m n t i a l  i n d i c e s  t h at  mi ght he ton I as f i n d  u t  r ’ , cit

n h ulen mt ions I ‘n w h i c l n  t h e  g r o u p  is mu counterpred ictor. One’ i n ,  t n t ’  di - ,ci ’r sio n

,u mm mc ’mu suured , e.g. , by the s t an d a r d  d e v i a t i o n  of ’ the  i n d i v i d ua l  r - s p m n s e - - . ‘f lue

o t h te ’ r i n ; a s e l f — r a t i n g ,  i .e .  , an appraisal by e t ch i n d i v i d u a l  01 t h i n ’  d e gr e e

of c on f i d e n c e  he has in his  e s t i m a t e .  In exper iments , LoL the  s t a n d a r d  d c v i —

,ntjon and thue average of individual self—ratings have sinown h igh c o r r e l a t i o n s

• 5
wit :; t h e accuracy of group estimates . h owever , thorn’ are d ifficult problems

of calibrating these indices so th at a given standard deviation or a given

average self— rating w i l l  indicate the  sant e degree of information deficit across

a v ,nri etv of t”pem of quest ions .

( ‘ lu a p t e r I V  Investi gates the phenomenon of counterprediction and e x p l o r e s

some p lausible rules for generating nominal estimates. For one body of data ,

a form of nominal judgment (unn iform weights for linear estimation) generates

more ;u c c u r , l t n ’  e s t i m a t e s  t h a n  e i t h e r  i n d i v i d u a l  or group j u d g m e n t .  To th i s

“st -n t , tine potential v;nlue of nominal estimates in m uses of low information

can be illustrated . Rut the material in Chapter TV does not re solve  the issue

of specif y ing an indicator of counterpredictio n , nor does i t  give a complete

m ;e’ t ol criteria for selecting a noninal rule in j ’r n u c t i c e .  Chapter IV is t it u i r m

an initial excursion into an area that requires additional research .

( . summary Comments

‘ l i n e ’  advan t age:; of ph ys i ca l  cooperat ion  among i n d i v i d u al s  have long been

ap p ar e n t .  Tasks which are impossible for  i n d i vi d u a l s  I p e r f o r m  can he c a r r i e d

out b uy teams of Individuals. When s p e c i a l i z a t i o n  and division of labor are

added to co l l ec t ive  e f f o r t  an even wider range of beneficial activities become s
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has decided to adopt a c o l l e c t i v e  d e c is ion  p r o c e d u r e ’ , t ~~ m i n i m u m  r egr e t  m u l e

is  n n o n — t r  i v i  ii i n c e n t i v e  fo r  choosing the  wei  ( tech ;nverape value funct,m i on :

b ’he appro a c lu  to group decis i  on e l abo ra t ed  In I h u e  c b u . n i t n ’ m m  w l u  ich Iol lu- ,’ Is

i nece ss a r i  ly  e l em e n t ” n r y  in ch a r a c t e r  and scope.  I t  a p p e n n r s  l i1~elv t h a t  m a r , ’

pe -n~in ’r f u l  methods of agg rega t i ng  ind iv idua l  judgment s , and more i n t u i t i v e l y

p l a u s i b l e  h m n s e s  f o r  g e n e r a t i n g  group value f u n c t i o n s  w i l l  he  uncn” cred in the

near  future. The co l l ec tive  approach  to group  dec isions  appea r s  to o f f e r  a

f ramework  in which such imp rovements can be meaning fully pursued .

~~~~~1
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CIIA PT EI ~ h I .  I N D i V I D U A L  I H I I M A ’ l ’ I ( l N

I . Tine E stim a tion l’ roceR s

A l  t h n ough  I l i i  s m onk Is pr In-tar fly concerned w I t  In y n c o i p  ud~’r ’n t  , s; ‘in n i t t  e n —

io n flutist be u’, I v&’ n t o  t Inc rote of the m d  Iv id ua I . r nd lvi dual j  id n~ n ;en  t s at

t h e  bas ic  i n g r e d l i e n t o  of the group process. For decisions involving uncer—

t a in tv and disagreement , the q u a l i t y  of the i n d i v i d u a l  jud gments is a funda-

mental limiting lactor on ti-ne quality of the group decision. ,-\ basic theme of

t he  hook is various possibilities for using the group process to ~~~~~~~ m di—

vidutal judgments. But roughly speak ing, if the individual judgments are poor ,

tine gro up jud gment will be at best a little less poor. The old adage “You

can ’t mak e a si l k  purse  out of a sow ’s ear ” is about as applicable to improv-

ing jud gmen ts as adages normall y are to anything.

In this Chapter 1 will be examining rather elementary kinds of individual

judgments , those whi ch are roughly equivalent to simple declarative statements.

r n addi tion , the dis cussion will be res t ric ted to fac tu al jud gments. There

exists a fair amount of theory and some relevant experimental data concerning

such judgments. In the following exposition 1 have been highly select ive ,

dealing only with those approaches which I have found valuable for assessing

group ilecisfons. There is a much richer body of theory and experiment dealing

with cognitive psychology that is in some sense relevant. Hopefull y someday

all of tin a t will help illuminate the stubborn obscurities that plague th e

t cup I c

It is hel p ful to have a crude diagram of what is involved in making an

estim ;ite . A counnon type of j ud gment is that in which the individual is asked

a specif ic , numerical question , wher e he doesn ’t know the answer , but can make

an “edei c-nted guess.” That last feature implies th at the individual, has some

relev ant information “in his head ,” and that the in format ion  Is s u f f i c i e n t

- 
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t o generate a properly formatted answer to the question . Consider the follow-

ing example which  I cooked tip t o  provide a vehicle for introspectiun g about

what  goes on in making an es t ima te’ . “What is the  cost of a young , w e l l —

trained elephant , FOB Thailand?” If  your background is anything like min d’ ,

you won ’ t know the  answe r to tha t  q u e s t i o n ;  and ye t  w i t h  no grea t  e f f o r t  you

can come up with a number. You may not be happy with the number , hiut t i - t a t ’ s

another matter, in my ease , the i-number that came into my head was $6,000.

A crude diagram Is sug~ estive .

QUESTION

4

—0 $ 6.000

(~~~~OTH ER S TUF
~~~~~~

The quest ion trig gers t ile ’ r et - n i l  of r e l a t e d  i n f o r m a t i o n . ‘F in e m a t e r i a l

in t he  am orphous  box has been tabe ’ I led ‘ i n f o r m a t i o n  and o t h e r  s t  u i f  f”  f o r  t i n e

obvious reason that the question “b rings to mind ” (at least to mint’~~) a q u i t e

amazing variety of relevant and not so relevan t material. When I thought up

the elephant question , ima ges of st eaming j ungles , turbanned m ahn o ui t- ; , a scene

f rom t h e  movie “A round the World in Ei ghty Days ,” teak logs b e i n g  t r u n k l e d

in to piles , and a great deal more of high ly colorful mental imagery flooded

in. Somehow , all of th at added up to $6 ,000. *

Th e examp le sugges ts some important considerations with respe ct to the

ide a of u s i n g l un d! v id u n 1 ud gmenl as a surr t~~at e for da t a. Evenn I or 1111cc’ r I .1

*
A p hone a l l  to  the  ‘I’It;i I c ’ c ‘in sul a te In Los An geles cli I t ed nm i n ; t I nia t e ol
$5 ,000 as a “ round f i g u r e . ”
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q u i c ’ : ; t  b u n s , m l c r . - i f  di ii of i ~m c i  l;Itlc - o,us and y~’ .~s i b I y ~ n’ , i n u t , - n - i n i-i ial

cx i  St  s in t he uuu i nds o t  sen I t  ab l e  hid i v . i d c u ; t  s . I~U L  t o n ; .  - 01 it a n- ; w n  i n ,

quest  ion d i r e c t l y .  ‘l’he in d i v i d in a l  is net ’’ ’ ’’d to r e c a l l  t ; i L  n u t  m m 1 0 1  , mind

more i m p o r t a n t l y ,  to  I -i n - u n i o n  i t  in to i r ep ly to  t i n e  q u e s t i o n .  ft is c h i ’ , t r

t h a t  t h i s  pr ocess  m ust  be at leasL as complex as diagra tnnn ed in l i p u n i -

PERCEIVE AND UNDERSTAND THE __

QUESTION I
MEMORY SEARCH FOR RELATED
MATERIAL I

EVALUATE RETREIVED MATERIAL I I
0 (a) RELEVANCE

I (b) SOLIDITY

I I
1... GENERATE AN ESTIMATE

Figure 2. Basic Processes in Est imation.

The t irst step , perceive and u nderstand the question , is probably a com-

p lex operation b y i t s e l f .  There is some reason t o  be l ieve t h a t  in o rder  to

uinderstand a question , the individual must have some r e l e v a n t  i n t o r m ~i t i on . *

Tinus understanding probably int eract s with tine second step, ret rieving related

nna teria l . One of the gap ing holes in the theorie s of estimation that will he

elaborated below is the lack of any substantial treatment of these first two

steps. Tversky ’s concept of anchoring suggests thai the process Is cruciall y

affected by the way it gets started .’

As i n the elephan t examp le , the products of recall need evaluation and

screening. There appear to he at least two basic criteria: (a) relevance —

i n - u the material u seful in answering the question? (b) solidity—is the

• t t i c ’  d i ’ , ’ n:;s nou n of univ e rse ( c i  ( I i : ; , ’ , ,u u  - s c ’  f u n ‘ - ,  I [ c -,~i , ‘ )~~‘ I ,cc ’ ,’~
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m at er i a i  su h s t n n n t i  al, , or is i t  “ f l i m s y? ’ ’  The sol i d i t v  r u  in; ’  u m S ,  - c - n de a lt

w i t h  in the  l i t e r a t u r e, for  examp le , under the  topic “grounds  f o r  b e l i e f . ”

A representive list of pertinent factors might be: the i n d i v i d ua l ’ s d i r e c t

experiences , congruence with other attitudes , consistency with the beliefs

of acq u a i n t a n c e s, perceived au tho r i t y. In my own exper ience  a l l  ol t h i s  i s

mod ulated by the  questi on wi -tether the recall is clear and strong or fuzzy as

w e a k .  There is a host  of Ph .D .  theses w ait i n g  to he g e ner a t e d  f o c u s s I n g  ‘ ui  t in .-

iden tification and measurement of the factor s affecting tine solidit y r u t iu ug .

Severa l  indices re lated  to the so l id i ty  r a t i n g  w i l l  be e x a m i n e d  i n  t h e

sections dea l ing  w i t h  spec i f i c  models of es t imat ion .  These inc lude p r o l t a —

bi li ty estimates , self—ratings , and confidence ranges . Unfortunat el y, most

of these indices have been studied only for  the f ina l  j tnd gment , and not f o r

the “Ingredien ts.” In tine general case , where the judgment is not  p a r t  c i

the individual ’s repor tory , but must be made up for the occasion , some ol t h e

ma ter i a l tha t is  re t rieved may be from old wiv es tales, from fiction , or

[ruin one ’s own i m a g i n at i o n . (1 had to reluctantly discard line sc -cue i rc crn

“Aro und tine World in Eighty Days ” as fiction’ -r~’ 1u c t a nt l y (‘e ’c ,Ou ’ - i n  w e ; 1 m c -

only thing ti - tat came to mind that had a relevant numbe r in lt . ’ gone’ of t ic, ’

rest may he dubious , and hope fu l ly  some is fa ir l y firm.

I some times refer to the final step, t he genera t ion oh ti ne estim ate , - nu- ~

a minor miracle. Out of t ine  culled heap of most l y qu al lt ;uti v e matter , an

p 
estimate appears— In the elephant case a p re ’i ’ lu - un , t houg h p r e t t y  shaky number .

Eq uall y amazing is t he  swiftness with w h i c h  a l l  of t h i s  o c c t n r s — a  l i t t l e  l e n - ’

than JO seconds for the pr ic e of the e l e p h a n t .  Fi gure  1 i s ’ w - ;  t i n t ’ i c - c u l t s  ot

a sequence of exper iment ’ s on timed estimates. Seve ral group s  c.( upper  c l as s
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and graduate students were asked a series of general information questions

not unlike the elephan t question (typical: “flow many girls in t i n e  u n i t e d

S l a t es  under  the  age of nineteen gave t h e i r  s t a t us  as d i v o r t - e d  in the 1970

c en s u s ?” )  They were given various time intervals in which to  r ead and n e sp o n d

to  the  ques t i on , ranging f rom 15 seconds to  f o u r  m i n u t e s .  For many  o t  t i n e

q u e s t i o n s , it required nearly fifteen seconds j u s t  to read the  q u e s t i o n . Tue

graph shows e r ro r  as a f u n c t i o n  of time allowed. There is a clear m i n i t m n n u r m i

a t  t h i r t y  seconds.  Longe r t ime spent  in t h i n k i n g  about  the  q c i e s u  ion  l i - c l n o

less accurate answers. The data for four m i n u t e ’ s  is not  shown beca use most

of the  students found they could not think productively cLout the q u u e st iohn s

fo r  as long as f o u r  m inu t e s .

The re entran t arrows in Figure 2 are t o  sugge st  t h ;u t  t i n e - r e  nay - c Ic, - d —

back loops. The evaluations step may initiate f’irther search , especi al ly I f

the initial material is discarded . Even the estimation step may go all tine

way back to the original understanding step if the number that comes to mind

is “absurd .”

Figure  2 is i -not  intended to bo a preci Se ’ dc - n - u i r i p t  ion c u t  t i n t ’  ‘ st  i m a t  ion

process. It presents a crude classification of some of the basic features.

More analytic models of the process will be taken up below .

2. Estimation ~pace

Before taking up theories of estimation , It Is usefunl to have’ a c v r t n n i i n

amount  of n o t a t i o n .  Th e ( i r e t i c a l l y ,  an e s t i m a te  can he t he  rep ly  to  any qun & ’ s —

ti on , and can range f r om a simple “yes” or “no” to the equivalent of ,n book —

“What (IC) ~~OU t h i n k  t ine  wor ld  will be l ike In the  y e a r  2050?” 01 nec~ ’ s sl t  V

t he  p r e sen t  discussion must  be limited to q u e s t i o n s  less globa l than a world

f o r e c a s t .  To the ex ten t possible , overt replies to questions w i l l  he’
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ii e ’ s u g u t . c t  i’d by t h e  l et  t~ - r  R (k  i e ) r  ‘‘ r i - sp a - - c ’  1 icr ‘‘ rep lv ’’ ) ,  w i t h v a r  OtIS Sc i ) —

s cr i p t s  t o  i n d i c a t e  wino is r e s p o n d i n g  and a b o u t  w h a t  . l i e l i t t e r  t~ w i l l

i i t ’s i g n a t t ’  t i n e  h e l  l i t  c c i’ an individual w h i c h  may or u n i t ’ ,- i u u i _ h i ’ t h e  - m i n t s ’  m i n u

R .  The id ler I w i l l  d e s igna t e  i n f o r m a l  ion , u s u a l ly  the  i i n t o u  cu t  b u n  - i n  v i i i -

a b e l i e f  (and w h er e  a pp r op r i a t e , a r ep ly )  is based.  ‘i’he n c -c t  m e t  j o i n  (Q 1) and

( R h ) wi ll des igna te  the r e l a t i o n s h i p  tha t  Q or R i s  based on I .  ‘ib i s  re la-

t i on s h i p  i s  n ot  well  d e f in e d , a f ac t  t h a t  w i l l  he o c c a s i o na l l y  c -rn - . ir r a s s i n - - .

At , t imes the  relationship will be treated as a r e l a t i v e  p r o i c a b i l i t y ,  i n d i c a t e - I

by F (QII)— the probability of Q given I — b u t  u sua l ly  the  r e l u t t i n i n s i n i p i s  not

t h a t  01 a probability.

In addition to the individual’s estimate there is a true an --we - t o  t h e

question. Loosely, we say the individual response is correct it it iarre—

s I c c d t i c l S  to  the true answer. In general , the true answer will be d e s i g n n t . ’ i  h~

v a r i a n t s  of the letter T. Thus , if the response is a magnitude e at  i n - e t c  l ike

t ine price ot the elephant , then T is the actual price. The notation becomes

mo re comp lex (and even con t roversial)  for some ty pes of e s t ima tes , e s p e c i a l ly

probability judgments. This is further compounded by the  f a c t  t h a t  b r  the

I n t e r e s t i n g  cases the true answer is unknown . This topic will be elaborated

in n ’ f n ; n p t e r  I I I .

A question implicitl y de term ines a se t of possibilities concerning the

world and a u-net of possible responses. These can sometimes have identical

~~~1
strcuctures. The question “will it rain tomorrow?” identifies two possible

s t a t e s  of the w o r l d - — r a i n  or no ra in—and two po ,sih Ic rep l i. -a , eq ni i v ui l oi n t

t o  “rain ” and “no rain.” However , the question “Wi-tat is the probability of

rain tomorrow? ” can be interpreted in two ways. On one interpretation , there

ar e still the same two possibilities , ra in  or no r a in , but  an Infinite number
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of possible repl ies  n a m e ly ,  any  number between 0 and 1. On t in e  o t h e r  i n t er -

pr e tation , the lot  m i t e ’  set 01  p o t e n t i a l  p r o b a bI l i t i e s  a r e  p o s s i b l e ’  s tat e s

of the  w o r l d .  The set 01 p o s s i b i l i t i e s  c o n c e rn i n g  the world will be referred

t o  by the  sli g h t l y f a n c y  t erm “event  space ,” and the set of possible rep l i e s

by the  t e r m  “ response space. ” The event space w i l l  be de s i g n a t e d  b y L , a g a i n

w i t h  s u b s c r i p t s  to  i n d i c a t e  s p e c i f i c  events , or sometimes by U ( u n i v e rs e of

d i s c o u r s e ) .  Tine response space w i l l  be desi g n at e d  by R.

A l ) , l S l C  p r o p e r t y  of either event or response  spaces is the  a m o u n b  of

s t r u L t n n r e  t h a t  is  imposed on t h e  space ( u s u a l l y by d e f i n i t i o n )  p r i o r  to ~~ i n k’

a q u e s t i o n .  The s i m p l e s t  s t r u c t u r e  f o r  e i t h e r  is a l i s t  of m i s c e l l a n e o u s

possibilities. F’or example , the question “Who will he the next president of

t h e U n i t e d  St a t e s ” may r e t e r  to a l i s t  of several  names.  ( : l e a r l y ,  the e id e r

of t he  l i s t  doesn ’ t m a t t e r .  However , even such an e l em e n t a r y  set  c u f  po s si-

b i l i t i e s  w i l l  be expec ted  to have a m i n i m u m  of s t r u c t u re ;  n a m e l y ,  L i t ,  i t e m s

on the  l i s t  w i l l  b e ’ cons ide red  separa te  or exc lus ive . This i s  not  lcn~i c ,n l lv

n e c e s s a r y ,  ci course , hut fo n mos t pract~ cal situations , it would he nwkward

t o  have two d i f f e r e n t  i t e m s  ( two different labels referring to the s ,eu m u& -

alternative) .

‘l ine structure of an event space can range all the way from i t  s i m p l e

l i s t  to  h i g h l y  complex  m a t h e m a t i c a l  f rameworks , t - . g. , t i n e ’  i l l i c i t  — o u t p u t  c ot- b -

I i lents c c l  limo w o r l d  economy in t ine  yea r  2 02’ .

There is n u n o n , n I  ly a strung coupling between t h e  even t  sp i n e’ and tine

re sponse a l c m u ’ e .  ‘l’hey may h ave the sa me structure , or If not , tine I n crn n c ’r

s h a r p l y  dcl  in n i t s  the latter. One of the t h o r n y  I s su n es  in  i’st i m at  ion t i u c ’ c ’ rv

u-n how to d~-u I wi tin tine r~ n I li t  c situation where t ice coup Ii un g in reaks e l cc wu n

I t )  t h u ’ t i n e o r i s t  a repl y t o  the quest Ion “What i s  t i ne  probab Ilit y cc l i ,nin
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t onu o ru - cw ’’ I ike ’ ‘‘ h u e ’ ~ i c ! c , i b i  I i  t y  c cl rain is . 1  and t t o -  p r u l c u e l c i l i l y  c c l  no rain

Is . e c , ’’ won ’ t d o .  i t  i s  l o g i c - a l l y  c in ,-u cc e 1ct ,e hlc ’ it t - n t  the i c r o h a h i  i i t i ~~-m c O two

‘- X c ii n o j ve- , v e - u t t u  acid to more than I. ‘ ie - c . v r t h c - i e m - - - , , n n c t t  ‘ ‘ l O t  O m 1 5 ~~5t u - T n t ”

re sj-onu -a-s ~n r~ - encoun t e r ed I r equen t  I v in b i te  psyc ho log i c a  I I abc i i  e ry  , and in

c - n u n  u s  c t  i i n h t i m m t r y  and ~ove r u i m e u t t — - t u s n i m u L i y  not  in  ~, n u c h  a b ir e  f o r m , b i t t

c c l  t n - n  u n i v  t i n i n l v  v e i l e d . ( e n e r a l l y  I w i l l  assume t ie d t i n  l o g i ca l  p r . t c n n t  i c - s

o f  t i n e -  r c - s p c u n s e  Space are consi s tern t w i t h  t~ nose cci the event  spac e ; hut f o r

. n n~c - n c - r a 1  t h n e c c r y  i t  i n n  n e c e u -n ’- n a r  ,- to allow t u tu poss ib  i i i  t y  t i n t  t he  inst Lu mn aLur

l t d -S no t  k ui ow ( o r  “ s l ips up on ”) t in e  s t r u c t u r e  of t h e  event  space .

Ano t ine r  r e l e v a n t  a spec t  of even t  spaces r e l - t t c - m-n t o  the  n u m e r i c a l  p r o p e r —

t i - s  of t i n e  s t r u c t u r e .  I t  I s  o f t e n  convenient , and a t  t imes  e s s e n t in u l , to

q u a n t i f y the  event  space , 1.1’ .,  to descr ibe  the  set  of p o s s i b i l i t ie s  by one

c r  nor , - s c i les .  l u s n i m u l  l y t h i s  is  (lone as a matt er  of Course where the quest ion

is t e l i - r e n t  Iv  n u m e r i c a l  . But  in many instances , quan t  i t I c a t i o n  h i m i ’ - n  a d l i t  lonal

v m t j c u , - w u t i n i n  t ine c o n t e x t  o f  ~ r cup  dec i s ions .  I t  i s  ‘ i nno m b e a si e r  to  .t~~gru-ga te

i n u m c r j c c , j l  j u d g m e n u t s  t it an  per i ’lv  v e r b a l  s t a t e m e n t s .

l i i i ’  t o p i c  of  q i i c n i n t l f L - a t  ion  i s  a who le  f i e l d  of i n v e s t i g a t i o n  of i t s

cv i i .  Fur  t in e  purposes  of t m i s  book , t i n t  ce n t r a l  i n ; s n u e , ’ i s the  degree  t o

w in i c m m I v m e  i l u e b i  e p r c c c - e d n u r e ’ s  j u s t i fy  the  matineme t i ca l  o p e rat i o n s  p e r t  o rined on

t h ee n u m b e r s .  A eo~~~on cl ass i  f ic , it i ’ m  ~~ L I n e  possibilit ie s  is :

I .  N nutun j t i e ! scales : A nominal scale consis ts  of the mis s i  gnme ’nt of num—

- -— bt ’rs to i t e m s  ( ‘ i n  me ( m a t h e m a t i c a l l y )  a r b it r a r y  ba sis , to  be used as L u n g s  or

names. l’or e - x n n u u f c  I t ’ , the list of p r e s i d e n t  i n t l  c - min d I dates could hi’ numbered

‘‘ i n  orc lc - r ’’ ;iu nci t i n e r t ’a f t  i’r the candidates r e t  ‘‘r r ( ’ c i t o  as ‘‘number o ne ’ ’’ etc.

f l u e ’  n u m h e r r ;  ass i g n u - c l  inn t h i s  f a s h i c c i n  n n r e  t r a d i t  f e n u n  I i v  unssumed t o  h a v e  inc

mun t iu’ma t i call y Into resting propert hun 
* other t i n  in b c - i  i u g  d i s t  i u u c ’t . I m c m i

_  
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i nd lined to t h i n k  t h i s  at  t it end ,’ overlooks some ol the a d v a n tag e s  of n o m i n a l

s c a l e s .  E . g . ,  a inominal scnn l t ’ c -an f u r n i s h  c o u n t s  (‘‘have wt’ c d t  c d  ii - i ll tine’

~iid I dali’ s ’ ?’ ’  . Bu nt f r o m  t in t ’  s t a n d p o i n t  of a scale o f  n n e a s c i r e m e ’n l  , the’ nominal

ass i i~m n n e ’ n t  of numbers  is not  equivalent to I i t t ’ i m p u ta t i o n  of some q u c a n t  i t  y

0 t I t - ~ i t ems

2. O r d i n a l  scales . An ordinal scale c o n s i s t s  of a r e l a t i o n  w h i c h  p u t s

the  i t e m s  In  a w e l l — d e f i n e d  sequence .  TyDical r e - I m i l  io n s a r e: g r e a te r  than ,

bet Icr  t han , l a t e r  t h a n , more c o s tly  t i n a n , i-~ c . Number s  may he a t t m i ~ lied t o

titi- i tems , to f o r m  an o r d i n a l  s ca l e .  i f  N ( x )  is t i ne  number  a t t a c h e d t o  I t c - n n

x and N ( y )  is the number at t a c h e d  to y ,  and x h a s  the  g iven  r e l a t i o n  to  y ,

t hen  N (x )  > (y )  . In genera l  t h i s  is the on ly  r e s t r i c t i o n  on t he  n u m b e r s

5 cc  t h a t  any o ther  set of numbers f u l f i l l i n g  t h e  c o n d it i o n  arc ’ an

“e q u i v a l e n t ” s c a l e .  In technical terms , the i-number assi gnment Is d etermined

only  up to a m o n o t o n i r  t r a n s f o r m at i o n .

3. I n t e r v a l  scales. W i t h  i n te rva l  scales , the  d i f f e r e n ce s  i t t - i weceO any ‘ -

two m n n e ; n b e r s  ar e  ordered . In e f f e c t  t i-ne r a t i o

N ( x )  — N ( Y )
N ( z )  — N ( w )

tc )r any two pairs of items (x ,y)  and (z ,w) is fixed. In t e c h n i c t i  terms tine

scale is f i x e d  up to a l i n e a r  t r a n s f o r m a t i o n ; i . e . , i f N ( x ) i s  an i r n t c - r \ ’ , t l

sea I t ’ , tb - nc A~~(x )  ± B , s ’hne r t ’  A Is a positive constant and II is , e i t \ ’  cons t , e u t

—
~~~~~~ 

is  an equ i  v , n  h - n t  s e n i l e ’ . A typical example is t hi-  o r d i n u u n r v  s e n i l e  c c i  t e mlq c e r c

t u r n -  w h i c h  Is f i x e d  l ip  to two re t  c’rence p o i n t s .  V a r i o u s  scale ’s  c i  t t ’n u p i ’r a t u r t ’

ar t ’  poss ible  depending on the  choice of re ference points. T h e -  I r i - i ’ m’  i ng  p o i n t

and boi l ing  p o i n t  of w a t er  (a t  sea level) is the conunon --ho it e for evi’r\ In ’

sc ales. Even wfih the sc -l ee -Lion of reference points , there I n ; s t i l l  the

freedom of  ~i ss igning  ne imb ers  to these. We have two c ommon s c n l c ’ s , the
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l- ’.uhrenint’ i t and ( ‘ e i s l , u n n  ~ c- m i 1 t ’ s .  l i n e  f o r m e r  - c n n ’  1 g w,  — - !‘ ° mend 2 1 2 0 to the I wtc

po lin t . ‘I ’ ln t ’ tatter m i n u s [gns 0° aind 100 ”

4.  Rat to o n e s .  A r a t  to scale Is ,cil e wh h-i i  j u n  I l x t u d  except for one

u c r h i t r m n r v  ( m u l t i p l i c a t i v e )  c o n s t a n t .  M ost  common p hy s i c a l  q u a n t i t i e s  a r e

ci i  t l n i s  s o r t — l e n g t h , wei ght , t ime  d u r a t i o n , e t c .  Va r ious  a l t e r n a t i v e  sets

of s c , i l i n s  i-n g tish , m e t r i c , e t c .  -are i n t e r c h a n g e a b l e  by m u l t i p l i ca t i o n  by

s u i t a b le  C o n s t a n t s .  In the  case of r a t i o  scales , onl y one r e f e r e n c e  o b j e c t

is necessary  to f i x  the  scale — t h e  0 come s f o r  f r e e .  In t e c h m n i c a l  t e rms ,

t h er e  is  a f i x e d , a b s o l u t e  zero .

~~. Abso lu t e  scales.  ~\ un ahso iut e ’ scale Is one fo r  w h i c h  t h e r e  is no

f i e e d o i u i  w h a t s o e v e r ;  the  scale is comple t e ly  f i x e d .  Tine best known s c ale  of

t h i s  ,s t c r (  is the scale of c a r d i n a l  n u m b e r s— t h o s e  used for counting, tallying

cid so on. A n o t h e r  a b s o l u t e  scale is p r o b a b i l i t y .  The reference points . U

and 1 , are f ixed . This f e a t u r e  of p robab i l i ty  plays an impor t an t  r o l e  in

t r y i n g  to  t i e  t h e  t h e o ry  of s u b j e c t i v e  p r o b a b i l i t y  to the t h e o r y  of o b j e c t i v e  —

p r o b a b i l i t y  measures .

In addition to these 5 typical kinds of scales , t he re  are  many v a r i a n t s .

In tine discussion of group utilities , the kind of scale obtained by introducing

r i- t c re’ncc points for ordinal scales will play an I m p o r t a n t  r i d e In  r e ’s o l v i n g

i n c o n s i s t e n c i e s  between individual utili ty judgments. Psychologists and

u ; c c c ’ I u e l  s c i e n t i s t s  frequentl y use cat egory scales , i.e., a sequent-in of “soft ”

refere nce p (nints specified by verbal descri ptions such mcii ve~~ d e s i r a b l e ,

tlen, i rah le , i ue ’t ut ral , undesirable , v,~~~ undesirable. Nu mbe r s may be att - nehed

I t )  t l n e ’ s t ’  Ca t e g c d r i c ’ i n , very d es Irable 5, very undes i r able = 1 , etc. Whether

man ipuiating these numbers in usual arithmetic fashion—e.g., taki ng averages

or s t a n da r d devi a tions—is justifiable depends on properties of the numbers

ihat are rarely tested in practice.
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One of the guiding princi ples of the application of group ju d gment to

urnci’rtain problem areas is tine availability of a rennarkahly ricin assortment

of jud gmental scales. h umans have a rather astonishing ability to quantif y

p r a c t i c a l ly  any aspec t  of a problem , at least in  a rough “ in t u i t i v e ” way .

liowevt ’r , whe the r  the  numbers  generated by human judgment  have ti -ne n n e ’ c e s s t u y

p r o p e r t i e s  to j u s t i f y  t r e a t i n g  them as mathemat ica l  e n t i tie s  r e q u i r e s  d emon—

st r at  ion.  This is jus t  as t rue  where the  i n d i v i d u a l  is t r y ing to  c ’u ; t i m a t c

w e l l  known phys i ca l  q u a n t i t y ,  such as length , or time d u r a t i o n , mis I t  i s  wlit’n

t i n e  q u a n t i t y  i s  ‘n muhje n ’t  lye , ” such as d e s i r a b il i t y . The p s y c h o l o g i c a l  n n agni—

tude  d e f i n e d  by the  judgments  may not have the  same mathemat i ca l  p r o p e r t ie s

as the physical  magni tude  being estimated . We will encounter  a s i t u a t i o n  of

th is sort in the psychonumeric phenomenon discussed below .

One final top ic needs to be examined before leaving the discussion of

e s t i m a t i o n  spaces , namely , the identification of a universe  of d i s c o u r s e .

This  top ic  is f u l l  of o b s c u r i t i e s  and quas i—paradoxes , am -nd I wo nn l dn ’ t bring

It  tlj ) , e t  m i l l  i f  i t  wer e ’  not  one of the c r u c i a l  a spec t s  of increasing the

s o l i d i t y  of j u d g m e n t .  Tine ques t ion  is , how ~tre the bound aries of L It , ’ estima-

t ion space delimited—how can one specify what is  to hi’ included ttt 1 win - ct is

to  be left o u t ?  One a p p e a l i n g  po in t  of v iew ( a t  f i r st  g l ance)  is the

strai ghtforwa rd proposa l : Why leave anything out? Why nd s~d e e  i l y the  e l i ’—

- - ‘ 
m e n t s  of the  problem you m e r e -  i n t e r e s t e d  in , anti then swt’c  ~c i’vc r~~ hui n i~ else

into a “throw away” category “everything not included in the above ”? in t h i s

way you don ’ t clutter up your event space with every possible state of e very

i 56 i b le on i verse , but at the same t ime , you have at least me we ’,ik gua i’d

i~~;1 I i n - m t o m i t t i n g  n c i  tic I n n  I I e m i t  unre that is not I nil t ia l I y a p p a ren t

U r n l o r t c u u n n t t ’ l y ,  t h i s  ingenuous s u g g e s t i o n  r ,n ns  into a host of d m 1 1  i e n u l t  l i i i

when  he - - v -itt space I s  u i-ice r t  a i n .  One t y p e  ol t r on i b  1 e Is  i l l  i n s t  m i t  eel b y the
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wel 1—known paradox of c o n f i r m a t i o n , as f o r m u l a t e d  by Fle m p l e .  A gene ra l

s t m nt c ’n ne ’n t  such as “All ravens are bl ack” is logi -ally equival ent to tie’

contra—positiv e ’ “All non—black things are non—ravens. ” T h i s  creates no d i n  —

I i c u lt it’s In n  long mi s we are dealing with a tidy unive rse of true—false asser-

tions. However , if we are concern-ned with the messier world of incomp lete

information , and examine the equivalence of these two with respect to con—

t irming evidence , an embarrassing situation arises. According to well—

established custom , anything that is both a raven and black cemfirmn ; the

d i r e c t  formulation of the general statement. But by the same custom , any—

tining th at Is both a non—raven and non-n—black confirms the second , and hence-

by logic , confirms the first. Thus , if we go down to the beach , each browin

grain of sand is a confirming instance for the assertion “All ravens are

black.” We have a ready made store of billions of confirming instances

There doesn ’t seem to be mun’lì doubt that the pathology here is related

to tine universe of discourse for the sentence in the doubtful mood . Extend-

ing the universe of discourse to include a beachful of sand results in allow-

ing non—relevant cases. In fact , at first blush , something which is neither

,e raven , nor black seems to be beside the point , and you might want to eon—

i n e t tine ’ c m i  verse of discourse to include only those things which are cit her

ravens or black. You are forced by logic to do something drastic , because

the negation sweeps in the whole remainder of the universe. However , that

won ’ t do e i t h e r .

To see this , we have to generalize the problem slightly. Suppose you are

a psychology graduate student , doing research for your Ph.D., and you want to

do experiments to establish (or , heaven forbid , reject) an hyp othesis you Inave

conjectured to tine’ effect that a given procedure A will influence’ positively
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the performan ce of ml task , B. You divide people into two sorts , those that

nave- received treatment A am-nd ti-nose who haven ’t , and redivide them into those

who exceed a given criterion on task B (call them B+), and those who don ’t ,

call them B— . You recruit a group of students from the department suh~ ecu

~ O i d I  (students who earn departmental brownie points by v o l u n t e e r i n g  f o r  I n m t y

as subjects in experiments) and proceed to expose them to t reatment A and

cn nm nt the number of B+’s and B— ’s so produced . You write it up, with for

one  degree of freedom duly noted , and your lab advisoc inits the . c i l i n u ~~. I~

n’on i didn ’t have a control group .

The situation can be diagrammed by the matrix

B+ B-

A x y

not z w
A

You obtained results for the first row , x and y. But nothing In that experi-

ment guarantees that the proportion x/y is not precisely the proportion you

would have observed if the subjec ts  had not  been exposed to y o u r  t r e a t m en t ;

perhaps x/y = z/w , in which case, the treatmen t has no e f f e c t .  But n o t i c e ,

ii you now dutifully go back to the lab and run a control group ( n i  t reat-

ment) and count z and w , you are doing exactly what seemed so t range for

the ravens and blackness. Your hypothe sis is that A has a positive effect

on 11+; if there are no non—A ’s that are B— , your hypothesis is in trouble.

Tine apparent difference between the two case-s t ens freon an II insion

1nduc~d by t b -  univ ersal form ot the statement “All ravens are blat-k. ” i f

you lest n e t  you r universe to ravens , then your assert Ion  is eq u i v a len t  t o

“Everything is hi mic k. “ I f yoni allow some non—ravens , t lien here’ tumi d hin t t er
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be some non—ravens win i d e  m C n ’e non—black , or l i w  assertion is still “ E v e r y t h i n i.

i s h i  i s -k . ‘‘

l im e ’ e m b n u r t ’ :n ssment  I m e n n t l o n n t ’ d  i s  j  i n s t  t h a t  t i n e i c ’  mi re no r u l e s  that anyone

has b e e - m i  a b l e  t o  t h i n k  of t h a t  do not om i t  rage ’ logic and at t i t e  same t i m e

\ ‘ I c n dt ’ t h e  s i l l y c o n s e q u e n c e -  of a c c e p t i n g  mn g r a in  of sand as a c o n f i r m i n g

in ’ntmeince ’ tc cr “All ravens are bla ck.” Actuall y, the Ph.D. st u dent is saved

f rom t h i n k i n g  t h i s  t h r o u g h  by the fact that the psych pooi is a well defined

u n i v e r s e .  That  is one reason t h a t  many “hard—headed ” peop le in the “real

world” are dubious of the “tra ns f e r  of labora tory find ings.”

The paradox of c o n f i r m a t i o n  is perhaps the  most d ramat ic  p a t h o l o g y  con-

nected with select ing a universe of d iscourse , but there are others. If you

look into logic texts , the requirements for a specified universe of discourse

is usually stated .
3 In some, tine possibility of getting into trouble if the

u n iverse is interpreted too generously is given lip service , and is then

promptly dropped . You will see illustrations of the Venn diagram for a logic

p roblem that look like Figure 4 where time square box is the universe , and the

ovals are the classes of things of interest. Illustrated is the statement ,

“All ravens ar e black”— the oval representing ravens is included in the oval

representing black things . Also illustrated is the statement “Some swans are

black. ”

cJNI V I c~~’

- 
j

Figure 4, Normal Univs rie of Descourse.

37 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —- - - - - -



i n t e r e s t  in ~’ly ,  you never se- c a d i a g r a m  that looks like Figure ‘3 which

shows what is going on outside the neat world you i-nave enclosed. You never

meet statements like “All ravens in my world are black (but sonic outside

are not

What the logic texts never deal with is what happens if you ch an g e  the -

boundaries , i f  you expand or con t rac t  your universe .  In pure  log ic tha t is

not an exciting question , especially if you are careful to keep all t he -

c i , i s s c ’n- ; you arc- i n t e r e s ted  in well inside the boundaries. Rem it j o ins  d e l  i n —

able in pure log ic , such as class inclusion , overlap , exc lusioin , me nd t i n - - l i k e ’ ,

r e - r ~’m ii n i nva r i an t  under  changes of the boundary . This is quite di ffer c ’nt i i

the  un i v e r s e  is u n c e r t a i n , and you are concerned with things like confirma-

tion or probability.

Ordinarily , the probab ility of the universe is defined as i. Tine Venun

d i a g r a m  is a u s e f u l  device to illustrate that the probability of a oLess can

be represented by the ratio of its area to the area of the universe. Suppose

the universe is the class of people living in the United States. The p r o b a —

bil  i t y  t h a t  someone l i v i n g  in the Uni ted  S t a t e s  teas a P i t .  D. is , n t i n e m r  s m n n l  I

which can be represen ted by a tiny area. The probability that so n ’~e o m i e  in  the

Un ited States is female can be boldly represented by a line cutting t i-ne um ni—

verse in half. Ob v i o u s l y ,  if you expand the universe to tit~ i o p ula t i ou  of

the world the probabiliti es of some classes are going to c hange , e . g . ,  tine

prob ability of making an income over $10,000 a year .

Wbat is much more interesting is tha t relations be’tween ci,nsses whic ’in

are tho ught to be fund anenta l in probability theory can change  q u i t e  c i r , e m t i —

cally. One of the basic notions in applied p r o b a b i l i t y  t h e o r y  is  indej~ene 1ence ’

and i t s  s I d ~- - - k m c k  dep endence.  A property A is said t~~ he independent of a

-~~
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Figure 5. Unruly Venn Diagram.
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p r o p e r t y  B i f  t he  p r o b a b i l i t y  of A , g iven ti -n at  B ob t a ins  is tine same mmmi t i i c ’

prob ;ebil i ty of A in general. Or , equivalentl y, the two are independent it

t i n e  p r o f ) a h i  l i t  y of  t h u e  con j u u n c t  ion A and B i n - ; c ’ qu : m  1 to the product ot t hue

p rob eb i lit ies of ti-ne two separately.

Conside r a classic ’ t v p c ’  of examp le’ . an u r n  i n - n  winich there’ i- e C c i t t  i i i

n ui nber , s t y  100 , t n f  poker  ch ips .  Suppose there  are  two shapes , rolm nn ’ ;

square , and two colors , green arid b lue .  The’ c h i ps a r e des i gned si-c 51) ar-

ro cnn d minn d 50 ir e  s q u a r e .  S imi la r ly ,  50 are green and 50 m i r e -  h u t , - , ;m nd t h e ’

shape - s and c o l o r s  are mixed so th a t  25 of the  round chi ps a r e  g r c - c - m m  -end :5

ot the square  chips  are g reen .  Thus the  p r o b a b i l i t y  of d r a w i n g  m i u n Y  of t i l e

co ;- ib~ n — n t ions~ snui ;ire ta d lilume , c ’ ~~. • i i - - pr ec  1501 /  s te  ‘lul;e rte r , - m n - i  t tm i c ’  c i i i ~—

ditio uns f o r  in dependence m u r e  m e t ;  the probability of drawling .t sq ua r e  blue

chi p = -
~~ = p r o b a b i l i t y  of d r a w i n g  m e s qua re  chip  * p r o b a b i l i t y  of

d u m w i i ng ml b l u e  c h i p .

:-~t cw  suppose  we dilute t h e  ch ips  in th e ’  urn - n  w i t h  an a d d i t i o n a l  100 oval

*
wi - n i t e  ch ips .  This cc c r r t m s p o n d s  to c x p a n d i n g  t i ue  c m i  v e r s e  of discourse , Time

r e l a t i v e  p r o p o r t i o n s  of round and square  and green an -nd b l u e  c h i p s  lim es n e t

i -hanged ( te ’chnicaI 1,~- , the  r e l a t i v e  p r o b a b i l i t i e s  of these  c - iu m r ; e c te r i s t i c s  has

m is t c~m m t n g c - d )  , but t itt- probability c c l  d r a w i n g  -i rotund c h i p  has  b c - c - ti c u t  i i i

ha l f , and  t i te- probabilit y of d r a w i ng  , m c r , ’c - u t  ch i p li es m u se n halved . In

add ition thi ~ prohabi ti n y of Lii - com bi uu nt ion , r ound mind gre’e’ nt has , n I ’m , ’ ccc ii

c - u t  in I,.i It . ‘ t h u s  t i m e -  r ( c b , , h )  i i i  y ( i f  d rmi w i rig , i  oh m e r e  b I en , ’ el - n i p  = / p i  c c h c , i —

b u t  ty of n - ; q t u - t r c -  c h i p . p re ) h ) . nh  i l l  t y  c c l  ml b l u e  c l i  i p  = 
-~ 

- ‘l in e

- i t  m m m c l  c r 1  st i i ; : ;  - n u t ’  t i c ,  i eu i ~~’, e ‘ I  I nucl e’ h i e ’ niii ( ’ ui I

*
The s .nnn e ’  e f  I e d t  could be ’ m~ ’ini e’ ved by le av ii n g t i n e ’  o r i g in a l  urn mi n el n mnniged
and imuLroduc I ng mu second nina conta tnt mng 100 oval white cli ips  , t hen i i i  PP i ing
a coin t ci i t t  e ’r nn i ne wh ich  , n r n i  wou ld be drawn f rom .
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ibis examp le m m m i v  1 , - I  m i d  i f  I c  i m n i  t c ’  ‘ ; ‘ ‘u n c - c n u e -  who is m m c t u m m icu ’lc/d t o  i n n

elriW j t t ; -, i i  l t u ; t  rations ot prc n hm n hi l i t y  r e l a t i on s . b i t  a l i t t  I r e m l l t - ( - t  l o i n  Oh

!—‘ig nt n c - -
‘ s i m u c u h t i  n n , t~- i t  c- l ear ti u ,m t tl ~ c- mn -c’ tun in t ~’ eu ’t ii i C i m h l i t s ’  ~ c - T’ - 11 u

- t  q c m c - s t  i on  w i n i c i m  is c o i t ~~j e I c ’  s t a nda rd  m n c d j c  and no t  Ir on  5OI ’ic  i n s i g ht  m~~ em—

T h u g  I d o r m  t i n e -  ~r i n n c i p l c ’ s c~t logic.

i l i c  re mm rc - some ’ ru Ii’s  win ich h ive’ been es t - hi i shed by log i c i ann-; . Thm ~- s -  m e r e

r e m  I c- w in  ich at t ennp t t e ’  c -x e  l i n d e  t i m e -  in most ser ious  f c n r m  ccl log ical  ~~e t h n o l o g y ,

m l i i i ’  I y a n t i f l c c l : n f t - m m  or log ica l  c u t  r a n l i c t  i o n s .  Thus , p o t e n t  ia l  c - - t n t  r i d  i c t i o n s

m i s s ne - 1 a t  ed w i t  ii t h e ’  ~ i c rds “ t ru e’ ” mind “ía  I se o* hmn vc - 1 ed lc cg 1 e tans t o part i t~ i o u t

f t c ’ m um ev e rs e  of  d i s c o u r s e  i n t o  d i f f e re n t  leve l s  of  I a n g u n ; m g e , c act i c i w h i c h  can

r e t c ’ m  on l y t o  1- ing um ages  below i t .  S i m i l a r l y ,  c o n t r a d i c t i o n s  a s s o c i a t e d  with

t o o —l i b e r a l  usage of the n o t i o n - n  class , have been excluded by a variet y of

restrictions such j-us partitioning classes into a hierarchy (tineory of types)

where mu class can include only classes m m - mediately below it in the hierarchy ,

or restricting classes to those that can he defined in a specific way starting

f rom in fixed set of initial clm n sses , and the like .

‘I’hnese grand logical rest r i c t ions are well to keep in mind  , bu tt ems u na l ly

ho ar c  n ot  -a-n od s bu gaboos f o r  t i n e  p r a c t  It ioner. Not many pr mn ct i cm u l

* 
I t  you - i i  Ic iw st  - i t e m en t s  o t  t h e  f orm “This  sentenc e- is  f a l s e , ” where  the
“ t Iii ‘; “ re ’ e m s  t c c  t i n e  s e n t e n c e  in  quo te ’ s , then , if you assume tine sentence
is tru e ’ , s i n c e  i t  s m u y m - m  it is false , it must he fmilse. Conversely , if you

— --i ,mm ,summ e it is m i s c ’ , i t  says  i t  is false , and therefore must be true’. The
contr ad ict ion involving classes has the same sort of self reference . Sup—
l c i i s e - , l c d  lowing bertrand Russell , you define the  nunm h )( ’ r t h r e e  as tine c lass
c c l  m i l l  c i a - scm ; t ii at have’ three members. Now , there ar e’ certainl y more than
t h r e e  c l a s ’ m e ’ m m  which have three members , so the number three does not belong
t o the clas m; of things with three members. Hence , th e number three is a
c la s s win i t  i n c l - a ’ s  not 

- 
ce nt mm i i i  itself. Now c o n t e mn p i m i t e  t ine  class of ;nl l such

e la ss e s , namely tine clas s o f a l l  classes win i cm do not contain themselves ,
a i n c h  r m n l l  It A. Doe s A contain itse lf? if it does , by def inition It doesn ’t;

h t m l  i f  i t  c h o , ’ ; nm ’ t , t h e n  by definition it does.
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dci - i s i o n i s  i n v o l v e  i n l v e s t i g ;m t  Log t i m e  c o n s e q u e n c e -m m  f o r  p o l i c y  of t h e  w o r l d

bc long,  i ng t c c  a c 1-u ss  that i l n c e ’ m m n ‘ t inc lude  [tm-a ’ I f .  But the’ type 01 put -,,’,’~ le

t c’pre ’-a- nt c - si by th e ’ p a radox  of i n s h i m c t i o n , or t I t t ’  i c - l a t i v i  t y  of  t ine ’ r n o t  ins t of

in i d c g c - n u m c : t t c i - i c c  L i n e  s e l e c t  c- c l  u n i v e r s e  of 0 i - ‘ l m r m , c ’ , a r e  jc r c ’c i se ’ i y t i m e ’  s o r t

01 thing t l n , i t can bedevil pr m m ctical decisions .

Tine no t  ion et  u n i v e r s e  of d i s c o m i r s e  h a s  a f t  m i t  iem ; to the  no t i on  of

“ c’l os-,~ - i ! s ys t  cnn ” i n  p h y s i c al  s c i e nc e ’ . Nowadays it is not too diff icul t t i

i~ c : j n e  a c l cc se d  sys te ms ; e’ . g . ,  i t  can be d e f i n e d  as a reg ion  of space such

t ;n ;i t ( d u r i n g  t h e  t ime i n t e r v a l  of  i n t e r e s t )  no e n e r g y  f l o w s  e i t her  way a c r o s s

t im e bo u n d a r y .  Onc e  upon a t i m e , when t i me no t i on  of energy  w , i s  n o t  mi s c l - a r

is t icdav , i t  mi ght havc s e e n  n uc i t  more d i f f i c u l t  to  say s h a rp l y w i m m i t  a s ’ losed

‘ - m u t e m  i s .  A t  t h e ’ p r e s e n t  t i m e , t h e r e  is no s i m i i m m r s u mm a t i ve  no t  i o n  f o r

f e  - is i o n s .  Li t , - t c run ‘ i n f o r n i n , i t  ion ’’ i s  h c g in n i n n g  t o  assume some su i t - l i  r u t  Ii ’ , ami d

p e n h m iph ;  we’ cou ld  del  A n n e  a d e c i s i o n a l  un ive r se  of d i scourse  as sine i cnr whu ic -hi

n -no i n f o r ; a m n t  i on  f l o w s  ac ross the boundary during the tine per iod  ot i n te r e s t

‘ t h i s i -  not  proposed  as a definition. Neither the term “boundary ” nor t i n e

n € ’ r n n  “ i r n h i r n m e t i o n ” i s  s u f f i c i e n t ly well  d e f i n e d  to make mu t e c h n i c a l  d e f i n i t i o n

;mppropr  i a t e .

T h e r e -  i s  one a t t e m p t In t i m e  l i t e r a t u r e  t o  p i n  down t ime ’  pr c-i clem t i n d e r

d l scu s s i o n n  :mno re t han  1 have ind i ca t ed ; Ibis i ; ; t i n e  t r e a t n n e n ~ of ‘r i n d  and

‘ ‘m mm l 1 wo rlds by l~. . Savage .~~~ ii is un it ion o i sm ;n 1 1 c~e r i c h  - 0 1 c c ’  t hint i s

i c - i  i s l o i n u l  l y  t u n a n m m g e a b i e ’—  i n ;  r iot  too f a r  f r om  t i n e -  not ion of uhnni v e ’r ;m, ’ c c l  i l l s —

em 00 r n - m u ’  a m ;  I in~uve I OOSC 1 y l int r odu ced I t  i n e r t ’ . h m i v mge ,‘m s s u n m n c -  - - t ine’ ro I S s c u m i ’

g r a n d  w o r l d  w i  t in i n w i n i c i n  a n y sm;n i i  wom Id can he’ i d ern t I t  ie~d by m l g g r , - gm n t i ng

,t are -n - ; of the grand  wor i t t . For e x amp l e , l ie ’  s m a l l  w o r l d  “Ra f i n  t omorrow ” or

‘‘ N i c  r m i  In n t omorrow ’’ wit ii lco LeIn L i,n I act s ‘‘ St .nr I, for ,n drive lii tine- ,- ,i tm m n t ry
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onim or row m o r n i n g’’ or  ‘‘~~~ ;nv houmne , ‘‘ can tic ’ de l  i n e - cl Icy 1 ;i’ n~ c i m g  u n d e r  Ra in al 1

t ine p o ss i b l e  c o n d i t i o n s  of the world compatib le’ w: t in rain , mind sinn i l~er ly

lu mmpi  ng w i t h  no r a i n  m i i i  possib he’ condi b u m ;  c c s i p ; t t  l b  w i t  ii ni r a i n .  t h e

two m u s t s  mire conceived as each m ay ing m m e x t e n s i o n  w h i c h  de’ f inc ’s what  w i l l

happen ( ou t c o m e s )  g iven any of the p o s s i b l e  s t a t s’s  of the grand wicr id l im ped

i n de ’ r r a i n  or no r i m . Presumably two different small worlds are  c o m p a t  i bl e

i t  m h e ’v ina ve  the same p r o b a b i l i t y  f u n c t i o n s  and t l t c  same- u t i l i t y  f ; m n c t i o n s

i n  t i n e  grand w o r l d .

Es~m & ’ ntia 1l y what Savage is sumggesting is that mill decision problems have

the’ same universe  of discourse’ (for a given d e c i s i o n  m a k e r )  and u n i v e r s e s  of

discourse for specific decisions be formulated by aggregating in some appro-

priate fashion the elements of the grand universe. Difficulties with this

progr~iin will be discussed more fully in tine section on personal probabilities .

i n  e ssence , the  grand world is s i m p ly tin e gram u d . D i f u i c u l t i e s  a r i s e  which

are a n a l ogous to t r y i n g  to measure ’  th~ diame t e r  of t i-ne p h y s i c a l  u n i v e r s e  w i t h

;n y a r d s t i c k .

i t)  sum up tinis quite unsatislactory discussion of universes of discourse:

hc - l o r e ’  anything interesting in a formal sCflsc ’ can  be done w i t h  i n d i v i d u a l  or

group estimates , an event space E and a response space R m u s t  be specified .

t hi s imp lies that a meaningful question cannot be asked unless the individual

unmaking the response knows a fair amount about the topic “a priori. ” For

e-x ;nm p l e , the  q u e s t i o n  “How h i g h  i s  t h a t  t r e e ? ”  can n o t  icc ’  unders tood  w i t h o u t

knowing  q u i t e  a bi t  about measurement , about t i n e  I n e i gh t s  of e ’ve rvc im n v  ob jec t s ,

;uzmsl s o m e t h i n g  about t re ss - .- - -e .g . ,  tha t t hey don ’t um han ige their hei ghts within

t I m e -  spmn e 0 mm few seconds. This pr i or knuwied ge- is part ot tine u m n iv er s e  of

d l s ’ e c c m m s e i nnp l i e d  by the question . At the moment , there does not appear  t o
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be’ a we- i i - — s h e - f  I ned t , - m ,hni quit’ for spe ’c’ i t  V ing t h i s  imp l Ic it know led ge , c c i

d5 - t e mii i ni t i c  t lie e x t e n t  t i c  w h i c h  i t  l i m i t s  the j i l t cot iai response’s to t li e’

i l a- ’~t i o n .

M i s - mt of t h e  discussion in this book will , center m-iro utnd three’ type ’- ; i f

&‘\ c’ flt ;p m i es (a) a simp le list , (h) a set of classe- s (types) of t v - n t  s,

and (c) u simple -’ Euclidean space’; i.e. , real inumher c en t inua c c l  one’ or more

d i:’ m& ’mis i on s  . lhowever , may be w o r t h  w a r n i ng  t i n e  c ide r t in at  hme’ n- ; c ’ n a t t i e r

t idy c - c - h i t  m ;p me cc - u S C , ’  d r m m s t  mc  simp l i fic- a t ions ccf time intric a te’ con cept real

emi t e x t  in which i n d i v i d u a l  j u d gments  a n -  nor m -n I iv ft rnmnnla ted .

I .  ~-1u c siel 5 of Lot i m ; m m t  c on

~~c- t u r n  now to some specific models of tine estimation process. As I

commen~~e’ d at t h e  beg i n n i n g  of t h i s  c h a p t e r , u t  the  present  t ime  t i n e - r e  does

not appear to be a unified model of the entire process as out lined in Fig. 2.

Rathe r , f ragments of the process have been modeled . These fragmeim rs ;mrc ’ c i t

c r i t i c a l  v a lu e in e s t a b l i s h i n g  some of t h e  i mp o r t a n t  p r o p e r t ie s  of g r o u p

j u d gment , b u t  — is t r a g men it s —  1c m - nv ,,’ some n m a i o r  gaps  when it comes t o formu-

l a t i ng  i w e l l — r o u n d e d  set  of gu ide l ines  f o r  g r o up  j u d gmen t

In s t  rospe(’ t ion g i v e s  a r ; e t h e r  b e w i l d e r i ng  l u t u p u  r u m s  ion of h i t ’  e - - , t  i m m n t Ion

p r oce s s , c- s p e c i a l l y  of t ime  genc ra t  ion s t e p .  At  t i m e s  t i n t ’  n u n n b & ’ ’ ‘ j e i s t  come-s. ”

At o the r  L i m i t ’ s , them ’ mind  mpp e- ;ers to engage in a m i n i at u r c ’ i c ’ c s o nt n g  p r c c c  cmi s

frequentl y i f  a “n a r r owing  down sor t  . ‘ ‘  The fcc h o w  j im;; i~s mi ni  omi t  I i  in c o f  the-

w .u~,’ my il i u m  I te r (wi no is l e f t  handed)  ar r i ved  at t i n e ’  mmc ; u - ,s- 1 t 0 t he q u i t -n ;  t j o i n

‘h f l n , m t  is Line’ propeirt ion of p e p  I c ’  i n  t ine  .S.  wh o i r~- left , l u a n c i e m s i ? ’ ’

“1 know tha t left inander o m i re not inn t i-ne unna jon ty inn the U.S.

be re fore It is Ic- s u m han 50%. Maybe 30%. Be nt if tine - prope r ion

were  as is ge mis  lOX m ;mn u I ac ture rs would  nna k e a t o t  c i t  t h i  ii gs I or
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let t l m , m i ic - l pe opl e ’ — I i k c ’ ~c i : m , s c r s .  n i t h i e - ~~c t i c -  i n n - . ~t c  : n n , i i n c c

i t ’ n ; l i k e ’  m i l l  c i  I ( f ~~— - t y  I c e - l w - c -n h fl - m d  I

S c u l l  j n n ~’ t i e  t i n ,  E r i e vs  I - c~~~~ ) )  c R u  I t  t , i i i j c ’, n , iii’ ‘ I c e c u u l ’ )  i n u v e ’  r . -d u i ’ c - c )  t i c

I i~~ c , u  c i c ’, m i u i c c t h n e ’ r ac ~ c c i  o f  I s - . to t in -m mi v c-ve st , l i e - i f i n e ’  ( c i  I c - m m m c n n i 1 n e ~, s-- is

r c - 1 , m t  j V c I V  c l c ’ ; t t

l ine’ v i , -w t h . m t  “ t i m i n k i n g ” is - m  c ) i n m m ; m _ h c c u ; c m l  r e a s on i n g  p u -  c - - ; 5  n ;

m c ; c n c t e cl  I-v mm miumnmmh c’ r c c i  r c ’ s c ’a r c i m e ’r s  in t ime jeid o~ i r t  i i  i c i m i  i n t e h l i g c - ; n c - e.

i n n , ,  on  t i c  lu m i~~i c t t c c c l .s in t h i s  uppr i s ic h is time’ ci I C ~~~t i t  ion ci “ p r c c t o c e l s ” —

I n t  ric sp c - - t i v ely  g e n e - r m m  t ed  ciesc ript ions of how ih i- i,nd ividual deals s-i ti n a

p r o b l e m . O hm t he b as i s  of t hese  pr ci t o c c i l s  , “ i n e m i r  j o t  I c  s ‘
c c  incomp lete  : t l go r i t  itn’ m - -

i C c  g c - u u e ’ r m t c  i i  ~s ;n p p n - i x i m n i ; m t  i o n s  to  t i c  t im o um g in t pr oc csSOs of t i n e  i n d i vi d u a l .

lie - in c ur is t I cs arc’ mi nconimp let e in t ine ’  sense ’  t h a t  t c c - ’ , do n o t  g u ;n r a n t  cc - t ic-

m a c l i n t  i o f l  t i c  m m problem , hunt . mns e m :i l l y t h ey  do g u i a r m m i m t c - c -  t h a t  i ~ solu m tmomn is

c’ r t c  s c i m i n t  c r c - - I  d u r m u n g  t h e n  pri c e-u --u , L i t , ’  i i e ’n m r i s t  i i  will i e - n ’ c c g m t i z e ’  it mis  such -n .

i c c ’  i n ,  cmr  t o t  i i ’  i j c j i r o a t ’ I n  lu ; i ~ m u c h  loved 51111cc u u c ’cc ’ss i n - n  d e a l i ng  w i t  1-n wc ’ l l —

S t r i c t i n r c - d  p r o bl e m s  l ike c o u m p u m t e r  game p l a y i n g  r o u t  i nc-n m f or  c )necke ’r— and

c h i n s , arid t i u c o c r e n i  g c ’n e r at o n  s f o r  Cl I c ’ t i t a r y  l o g i c .  Time h e u r i s t i c  mode l  f i t s

c - ,it d c - m i  that is observed i n  m t  r o s p e cc i o n , mind ti ne’ ,ir l i ficial m t  ~-ill

,c e . u i c (  pr ccgr; nni h a s  ge m n c ’  rated a vs luabie ui te ick of mm 1 g~ nit hms f o r  m m t. t~ ic i nn ~

s c t i i nc kind s c i i  probl ems , in pa rt ici miar , p o w e r f u l  r o u t i n e s  f o r  s e a r c h i n g  1 m rge

m . l i m c e s  o f  pt c sn ;i h l l i t  ic’s.

~e- ’ c r t h n e ’ l e’s’ , , t i n e ’  1 i c - m i r i s t  i n ’ tumod el i t c i e ’ s  t t c t , m ~ c g & - , m r  to he p ; i r t i c u e i m m l y r i s e—

l i i i  ~i t  t h i s  stage- id  l i i i ’  game’ for dc- i I ing w i t  li t i m e  p i i c b l s  a of gi- c i i j c  d c’s: inmi ons .

l i n e - r c ’  , l p p e ’ m m u t c c  h e -  t w c c  r r ’ ;m s (n n s  t i c r  thin;. li - n th u f i r st i n i~~ e ’ , t i ’u c ’ k i n d s  c c l

c t  Iic m , n t c’~ mm ’’pn j r ’ -ci I or cl u e i n ;  i t in - , have ml r e -nin , ui’ km ilm l~ mn ni sce ’ l l ,mne m uis q r u a l  i t s .

R u i n  c f i m e - n ~ t loin , v i c  w c - ~~ as a r e ms o n i u  - c c r c i s  e’ss , r r . q u m i n  c m  ~n se -pmnr a t u - l s cg i , ’ , m l
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f - , m t t e r n  w h i c h  is ‘ n i n ’prir- m in5l y m i d — h o c - . ‘ t h i n  Cci cloc s no t  n ) i pc- ;m u to he :m I c i i- sal

W , t v  to  Sc ,; 1 s i t u  time ’ wid e’ v a r i e t y  of m i n i ; m t m i r e  niodels c ’ i i i - o n m n i  c - n c - c l i i i  p r m m c t l i e - .

lhi€ ’ ~cc ;iniiI r e ’ ; i o e c m n  i s  moi ’ c- I i nudamen t ai . The i n e - n r i s t  i i  m n pp n ii mii -h re’c l l ti I s O

h m t  t h e ’  c ; t  ima t c he’ p o m m e l as u j~roblemn , i .e . , a o  u s e t  of n - sme l l  Lio n s fcc ,

wi n i ch .m we’ I l — c l e f i t i e ’ s1 c i  l i n t  m ini c - m i l l  i t ’ d~ si ’ r i hcc’d . Es t imm i t I on c - I n r mi ’ ’I v be

nc u ch e d  in  t h i s  I c r c .  }‘ i ’rhi; ip -m t i m e ’  imuost  I n u s t  r ; mt  l eg  m i s p c - c t  i i i m e - c - ;irc il w i t h - n

e s t i n i n m i t  i c o n  is t i n e ’  l u c k 0)  simp l e m r i t e ’ r i ; n  t i c  (Ic’ t s- rpuin e ’ w i n e - i n  t im e ’ ‘‘ i ight ’’

m r o - W~ - i  b ias  ic -c t ;  o b t a i n e d .  I t  is  even  v e r y  i i i  f i c n n l t  to l o n m : i n s l a t c -  m i m i c s

specif ying when mu s ivc-n step is in tin e right directic )n. ‘fcc tine c - . t  e’ f lt  1 )  1

such r i l e s  can be formulated , they ire likely to he of a prob mm b ih i o t Ic Sa tur n -

“go t im is was and you will probm ibl y ge t a b e t t e r  e st i m a t e . ”

I ’ m n i t  s u re  t o  w h a t  e x t e n t  these  conmi ent s  r e -p r e s c ’i t t  lim nn i ted ima ginru t ice

on my part , and t i  what n~ -~ t cot  t h e y  express  o b j e c t  ive fe ’ ,’n t m n r e s  of imu nn ani  j u n u i g —

meet . One m a j o r  f i e l d  of a r t  i f  i c i a  1 intelligence n c - u - m s - a r c - l u , l i m i t  t c nH i rs-ccc g u n i —

cfl , ~t j ) p t m t S  close to ‘ , c c n f l e  e l f  t u e  app ro a e :hu e- s t c c  cot I mmi t j o i n  t h n m n t  w i l l  I n c

e -l ; ehc cir ; it s - i l be l ow . Ss i uu t em o f  the mo s t  i n t e r e s t i ng ,  e m - m p e r i l n e n t s  with c ommemn ic ;ut ion

i n  g r o u p  p r o s  i- soc ’s  have’ i i ’ ; s - d  tasks t h a t  c ; m u t  bc -xp i - c ’n ;sccl sh;irp ly m n m  I n n i d ) i  I s I s

for ti ne - g r c n n m j c  to solve- , w ith m l clearly defined cl -it i i l O f l  cif occl im t m ci -u .  c ’s( n s ) m i g

t h e s e ’  ; u r c ’  t lie’ € ‘xper  i met mt s by R a v e l u m o  w i t h - n  common ic ,’nt i o n  fle ’t w o r k ’ , whe re ’ t t i e ’

task ta r t  e as i l y be o t c i v e e l  b y a n i m i g l e  i n d i v i d c n m i l i i a v i i n g  m i l l  t h e ’  f ra me-itt ,m t~

i z m f c c r m , - i t  ion m i t  i m m i l y spre-ad mimong the 1~r c c u p .

i l n e  e l e - i m n , ’ i i t  a r y  w m i v  t i c  r e -p r e s e n t  t i m e -  i r n f o r m a t  l i i i  , j v m m j l a i c l c -  t I c  miii i n e l i v i c l e n m u l

is a s m m i , s e - t  in an ev e n t  - ; h c m i c c ’ . Su p p o se ’  t i m e- c h i t s - .t i on  i s  (f c c i  t i l s c s t e r )  c c W i  11

t Ii I ;  J i n t  i c - i n  I~ ei I ‘‘ f ine  d c i  - I , c ~ b n :m n ; ci c e r t , i  in , u n m c l m m u i  t ~c l  l 1  f n r n i ; i t  m c c l i  , i i e e i i n t  t I c c -

l i n t  ~t c i t  — 5 ‘~- I c i ~ ii ic tunun — i i t  t -  n u n  - m~’, e ’  , I i f  e m l  y I t ’  — ,- I c , f i r m  i - mu icc n c - ) - i i  - c u l t  c n i  ci

I iii ’ - f _ c  ‘ - ‘ c I  c u t  I e - in t um m u — ;  c i i i  - t v i c e  - , c i t  C 1 mu s e-n — cc r ‘ , c  - t of j i  - d i  l i i i  I u , — , t l i e ’

~~ii



I
stui ) SC r l i nt I I rid i em m t tug t l i m i t  t f i b s in - n i cc rtnc ,i t Ion i s ,  m v ; i  I I  abi c t o doe t icr i . 11cc

u l mnee - 4 t Ic’S ‘~ l u t e - n e ’ s !  Is I c ’  what e x t e t u t  ti tle - c c t  C c c  i m u p - ’-t t i m e ’  set I) e e l  I l i c i - ,e

p u n t i c -n t s w l i s c  c l i  ci ( W i t  h i t  ii m l  gi ~‘c ’n i-min or I t I I n ’  mm I t c r  c ’ x , n t i l  I flint iou -n) - mi s i I liii - t runt ed

in  I - ;  ‘ c u r e ’ 0 i .

To e x t s  c c l  F’i g i n r e’ I - c m  t o  t 1 i s ’ gr o u p  m i S c - , we n e e d  s i n ! ’ ,’ , mn-m m-m i m m e  t h m m t  t h e - r e -  a re

several !,s t s c r s , c’ o-h of whom c l a s s i f i e s  the  p a t i e n t  in a s e t  I . ari d t ake  the

i n t e ’i  se ’~~t j c i t i  ot t h ’ ’~~c oc ’tS as the group  j u d g m e n t .  C = 17 1 . , where  fl is  t i m e

is  cg i c ; i  I p I c ’ , i c  t , - i n ;  i l l  c i  m l  r ,i  t i’s! I n  I g i n  r em 6b

In thi n ; simple c;un-; e , the group estimation process consists in d t -  i c i n i n g

time- i n t e r - - c - i t  ion of the knowledge sets of the doctors and relating this conunon

se t to the  set of those who w i l l  d i e .  The common set wi ll be smaller than any

individual set , and thris is more’ likely to be either totally within or totally

o u t s i d e  t ie e ’ set of in te res t , U .  The example Is extremely elementary, but it

illustrates a possible approacin to group judgment which invokes only notions

fr om forma l l o g i c .  Al though the re  seen to be possibilities inherent in such

approaches , I have found them somewhat unproductive . As I remarked earlier ,

that may be’ ~ Im itation of my own thinking.

I have found m m rough a n a l o g y  u s e f u l  in t r y i n g  to think about estimation .

We can conceive of tine estimation process In two ways. One is the traditiona l

way of th inking ot it as a highly structured reasoning process analogous to

the precisely orchestrated steps of deductive inference. We could call this

t i n e al,&or ithm ic  view of estimation . The c)thc-r point of view mni gtut he c,nlled

t h i -  c h u c s n t i c a l  orientation . Inform a tion , rather than being put together in an

intr i cate ’ and stylized fashion , is mixed or blended like ingredien ts in a

brew . i’he analogy is similar to the contrast between mechanics and thermo —

d ynamtc s. In m-c h an i c s , the detailed configuration of the elements and forces

41



PATIENTS

(a)

PATIENTS

(I) )

Figure 6 individual and Group Informat ion Sets ,

48 

-—-



is U Sed to p r e d i c t  t i m e ’  ls ’ii ,mv I or of tin c’ n v n -;tem ; in thermodynamics , sun the other

h a i n c i , gn ’s~~m r ; m v s ’t  i c c - c ;  of the pi ’o per t i c - s  of tine cmii - id e’s -ire emsed to - r e - d i e t

g r o n n m  ;m v e r , c ~ - c ’ - ;  m i t  mm later t Ime . K n o win g  tine pres su re and t & - r p c r t t  c i i  c m i n d  n e - m t

m l  lcnw of ,m system , i t  is not  ne ’cessary  t i ,  know t h e  l o c a t i o n s  of i u d i v i d u m m l

mci i c- ci,t l C i - ;  t o  p r e d u e ’ t t h em p ressure ’  and t e m p e r a t u r e -  at a i m i t e r  f m e ’  -

I m e- analccgv i s  p e r h a p s  o n l y  s u g g e s t i v e; h i n t  it  u l l o w s  u s i n g  not  lone - ,  such

as nm i x i n m - ~ , m l i i  f us i cc ii , add ing  or s u b t r a c t  1mg amount . s ol  i n f t i r r n a t  i - ic and t is -

l i k e ’  w i t  it a I r e e ’dom of conscience t h a t  is hard to attain fo r  one sI e-eped i n

the ri gors  of forma l logic -

4 .  F’;memto r M odels

One f r u i t f u l  approach to a theory c u f  estimation is tine family of factor

models. On this approach , the output of the memory search activity is a set

of r e l evan t  factors (cues , componen ts, Items of i n fo rma t ion , e t c . )  The

e s t im a t e  R Is  assume d to be a function of this set of factors ,

R = F(f 1 , .  “‘~
‘
k ’”  ‘ ‘~~m~ 

(1)

A l t in o u g h  inn t h m e n o r v  F could be about anything , only a small range of the possi-

bil ities has lice-n exp lored . At one extreme are the single variable psycho-

ph ysical laws, R = F(x), where x is a physical m a g n i t u d e  ( the  st i m u l u s )  such

ms weight , n-mocir nd intensity, and the like, and F is a power law (S. S. Stevens)

or an exiconentim i l law (the classic Weber—Fechner law).
7 

A rela tively sop hi s—

t l c a t e - c l  f o r n n im l a t  ion is the algebraic model approach of Ander son .8

l i m e ’  most w i d e l y exploi ted  form of F is one of t ine s imp le s t , namely the

li near form. On this approach , the output of the e v a l u a t i o n  s tep  is a set

( i f  we i g h t s  (w
k

l which perform the triple function of expressing t i-ne relevance

of each f,nctor , of discounting the fa -tor for solidity, and scaling the’ numeri-

cal value of t i ne- factor to match the size of the requir e d es t l m ;u tc ’ . The’ esti-

ma te is the-rn given by
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R =
~~~~

w
k
f
k 

+ c  ( c )

k

i . e . ,  t ine e s t i m a t e  is  m m weighted sum of the-  f a c t o r s , where m’ is  an add i t i v e

constant.

The- linear model has been utilized to describe mul t i - i - i t -  p e r cep t  ion ,

complex value fu nct i on s 1’° and more genera l  k i n d s  of e s t i ma t i o n . U

Tie n o t i o n  of “ s ol i d i t y t ’ has not receive- c,! ml l a r ge amoun t of a t t e n t i o n

in the psycholog ical l i t e r a t u r e . P r o b a b l y ,  t i n e  reason i s  t i - n a t  mos t  c - m p c r i —

menta l  inves t igat ions have dea l t  w i t h  t h e  case ’ where  t he  fm un t (cr5 arc’ “giv e-ri”

e i t he r  as environmen ta l cue s in the case of perceptual tasks , or as experi-

menter—furnished values in other tasks. In these experiments , ti-ne factors

are all “comp letely solid ;” the only problem for the subject is to assess

how significant they are for the given estimate (relevance), in the more

general case we are examining , the factors are self furnished and tine addi-

tional consideration of how well—established the factors are is a significant

part of the task.

Unf ortunately, on the linear model , there is no direct way to  scp~u r m t t e’

these three functions. It would be feasible in Line ory to assume’ that

W
k 

= ~~~~~~~~~~~~ where S
k 

is the  individ ual ’s assessment of t ime- senlidity c c l

the given Information , r
k 

j;-, his assessment of its re lev annce , and Is some

assessment of ti -ne- relative size of the factor and tine desired estim a t e’ . A ;;

an example  f or rn.
k

, cons ide r  the question “How many t e lephones  a re  t i n e r e -  in

Africa ?” One relevant factor is income . TI-ne estimator might re’, lm ; c ’ un , “l’lte ’

average income in A f r i c a  is very low — no inure t han a few :iuinel red dollars per

year— thus ti -n e number of telephones is probabl y small. ” The average-  income-
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i ; ;  not  tlii’ ~~ 
c c

5 I . e -
c c  m i s  the nuimbet cci tc ’lc p iss mn , Thus  a ‘me’ ,m l ,n~- t ; i c t i c r

is n n e -e s i e ’ c , i  t o  hr log 1-ne two in line .

Wh e t h e r  m i t  t h i s  s t age  of  the gauine it i s  w o r t h  int rcicn cc  i n g  m i l l  o f  t h is

e-om in l fe - i t ion Into t ine model is difficult ten determine . Indivi dua l s can dii—

I c - C e i n t  j m u t c be tween  r e l e v a n c e  mind s o l id i t y ,  and t ine  s i z e  t e a t u re  is an obvin m i

c cc i nsi der ,’nt i on .  Howeve r , for purposes of applying the f a c t o r  mode l  to  gr s i i~;

c l c ’ c ’ i ~~ f O f l 5 , it is difficult to see’ how much more intri c acy titan formula (2)

can i c e ’ used .

Some obvious vm irtant s of ( 2 )  appear worthy of n o t i c e .  As we shall see ,

ther~’ i s  r eason  t o  believe that for many kinds of e s t i m a t e s  ind i v i d u a l s  scale

the’ir r c - s p c s n m - m e’ s on the logarithm of the quantity being estimated , in those

cases the fc rmula

r = Lw k 
log 1

k + c (3)

is more appropriate ’ , where r is the logarithm of t i m e  i n d i v id u a l ’ s response ,

r *R = e

To compensate for difterent sized factors , and also to compe nsate’ for

possible large differences in rmmnge or variability of tine fm s t cr s , a coimnonly

uts e ’d transformation is the z score

f — f
Z

f 
= 

s
f

whe re ‘

~~ Is the’ mean of the values of a given factor f , and S
f 

is thc i ibs c ’rvc - ci

standard deviation of the factor. The es t imate  then becomes

R = E w k
z
f 

+~~ (4 )
k k

W
k(3) is equivalent to the statement R c 17 

~k where / l denot es  the product - .

Note that in this form , tine weights appear as exponents.
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For c - S t  irnm i t li n t p r o b l e ms whe re  t ime a re  reasonably  we ’l l  h i  h ued and

c h i e - t l v c , F c m  i-c e- i de - int l lied umsing multiple ’ coru - e’lat ion (linear c ’ S t j f l c i t  ion )

t e ( - i i n t q c ; e - s . Given m u sem i t i c  tent ly large’ ~ e ’t  c c l  c-s t inmates by an irndividct mi l of

,i ~~) c - c j f j e ’ t V i c -  of q u a n t i t y , an optima l ( f o r  t ime ’  g iven  d at a )  I i ne’mir mode - i of

t l i c , j n c i j v i c i m m l  ‘s c - s t  ima t c m-, can be comput ed . For examp le , a nu mb e r U t  c ’ m < I i e ’ r i  —

m e i t  c ’  Cs  ii ~( V e -  i n V e s t  ig a t ed  the- a b i l i t y  of colic- ge’ s t u d e n t s  and t ; n c i i l t y  ,c’mb~’r;-

t o  i’ te e ; ic t t i m e -  t i  r -s t y e - a n  g r m m e l c m — p o i n t  average ccl ~‘nt e’r i ng  st cid~’nt s , im m l s e ’ c i  ( in

th r ee - iae - t m r s  ; a s c or e  sri a col lege e n t r a n c e  e x a m i nat i o n , the hi ~‘, i i— scicoo I

gr a d e — p o i n t  ave rage , and a r a t i n g  of t h e  excel  le ’ m i e ’ c of t ine  h i g h  school. I li c ’

mul t i p l e  r eg re s s ion  c 1 the individual ’s estimate m u g m n i n s t  t u e - se-  t h r e e  f a c t e c r s

l u r n i s h e s  -u se t  of w e i g h t s  w h i c h , w i t h  a l i t t l e  m m , n r e , can he m in t e r p r e t e d  mis

the c: a t I V c  i m p o r t a n c e  t ha t  t h e  i n d i v i d u a l  at taches to each fa c tc i u

t i e  commonl y emp loyee ! f i g u r e  of  merit  (score ) I c)r f , i c t o r  m o d e - I s  i s  c e n t  —

r c - I a t  i i n n  w i t h  t i n e -  t r u e  answer .  Given a computed  mode-i, t iie ’r e arc t w c  pot en—

ti m il score s , the correlation of the “raw” estimates of the indivi d ual w ith

t i n e ’  t ! te , and the correlation of the estimates computed from t i n e  in d ivie lu nm i l ’ s

model with the true. On-n the estimation of grade—point mnverages , both -n st ii

dents ani faculty make mm relative ly poor showing. Average c nrue ’ li t i o nis range

, t r i i u u n c l  .3 , eve n for faculty with experience in college admissions.

A rather surprising result of these investigations has he-en t h a t  t ine

it i cii vid uial ’ s model unifnrmly outperforms the individual. This result ii i ;
-

~~~~~ b e e - t i  m i c e ’ !  led  b o o t s t i  mm j u 1c i t i ~ by investigators. 
11 

A -ommoui int erpr et-i t ion  at

th is re -stilt i ’ , that it id i v i e h n i a l s  mire more variab l e’ than tine - i r nino clei -

In n add it i e c i u  t o  t lie mode- i cci the m d  Iv i tht i mi l ’s e ’m; ti nmm,it e , I l i e - r e i s  i c c i i  ‘—

sj s  i i e! lug f l i c c ( j l  - I of t h u e -  u ,  - I n i t  i u~ sii i 1c b u t we-cnn tine- I i C c - ; n I iS W L - t - a t n i I lie’ I ac 11)15

i n ; ,  We-  c - i t t  wr ftc -

S
- - -

~ 
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= 

~~~~~ ‘
1

m~ 
( 5 )

S t O i c c,51 i s  t i m e ’  ; i i r r o n  image ’ of (1), Iii comh i un m l  ~~ c c m  c t i  l i e  t W i ’  s -;s  icit i ~,cd

f ine- ‘‘ Ic - u’; r m e i c i c ’ I ’ ’  he hlrtnnno w i c-k . I f (- n) I~ ,i iso i e m i t  - I m e - ;  1 1 1 , 01 i c ’ l,ii i-

m it ip , t he’tu it is c l i  i r  t in , ; t t i m e  re 1 m t  ion c l i  l-~ arn d I n u n  i sh~ - b y (2 )  c - a r c

he -  110 i c e ’ t t c  - r t hm mru t l m ~’ met 1 t i pie cc r re i ;i  t 100 0 1 T i m c i  I

A I jvc ’lv ele’h;mte ’ inmi s in c - e n going ott for a d~ i ; m c i e - or n n o r c -  c o l i c  c - r i  i n g  the ’

;- m gn i I I c i l t c c  c c f  r e ’ s c m u r c h  l i n t - i c  f o t o r  models ( c c i  c r o t e o s i c i m I  f t - c  i i~cns. It

i s  .m 1 r &n i snn th a t t Ine -  o b j e c t i v e  mecdel  (5) will out ic rfcjrrn in t i n i ~ vi - jud gmn - - i m L s,

p n e - c ’,’ uh In g  t h e  nuici de- I is correct . I f individ ual jeid g m e n ts  c cii b~m pg ri -xi c~~t ‘

ve ry w e l l  by l i n e m i r  mode l s , t h e n  an o p t i m a l  l i n e a r  model  of the’ - -s ri ; 2 )

will out-p c-n orm the individuals. in many types of clinical judgments , linear

ni ec cie ’ l~ have proved! t o  be good approximations , and , in tact , as t h e -  boot-

strapping phenomenon  i n d ic ate’s , b e t t e r  t i -nan  t i m e  in -nd i v i d u a l . This ra i m m c -  t h e

i j i i c,- St  ion w h e t h e r  cu r t a i n  k i n d s  of p r o f e s s i o n a l  j u d g m e n t  can be rep - ic-ed by

r i de  Is — by opt ima l oh I c - c t  ive  r’um cdel s whe re suf  f i t - i c - n t  dat u e x i s t  s t c~ c o n n p n l t  c

i ; - m u s i c  ‘is , a t  I c c - rwi e by mode’ ls ot t h m d i  v i d  mm I ‘ s u u d gmen t - A r a t  l i e  r rmm d I —

c . i  I sug i c - s t  ion — ml wig t i n - s e -  l i n e - s I nm us been propccse-ei by Rob inn );cWc -s  t i m - m t  c I l l

li e ’ eli s e - m i - s e - c f  I n Chapt e r lv on nomina l udgnme~nL -

‘ l ’ l m c - s c  icroposals appemi r La b ave made l i t t l e -  i u e ; i c i w m i y  I n  p r o f e s s  i orn al

c i r c l e s .  The reason may be that p rofessional peopl e - ie ’slst g i v i n g  up c c ’r l m ui n

roles , or just cuiltural lag, or possibly the f a c t  that p r o f e s s  i e i;n:il j u d g m e n t

i m s i u m m i l y cannot be reduced to a lew w e l l — s i t e - i f  ieel types on estimates. The

c h i c  b r  must not only decide m ow sick a g iven pat ie rn t Is on the - basis of a

pre—spec itied set  of symptoms , but also wh ich se’t of symptoms to examine ,

what cot m r sc’ of t reatment to undertake , when to termin ate ’ t r e - m t  me -nt , and t he

like. Tine -re m i r e ’  ac tive investigations underway s t u d y i n g  whet  in er  u n c u t’ b r o a d e r
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cant ~ l~ 5 c ~ il m u iso i~c ’ r e - c u t c c i  ten we - i l  — dc -fined node- is , e’it h e  r based net ob jce--

l ive ’ ci t a , i~ t e m c r c f e s s i o u ia l  j u d gment , or b o t h - n .

f tc  ~~t t i - c f  i - - s u e - s r a i sed  by c-f f o r t s  to m o d c - l  pro f emss i ann 1 j udguim -n t i r e ’

all re I~ ’v , m s t  t o t hem c c e m n ( , _  t i e - a d  r u l e .  ‘‘ I n  t ine  n e t s  t gen c’ ra 1 case- , w h e r e  tine ’

m i dgn c- ;u t s of  lin t e ’r c ’st c - u t m o s t  be embedded in a w e-i  i—d e l  l~ e’d I anm i ly of j u cl g—

‘ ci Is , ann e! s-t m c - r e- time’ j ; i f u n r m m m t  j on  is miser ’  lian eo u s  and nc itm— e cb j ect j e t - , m i t  e’nn pt

t e l  nmode’ l t i n e ’  ~~r oc - e’ss w c i m c l c f  p r obab l y not be p r o d uc - t i v e ; each e m ; i i n n ; i i  l e n  t ;m; mk

‘~ould r e - q u i t e -  i t s  own spe - ’ia l m o d e l .  However , t h i s  is not d e ’ f i n i t  i v e - . I t

is  possi He ti u a t e’Vc ’ri in these extreme cmisc ’s , a t t e m p t s  t o  id e-n t H y  m i t  least

t oe m o j c c r  f a c  t o r s  w h i c h  i n f l u n e n c e  the- jud gments , and to f o r m u l a t e ’  a r o u g h ,

line- am unnc c c i e - l , may prod uce ’ r e s u l t s  which are more ’ a ccu ra t e , and more r e - l i a b l e

(in ii ~~- 51 ;tSc- at i n c lu d i n n g  less random variation ) than less systema t ft methods

i f  a n n  ‘i n g  , u t  est i rmm4 t es .

5. J r c I c u h j i i s t j c  Models

One- i t  m i r e ’ t .huat u u i pe ~,m r ;; to  be lacking in the fact or thc-or y m c f  c-st inn ;m—

t i m i t i  i s  an c- ; .m j i lie’ j t ; , t a t e n j u e - n t  of  t h e  degree ’ 01 cert ain nty i - c f t h e ’ j m i e f gmern t

An i n d i r i d m t m i l  c - an  t ak e  ac c o u n t  o f his own cinnce ,’rtainty (in ti - n e- iingr ed ie ’ in t m m )

via  t m e w e - i  ght  s he ’ a t t a c hes to  t i c t o r s  , and f o r n n n i l a t e -  h i s  c - s t  l una t e’ ,i e - cOi c I i ng i V

h u t  t Ii -  overall d e g r e e- o f  c e r t a i n ty  is no t  L r a n s f e r r c d  to t h e  f i t n m n  I rc - m m h m e c i n ’ o ’  -

- ) f lee  i t  i s  c l e a r  hm m t t h e- judgments of greatest i nt e r e s t  ; i r i -  t h ose- wi m im’hn

- n r c plag ue d to some extent by unc ertainty, many decision l m nm ml v st have’ ennpha—

Si L e - t I  p r c c i c - u f m i  list it ’ j u d g m e n t s  w h i c h  c o n t a i n  ann overt  ex p r e ’o c i e n n  of t I t t ’  c m - i t I —

n i t  h r ’ s c t - r n  u i n t y .

P r c m b , m b i l  i st i c  eSt  t m - r u t  ion i s  me dl f f c r i n t  spec - ic-s  1 m u m  n u m i g n i t i u c i e ’  eat l i i i —

t ion. Mas t ol the he’ory m,n (I (‘xp (’rirnu -imt i t ion m i m ; m - ; e u e -  I i t t d  w i t  ii p r  e c i c i b  I I i t  V

-st  j f l v m t j e u n  ,ir i s e- I rum a d i l l  c-rent cont e xt , ina ne ly, I heat I t ’ s  n 1  i t t  l c ~~t~~ l
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c l n c c j - , ’ F l u e ’ L i t  t e e  c m ’ - g i -  m~ l m  c c i t t i - c t  t i ’ t henry o f  i m i i o n a !  m: m - d n n o r n i m

b~ - h m uv  c r .  Be munch  1 - m r g c - h i t - i c ’ i n - i a  b e e n  I c - m ; S  C e - n m  - rn W i t  it the ’  ge u i c - r n  l o i n  c i t

- i I n - i t  -s , a n t i  itio r c c c l i i  - c i~ w i t  i t  I li e’ c x p l  i e - i t  i c - p c ; ;e ’n u t  I c i a  of  t i m  i t  t ;i I r u t  y

t ite - co u m ’ ’ l i-mit m c - V c c f  l e ’ p i r m t e ~ b u t  re- m i t t - e l  e st i m a t e s , - m d  r e — v i i -~ i o i n  ( n i c c ! : c t i n g

c S  t s m u t  c ’S h . se- c!  m i nt  ~m e Id I I i ‘ m i  I i i i  I ormmmt lo in .

h b t c ’ m - , e ’ e n t p h m n m m e - s  ~~~~~~~ r e - s u i t  c d  t t - c m ~~ t i m e  c lose a s a c i e - i a t  ion of t h i -  t i c - o r y

c c i  - t  c i t - c  i~~~I c c ; ;  with t O e -  mtl c : c iii us of p r o t i m u h i l i t  Ic ’- ; . l i n e -  r a I - o l u s  i i -~ not  in

ti u , -orv i t  i-;pe- -t i flc p r o b ab i l i t i e s , bu t  ii statement of t t m c ’ r e - i - i t ions im i ps

h, iwc ’eiu probm ib i I ity assert joins. Like forma l I >glm , t he cal c i t  l i ;~ o t  c ir oh a

h i L i t i ~~i --  ii- ; empty .  It  does not deal  w i th  the c o r r e c t n e s s  of s p e c i f i c :  groba—

ic i i i  t - ’  m s s e - r t  l c i n m m , but rather is concerned w i t h  ques t  Ions such as: given

t in e ’  ir o i i , m l t j  t i t i e s  of some events , how do yo u comp ute the  p r o b a h i l  ii ies of

m i t  i n c - i  
* 

r e Li ted  events  ‘~

flit’ ; n p p r c i . u c h t o  p r o b a b i l i st i c  e s t i m a t i o n  most c l o s e l y  r e l a t e d  t o  d e e - i —

s ion mu -t a I v t-j i m-c i t - -, the- h i e - m e r y  of personal  1st  i c or sub c-c - i  i ye pr c c i mm n f c I i  ty  :t5SO—

c l u t e - cl w i t  I t t ine- name s of Ra nms v , de F i n e t t  I , and Savage- . 
1 1 There  has he-en

- i  -
~~~ l i s t  of d i s c u s s ion  about the s i g n i fi r a t  ion of the p r o b a b i l i t y  e - s t i n a t e s

f e - I  l in ed  hv t i ~ i-m t heory—do they denote degrees at  b e - l i e - i , i~r o p e m i m s i t l e ’s to

W t gi  1 , ,it ;t c l e tW Icr i d e - s ( t r a d e — o f f  w e i g h t s )  on e v e n t s , amid the  l i k e  -

li n e’ i guem - i t i c u r t  of signification has been comp l i c m i t e d  by ann add i t  ional

1St - l ie  , r u m mel y the- so— (-alled problem c c i  the probahilit v c i  a s i n g  c eVent

I c u t  m ee t -m t o b j e c t i v e  t i m e - m e r i t -s c c l  p r o b m i b i l i t y ,  e v e n t s  W h l c h can be n u. sig t m c d a

pro h i , ib i I i t y  a r e -  r e - c e - i t  mf i ] , ’ • ‘I h n u s m i c o l n  can he f l i pped ( t h n t - o r e t  i c ; m l l v )  -un

I n t e l ’  - t I n n !  t e’ ntnmbe r of t I mes - Sub) c - c - i v -  t inc - e rie - In av e been m i pp  I i  eel t o  events

wh L - i i — mit f i r s t  g l m n n n c - e — .ere  not  r e - p e - m i t m u l c i e ’ . In  t a c t , the t i m c ’ i i i i e - s  we-re

m i t - - I t ’  lope-cl In part to meet an ;mpp~mrent requirem ent tom m i em n i i tm- g w i t h  m u n c e - r t a i n

j )

• ~~~~~~ 
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hint n o n — r e p e a t a b l e  ~‘V e n i t  s. For e’xarrn p i t - , i f  we- ~sk , ‘‘ Will t i m e ’  re’ be- mu mit cmr

nucle ar s-.m i be tween time Uni t - ‘el S t a t  c’s aind t in e ’ Sov i e t  Un ion during t itt’ O c x

t w e n ty  c: m i s ? ’’ t h e r e ’  i t - i  no q m u e - s t i o n  but w h a t  th e -  r - p lv  is  u t n c e r t - i i i m .  Y e t  a

m a j o r  n u c l e a r  w ar  w i t  l iii th c- t e x t  t w e n t y  y e ’m i r s  is i -not  a repeat  a b l e  e - v c i c t  in

the-  smnm e ’ sense’ in w h i c h  a t ( m S t -c of mu co in  showing heads i s  r r - h m c m i t m i h c l e ’

Fi ne - p o i n t  of v iew I take’ on t h i s  t op i c  is t h a t  s o — c a l l e d  n o n — r e p e m i t a b l e

c - : e ’ m ; t  s -i re- t n m e ’ c c r c - t  i c ; i l l y  r epea tab le ’  • Thus , one i - ar - n  ima g ine a s l u p e r  c - n - n t  i t  y

(c- ic snul c - s c i e n t i s t )  c o n d u c t i n g  me n e x p e r i m e n t  in which a ac t  of e a r t h s  is  c o n —

:1 m ; u r c d  to  r e semble’  t i -ne  e u  rUn at present , jim -cl od [rig its inmim an pop et I a t i on  at -n d

pol i t j c : - m l  s t r u c t u r e, and t ine  entire set is a l l o w e d  to run on ta r t w c ’ n I  Y vc’ . m r s ,

while t l m c  s c m h m c r b e i n g  c i r e f u l l y t a b u l a t e s  t h e  number  of c a n t  hs on w h i c h

n u m e l e t  r w a r m ;  o c c u r .  l b  i s  g r is l y gedanke e x p e r i m e n t  dc -c e - sn ‘ t ;mppe’~i r t en  V i i  i l t e ’

m l i v  l ogu-al l aw s , m u m - c l  p c c m - m s i h l y no p h y s i ca l  law s . Some i-Vents ~ir~- t c - c - b t ~~e j t m - j —

- i I I ~ re- ji e s t tb Ic (I ic r p e e--em i t ti _ ny i n u m m n i n s  ) I I k e ’  t i n e  I 1 .1 p o a ccl i i i  ; for a the- rs

mc r e ire - mi n t inuing sysle -ltn s in which -n t1e events in f~tct repeat , like varioems

kinds of te-l e p i m m m m e -  c a l l s ;  at  i l l  o t her s  are re lict itioru s , lik e’ tides c m r  -~e-asoins

S c ) n m l e t  are; rt - l m e - l t , u h i c m , bu t  v e r y  r ; m r e , l ike  R i c i u t e r  m a g n i t u d e  10 e m m r t h i q u a k e - s  —

l c ) t W  i t ~tS  Oc t m m rre t d in re - ce -tnt history . Tine intem rac t ion of history mind possi—

b f l i t  v p r o v i d e - s  ~m r i c h  and fuzzy ctnnglomerat ion of e v e n t  t v1ccs. to t ri- to

o r g m m n i z t ’  m i l l  a t  t ime-se - into lIne’ nte- ,u t conc ept like- t i-ne i :c ell - e - t ftc of vun M i ,-mc ’s
1
~

i -s s t r a i n i m m - , t o o I m i r d .p
In p a r e  l c - e i l m u r  I n t e r e s t  m i t -  t u e  n u e e n o b s e r v e - c i  e v e - n i t ; win  l e l l  h i v e ’ ve’rv i c ew

pr ic l ilmi l i i  i c - a , but .ire- m m c c i  nt ~e - e n i c . i r i l y i i u i p o s s l b l c - , I i k c ’  t h e  R i i t c ’r  nna m o u i L c n e i e ’

10 eu! i m c j tt ~t ke - or t lie del I g lu t  fin 1 examp le’ of Frede- r jc ’k Most e l  i c r  i i i  ,n  re-ft - i —

e - u m c  c t h a t now c’s - m i t - s  men o f  t i n e  l i k e - i  I hoc ee l t lim i t a human be tug ( uti n d e r p t e ’ S e’ f l

c l i i  i m :: i - m t m uii c c-a ) w i l l  live to be 1000 years c )lcl . I f t h e  pre-si-nt ~i ist rih ui t ion

/
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en I a g e -s i s  t o k , ’ n m  i - c  - 1- 1  a c m ’ ]  y • t It en the p m b - m i m i  lit . ~ of me ; m l  I I  i u n m m r  t r i m i t -  rust

I t t - I c c  — t h o u g h  vei t ’y , very small . I n n e - rde ’ r to deal  ~ i t h u Ili c- s e- t ype . s  c - i  c’~ c ’ : m t S

is  ~
c

C - -  ut m i b l  ‘c i t  ~~~ t m e - e ’e s s ; m n y  t i c  t ’ i u V l s d g e - f m v p t l  h i - i  h a l  m4 t’qnten e c t ,  m l - c  n t s ,

In n l l i c i t  to per  f c c r m  ged ;t nk e~ e - xj a - r i r u i e n t s .  l i t e -~~~e - I m m u n k e -  c~’ j-’ m it - c c Ut has mm le - mi~-

mu nch i n t u i t  I u l . h i s t  ; c r y  in the  p h y s l e i l  s e - i t t - t i c ’s. R e l m n c ’ ta rm ;’ e t o  usc- t I m e -  c ! c : V i c  C

inn t i c ’ soc - j u l s c i e ’ m t c - e’s S t e - m t - m s . I suppose , f r o m  F lue - I i m g r : m c - n m t u r V  c e -n d i i  a of

t t - ii~m i r , - , a nd t i n e  f e ’, n r  t h a t  the Ima g ina t ion  can run wi ld  w i t h  no F i r n: m t i m e - o n  - t ~ 1

c - m i  c o n s t r a i n t s .  But the theory  of p r o b a b i l i ty  is t e l - i t  i v c ’ l v  wel l  , tmI ,c u n c e - e i

and gedanke experiments can be f o r m u l a t e d  in a f a i r l y  w e l l — di s c i p l i n e d  m a n n e r .

1 li e ’ con ten t ion  t i -tat  so—cal led r i o t -n — r e p e a t a b l e  events  are  repe-m;t mL ler in

theory d oes not have the implicat ion that probab~~ 1Ly is to be defined as a

r e l a t i v e  f r equency .  R e l a t i v e  f r e q u e n c i e s  mire , on this poin t. of v i e w , or e-

way ii i measure probabilities , in much the same’ sense that the pos i t i on  of a

column of  m e r c u i r y  Inn a t h e r m o m e t e r  is one way to measure  mu t e m p e r a t u r e . The

temperatur e is not the height of the column of oe -rc , m m mv. 0 1 e - o m t m ’ e ’ , the

statement t h a t  the probability of an event im - p has t lie- i e -mni;~’i jt -tcnm e (de r ived

f r o m  t i m e -  c a l cu lus  of pr obability) that If the mnteceelC u i t of the evt-nt (e.g.

the- flip of the coin for the even t heads) is repeated , and the re-h c t- ti lions

mire - independent , there the event will occur w i t h  t h e  r e l a t i v e  f r e q u e n c y  p in

t he’ long ruin .

A pr obability estimate , on this point of view , is ~un individual ’ s jud g—

ment of an objective property of a system. ‘l’he estimate is i-no more subjec—

Five- than am estimate by someone of the height of a visible , hut unmeasured

t rc-e - , or ~in t estimate of the wid Ilu of m c river enco u nt e red by mm-n c x i i i  L i r e - i

wi thout a transit and chain.

l ine b a s i c  da tum fo r  d e c i s i o n  a n a l y s is  is t i m - i t  individuals cain and do

c-st i t m m ,n te t h e  p robabi l it ies o f r e levan t  c-v en t s  i i i  u n m u u i m e ’ t  i c - u I  t e rms . One
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a p l - r o m m  i m  t o  u t m c - cirv wc mt m lcl he to s t a r t  w i t h  that I m m c t  and ask ‘‘ How good a r e

s u e - i n  c ’St i m m i t  c ’S , - utu l how muse-lul - i  re- th ey for nit -ski m m -p d c - c  i sion s?  ‘‘ An cbv ii us

p r ob l em , u n t i l r e c: e - n u t l v , w i t h  t h is app roach  i m m m s  been t i m e -  - l i t  f i e - u l t y  of

m~p e ’e- i ly i n g  s l a n t  it ;  i : ne m m n m  i by m e good p r o b a b i l i t y  e m -i t~ i nt -n a te ’ i f  a n o n _ r e l i c . it t

e v e n t .  T h i s  issue w i l l  he- e ’ x m m n : m i u e d  more f u l l y  in t i -ne nmi - xt P i m s p t c - r  on scor-

ing n t e ’th w d s .

TIne s ubj e c t i v i s t  t i m e - o n es s L i r t  ~i l i t t l e  I , r t l m e ’ r hae~m , n a m e - l v , t - .’ i t hn t i c -

a t t i m u t  i t - n d  i vid u a l s  make : j m o  ices and t i n e - s c  to I c e -S  i r e -  in l i m i t - i c e d  i - c ’,’ t i n e  - i i

p e r c ep t  ion of t u e  l i ke l i h o o d  of even t s  r c l e ’v mm n t  to t h e -  r -ho i c  e m . Time - t i m , - c c r ’

l ay s  d own c e r t a i n  c r i t e r ia  f o r  t i n e  choices  to be- p c i m i c i  m u n c h f : L V c ’st l g . i t  i ” t im - i’

m e m n it - c q iic rncit s ct - f t i i e s - ; c m  c ’r i t t - c i a  f o r  the  p r o p e r t i e s  01 p r o h m m h i l i t  v e s t im a t c  t i .

A l t i n o u g i n  t i m c  sum I C - c  t i V i t  po in t  of v i e w  is sonuewinmit - i t  - : , mr  j u n e - w i t h

l i m i t -  gene ra l  p e t - r a p t - c t  ive ol th is book , it is u t s e f u l  to h ave an e’ x p o s i t i an  i f

t he’ t lm e o r v  . I t, is a well  t h oug h t out  fo n t - m i m i  mut  ion c i i  ic c r n m e-  c t  t iii ’ u r  i t o r i  m

i c r p m m o d  d e c  lS~ OriS , and i t  fu r n i s h e s  some m i sc - f ul  c o i t c~ -p t u a l  m m p h m s r , c t  ins t i n

*
late’ r invest iga t ions. -

‘rh e- t l t e o n y  l m e-~ - i u s  w - it ln tim e c-notion o f c h o i c e , on a i t e - m nhu t i . e - i t ’  w i t h  : i e e -

mm - e t  ion of p r e f e r e ; n n - e ’ . t i n e -  two are  t ied  t o g e t h e r  l i v  L i i i ’  dssumpt i c i i i  t n i t  i i

t h e  ind i v i du a l  ii- ; p r e s e n t e d  w i t h  a choice out  of - t s e t  itt ci t e i i u - . i  c - Inc

wi 11 s e l e - m :  I t i m e -  one he mo - st  p r e f e r s .  T i m e ’  nn~m t u r e -  of t i n e ’  m l  - r n a t i v e - s  u i e d

- is  a s t a r t  ing  p o i n t  b y v ii ious t h e o r i s t s  h i v e  d i i  I ered -i c :  -‘ - w i m a t — — ~civag -

p r e f e r s S t - c l  i i  u n g  w i t h p r e f e r e - n u c e s  among ,ictS , [o r l- t , m i n n sev i t  is goods, t i - c r

ot he r s  i t  is t ine  o u t c o m e s  of  t m  t : , and f o r  some i t  is reward v a l u e ’ ,  c c n

*
l i m e  c~~ X h m c t t - - i i t  i o n  w h u l ( ’ h  l o l t o w s  in , i c , m t - - m l e , u I  lv  t h m m n L  i t t  I , .  J. m - ut’m ige Io n t i m e
o r d i n ,n l  t h i e ,- u n  v c c i  m u i b j e - e t  lvi- p r o h ab i l  i t y .
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it m i t t :  c i i  -- i t  t c ’i, c m l LIme ’  -,~- c m r f  I . tl ,m; t of ti m e c m t - t n t  i m ip I ’ c m h i u t ’  I i - c -  tc m i t t

t i m e - ‘ 1  c c c u t e l t t - : t c c i t ’ - i .

i - - c  n tine i - n c - - i  - mi e’ - - m t - mom; i t i cm , I w ill c u - i c ’  a i - c t  mc r i t  - m m m i i  c _ m i l l  m t - c  - 1 r t  S i r  1 c t - m t -

j I m  1 c c t t t - i l ; i u u t c ’ -~ m v  time ten s :. ; i t m m . ; t h o n .  ,-\ s i t i u , t t  i cc un is - t  m t _ t I c -  ( m l  r i m .-

s- .c n  1 - I v c e-we’ : t m -v sin t nu ll vi c m i i  1 1 r e - n t - i  I m e  st a r ie l po i~ -i f i c  i ’ m  in I c r c  I m c  p h  Vi-

ann i l l t m i - ; t r i t  i m n i , m u - ‘ m , -Hcist m ig h t d c - s c r i l c e -  mm c h a i n  - ct - a ce m mml , ’ :-: msaemnh ~~a-,-e

01 m l  c m - - :  . lor I m c  i V i  C t g e -  r im -al l , most o I t h u a t .  c l i t - t - c  ( I  p t  i c m l  0 - O c  Id ,~~~‘ i r eli - V -mit t

: - i  - -m - - -~-rvch u y dee - i- sic -n - s suclu mis n-.-i m em th c- r to sit on the - h a i r , on it-m v  mi - -s m t - i c

, c : ; c l  t I m e -  like . T h n i s  d l s t  h u e lion is sometinmi’s expnom-cse ci b y d i s t in~~cii siu i - nip

be t w e e n  ~; t : u t e - ‘ - i n - m Im i c - m m  . e n t d  c - r i t e - n - i a  va r i ab les , w i t e - r i -  t i m e -  1 - m i t e - :  a r - t i - n c’

dc - ’ - c r i pt o r s  t m  m ’. , i m e -  r e l e v a n t  to  h m r e { c r e nc e s .  T i m i s  f o rmal  i t -  i t  l o in  is  pe r—

j i m - a t , m u t t  m i m i c ’ i n n t r i c m t e  t i ; , m n  is needed t a r L i n e  ex p o s i t i o n  - - I  111cm L i e -  nv

o t  s t u b  j c - c t  :‘: e -  p r o b - t h i  l i t , . * I u- se  t h e  t e r m  s i t c u a t  i o n  r it a i n iv  to  c ’t - i m;ml m tSFm’ e t i m - mi t

i t  i s  t he ’ i n m - t , - i e - s t m - :  of the ind iv idum n i tha t d e f l r t c -  t i n c -  r el e v a n t  ni-c e - m t - I s .

‘ ‘i n vi - a m 1 ’ c , i  - c t  ~ 
- x , y , z } of mm i t u m . i t  1 ont- :. n p ic - r,t L~u . c

u i  11 I - ,  c ) t e f l t  isi  t - 4 i t i t m i t  i o f l r . — — -- t  i c - v , i r c - p o s m ; i b i l i t  h e - ’ - ; t i m _ i t  ‘ c m v  c r  mmmi’  lo t

r e - m c i  m a c - I . - I - hue - i c ,,sic m i: m m i m n m h i t  ion conce r n i n g  X 1- ;  t i m _ u t  .m p i t t - -  l u m - d i v i  d m 1 1

I c , i s  i e - e - l i i n p m ;  e f m m m m u t  t l t c ’  re- I t - i t  i vc  d e s i r a b i l i ty  of  d i i  i e ’ r e u n t  s i t u i ; m t  t o n s .

ih ni t - ; c - un ; he’ i- :-:hiresse-d by saving tim -met t i m e -re - t m-i m m n  c - t i r e - n i c e  r e l m m t  m i t -  on X.

Vm c i tic m i m i e t i  ue ’ - i m m c n t m - it is c onven lcm nt to st , c n t  i-,’ i t h m t i m .  n n c c l  ion c m l  ‘‘ ti n- - f i r s

m r is i.nnd i I f e-r e -tn t ’’ i- n-e thm er t b m m n  s t r u t pref e renc e - . T h in s  x V l i e - i t - i l t i _ c -

r ’  
i t - i m i  m v i d u i m m l  c - h  t i t e r p r e f e ’ i m ;  x to y or Is lnd if L e- re- nnt c c - t O e - e u  t I e i i .  ( I t em

*
Pu it im mi t y s i t i t m i  i ons c c i  p n m i c t l e a i  c o m i c - i -rum , the’ I - - i t  c n r c ’m , w h i c,- ln  de l i-n i’O i - n i ’ c 1 e s h r —

t i c i  h i t - ,  i r e -  m in t knowun . I n  t i m e - most  c’ l e - i i m e ’ r u t m t v  m i t - ca;, i t  i s  t u e - e m - S  i l ,- t i c
h ive- - t  t r e - a t r m m e - m i L  wi u ic lm c l o u t --; n o t  ‘ x l i i  c i t  I i . - d e p e n d  e~~n - n i t  - - r i m .
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u i n . i i o p v  with ‘‘ i t t  e m i t  c - i  t } m , u m -  or e ’qum m - l to ’’ in ; close , mind is Omi t -  re- n t - - s u m f o r

s t n r o w i r i p  t i m e -  n o t a t  jo i n  �

l i i i ’  t m c - -  b - m t - m i c cond it  ions d e t e  - rmin i n g  � mire- :

i la .  i - l u i e - m : i t v .  F c c  c ’ v c - r y  p a i r  x , v in , - i t i mc ’ r ;-. ~ y or y 
~ 

x .

P i P .  T r a n s i t i v i ty ~ it - m m r  c - v e r y  t r ip le x , y , z in X , ii :-m ~ y ,  m m - nd

~
‘ 
~ 

z , tine- n x z .

Pi n a m - c - r i m ;  that t i m e  p r e f c -r ence  r e l a t i o n  is c o m p l e t e  ; f o r  c -ve t - v  p a i r

U t  S i L m m d t  i c m - m s , t in e  in divi clcm.cl knott-s whether  lii- p r e f e r s  c i n i c to L i i i -  ci t m - - r ,

or  is inch if l e - r e m n t .  P I N  j t - -~ um- m i a l l y cons ide red t h e  p r o p e r t y  w i t i c h u  mmm-ki’s

p l c f e l c - : m - c  i re lat  ion s  r a t i o n a l .  ‘l inus , fo r  ec i’:m c lnc p ic , w i t h  I ’ l mm , i t  a . er t s

i c t  p r e l i  r e -r i c e s  w i l l  not go around  in a c i r c l e ; i t  r u l e s  ou t  x p r e t  ~- r r u d

to -
, v p t - - i l  e r n c - d  to z and z pm - c-f erred to m - : .

- - r n  e --m ;rcanc i i t - u - p  s t r i c t  m ot i o n s  can be d e f iin e d .

Dla .  S t r t u t  Prel er c’mt ce. x - - y moans x v mind im-ot ‘~‘ ~~~ 
x .

D Ib .  1 mj ~ t t v m i  l i - r i m - c . x y means x 
~ 

y mmcl y ~ 
x .

lt ~ L~ e msy  to  p rove t i m - a t  f o r  any p a i r  x , y ,  one o f t h r e e  L h u i t n m ; i to  1d ,

c-it b i c r x - ’ y o n  y > x o r x  y.

In c l uu e ’d amon g n i l t r t m u t i o n s  m i r e -  a t y p e  t h a t  w i l l  be call ~ m i c m i i i i n i ~~c~~i H c - - .

A con t i t m - g e ’ n m ’y i t - ;  c comp ie-m- : s i t u a t i o n  where  them - ou tcome m ie-penci s upon t h e

arc m n r r e n c e  of  some e ven t .  For e xample , the  c o n d i t i o n  i f  Lu . , Ang e les iii the

v et - mm 19u 3i1 w i l l  deperRh upon t i n e -  o cc u r r e n ce  of - i  m a jo r  c - sr I  h qetake b e t w e e n -n  now

u r ic! t a m . n t .  ‘t ine ’ I ; c t c -  c i t  t h e ’  pocke tb ook  of  a ci t i - ienn r o l l  j u t -. dice-  i i i  a c m - s i m m - c

i i i  l i  - V e -p. m t - w i l l  de -p end c i p om n t I l e ’  a ppea ran c e ’ ci u seven j i m -  m i s  I i r : - t  r e - I l ,

c - i c .  Th i t-; I v i c e ’ n u t  d , - i c e - u n . i c - m u  e w i l l  b e mix p i c ’s - se - c l  l i v  t i m e -  i i c ) t t n t t o m n  ( x~ E) I c ’~ m e l

‘‘ L i i i -  - _ I  i m i a t  I on x w I I I c , i c t . m j  m n  i f time- e ve -ni l I- : c c c  c c m i  i; • ‘‘ l i n e - u  e ’ I s  m u e c t  l i i  m ng

p rolc m ml e 1 1 ist I n mic e  mm t I c e -  cle-p einde .n ce exprem;sed by t m s  not mii i on. I t c ould
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he - p i u v : ; i e - . m t  ‘ i j V c ’fl .1 I t - mm c m - f  c ’ ,m r t i m u l c t L e , - l  m t - m m j o r i t v  a! t I n t -  I r k - i  m m  i l i l i m i p

ei- e - e:t e’d i m e - i o i ~e’ i m i  12 w i l l  be lmm ’ .m v h l v  d i m  d.’’ II c oimi d h- I t ’  r e - - r n I t  P a

a e m e - i t i  c : c m n L r . i c t :  “ P u t - n m  t i a u t  t i m e  l i - i l l  t . i l  i t - ;  k - t o  - m  s i c i t  m i t h  t m - ’  s ; : i e -  I c r

bc - i S t - I  the’ m m u e on e-l mi c i n \ c c i i  p i t t a ~- i , OOO c l t i ~ i , I w i l l  p i t - c -  y c a m  c i i p m ;  m r  i_ h

S I c - ,00t). ‘‘ O r i t  ca in  l i e’ log h c t - mtl , ‘‘ C i v e n n  t I - n a t  C l e o p a t  r im - was b o r n  a m m  m m - t n t

.nd m e - c  t i e - n e - ’  w . i s  I 1/ 2  i n d i c t -  l ong ,  her nose was 1 1 / 2  m it - h e-s u t - - i t .

t ic c t - s I m i e s S i o n  (x I F )  in; incomplete’ in t h a t  i t  - I c c - s in ’ t say - a h - i L  m m i l l

oht niim -  ii II dc~~~ : not  O c t - C u r .  ‘ t h e  001st k - n m -  (x ,y~~!I) w i l l  he used t o  c t - - p - c r e s s

l t t e  I m b u e ’ ct- orru lm - le -te t - c c m n m - t inge-ncy (x F) and (y I F.) w Ine - re -  hi  meisuna ‘‘ Ii dIsc - no t

ic  c u r . ” P c r  c ’ x imp iei , Wi t - i  t i - n e t -  Soc i t - i l c o n t r a c t  e c u  t I m e  ro umle tt t W I l e - c l , S

is ‘ y o u  g~’i. c hip s  i . m m r t l m -  $ 3 ( m , O ( i i l , ’’ y is ‘‘ I tat -m e your chi p and c-o tt ;e -t

no t  i t -  t m m - ; - . ‘‘ E is ‘‘ t m e b a l l  f m u l  is t in t h e -  slo t w i t !-  t i m e ’  - m in t - n e n m - u m b e r  mu m - h t t m - c  oni

on-n w h i c h  y e - m t  p e t e  1 , m~~ l L l  chi p , ’’ P is ‘‘ t ine ba l l  t i l l s  inn ar m - v  o t h e r  s l u t  . ‘‘

( s , . - I l - I w i l l  - i l s o  i c ’  e , m l l e d  a c o n t i n g e n c y .

‘ i c e r e  c t - m e - r u  iv , i t  I F . } is t i n y  p a r t i t i o n  of t i n e ’  u n i v e r s e  of d i s c o t - u n s c -

t c l c  - m r m d  e - X l c i c u  t i - - c d i v i s i o n )  aim - t i  l x ?  a set o f  s i t u a t ! - c n s  n n e t - I m  L hu , uL
I

C - i c Ii S . i s  c o i n t  i m c , - e - n t  mn t I e ’ - c m r - r i ’spo nnding  F 1 , them e x h t re- u-.i cm n (x
1

m il 1,

I i  h )  , m l m f c r e v i  - i t  e’d (x . E .) , represents mm -n tm -—fold cont ingencv

N m t e ’  t l u . i t  ( x ,v~ l-~) Is j m u m t  (x~~E , y~~~) .  Comp lex comn ti rm -gencics can be’ formu—

J m m t e - d  S - i l l - r e -  t I m e  s i  r e m i t  i o ns  ar ,  themselves  ce - m it i n t p e n m - c  ten . The- p r  m a c -  iii a

— 
l o t  t e ’ r - . - c - inn be t - i n n - I  hue ’ r  l o t t e r y  t i c k e t .  U n l o r t m m n , u m e - i y  for t im - em m n c o c t i m - e s s  01

time- t heo ry , t Ime  d i s t  i n m - c t  i on  l ) e ’t W e - e - f l  m l t u a t  Ions w h n i c h  t r e  no t  c c n m n t  inge’n c km-s

and t hose  w h i c h  i re  needs to i c e -  ma j im - tm - ni ned f o r  t ime-  c- in  l y ~, L mm i - . u t--m . Si t  uat  ions

*‘fine re t a m; be-en a massi vi- (arid not completely benign) neglect of this ri- i t - i—
I i o i i t - a m l p in t’ me ’ lite r;mt mire- on the  f ou n d at  Ions  of  p r o b a b i l i t y .  I t  is n m - cm - i
l i c e ’  S;iit -ie.’ m m— imp l i t t - m t  1cm - rn . Some of t u e  p r e r h l e ’ m m m s  w i . l  1 lie- d i s c - m i s s e d  be low.
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m - - m - Im i e - i n  i r e  nm - t n t c e - n m - t i  i m - i ’ c ’ n n  c h e ’s w i l l  be c a l l e d  e I e - u n e ~~~~~~y .  ‘I’he i t h e m - t - -t -  p r e - s a id

by  ~m- m c imm - t t r i p e - m e-c ’ l a m  t i n s  l c m p i c ’ s  i n  a l l  t i - n e  su lm- j c c c t i v e  p r o b a b i l i t y  t I m e ’o r  i c - s .

c’ l t i t i - :  , Pm n i t - m t - m e v  - l e t -  L i c e  t t c i i m c  mc ej,j~~r , -ca v - t p e -  use- -s act  u n i d  m t - c m u m - m c q ~c L e - ! t - c c , von N e -u n nann

l i d  l ic e- i i -t - m -~-P r i  , j~j m h . t l c i  l i t y  c o n t b i nat i o n n .  O U t e r  m c m m i m i t e  t c-r io, are-

fulil tv - Z :-m t i u r e - , , lo tte- n i e s , de F i n e t t i ’ s rando im q u a n t i t i e s .  1 t im-n t - ; c m r n y  t o

m - I d  t m . i m m - i l  o f  t h i s .  T i m e  r e -  a r e  some- L e c t - h - n n  i ccl d i  I ft ’r en c e s  . For e ’ : - : u m m i p l e ’

( .- , v I . )  is  no t  i d c i m m - t  i e~e i  to (x ,y  I F )  p r o v i d ing P ~ F , even i f  t i m e  p r o b m m b i l i t  y

P F is e q u a l  to  t i m e  p r c c b i D i l  i t y  of F’ .

To - u~t-~i - l e t e  t i m - c  b u i l d i n g  b l o c k s , we n eed m S e t  of i -v e n t s , 1’ - L , F , P , . . .

1 i n; th ue univer ;c- m i t  d i t - me - c u r s e  of even t s , am--id con t ;i i n s  m i l l  t i m - c  e v e i m - L a  w o r t h

c u u m - mmi d er i~ c5 t o n  m m give-n problem. The symbol U will also be used  t o designate

i i i  urn i vet - r~; m m l m m c i , 1 . c • , l i i i -  - - c t  t i m a t  inc ludes  mm - i l  event a.  There sluould be

no pr ululet - m w i t h  amb ig u i ty  m e re , s ince  nno st  o f  l iii’ r c f e r c u m - e - e -~ tcc U in t I m e -

f e e l  l ow  i ng  w i  11 he in  tine ’  - c u  m m i i i  t - ;cnse . U is the m- same ’ m u :  I f - n e  e s t  i tnuat lo in

(eve-tnt ) ;p ~ic ’ em- d m  m m  t t l , S C c i  e a r l  i c r .  A l l  of t i -ne  p rob le ’ un.s m m t - ;m- mcc c - la t e - c I w i t i u  m i m e - c i t y —

I m g  e - 5 1 1  ‘ : 1 1  i O U  - ‘ i c - i c  c ’ t -  t- t l -  l i l y  t U U.

I c - u  i n n i c e l  ly ,  U w i l l  be assumed to be tmn algeh r .m o f  s e ts .  T h i s  mnnean s U

- c - : m t , m i n n s  - ml I time- sums min I d i f f e r e n c e s  of members  of U , and it conm -ta imns the’

n u l l  (em p t y )  s e t  0. For every  set i- , U ,i lso c o n t a i n s  E ( t h n e  compl c r t - i e  n i t  ,u l

i - or n o t - I  1 . lo ;m - d d i t  l o in , we n e e d  t ine  not ion  o f  j o i n t  o e - e - m t r n e ’ i m - c e  01 eV e n t s ,

E . F  ( b o U t  F m i n d  F) m und t i m e  d i s j u n m - c t i o n  E v F ( e ’ i l h n e ’ r F c- c r  F c i r  1)0th) . S i n c e

i w i l l  n o t  b e- - e , m m c e ’ r n n e c h  w i t  i t  t i m e  t i n e  s t r u c t u u r e ’  of  U , i t - s  p r e ) p e r t i e .-s w i l l

i c - c t l i e  ‘u - c - I  l i i i  c c m m t  j i m -  - i x  i c c m i c , m t  i m ~ for um. ‘l ime in te -r t -- ;te d r e a d e n c um m - ge t  - I c - t m  i t s

I n i c r m m  an y  I - - - I u i t  t i e  I c~ - m i r y  o n  - c -is or - m m m v  book om u n n e ’ m m - sml r e ’  I h n e o i v

i I m t -  d i a l  m e t  lenin l i e - t w e - e m m  Li _ m i i e l  X i s  u u c c t  m m :  m m l i i i  m a c u n e ’  m u n i p i i t . w i n - t m .

o u r- i c I l y ,  t I n e -  d i s t i n c t  I on  i n ;  t .i~ de in  t e r m s  o f  c c i u t r c c h  ; t h e ’ c - C e - n t I S  i n c  t i e
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h e m - _ i ’ c~I u h e l m  mire - ride I t u n c l e ’ n — t i m e  - mt - i n c i t  ro 1 o m- m m ~ u vi- i t  he m - div I cit m I t 1 e, t p re, m i l e  , t i  m m - i t - c ’

mu - n N e m - i l  mt je ce-i t Ice- L i n t  1 nm ei n c e ’ei , inc- O ut - c t ic c i n c  0 1  I c-in c m i i  l e t  m O t ~ :i c 1~ i e’ m i i , U l

or  c c , m l c u i m - i e m . ik c w e ,ci , e cr , t h u i s  d i~~I j im - c t join Ic e - c-m ci a dom -m -n m u  n t - c ; i m u ’  I c h i c -  cml m u m t : m l y a i m ; _

- m e  m i t - l i e -  c h i t - i t  m i t e  t m e n  on rim - i- l ire- se - mm - i approach i n-i 0mm - c - c i  I c v  l - I - I i O f l .  Time

i t t - i l l s  r im -  N I n c  t i m - u i - m e f i r  wh i c h  t h e ’  i n d i v i d ua l h . m t - -- mm - c l ear  p r e - f e r c m n a e — — t cv

c e t~~ a d i i  f e  r e-nec ’  . ‘‘ lime l ie -nm - is  in U mak e- a cli I e r e n m - c e  t h m r o u g i m -  ‘ mne- i r c t  i c m - I S

on [tennis  in N .

to summariac’ , the element:; 01 time th eory mm -r i- : tIm e - met ccl s i t u a ti o n s  X ,

I c c-  - r e - f e - r e m - n e c  r e l a t i o n  � , Lime set of events U , and t ine  c c j u e - n m l  t i n  (m-: .jE ,)

w in j c m i i  ‘e r n , - r mm - tes n - c u t  m m - g e -m e- k s .  Pla  and P lb  s p e c i f y t i - n c ’  p r op c m - r t i cr:  m i t  �

1 ’2 c - I  ends  P1 t o  e-ont ingeim -et - k - ; .

P 2 .  P 1 c c - s t e m -  b r  c’on1lm~~ et -n c i e s  . Given  any se’ t cU sj t c u . i t i o n a  I -: . I ,u rmd

c i i i  r e a l n o m n u i i  mm - g (ee l t i i — n c m f l m c r o i t t - )  set- I of e v e n m - t s  CE . ) ,  w h i c h  is mm p a r t  i t  ion ot

i t - , t d c -  ce.m n t i i n g e ’ n c y  ( x . , E .)  is In N .

P2 ma r t s  t i m a t  t he  i n d i v i d u a l  has pre : n c - r e n ce s  f c m r  cont i i m - pc m m c  i e - - m  as

we l l  i ;  f or  n o n — c o n t i n g e n t  s i t u a t i o n s, ain d in  li pt i t of P1. , m u l l > -  con t in ge ncy

c ; ium - I ce -  compared  w i t h  any s i t u a t i o n .  The s i g n i f i c a n c e  of t i m e -  w h o l e sal e  j u d e—

; - c - i m - i e r n i e -  of  e l e m e n t a r y  ( n o n — c o n t i n g e n t )  s itu a t i o n s  amid e v e n t s  w i l l  b e-  d i s —

c c i i i ! bc I c - n - ’ .

[‘1. i’ roper rieiu of (x ,y l i- )

( m l )  (x , y I E )  (y , x~~i~)

(h) (x,v IO ) - ‘ (y,xIU) - y

( e m )  ~~~~~ F) -~ x

(d)  ((x,yjE ) ,yIF) -
~~ 

(x ,yIE .F)

(mn ) (x ,(x ,y l i l ) IF) (x,yE v F)
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P3  e - x p r - -sm- e -~. a n m - m m - n u m b e r  of h n r o p e r t m - e - s wh I c h  , u r e ’  h n n n i m - e d i m m t c ’ c o n s e q u e n c e s

cjt t h e  , m n i rig ’’ cU “ -y  i - )  . I t it - ; redundan t , in t i m e -  se t -r i se  t i m - a t  - s e c i m m e ’  of t i - n e

p r o p i u r  l e t - ;  can he der ive-c l  f rom t i -n e  o t h e r s .  h owever , t e n  dc c this with e n t i r e

rigor , i t  r~m c u ld  he nece- s~; : u r v  to a x i o m a t i  mt - c the I m c - t t ~inerm t p a r t  - ;  ot  S e t  theory

which  I p r o m i s e d  n o t  re t  do jOe- c- . (a) simply ernnp h ia s  i zes  t hat  in (x , v I F)

the si  tuat -  ion  x is  m o n t  1mm- gent  on t i -n e  o c c u r r e n c e  c f  m mnd  y i s  c o n t i n g e n t

on the m c cu - nurre ’nce of F. (h) st -it t -s them obv ioemU , t t m t t  an -n y s i t u ; m t i o m m -  c c m m m - t i n —

-~;em m - t out t i c - rnm i 11 se t  i n : n e v e r m emi l ized , and coum-verse ly , ann ~si t  m m m l  ion cam -n—

t i n m p e ’ m n t on t h e ’  u n n i  v e r sa l  set  is mm - lways re m lj z e d .  (c )  is e q ua l ly  o i , v j m c i u t - ; .

A situma ti on comm -tin gem it on either an event or its negati onm - is ai wmm vs realized.

(d ) and (e )  e x p r e ss t i n e  a p p rop r i a t e  r e p r e s e n t a t i o n  of complex c e n r m - t i n m - m,c-nc i e s ,

es can be seen 1 ronm - t he  d i a g r a m s.

U U

E~~~ 

_ _ _ _ _ _ _ _ _

X V  V X X I V

(d) (e)

Figure 7. Compound Cont ing encm e s

P f l u  t - m t t~’ge’sts a more general notion , name ly tim -at of i null event.

Re m - u gh l~ , t i m e -  i d e - m e  inc an eve-nit wi-nose probability i n-c z e r e c , eve’n t i n o u g i m -  i t

r m , i ’  r iot  t m - C  c I t - t h u  I y

i1 2 .  I - . inn tm - till me-arts (x ,yIE) — y for every x at-nd y.

PL~. J ) o m l n ; j n c - e - . I f  I x .} mm -nd {y
1

} are sels of  e l e m e n t a ry  s i t m m i t i o n c ; ,

x
1 > V . c c i  u - C c - m y  i , t m c m i  (x

1 I l ~m � ~~ I i~ . i t  , m c i  - m e l d  h i  i cm , ‘. - V

h e r  ( ennu i  , and II Len not m nu i l I , time ri (x . E . ) ( ‘p’ F
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H i  i t - ;  - i  t i m - m m 11mm ,t)< i c )n cm i i i  d e e - i s i t c t m -  t i ’ e r - r ’ , i t  m e ;sc - r t s  t l m , t t  u ’ j  ‘c - i  i - u i

Cc ’ t i t i m i ~’_ e’nc ’ t c n m -  i f  t ime ’ s i t u u ; i t  j u n o  j~ t i n e ’  I 1 n n - n t u O i m - t  m I t t - f l u  y m m-i m t  l c : m m - i ~ as ‘ m u c i c i

c -  t hue ’ s i  i m m m l  h c m i j  i i i  i b u t  ; c ’ i - o u u m l  , i i i)  I m i t  t m - u  c m  i cii c m - n i t  - - - - - - c i  - m , 1 m e - m m -  I_ hue i I I -

m m-c - ii lear -n t - i s  - le - m i r , iie l e- u t - n  t i - n e -  see-one !. If b r  m u  1 mm- n t -u r i c -  o~ r u e -  e - V c - u L - -, ,

t i me ’ si L !mmm - t i c tm u is s t  - I c t ) v  b e tt e r  in i h i - f i r st  m - o n t t - n l m : c~t - i c y  t l u t - u n  1m m t h e -  S e - u s; m ,

t l n - n t -  t i m e - I m i t - m t  n o n t  l f l p c m n c V  is s t r i c t l y  p r e f er r ~-d to  t he -  sene:ond , p r o v i e h i i m - g . ,

‘ 1 c 0 e - t - - c’ , t iu m i t t h i t  c- v e n t  is m m - ot  n u l l .

l i c e ’  p o s t u m i u t e ’ is forniulatci d for elennentmmrv s itum m - t j o i n t -- r at  mc - ’  t i nt - i ri I c u r

m l  I m ; m e - m t - i b e r s  o f  N f or  t i n e -  s i m pl e  reason  t I m - a t  i t  elo~ - flut b o l d  if a i m - r i m ’ O f  t i m -

t - i t m n m t  j e u m i s  m i t - - c c t h c - i - n m m e l v e s  c o n t i n g e n c i e s .  I d n n ’ t b e l i eve t b i A s  I m e t  i - _ m s  c e c e n

m m-o te d i n  mos t p r e v i o u s  lo rnn u l at i o ns  of s u bj e c t  ive- probability t i m e - e i r v  ; h m t

I t is d l f f i c  c u l t  to be s u r e  because many of  the  m a n i p u la t i o n s  whichn dep e -mm n i

on t I n -  log ical  p r o p e r t i e s  of s e t s  are l e f t  i m p l i c i t ,  t h e  d i i f i c ul t v  w i l l

i c e -  i l l u s t r a t e d  by mm s imple example- .  Suppose one cont inpe-nm -rv i S  t O i L  Li - n e

i n d i v i d u ; m l  r ece ives  ;n do l l a r  if  it doesn ’ t r a in , o t h e r w i s e -  n o t i m i u i g ,  so

I 
(~~l , t i  R) . ‘t i ne ot h e r  c m on t i n g e i n c y  C

2 
= (x ,O~ R) w im - em -re x ( S b  , H n t )  i . e . ,

Ii i t  c hinc’n : u m ’ t r m m i m m -  t i m e ’ i n d i vid u i m m i  w i l l  r e c e i v e  $1 1)  i f  I t  r a i n s , h i m - i s  corn—

I e ’ x  e t - u c t i t  i n g e n u e - v  c - I - n f l  h e ’ e v a l u m c t _ e ’ci us i m ig  P4 , h u t  t i m e -  r e - - t i l e r  is p u h m i i m l v  w e - i l

mm - lu -mid of  an-i lys is . Tine - c c - o f l c b  con t  I ng en c y  is wc r t i u  
~ 

ret- c i- m e - ly I) — h e - - p i  t e ’ tine-

I ac t  t h ; m t  x 0. hn t ’ e ’ r m c ’ r ; e l P4 h m o l d s  f o r  h o t h u  e len imem n L - u r -  n- m i t uj-it t in s  mire d

c oun t i i u g e ’ t - m - e :  k’s in t i n ’  case tha t time events In the’ prim ary part i t i  cm-n ~c m

i T c
~~~~hp dPim - t 01 the - e ’v e i i t u ;  l i’mvo Ived i n n  the s u h — c o n t i r m - g c - r m - c i  ( ‘cc Pm mm w c ’ m - er the

not  ion e m - f  in depen dence  canno t  he d e f i n e d  w i t h  the c o n m - c e p t u m m n l  st  n u u e - t c m r e

deve l oped cip to l it is point . The not  ion of i u m - d e - p e ’ u n u i c ’ t i m - c -  can he do I imi e ’ d for

a r b i t r a r y  e v e - n t - - o n l y w i t h i n  the context of mi unuerie - - n I pr oha htl iti~- n-m , which

su e ’ won ’t g e t  t i m  fee r several ~c m m g e s  . ‘lin e f l i n t  t i m - c t  in d ep em n d e n c e  c - m r u c n o t  he
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l~- f  i mm - eel 1 or  e n r d l n m e t p rohab i l i t  ies  , even w i t _ l i  a f i x e d  I t - , ap p ea r s  t o  be’

deep ~ r ip e - r i  V C) f Li ne s u m i )j e c t l v i s t  app roach -n  w h i c i m -  s u p p l e m e n ts  t i m e  c otItru ~~m m - t s

in  - c - c t  ion 2 ct - oun ce - run inn y l i i i -  r e ’l a t i v i t y  of independence  to a sp e c il  I c  m t m m - i —

ver se  of d i s c o u r s e.

l i m e  n e x t  a s s u m p t i o n  is in t ended  to  g ive s u b s t a n t i a l i t y  to t h e  n o t i o n

of  n i n e  e m - e m i t m m-c - i n ng i t -mor e  p robable  ti -nan mmno t he r .  Suppose  you ure m o f t  e red a

ch u o i c e  be tween  two c o n t i n g e n c i e s, C
1 

= (x ,y ~~E ) aim -el C
2 

(x ,y F) , w h e t - c x - v .

Since me Is p r e f e r r e d  to y ,  you would p r e f e r  t h a t  i t  be c o n tin g e ’nt  ott  t i - n e  t - m u r c -

l i ke l y c - s m - n t .  T imus , i f  yo u fee l  t im - a t  C
1 

is pre f e r a b l e  to  C , t h u s is prim t - m m—

f - t c ~Ie’ cv i deuce: t i - n a t  you  t i m  1mm - k F is more l ike ly t h an F. As m m o b vj  our-, ex am p le ’ ,

~ f u n - i ‘ y o u  get  $11) i f  - u  im e a d  shnows on a I l ip  of a coin , o t h i e  rw i t - c ’  m u e c t  i t  u n - ’ ’

m i d  ~~ m ~~~ ‘‘ _‘ c c c m  g e t  $ i t t  i f  mm f i v e  shows on mm - r o l l  c c l  ml d i e - , o t b i e -  rwi i-ne w it  h u m - m g , ’’

y ou wouti ci tam- alt li t-a - l i t tood  :;e’ tet-ct C
1
.

Tim - is  a p p r o a c h  to p e n c e i v e d  r e l a t i v e  li ke ll i nood  w o u l d n ’ t be - w o r t h - n  -t -t -uch

i t you cluange d y o u r  f e e l i n g s  depending  on the  k ind  ol  reward. i’5 i s  j n t e ’ t - n l e - cl

to ,m s s m u r e  t h e  r eq ui ; ;it e  st a b i l i t y .  As in P4 , we have to r e s t r i c t  t i - n e  p o s t u —

m it e: to 1-l e mum i c -untary situations . I t  is p a t en t l y  false’ i f  a sse r t e d  f o r  s i t  e m - u —

t i ons  w h i c h  a re  themselves  c o n t i n g e n c i e s .

P S. Stahiliçy . I t  x , y , z ,w are  e lementary  s i tu a t i o n s  mum - u i i i  x “ v and

(x ,y~ li) � (x ,y~ F ) ,  ti ne -mn if z -, w (z ,wlE) ~ (z ,w~ F)

l’t~~- p o n ; t u l m m t e’ looks m imore ’ c ompl i ca t ed  t l m a t i  i t  i s ;  It i-ne-rely asse rt u n i t

i i  you p r e t  e r  t i n e  more va lu i ab l e  of two p a r t i c ul a r  at  t t m , m t  ions to be coot i u g e mm - t

on t i m e  e v e n t  h r- ither th .mmn t h O ’  event F , then  f o r  any o t h e r  p m m i  r o b  si t u a t  t o m u t - ~

you w o u l d  p r e - f  e r  t i m e  into re v a l u a b l e  to l) e~ cont  I ngemit on F.

mm ‘ /m m - ge- d~n f en du ;  I’ i on t In e grounds tim -a t p re- I e r i_nm- c - e’t- [or cont jut g e - i n c  i e ’ n m

should not. be dependent on ti-ne size of Lim e prizes , no matte r how sn mi m nll , as
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I m m - ng  is cent ’  i s  d e l  In  I t  c i  y p r e  fer re-d to  ti - n e ’  o t h e r .  I m um i mm - c l m e d  1 m m -  i i i  nm - k

t i m i t t im e’  quest j e u u c  u i  absolute s i z e -  of pri7e’n-m is  i hit of  a reel h e r r i n g .

co n u p ; m - r a b l e -  t i  t u e  q u e s t  ion w h e t h e r  i n d i v i d c m a l  ‘ u- unak n t  innate -mm whi t -h :i re

“ u cal  Iv  cont i n u o u s .  “ hi essence P S - it -- sn m re S that t i m e  f o l lo w i n g  d e l  m i t  ion

won ’ t c r c - l u t e -  trouble wluen si t u l a t  ions are s h u f f l e d  in c o n t i n g e n c i e s .

D i . F � F (re-mid “F is at least as probable  as F” ) means t h a t , - : iven

m r e -  e l e men t ar y  even t s  and x > y ,  (x , y J E )  � (x,yJF) .

‘l ine use o f  t im - c  same symbol  � to  i nd i ca t e  the  pre fe rence  r e - I c t  i o n  between

u - m j t n u , m t i c c r m - m ,  and the  r e l a t i o n  more probable between e v e n t s  should  no t  be too

im u c t t - m e r - , ( d m r m e , s ince  t h e  two uses w i l l  be d i s t i n g u i s h e d  b y l ower case l e t t e r s

t u - r  sj t m u , i t ions and cipper case letters for events.

In e e rch er  to assure  t h a t  D3 is not  e m p t y ,  i t  is  n e c e s s a r y  to - i s s e - r t  t im - c

trivi ,m l assumption that there is at least one pair of situations x , v stu ch

t l u m m t x m- v .  I ’ m w i ll i n g  to make that assumption without dignIfy ing it with

a I’ n u m b e r .

P1—S and D l—3 are s u f f i c i e n t  to es tab l i sh  what  could be called the piure-

m i n i m al theory of subjective probability. As we shall see in a mne nme nt , they

determine for any two events F and F tim -at the individual has a consistent

jud gment mis to which Is the mo re’ probable. This judgm€-nt lays out all events

(in U) in ;m serial order , with time null event 0 at the tow end , and the u n i —

versal event U at the upper end . As should be tim -c case , the’ disjunction

F v F of any two events is at least ~‘iS probable as either , and eithe r is at

least as probable as the con j unction E.F.

‘rhe orem 1. 
~ 

is a comp le te orde r ing  for event s, that is , it is connected

and transitive .
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P r o o f  l e t  E mind F be any two events .  For c o n n e x i ty , c o n s i d e r

any p m m i r  c c l  s i t u a t i o n s  x > y .  By P 1, e i t h e r  (x , y j E )  > (x ,y~ F) or

(x ,v~ F) (x,yJF) or (x ,y~~E) < x ,y ~ F ) .  Us ing  D3 the  c o r r e s p o n d i n g  re la -

t i o n s h i p  is t r a n s f e r r e d  t o  F and I- ’ . For t r a n s i t i v i t y ,  E ~ F and F � C meani- ;

t I n e -r e  1 - - mm p a i r  x ,y x > y and (x , yj E )  � (x ,y~~F) and t h e r e  is a p m l i r  ~t- , w z -,

and (z , w F )  � (z ,w~G). From P5 we get (x,y~ F) � (x , y I G ) . He- n c-c - f F m u i t - I  P1

( t r a n s i t  i v i t v )  we c o m m - e l u d e  (x , y j E )  � (x,yIC ), and D3 impl ies  F � F.

ii i eu ’nern 2. U > 0.

P r o o f :  A sseiunme x ° y .  (x ,yI U) x and (x ,y~O ) y by P Th

Hence U > 0 by D3.

‘I ’heorem 3. 0 � F < U.

P r o o f :  Assum ing x > y, (x,yj0 )—~-y--- (y,yIE) � (x,y~E) < (x , x I E ) ~~x~~(x ,y~ U ) .

The equalities are from P3, it-he inequalities from P4.

Theorem 4. F v F � ~ E.F .

P r o o f :  Consider  t ine  table

E . F  E . F  E . F  E . F

C
1 

x x x y

C ) X x y y

C
3 

x y x y

C
4 

x y y y

— 
I f  x > y ,  then  C

1 
domina tes C

2 
and C3, which in turn dominate C4, all by P4 .

The table entries , e.g., C2 
= (x , y I E )  = (x IE.F , xIE.F , yIE.F , y~ E.F) follow

from the log ical rule E E.F v E.F and P3.

There’ i - , a tendency in subje ctiv ist theories of pr ob a b i l it y E c u  use t i m e

t h enry  o I curd in ;m 1 p rubab fl i t y n-n imply a~ a stepping stone to t lie- mu re fanu  l i l t - m r
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*
S m t - mu-i m c i i  p m c u h m i h i  t m - t v .  h i n t s  n t -m , ev he’ too h n - m s t y  i l c - m m ~c . ,tmen - ; we m~ ’ c - c - u i ,

n m mm m t ’ r ic ’, mI pr c h i .mb i I i t ~ ’ r eins l au t o  d i f f i e m u i t i e s  ms m i c u n i  m m -  we t r y  tm  i t c c , e f rom , u

t u n e  - n u u m- vt rm ;e- , e  t i ac - -cn n sc to tnt i t  her. In m i L l  m t e lm - n  , mu -m w i 1 1 n - -p  i i  ~ - I - u t  e - r

mi nim -c’ ric a ! pu obuab I l i t  h e ’S do m i n t  n - Ic-c- n t - i 1 c m  r a t I o na l  u 7e SeOlte P inchs i t - i t e m  i c -c

m e b u i y j  n v i c e ’ s  t h e ’ , m m c e u m n t  o f m t  - n - n L m t  ion c o n ce r n i n g  u n c e r t m i i m i  c - V e s t S  b em _ cune’ s

100 5 1c m - m i t ’ . ~ e ’ i , u n m  m s t  , e i c cS t u m e  s e t  of p o s t u t i m i t m ’ s  i m i c I  d e f i n i t  j o i n -  w e-  h t - i v e

u s  I c ’ - m i t ’ t f u n  e u i m g b m -  r e - m i m i i n  vm u l i d  i i )  i t i t e n m e  ‘‘ L n O n m - — n m - m c  ma I ’ ’  c ’~~ticLi t i ons ? Li - w I I

c t  a n t i  t e d  t i m  is L ( uu- !; i e - in ( i t C i t  e r  [V on n n n u i n m m l j c u e i g m n m e n i t  S.

L u ’  t m a  I p o st u l a t e ’  w h i c h  hr  idges t i -ne it -- u p be twc - e tm -  p u r e -  l y ore l  i n - . I  p n i c i . s m —

l i i  i i  v m m m n d  n u m n t c -r i c ,-n i  c n m m ! c u i m m  i t y  l~~; t i n e -  s o n i c - w i m m i  more -  m O i l t n i i v c r t - - I i s i  “ s u n  c - —

in in ~- ’’ p r  i nc  ip  let - . ‘l i - n i  s pos t  ci l u t e ’  t n t  roduce ’s  a f o r m  c c i  st n c i t - n p i n d e p en d e n c e

b e t  W , c  m e ’m - ’ e ’i m - t ~ and -m i t  u m i t  ions  h in t t u r m i l s h i e s  t h e  basis fo r  tim - c m i i ( m i l t  ivi  t y of

p r c~~c m h i  I i~ c - n - .  f o r  e’xc l e i s i v e -  c e - n m - t m . To o r m u t l a t e  t h e  p o s t u l a t e -  iii l c u u r  f l u I d —

tic-nm - ~ e ’ i t e c ’e f  an c iu xi liary Idea .

i - . . g m ind I) e gre t - cnn E i f  t im- cr c  i s  a p a r t  i t  ion {E , } 01 F , s u c h  tha t

~ ~~~ - b - . )  , R~ h~~ mm -nd 1) = ( ( y .  F, . )  , S~~E) and x . = v • f o r  1-very  i . R I  P m m : m - i i

S F l i i  t ’  u - m i u o r t  m t - m u d for  ‘‘C and I) can be’ a n y t h  tmm - g on F.

i i - . ( :- ;uru- - - t lu n g )  i f  C1 
ag ree- s w i t h  C

3 on E m m ii i C 2 a g r e e - w i t i  C , on F in n - I

m u ~~r c ’c - -  w i t  i t  C
2 
on F amid C

3 
a g r e e-s with C

4 
on F , t h e n , i t  � (~~ C

1 
� C , .

the ’ i n t e n t  ion  c m l  P6 is probab l y c l ea r e r  di  spl  iv enu l i n  a d f a g r a n m - .

C
1 

r 5

C
2 

t S

i f  C
1 2 C 2 ,  t im - c n n  C

1 > C
4

C
3 

r U

C
4 

t U

*‘‘ . . . - f u c t  hmet - re I h u , m v e -  l i t t l e -  I n t e r e s t  In  q u ; n l l t , m t  l y d -  p r c u b ; u h n i l  I t  ic -u , e t--m e ’e ’p t

mi s a I cumnda t i o t m  l e e r  q u m i n t  I t  - i t  I vi- p robability. ‘ i . J . c~~m p ~m_~~ge -  , 
1 1 p .  4 5 .
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H ere r , s , t and U a r e -  no t  si t e m , t i ons , bu t a h b r e ’v i at  ions [or “w hat e v e r p a t —

t er n  ot  - i t  u m a t  i u ) n l s  o b t m m i u m - s  I or  su b s e - Is  of F or subsets  of E in -u the ’  - u ~;e’ mi ght

*
he ’ .

h~ - f i t s  m c  i n t e n m - t  ci  t h e  p o s t u l a t e  is e x p res s e d  by t im -c- d i a g r ;m - n n . V i s m t e - ’ ,- er

m t - m i k e - s  C
1 

preferable to C , mus t  involve  only E , because  t i m e -  t w o  u r e -  i d e n m - t i c i l

- i i m - F. bent then C
3 

and C
4 

mire also identical on F , and tiu e’ re’ for e s h e m i t  I d  be’

u l c e r  c- L I by e x t - i c  t l y  t h e  sam e  i c m n s i c i c - r a t i o n s  t i m - a t  mmi de ’ C
1 

p r e t e - r ~m lc le ’ t o  ( -

i h e  a t - e - m 1  t e r  t i n e -  i t - m i n t - c- ‘‘ s e n r e — t i m - ing ’’ should he e l i -I c r .

It. i s  u n f o r t  m u m - m i t e  t i m - m i t the ’ p o s t u l a t e  assumes such  an tnt r i l e ’ I e r r - ,

si nce  t i n e -  S u m i c  no r  loin i s  q u i t e ’  s imp le. “The on ly  fea t m i r e m  of  two m o n t  iii—

et -e n m e i e - ~ t h a t  ma k em a d i f f e r e n c e  are those  p a r t s  w h m e r e  t h e y  a re  d l f t c - m e ’ u m - t . ”

Ph turn ishe-s t he theorem

Flm - ecin ,-nr 4. E 2 F if and onl y if E v C 2 F v C , p r o v i d l in g  E . G  = F . G  = 0.

r o o t : C c i r m s i l e ’ r  t he  d i m m - g r m u n m i , where  as usual  x ~ y ,

F . F  F .F  E .F  E . F

~

x y x y
~~y

(:
3 

X x y y~ x

C
4 

x y x y x

C is l i i i  m m d c ii in P .  F by a s s u m p t i o n . E 2 F i t  and onl y I t  C
1 

2 C~ ;im i e f

E v C � F v G i l and on ly i f C 1 �c 4 . S e t  i- . F v  F ii mmn e l b- , . F  v E . F ib ,

( :
1 agre e’s with C on H , C~ agrees with C

4 
on II , C

1 
a g r c ’ u - ; w i t l u  C~ een H ,

and C ag r ee -s wit h C4 oum - H. Thus ti-ne cond it ions of i’6 m m - r e -  f c m l  I i i  led , iinc l

*
I i  i , - ;  , t , t u m u  e - c c u i m ; t r i te -cl min t t~le’me’nLary s i t  m m m i i i  t i l lS , t i n e - u  Ph i s  j u n n t . u spec - i  m l

& u s e -  m e l  P/ c , e j e u m n i  m m - m i n e  e - , m i m i u t- C
1 � (L~ m i i i  i c - m e  r > t 

* 
whe _- i n e c ’ C > c

70



i t  C ~> C . t i m e - n  (~~ > C . - m u m - i - c-  t he’ c o i m - d i t  i ts; mi r e- ;. ‘ m n - i e ’ t r m c ; u l _  u r - ’ - J c — i  - -

t i c  b u t ’ 1 d m

l i t - n t - c - i - v  I ) I t i m e ’  t l ie-eu - n - u- i ’m I c i i  I - u w ; -

l i m e - o r e - n f l  - -c is  t i - n e  t - n n i ; n l c ’ g m m e - I e c r  c u r d i m - n m u t p r o t c u h i l i t  I c ’S u t i  t I m e  t c l d f  I i v L r -

o h n e u m e r j e ’, i l  i- m h m e h i l i t j e - s  f o r  -x c l u s i v e  d m !e -i m - ts . I t  pe r mmii t m ; ce , I m n c c l l l t i u l m -
c

c c i  t; in tine ’  i n e q u a l i t y  P v C � F v C .  Aim - i m p c n r t a i t t  e c c r r o l , m r v  ‘f I L - - m r - n t - i  4 is

Cur nll ;erv . F 2 F i n n j m - l i e s  F 2 F

P r o o f :  C o n s i d e r  the  t a b l e , w i t im - x > y

E. F ~~~ F .F

C
1 

x x y V

C
2 

x y x V

C 3 y y x x

C
4 

y x y

T i c 1  inc Ii and H us  j im - t i-ne p r o o f  f o r  T I m - c ore m n m - 4 .

E ~ 
F i m p l i e s  C

1 ~~ C
2

. C
1 

a g e - c t - c - s  w i t h  C ~ m-m- ii mmd a l m r -c-s  w t h  C on H.

(~~ a g r e e - n - u  w i t h  C on H aim-d 
H 

agrees w i t h  C
4 

Oim - I i .  Thus , by Ph , F 2 E.

T u r n i n g  to  m m - u m e r i c a l  p r o ba b i l i t i e s , t h e  e l e m e n t - m r s  c m  I c u l u s  of pm h - u —

h i l i t i e s  is  r emarkab ly  s i m p l e .  You can get by w i t  F t ime  f o l l i c w i u m - c  t hree

ass mump t  I c u i l S

A l .  I )  <

— 
A 2 .  i ’ ( U )  = 1

AL i’(E v F) = P ( E )  + [‘(F) , p r u c v i d i n g  E . F  0

l u c r e -  i r e  a n m i n u b e r  of r o u u t e ~s to  t ake- t e l  A l —  I . I w i l l  n u t  I i n c  wha t

appears t o he t i t t ’  simples t of the proc - c- m i te - m t - .  >1c c re u c ni mnp I c t  e ~ r e - m i t n i t e - i m -  I s  , 1e-c ’

f o u n d  i n  Savage df l ( I  c i t  F i nnel i  . D I  m ti ~t - gt-st,s m u n it  t u e - m i  d e f i m m - i t i c u m u  b r  f l ie-

no t i o n  1u r t u h , u h i i l i t y  1/ 2 .
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D ” . P ( F )  = 1/2 me-minim ; , given x - - y ,  (x ,y~~E) (x , y I E )  i . e - . , t i m e  i n d i v i c i n m a l

is i n d i f f e r e n t  wine - t im e r t i u c ’  nmore  vmi l u m a b 1~ - m i l t e r m m - a t i v c :  is m - u m n n t  i n g e - n i t  on F or E .

C o r o l l ar y  2 .  T i  P ( i - ) = l/ ~ and P ( F )  = 1/2 , t ine -i - n  i- F .

P r o o f :  By cc-n c c l l i n v  1, if E ‘ F , the - nm -  F - P .  By d e f i n i t i o n  of P ( E )  = 1/2 ,

F F , and s i t - n i lar l y F -~ F , whence  F t-- 1 , c o n t r a r y  to a s s u m p t  i u c f l .  Tb u t - l ie ’

i e ’m l u O n m - j u i m ’  e - c  ~e -c t s  F > E .

:\ I t Im -ough i t  i l o e S no t  Seem possib l e  to  dc i  j u ne  the ’ ncn t i cnn ccl  i n sic ’p c mm d ’ mic e -

f o r  p a i r s  01 ur l ni t r u e - v  e v e n t s  w i t h i n  t i m e  ord i n e - m i  t i n e m o r y  of p r c t b a h i  I i t y  i t

i s  p o ss i b l e-  t o  clef i m i e ’ t i c c ’ n o t i o n  f m c r  t h e  s p e c i a l  case-  t h ;m t  one- of  t i m - -  e v c n m t s

im - as m e -~ cj),Jtt i i i  ty  1/2.

*
l u b .  G iven -n  P ( E )  = 1/2 , F i s  i tm - dep e nd emn t of F m imeans  F . F E .  F.

l i t ’  u - a im -  hc ’ ex t e n d e d  t o  expre- n-m s the  n o t i o n  E is indej~endent on re - I t -c t i t  I m c l t ,

p rov i d i n g  t h e  p r o b a b i l i ty  of E is 1/2 .

D 7 .  C ; i v e n  P ( E )  = 1/2 , i: is i n d e p en m - d c -n t  on r e p e t i t i o n  m e a n s :  Let  -

S e-h i gmm at e- a conm -j u n n e t  ive  s e q u e n c e  of um- terms c o n s i s t  ing of E ’ s aim-el I- ‘S in

any p r o p o r t  ioui and - m y  order; e.g. , an X mig h t  be E. E.  E.  For any  n , atm - cl

, x .i. x .e- .- n u m u

l b i e o r e t i  5. I f  t h e r e ’  c x i s t S  an event F ~ e u e ’ h t h a t  P ( E )  = 1/ ?  , mmm - e I  F 1 -
~

n n u d e - p e n i l e - n t  omn repetition , I lien t h e r e  ex i s t  n- c a u n i q u e  mapp I nn ~t- o - U ont  c c

t h e -  r e a l  iim - t c -rv a l , such  t i n i t  A l — A 3  h o l d .

Pr oof  : I t  is e l e m e n t a ry ,  b u t  t e d i o u s , to prove t im - a t  t h e  h y p o t h e s i s  of
- 

mm-t i m e ’  th e- ore -rn imp ! I€- s t i m e - r e  is u 2 — f o l d  eq u i p a r t i t i o n  of U f e n r  e v e r y  m t  m ’ j ’, e’r

n .  Denote ’  , u tn emb e-r  of  t i m e  2 1m- _ f o l d  e q u u i p a r t  i t i o n  b y X , m n m m - d t i -n e  lo g  jet -a l s u m

i f  , u n u y  m of  t Ite m-cc ’ b y X . For 1 m m ,’ F , e i t her  i- N f o m  some’ ii and n , ormm - , mm - u mm , m

*‘t h i n ;  d c l  j i m - i t  ion - m u e m  bt- r e - l u t e - il t e e  t in e -  u u s u m ; l  I el e_’i m i t  1 c m - m n  mm - i i nne i e- I it - m m c lt-m ni c-
m u e l l u c - Iv P~, i .  , i- ) P (  I- : ) P ( F )  , by not ling t l i m i t  I n m e i e - j i e ’ n d e n c ’ e j im - i , ,  I i  c-n ; i’ l I~~
I’ l l - > ‘ ( F ) , m i n d  i f  i ’ (  I- .) i ’ ( I - ) , we- e m i r l  vi m i t  t I c .
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I m c i i - i s  mm - u n I n t l  i i i  i t  e ’ ;-;e ’c l i m e ’ i u i - e ’ o f  i n - n t _ c - i  v ;n l s  X F - N . i - i n m - -  ~l
nl ,nmu t I ni ,nnm-

I c c  h & , in /~~
i t  

i i c t i n - - f i r s t  i m l - ; t  u u m ~ c , of iir rw i sm - i 1 ’  I I ntuit ot t b n e ’  m s - ~~ u u m c c -  c c l

m u - n t  e - r v a i s  ( l i ~~ l / e  n m / i )  a - ;  ii - . ‘lit i t - ;  - l e f i m n i t  juc u n  r i p  1 a i t t e c  t ine -  r e - - e l

i u u t , -u - va l  (( 1 , 1) ,  wi t:i n [‘(Ii) = I .  Time -  m a p p i n g  i n - u  i n n i q m m e -  i t - i  the .’ m e - n m - n -c i n - it 1 m r

m ummy t m-- ’o c - v e n t  s t i -nat  Im - av e p r o h a b  i l l  t y 1/2 a n t I  are’ in d e p e n d e nt  on r- p i t  i t  ion

tim -c’ i d e-nt - I le t -al mmm -pp i m g  I ;  gc mm -e r’m- te l ~~~~~~~~
‘- I f o l  cs-u-u f rom f i n e - a  r e t - i t - i  ‘c au m- d t h e m  mi ul m i i —

iv m l  v e f  t b -n e  r e - u l s  d e f I n e d m is I im it s  of  s e qu en c e -u  of  i n t c - r u -a i s  -

I l u c - n  re -rn D mt - mint ivates thie assumpt ion

P 7 .  t h e - r e t -  is an e v e n t  E, P ( E )  1/2 , m m m l F is ine lepend emut cnn n i - p c - i  i--

*j oin .

\l t lmc cm i s ’ I u  h i c - m i r  cmii 5 is  in n- u n i t -  se -ru t - -i c- an a d e - qun mi t e- bas i s  f o r  u m - u m e i m ; m l

[ r u m l i t h i  T i t l e - ; , i t  de w’s no t  , u a s u m m e ’  a t e l  me l fit l ie Is c eui i n - l i n t - m i  pt i l c i b i i  i t  it-

m n - n i l  t ( u e  n m - c u n n t e r i c a l  i n a p p i n m - g .  I t  i m p l i e s  v h , ~ t Li - ( f - : )  ‘ J ’ ( F )  t im - eu - n I- ’ , h u n t

n ot  t h e -  n c - v e r s e - . in j m u r t  i u : u m  it - mu , i t  does no t  e’xe h t m l ,  P ‘ F’ mt~ d i~~ l - )  = [‘(I).

tm r u- n I c  s i t  t h is possibi li  L y ,  an m m m 1 ; i i t  i e c n m - m m l  a s s u mn t p t i o n  is t - m - e_’ ocle. ’cl . t i m - I s

m m ~si m r t - n b ) t  i e c n m  , r u l i n g  Omi t i n f i n i t e - s  j ma l  d i f f e r e n c e s  in p r oh ah i l  i t  i e m  • is curt-i—

mo n in nea’ms un r c ’ n n c n t  t heory .

P8. ( \ r c h i me d e an )  I f  F F , t ine - n , f o r  C such t h a t P ( c )  = 1 / 2 , i mi - S ’pe nm -—

den t  on re -pe t i t  ion , t i n c - r e -  is aim -  X , such tha t F t-’ X > F -n , rn n ,m

*
M u - t  i n v e s t  i g m t  c r ;  i n  t h e  f o u m n d a t  i oui s  of  p r u n i u m b i  1 i t v  w c n n m l c i  p r e t h m m F c l y f i i u c i  P 7

m i e n J y u t - p . -  j u l  i ~c - i l , ‘ we t - u k , ’’ ;mnd p o s s i b l y  o l d — l c u m , i u i c u u e - d . The ~- m nne- m i t t - t v  I ce -

i c u e ’  of Ph , m u l o w .  I h a v e  j u r u ’ f e ’ r r e d  t h e s e ’  tw o  t m  nuore ’  p c iw er i  n i  t m - - i m p  t i ons
on t h e  c ’~ n e m u m n n c i  s that , g i v m - n  Hue i)r (um 4 (e’ t - m i i ;  I. e n d  t u f  - u m u  ord m l  p r e t h a b i  l i t
s e - m i  I c )  , th e- l c e- ; Ic i m ; i - i e m e -  a p p e a rs  t i m  be a t  t m a c h i n m - g  a n u m e r i c - m i !  Sca le-  i a p r a i s e —

h i  l i t  ies w i t h  some p n - m y e I i o  1 e ig  i c  11 c o m m - t e i m - t  . P7 and PB -mc -c’nu i fcc e x i t  ret - n-u ’ i d e ly
ac e - p t  ‘ci at ti t u n c l e - s  a b o u t  c - v - - n u t  u l i k e u u h t-i e ’rvin j ’ ,u ) u e- ,td on t he ’  f l i p  u n f  a
Ce) i n
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P8 assures that the strict inequality E > F means there is a finite

d ifference between E and F. lt also assures that E and F will be mapped

0-nm - to d i f f e r e n t  numbers .

This is probably a good place to l ist  several d e f i n i t i o n s  and f o r m u l a e

tha t  can be derived f rom A1—A3 which will be used in later sections.

D7. Relative ~~ obab i~~~~~. P(EIF) = P(E.F)/P(E)

Read “The probability of E given tha t F occurs.”

D8 . Independence. E and F are independent means P(E.F) P ( E ) P ( F ) ,

or equivalently, P ( E I F )  = P(E) .

Fl. Extended ru le  of add i t ion . P(E  v F) = P(E)  + P ( F )  — P ( i . F)

F2. Rule of the P r o d u c t .  P ( E . F )  = P ( E ) P ( F I E )  = P ( F ) P ( E I F )

F3 . Rule of e l imina t ion .  If {F .} is an exclusive and exha ustive

p ar t i t i o n  of U , P ( E )  ::P(F’ .)P (EIF ~)j  I-

F4.  Theorem of Bayes . if {H .} is an exclusive and exh austive partition

P(H . ) P ( E I H )
~ f U , P(H~ IE) = 

1P ( H . ) P ( E I H .)
3 3

There ’ is a certain reluctance to accept idealizations like an event with

probab ility 1/2 independent on repetition as a basis for probability measure—

*
nm-c-nts. ldealjzatjons in other areas of measurement are not so suspec t — per-

fec tly rigi d and ind ef i n i tely divisible rods , isochronous c-locks , and t ine’

Ii~~ - . 1 would  s u t s j u c ’ c t  t i e - i t  t h e  reason is not so much t h e  idealization us the-

fac t t h at in p r a c t i c e , p r o b a b i l i t i e s  a re  not nuic a senr ed  by e - o m p u r i s c n n m -  W i t 1 some

set o f e q u m  i p r u b a h i  e c-ven t ; , hu t  r a t  h e r  are ’  measured  by r e lat  iVI ’  I r e -quc nc  ies .

- -I t  nn m gh t  f r - n  r I v he oh p -c  t e d  t i n  it sun-In m u post ii 1mm t c we)em 1 d he- 11 m t t r a n  t 1 y md
hoe’ . ‘‘ Sav age ’  , h )u mum e lmmt ions , p. 33.
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There is no s tandard chance device , e . g . ,  a p i a t i n m t - ’ u — i r i d i u m  p e n n y ,  at t h e

I nt e r n a t i on a L Bureau ref Weigh t s  and Measures at Sevres , France .

The world  described by postulates Pl—P8 is a very  s imp le p lace .  I t  es

e s sen t i a l ly  the world of the  gambler , wi -ne -ret -  the i n t e r e s t i ng  events  are loosely

coupled to the interesting rewards. In gambl ing , the  coupling is e f f e c t e d  by

a social cont rac t , not by physical  i n t e r a c t i o n .  To d r a m a t i z e  th i s  poin t ,

P3 says chat  the contingency (x , x I E )  exists , wha tever  x and w h a t e v e r  E.  But

suppose E is “The sun goes nova tomorrow. ” What  possib le  co~m - t i n g c - n c v  could

the r e  be that  makes the outcome of the sun going nova the  same as i l n e  sun

not going nova?

Al though there have been attempts to model the “real” wor ld , where  e v e n t s

influence the relevant outcomes in a direct physical way , to my knowledge

none of these have been successfu l .  Savage begins h is  theory  w i t h  s o m e t h i n g

tha t looks very much like the real world , bu t  he has to abandon it r a t h e r

quickly . He needs the notion of “constan t ac t” --- t i -n a t  is , an act that  pro-

duces the same consequences irrespective of the state of the world — in order

to fon nnu l mute the equivalents of P4 and P6. Thus , his definition of ordinal

p r o b a b i l i t y  is formulated within the (unexpressed) restrictions of an assump—

t i o r m -  tim -a t is ve ry much l i ke  P3 .

‘rhe situation in probability theory is not too d i f l e r e n t  f r e m - m  w h i t  it is

in many other measurement theories , it is recognized by physicists , fo r

examp le , that the elementary definition of length in terms of luxtaposing a

sequence-  of e q u a l — l e n g t h  r i g i d  rods is f e a s i b l e  onl y in t - u l i m i t e d  g e o g r a p lm - i c a l

region. To measure lengths over more extended regions , e.g.. to the p l a n e t

M t - irs , compl i ca t ed appa ra tu s  and c o m p l i c a t e - m i  t i n e n u r i e - u t -  nm -l ist  be- invoked . To
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extend measures to i n t e r g a l a c t i c  d i s tances , r a t h e r  shaky assumptions concern-

ing the per iod  and intrinsic brightness of variable stars must be made-.

There is no reason f o r  suspecting that  the world is any more Lractable

wherm - i t  comes to probability measurements. Defining the elementary notion

of p robab i l i ty  measure in terms of gambling—like situations does not imply

tim-at the same type of measurement extends to any situation where we would

l i k e  to  use the term p r o b a b i l i t y .

The subjective theory of probability goes well beyond simple estimation

of probabilities and includes a relatively complete theory of individual

decisions . The extension of subjective probability theory to include numeri-

cal utilities is a relatively minor step, and in fact in the form developed

by Ramsey an -nd Dc Finneti , t h e  theory of n u m e r i c -a l  u t i l i t i e s  precedes  and

to r t - nc time basis for the finalization of a n-numerical theory of probabiliti es .

‘rhe i n t i m a t e  t ie  be tween sub jec t ive  p robab i l i t y  t h e o r y  and the  comple te

t h e o ry  of dec is ions  is bo th  a s t rength  — it a l lows d i sp lay ing  the ro le  of

p r o b a b il i t i e ’s  in decisions in a simple way — and a source of awkward con-

sequences . If human decisions as observed , e.g., in the psychological lab-

oratory , do not accord with the theory , it is not always c Lear whether thm.o

d i s p a r i t y  Invo lves  the  nar rower  concept of perceived p r o b a b i l i ty ,  o r tine. ’

more- general theory of decision in whim -h It is embedded .

As p r e sen t e d  by i t s  f o u n d e r s , and most o l  those ’  who w a n t  to  a p p l y  i t ,

t E e & -  t - m c u b j e a - t  I ye theory has been given a kind of u n i v e rsa l  i t  v w h i c h  is t iU f l4 iCe ’S—

- t r y  t or u c u i r  p u n r i c o s e s .  Thus , fo r  t r u u c — h l u u e ’  s u m h j u - c - t i v i ~~t s , my i n d i v i d u a l  ( m i t

h e- m m - u t any or e- beyond time ag e- n f  u c c ou n t a b i  1 i t y )  has m m c len r percept ion 0! the

p rcibab i I ity (from his hce-rspe .ct lye) of any event  what sect-v u - r. Furthermore ,

this prob abil ity Is p re- f t - ;e -l y the- ‘ u c c r r e e t ” p r o l u a b i l  I t y  to guide’ ar-ny of his
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c le’e’isions , t o  which the probability ium- qm ~ -m ;t io n is re m - - ,’a e m t .  Both of these

appear to he unnecessarily strong as su imp t  ions . u re r o u n c  purposes , i t  looks

s u t  I i c i e n t  t m u  n i s sume t h a t  for sortie u t n i  v~- rses  r ef d i s u u c u u r s c -  , irid iv idua l s i t S V t

ic-lat iv el y c lear p e r c e p t i o n s  o t  t i-n c’ prob ability distribu t i i t u ~ on those uni-

verses. Whether the percei— ’c- - I probabilities are “ c or r c -ct ” is m q u i t e  l i t —

fe r e nm - t m a t t e r .  We assume t ime ~ c m  he i n c o r re ct  is much the  same s e n s e  in

which g u e s s t i mat e s  of any o the r phys ica l  q n u a n t i t ~ can be i nco r r ec t .

6. Ct-il ibrat ion

Tim -c s u b j e ct i v i s t  theory  of p r o b a b i l i t y  is essen t ia l ly  a t i m - c - o r ’ -- o f con—

sis tc-r n t probabilit y estimates. The t ie  between the e s t ima te s  postulated by

t i m e -  t heory  and r e a l i t y  is loosely drawn . By and large those who whole—

h i e a r t e d l y  embrace the theory become rest ive — if not downri ght  sur l y — when

time ’  subject  of correctness of probabil i ty  j u d g m e n t s  is raised . In par t  t h is

appears to involve a feeling that probabilities are- not part of the world ,

but are measures in some not fully specified sense of the amou im- t of in forma-

t i o n  w h i c h  ; urm i nd iv idual  has concern ing  the p red ic t ed  event . C lea r ly , two

d i f f e r e n t  ind ividuna ls with different in f or m at i o n  may announce q u i t e  d i f f e r e n t

c - f  imt -i te ’ n - ;  o f  them probability of a given event . There’ is rio patholo gy in

t h n l s  — I t  is analogous  to the ’ t a c t  t h a t  P ( E I  F) may be q u i t e  d i f  fe r e ’n t  f r o m

l ’( E I C ) .

Ne-vert im -eless , there is a st r m u i g htforwa rd sense in whi ctm - an i n m - d i v i d u a l

can s imply  be mistaken in making a probability ~uic i gme ’umt . Almost - - ec- ry body

is mm -greed that the Frenc im - mathemati cian 1)’Al emhert was mist aken in asserting

that ti c probability is one—third of obtaining a head and mu t a i l  in two

tosses of a fair u cH um - . Furthermore , I f  he had be t  on t i m - i t  a ssumpt  ion , €‘v e’rv—

one  is agreed t i ma t his shir t would have been m m -  jeopard y. Hu e probl em is
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to find a clet -i r and general way to state what is meant by saying an ind ivid-

ual is corrc’ct or i n c o r r e c t  in making a probabi l ity  judgment .  If the  weather

for e c a st e -r  says t h a t  the  p robab i l i t y  of rain tomorrow is .2 , and it pours ,

what  cr ime can we accuse him o f ?  He didn ’ t say it wouldn ’ t rain , j u st t h a t

i t  was un l ike ly .  And on a lmost  any concept  of p robab i l i t y ,  un l ike ly  t h i n g s

must happen once in a wh i l e .  This top ic is exp lored more thoroughly in the

fol lowing ch apter  on scor ing.

A d i f fe r e n t approach to th i s  issue t h a t  has received t- f a i r  amount  of

a t t e n t i o n  la te ly  is the  not ion of calibration. Given a set of prob ability

es t imates  by an individual , and a set of data concern ing  the  occur rence  or

nonoccur rence  of the predicted events , it is possible to get a rough idea

how good the  indiv idual ’s predict ions  are.  Thus , if a subset of the  pre-

d i c tions  is selected , all  p red ic ting  some event w i t h  the  same p r o b a b i l i t y

R , then over many such predictions , the relative frequency F with -n which

those events occur should settle down to about R. More , generally, if the

indiv id ual generates  many es t imates  w i t h  d i f f e r e n t  prohabi  L i t  ies , t he rd — i —

tive frequency with which t he  events occur should approximate f l u e -  d o t te d

45 degree line in Figure 
8
•

In actual experimental studies , the observed results are- usuu~m l l v  q u it e

f r  f r o m  t f u e -  t h m e o r e - t I ca l l y “co r r e c t ” 45 degree- line. In Fi g u r e  ~ time so] id

l i n e m  is a p l o t  of the  d a t a  c o l l e c t e d  by Capen) m- ‘l ine s u b j e c t s  w e r e

‘ -n g  i u l ce r s .  k - m u c h  s u m h j  cc t -mnis wered .m set of 120 quest ions. Response-s con-

S h s t  em d of a tr m m e —f alse j u d g m en t  and a proi )ab iii Lv c’st j i m - t a t e -  t l i t - m t  t i -ne- m t - c - I c - c t c c i

response’ was correct. Respon se ’s  w e t - r e  r e s t r i c te d  to the ’  r o u n d — n m n m u u b e - r s

• c ) , 1 .0; the r e - m t r i c t  l o in  t o  r e - s p o n n s e - s  g t em m t e- r than or equal t e c  . ‘

i . - e ; u m i t e d  f rom t he- :mss n mn mu pt i e u n  tha t a s u b j e c t w o u l d  s e - I c - c t  t h e e -  i i  t e ’ T m m , u (  I v , -
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tha t  had , f o r  him , the  higher sub jec t ive  p robab i l i t y . The quest ions were a

mixture of p rofessionally relevant and general information types. The graph

shows the average proportion of correct responses to total number of responses

with a given probability.

Fi gure 9 is an average over the 43 subjects , and is somewhat smoother

t han  what  is observed fo r  a sing le s u b j e c t .  S u r p r i s i n g l y  e r r a t i c  data can

be observed w i t h  a s ingle sub jec t .  Figure 10 is an example.

A qu ick  glance at F igure  9 indicates tha t the engineers are not doing

very wel l  in making p robab i l i ty  est imates.  As we shall see la ter , the

nu a j o r it y  of the  subj ects would have done b e t t e r  if they had expressed com-

plete ignorance about every question — i.e., if they had always estimated

.5! For estimates of .5 and .6 the average proportion correct is not signif-

icantly different from the theoretica l proportions ; but for .7 and greater ,

the ave-rage p ropor t i on  is much smal le r  than  the e s t i m a t e s .

The t e rm “ca l ibra t ion” has been used in two related senses. In one

sense, the t e rm has been used to r e f e r  to the f a c t  t h a t  an F ( R )  curve  l ike

the solid curve in Figure 9 has been observed (or es t imated  by someone else)

for the individual. In this sense the individual has been calibrated in

much the  same way t ha t  an ins t rument  is ca l ibra ted  when i t s  response curve

to the quantity it is intended to measure is known . In the c her sense ,

an indiv idual  has been called ca l ib ra ted  if h i s  F(R) curve has been observed

to lie on the 45 degree line . Sometimes the term “fu lly calibra ted ” is

used f o r  t h i s  mean ing .

Another term for tine observed F(R) curve Is the m r ea l i sm Curve . 1’6 Am - n j i ud i-

v idu a l is cal i c u l “ r ea l i st  I c ” it In !,; curve matches the 1 lne -re re tlcal ly corn c-ct

curv e- , otherwise unrealist ic to the extent it departs fronn the’ theoretical
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Figure 9 is fairly typical of the results obtained by many investi—

17 -gat ors  in tim -is f i e ld . In general , there is a tendency for subjec ts to

f a l l  below the 45 degree line for estimates exceeding .5, and to  remain

above it b r  es t imates  less than .5. Some d i f f e r e n ce  in convent ions  of

count ing have led to apparent  discrepancies wi th  this  f i n d i n g .  Given a

sequence of sentences , and the corresponding sequence of estimates of the

probability that the sentences are true , the relative frequency of true ct-m u

be plotted against the estimate. This will produce one kind of F(R) ~rt - i p m .

However , any given e s t i m a t e  can be in te rp re ted  as a pair  of e s t i m a t e s  - one

estimate- of the probability ti-nat the sentence is true , and an in-nplied esti-

mate of tim -c probability tim-a t the sentence is false. If the individual is

consistent in his estimates , then F ( l— R )  = 1 — F ( R ) , and the curve  must  be

skew symmetric about .5 .

The genera l  p a t t e r n  e x e m p l i f i e d  by Figure 9 has o f t e n  been cha ract c r -

ized as ind ica t ing  t im - a t  t he  ind ividual overvalues his knowled ge - -  i.e., that

nv ’ is o v e r c o n f i d e n t .  Thus , when he says .8 , he really has “grounds ” only

t o i  s ay ing  .6. When he says 1.0, he is justified only in saying .85, e t c

T h i s  n o d e -  of speaking is fraug ht with semantic traps. Thus , does he “over-

value ” his information for estimates less than . 5 ?  But as we h ave seen an

estimate of less than .5 is always coupled with estimate greater than .5.

An even more ’ i n t r i ca t e ’  snare  w i l l  be discussed l ,u t e r , a f t e r  i n t r o d u c i n g  the

i t e u u r ’ of e r r o r s  a p p r o a c h  to  es t imat ion .

*
This c o n v en t i o n  can lead to verbal puzzles  at .5 .  In p a r t i c u l a r  it implies
that an Individual is always comp letely realistic for tim-c estimate .5. If
an individua l is pres enm - t ed with a set of sentences , all of w h i c h  are true ,
and he responds , “The p r o b a b i l i t y  t h a t  t h i s  sentence  is t rue  is .5” to
every sentence , i-ne Is right one—half the L im e .
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I’he sugges t ion  h a s  been made tha t  the  r e m u l  is ;;  curve be- used as a u im v ’thod

of g e n e r a t i n g  o b jec t i v e  p r o b a b i l i t i es  f rom t h e -  i n div i d ua l ’ s su b j e c t i ve

r e p o r t s .  The F ( R )  curve , on this su gge-~t ion , c- -fl u be u u , - .sd to ru  -c t  th e-

i n d i v i d u a l ’s e s t ima te s .  At  f i r s t  glance , t h i s  looks l ike a f a i r l y  at t r ac -

t ive  idea.  As mentioned above , the F ( R )  curve mi ght  be thought of as i ki t-I

of “ theory  of t im-e i n s t rumen t ” of an ind iv idua l  making p r o b a b i l i t y  j m d g m s e n t s .

Var ious  nonlinear  re lat ionships have been observed by psychologists between

phys ica l  s t imul i  and perceived magni tudes .  O f f h a n d , t im -crc is no reason w h y

there  should not be a nonlinear scaling between ob jec t ive  p r o b a b i l i t ie s  and

“perceived” p robab i l i t i e s .  Presumably , such a r e l a t ionsh ip could be us c ’d

to rescale the subjective probability estimates.

In order for this scheme to have any value , the observed F(R) curve

must be  a s table proper ty  or t ra i t  of the i n d i v i d u a l .  That  is , ove r a

f a i r l y  wide va r ie ty  of types of quest ions  and c i rcumstances , the observed

relative frequencies must be roughly the same for the same reported proba-

bilities. There is a fair amount of evidence that this is probably not the

case’; that the degree of realism is a function of the  type of qet e s t ion  b e ing

*
asked .

A unti e-h more serious objection to using empiric.ul F(R) c u r v es  f o r  u c s c m m - l —

ing probability estimates is presented by tim-c fac t that probabiliti es are

absolute scales , and allow no transformations . This statement appe a rs to

be si gnificant enough to warrant being stated as a theorem.

Theorem 6. I f  P is a p r o b a b i l i t y  measu re -  on t h e -  even t space- U , t h e n

t i m e - r e  is no f u n c t i o n  F ( P )  # P , which I s  a lso  a p r o b a b i l i t y  measure  on U.

*
‘‘1 ‘ c ’ the  d ls -u m s s i o n  of “ i n m i r d ”  ques t  i m u m ; ; in Chapter IV.

83

_ _ _ _  - - - - -- — - -  -5- 5 - - -



I roof: Let {E .} be an m—fo l d  eq u i p a r tit i o n  of U , i . e , P ( E . )  P (E
k

) =

1/rn f o r  al l  j  and k. Let F be any f u n c ti o n  of P.  We have F ( P ( E . ) )  = F ( l / m ) .

If F i s  a p r o b a b i l i t y  measure , since the  p a r t i t i o n  is exhaus t ive ,

P(E.)  1 mF( l / rn ) . Whence , F(1/rnn) = 1/rn . Consider any n < m of the E . .

P(.. E.) = n / r n .  Since F(P)  is a probabi l i ty  measure , and the E . are e x c l u s i v e ,
-t- _l

F ( P ( 5  E . ) )  = F(P ( E . ) )  = n/ rn  = F (n/m) . Since an real number can be approxi-

mated by a sequence of rationals , if F is continuous , F(x) = x for an y real

nm -umber x. The proof requires that U contain rn—fold equipartitions for arb .-

trarily large rn. This condition Is assured by P 7 .

There are several  ways Theorem 6 can be viewed with ;  respect  to  r a l i b r ;t—

t i o n .  Suppose P is the ac tual  p robabi l i ty  measure on U — i . e . ,  P is the

process which  genera tes  the occurrence or nonoccurrence  of the events  tab-

u l a t e d  to give the re la t ive  f requency F(R) , where  R is the individual’s

s u b j e c t i v e  p r o b a b i l i t y  measure on U If R d i f f e r s  f rom P , then t h e r e  is no

stable relationship between P and R In other words , two sequences E . and

F , can be selected out of U, each with the same estimated probabiliLy, and

ear - h w i t h  d i f f e r e n t  p r o b a b i l i t i e s  of occurrence .

Another  way to  v iew the theorem is the following: If an individual is

a c o n s i s t e n t  p r o b a b i l i t y  e s t i m a t o r , then no r escal ing  of h i s  es ima tes  is

also consistent. On the other hand , if the i n d i v i d u a l  is u - n o t  c o n s i s te nt ,

th -; u h is e s t i m a t e s  cannot be used with confidence- , rescale’d or not. To make

the’ dilemma l u - a r , suppose we’ are interested in P ( E  v F) whe-re we kim-ow E and

F are exclusive . There ire two ways we c-an obt a in timis estimate; (1) Let

the individual estimate P(E) and P(F), res e ,ul u - these , and take the scum .

(2) h a t t h e ’  hid lvidua l e’stlnn .-jt - P ( E  v F) and rescale t h is  est l ust e ’ . if t i-ne

individual is not fully realisti c- , these two procedures will genie -rally give

t W n  u h u l i  I C  d i i  fer L- nt a m m n u nb e- r u; . Whi ch is th u h~~ t e’s t lm ;ut ’ ?
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I f  only one nm - umber is r e q m n i r e d  — i. ” . , i f  thei-e is no inte-n ti- Jn of

us ing  t i -n e i n d i v i d u a l ’ s p r o b a b i l i t y  j u d g m e n t  j i m - f u r t h e r  . - o m p u t m t t  i o n s  L~ e,.

1) o ss lb ly  a r e sc— i l in g  p rocedure  c o u l d  bet- ~u m s t i  f i ed  , vl - t  l i me i n m - d i v i d u t - u  I

estimates precisely the probability desired . Howeve r , itt aim-cut t - ill inter—

c-sting applications , various manipulations of estimates are needed to cor~-

p lete the analysis.

In a way , this result is somewhat disappointing , since- the notic - n of

u -a l i b r at i o n  appeared to be a way of tying probability estimaNs to re a l it y.

However , in another way the result is comforting. I t  says flatly tha t realisr’t

curves define objective probabilities if and only if the individual is fully

realistic. The question of how to proceed if an ind iv idual  is not “reason-

abl y realistic” will be pursued in Chapter IV.

7. The~~ y of Errors Model

The theory of errors is perhaps the most widely used o~ the  e s t i m a t i o n

models in e x p e r i m e n t a l  psyc hology . It  is mos t of ten app lied to simple’ r nagni—

tu d e  e s t i m a t e s , b i t t  in  theory appl ies  to any q u a n t i f i a b l e  j u d g m e n t .  In

el emen ta ry  f o r m  I he model  assumes t im - a t  an c’st m a t  - has two conipon u-ri t s, a

- t - u b l e , non—var i ab le , component , and a random er ror  component .  F r  estimates

where  a c o r r e c t  or t r ue  response is d e f i n a b l e , It  is usua l ly  ass ; u : c m l  t h a t  the

stable component is the true answer , and any given response of an individ ual

is the sum of tha t t r u e  answer and a random p e - r t u r b a t i o n , i . e . ,

R = T + C ( t u )

18 . . - -In a previous peubl icat Ion I was ambiguous concerning, the n s ;t i o r m -  ot ca libra -
t ion ;  as a I o i m n m - d u t l o n  f o r  a t h e o r y  of grou~u e s t i m a t i o n . Theorem ~‘ pretty well
clears nip the  amb i g u i t y ;  c a l i b r a t i o n  is an i u u s ;h , s t an t i a l  f o u m n d a t i o n .  The
e ar l i e r  f o r m a l i s m  is s t i l l  valid . The n o t a t i o n  P ( E I R )  must  he in t e r p r e t e d  ut -~
the probabilit y t i-nat the event E will occur , g i v e - c u  t h a t  t i m e -  Ind i vi d u a l  - i n s e r t s
R , and cannot he- inter p re ted as F(R) derived from some- c a l i b r a t i o n  ceirve.
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The source of the random pe r tu rba ti on  C is usually not identified ; i t

is assumed t im - a t  var iable  f a c t o r s  both in tIm -e immediate environment and in

the internal estimation process lead to variability jim- the individual’s

response. The theory consists primarily in characterizing the properties

of this variation. I t  is usual ly assumed that  the  random e r ro r  component

has a mean of zero , and its value on any given response is independent of

It s  value on any other response.

In addition, it is often assumed that the rand om error is n m - o r m a l l y  d is—
2 , 2

tributed , i.e., i t  has the density function 
~(C) 

= 1~~,~/27rn e 
i 0 where a

is the s tandard  devia t ion of the  e r ror .  Thus the to t a l  response R is nor—

nially distributed w i t h  mean equal to T. To this ex ten t , the theo ry  is q u i t e

analogous to the theory  of a fa l l ible  ins t rument  in the ph ys i ca l  s c i c u m - c’e~~.

For c e r t a in  kinds of es t imates  such as those involved in psychophys ica l

measurement s , i t  appears  feasible  to  r epl ica te  the  e s t ima tes  so tha t  d i r e - u t

observational verification of the assumptions can be made; the sh -upe ol t h e

distribution c~an he’ det ermi ned , and parameters like the mean an ( s t a n d a r d

dev ia t ion  can be computed . However , fo r  t he  kind of e s t ima te’  we t i e

Interested in , direc t observation of random errors is d i l l  icult. The m di—

v i d u n m u l  is l i k e l y t u u  remember his  previous answer , and thus  the ;  bas ic  assu mp—

t i t - n m  of indt ’pe -ndenc e on rep i ic , ut Ion does not hold . S t a t  c -t im -e a t s c o n c e r n in g

random e r r o r  have to he r um - a che ’ i n d i r e c t l y ,  hased on the c o n - n s e q e l e ’ I m - c c ’ s  of u s s u m p —

tion;; about  the  torn ’ of t h e  random v~- i r i - u h i l i t y .  For this reason , some i n v e t - s —

i - - - ‘t o r n ;  pi c f & - r  t. s r  nt - m i i k u  ‘‘r e s u i  var  i mu b i  I I ty ’’ or  ‘‘une ’xp I a I em-ed v u  r i at ion -
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it) nut-ike- the mu- 5 ) . u p p l  f u m b l e -  t o  t he -  k i n d  - F u hut u that Is obt-m -lned i n

I u u e e n m - t  ‘~ it It m u r m - m e n t a  lii l u-u t ions , ar m- adel i t irs us u u ’ - - is fl ee -du el , u m t u u m c

a bias c o n n p o n u e ’ u u t  - Thus , an individu al t oni; cnn. e [ c- ens elered to be the unn

of three factors

R T + B +C  (7,u

[he bias t e r m , B , like T is a s tab le  component  — i . e . ,  it is c o n s t a n t

fo r  a given i n d i v i d u a l  and a g iven q ue st i o n . F~~ t - u ’ ion ( 7 )  is equ iva len t

to the  a s sumpt ion  tha t  the ind iv idua l  “ selects” his re- sponse out - -~~ a dis-

tribution that is centered arocind some nm-can that is displaced by ti me - bias

front- ti-ne true response , as illustrated in Figure- 11.

T I m - c - n o t i o n  of bi~~- h-is not received as m :nch attention in psychologi. a1

literature is the im-otion e- t random error (they are often lumped together

as “error ”); a simp le’ illustration f rom a physical -mi tu ar iur u may make the

idea cle - murer. Suppose there is a marksmar’ firing at a tm ;r yet . who has not

compensated adequately for windage or distance. His pattern cut shots migh t

took like time dots in Figure  12, whict i  are c lus te red  about a poin t  dis~~l r i - ~~d

from the - center of the target . The displacement i l l u s t r a t e d  by the solid

l i n t - c- in the figure is tim-c bias of the pattern ; the Ut f e t  Iran ii ;’ c- re--

of li -  pat -rn , ill ustrated by the das im -od l ine , is t i m e -  ranud -~n; e - r ru~

specific shot  label led R.  I t  should be c lear  f r o m  t h i s  i i I m : s t r  -

- -~~~ t he  not  i ons of b ias  and rando m er ror  a r ’  i d c a l i z  u t  i u l n s ‘ , 
-

influences ” sucni as wind and a d j u s t m e n t  f r  d i s t  ~~5 u  i n

stunt throughout the t n t - u .

* Figu re  12 can he use - i t o  i I m ist u - I t t - a --
r e q u i r i n g  )udg me n t  . C o n s i d e r a’ i r m e h i c t  - -

equall y it -u rge random error . I he~~c

c inc ly (-orre’c t . I f Liii S c u t e  e m S ~
v idua 1 can he ’ e r  eel I t  eu w i t  ~m . - - -~ 

-
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Figure 11. Illustrative Distribution of Response with Random Error and Bias
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if the bias is unknown , the process appears to be a random selection

of a response R out of a distribution with mean M where M = T + B. in

Figure 11, B is negat ive.

in Figure 11 the abscissa is labeled R. The distribution is of responses ,

not of the quantity being estimated . The question arises whether R is scaled

in the same manner as the target quantity. There has been an intensive study

for over a century of the nonlinear relationships between physical and psycho-

logical magnitudes. For sensory modalities , such as perceived intensity of

sound , perceived weight , and the like, the relationship between the psycho-

logical scal e 4) and the physical scale q (for quantity) t4) = f(q) is usually

nonlinear . There has been a lively and continuing debate as to whethe r there

is a general form for the psychophysical function , and whether it is loga-

rithmic as postulated in the pioneering Weber—Fechner studies , or a power

law as urged by S. S. Stevens , or some more general realtionship.

To my knowledge , there has not been a similar investigation of the scal-

ing question with respect to non—sensory estimates of uncertain numbers .

Exam ination of the data which have been generated in experiments with such

estimates leads to what could be called the psychonumeric hypothesis: ind i-

viduals estimating an uncertain quantity tend to scale their rer ~onses on

the logarithm of the quantity. This statement may seem a Ii. le bizarre ,

since the language in which responses are expressed is often the same as the

language used to describe the physical quantity. in what sense can we say

that 100 “seems” twice as large as 10 rather than , as arithmet ic requires ,

ten times as large?

Rather than trying to resolve the semantic puzzles generated by thi s

kind of talk , it is probably less mystifying to look at some of the  data
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which  suggests the hy p o t he s i s .  F i g ur e  13 shows t h e  d i s t r i b u t i o n  o~ severa l

thousand resp on s&~~ of s tuden t  subjects to numeri al q ’w s t i o n s  l ike ‘ How many

te lephones  are there  in A f r ic a ?” 19 The size oL the n u mb er s  being e s t i m a t ed

covered a wide range f r o m  “How many appoin tments  have been made to  the  U . S .

Supreme Court  since 1930 (as of 1969) , answe r 20 , to “How many gallons of

beer were produced in the U.S. in 1964 ,” answer 3 bil l ion 193 mi l l ion .

To make the responses comparable , they were transformed in the follow-

ing fashion: z scores were computed for the logarithms of the responses ,

where the z score is compu ted as

z = (log R — m )/s

m is the mean of the log responses (on a given question) and s is the standard

deviation of the log responses (again for the same question), i.e.,

1 2
= - (log R

1 
— m) , m — 

~ 
log R~ . Figure 13 displays the distribu-

t ion of e~~.

The smooth curve in Figure 13 is the log normal density function , i.e.,

it is the distribution that would be expected if the logarithms of the

responses were normally distributed . As can be seen from the fi gure , the

log normal distribution is a very good approximation to the data.

The skewness of the distribution of responses is to be expected on the

grounds that all of the responses have a natural lower bound — all the ques—

tions involved answers greater than zero but no natural uppe r bound . And

the precise shape of the distribution can be explained by ot~~~r assumptions

than the psychonumeric hypothesis. However there is other evidence .

Figure 14 displays the standard deviations of the log responses graphed

against the logarithm of the true answer. The true answer expresses the

“size” of the number being estimated . The standard deviation has the property
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that it is invariant under a translation, i.e., s(x + a) s(x), where a is

any constant. Similarly, the standard deviation of the logarithm of a set

of responses is invariant under multiplication by a constant , i.e.,

s(log a x) = s(log x). If the subjects were scaling their responses on the

physical numbers , we would expect the curve in Figure 14 to be flat , rather

than rising with the value of log T. Again, there are alternate explanations

of Figure 14 other than the psychonumeric hypothesis , and it can be considered

only one piece of supporting evidence.

Figure 15 shows a plot of the average log error against log T. log

error = log R — log TI where the vertical bars represent absolute value ,

i.e., taking the error without sign. Again , the log error incteases roughly

linearly with log T. There is no theory at present which ties the size of

the error with the size of T. If however, we assume that error scales with

the size of the number being estimated — if the answer to question A is twice

as large as the answer to question B, then on the average, the error in

estimating P~ will be twice the error in estimating B 
— then the curve in

Figure 15 should be flat, which it is not.

A somewhat more interesting direction in which to explore the question

of scaling comes from examination of the distribution of digits in responses.

One of the intriguing features of statistical tables such as are found in

almanacs and similar reference works, is the distribution of the first digits

-
p 

of the numbers. There is a tendency for the first digits to be distributed

in a logarithmic pattern ; specifically the frequency of digit d (d = 1 ,... ,9)

is roughly proportional to log(d + 1) — log d.2° A somewhat more general

hypothesis would be that the tabulated numbers x are themselves distributed

as l/x. This would imply that not only the first digits but the second and

$
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subsequent  d i g i t s  would also have the appropr ia te  d is t r ibut ion  — e . g . ,  the
10

frequency of d as a second digit would be proportional to ~~ Il log(lOi + d + 1)
1=1

- log(lOi + d)]. I haven ’t had the opportunity to verify this hyp othes is in

detail a relatively large body of data would be needed to generate stable

s t a t i s t i c s  hu t  a quick t ry  of a few thousand numbers selected more or less

at random out of ~in almanac looks favorable. Figure 16 shows the distribution

of second di gits so obtained. The dotted lines shows the theoretically

expec ted  t r e q u e n c i e s .

More re levant  to est imation , when the several thousand responses to esti-

mat ion  quest ions r e fe r r ed  to above were analyzed in terms of the  d i s t r i b u t i o n

of first di gits , they exhibited precisely the same logarithmic distribution

as the  da ta  from the almanac tables. The distribution of the first dig its

of the  responses is given in Figure 17. The onl y major depart ure from t h e

theor~. i t .il distribution is an evident preference for the digit 5.

One m ight be tempted to believe that the dis tribution of f irs t digits

in the responses is being “driven” by the corresponding d i s t r i bu t ion  in the

t rue  answers which the subjects are trying to approximate. indeed , the true

answers exhibit the logarithmic distribution . However , the two di~;tributions

are comple tely independent . Whatever psychological mechanism c’merates the

distribution of responses , it is not tied to the mechanism that generates a

logarithmic distribution of first digits in the almanac tables .

The d ist r ibut ion of first digits , then, is partial confirmation of the

hypothesis that the real number system in the minds of the respondents  l~

dis tributed like l/x.

Some additional supporting ev idence for the psychonumeri c hypothesis

will he discussed in the section dealing with group judgment and the theory
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of e r ro r s , Chapter V. I~ut to sum up wli  we h~tve : I f  we assume t h a t  t he

i n d i v i d u a l  seal os Ii is responses on t lie I oga r I t hm of r lie abe r he is  t r i  Lng

to  est im a t e , t hen we have a I a  i r l y s t r a i ght I orw.ird exp 1 siat ion icr t i c  b y

norma l d i s t r i h u t  ions of responses , f o r  the  i n c r e a s e  in  s t z i n d , i r i  leviat ions

and e r r o r s  with size , and for the logarithmic distribution of f i r s t  d i g i t s

in the responses .  Ther e  does not  appear  to be a n a t u r a l  way t o  t e St  t he

l vpo tliei; is  d i r e c t l y .  The d i r e c t  quest ion “h ow much b igger  t h a n  1 m i l l i o n  is

one billion ” has too f a c i l e  a response from a r i t h m e t i c .

Th e psych onumer ic  hypothesis can he interpreted as a s s e r t i n g  tha t  the

individual “thinks” in terms of the log t ransform scale , and thus needs , so

to speak , a double translation process , first expressing the response space

for the question in terms of the log scale , performing his estimate in this

response space , and then retranslating the response into “ordinary numbers .”

Of course , if this were done literally, the power of computation available

to t h e  individua l would have to he somewhat beyond the capabilities observed

iii lower division mathematics courses. The problem at representing such

“internal scales” has been t reated by Anderson.2 1

For our purposes , it is useful to express the  psyc lionumeric hyp otheses

e x p l i c i t l y .  This can be done by consider ing the  logarithmi c form at Eqila—

L I o n  ( 7 ) .  If  we let lower case l e t t e r s  s tand  fo r  t h e  iog t r a n s f o r m  of the

cor r e s p o n d i n g  uppe r—cas e  l e t t e r s , i . e . ,  r = log R , r log 1, = log C~ etc.,

then  we have

r t + b + c (8)

I f  we assume is no rma l ly  d i s t r i b u t e d , then the  d e n s i t y  f u n c t i o n  f o r  r is

( r - t—b) 2

D ( r )  = 1 /~ 2~ o e 20 2
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where is the standard deviation of the error component. Equation (9) asserts

that the distribution D(R) of the overt response of the subject is

9(R) 9(r) (10)

Equation (9) looks a good deal more intricate than it is; it asserts that

the distribution of individual responses , If we could observe it , would lcok

like t he  d i s t r i b u t i o n  in Figure  13.

The distributi on defined by Equation (9) is not the same as the ind i-

vidual ’s subjective probability distribution on the quantity being estimates .

The subjective theory of probab ility expounded in the previous sectio i has

the consequence that the individual has a subjective probability distribut ion

on any quantity (at least any which he contemplates). It seems likely t h a t

there is some relationship between the response distribut ion and th is subjec-

tive probability distribution , but neither the theory of errors nor subjective

p r o b a b i l i t y  theory  provides a formal  l ink.  I f  an e x p e r i m e n t a l  p rocedure

cou ld be dev ised which identified the response distribution sharply, it would

d oub t l e s s  he h i g hl y i n f o r m a t i v e  to make a comparison between the  two types

of distribution. One would expect a rough correlation between t i e  s tandard

deviations ot the two , and it seems likely that the means would correspond

closely to each other.

An instructive investigation arises from forming a bi”brid between sub—
ti

~ective probability theory and the theory of errors. in the section on

calibration , it was pointed out that most individuals rre poorly calibrated .

This Is usually interpreted as indicating that the individual overestimates

his In!orns~it ion . This interpretation Is strengthened by testing the Ind i-

vidual ’s propensity to bet on his estimates. Siovic reports that most of
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his subjects were willing to bet on their est imate -~ , S.~~~~s those  w i t h  ext rome

()(1(iS . But t he si t~,at  ion rn;tv he more cc i mp i lCs lt 1 i  . Suppose we is’ s that

L ii,’ jiscllvi d ita l ‘s probabili ty est m ates it  subj ect t o  I he same s s rt  of  r iiid oo

error as magnitude estimates , so that formula (6) app lie.;. it turns out

that this assilupt ion leads to calibration curves very much like Figure 8.

The assumpt ion that the random error is normally distributed is inappro-

priate for the restricted interval of probabilities. ñtli er types of error

unction can he postulated ; in the analysis below I i nv es ti g a t e two possi—

hilItIe~~, a beta function and the negative exponential.

Using formula (6) rather than formula (7) implies that the mean of the

individsal’s probability judgments is the “true” probability. There are many

i n v e s t i g a t o r s  in the field of probability estimates who deny the existence

of “t rue ” or objective probabilities for the kind of question where calibra—

tion is of Interest. I ’ll bypass that sticky point by making a less trouble-

s u e  assumption ; name ly, the assumption that if the individual always reported

the mean of his response distribution , then he wou ld be f ul l y calibr it ed .

Although tiii appears to be a strong ly “ f a v o r a b l e ” a s s u m p t i o n , it will t urn

out that the sub ject will be poorly calibrated when the random error is

i n c  luded .

Case 1: Beta d i s t r i b u t i o n .  Consider an individual who ~ebe ts a

r e s p o ns e  R out of  a d i s t r i b u t i o n  of the form

9(R)  = .iR ’1 (l — R) (11)

where T is de termined by the mean , R. In this case

T(~~) 3
~~~ 

-

l — R

a Is a normalizing constant , which is also a function ci  the mean
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a(R)  = ( T ( R )  + 1) ( T ( R )  + 2)

Equation (11) is the form appropriate for R � .5 ;  fo r  R � .5 the appropriate

form is

9(R) = aR(l — R) T ( 1~~,

An examp le of Equation (11) is given in Figure 18 where R .35.

I f  we assume tha t  the  ind iv idua l  is posed a la rge  ~et ii questions for

w h i c h  t h e objective probabilities are uniforml y distributed between (I ~s i  1 ,

we can calculate the resulting calibration curve . The results ;lr~ pr~ se u t c d

in Figure 19.

Case 2 :  Nega t ive  exponential  d i st r i b u t i o n .  I f  we assume that th shape

of the  d i s t r i b u t i o n  is a f f e c t e d  by the  degree of c e r t a i n ty  of the  i n d i v i d u a l

in his estimate , then the distribution should become “fLitte r” - i s  th e legi iC

of u n c e r t a i n t y  increases. A r a t h e r  extreme case is a f f o r d e d  b y the n e g a t i v e

exponent  ial

—bRD(R) = ae (13)

where bo th  a and b are f u n c t i o n s  of t h e  mean ~~~. An examp le of Equation (13)

fo r  the case R = .25 is given in Figure 20.

The negative exponential is t h e  maximum e n t r op y  d i s t r i b u ti on  w h e re  f l y

the mean is known . Thus i t  is t h e  “ fl a t t e s t  poss ib le” cu rve  gi e:i t h e  i~~sum p—

tion of realism for the mean . The calibration curve resu lti n g I r on t h i s

distribution is displayed in Figure 21.

~~_~~1
The resemblance of the two calibrat ion curves  to t hose  ooserved em p i r i -

c a l l y  is r a t h e r  s t r i k i n g .  As mi ght be expected , the  max imum en t r o p y  d i s t r i -

b u t i o n  leads  to pooxer calibration than the beta distribut ion. Nevert heless ,

it should he pointed out that the result Ing calibrat ion curves for eithe r t i c

beta distribution or th e negative exponent ial are still “better ” tha n the
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e m p i r i c a l l y  observed curve Fi gure 9. It  seems l ikely tha t bias is p lay ing

a role in Fi gure 9 as well as random e r ror .

FI gures 19 , 21 are especiall y Interesting In t h a t  t hey tire derived from

an assumption which in a sense is the reverse of the usual interpretation .

The assumption is that the individual is highly uncertain and this leads to

variability in his responses. Rather than being overconfident , he is

(behaviorally) just the reverse.

There is a peculiar nursery rhyme quality about this analysis; the

situation is much like Jack Hom er, thrusting his thumb at random into the

response pie , pulling Out a response, and then say ing “What a good boy am

I — that ’s jus t right!”

The analysis presented here seems to undercut further the notion of

cal ibration as a feasible procedure for correcting an individual’s proba-

bility judgments. For any given judgment, the “appropriate” correction

would not be the emp ir ically established F(R) , hut rather  the unknown mean ,

m , of the individual’s response d is t r ibut ion.
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CHAPTER III. FIGURES ~F MERIT

1. lvpes of Scores

It was stressed in the Introduction that an essen t i a l  aspect of

resolution of disagreement is the fo rmu la t i on  of f i g u r e s  of m e r i t  or scoring

rules. Some measure of per formance  is needed to apply  the  Emerson p r i n c i p l e

to show that one resolution procedure generates a judgment of greater excel—

lence than :ino the r .  The present  chapter  is concerned w i t h  figures of merit

for factual statements. Value judgments will be taken up in Chap ter VI.

There is a bewildering variety of scoring procedures to be found in the

literature . There does not appear to be a general theory encompassing all of

these and their obvious extensions. One reason is that scores can be hand—

maidens to a variety of kinds of excellence. One large and not very well

organized class of scores has evolved around the function of specifying scien-

t ific excellence——i.e., furnishing criteria for the dec ision “statement x is

scientificall y acceptable. ” Ano ther large body of procedures has grown up

around psychological measurement — using test scores to attach descriptive

indices such as l.Q . ’s to individuals. Scores can be used as motivating

devices as with school grades, or National Football League standings . And

sc ores can perform multiple roles , such as being constructs for model build-

ing. The Gross National Product is a figure of merit for the economy , but

It Is also a basic notion in macro—economic theories.

Anothe r  complex i ty  is the tact that scores themselves can be subjected

to evaluation. A given scoring procedure may or may not be a good measure ,

dep eii diti g on the role it is intended to play . A case in point is the theory

of scoring as applied to psycho logical measurement. There is (from the point
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of view of the  present  e f f o r t )  an i n t e re s t ing  amb igu i ty  tha t  pervades most

of t h i s  s u b j e c t .  The usual  f u n c t i o n  of a psychological  test  is to a t t a c h  a

number  to an ind iv idua l , d e n o t i n g  an aptitude , a trait , or perhaps an atti-

tude. The f u n c t i o n  of attaching a figure of merit to the responses is

secondary . In intelli gence testing, for example , the test constructor pre-

sumabl y knows the answers to the questions . For some tests , like the intel-

li gence test , attaching an independent objective score to the items is an

intermediate step to the basic intent. For other tests , such as personality

“inven tor ies” or attitude scales , there is no objec tively correct answer to

the items . Even for those tests where there is an objectively correct answer

it is becoming clear that utilizing data for responses which are not corre ct

may be more diagnostic than simp ly counting correct answers.’

Very generally speaking, given a response H (to a factual question) and

given the true response T, a score measures the discrepancy between R and T;

i.e., there is a function S(R,T) which expresses the degree to which R approxi-

mates T on some criterion . S will thus depend on the form of R and T, as well

as the role of R in a decision process. The following lis t of frequen t ly used

scores is not intended to be exhaustive ; however , the lis t is represen tative

of the range of scor ing methods that have played a role in decis ion analys is.

Types of Scores

1. Binary scores

2. Distance scores

3 . Scaled distance scores

4. Correlat ions

~~~. Probability scores

6. Decisional scores
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B i nary  :~e o r e~.. The simp lest kind  of b i n ar y  -; c ore i s ,- i direct comparison

i - tw t ’en  R and 1, e.g., I (or  ‘‘ t r u e ’’) for Lhe cre~e ~ = 1, and 0 (o r  ‘ ‘f a l ~~e ’’)

tor R s 1’. this is the  scor ing  scheme used in t rac t  it lenti l two—v;il lU logic.

I i s , of course , excellent , and 0 is bad . Most of t h e  r u l e s  f deductive

lo gic are concerned with transformations which preserve the score 1.

Stra ightforward extensions of this type of score are obtained by “a cept—

able level of approx imat ion” fo rms , e. g. , S ( R ,T) = 1 if R — T~~�c , otherwise

S(R ,T) = 0 , where c is a constant defining a region around T that is “close

enough .”

The true— false score is relatively unambiguous when applied to singular

est imates like “The diameter of the moon is 2160 miles. ” Difficulties arise

when the score is app lied to general s tatements such as “Human be in gs have a

lif e span of less than 130 years,” where no exhaustive list of cases can be

d isplayed . An implicit requirement for most scoring rules is finite applica-

bility. As a result , scoring rules are usually restricted to singular esti-

mates , or at most a finite set of singular estimates. This restrict- ion is

followed in the present book. It clearly leaves unexamined a signiticant

realm of estimates which guide decisions , name ly, judgmental gene ra l iza t ions .

In part thIs gap is narrowed by considering correlations as types of scores ,

and by pr obabili stic scores WhiCh have a hazy connection with generalization .

pi But neith er confront head on the issue of attaching figures of merit to

~ eI le  ral statements.

I)istance Scores. A more general kind of score can be defined if R and

T are elements In a m e t r i c  
~~~~ A me t r i c  space is d e f i n e d  as a set of

elements where the distance D(x ,y) between each pair of elements x ,y is

def ined , and D(x ,y) f ulfills the cond it ions :
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Dl .  D ( x , y )  > 0 , and D ( x ,y )  = 0 if and onl y i f  x = y .

D2 .  D(x , y)  = I)(y,x)

D l .  D(x ,y)  + D(y ,z) � D(x ,z )

For o r d i n a r y  m a g n i t u d e s , D ( x , y )  = x — y j .  For examp le , the  distance

between 50  Fahrenheit and 30° Fahrenhe it is 25 °. However , the notion 01 a

m etric space is very general and applies to a wide variety of types of qu anti—

*ties and types of distance measures . Given a metric space , we can define

S(R ,T) = —D(R ,T) ,  the negative sign to indicate that smaller distances are

more excellent. I)(R,T) is the common definition of error.

For many purposes , the distance squared is a more convenient measure.

For single quantities , the distance involves the absolute magnitude , which is

difficult to manipulate; the squared distance is more tractable. For multi-

dimensional quan tities , the distance squared has a number of additional con-

venient teatures . in n—dimensional euclidean space , the distance is defined

as 

D(x ,y) (
~ 

(x. - )
2 )l/2

where x
1 

and y. arc the components of x and y on dimension i. The square root

is awkward , but in addition , D(x,y)
2 
decomposes directly into the sum of the

:-~(lUared differences on each coordinate — a very useful property.

The distance squared is associated with a number of indices which are

of basic utility in statistics , such as the variance and least squares approx i-

mations . A useful relationship is the following :

1/n ~~ D ( R ., T) 2 
= 1/n ~~~ D ( R 1, R)

2 
+ D ( R ,T) 2 (1)

= Var( R) + D(R ,T) 2 (ia)

*An e l emen t  t r y  I r e a tm e nt , a long  w i t h  many cons idera t ions  r e l e v an t  to the
pre sen t  c h a p t e r  and Chap te r  V , is presented in Kenuneny and Snell.2
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l i i  is r c i  at i onshr p It o I Is - l  s I  ot  r n ;  p - u se s  H w i t  e P. is t1~ rn ii 1

\.~~~R) U; the v t r i - ; n e o f  t ir e ien j n ;ses. h a -  o r . n u l 1 : 1 - n  t h,,t U c. -s n

squared II i- ; t ~uie e o t  ;i s~ -t  o t  I - s i r ens;  I c t h e  t I n n -  1 ;  j u t  U i -  v a r  o u r

t i l e  r t sj o l n e s , p E t e -  the ;- ;qri .t ’ ed f iii * a t  t i c  n - a n  l o  i i ~~ L i  i n  . [i i  r he

languof e of c r i e r , t ht iver;o’,- ot t i i -  i r e l - r of  t l i t  i n i v i  ~i t . - r

r~~~ - s n ~c5 if ;  j u s t  t h e  V - i t  1 1 1 ) 5 1  ~~ t h e  j rrtif ’ l l t i . r i  e- js lrses p lus he sc 1 iar ed

*r r o t  a I Ii c ii - in

~-ealed Din an - er - . . It 1 - . o f t e n  o r  t ir e r b -saIn t - she of a r  i - ~~r - r  L i t

is rc - - ‘ t i l t , but  t he  c o m ~ - r r - l t  lye s ize .  Th i s  becomes especially 
~ d ~~tant.

wh en - c i r c e -v on d i fie r en t Jucs t ions i s  be ing  c omp a c c d , er s’h& -r, an .rve ri ;*-

sco re  over  many ques t  ions is c o r r r p r i t e d  . For example , i f  t he question is ‘ How

mar t y g a l l ons  of beer were cnnsr imed by the A m e r i c a n  p u b l i c  in 1970?” i f  t he

, riiswer is off by one million gallons , that is only an error of one—tenth of

one pe it ent . B i t t  i f  the quest i on  i , ‘‘ How many d e a t h s  due 1’’ a c c i d e n t s

occurred iii the United States. ” and the answer is off by onc million , that

i rs  - i i i  e r r o r  of !000 p e r c e n t  . C l e a r l y ,  the  l a t te r  or or Is ‘‘ much r~’o r: . J o

cc a c c u r a c y  on t hese two q u e s t i o n s , i t  seems n a t u r a l  t o  norm a l i Sc t h e

r c-- ,larnsc s to t h e  sise of the true answe r , I . - . , to define Slic err or s& s

H — i l / i ’ . This p a r t i c u l a r  n o r m a l i z a t i o n  works  o n l y  fo r  r a t i o  scales , ~he re

*
A c t  uiil Iv , 1’, rind the  R .,  can be any real  numbers  as f a r  :0; ( 1  ) is concerned ;
t h e  forn irila does not  depend upon the f a c t  that ‘F i s  t lr ~ tr il - answer to a
‘ p i e r  son far which the Ri are responses. A similar remark holds for :nrinv of
t in formul ae In  t h i s  book , where  t h e  notation is more restr ict ive t han t i r e
c a I (.fl I of the I ;  t i t  i ’t i i c ’ f l  I
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there is .i well—defined zero . For example , i f  a t e m p e r a t u r e  is heiri~ es t i —

- ,it c i , and ‘I = 12° Fahrenheit , rind the est irn a te  is 4 1 0 
, th e si - c l o d dr rot is

= f 1 .  h owever , i f  t h e  p r o b l e m  is t r a n s f o r m e d  to  t i n - hr- i S i l l S  scale , t i re

seal -~l t- r r or i s  5/0 = - ,  
. For ot her p in rp or ;&- - ;  , I) (R ,T) 2 ,~. may he more tippr o—

pr i .1 1 c .

‘h ; i i  i n t r  i c t i L t -  f o r m s  of r esca l  ing are  o f t e n  u s e f ul .  Th e psy&-honumeric

h i , - i s , I or cs-ul:p I e , suggests tha t a logan thmic trans I orma t ion of R and

- a r e  mart ’  in  accord  w i t h  perceived s ize t h a n  R r ind T u n s ea l e d . The

it~~ ir it hm i c trans tirmation has been employed in a number of group judgment

st i les wi t ] : i slightl y different justificati on. Thus , it the quantity sri

i a  s t i rs is measured  by a r a t i o  scale w i t h  a n a t u r a l  zero , h u t  no upper bound

(sac i c - a p t  h , he i gh t  , age , e t c .  , ) then fo r  a g iven  T the  range id tinder—

t - s t  i n c t i  s I s  i xud , namely, est  imates  between 0 and T , whi. Ic the pat i- ir t m l

r . i u g e  of  o v e r e s t i m a t e s  is u n l i m it e d , f rom T to - -  . In actual pr act ice , t h e

s : r n g t -  of p o t e n t i a l  o v e r e s t i m a t e s  is usually not quite so grand , bitt it s t i l l

cccv P, much l:c r gt -r than  the  range of u n d e r e s t i m a t es .  The d i s t a n c e  measure

D(R,T) = lo g  Rh = log R - log T evens out these two ranges. — 
~°- � lop R —

log 1 ~

~h r e  g e n e r a l l y,  a t r a n s f o r mat i o n  G ( R ) , when - C is mon otonically increri s—

i r i g  i n  R , may be employed . Tire figure of merit then  becomes I ) ( G ( R )  ~h ( ‘I ’) )

Onc f r e q u e n t l y  empl oyed  t r an s f o r mat i o n  i n  s t a t  i s t i c s , where  a set at , - : t

na t i - s of t Ice same q u a r i t  i t y I is elicited , Is the so—cal led norma l scott ’ or

z — Sc o r

= (R — R ) / S R .

‘t he ci sc  of tir e s t a n d a r d  dev i a t i on  as a no rma l i zl  rig f a c t o r  is  w i d e s p r e a d

in i - sta t  i n t  i t - s .  I n  t a c t , t h c t ’  st tindard d e v i . c t  ion i t s e l f  has  sornet imes  been
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emp l e v i - U  ri s a t i gni r , - of m e r i t  - t h e  s o — c a l l e d  standard  e r r o r .  T h e r e  is a

large f a m i l y of s t a t i s t i ca l  f i gu r e s  of mer i t , associa ted  w i t h  the n o t i o n  of

s t a t i s t i c a l  si,~ n i f ican ce .  i t  w i l l  not he possible to d eal w i t h  th i s  f ami ly

In t i r e  p r e s e n t  ex p o s i t i o n . Some of t he  s t a t i s t i c a l  measures are  c lose ly

r e l a t e d  to  p r o b a b i l i s t i c  f i gu re s  of mer i t  to be discussed below .

Correlations. One statistical figure of merit closely related to the

actor model approach to estimation is the correlation. In the case of thin

factor model , the object of interest (for the investigator) is the model, i.e.,

the process by which estimates (of a given kind of quantity) are generatcd ,

not a single estimate. Thus an individual can be asked to generate a set of

responses {R ,,} each with a different true response T.. The question is ,

then , how closely the set {R .} matches the set {T.}. One widely emp loyed

measure is the average error , 1/n ~~ D(R .,T.). More frequently, the average
2 -~

5qu ane d  e r ror , 1/n ~~ D(R . , T .)  is employed for reasons given above . It is

also q u i t e  conunon to f i r s t  compute z—scores f o r  the R ’s and T ’s.

The average  squared error  has one drawback.  If all the R ’s contain a

large bias , even if the  R ’s match the T ’s well otherw ise , the aver age squared

e r r o r  w i l l  obscure  the  f a c t.  A measure which overlooks the bias is the corre-

lation , usually defined as

( R .  — R) (T . —

= I (3)RT fl SR ST

if we set R ’ = (R — k)/s
R 

and T ’ = (T — T ) / s T ,  ( 3 ) become s

‘ ‘ RI ’ 1/n ~~ RjT j  (4)
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As mi ght  be expected , the re  is a close r e l a t i o n s h i p  between t h e  average

squared error and the correlation . This relationship is gi ven by the formula

1/n ~~ D ( R ., T .) 2 V a r ( R )  + Var (T) — 2SR ST O RT + (R - T)
2 

(5)

Correlation has received a “bad press ” ranging  f r o m  t h e  f r e q u e n t l y

iterated statement that correlations do not display causal relations , only

“associations ,” to recen t contentions that correlations are inherently wi-ak

measures.4 This contention has been pressed most strong ly for multiple cor-

relation where several variables are involved . Roughly speaking , the idea is

that if several variables , f . are used to predict a given quantity T , then if

each of the variables individually are positively correlated with T (“mono—

tonical ly re la ted ” is the more common expression) a high correlation will

obtain for about any I t reasonablen linear combination of the variables; thus

the correlation is uninformative about the structure of the model

T = F ( f 1,. . . , f ) .

The first objection — the non—causal import of correlation - is not

partic ularly troublesome when a correlation is being used as a score , rather

than as an adjunct to theory build ing. For the general case of non—perceptual

estimates there is no presumption that an estimate is causally related to the

phenomena being described . However , the fact that correl,-i ’ ion ignores bias

is somewhat more serious . For theoretical investigations , demons t rating that

a significan t correlation between estimates and true answers exists does not

imply that the responses will be particularly i-lose to the t rue answers , only

that they will covary In a reasonable way .

The second objection Is more to the point. 11 a relatively good score

can be guaranteed beforehand simply by the structure of the estimate and the
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w c v  the score is computed , t ha s co re  may not he a un i t  ul measure of t t & ~

-~~c l l en c e of t i r e  e s t i m a t e .  This i s su e  w i l l  be t ‘p l or e d  more t h o r o u g h l l \  in

ir e  next  ci i s ip  t e r on n omina  I ia d gment is .

l’robah i  l i s t  ~~~
- :- ; c d - cr e s

Scores fo r  p r o b a b i l i ty  e s t i m a t e s  w a r r a n t  a sect ion of t h e i r  awn . The

c oncept ital problems involved ire muc h deeper t i - ui those  a s soc i a t ed  w i t  h rnagnl—

h ide estimates. ‘i here has been s o m e t h i n g  l i ke  a major b r e a k t h r o u g h  in t he

] .iS t decade or so in t h e  forma l t h e o r y  of p r o b ah i l  1s t Ic scores , but t ue

r ; i gnificance of this theory for decision ninalv i--is is still under lively

t- -~p 1o r at i o n .

In the sp irit of distance scores , if an individual estimates that the

I 
p r o b a b i l i t y  of an event E is R , and the true probability is P , then

l > ( R , P) = j R  - P j  or D(R , P) 2 
= (R — P) 2 might appear to be reasonable figures

of  m e r i t  b r  R .  The only d i f t i c u l t y  w i t h  t h i s  mea sur~.- is t h a t  in p r a c t i c e

In’ t r u e  p r o b a b i l i t y  P is u s u a l l y unknown . However , t he r e  Is a WrI y of

ccb t c i n i n g  a c l o s e l y  asisot  Irfl ed measure , w i t h o u t  knowing  P , by using the

rrca t ion of ‘xpt’c t a t  Ion . T h i s  can be i l l u s t r a te d  by the ex p e c t a t  ion o I the

ch ar a cteristic f unction for -in event. The characteristic function C ( E )  f o r

t ire event  E is eq u a l  to 1 i i  E occurs , and equa l  t o  0 i f  I t  does not occur.

Tire association of t he  characteristic function and the truth value of the

sL;itement “F occurs ” is c l e a r l y  q u i t e  close. Now the expectation of the

ch i r r ; , c t e r i s t  Ic f r i n c t  ion is ‘ ust equal to the probahl 11 ty o h  E . In symbols ,

E x ( C ( E ) ) = P(E).  ‘[‘Ir i s statement can be made w i t h o u t  knowing P(E) .

G e n e r a l i z i n g  t h is  not ion , we can  look f o r  a score which  h :is t he  p r o p e r t y

t h i . i t  the expectat I ‘‘ii of the Score for R minus the expec  t i t  Ion of the  score

f o r  I’ Is lust t lie distance ‘:qci rred between R ,~~i l  P. In symbols , we - i n  try
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t o  desi gn a s c o r e  S ( R )  such  t h a t  E x ( S ( R ) ) = (R — P) 2 . This  goal is , in

- cc Ic i &’ v ,i t c l e. The q u a d rat  It’ score d e s c r i b e d  b e l o w  has t h i s  p r o p e r t y .  lt ~~Wu V i i ,

it t a r t s o u t  that a si,mewlrat we .iki-r r e n u i r e m e n t  leads to  a mor e  f r i c i  t i i i

t h c - o r ’~

No m a t t e r  how we wan t to measure  the  d i s c r e p a n c y  between R and P , we-

cle.-i r ly would like the measure to be a m i n i m u m  when R equa l s  P. In  symbols ,

‘
~~~~- woald like Ex(S(R)) — Ex(S(Pi) to be a minimum at R P. i n  somewhat

expr essIve notation , we would like a score  t unction S(R ,E) , wh ich c- nc g i l ’ -

a sioru g ive- n that E occurs , whe re- R is the est imated pr obab ilit y of I- .. F c r

e s t ima te s  of t h e  p r o b a b i l i t y  d i s t r i b u ti o n  R = (R
i~~~•~~~

R m ) f o r  a p i r t i t i o n

E (E 1, . .. , E )  of U , we- can write the score as S(R ,j), the score g i v e n  h i d

even t E
1 
occurs , and R is the es t imate .  Our d i s c r e p a n c y  c o n d i t i o n  t h u - r i

becomes

~~ 
P . S(R , j )  < ~~ P .S( P , j )

j j

This formulation allows for the possibility that the score ,isnu ’cI,i ted w i t h

event E . may depend on the entire distribution R , rathe r t han just on the

es t imate  R . of the p robab i l i ty  for  the  event E . .

(6) in one varian t or another , and in a plethora of int t ’rpret~c t  ions ,

has formed the basis for a large proportion of recent invest i g i t  l a i r s  i i i

—~~ 

probabil istic scores. The c o n d i t i o n , of course , does ne t  g t d i r r a n t & ’ e  t h . r t

t h e r e  Is a f u n c t i o n  S(R , j )  t h a t  f u l f i l l s  ( 6  ) ; h o w e v - r , as i t  t c r i r ~ ou t ,

t h e r e  I s  - t l a rge  f a m i l y  oh such f unctions. A nirrirbe ’ i of t ’ x , c t u p  Ic ’s are ’ I I  - h  ed

l a t e r  on. The r emarkab le  th in i ’, about ( 6 )  is t hat  desp i t e ’  tire simp l i c i t y  at

i t s  or i g i n , I t  Imposes a numbe r of p r o p e r t i e s  on s c o r e - s whi r 6 art’ des i i  at ’  I i ’

in light of their potential role In decisions .
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The ho mily of scorin g rules c tc :tracteirized Icy ( 6 ) has been called proP~j~
s, ares , admi ss I i i  I t  s~-~’r t - s , or re’a~o d u c i n~ scores , the latter from the fac t

t u i t  f o r  ,c p r o b a b i l i t y  d i s t r i b u t i o n  P . t u e  maximum e x p e c t a t i o n  is ob ta ined

~~in’n R I’ .

The d e s i r a b l e  p r o p e r t i e s  of scores f u l f I l l i n g  ( 6  ) Include the following:

c )  F~ic scer e  I a oper at  t o n a l  , t h a t  is , I t  can be assigned on the basis of a

singl e instant -c . I f  a w e a t h e r  f o r e c a s ter  says “The p r o b a b i l i t y  of r a i n

t c r ~a ’ r r , n ~ is R ” and i t  doesn ’ t r a i n , an index can be a t t ached  to his forecas t

v i t h c c ’ u t  w a i t i n g  f o r  a thousand fo recas t s .  How u s e f u l  t ha t  single score may

be i -  auothe- r m a t t e r .  ( h )  The score rewards the forecast for accuracy ; i.e.,

the ex p e c t a t i o n  Increases  as the  report  R gets closer to the a c tua l  proba—

h i l i t v .  ( c )  W i t h  a small a d d i t i o n a l  assump t ion , the score rewards the fore-

cas t  f o r  d e l i n i t en e s s ;  i . e . ,  the  expected score increases as R tends toward

pr obabilit y one for some alternative , and toward zero on the others. (d) The

score r€-wa rds a forecaster for honesty. If the foreca8ter believes Q and

inserts R , then his subjective expectation is a max imum when Q R . This

iast pr npi’rt y has been used as a basis for imposing (6) by many Inves t igators

who die dubious of “obje ct ive ” probabilities. (e) The score rewards the esti—

itiator for inc reasing his information concerning the events before formulating

his r e p o r t ;  i . e . ,  h i s  expected score is grea te r  if based on more in format ion .

* 

(1 S(R ,j) can be employed as a fi gure of merit for general statements of

tire f o r m  “All A ’s are B’s” it this is translated as P(B/A) 1.

The l i s t  p r o p e r t y  sugges ts  a simp le r e s o l u t i o n  to a long s t and ing  contro—

~oru y concerning the usefulness of a probability logic . Although a number of

at tempts have been made to formulate the probabilistic analogue of traditional

t w o — v a l u e d  l o g i c , none of these have caught the imagination either of
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log icians or of decision anal y s t s .  The reason would appear  to he t h a t  the-sc ’

attempts have been based on the  assumption t ha t  the  a p p r o p r i a t e  ana logue  fo r

the two—valued truth values true and false in the case of probability state-

ments is just the probability. Conceiving of truth values as scores , tire

appropriate analogue in the case of probability statements would be the score

as def ined  by ( 6  ).  Some add i t iona l  comments on t h i s  p o s s i b i l i t y  w i l l  be

made in the next section.

Proper t ies  (b) and (c)  are es tabl ished in the  f o l l o w i n g  r e s u l t s .  Wi

f i r s t  note  t ha t  the  expec ta t ion  “averages out ” the  i n d i v i d u a l  a l t e r n a t i v e

events , thus we can abbrev ia t e  E P~ S(R 1J) by C ( P ,R ) ,  and ~~ P , S (P ,~~) by 1 1( P ) .
j

W i t h  th i s  no ta t ion , ( 6  ) becomes C(P , R) < 1 1( P ) .  A f u n d a m e n t a l  p r o p e r t y  of

scoring f u n c t i o n s  defined b y ( 6 )  is that  H ( P )  is convex ; t h a t  is ,

R(aP + ( l— a ) P ’) ~ aR(P) + (l—a)~~(P ’)  where O~~ a~~~l. In words , 11 is convex ,

if the  average of H at two d i f f e r e n t  points  is g rea te r  than the- valu e c c  ii

f o r  the  average of the two points .  A convex f u n c t i o n  is one such tha t a l i n e

(or hyperpiane) tangent to the function at some point always remains below

the function .

Theorem 1. 11(P) Is convex

Proof: Let P” = a? + (l—a)P’ , whence

H(P”) E (a P
i 
+ (i—a)P’)S(P”,j)

J -

= a ~~ P.S(S(I”,j) + (I—a ) ~~ P’S(l”,j)
j  j

= aG(P,P”) + (l—a)G(P ’ ,i”)

From ( 6) C(P ,P”) < H(P) and G(?’,P”) < 11(P’), whence

H(P ”) < aH(P) + (l--a)F1(P’)
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Theorem 2. S(R , I )  I s  c maximum when R , = 1.

Proof: I f  R , = I , 11 ( R)  = S (R , j )  � G ( R , R ’)  = S(R’ ,j)

III . R Es  more accurate t h a n  R ’ I t  R = aR ’ + (l—a)P , where  O � a ~ I .

This Is a somewhat restricted definition of more accurate. In a

sense , each specific score rule defines its own special brand of

accuracy  (closeness to P ) .  However , the re  is no question but that

i f  R is on a ray between H ’ and P . R is closer to P.

Theorem I . I f  R is more accura te  t han R ’ , then G(P ,R ) � G ( P , R ’ ) .

Proof :  S ince R = aR’  + (l—a)P , we can write

P = (R — aR ’)/(l—a). Thus G(P,R) =

l / ( l — a ) ( G ( R , R) — aG(R ’ ,R ) ) .  S i m i l a r l y ,

C ( P , R ’) = l/(l—a)(G(R ,R’) — aG(R ’,R’)).

Since G(R ,R)~~~G(R , R ’) and G(R ’ ,R ’)�G(R ’,R),

the result follows.

D2. A score function S(R,j) will be called normal if , when R is an

equipar t ion (all R . equal), S(R ,j) = S(R ,k) for all j and k.

Theorem 4. If C is a normal scoring system , 11(P) is a minimum at the

e q u i p a r tl o n , P~ = 1/rn for  all j .

i’roof : I)enote the equipartion by P. From 1)2,

H(P) = E l/mS(P,j) s(P,j). C(R,~~) ER~
S(i

~~i) 
=

j  j

S(P , j )  = H ( P ) � C ( R ,R) 11(R) .

D3. ~ is more definite than R’ if R’ aR + (l—a)R , 0�a�1.

I f  R is f a r t h e r  away from a u n i f o r m  distribut ion than R’ in the

sense’ that R ’ lies on a ray between R and R, clearly some of the

.cr e grea ter than R , whereas for those R~ < 1/n , R.K 
< R~.
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Theorem S. If C is normal and R Is more d e f i n it e  than R ’ , H ( R ) � H ( R ’) .

P roo f :  H(R ’)< aH(R) + (l—a)H(R), and since H(R) is a minimum ,

H(R ’ ) �H ( R ) .

Theorems 3—5 can be tightened up somewhat if further restrictions are

p laced on S(R ,j), for examp le , i f it is assumed that S(R , j ) ,  is symm etric a l.

However , they are s u f f i c i e n t  to give content to the asser t ion that  any (normal )

proper score rewards the estimator for definiteness and for accuracy.

Consider a set ,~~~~ of R ’s such that , excep t for R.K for some k , tile r e m a i n -

ing R
1

1 s are in proportion ; that is, R1 
= a .(l_R.K

), i + k, E a1 = 1 , O� a . � i.

i+k
We can call such a set determined ~~ k .

Theorem 6. If  .~~~ is de termined  by k , then fo r  R in .~R

S(R ,k) is monotonic in R
k
.

Proof: Let R, and R’ be members of.~~ where R,
5 

> R,~.

From ( 6  ) we have

R S(R ’,j)� ~~~R S(R ,j)
i i i i

~~ R~S( R ,j) � ~~~R~S(R ’,j)
j  j

Whence E (R~ — R~)(S(R j) — S(R,j)) ‘ 0 , tha t  is
j J

(R.K 
— R~ ) ( S ( R ’ ,k) — S(R ,k)) + (R~ — R.

k
) Laj(S ( R ’,i) — S(R , 1) )  ~

- 0

By assump tion, R.K 
— R~ > 0, thus if S(R’,k) — S(R ,k) � 0 .

~~ a1
(S(R ’,i) — S(R ,k)) � 0. But this implies

I

~~ R
1

S(R ’ , j )  -
. 

~~ R~ S ( R 1 l ) .  c on t r a r y  to ( 6 ) .
I -

Corol la !y 1. For a two a l t e r n a t i v e  s -ore r u l e , S ( RJ )  is  m o n o t o n l c  In  R . .
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Proof: I mmedia te  since m y  t w o — a l t e r n a t i v e  R is de te rmined  b y R . .

Theorem 6 c - s t - i h l l s h e s  a useful mono t ( ln iC y  p r o p e r t y  fo r  any p rop er  scor ing

i’inct ion S(R,j).

With rc-gard t o  p r o p e r l y  ( e ) ,  suppose an e s t i m a t o r  is fared with the option

& (tiler of making his j u d g m e n t  based on what  he knows , or of o b t a i n i n g  f u r t h e r

ill fc rmation. Can anything be said about his expected score taking one or the

othe r op t ion?  You would probably expect that either the score obtained with

a d d i t i o n a l  i n f o r m a t i o n  is b e t t e r  than the  score without , or something is

seriousl y wrong with the score rule. As it tu rns  out , condition ( 6 )  is s u f —

*t icient to show that any proper score rule has this desirable property. In

order to demonstrate this , we need some additional notation. Let R~ be as

usual the estimated probability for event E
i
. Assume that “obtaining addi-

tional information” can be described by another partition (I.} on U , to be

Interpre ted as the alternative states of the world that could be Identified

by a particular Information search. Given that the search specifies I~ as the

state of the- world , the individual can t hen estimate the probability (R
1 J l~ ) =

R 1. for the event E
i
.

Evaluating the two options before the fact — i.e., before the dec ision to

seek further information or not -- there exists a certain probability that the

sear ch will identi fy each of the I. as the state of the world . We can designate

these probabilities as P(I~ ). They are not represented as estimates since the

general result will be independent of these probabilities. However , if the

decision were being made in a prac t ical contex t , it would be necessary to

estimate these probabilities In order to determine whether the additional

* 7The analysis that follows Is a generalization of a result due to Raiffa.
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information justified whatever costs were involved . With the a d d i t i o n a l  no ta—

tion we can assert

Theorem 7. ~~ R~ S ( R ~~i)  ~~~~~P ( I . ) E R . . S ( R . , i)
i _ j i

Proof :  From the ru le  of e liminat ion , F ( 3 ) ,  Chap .  I I ,

R . = ~~~P ( l )R . . . S u b s t i t u t i n g  for  in the  l e f t  s ide

of the  theorem we get

E P ( I . ) R ~~. S(R ~ i) = ~~~ P(T , )
~~~~ R . . S ( R , i)

By ( 6 )  ~~~R~~. S(R ~ i) �~~~~ R~~. S(R ~~~i) fo r  every j .
i ,J i 3 _]

Whence the theorem follows .

This resul t  is qu ite  general. It applies to any scor ing  ru le  t ha t  ful-

fills (6). As we have seen , the result is independent of the probabilities

P(I .). One assumption is concealed in the notation , name ly that the estimates

and R1. “act like prcbabilities ,” and in particular P(I.) and R .. combine

in the proper way .

This theorem is the  analogue for  scor ing  ru le - s  of the  r e f  i n eme-nt  t h t - cr -r-

of Marschak . 8 The r e f i nemen t  theorem s t a t e s  t h a t  the onl y c o n d i t io n  u n d e r

which an information pattern will lead to an improved payoff ov k-r m other ,

independently of the payoff function or the specific prob a h ’Iit y assi r’nment , is

if the first is a refinement of the second , i.e., i f  the  f i r s t  is  a p a r t i t io n

of the second. In Theorem 7 we have assumed that t h e  p a r t i t i o n  I , is a r e f i n e -

ment of the (Implicit) information pattern available to ti m e ind ividu al.

Theorem 7 has a number of applications. It substantiates the In tu i t ~~~

attitude that additional informatio n is always a good thing . i’hls wHi be

invest Igated further In Chap. V. It Is a gene! a] schema t h a t  e&i it  he e- xploi ted

to show that two heads are better than one, as Is done- lu Chap. V. Flnall~~, it
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i l lum i nates a p ml ~ ~ Ic that an p 1 agile t i m e  -va l  ua t. Lou o f  a S~~CC I f ic p ieee of

i i ,fv rn cmt Ion. ‘ l ’ ic , ’  t i m e cr e m holds b e f o r e  t h & -  f a c t  . i . e .  , before a specific I . Is

e ’ -tah ljsh&’eI ,ms t he’ s ta t e  of  t i m e  wor ld . - \ f t e r  the f - m e t , the  expected score

f rom :m g iven 1 . may he s m a l l e m  t h a n  the  expected  score w i t h o u t  I~~. I t  is only

on the  ave rage  t h a t  the expec t  a t  ion is Inc rease!.  A l though  the present  con-

ce p t u a l  a p par a t u s  is not q u i t e  s u f f i c i e n t  to express  th is  not ion  comp letely ,

i t  is germane to  p o i n t  out t h a t  any s p e c i f i c  p iece of information may de crease

t Ime accuracy of an e s t i m a t e .  We can pred ic t  w it h  comp lete conf idence t ha t  in

t h e  norma l course of events , onc e in a while a solid , relevant piece of

information w i l l  decrease  the  accuracy  of an estimate. This point flies in

t h e  fac e -  of s t a n d a r d  lore which  holds t h a t  increased informat ion alway s

i m p ro v e s  e s t i m a t e s .

A l i s t  of t ime  more f r e q u e n t l y employed prop er scoring proced ures wou ld

include:

1. !S Sci enti f i c !!*: S(R,j) = l if is the  max imum of the

otherwise zero .

This s imple scoring scheme can be interpr eted as the jus ti fica t ion for

the ordinary scoring of objective tests , I.e., counting 1 for  each correct

answer and 0 for each incorrect answer. Presumably ,  the tes tee checks the

answer that lie thinks is most likely to be correct.

2. Brler ~~ore. Defined only for a two—alternative estimate.

S(R ,j) = (1—R .)
2
. 11(R) = R (l—R).

This score , devised by Brfe r ,1° has been extensively used by the

U.S. Weather Bureau to evaluate the probabilistic estimates of weather fore-

casters. It Is slightly anomalous in that a lower score indicates better per-

formance.

8
The name is S t lggc ’s t  ed by Marshak.
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~. ~~~idratIe Score. S (R, j) = 2R
1 

- 
~~~~~ R~

Brown reports that the quadratic score is the onl y one fo r  w h i c h  the dif-

ference between the expected score of a “perfect ” forecaster - -  I.e- . , one that

announces P - and one that announces R is a f u n c t i o n  so le ly  of P—R.
11 

Note t h at

H ( P )  — G(P , R)  = ~~~~~ (P . — R .)
2
. A complete graph of the quadratic score for

two a l t e rna t i ve s  is presented in Fig. 29 , Chap . IV.

4. Spherical Scor e. S(R , j )  = R~
/\/~~~R~

J i

The spherical score rule Is notable  fo r  t he  f a c t  t ha t  i t  is not  UT1C ;I~~& .

Fi g. 22 i s  a p lot of the spherical score for the two alternative case.

11(R) =J E R~~.

5. Logar thmic  Score. S(R ,j )  = log R .

The logar i thmic  score ru le  has a number of properties which set it apart

from the others. (-i ) It is the only rule which depends solely on the probabil-

ity reported for the event that occurs . (b) It Is the only rule which is add i-

t ive over successive es t imates .  (c) I t  is a close analogue of the Shannon

entropy. Note that H(R) = R . log R
1
. (d) It is the onl y score ru le  which

is invariant over logically equivalent estimates. These proper ties w i l l  be

explored more t ho roug hl y in the next section.

The above list ol proper score rules is a thin samp l ing of the range of

scor ing methods t h a t  can he devised fulfilling (6). F u r t h e r examples w i l l  he

discussed in Section 4. The fact that non of them has demonstrated an over-

whelming superiority can be Interpreted in eithe r of two ways: (I) the f i e 1 ~

is still Immature. (2) There- are many different roles that a scoring proced—

ure can play In decision analys is and no one of thc~ t- d o n i i n a t e s  t im e ’ ( i t t i e l s .

I am in clined to  fol low the second inter pr e ta t ion .
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Figure 22. Spherical Score Rule for Binary Events
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3 .  ~q~~ v ii  en t Estimates

The preceding sec t i on  approached  p r o b a b i l i s t i c  f i g u r e s  of ncr i t  f r o m  t h e

s t a n d p o i n t  of r e p r o d u c i n g  scores - those which have a m a x i m u m  expe tat ion wheo

the estimate coincides with the objective pr ohabi lit.~ - . Although - ; - c tisf y ing in

many ways , the approach  has the drawback that it has a restri cted range ot

app l i ca t ion , namel y t o  e s t ima te s  of the  p r o b a b i l i t y  d i s t r i b u t i o n  ‘n a p a r t i-

t ion of U. Straightforward extensions to continuous distributions exist , h u t

these also have an analogous  l i m i t a t i o n .  In many p r a c t i c a l  s i t e i . m t i o i i s  e s t i -

mates are  requ i red  f o r  o t h e r  log ica l  form s , e. g . ,  r e l a t i v e ’  p r o b a b i l i t i e s , u l i s -

junctive or con junc t i ve  c om b i n a t i o n s , and the l i k e .  In many m ;es , init i a l

estimates arc transformed in various ways be-fore they enter into a inal

decision.

Another  way of making the  same poin t  is that many log ic a lly equivalent

forms exist for a gIv en  p r o b a b il i s t i c  e s t i m a t e .  There  i s  no s i m p l e  w v  t o

accompany these t r a n s f o : m at i on s  w i t h  co r r e spond ing  t r a n s f o r m a t i o n s  on s co re - s .

In a d d i t i o n , many of the  r e p r o d u c i n g  scores give q u i t e  d i f f e r e n t  value ’- when

applied to log ica l ly equivalent estimates.

We could add the c o n d i t i o n  tha t  a r e p r o d u c i n g  score shoul ’ he- i n v . m r i m i i t

under log i c a l l y  e q u i v a l e n t  t rn s s f o rm a t ions  o f  t ime- est i r n - i t e  ;mi m.I det c r !  lit - I it

scores which fulfill this limitation . However , it t u r n s  ,u t th at I m i s  coiid i

tion is extremely strong, so much so t h a t  i t  a l m o s t  d e t v r m i u . ’s t imt - tort ’.’ o f  t i i

score by itself. For this reason , I t  Is instruct lv i ’ to hi -gi n w i t h  sort

general k ind  of e s t i m a te  and examine the conseqlme-nces of t h e  equivalence

condition.

We f i r s t  g e n e r a l i z e  the not ion of an cut I m a t e  f ron t  t im e- spec I I i e S t  1011 ill

probability distribution on p a r t i t i o n  to a p r ob a W i it ~ tr ee. In p u n t  ice ,

f ew estima tes are solitar y ; the y generall y occ u r in a sequence- . Marketing
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est  imates  for a business e n t m - r p r i ~~e arm ’ I t e r a te d  - m t  more or less r e g u l a r  i n t e r —

v .u l s .  )‘r o i e ss l on a l w e at h e r  men is;;iie a stead y s t r e a m  of f o re c a s t s  of tomorrow ’ s

weather. Pc- v e lopment  managers p e r i o d i ; ’;Jly r e v i s e  estimates of lik i- l ,’ comp le—

I ion dates  I or pr i j e c t s , and t h e  l i k e .

This t v ~ ’t ’ of i t e r a t e d  e s t i m a t e  can be model led  by a p r o b a b i l i t y  t ree.

h t a r t  1mg at  -;on& m i t  ial po in t , t ime set of ( n ear  t e r m )  p o t e n t i a l  even t s  can be

I sp l x y e d  as b r a n . hes w i t h  c o r re s p o n d i ng  p r o h a h i  l i t  i es . Even t s  that m i g h t

I s - ; , I e  f r o m  ‘ , i c l i  o f  t h e  i n i t i a l  branches can be r epr  s en t e d  by f u r t h e r  branch-

i ng ,  and so on.  An elementary example  fo r  w e a t h e r  f o r e c a s t s  is given in Fig.

~ 3 . Two possib le s t a t e s  f o r  t omo rrow , ra in  arid no rain , exp an d i n to  t our

possible  s t a t e s  t s r  day a l t e r  tomorrow , rain fol lowing ra in , no ra in  fo l low-

ing r a in , c t ; .  The p r o b a b i l i t i e s  of given wea ther  states day a f t e r  tomorrow

-~ i l l  depend on tomorrow ’s w e a t h e r .  The p robab i l i t y  of ra in  day a f t e r  tomorrow

(at  l e a s t  in S o u t h e r n  C a l i f o r n i a )  is hi gher i f  it r a i n s  tomorrow than  i f  i t

doesri ’ t

The b r a n c h i n g  st r u c t i u r e  c o n t a i n s  the notion of r e l a t i v e  p r o b a b i l i ty .  I t

- ‘Iso -ou t ;i in s  t he  not  ion of con junctive and disjunct lye events. The event

“ra in day  i t  t er t omorrow fol l owing  ra i i i  t om o r i -ow ” Is -i c o n j u n c t ly e  event

the t ’vt -nt  “ra in t umor row ” is a disjunct ive event in the context of the

tree; It is equivalent to the event “rain tomorrow and rain day after tomorrow ,

or rain tomorrow and no rain day after tomorrow .”

The elements of a probabilIty tree i-st m ate are a set K {o,x,y,z,w ,. . .}

of nodes (events). o i S  t h e  origin (base) of the tree. Defined on K is a rela-

t ion x l ,y ,  m e a n i n g  x Is t lie immediate p r e d e c ess o r  of y. o is the only node with

no limited late prt-;ii ’cessor. ‘th e •- i nei’stra I re lat ton xL*y is d e l  m e d  a s :  t h e r e  is

a ‘;eqiieum - , ‘ :~~~~~, ...  , x of  nodes , x = x and y = x , arid x Lx f o r  al l  I c r~.1 U I n 1 1+1

1:19 
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I i,, —~) I ’ ’ I~~ i’. i t i- ~~ t l i t ’ - i i i u i j - i t i ’ prm-d e esro r of x. R(x) li-n c, ! c- ; the set - ‘I n ode s

i t  I i  t i m e  same I ; ; rns ’~ i i :  i pr . ilI-I e.-- ;si )r as x .  L*(x denot i-s the s m - I  of v su ch t h at

\ ~~~ ~ I us x , I . e • , l.~ ( x) Is t lie ~i - t i t  ‘‘ .111 - i -S t rs ’’ of x lim e I sl ing x • i I n ed

es t l ie r u ;  h - s  F~(v ) fo l l~~ ’i ng 1 g i v e n  i sle X I s  a p r d ; c t  i i  I t y  d i s ’ .  r l l i i c t l o n ,

~ : li- r i- the ’  p r i a l i l i t  v ot a g i v e n  b r a n c h , v w i l l  he h - c i ~~i r . i t e ’ d by i~~v )  , and tl;i

d i s t r i b u i t  i o u ;  i t s e l . t will he dm ’ .si,~n;ited by P(y). Thus , i f  z is  a member of

h (v) . I ’ ( y )  P ( z )  . f l i l s  s t r u c t u re  Is i l l u s t r a t e d  in F i g .  24.  Final lv ,

jk (x ) = (~ P(y). P*(x) is the  product  of the p r o b a b i l i t i e s  u t  all the nodes
y l . *( x )

on t ime ’ p a t h  l e ad ing  f r o m  o to x .  P ( o )  = I.

lw ;  p r o b a b i l i t y  t rees  K and K ’ are de f ined  as be ing  ~~ y~~~ent I f  there

is a 1— 1  c o r r e s p o n d e n c e  between the endpoints of the two trees , and if x , x ’

ir e ’ corre-sponding endpoints , then P*(x) p*(x’). Time norma l form of a t r e e

k i ’-~ the t u e e K ’ which consists of a single stage , wi th as many b ran che s as

( r i - r e ’  - I r e end p o i n t s  in K , and where for every endpoint x in K there is a c o r —

u e - s p o n ’l i n g  hr-inch x ’ in K ’ w i t h  P ( x ’)  = p*(x). It is an immediate consequence

( ‘I t h i s  d e f i n i t i o n  t ha t  two t rees 
~ l and K 2 are equivalent  i f  and univ if t h e i r

‘rr c-sp ondii ig norma l forms K~ and 1(
2 are equivalent .

To let inc a probabilistic score for an estimate K , we assume there is a

I m m n e t  i on  S ( x )  ~h - f  m e d  on each node of the tree. S(o) = 0. In  n o n — t e ~~hnical

‘ ernr- ,, - is a reward , pa id upon the occurrance of x. Thus, S cou ld be a score

~~ es iguit ’d to tifl- weather forecaster after the verification o f  each forecas t

c r  i t  csul;I he’ t i-i ’ paid to marketing c o n s u l t a n t a f t e r  t h e  lo s”  of each

I ore - ist pe- r I od.

h i -  . ‘ x p e c t m - i l  score E S ( K )  of t h e  i’st l u n a t e ’  K is de l  m e d  as

i:h (K) ~~~p *( x ) S ( x )  ( 7 )

l3~
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P(y ) = (P(y) . P(z ), P(w ) )

FIgure 24. Illustr ation of Local Pv obab ility Distribution
In Probability T ree
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p

Four c o n d i t i o n s  comple te  the t h e o r y :

C I .  ~ ( x )  Is a function of P(x)

C~~. S ( x )  I s  normal , i . e . ,  if y is a member of 8(x )  and P(y) is a

u n i t  em ;l ~i St r ihut ion , then S (y ) = S (x)

C3.  It K is equivalent to K ’ , then ES(K) = ES(K ’) .

;4. S(x) is continuous in P(x).

Cl imposes the condition that the score is determined locally, depend ing

only on the  p robab i l i t y  d i s t r i b u t i o n  on the fe l low branches of a given b ranch .

C2 is the analogue of D2 fo r  reproducing scores . The essential condi tion is

C3. lf two estimates are equivalent , they will generate equal expected scores.

Theorem 8. The onl y f u n c t i o n  S(x)  f u l f i l l i n g  Cl—C3 is

S(x) = c log P(x ) .

Proof: I f  P ( x )  is a u n i f o r m  d i s t r i b u t i o n, then from Cl and C2 , we

can write S(x) = S ( l/ n )  where n is the number of a l t e r n a t i v e s

in 8( x ) .  Consider a two—stage  t r e e , K , where t he r e  are n

branches in the  f i r s t  stage , and m b ranches  a t  each second

stage . Designate the nodes of the first stage as x 1 and the

endpoints of the second stage as x
1~~
. Assume that P(x1 ) is a

u n i f o r m  d i s t r ibu t ion. Thus S(xi) = S(lfn) and S(x 1.) S(l /m) .

The norma l form of K ha8 n x m endpoints , xj~~, with a uniform

d i s t r i b u t i o n  S(x ~~~) S(1/run). C3 requi res t h a t

EP(x~~ Ssx
1
) ÷ nEP(x 1~

)S(x
1~~

) E P(x
1

)S(x ~~.). Thus

n ( l/ n S ( l / n ) )  + n ( l/ n ( m ( 1/ m  S ( 1/ m ) ) ) )  = nm (l/nnm S ( l / r t m ) ) .

Whence S(1/n) + S(1/m) — S(1/nm). The only continuous t i m e —

t ion  with this property is c log P ( x ) .* This  proves  the

theorem for uniform distributions.

*This fac t is “well—known .” For the curious , a pr oof Is given In Appendix I.
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To prove the resul t  fo r  non—uni fo rm d i s t r i b u t i o ns , cons ider  a t ree

K consisting of two stages;  where the probability distribution on time

branches of the f i r s t  stage is not u n i f o r m .  ( C f .  F ig .  25) . Assume

that P(i) is of the form a ./ ~~ a~~, with a.  an in t ege r .  At  each ei l—

point i of the first stage there are a~ branches. Assume that P(ij) is

uniform , i.e., P(ij) = 1/a . . There are thus ~~ a1 
end po ints to the two—

stage tree, and P*(ij) = (a1I~~ ai
) i/a 1 

= l/~~ a .. ‘l’he nor ri ia i f o r m  K ’ of

K is thus a single stage wi th  ~~ a1 endpoints and with a uniform prob-

ab i l i ty  d is t r ibut ion. Thus , f rom our previous res ult , ES(K ’) =

ES (K) = ~~ (a ./Ea .) S ( P (j ) ,j )  +E ( a . /L a .) log( l /a .)
i J j  -~ -~

Equating ES(K) and ES(K’) we obtain

~~~~~~~~~~~ S(P(j), j )  =~~~ a ./~~ a~) log (a4/~~~ a.)j - 1 i J i J i

Invoking continuity , we a r r ive a t

~~~P~ S(P~ J)  ~~~P . log
j  j  3

which was to be proved .

The two basic assumpt ions leading to th i s  r e s u l t  a re  (‘1 , t ! e  score for

a given node is a function of the probabi1it~- d istrib u t i on on t i m e  fellow

braches of the node , and ( 7 ) , the asriimm p t j ;uiu ot co ntit iona~ - m d t l  t iv ltv.

-~~~ -. That these two quite general conditions could 
~i~ ’- I t v  cit e form of time’ score

precisely without invoking any ordering con diti uucs l”~ I Lli t e ~eir~~Y lS ing .

Of cou rse , in order to use the score I t  a I igur e ; t  men u , t i c ’ co f l st~ 1 u 1t  c

mus t be assigned , and d e p e n d i n g on the s ign i t  c , the ~-.t u 1 i ’  ~an m e te s -

wi th increasing probabilities , or decrease. However , the question of sign

appears to be secondary . The Br ier score is one In which a small score Is

desirable , but that creates no great confusion In interpr ela tion .
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The l o g a r i t h m i c  score would thus , at f i r s t  glance , appear to be the

only reasonable candidate for the analogue of t r u t h  va lues  f o r  p r o b ab i l  i st i c

statements. It has one nice formal property which can be stated as

S(E.F) = S ( E )  + S(F)  if E and F are independent

s(E.F) = 5(E) + S(FIE) = S(F) + S(E!F) othe rwise (8)

Unfortunately, there is no similar neat expression tor S (E v F) or for S ( I ) .

They can , of course , be computed from the probabiliti es of the components ,

bu t  not in  a simp le f u n c t i o n a l  fo rm .  The express ion  S ( E I F )  I s  i f  - -u m e  I’ite -

e s t .  There is no two—value d  log ical f u n c t i o n  i - o r  r i - s p o n d I n ~ to  (E -  !- ) . ~ (l- . 
~

log P(FJF) = log P ( E . F )  — log P ( F ) .

The logar i thmic  score has another  p roper ty  tha t is some t imes u m s i d e r e d

a drawback , namely if the es t imator announces R . = 1 fo r  some e v” i i l  E .,  and E .
3 3

does not occur , then his score is negative Ly infinite. If one wanted to be

moralistic about the matter , one could say that it served the individua l

rig ht - -  no one can assert a statement about the wor ld  w i t h  absolu te  c e r t a i n t y ,

and tha t is j u s t  what  the logar i thmic  score recommends .  l-lowever , in p r a c t i c e ,

I t  Is somewha t of a bore to qua I f f y h igh ly  c e r ta i n  s ta t e m e n t  W t t i  SOm e ~~ic - l;

hed ge as P(E) — c whe re c I- some small number . Iii m,tum v app ! ic ,tt Ions

of the logarithmic scoring rule , the investigator do -s ju51 thi s for t~ ie

es t ima to r ;  t h a t  is , the e s t i m a t e d  p r o b a b i l i t i e s  ar .  t r u n c a t e d  at  s ulm e p o i n t

close to 1 and close to zctu . There  is son ct ’t }m lng  s l l g h tl ,  u n s a t i s f : m c t o r y

about this t i ;  t i i  , since the counpa ted score may he iii ghly si’nS It I ye to the

t runc ation point .

The analogy of Theorem 8 with Shannon ’s tite r em tha t th~ e ’ u m t  ropy

— K ~~ p 1 
log p 1 Is the onl y f un t Ion t h i t Is coot I nuo cs and condi t ion—

I

ally additive for probab l l l ti s ttc message sour  i’s , I ’; q u i l t i -  lose. The h asi
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u l j f f & ’ r c n ce I s  the -, t a r t i ng  p o i n t .  A n ident ical theorem could he proved for

I~i t o r m a t I o n , i f , f o r  examp i t -  n e  started by defining -i notion of amount of

i n f o r m a t i o n  itm a mC Ss :I~~e ( r a the r than  the  u n c e r t a i n t y  of a s o ur e) and assumed

t h a t  lie expec ted In f o r m a t  ion f r o m  a source  had the form (7)

Ileap ile all the advantages that the logarithmic score has going f o r  it ,

j~ ems not received the’ overwhe lming endor sem ent  of the community interested

in e va l u a ti n g  estimates - The a d v a n t a g e s  do not appear t m  add up to  any d r a m a t i c

pr a t i - u l  consec lu e ;u cs.  Some r e l e v a n t  s u b s t a n t i v e  c o n s i d er a t i o n s  w I l l  be

r .ii sc’d in t h e  f o l l o w i n g  c h a p t e r .

~i. Decisional Scores

The scores  that  have been d i scussed  so f a r  could be called informational;

they  concern  the  degree to which a response is cor rec t .  In the  decis ion con-

t e x t , t l m c -re is a more natural criterion , namel’~- , to what extent does a response

iinpr ; ve the outcome of the decision? ro deal with this question in full

generality it would be necessary to first develop the theory of utility For

s imp 1ic it ’~- in t h i s  sec t ion  1 w I l l  assume tha t the outcome of a decision can be

assessed on .-~ val ue scale which is linear in p r o b a b i l i t i e s, I.e. , a utility

I immi; t Ion .

R e f e r r i n g  b -~~k to F ig .  1 in t h e  I n t r o d u c t i o n , a decis ion can he char—

ic t e r i ze d  b y - ‘ set of a c t i o n s  A 1 , a set of events , E 1, and a matri .x of o u t —

~~ O~~ . ~~~~~~~ a u t i l i t y  f u n c t i o n  U (O~~~) U 1~ and a probability assignment

R(E
1
) ~~~ t i i ~~ exp ec ted utility f or act ion A

1
, U(A

1
) = U~~, Is j u s t  ~~ R~ U 1~~.

Tue 1e~ lsion rule normally associated with this analysis Is , choose the  ac t ion

A
1 

that maximizes U
1
. We first show that an y  decision matrix , with the

mn~ix imize—expected—utility decision rule Is a proper scoring rule for the

pr obability estimate R. Define U*(R ,j) as ti mi ’ for the action A~ that
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m a x i m i z e s  R U .  By definition

~~~ R .U* (RJ) >
~~~~ R U *(R ~ j )  ( f l

-I

(9) is prec isely o~ the f o r m  (h )  with S ( R , j )  = l*(R ,j)

It  is thus p o s s i b l e  to app ly  most of the general  p r o p er t i e s  of proper

score rules derived in the previous section to an’- decision matr ix, ilow—

ever , most decision matrices are not normal. Thus , Theorems 4 and S do not

hold in general for decisional score rule’;.

The converse of the statement that any decision m a t r i x  d e l i m i t ’ s a prop . r

score rule also holds; i .e . ,  any proper score r u l e  can be represented a deci-

sion matrix. This follows t r i v i a l ly if  the ac t ions  A 1 
are  de f ined  to be t h e

repor t of a p robab i l i t y  d istribution R on a se t of even ts and UR . is

def ined as S(R,j). The triviality is, of course , that the optima l action tor

any assIgnmen t R of probabilities to the events is just R itself.

A somewhat more revealing exposition of the converse can he made f we

star t o f f  wi th a general decis ion space X , i.e., X describes the potential

actions . Consider any set of functions f
1
(x), i = 1, . . . , m . Th is set of

f u n c t i o n s  d e f i n e s  a proper  scor ing  rule fo r  a p r o b a b i l i ty  e s t i m a t e

R (R 1 , . .  ~
R

m
) under the ru le  select the x such tha t  ~~ }-~, , f ( x) is  m a x i m i z e l .

1 -

This is  r e a l l y  j u s t  a n o t h e r  way of s a y i n g  ( 9 ) ,  w i t h  f
1

(x )  — H the

are dIffer entiable;

ER 1 a f
1
(x) — 0

~1

Call the solution to this system of equations x*(R), the x t h - i t  n a x i m i z e - .

~~ R~ I
1
(x) given R. Then f

1
(x*(R)) g

1
(R) is the proper score rule defined

-j

by the set of functions f
1
. If the f

1 
are initially a proper score rule ,

g 1 (R) — f
1
(R).
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For examp le , if X is two—dimensional , so that it can be specified by the

s i n g l e  p ar a m e t e r  x , 0 x . 1 , and f
1

(x )  = /x , f 2
(x)  = /f—~~, differ entiating

and performing the sul ti tut ion gives g(R) + (l—R) 
2 

-
~ the spherical

s oring rule. If f(x) = x , g (R)  is the Rr ier scoring rule . :~tnee , on th is

a p p r o ac h , t he r e  are no r e st r i~~t i on s  on the fo rm of the func tions f
1 

(other

than differentiability) , it is convenient way to derive a wide v a r i e t y  of informna —

tional ~o oring rules and at the same time obtain some insight into the nature

01 the kind of decision which is being made w i t h  tha t  rule ; i . e . ,  the kind of

p a y o f f  f u n c t i o n  which  is ( imp l i c i t ly) being max imized in apply ing the rule .

A somewhat more intricate application of the approach can be made if

the notion of repetitive decisions is introduced . In the section on equivalent

estimates It was pointed out that many kinds of estimates are iterated in a

f-t i n y r n m m t i n e  manner. In effect , this is a symptom of the fact that many

deci io~-ts are iterated rather routinely . For simplicity, consider a proto—

t’;pic declsicn matrix U~~ , with a fixed number of rows and columns , but with

v a r y i n g  v a l u e s .  We can conceive of each such m a t r i x  as a member of a sequence

of decision problems wimere the form of the decision remains the same , but the

and the relevan t probab i l it ies, change from case to case. For each case,

the decision maker selects the action A
1 
which is optimal for his estimate

R of the probabilities. The decision function will map the space of matrices

on to a par ti t ion U~~, where U
1 

is the set of matrices for which the action I is

opt imal. Strictly speaking the need not form a partition — for some matrices

more than one action may he optimal; but for simplicity we assume that such

matrices are assigned to only one set U
1
.
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If we assume that there is a joint distribution D(U) on the space of

matrices , and assume in addition that the decision maker ’s estimate R is inde-

penden t of th is dis tr ibu t ion, then the expe ct ed pay o f f  is

~~ 
_Tu . 

~~ R U
1 

D(U) (II))

Or , interchanging the summation signs

R . 
~~ 

f  U ..D(U )  (IH
i U . 

1~J

1

Thus , we can set

S(R,j) = U 1. D(U)  ( . 1 2 )

(12) is the decisional score rule de fined by the sequence of the decisions

with “random” matrices.

As a simple example , suppose we have an individual who t -ngages in t m ’ -

quent  bets on a binary event , e . g . ,  win—lose types  of bets on athletic con-

tests.  Each bet has the decision ma trix

E E

1. Bet on E ( l — u ) / u  — l

2. Bet on E —l u/Cl—u)

Where the outcomes are the appropriate odds for a bet on mu event with

probabili ty u.  Thus , we assume some one o f f e r s  the  s t a t ed  odds and the m di—

vldua  I can choose which  side’ to bet on , with a st mnda rd bet f 1 . Fe 1 low i mm g

the  max imizat ion ru le , the ind iv idua l  would bet on E if h is s u b j e c t i ve  piob—

a b i l i t y  f o r  E is g rea t e r  t h a n  u , o the rwi se  he would bet on i~.

We obtain a strategically equivalent matrix if w -  add I t o  each entry,

givi ng the matrix
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I . P.-  t - ii - I f .m

P. t on P (3 ] / ( 1 - i )

a.. suppose tI ’e i n l i v i i u i I  1- -. 
~ 

‘ s - n t - . :itJ - a o~~ u - i c  of such Pets , -There

t 1 , - d i s t r i b u t i o n  oi  u in  t i e  ‘ . eq m e n - e  is D(u) . In this ease lJ ~ is just

0 u - . R , and 112 is R u 1. Since 1112 1121 
= 0 , we have from (12)

çR
S ( R , l )  J D(u)/u

0
(13)

(1
S(R ,2) = J D(u)/(l—u)

Pus , the gambling sequence generates a variety of score rules depending on

1)(u). For examp le , if D(u) = constan t , the logar i thmic  score ru le  ensues.

I m D(u)  = k u ( l — u ) , the spherical  rule is generated , and so on.

The sequential model shows that a score rule may l ook very different

for i ved from a single decision compared with one derived from a sequence of

s i m i l a r  dec i s ions . The i n fo rma t iona l  score rules , which  may seem irrelevant

in the case of a specific decision can make a great deal of sense if the

g iven d e c i s i o n  is embedded in a sequence.

From t h i s  point  of view , the logar i thmic score ru l e  w o u l d  be appropriate

for th e “compl ete ignorance” situation where any given “opportunity ” - the

betting odds parameter u -- Is as likely as any other. The spherical rule would

be appropriate if the distribution of “opportunities ” is peaked abou t u

with relatively few at the extremes , and so on. For many of the simpler

kinds of deci sions — espe c ially for betting decisions — the distribut i on of

opportunities can be ob tained empir ical l y. For such cases , the appropriate

score ru l e  could be computed from the data. An investigation of this topic
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would shed some light on the role of var ious  i n f o r m at i o n a l  s - o r e  r u l e s  in

guiding decision procedures. h1iis point wi ll be expammded in Chapter V in

discussing the c-valuation of proup probabi lity judgments by informa t ional

score ru l e s .

Decisional score rules have been called “piece of the action rules by

Savage , in the context of rewarding a consultant for his advice . One -4a v t o

reward a consultan t is to pay him a certain proportion of the profit is

a d v i c e  c r ea te s  fo r  t ime en t e r p r i s e .  R a i f f a  cal ls  dec is iona l score r u l e s

‘ n a t u r a l l y  imputed ” r u l e s , on the grounds tha t they de r ive  d i r e c t l y  t r am a

decision problem . Some of the issues implied by these terms will he taken

up in the next section on scores as motivators.

5. M o t i v a t i o n a l  Role of Scores

The basic emphasis  in t i m i s  c h a p ter  has been on scores as ru- ;tsl r e s 01

excel lence , e s s e n t i a l l y ~e - e u r a - v , as measured  b y t i m e  d i s tan c e  t m o u  m h tr im .-

answer , or less directly , the regret - the d i f f e r e n c e  in e x p e c t e d  u t i l i ty

ichievable by the correct jud~~ment and a given estijimate. Lurh’inp in t i m e

background has been the notion that scores also can act as m o t h v ; i t - m s ;  an

individual will tend to maximize  his expected score . Thus , i t  • S n oun liv

t h o u g h t  t ha t  school grades are both  a measure of thìe perf or .mim e of i s tu -

d e nt , and also a spur to b e t t e r  performance. In mumm y t m . i H i t i o m a l  economic

texts , wages are treated primaril y as rewards which motivate w ork e-mi : to p m- r I urn

r e q u i s i te  tusks . The b o u n d a r y  l i n e  between .c r e s  m l  t w O  1~ (om & . - Im m I om

lug agents , to use the Skinnerlarm term) is thus quite fuz.~v .

What br irmg s this topi c - ml i ’ - c - Is t i m -  po i~sI b i  i I t y  t i t i t  - i p i v e m i  - i It m ~

scheme may backfir e . What appears to I~~ a c o n m p l e t . ’I v  r e , i s on ab l . ’ n o - m o i r e -  of

excel lence can induce behavior ha t Is quite , o imt r i ry to wim at was lot m-i m dt - I  ti m

formulating the s -o r c . Suppose there is a spu - i t ic kind of r e s p o n s e -  Q wh l - f m
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h r-i d e s i r e d . C o n s i de r  a f u n c t i o n  S w h i c h  r ewards  an individual with S(R ,T)

I t he I nd i v i d i m a  I respond s w i t h  H and m I ten on 1 app I f es. Piiehi a four t. ion

11 no t  i v u t e -  t im. ’ huh ivid mi :i l to pe rfor nm o if hi ant icipated reward F(Q,R ,T)

e.’mp mm t ed I rum S (R ,T) , is a m a x i m u m  when H = Q. *

An example  migh t  c l a r i f y the role of these two functions. The follow-

in g , - s m m p h- i s  due to ~I.mrschak . 
12 

Suppose we have an i n d i v i d ua l  who has an

. i m t  ic h e  f ü m  o i l , ~ ~- . p . . a hous e- . He ~~- t s  some v m . 1  ue on t h i s  a r t i c l e , wh ich

c.. ’ rn - m v ii - ; wr’ l 1 t h i n k  of as i t s  w o r t h  to him in non - .- . Nast ba r ga i r m i  r i g

p r o  , - l u r -s ti-nd to not i va te  the  i nd iv idua l  ( i n i t i al ly  a t  l e a s t )  to -se t  a

h i gher  p r i  ~
- on ti m e article titan i t s  w o r t h  to h i m .  Can an cx~ - l i a n p prec esi~

h -  it-signed t h a t  w o u l d  m o t i v a t e  the  i n d i v i d u a l  to r -vea l  h i s  “ t r r i - p r i c e ” ?

Tim. - fol i ow im ig scheme will do i t .  Fhi e P o t e n t i a l  buyer  submi t s  a sealed bid , T.

~ titou t ~nowiim g t he  h i d , t i m e  ~e’lier  announces a p r i c e , H. The bid is t

compar ed w i t  the p r i  cc .  if time pric e- Is less t i t a n  or equal to the bid , the

‘-xc map- - is made at t ime bid a m o u n t .  In this cmi ;e time des i red  behav ior  is

;m m m000 n ’im m g t im e true price , Q . S(R ,T) = T i f R < T , otherwise 0. F(Q,R ,T) =

-i — ~ i f R ‘r , o t h e r w i s e  0.

Fi gure 26 d i s p l a y s  t i m e  s i t u a t i o n . P o t e n t i a l  a s ki n g  p r i c e s  H d e f i n e  the

ve r t i m - .ml scale and potential bids T define the horizontal scale . To the left

of time 45 0 l ine , H - T , no exchange takes p lace , and S ( R ,T) = 0. S I m i l a r ly ,

F ( Q , R ,T) 0 I i i  t h i s  reg ion . in region A , F is negative . In the region to

t im. - ri ght of the 4c~0 l ine , and beyond T = Q, F is positive , and independent of

* i f  t h i s  sc heme were  to be taken se r ious ly as a p r a c t I c a l  t e ch n i q u e  fo r
‘-‘li lt lng the response Q, a number of other conditions would be imposed on
the functions S and F. Among these would be that S represents the total
‘sum of reward s” involved in the s i t u a tio n ; t imat  F is apparent to time
individual ; that the maximum is not too flat; tha t the  reward is a p p r o p r iat e l y
t imed with respect to the behavior ; and so on. However , f or purposes  of
theoreti cal Investigation , the usual Issue Is the ..2p~ 

ateness  of a given
response R , not time probability that It . wi l l  be e l i c i t e d  in f a c t .  Thus ,

h i m ’ s.’ p r ;mct i ;ml condit ions are coimnon l y omitted.
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$
R ~~R = Q

Al

Fig ure 26. Bidd ing Procedure to Motmvate Honesty
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H. Thus , f o r  m t n v  1’, F (Q , H, 1’) < F (Q, Q , 1) . Time i-m el 1 e-r cannot lu st - ’ i i  i t  announce -i

Q, mind he may lose I f  he announces  an R ~ Q . 1n s t c m n d o r d  p a r l a n c e ,  a n n o u n c i n g

Q d o m i nat e s  any  ot h e r  announcement .

The example  of cm v o t i ng  scheme described in Chap . VI , Sec. S emp i o ;in g

random s e le ct i o n  of a final slate , is another illustration of a scoring scheme

which gent -rat es a des i red  kind of es t ima te  — in this case the ii ~ a m e s t  rating of

cm candidate.

An informative example of a presumed proper scoring scheme which fails

rather miserably can be found in test grading. It is conmion p r a c t i c e  in scor-

ing objective examinations to do what  is called “cor rec t ing  for  guess ing . ”

Ube basic assumpt ion is that the s tudent  can get the  r ight  answer by guess-

ing at least 50% of the time . To discourage the student from guessing ,

imis recorded score is computed as C — W/ ( a— l ) ,  where C is the number

correct , i~ is time number incorrect , and a is the number of alternative

answers to the question . For true—false questions , the score is just C — W

(r ight s minus wrongs). The speeclm which accompanies this score goes ilk.’

this: if the student guesses, and guesses wrong,  he will be “punished ” by

subtr;moting a point from his score.

It is a simple exercise to show that this scheme is futile (providing

the assumption on which it is based is correct.) Suppose the probability

that a given student will give the correct answer on question j is q . . His

expected score , it he respond s to every ques t ion is 
~~~~~ 

(q
j 

— (1 — q~
) )

j
2 ~~~q. — n , where n is the number of questions in the test. If he res-

i i

ponds to only m of t ime questions (for whatever reason), his expected scoro
in n

is 2~~~ q
j 

— m. The d i f f e r e n c e  between the two scores is 2 
~~ q — (n—rn) .
j m 1
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Since time basic assumption is tha t  q .  � ~ , 2 
~~ 

q. 2 n—mn , and the d ii fi-ren ce

is p o s i t i v e .  Thus , the s tuden t  never loses (on the average ) b y g u e ssi n g . *

In the fo l l owing  chap te r  we w i l l  see t h a t  the  a s sumpt ion  t ha t  t i e  s t u d e n t

always has an expectation of at least ~~
- in guess ing  the answer to a ques t  ion is

j u s t  fa lse , and t ha t , in f a c t , t h i s  myth  covers a major gap in  the  t h e o ry  of

t es t  desi gn.  For the present  d iscussion , however , the moral  is that, a sco r ing

system which is in widespread use and which is intended to m o t i v a t e  a k ind  of

behav iour , s imp ly doesn ’ t do i t s  j o b .

Many Rayesians who object  to the notion of “correc t  p r o b a b i l i ty t f o r

single events , prefe r  to appr oach the theory of probabilistic scores from the

aim of motivating the estimator to be honest. Thus, if t ime i nd iv idua l  believes

Q is the  p robabi l i ty  d i s t r i bu t i on  on a set of events , he might  be mnotivat,’d to

repor t  something d i f fe r e n t , depending on how he is rewarded fo r  his e - S t  i c:mate .

The condit ion on the score that will mot ivate honesty is j u s t

~~ Q,~ 
S(R ,j) ~ L Q~~~(Q 0i )  (l~~)j  j

That  is , the  individual ’s sub jec t ive  expec ta t ion  is a max i mum wh en he r ep o r t s

his believed probabilities. Four teen  is f o r m a l l y  i d e n t i ca l  t o  . with I )

r e p l a c i n g  P .  Hence 1,4 leads to the sam e fami ly  of scorin ,- i -d e s  as b .

I t  Is easy to f o r m u l a te  p r o b a b i l i t y  scores which app. -~m r  r easonab le ,

but which violate 14. I f  S( R , j )  = R~ . i . e . ,  time score is j u s t  the  r ep o r t e d

probability of the event timat occurs , several int uitivel y reasonable cond i-

tions arm - met. The score increases with the reported prohmib ilitv . 11(R) Is

convex , in fac t H (R) — ~~ R~~, which is ident ica l  to 11(R) for the q u a d r a t i c
.1

Of course , he may increase the variance of hi s scor e by responding to ques-
tions where ~j 

is close to I :. . But I have ye t to see a justification for the

proced ure which Invokes a t rade—off be tween expected score and variance.
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o c ar ing  r u l e .  N c v o m t~me1t ’ss , S (R ,j )  = H .  does not  f u l f i l l  14 , and i t  is

• -~m~-m y t o  set -- t h a t  I f  t h i s  scor ing r u l e  is used , the i n d i v i d u a l  w I l l  a l w a y s

i t - p o r t  e i t h e r  0 ci I I or the  p roh ab i l i t y  of an even t  . Ills expected score

~~ Q . S ( R , j )  = Q R . is maxim ized when he r ep o r t s  1 for  the  even t w i t h
j  j  -

I.? and 0 for all the others.

A c ; onme w im , i t  more amusing case is S(R ,j )  = R~~. This mi gh t  look at f i r s t

:~ i g1 m t  l ike a v a r i a n t  of the  quad ra t i c  score. However , the  express ion

QR
4 + ( l — Q ) ( l — R ) 2 

is a maximum precise ly  when R = ( l—Q) ; the  score mot iva t e s

time i nd iv idua l  to repor t  the ‘oppos i t e ” of what he be l ievest

flm c-  n o n — i n t u i t i v e  n a t u re  of these “anomalies” suggests a second look

at the  d i s t ance  scores i n t r o d u c e d  in Sect .  1. Although f rom the s t andpo in t

of measu r ing  d i sc repanc ie s  between a r epor t  and a t r u e  answer they appear

impeccable , wha t  can he said fo r  them from rime viewpoin t  of m o t i v a t i ng  res—

ponses?

A s u bj e t answer ing  a ques t ion  in the  l a b o r a t o r y  w i t h  the instuctim.ns

“make as good an e s t i m at e  as you can , ” must  be guided by some rough idea as

to what  the  e x p e r i m e n t e r  thinks is a “ good answer. ” Or lacking any guidance

in the instructions , he can only  proceed on what he th inks  Is a good answer .

B y now it simould be c lear  that there is no well d e f i n e d  content  to the  term

“good armswer. ” Suppo se, for example , that the subject t h i n k s  tha t the  pro-

p o r t i o n a l  score is reasonable he would l ike , I f  poss ib le , to make a small

percentage error. lim it s , In a loose way, he is try ing to minimize R — T I l T .

E f  we assume lit - ’ has a suh~ e tive probabilit y distribution D(T) on 1, then he

wil l  set-k to min imize  i m i s  ex p e c t a t i o n  of h i s  p r o p o r t i o n a l  e r r o r ;  t h a t  Is , he

will try to minimize

fi~!~yJ D(T)
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w i t h  the i nteg rcm I ex t e n d i n g  ov.-r Ii i s sub i-ct I Vt -’ r c m I c ,~e icr T. If the iii i i  m u m

*i s  computed , it t u r n s  out  to  o c cur  at  H where

1

R* 

~~~~~~~ 1)(T) = f  k-I 
l)(T)

R* c o u l d  in c-died the proportional median. It is an u n u s u al  - t  - i t  ist ic.

;.-nt -r cml lv , i t  is q u i te  smal l , s m a l l e r  even than timi ’ h - m r r u n i c  “s- mu . - ‘ u

it D ( T )  i i -~ ci  uni. form rUst rihut inn  b e t w e e n a and h , t lien fl* = - m l ~ .

c m  = 10 , b = 100. The mac mn ol t h i s  d i s t r i b u t i o n  is ~5 , ti m .- c~eu1-r - L r i L  ci

-.7 .5 , t n ’  i .m rrmoni c mean is 39.01 , and R* , t he p r  c r  t i o n m i  r - 1 t - l i . m m r  is 3 l .~~2 .

I t In - s u r i 1 e -t s  in t h i s  e x p e r i m e n t  w & - r m -  r i -al  i s t  I .  in  t i  .-im - c -  th at th t - - aver—

ii- of t h e i r  s u b j e c t i v e  pr it i l i l i t .  d i s t i  ih u t iu n s  c o r r -- ~p n d  i L mt-r a.- !  1 wi th

th€ - tr ue -m n uwi - r~~, t i me n  a l i r p i -  m c m l - r m t - .- m~ i ~1it ’m r . m n n w * - r ~ w i t u h i  c m p r c - m r  t i m  b

mm dc r e ,  t It - mt ~
- .

I n  m i t  i - x t  ens I c t -  si -ri i-s I - x p . - r t rim - u t s - i t  t m t R ind Cci  - r i  t m oim , WI t I

.1 1i’~’ m ’ - t i m dm ’nt -; i m I , i - i - t i-; and general int c’ r m n cit ion type (jili st ions , . m m a j o r i t y

13 -t im e  r - s p on s en  were  in f a c t  u n d e res t i m at e s . Time I )t I i  l t - r  i - m i t t I e  W as a

bet  to r e S  t ins-mt or of the true ansi- r t h a n  i - i t  imer t hi - me,mn or t he m m ’ ’ t r j c

- mm m li

I l it- t s sumpt  ion t h a t  t i m e  sub j m e t s  were express  ing thmi - p m  .mpo rt ion :m I - s - - 1 i , i n

uf t h e i r  -~uh~ t’ t i v e  p r o b a b i l i ty  d i s t r i b u t i o n s  appears a l i t t l e  t i ti d i m - s t ic.

Suppose we invoke t h e  t hmi’o r -~ ot  e r r o r s  model and m ike tim e I ol h m ~ h r  m ssmmmp

t ions:

( 1) The s u b j e c t s  h ive - m s u b je c t i v e  p r o b ab i l i t y  d i s t  r i b m m t  ion

I) (T) on t i m e  put en t i m  I answers.

(2) Following time ps yc-lmonmmm er Ic imypoth e s  E s , 1) ( I )  I ;

l op  n o r m a l .
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T I e  rcmmm j ec t s  , m r e  r ig h t  h v real i- m t Ic l . e , t lie u t  m m  I - c i - ~v- - r A =

~ J h r  T D ( l )

( - m )  1 1 m m -  i n d i v i I m m m I - v i i  u ;it -- h im- i m i rc w i- r~ -si t h t i m . -  e r r o r — s q t m : m r e i l

5 ( 0 1 .- ;  i .& . , ii.- t r i m - r ~ to m inirni :re f -~-~- 0 ( T ) .

‘ l b. - l i s t  - i  r i r i l t i on  i m p i  h - s  t h a t  ti m e t u m llvid.m ;ml will respond with t m . -

i a  n i -  mm’ mn 01 m m  d is t r ibu t i on . Time h ; i r r n o n l -  c m - m n  of  cm lop nor - c - i l  d i  ~t r Ihmi —

on in i.e co i -m 1 i m t i - I  r e a d i l y , i t i s  ,
h 1~~2 0 where -i s i n Chap~ i’r I I  , c .  7

ii i i - ; t l r . - mean of time 1op t r a n s f o r m  d i s t r i b u t i o n  mmd t is i t s  st m m l I m r I ti’via—

t ion . ‘ I l m u s  , t b . -  i -irn ’nl c i c m i ’ i r i  occurs at the 31-st p e r c e n t i l e .  This  is  to be

comp ared  w i t h  the obsi-rved 15th p e r c e n t i l e .  R e s t a t i n g  the  p o i n t , in  t lmm - Raiid

l i l a , about  b~ % of t h e  responses  were  u n d e r e s t i m a t e s .  On the p r e s e n t  t l m e i i r y ,

‘ P . 11 1  6 9 ,  would i -  im n ; l t - ’r i- t h m i u t t a - ’ - . Con s idering  the f a c t  t h a t  the  Rand d a t a

iN - i  , - I  ‘n m \— - m r ! - t v  of  s a m p l e  s izes ( r a n g i n g  f u r  1 3  t o 2 9)  on differ . mi t

r ; m . - - - m  i m ’ ns , m m i i that —n- a r -  ci1ii ’ i i ~ in g  t i m e  ave rages  mi v e r I laigm’ p o p u l a t  ion w i t h

- ; :m - il I mi i l I l u - i  of qtme,st Ions , t ime I i g ur o  does not appear out o f  1m m - .

I.- l i t  a , is m n -mlvzm ’d I s  l im it s o i l I ii - i t - n t  to cmssm’ rt with high coimdid emmci -

- i t t t Im e Su!) Ie (’ts were ind e&- d r & - r ; p o m i m i i n g  wi  t i m tim e harmonic ini’rm ol t h e i r  sub—

-c t i v i -  p r ob ;m h  i i  i t  v d i ,~t r i h u t  ions .  however  , the ri-r i m I t ~ i r e  h m i g m m l y  c l c p t ’ st  ive

I i i  p A r t  i c u i r i r , they  suggest  t h a t  p o s s i b l y much of t h e  appa ren t  b i a s  observed

in p r o b a b i l i ty  e s t i m a t e s  could be mliii- to comp l e t e l y  reasonab le  b e h a v i or  in

t i m e  p a r t  of t h e  s u b j e c t s .  Th ey may be r e s p on d i n g  to  an imp i u - I t  i -c u r i up rul t’

wi m I ( i i  has - 0 m m - s e q u e n c e r ;  t h at  t i m e  exper  i m m - n h m ’ r  h i s  not m m m l  Ic i p m m t e d

I n  t i f l ’  i ir e s r ’n t  c o n t e x t  , We can e xam i n e  the Implied response f o r  cm

v ar  d- tv  of s e i t r i n g  r u l e s .  T h m ’ s m ’  a r m -  o b t a i n e d  b y m i n i m i z i n g  on R liii’ i n t e g r - m  Ii - ;

J (R , T) I) (T)

149

‘—‘ - ——-—— =‘— - —,---.— — -— -



I

Minimum - x p e  ted scor - r e sp ot -isi ’ s f o r  var  l o o m s

(mag n i t  ode i s t  him it ii on ) sco ri s

1. I R—T I Med ian

2
2 .  (R 1) Mean

3 .  R—T~ /1 Harmonic  M e d i m n

4. (R-T) 2
/T Harmon ic  Mi - mn

5. Log R — Log TI G e o m e t r i c  M m - i  ian

2
6 (Log R — Log T) Geometric Moan

I f  we app ly the  preceding type  of a n a l y s i s  t o  pr ol)~m h i l  i s t  l i  ‘ o i l t i - i  s-i’

m r r  ly e  at , m s u r p r i s i n g  r e s u l t .  Cons ide r  an i n d i v i d u a l  who i m s  m m m i ,  m e t  i ’

d i s t r i b u t i o n  0 (P )  over the  range K of possibli- objec t i v -  1m rob,m b i l i t  l e n  I’ . ii -

expected sc o re , f o r  r e spon r e R w i l l  be

~~~f~
LP.s(RHD(P) ~~ P~ S ( R ~~ ) US)

where  P
1 

designates the average of the Ps. Acc ording to 6, l~

maxImized when R P. This  resul t  is Independent  of the kind 01 sei ,r t -- mmmd

fol lows t rom the linearity of C(P,R) in P. T h I s  r e s u l t  hi -i ai r; i ’ t  i r p o r t  -w e t-

til men one t r i c - c to use probab il l - m t ic s c o r e s  as 1 method  ol c E , m r  i t  v i  ng t im e h o t  i i i

of uncert a int y , expressed , e.g. , as a h ighe r level  d i  st r I b u t  b i l l  oim t i m i ’

est m ates.

An Inst ruct i v m ’  app lication o f t h i m ’ s e  ideas can  be I wind  i i i  t i m , -  , m m m , i l v s  lii

ot  the payment ol a consult ant. Suppose an exp ert has becim iii ti - i  h .. , mim h t m L  i i

pr ise to I m m r i m l  sh i n p u t s  to .1 d i e  i s b n prob li-ni . ‘I lm eor emim 7 st mt t n  C hat th e

expert w i ll collect whatever add It lonal infornm ;i t Ion Is  a v . m  i I mb I.’ , i . - . , w i t  Ii 1mm
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l i t  i t t ’ i m i m i  i i  I. - is jim i 1 it V , lii - ‘1 1 1 t ‘
~ i - i  . m l  c - c e ’ I I mc m . m’xp (-r t on ‘

s j t - c I I  ic p m - i n  t - m - ’ in mr lii. - o u t - i l - i  i c e . i m m r  e r  t h~ f i m r r  o f  p i i i  • i i  w i l l

be to ~ Ii i s - mclv m it t - m p m ’  t .  h i - c  - i l  . - l i l t ’ know led ct -~ i l  1 -

m m ow - v .  r , si1p~~~~ c m -  l i m o -  r i - l i t , f in sh ip bet s - - i - i  t i c ,  cons t i t  mit t t r i P  t I  . r i t e r —

l I St ’ j S  i i  o m i t - f m h r  1’ .- common sort , wlierc’ t i m. - - - i - r I  i s  e - x p . -  t . m ~ t lim i t st ruc—

tur 0 - t i m e p r o h l m - m  t ha t  i s , h i  i s  c x i  . - - t e d  t -  g i ;.- advi m - c o n c e rn i n c ~ t i e -  r e l e—

v at-m t ‘ -vt-n t t to he- t mk - n 11110 c m c c d ) h m n t  , potent hal ac t  ions . and t b -  I i  k m .  To

s i mp ! it ‘i the p o i n t  , supp ose- the c o n s u l t a n t  is m e r e ly  asked to su i t-ct the

r e l e van t  e’v t - n t S , and of  cout - - I t  , I t m r n i s l m  c m p r i i i . m i i l i t  V a s s i g n m e n t  f m ’ r  them, if

t i m e - - iin sult cint is 1 i ml d ic ci ’r ,Iin ;’, to one of l i t. - i n f o r ma t i o n a l  score  r o m l e : , t hen

i i  w i l l  be to  h i s  a d v a n t a g e  to  make t h e  l i s t  of  e v e n t s  as small ar-i p o s s i b l e .

P u t  in  i n f o r m a l  language , i t  w i l l  be- to h i s  a d v a n t a g e  to learn as mucim as

p ossi l) le , and to t e l l  his  c l i e n t  as l i t t l e  as poss ib le !  This  r e s u l t- s  f r o m

lie f a c t  t h a t  i n f o r m a t i o n a l  score  ru l e s  mire r o u g h l y  s p e - m k i n p  m o n o t o n i c  in the

p r o b a b i l i t i e s .  By choos ing  a smalle r  event  l i s t , t h e  c o n s u l t a n t  ra i ses  the

p r o b ah i  l i t  1.-s ol l i i i ’  p r e d i c t e d  events , and lmc ’n c - his expected scor e- . For

~c c m m I m l e -  , i f  t ime-  exper t  is a geo log is t  who is asked to f o r ec a s t  t i m e  p r o b a b i l i t y

01 -in e a r t h quake  i n  So ut h e r n  C a l i f or n i a  over the  n ex t  t w en t y  y e m r s , and he has

t im ’ o - i m c i  i ce  between e s t i ma t i n g  t i m e  p r o b a b i l i ty  of  e ar t h q u a k e s  in a i m u m b e r  of

r - m p n  I t u d e  c i  m i e m o m e s  , o r of mm s irm p le d i c h o t o m y  l i k e  m a j o r  or  m i n o r , the r m an

i : m t  o rm 4mt  hot -ia ! score ru l e  wo im l d  m o t i v a t e ’  him to select the si’i ond fu n -cast  .~

* I n  : i c tua l  pr~t c t ic - , rewards f o r  exper t  j u d g m e n t  m c i - h i g h l y  e-om p l e x .  A i ’ O m l —

- m r l t  - m m m t  may p r i z e  h is  r ep u t a t  ion more t han  money ,  and r e p u t a t i o n  may dc’pt’nei
mon on pr .’c i s i o n  of estimates than on accuracy. Of course , comp lex reward
s i t u . i t l o n s  ol t h i s  sort may not be cm p roper  s c o r i n g  s i t u a t i o n ; the expert
may I m d  im is p r i n t  ‘st reward in l y i n g .
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D e c i s io n a l  sm - o r e  r em I t -  do not have t h e  di sadvant  - c ~~e ~~~~ ci j -;e ,m si-m , - 1 .

~~lie ’t’ ti me de’ o ’j sj o n i l  seen - r o i l . -  lt - pm- i ici s on t I m e  Pee i - d on m a t r i x  - i s - ‘e l i  IS ‘ i t

t ime c-s t  i i rciti’d p r ob a h i l  I t  i s , t lme r o is nt-i ga in  i n  s im p l  if ying time e vi -fl t 1 1st

I n  I - m et , f o r  t h o s e -  c ms o-s where ref i i i o - r r m e t l t  o f  t i m e  c - v t - -n t  l i s t  o m m i i  i t  - m i  t o

I i i -  re ,m~,ed expec ted  p i v o t  f , il t h -  c o n s u l tan t  i s  r e w m m r d e d  w i t h  ‘i ‘‘ p b i - i i -  of

ti me act e - ) f l  , ii.- will be mot iv a tm- - h to .-ime- r cmte- t ime  a pp r o p r  i n t o -  r o - f i n e m e n t  0 ) 1

t iio ’ i -ven t s .
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CIIAI’I ’I- k IV. ‘,p ) ‘-i I :l\I PUP- ‘-ii-

i l  - 0 t  comm of ‘ n c i - t - t a i u t v

i n  e ’ i m .i ~~t . -r I i - ; o - v , -r ml t im , ’o r ii’ s 01 i ndi v f il u mm l i- s t m a t  -s we r. c — ~ o i: i~l , -d

c o i l  i i i  C l e m p t t - m ’ I I I  - i  c i m ’ i e t v  o f  w m y s  0 ) 1  rim . - m s m m r i n g  ti~e eXc~ ll~~ c~ i o !  i U ’~h

,-s L c-’i i~~’ ’~ ot- r~- . - xp l o r - m ’d . l 1 nJi - r l iti g li ot im chapters s-- cc-c t he ic ; sUtnp t ion  t h i n ? .

- mm mli jmmd ;ric-nt t i n  be i,se’d as a su r r o ; - m t  t f o r  d a t , o  or  t m e m o r i e s , i t  least In - t

do ,  I S I , ’ : m  c m im i • :-~t . E x p e r i m c nt i i  i m i v o s t i g a t i o r m  oi  l o in  in jim cim ,rrent m m ,  shown

L i m i t  it is f nm-q m m e - i rt l v  v ery  b a d .  A b c - ic - i s s ue  t he ex p l o r e - P  l i i  t h i s  - c i p n  m r

i s  t h e  .pm , c t j ) i i  whether t he m ’ .’ - m i ’ ’  si t c m, mt ions in  whi ch i t  is , m r , - i i - r r , m h l e -  to

m’ -p l ; m - m- h i m m : m i m  j c m t i - r ~m m - n t  s-i t i m  s o m m m e t h i n p  t i m — m t  i s  j i m  ~i ~, m - n s € -  c v . - - !  -
~~

- .- ~~ - - 
, n mn o- lv

mm f o r - - -  0 1 - c t  [m a t e  t l i m t  m m mi  h . c - m u m - P a nom ina l j i m m i g e rn- n i

fl-i a i m o m i n a l  j u d g m e n t  is mean t  an a r - ism- r I ion ha sem i on , i .luas 1— l o g i - i l

r i m  ft , such -is t iie p r i n c i p l e  of  i nch 1 f f  en -n c . -  o r  t h 1,-iw of i r m s u t  i i i  f o r m  t r ’  . - o -  -

l yp la-al m i x - o n , i t - c  a n . -  t i m e  m s r c i m r ; i p t  ion of equal a pr u . n  pr ei i ’u ro m l i t  itS in some

kinds of s l i t  i - c t  li ii i n t e r m - n i  . , or t h e  .‘i u ’ml  w e i g h t i n m ~ of i n di - ’ l - l i m l r , -s 1uon u-s

i r m h c - r - n t  i n  u s i n g  - m  - I m m m l le m V m ’ r i p . -  to e-xpr m - - c c  t i m - - r a m p  response  in  a !)-l p m mi

e x e r c i s e - . I~~t Inm at e - s of this - jon t m r . -  c l c - - m r l v  a t h i r d  k i n d  of jud gment

‘ J m - r y  di l l  ‘ - r i - n t  in o r i - , in I r t i c r c  s t m t & - r i m & ’ n t s  h - ’m s e - d orm ‘‘ l i i i  i ’ h , mt , m , or on ‘‘ i u i t u i t i  O d d . ’

they h ave- ic - cl mm sort ot  olt- m i—m ond e- exist i - m I m e l i i  C h it ’ 1 ) 1 st , frequent lv cmpl iuv e e i

bitt not with i c i  . ‘ c m r  co n —ic- m t - i c - c .

lie I ore at C e-mpt ing to prob - b fo ii ndmm t iomm s of t h i s  s o r t  o I m md i~n o. - m i t , I t  i - c

‘ mr- e- f m m l  to look at c m r e l a t e d  t o p i c , name ly t i m . - r :mnpe ol ex ct- ll em m o C’ that , - s t  I—

mmm l es can ex h i b i t  . We c amm d i s p l a y  t h i s  r a i m ~~t- w i t  Ii cm c r r m d m ’  sc a l e

0 1
Igno ra nmi - .-  Op inion Knowled ge

Sol i i h i t v
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l i m o ’ ‘ f mm m i t  it v i t - l m m p se - ,i l e - l m e -re is rioig l m l v t i m . - f. -~ c ’ , - ~ t v t- r i I i -at I o n , or liii-

mi m o i m n t  0 1  . ‘ o , i i e - i m  e- , t h at  ox j r- i ts for - m u ;t dt e’uri- ’ n i t  . he- - i m s e -  t i m e - n , - u m c r , - b t ’on  m a n y

i t t e - m f . t s to g c n e r m t t - i lo ru mm a l dot in it i o n  I ‘or t h i s  mie- , ion ,- -‘ I w h im -lu to

-riv know lo-i m ’e- i m i’ _’c- c c c -  ce~-m lc ’,i , I n ’ r - eto- r t i ’  lc- mV ,_ t ime r i o t  i on  i t m i  - m r s  ml I’Ll c m i i

m m - ‘4midnt it v ‘‘ s o l i d i t y . ’’ T h u s  , -~ i md ’rcm-i i I S c i t  I c c -  r i pht c t-md u t  t h i m -  o i i i -  an -

w e - l l — e s t c m h l  i ; i m t - m i  , o r m d sol il , t imo se  ii  tb .  L e f t  end -mr. om ns mb , - c t m n t i m t . - l  ‘In

‘ t I m i s

A t the ar r i gh t  a m e -  t lie ’ w e- li ven il it’d p t - n m - r u  ‘at  l o u i s  of  n u t r m r - m l  i - O f t  O i

i m i l t l m e e - j i l l y s o l i d  pe e - f ’ m l  i’ .t ions of co m n mn omu scsi -m e - , I ik’ ’ ‘‘ Un i si m p 1 o o r- ter d

ob j ec t s  t c m i l , ’’ or “ Food Is  f l i t  i ’ s ’ c m ry  t o  ~u i u i t i [ f l  I l t e . ’’ ,- \ t  time’ ii i t t  ii. -

st  i t -: . A s  f o r  w h j m i u t i m e - r i- i s  i ‘ e-~~md e- m m ,-e whi.m tsoe-v ~-r , h ut e ltu , , !  ly, no omit r , m r ’

m’vidm ’i. , . - . In (im a~cte ’ r Ii , it s - i c  - o l m t . -i l out t h i c i t  i t  i - 0 no t  c h e er s - m i t h e m

s t a t e m e n t s  s - i t  zero solidit y ~~X I S t  ‘ l i m o - I  t l m , t u u  in t h i e o m ’,. ~ ,, I t o  - n m l o - r s t ~ m i m d

I s e m i t e n c  ~
- i r o h c i l t l ;  r en q nm i t- c c r m  some r t r i i  - ru n i n f o rm a t i o n . ‘i b m - i - - I - 0 an o x t e : m - m j , ’ t ’

h r  - - r i m i r e - , beg i m m n i n g  i t  l i - a c t  ,m r- e - m r l v  m ’, flume , m - i f l f ’ ’ i m ’ i Z l u l g t i s -  Ii t l i m i t  l i mo -

i tt-au of’ a - o rm i le r el y c e r t a i n  f , m i  t m m l  s l i t  enme’n t  is i m s t  t h a t :  ‘i l l  t . m n l u i r i  - m l

u-m t a t e n i m - n t S  are l i m o  u m n i m l e t t - l v  ven t l ed .  In  a .-0 i m i i i r  w ay , t h o m - notion 0! - m

s t a t e m e i m t  f o r  whi m c m  no re- i e - v m m o m t  i r m f o r m a t  Io,ti I X  m i S t  S 1:. jO cohab lv - mu , i~~ - , il j~~,i t  I r,1

in t h o m -  m i d d l e -  of th. ranpe cm re ~ ico o - r  t Ions t “r  w h i l e  Ii t i m ’ -  u e h - I  co-b - c -v i b . --

im u ’ n o t  e- m i o u m g h m to insp ire- m l  p h i i i i  I t o tem . I Ic -mv. - c m l  1 . - i l  t m is r an  i r e ’ “
i 1  1 m m  l e n .  . - ,

ihe t ‘ - r i m  ‘ b e  s i m  ‘ t —a - eu m i  t o  h i v e  - i ’ m  cu t on I ~~ i i i  s ap p  1 i~ i i  m o l t  , ‘ m o s s ~O I C 0 .  ‘~~
‘ i - !

of i t s  nt -gal  iv i -  - m o u m n ( i t  it erim u s

At o i l  m~ V m ’ f l t u , , it i s  t h I s  m i m i d h m -  r , inge  w h i m - I t i i ’ i m . - ,mrs  ui s t  m p i t m o p !  i i t o  t o n

a p p l y i n g  i i -  t s.- n i e s  of i - s t  i i i m u t I o r m  0! ( I i m ~’ t i - r  1 1 .

I t woj u I d 1 m m ’  m m  i - m i t t  n m m ’ , m - st ep t o  rwci rd 1 m m t lit’ th o m  ‘ t o , m I t  em , C i m i  C i emi l h I I lie r -

we re ci w ’-l l — o i . f l i m e - o h  ii . - . m s u re f o r  s o l i d i t y .  .-\ t t e i n p t ~~. t o  ,I. t 110 l i m o  c- e m n . - . - p t  I ’  m - c , ’ot

on forma l i m , p i e , cutc h as ~ m - - ,- n ~~s ’ l i o g h m ’ t i  L h t - i . r v  u t  prc)h ab t h i t  v ’ m m m d  C i r i i a p ’ m ;
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u t !  o r t s  to  ;j oe ’ i i  t V 1 de -g r m - -c- of ‘on !  I n m u e m t L,ii h i m i v e  p r o v e n  u n s a t i s fa ct 0 r y .

‘it  t e m p t s  t o  c - c l o u t - i - r l c m -  sca l e -  w i  t :h p rob ab i l i t v  i Un c i t  u m i l  o f  a number 01

conic  of wh ile hm will h~- d 1sm -t mic r~,’,l or b s -  I n  Lime ’  m c s - t i o i m  ()fl u m r m t : e - r C  cm i : m L v .

Tb -sc~~ii C is c l e a r l y  r e l :m ted  to  t ime  not  ion of t b e u ~ r m , r  m i t  co n f j d i - c m  o’ , P c - f i n e d  in

~ i r i ous  s-- cmvic 1 m m  st  z m t i s t i c s , b u t  most  of t hose  r e q u i r e  s p m i - t - i a i  a s seumpt ions

(suiehi as r - m ui honizm- cl :0 mm~u1 inu r ) w h i c h  l i m i t  t h m e i m  a p p l i c m t  ion to imuc tc cnc es  of

iorm:m l d a t a  c o l i c - m i - t ion .

One’ r e l a t i v e ly  ,bm ”jous tactic iii to use a jud gmental  sca le -  of s o l i d i t y ;

e. g . , to  e l i c i t  , m c o n f i d e n c e  r u t i u i g  a long w i t h  each estimate . The p r e s e n t

e v i d e n c e  s up r ’,e’st s ’ i i t  i n d i v i d u a l s  c ire  no be t t e r  at e s t ima t ing  the s o l i d i t y

o~ ci jud gini - ru t t han  t i m e y  are  at making the or i ginal  e s t i m a t e .  The i l l u s i o n  of

ee’r t u i u i t v  ; o i m e - m m o ~ e-non s t u d i e d  b y Slov ic , L i ch t e mr s t e i n , and o t h e r s 3 is a clear

c isc i n p o in t ~. I n - t i m e  ser ies  of e x p e r i m e n t s  w i th  college students -m d  almanac

l i m e - s t - i o n s  t b . - s t : r i b e d  in C h a p t m - r  I L , the s u b j e c t s  we-r e  asked to  r a t e  t h e i r

i ie ; we ’r s , i:— m m m l l v  on - i sca le-  f rom 1 to 5 , whereu 1 mean t “ I ’ m juliA guessing ”

i c 1 5 i m - i r o t  “ I know Ihe a n s w e r . ” Time c o r r e l a t  [0cm be ’tween these ’ s c u l f — r c m t ings

armil lear ‘ - r r o r  was — .115. The negat ive sign is in the  r i g ht  d i r e c t i o n , but  the

size  of t im. - - - c . r r e l a t i on  is not  impressive .

For h ig i m c o n f i d e n c e  s t a t e m e n t s  ( k n o w l e d g e ) ,  t h e r e  is no bas ic  d i f f i c c m l t v .

Thue - r u l e-  f o r  oms ing suit -h s t - ci t enmc -nts in dec is ions  is s i m p l y assu me the statement

i t r .me , mrnl mm t mi - o u r d 1 n m ~~l y . For s t a t e m e n t s  in t i m e  m i l d l y  rcm ng e  ( op in ion)

t i o . r -  - i n ’  ci nu m b e r  of open i i - ;s o i e - s , b u t  t i m , ’ ru le mmmk e t h e  bes t  est I m m mte  vocu can

-ir e- 1’ I cm t urd I n g l y ,  appea r s  to have  gene ra l  a c c e p t a n c e .  I n  t h i s  r c m u l p e - ,

e~x~o n m - t m ’ - i l m m g  m o o ,  . - r t c m i r m l y  w i t h  c- n-i t imn at e d p r o b i m b l i l t  i t ’ s  is g a i n i n g  c r e d i b i l i t y  c m m o n g

‘ l e c f s f o n  i u i m I  ‘ , c t g .  ‘~m - n i o u s  c o n e c ’ l o t u i i i l problems mm r 1st- in f o r m u l a t  ing r u l e s  fo r

iii or l tu rcm t in g  s t ; m t t ’m e ’n t s  ml  t h e -  low end of the ~o l i d i t  y sca le  (i gnorance)
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iii decisions. lt is s t c i t e m e u m t s  of t h i s  so r t  f o r  s - l i l t - f m  n o m i n a l  ud gm ent r - i ,

r i t h u e r  t h a n  e s t i m a t e ’s , c u r e  rm r o h m h i v  a p p r o p r i a t e .

2 .  U n i - e r t c m i s t y  and P r o h , u h u i  b i t - v

ih i -  r e is a l o n g — s t c m n d i u m p  con t r o v er s y  c on c e - r n i n g  the  q u i i - s t  i on w h e t - h i - u

pr o i t cmiuih i t y comp letely ermc odes h o c ’ no t  ion o f u n c e r t a i n t y .  ‘ I h i e ’ d i s t i u u ’ ’ t ion

h e - tween  u n c e r t  c u i n t y  (or lack of l i i i  c ’ r i u m c m t  i o n )  and r i s k  (pr h u h i l  f l y )  I - m s  h o l e I

a r o u n d  at  i m - c i s t  s ince  time- writ h ugs of Frank Knight . h owever , the n.- ‘ mci -s be- ,-

no c l ea r  0 -oma-me nsu s  on the  s u b j c - ’ t  among those  i n t e r e s t e d  in th- o - i s i u r m  ,i m m t v - ;i s -

Those s-ito c u v o r  a s u b j e c t i v i s t  t h e o ry  of p r o b a b i l i t y  hav e iio ’e’ fl m c i  t c O - I  t o

reject t h ue  d i s t i n c t i o n , on the  grounds tha t wire - i ’m an i n d i v i d u a l make- s a ~t r o h i —

b i l i t y  jmm dpmnern t he is q u a n t i t  v i n g  hic~ de gree of u m n i - e- r t a i , n t v .  Ou ’ th is vi e - -c ,

- m u m  i n d i v i c b u a b  who says “ l i m e  p r o b a b i l i ty  of even t E is one- — h a l  f ”  i - c  s ivi i i g

‘‘ 1 i u c uvi -i m ‘ I the t o g p i m ’ st  no t ion  s-he tlm ’ r r E w i l l  happen m i r  not . ‘‘ ‘- l o: ’me - ohje -i t iv j t-c 15

hav e-  - u lso re  ~er t - i e d  the d i s t i n c t i o n , n o t a b ly  R e ic rh enb a c im  w h o  r ec m ci ium o d  ‘ m i r e : juic ed

tha t  the not  ion 0! probability wa r m f l e x i b l e  enough to c ov,’r c ull [mu st au -; of

lncomp le’te i n f o r ma t i o n .

Ob jec t ions  l o u  I b me  i d m - r m t i f  l m ~, i t  ion of une re r t  a in t y  w i t h  , r o h , u l u  f l i t  v h O V e

been r i  1s t - P by Al I ais , and El l sb c -r g  , wimo cont end t h i a t  m e  h - i ’ m  - - ‘t  sub c’ ’ t iVi ’

p r o b a b i  l i l y  does not  d e s c r i b e  t i m e  b e h a v i o r  of m d  j v i c i u a l s  mc m k i u i  c h m o i  ‘ ‘ -s mu ~ ie ’i ’

Inc omp h i - t m -  i n f o r m a t i o n .  T lmLs t op ic  will  -
‘ expanded in Se c t i on  6.

On tic-- f a c t -  of i t  , time’ s u b  j e ’ c t i v i s t  p o s i t i on  is h a r d  to  mcu int u n .

( b u s  i t i e r t lie- c m — u -i t -  r t ion , ‘‘The prob ;mbi I it y of c- y e- u t E is m o o s  ‘ — h a m  i f  . ‘‘ /m~ an

examn p h- , suppose t h e r e ’  ar c  two c~n ins , one of w h u i c i m is s-el 1—known t o  l i m o ’

c - oc t inwi tor  . I _ i - I ’ s say ime luau I I [p~i i- ’ l i t  m any t im es , m m d  hu ms v e t y  good re ’ ,mson

he u i -v .  - I t  I s  a f cm I r co 1m m . l I m e  o t h e r  is mii i  c c x i  . 1  i i ’ oh i- e l  w I t i m  w h i l e - t m  lie lm ~ c m

i i i  no p r i o r  e x p e r h m u r c - - e’ . ‘ l ’ hum - N -  I s  ito i -o n t r . i d l m - t  ion o n m t h e  cci i i>  c I L v i - 1

i i m - s r /  of p n i u h i -ihu l i l y  to s u p p o se - t b u t t  I i i ’  m m u s t - r t  s ‘‘ b l o t ’  probab i l i t ) -  c.l b u i - m , l , c j~

I ‘~6
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a m > , - b u i l t  “ fo r  each t o t  i f i c  ~~~~~~~~ And ye t  he may make t i m e  a ss e r t  iou f or  t h e

f I r s t  co in  w i t i m  high -onfidencc- , and the cus— ;ertio u about the second coin w i t h

l i t t l e  or no c o n f i d e n ce .  In t l m i s  u se , t he  a s c r i p t i o n  of p r o b a b i l i t y  on e — h m a l t

to m c i  m’ve i m ’u t  o c c u r s  wi t im two very  d i f f e r e n t s t a t e s  of knowledge .

The coin examp le- shows t h a t  a p r o b a b i l i t  judg ement  cannot , b y i t s e l f ,

- x p n e -cc r -c the’ degree’ 01 c e r t a i n ty  w i t h  which  the jud gement is asser ted . This

p o i n t  is in mm - c o r d  w i t h  the- vies- expressed in Chap t e r  I I  t i -oat  p r o b a h il i t  lea

ire  p r o p e r t i e s  of t ime -  world , not of the  e s t im at o r ’s s t a t e  of kn owled ge.  To

purs ue an exam p le r a i s ed  then , an es t imate  of the heigh t of a t r e e  can b e - made

with any d e gr e e ’ of s o l i d i t y ,  and the  s o l i d i t y  i s  u n r e l a t e d  to t i l e ’ number

ex p r e - c ; - c i ng t i m e  b m e i r g h m t  . S imi la r ly , a p r o b a b i l i t y  e s t i m a t e  can he a s s e r t e d  w i t h

toy degree  of s o l i d i t y ,  and the s o l i d i t y  is not d i r e c t l y r e la ted  to t i m c - u m i r u m e r i —

c - i l  p r o b a b i l i t y .

The argument  appears  to require  tha t an a d d i t i o n a l  index o the r  t han

p r o b a b i l i t y  be f o r m u l a t e d  to express t ime s o l i d i t y  s cat e .  In s t a t i s t i c s, i t

Is common practice t o  a t t a c h  a number , time s i g n i f i c a n c e  level , to a de r ived

s tat i s t i c . In s c i e n t i f i c  a p p l i c a t i o n s  the pr a t r t ice ’ is to “suspend be l i e f ”

i t  t i m . -  si g n i f i c a n c e  level is too low . This scientific procedure is not much

l u m -I p to i’m decision maker if the statistic is relevant to a pending decision , am’md

t h e  si gnificance- levi-I is below the  accep ted  c r i t e r i o n .  A low s i g n i f i c a n c e

— Leve l does not imply that the opposite of the imypothes is has a hig h s i g n i f i c a n c e

level.

The si g n i f i c a n c e  level  i s  a special  c~u sc - of one s u g g e s t  ic f l  f o r  ex tend ing

t h e  n o t i o n  of p r o b a b i l i t y  to i u m c l u d e  unc i - r t m l n t y ,  name- ly  to i n t r o d u c e -  p roba—

h i  l i t  it -s  of c m i t !  g i ue- r l evel .  ‘ l h u m i s  , assoc iate-eI with ,m ol\ g i vt - -n est inmat e  we can

c onceive of mu p r o b a b i l i t y  d i s t r i b u t i o n  f o r  t h a t  p r o b a b i l i t y .  i t  t he  second

level  di st  r i h u t  l o u t  hois a low d i s per s i o n , t ime i-st  i m a t m -  Is re l c u t ively solid .
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I f  t ime t o p p e r  leve l d i s t r i b u t i o n  i s  f l a t , t Im e - n  t i m e  e st  i n i a t u ’  I s  U O C , ’ T  - 10. i b i s

semgge st ion  Is  i l l u s t r a t e d  in F igure  2 7 .  The second— leve l  d i s t r i b u t i o n  f o r  t ime

f a m i l i a r  coin is peaked around o n e — h a l f , w h m i  l( ’ the  ‘-o’comicl—leuv. ’ 1 1 s t r i i  t t I iii

fo r  tIc-- ~n ! a mi l i a r  coin is r e l a t i v e l y  u n i f o r m .

Second—leve l  p r o b a b i l i t y  d i s t r i b u t i o n s  c l e a r l y  do m i t t  e t i r m i n a r i -  t~~u e -

p rob lem , because time second l e v e l d i s t r i b u t i o n  m, m ~ - a l s o  I . -  um m c - ecrt c m i i i .  T i k - -n

s i r  i ousl ~ - , the sugges t i on  then  leads to a t h i r d  l i - u - i , and so on. ‘I i - - -

one I know who w h o l e — b m & - - m r t e d l v  a ccep ted  tbme c imp lied lnfi ni le - s i t of h i gim e r

level distributions Is Reichenbach.
5 

Most other investigators m a ,, C e - I l  t i u mu t

an infinite sequence of hi gher  level d i s t r i b u t i o ns c r e a t e s  many mo r e- p roblems

t h a n  it  solves.

Never the le s s , t h e  not  ion of a h i g h e r  level  d i s t r i b u t i o n  is  us e - t o m ! i m u r

exploring some kinds of r e l a t  l o ru s im i ps b e t w e - m ’ u i  i m n c e r t a i n t  and probability.

For examp le , i~ we- assume that a hi gher—leve l distrib ution app r oximat e l y

~rx~mr es ses  u m r c - - e r t a m n t y ,  t hen  we can asse r t  a coupl ing between t h e  d l s l m t - r c ion

of the  h i g h e r  level d i s t r i b u t i o n  and the p r o b a b i l i ty .  This  come s about  b ec - im m e ’

the range of p r o b a b i l i t y  e s t i m a t e s  is c o n s t r a i n e d  be tween  zero and on e - .

Assume t h a t  t fme - i n d i v i d u a l  asser ts  the  average of l i i  s s m - o ’~~m i d— 1o ’ : -  I d i s t  r i b u t  [tim

is his f i r s t  level r e sponse .  Then i t  is i m p o s s i b l e -  t o  a s s er t  - u p r o h a b u  I I  i t y

close to  one w i t h  hi gh cm n c e r t a i u t y .  For exar um p le- , i f  t h u m ~ m 0 p o -r  l e v e l  d i s t r i —

b o u t  Ion has t h e  f o r m  ( 0 1 + 1  )~~fl
, anil  tim e - c m v e -r age  is - , t ime-n u m 13 , m m m d

. 0675 .  On time ca l mer  hand , 1i t i m e  a v e r . i m b t -  is ,m r o um n d . ‘ u , tim e - n time’ se - c ’onel

level distribution is not c o n s t r a i n e d ; i t  can i t  about  a n y t h i n g .

More’ g e n e r a l l y ,  c - o iu s l d e r  a u my event  s l a m m m  U .  I f  U couur ;ls t s of a d i  s cr . - t

set of , ‘v e nt s  {E ~ 
m , t hen  t i m e  t o t a l  i t y  u t  t h e  pos s ib l e  p r o b a b i l i t y  d i s t r i h u t  b u s

on U is ‘ l i - - c o r i hed  by the  simp lex E P
1 

1 . Time- f a d  i v i d c m m I may h i v e ’  - i cert a iii
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Figure 27, Second Leve l Probability Interpretat ion of Uncertainty
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amount of lot orma t ion about  U , w h i c h m  ca im he ‘cxpressed by say l o u - t h a t  me - V i t

t l m m t  t i . ’ p r o b a b i l  i t y  d i s t r i b u t i o n s  on U a re  l i m i t e d  tm , m m m - i -r t , t i n  t ’ I - i s a  l b .  i~y

u— ~suum pt1 on , some d i s t r i b u t i on  1’, in K is the t r u e  distr ibu i t - l on . I t  t i me - i n d i -

v i d u a l a s ser t s  R P , t lme n  imi s  expected score w i l l  hi ’  11 (P ) .  I f  he t i o - -~~ f lu !

know I’ and asser ts some’ R ~ P , t h u e n  his  loss w i l l  he 11(P) — G(P , R) . I !  t u . ’ r e ’

is an upper  level d i s t r i b u t i o n  D ( P )  on the  d i s t r i b u t i o n s  in K , then liii

e x p ec t e d  loss w i l l  be ~~ ( 1 1(P)  — G(I ’ ,R) )  0 ( P ) .

‘rime expected loss w i l l  be min imized  b y s e l e c t i n g  an R* to  g i ve

m f n f ( H ( P )  - G(P ,R) )  0 (P )  ( 1)

g i m u m - ,’ 11(P) does not depend on R , (1) is equiva len t to f i n d i n g  an R* w h i c h

g ives

max f  C(P ,R) 0( 1’) (2)

Expanding  (2 )  we have

f  ~~~P~ S(R * , j)  0 (P)  max fEP .S(R ,j )  D( 1’ )
R K j

And since S ( R ,j )  does not depend on P

m a x LfP . D (1~) S ( R , j )
11 j 1K -~

-I

max~~~~i~~S(R 1~~
) ( 3 )

R j ’

where  P i — c the  average  of P over K.

From t i m e  d e f i n i t i o n  of a p r u p e - r  score- , R* = I’ . This resu ilt is qum i t  e

genera l .  I t  does not depend on r i m e  f o r m  c u t  G ( P ,R) , o t im e r  t h a n  i t  be’ - i p rop er

u ;e or e ’ . I t  does not  depend m u m the n , i t m m r e -  of the class K , at hu e - r than t h m m t
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U ( P , R )  l ) ( l )  h u . ’  j i l t eFI’ m i ) l e’ u v t ’ r  V .  I f  V I - - t I -  t a t - i l  -m u uim p i ex , ~~~P . = 1 , a u o ’ J

t (F’) h r -c t ime uru b C ~i ci 1st r Ibut t u t u , t h e n  R* = F’, r l i i -  m i n I  f o r m  d i s t r i h u o t  i on  on U .

m u m  m c i i i  tb .  p r . - - - r t p t  f o u l  u u c s e ’r t  1’ , t h i ’ umm o m u i m i m om I a - s  r m m l e  t a m  ‘ t i —

uu u, m t  c-s w i t h  in ’ ’ o m j m  1, -Ic  I n f o r m a t ion.  I t  i s , in i w i , a 0 m m - r i  I i a c m !  io n of t i m i ’

j o r i n - i ple  of indift e-rence. Far decisional score  r cule -s , with matrix U .., i t

o , - t -omju mends m m c i  ~~c t  i np ,  the  ac t  ion A . r ; u m c ! m t h a t  P U 1. i s  a r ic i ximu rn . For the

c sc ’ that K is time-  t o t a l  s imp lex , ~~ P . = I , it re -commends , in eff ect , se-ic-ct umg

t ‘ me ’ a ct  ion wi  t i m  t ime  h ig h e s t  row s imm.

Givc - iu t h e  a s sumpt ion  t h a t  u m p p e r  l evel  d i s t r  ib u t  ions a r t -  a r c -c u-; tun ;i h le

a 1)p r o x m m ~mt i o n  t o  u m n c e r t a i n t  ~ and t i m a t  a u n i f o r m  upper  level d i s t r i b m m t i o n  is

; m s u f f i c i e n t  d e s c r i p t i o n  of c o m p L e t e  ignorance , the  m m loss r u l . -  app e -c i r s

r - m t m m u - r  i u m e - v i t  a b l e .  I t  has a number of a t t r a c t i v e  f e a t  t ires  in add it ion to those

m i r e a d y m on t i o n e d .  Time average d i s t r i b cm t i o n  P is r e l a t i v e ly  easy to  c o m p u t e .

h r  a e l ec - i s ion  m a t r i x  Imas e x t r e m e  v a l u e s  — ‘catastrop hes” or “windfalls ” —

l i m e  r ud e  IOu i t i m o ’r i g n m u r e s  them , nor is obsessed wi th them . And , to an t  i c i p a t e

time ’  nex t  sect ion , in t i me-  “comp le te  ignorance ” f o r m  — a un i fo rm upper  level

d i :mtri b u t i on on K — t h e  ru le  is mm hed ge m m g m u i n s t  b i a s .  However , the  cm ssump —

t i o n  t h i t  I m i m p e r  I e ’ve ~i d i s t r i h u t i o r m s  a re  a sufficient approximation for

m n e - o m p l i - t e ’  l n f o r m m m r l o n  r e m a i n s  to  I c e e s t a b l i s h e d .

3 . C o u m m m t  m - i ’j u r e ’ i h  m u - t ion

A ~m 1me-n o nmuunon th a t  , j v . - s  some a d d i t i o n a l  i n s  ights i n t o  t ime u m at  urc ’ of

uncc-rt - i  i u m t y  is itu u u ! i t  e - r p r e d i - t  ion .  Cons ide r  an indiviulual who , i f  t ie’ ;iucsc’rts

;u , I k e -n you c i r e -  sc--t t c - r  o f t  t o  be l ieve  not—R. Ai ’ c - m u r u i i n g  to t ime th e o r y  of

p r o b a b i l i t y  - x i u r i - s u c m - d  in  C h m a p t t - r  11 , the re -  is mmo s u m e i m  in d i v i du a l .  P r e s u mab l y ,

If anyone wo ’m ld be’ hett i- r of I t o  b e l i e v e -  n o t — R , then , in  p a r t  i t ’ u m l , ir  , the

m u c l i v i d u m a l  h i m s e l f  would he b e t t e r  o f f ;  so he cm l s o  s h o u l d , i f  h i s  best  es t imate

Is R , b.-1 l e v i -  n u t  —R , w h i c h  Is  50mm- k i n d  of c m . u u t  r : m u l l c t  Ion.
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L’Vc ’ m t i m e  I . as  , U it - re - is gm u t c i  cv id L’u l e ’ e t i u . i  t t i m e  p hme - n on me ’ rmo um a f i i l  m r u t  mm r~

pr~’~I m  ct i on  is t , m C n y  coomnoom . In the ’ t h e o r y  of p s v c h m o l o g i c c i l t , - s t  i f l O a t  I a 0 j e t m ,

t h e r e  is a concept  c al l e d  t me - d i f f l c i m i t y  ot  arm i t  ecu . Tim e ’ c l i f f  i c u l t y ,  f o r  a

ly e - n  p o p u m l a t i o n , is d e f i n e d  c ia the p r o b a h i  I i t y  t h a t  m m memb er  of t h m m t  u i c ~~’ m I  c m

tion vm 1 ge-I  t ime r i c ~l u t  ; m n ’ ;w cr , as diagr mi ’ uouue- m! iou Figurer 2-5.
6 I’he’ im m t e - r e - s t  ing

c-a t u m r , -  of t h i s  st a l e -  Is t h i c m t  i t  u v i ,c r s  t ime  C i :~~ 1 r ang e ’  he ’t we i tu (I amid 1. E r

t itom - e’ i t  em-c wi th  c l i f f  i c -u i  t y gr e - m i t  e r t lea n the us -r i i cal line at d in Fi guu re- 5-

w t m e ’ r e - t h e - ; ur o b ab i  l i tv drops helt ~ ’ u nit hal f , cm t y p i c a l  member of t i m e ’  pop 1 m ’ U i .

i s  .~~ counter—predictor; you would be bette r o f f  to  r. - j e m c ’ t  h il s a i m  s w e - r .

Time sec ond I e m i t  t i r e  of i n t e r e s t  for  th i s  s c a l e  is t h a t t h e r e ’  c u r e ’  i m : - : m t r r ; u  h e - cc

o t  items w i t h  d i f  I i c ult y  c~r e m u t e r  than d .  And the  c l a s s i f i c - m ,m t i o n  of such

items is w e l l — d e f i n e d  in the sense that  if t h m e y  are sc a l e d  on c i r c m u u d o r n

samp le of t ime popu la t ion , then  a d i f f e r e n t  s a m p l e  w i l l  e x i m i b  i t  t i m e  -c o m m . -  p r c -

I c t i r t i o n  of i n d i vi d u a l s  w h o  get the c o r r ec t ,c os w er  . S i c  I m r  c m a  I know t her .- I ,

i to ge -m u ra l  t h e o r y  f o r  such q u u e - s t  ions  in t i m e  se u o m u ; e  t h m m t  t i m e - v  c m m m  beo i d e - u t  i t  1, - i

-cl t h o u t  f i r uc t t ry ing them ‘ u u u t  on cm samp le- o f  r e s p o n d e n t s

Th e- l o  i r d  i t m t  c r e m ; t  i u m g  f e a t u r e  of the  d i t  f i c u m i t y  s c a l e ’  i s  t h u - i t  [ c u r

q u e s t  ions w i t i m  d i f f i c u l t y  gr e u t e r  th an d , the  i n d i v i d u a l  ~~t u i u 1 i i  do ‘ c t  L e ’r i f

m e- r e a c h e d  in h m is pocke - I , drew t ) u i t . a coin , m m m c l  f I i pped i t t o  o l m t i  i n  Ii is

- m uu swe- r (assum ing ,.m t r u e - — f - u se- t i c k - s t  i o n ) .  Fo u a u i c ’ i m  c l u e - r u t  i a u u m c , :m g m u c u c l  C m i  r c .’iui

is bet  t c r  t h an  g u m em uc s i ng . Th is Is t i m e  lu ol e  in  t e l  thm e ’o ry  i i m c m t  I r e - I c -  rr e ’el t o

in t ime d l u ; r u m s s  ion  of t i u t  r i gh t  s — m i n u s — w r o n g s  score- . I f  t ime ’ m d  i v  I d u i m i  c ’ a m m l d

i d e n t i f y t h ose q u e s t i o ns  f iur w imi ‘ l u  hme was a m - o e m n t e - r p r e c l  icr C c i t  , l i e’ Wool h u h  do

bett u r r by  r e l y ing on - i c Im~mnc i ’ me - c - hm ~mn I son . I i . ’  c i i  so woum I ci c i t .  bet t e r  w i t  Ii t i m e ’

r i g h u t  s-~o m m I n u s— w r o n g s  scor e-  by  n e t  mr m sW t- r h m m g  m-im m u - I m  q u i t - s t  Ions , s i m m . .- I m I : - c  c ’~~l me ’ t - t  .1 —

t f o r m I, negative ’ . Howe’ver , In  u u r d r r  t a r  t im ’ r i g i u t m i —mintiS — woic u ig:. a o u t -  t o  h e ’

I m-, 1

—5- —



1

P R O B A B I L I T Y
OF CORRECT 0.5
A N S W E R  

0

D I F F I C U L T Y

Figure 28. Scale of Difficulty fo r a Quest ion

163



I

c t  t , u t  t i v e . t im e  i u m d i v i d m u a l  t u m u m s t  be ’ , m h le to  i d e n t i f y t ] u i - : -m e -  t j u m e - m ; t i o n s  f o r  w h i c h

ii.- is • i  , e u m m u t  er p r ed  i c t o r

thu -m u ave h e - c ’u ~ - i  numbc - r of ex p e r i m e n t s  e x p l o r i n g  t h i s  i s s m m e u , name l y

x p e - r i m e - n t s  o u u c c e - r o u c i  w i t h  t ime-  re- - u l i s m  of stub j c  t I c :  in  r m c u k i n g  p r c c b a t - i l  i t y

L’ S L  m a t  c-s. flit- mi, it ci c u t  ( ;gu e - u u  , F i g u r e  9 , Chapter  I I , is t y p i c a l  . Time a ’,c c r m m ~e

ui , u t i r , - mt !c score f a r  the  5lh ~ responses  in t h is d at a  is . ~ 5. Tim e’ c-x pe t ’ tecl

c o al  r. itt c score for mm ciutnh ) Li- t o  i g m u o r a r m  Ce ’ response ’ — I . .‘ . , c u r  a r , -s

c c l  .5 to eve ry  g u t - s t  for m — is .5. Thus , the  i n d i v i dm m a l s  on time ave-ru t :’ dlii

m l i t  t h e  h e u t  i c r  t h a n  chance .  However , for  t i m , -  ro e mg h l v  40 of t i m e -  r e - a l u o n u : c -s

w he re’ , i u u m ; w u r rs 0f . 7 , .5- , and . ‘) were  given , t he ;mve ura g e sm -o r e- w c m s  . ~~(. ,

- i l s t i n c t l y w o r a - than chm ;mn ce- .

Fi gure  29 is  a gr ap h of t h e  expected q u a d r a t i c  score , where R is the  m d i —

v i d u a  l ’s re ’ ’cpo mus ic  , mmmd P is t i i i ’  o b j e c t i v e -  p r o b a b i l i t y .  m ) n  ly  ha l  I ut time’ ‘ - r m p im

is p r . - : c e - u t t e - c f , s i n ce  t ime  othe r h u t  is ~cist c m m i r r o r  image . . 5  h u m s  l u t e - u i  :-m u m l c - -

i r a  m cci ron t i m , - i , m l u i e s  t o  c h i s p l a y  the  d i f t e - r ence  be tween  time- c x i c c ’c t e ’ l

I - m e - o r . -  i u m c i  wha t  w o u l d  h a  e x p e t ’ t ed f r o m  i i i . -  r . - sp o u m s e  . S . Theus , ml  orm g t h u  h u r l —

z or u t a l  1 iuic P = . 5, and on the  s l a n t  ing l i ne  bo und ing  time ’ f i l l e d  in am - c- - c , t hue

di f f e r -mm e is  0 . I t  is no s u m r p r i s e  t h a t  t he -  e x p ec t e d  score  i s  ui m ’:; ,it i v e -  if 11w

i n d i v i c l u m m i r e p o r t s  a p r u c i c c m b i l  i t y  g r e a t e r  t h a n  one ’ hal f f a r  e v e - m u  t s  w h e n - t ime ’

o b j e c t  ly e - p r o h ab i  l i l y  is less than  one h a l f .  lhow eve o  , t i m e  St I p p l e c h  . m r e m  - l i c e . -

. m reg ion wh e re , desp i t . ’  t i m e  f a c t  t h a t  bo t lm  time r e p o r t  mmm d t i m e  oh ~.- i - t  ive

p r o b a b i l i t y  is g r e - m u i r  t h a u m  one h a l f , t i me  i n c i i v i d u m u u l ’ ,s score i s  s t i l l  u~a c r r - c ’

t h a n  ch a n c e.  In  t bet s t  i pp led  a r e m , t ime ’  h i d  i vidua 1 i s  a c o m m n t e ’ r p i e t l  I C t ar  j i m

t h e  weak s e o u s i -  t h u - u t  u t -  woou l ci cu c - I m i e ’ v e -  cm h i gher  - m c , u r e ’ I f  I m e s m l d , ‘‘ 1 don ’ t

know ”— i .e- . , r i - r . p o i m d c d  w i t  ii .5 .

Figure 30 is a s imi la r  grap h for  the log a ri t hmic scoring r u l e ’ . AgaIn , t ime

St ipp led area is the re -g  i ciii  w lm e r e bo th  the r e p o r t  mmmd t ime ob ccl  i ye probability
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- i  r . - ‘ r e - i t  e r  t i u 5 ’mn .5 m m i i i  V e t  t m . - e - x i m u ’ c t c ~- c f  Sc~t t Y ’ i -  i s  l ’ s - - t lm ,m n t im .’ comp l o ’  - -

i o u or ,uu ue ’ ,- sco re .  A l t  i m o u u g h  t im e gem-n m l  C e - m t m u t ’ e - at  t o . -  twa u ’, r c m p h’c .r c ’ t h u . - Isir m ’-

t mu -v  i uid c ite ’ m t m i t  C a - c c c ’ ; , ’ u - x C  i - m i t , t i m e e !c me -s t l u u o m  W h i e - L c . - u  - m  g i ’_ ’ . -mu ‘ i s p  m u m , . -  IC;

( ‘ c u m u m t , ’ r j ’ r , ’ c h i c t  C c . - t i - cc -n t I s  on t i m e -  s cu m - .- r u l e ,  h a m  c - x m :’’, ; c l c ’ , R = .75 , P =

i - u c ’ , c u u u i e  r ; ’r . - j u t  i v . -  f o r  t h e  ! t c m ’ , i r i t h i m i c -  sc - a r e -  r u le , H u t  m m c l  f o r  ti u. ’ q t i :ud m ru t i .-

I- U 1

F t g c u r e  31 shmows a s i m i la r  ;o a p bm f o r  t i m e -  sc j e ’ u m t  i f  ic  score r u l e .  The-

h m i u ” t t m r u ’  is  q u i t e ’  d i f f e - r c ’c u t tim im u t a r  t h . -  logarithmi c m i m i r l u l , m t j ~~c 1 t j m - r u l e -s . There

i - u  no r . ’c ;ion v i c a r ’ .’ R mmi i P mm - ’ - botim ~‘r c - i t  er t h a n  . - m a c i  t i m e ’  e’x :ceited 5 c u r e ’  is

i ’ ’ss t h ;mn b r  R .5.  li me- e - x l c e ’ . t e l  -a i r e -  is dLs~~u ,n t i u o u m i i 5 ’ , -it R .5 .  l- ’i n a l ly ,

i ” i g m m r e  32 ‘ u j m u v :  t h e  . - x ~ce - ’ - t e d h e - - ’ i s lo n al  scrore  f o r  t ime ~ Inse t decision matrix.

l i a r t h e — , - x p e - n - ’- i  c m - - o f f  f o r  m u ’ ,’ R h i S s  t i 1  m c :  2 / 3  is r e ’  iuc e’l y the ‘c u r i e - -ms f o r

R — . , i - u i  ‘ t l i t  u i - i - -
~~ i i  ze-d ~ a i m -  i s ’ .- re t  t o o  t h u  a r e g i o n .  H ere  the  a n o m a l —

m m  c l a m  - 5’ t m ,  - . a 1 m m  b’ u ’  - 
~ u r .  - m e  i ’ . - r  ‘ h i m  - ~, h - m t  t i R -  nor’-: i C e ’ i - - I cr , -

- ‘, • - t  i c c  - t - u I t u - i ’  mc 1..- - m ’- t Ii mu. t I t u e  tim ! c’rm um t u ‘c~~ i i

- - ‘ - 
- a. . - . . - - ,r • I ‘ ~

.- ‘ - , ~ S , t • s j i m .  a t m e -  c h m ’ c  1- c  m m i i —

- - - ,. cm srnt ’, ’ u - it t i - b u t - ’ C t c

- m ~~- t f  i m m i r u t  l o  i f  I ,

- ‘ - . - u - i l . -  w i t h

- ~.um ’ l. r ain t ’ c , -  ‘ ,u ct

- - - i ’ - t i me’ ~ m t r I x

I

-_ _ _ _ _   - ~~~~~~~~~~~~~~ cr I
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The p b menom en on c)~ c o t u n t  e ’ r i c I  e , i i u - t  t OO m p i u e t a r e m  I C )  o f  f i r  cm relative: 1 y sharp

er  o t ~- r i o r m  f o r  J e ’n i a i r c a t  ing  u K -  c u r - u  c i t  i g o m a r ’ u m i c ’ i ’  w i t h i n  w h i c h  n o m i n a l  c m d l ’ a , ’ u i t S

c i t e -  t o  h i -  ~c r . - t i ’ r r c - l  t o  i n t u i t i v e ’  . -s t  i :a,a t c-s . ,‘\ lmo cc i t u m m t o l o g ic m l l v , i i  -1

g i v e - m m  q ue st  L oo m u s  o ou. -  m o r  wh u i c h u  a t~iv c-ou individua l w i l l  “ u , ~~c ’ a c : o m i n m c - r h o r - ’d C d  i c c -

c - s t  m at e -  , t h e m m  t h a t  in d i v i d u a l  would  lie ’ ctc,Iv i c c ’ ti  to mak~- a “weaker  e’SL i c - u l I e  -

~i m e - r .’ are severa l  c on s i d e rat I o n s  wh i c h  ke e p  t b m i c c  p o i n t  Ir an  b e i n g  cm p e u r t ’

t c I : m m  o l o m ; v  . As we have s e e - n , whe t h - r  or no t  a g iven  es t  lun d e is  c o u n t  r ; ’ r e m l  i’ m ’ —

t i v e  d e - u t e - m c ’ ,is on the  sc o r e -  r u l e  e mp l o y e d .  ~lore  s e r i o u s l y ,  i m - L - ~m e - u d s ~~ u c c

t o r n  o f the nomina l  e s t i m a t e  w i t h  w i m i c h u  it is b e i n g  c o m p a r ed .  For Lift- . - x m : c u l c l e - s

Wa ve , the- , c c r : 1 , , u r ison was w i t h  Li i . ’  ‘‘ 1 don ‘ I know ’ as t imul e’ m-~ = 5. A lt h o u v i u

this is a wel l—known and in t u it  ivel y app e a l i n g  c r i t e r i o n  i t  m - c s c m : ’ c c - s  t - u , i t  , m

u n i f o r m  dis t r i b u t i o n  is t i m e ’  p r o p e r  i n t e r p r e t a t i o n  of “ t o t a l  u m n c e r t , u t c i t , - ” or

‘t o t  cml i g n o r u u c c  cc . ” A number of w e l l — k n o w n  p a r a d o x e s  c ’ ms t s  d o u u b t  wm t~ m i s

i n te r p o  ‘ tu i t i on .

4. P,m rc cdox . mc of Uniformity

‘ f r - u - l i  L i o n a i l y ,  lack of I n t o r u m i a t  i t ,c~ has b een l inked  w i t h  t i m e  no t  i - c u  o t

u n i f o r m i t y ,  ~~~~~~~~~ , t i m e -  we ’l l  known ‘‘Bayes ian ’’ a ss u m p t  1 0 m m  a t  min i t 1 m m  ~u r i , r r  rc t ) ; u —

b i  h i t i e s  in t ime — ibsen eu ot f u r t h e r  knowled ge .  ~1 u u ~~t : m : c ~c 1  i cat  i e u m u  - ‘ m  r u es m u m m e j u

as t i m e -  p r i n c i p le of i n s u f f i ci e n t  roason , or t li e’ r u l e ’ 01’ in d i t  I -  t ’i i c e ’ , w i n d

up wi t i m un i f o r m  d i s i r  lb u t  om is on some .‘ven t sp ., - i ~’ - iii,’ r’ - i i  i t  i aii m 1 ¶ . .und at  i O n

p 01 probabili t y ha. I on t i h -  no t  ion of ‘‘ e ’u ~u m i — p a c s i b 1 e c  c isc’ c~ — — c r . )  W i  l i t  v i s

t i m e ’  r a t  to b e t  w e - c - r u  the ’ nu u m b e - r  of f , m v o r , m h l e ’ c m i s e ’H  t . u  c i i i  po~i s i h l e - c , ic -m e ’ct ,

a s s u m i n g  t h e y - m r .  all equally possible has the same flavor.

App i j u m i  i n d i s m - r i r n i n a t e l y ,  t h e - c i t  ; u r e c s t ’ r i b m t  i on s  c m i i  l e - ; md t c c  s i n m p l e

par adoxes .  Perhaps l i i i -  s tmp l i - s t  i t ;  t h u . - I n u t  t i m a t  d l st  r i b u i t  I o n s  a m  r i c a - cl c m l  by

these r u  I cc a r c -  no t  I n v a r i u m m i  ove- n d i f  I c-remi t ways  of  m m  m m l  i t  i o m m i m m ’ ’ , t i m e -  u - c - c u d
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space.  I f  I am completely ignorant about the we atJc c ’r tomorrow , si’np 1~- applica-

t ion of the p r i n c i p l e  of i n d i f f e r e n c e  would give p r o bab i l i t y  1/2 to r a i n ,

and p r o b a b i l i t y  1/2 to n o t — r a I n .  However , I arm-i e qu a l l y  i g n o r an t  as to

w c m e t l u e r  i t  wi l l  ra in , snow , or be f a i r , in which  case the p r o b a b i l i t y  of rain

is 1/3. Almost any p robab i l i t y  fo r  ra in  less than 1/2 can be derived by select—

irig othe r poss ib le  p a r t i t i o n s  of the s ta tes  of the weather.

Arm analogous puzz le  arises when dealing w i t h  d i s t r i bu t ions  on cont inuous

q u a n t i t i e s .  If  complete  ignorance about  a given quantity is taken to be a

un i fo rm d i s t r i b u t i o n  (over a given i n t e rva l ) ,  then the d i s t r i bu t ion  of the

logar i thm of the quan t i t y  (about which at least as much ignorance would be

expec t ed )  is b y no means uniform .

A similar d i f f i c u l ty  appl ies  to the mm loss ru le .  In the complete 
-

ignorance case , P is a f u n c t i o n  of the selected p a r t i t i o n  of U.

The fac t that various nominal rules for assigning probabilities are not

i n v a r i a n t  under changes in the  p a r t i t i o n  of U i nd i ca t e s  t h a t  concep t s  such

as u n i f o r m  d i s t r L b u m t i o n s , or even u n i f o r m  d i s t r i b u t i o n s  of d i s t r i b u t i o n s, are

muot  a coromp i - t e  exp l i ca t i on  of the  n o t i on  of t o t a l  ignorance or t o t a l  un c er—

ta i o ’m t y .  Most a t t e m p t s  to d e f i n e  a log ical measure for  so l id i ty  are based on

the  assumption t ha t  there  is some abso lu te  p a r t i t i o n  — “atomic events” —

which canno t  he feu r t h e r  ,suhdividccd . I f  there  were such an i r reduc ible par-

t i t i o n , t h e n  complete ignorance could be d e f i n e d  by a u n i f o r m  d i s t r i b u t i o n  on

t h a t  p a r t i t ion . U n f o r t u n a t e l y ,  the - re  doe’s ma t appear  to be a meaning f u l

crit. ’rion f o r  s~c .-e’i f ying  such a tomic  events.

5. ~I ax im u m  E n t r e ~py mum -h M i n I m u m  Score

A r u l e  w h i i ’ i m , a t  f i r s t  s ight , appears  to be s i m i l a r  to the ruin loss ru le ,

,,IS i a - e n r e ( - e ’ i v l n ~ increasing cit t c - m i t  ion b y s t a t is t i c  ians  and inform a t ion

- lea r C s t -s . Tb.- r u m , - goes wide r  v u  n i o m i s  canoes ; pe rim um ps t h e  most m~~ i~~i 1 at i s  th i e’
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4~~~~~le of maximum entropy . The rule  can be formulated as: given an eve-mit

space U , and cer ta in  a—pr io r i  i n fo rma t ion  I concerning U , the m o -u t  r e a s o n a b l e

extension of I to a complete p r o b a b i l i t y  d i s t r i b u t i o n  D on U is t h a t  d i s t r i b u -

tion which ma x imizes time en t ropy  of D g iven I. The entropy of i d is cr etu ’

d i s t r i bu t ion  P . on a set of events E.  is ju s t  —E P . log P - . The c- o r  ra spo umcl m m ’

expression fo r a con t inuous  d i s t r i b u t i o n, D(x )  is _ fD (x) log D ( x ) .  E n t r o p y  

-

is a basic not ion in the theory of commmmunication as developed by Claude-

Shannon . As we saw in the discussion of p r o b a b i l i s t i c  scores , t h i s  d e f l u

t ion of entropy is equivalent to the negative of the expected logarithm ic

score. Hence , the p r i n c ip le’ of maxinmum entropy could be r e s t a t ed  as , m i n i m i z e

the expected logar i thmic  score , given I .

The maximum entropy rule can be said to be reasonable in two ways :

(a) I t  is a hed ge against  bias . LI  we de f ine  a c o u n t e r p r e d i c t o r  as one wic o

makes an e s t ima te  wi th  a lower expected log score th an the  e:omp l e u t e - i ,m ’ , m m o r : m m -me - ,-

score , t i u ~ max imum e n t r o p y  ru l e- w i l l  assure  tha t  the  r e su lt i n~; e s t i m a t e ’ i s  not

c o u n t e r p r e d i c t i v e. (b) A maximum ent ropy e s t ima te  is the “weakest ” a s s u m p t i o n

possible g ive-n I —— i . e . ,  i t  adds the least possible i n f o r m a t i o n  to I of ,un v

es t imate .  The second s t a t e m e n t  must  be taken w i t h  some c a u t i o n .  Ti me n i ax im u nm

en t ropy  r u l e  Is j u s t  as sensi t ive  to the chosen p a r t i t i o n  as any o t h e r  r eu l . ’ .

In addi t ion , if the  ne g a t i v e  en t ropy  is i n t e r p r e t e d  as a p r c c b m b i l i s t i c  s c o r e ,

then o ther  score ru le -s  may genera te  d i f f e r e n t  i n t i m a t e s ,  [‘imi s p o i nt  w i l l  he -

e l abo ra t ed  l u t e r  in t h i s  sec t ion .

The p r i n c i p l e  of m a x i m u m  e n t r o p y  is often recommended in L i m e  ‘ co n t ex t  c ’ t

‘?‘, e m u e r a t  i m m g  a p r i o r i  c i i  t r -I b u I_ i ons  fo r  Bayes ian  i n f e r e m m c - e , whm en m t i u m  - i  p r i o r i

p r o b a b I l i t i e s  - i r e -  Incomp l . -t e ly  k i u owm c . h’ r , e h l t  lonci l ly, one- spe c I m l  Lced f o r m

of t h i s  recommem i d m mt  ion has b .ue - n  the  i su ’r I Pt j., oi of ci min i t orm d I s ir  Wti t ion  wheim

t I m e -  mm p r i o r i  p r o b a b i l  I t  ic - ic - i r e  ,j mmkno wn . ‘ h i s  r u l e  i m , u s  bee- n e - on t r o v i - r s  i i i  • h i t
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d i ffi cult to either establish or kill. Some statisticians like A.J. Fisher have

found the rule  ou t rageous , and have r e j e c t ed  the  u mse of a p r i o r i  p r o b a b i l i t i e s

I ’)  st a t i s t i c al  i n f e r e n c e . 8 
I t  is my impression t h a t  of l a t e , a long w i t h  a

~c m m c - r a l  spread of the  subjec t ive  t i m e o r y  of p r o b a b i l i t y ,  the re  has beem i an

i m o c - r e a s i n g  wi l l ingness  to emp loy bo th  t I me ’  n o t i on  of a priori probabilities , and

the assignmen t of uniform distributions when the a priori probabilities are

uucknown .

One f r e q u e n t ly employed j u s t i f i c a t i o n  of bo th  sub j ec t i ve  a pr ior i  proba-

b ilities , and uniform distributions with incomplete information , is the tacit

assumption th at use of these “devices” will be limited to the case of inference

where some ob jec t ive  da ta  is available , e . g . ,  f rom an experiment or an observa-

t ion . Time f u n c t i o n  of the  rule ’  is to “get the inference started .” It is arm

e l e m e n t a ry  exercise  to  d e m o n s t r a te  t t m m m t  as the amount  of ob j ec t ive  d m i t a

increases , the  i n f l u e n c e  of t ime a priori assumptions rap idly decl ines —— “the

a — p o st e r i o r i  overwhelms the a — p r i o r i ”  .~~ it is not clear whe ther  any advoca te

of u n i f o r m  pr io r s  would recommend u n i f o r m  d i s t r i b u t i o n s  for  cases where- no

o b j e c t i v e  da ta  is ava i lab le .

In the case of comp lete lack of i n fo rma t ion , the principle of maximum

entropy imp li es a uniform distribution for a discrete event space. Theorem 4,

Chapte r  I I , s t at e - s  t h u a t  f o r  any normal  proper  score ru le , 11(P) is a minimum

for  a u n i f o r m  d i s t r i b u t i o n ;  and since th e  l o g a r i t h m i c  score r u le is no rmal ,

t i m e  t lmeor em app l ies  to i t  in  p a r t i c u l a r . A u n i f o r m  d i s t r i b u t i o n  cannot be

d e ’ f i n -d f o r  a c o n t i n u o u s  q u a n t i t y  w i t h  an I n f i n i t e  range . On the i n f i n i t e

r e a l  l ine , any f i n i t e  u n i f o r m  f u n c t i o n  bias an I n f i n i t e ’  i n t eg ra l . Thus , there

is no way t o  impose t i me-  max imum c-mi t  r opy  r u l e  f o r  cont  lmm uo o i s  qu a n t i t  ies w i t h o u t

assumin g some minimum amount of Inform a tion , e.t’ ., re stricting the ’ distribution
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to a f i n i t e  in te rva l , or assuming tha t some p rope r ty  of the  d i s t r i b u t i o n  such

as the mean is known . For example , in a two a l t e r n a t i v e  event  - m p a c c ’ , I I t i ,-,

known tha t  the p r o b a b i l i t y  of a given alternative? is greater than or equal to

a given bound , e .g . , P ( E )  > .7 , then the mi n imum expected  score d i s t r i b u t i o n

(for  no rmal scores) is jus t  P ( E )  .7 .

As another exarmip le , consider the case of a t h r e e — a l t e r m ia t i v e  event space

U = (E 1, E 2 , E 3
) .  Assume a random variable X d e f i n e d  on U , su ch that X 3

i f  E
1 

occurs , X = 1 if E
2 occur s , and X = 0 if L

3 
occurs .  Assume t h a t  t ime

i n f o r m a t i o n  I is that the average of X is 1.5. We can ask , wha t  is t h e ’  mi m - mi mn um

score d i s t r i b u t i o n  on U , given I? Call the minimum score distribution ~~~

There are three  equations expressing the s i t u a t i o n .

1. ~~~ P(E .) = 1

2. E P ( E j X . = 1.5
i

3. H(P *)  < R ( P )  , fo r  any P f u l f i l l i n g  I and 2.

To s imp l i f y time no ta t ion , let p = P ( E
1

) , q = P ( I ’  
, ) , wh enc e - P(E

3
) i—p- o r .

I f  we use the  quadra t ic  score fo r  v a r i e t y ,  we i i c m v u -

11(P) = p
2 
+ q

2 
~ (l—p— q)

2

From 1 and 2 ,

- . 
3p + q + O ( l—p — ° i ) = 1.5

whence , q 1 . 5  — 3p. Substituting in the expression for 11(P)

11(P) = 14p
2 

- li p + 2 .5

Takin g time d e r i v a t  lye w I t h  respect to p ,  and c o t  I C m i t ’ , I t  e-quai t ., u 0 , we f Coo , !

p = 11 / 2~-~ , whence q = 9/28. ‘l ime o~e, ’ o m u c I  der I Va I lvi ’ Is posI t i y e  , y e ’ o f l y t ri g l i m i t

the point is m u m i n i m u m . F i g u r e  33 I l l u s t r a t e s  t ime eomputa t  i u u m u .  I j m u c t  l o o m  I

l i m i t s  the pouc i-uth i 1 itie’o-m to t h e  I r i a r m g u l a r  s i n m p l c x ;  u ’ qe icu t  t omu  I n m r t l u u ’ r  I I n tu i t  s
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I — P — q

q p

Figure 33, Information Set I for X = 1.5
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the  pos s ib i l i t i e s  to the l i n e  label  led I , and e q u a t i o n  3 s e l e c t s  P* omi t h i s

line .

Maximum e n t r o p y  d i s t r i b u t i o n s  have been comput eei  f o r  a v a r i e t y  of ty p e s

of d i s t r i b u t i o n s  and t y p i c a l  kinds of p r io r  i n f o r m a t i o n . For examp le , Lie -

maximum e n t r o p y  d i s t r i b u t i o n  for  a q u a n t i t y  with an infinite rsnc~c’ in each

direct  ion , v i t h  known mean and known standard deviation is jus t the familiar

norma l (Gaussian ) d i s t r i bu t i o n . 10 It would doubtless be i n s t r i m e  lye to

compute  minimum score d i s t r i b u t i o n s  f o r  c o m p a r c u b l u  cases fo r  o t h e r  t y p e -  mc tm

p roper  score-S.

Since en t ropy  is j u s t  one out of an un l i m i t e d  set of scor e’  r u m l ~ -s , It

would  appear  to be reasonable to g u - ne r a l i z e  t he  n m axinu rn  en t r o p y  p r i n c i p l e

to a minimum expec ted  score p r i n c i p l e .  Tha t is: Given that ci part ie mul ar

score ru l e  S ( R , j)  has been selected in a given problem , and given prior

i n f o r m a t i o n  I , then min imize  the expec ted  score , a s suming  i n f o r crc, , mt ion I

This ru le  is p a r t i c u l a r l y  i n t e re s t i n g  when app lied to dec i s i o n a l  se-o re - n .

I f  we have a decision matrix , U .., as we have se-en , the decisional score ’ rule-

is d e f i n e d  by the p re sc r i p t ion , maximize  the express ion  E P . U . .  wh ere ’  the ’

m a x i m i z a t i o n  occurs over the actions A. . For t ime moment  a s c c u m i m m c  no i n f c c r o m m —
1

don a b o u t  the  con ting en c  ic ’s  time minimum exp ecc  ted score r u h ’  i ,-; , i u -  t~ i n c - e l  by

mm max E R U .
R • .

Where the  m i n i m i z a t i o n  on R Is over the e n t i r e  s i m p l e x  E R . = 1.

To t ike a s imp I u -  examp 1 ’ , e:onsider time h em is t oo l  m u t t r ix

E E

,
1
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if we have no idea wim -utsoev c-r concerning the prob abi lity of E , (‘4 ) recommends

p o s i t i n g t ha t  t i m e ’  probability of E is the R t h at  m i n i m i z e s  m a x E R . U 1. . The
i -~ 3 3

analysis is dirugraunmed in Fig . 14a. For 0 ~ R 4 / 7 , B c- ’,enerates the higher

c-xp e - ct -d u t i l i t . For 4/7 - R < 1 , A takes over .  Ti- me r u l e  recommends a s s u m i ng

t h m , i t R = m / 7 , L i m e  p r o b a b i l i t y  th at  p roduces  the minimum of the maximum e - x p e c t a —

t ions . The expected return on this assumption is 3 x 4/7 + 1 x 3/7 = 15/7 =

o x ~‘4 / 7  + S x 3/ 7 .

Fig.  14m m i l l u s t r a t e s  a general  point , name ly ,  t hat for score rules which

are not norma l , the mm score princip le does not generate a uniform distribution ,

e” ~u for the case of no information .

The mm score rule allows us to invoke some results of zero—sum game

theory . If we think of R as ti-m e analogue of the mixed strategy of an opponent ,

then t I u - ~ m m  score rule is the analogue of the mm max solution of two—person ,

zero—slum p-3mm’s. I f  we i n t roduce  time p o s s i b i l i t y  of mixed a c t i o n s  on the  par t

m u  the- decision maker , then the basic theorem of two person zero—sum games can

be used to establish the result that a mixed action for the decision maker exists

yh i c h g uar an t e e s  —— at least in terms of expectation — — the mm score expected

Ut i i i  t y .

Let 
~~ 

designate a mixed a c t i o n  for  the  decis ion maker ; that isE 5i 
=

and i-~ the probability w i t h  w i m i c h u  a c t i o n  I Is s e l e c t e d . Then

mm maxER ,U , . = max minE S U ,.
R i ~ s j 

i 13 (5)

( S ) is a d i r e c t  consequence  of tile fundamental theorem of game tiieory .U

Tim e . ‘ , m l ~ is  i l l u s t r a t e d  in Fi g. 34h . The abscissa is now S , t h e  p r o b a b i l i t y

w i t i m  wh i c h  -ic L i on A is selected . For 0 S 5/7 , the’ minimum c’xpectat lomm is

from E. Time maximum of the minimum expec t a t i ons  occurs  a t  S = 5/7. If the

dec i s i o n  mak e r chooses It with frequency 5/7 and B with frequ ency ~/ 7 , then
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i u i s  ex l ce ’c  t e c h  C c , u c ~ e c t 1 1- ’ iSf 7 , w h ; u t  ever t ime pr oba l ) 1  I I t  v of E . A~- we - saw above

I 5/ 7  1-; - t I n e  t h e  e x p e c t  c’’1 r e t u m r n  on t ime  mi t t  score  ;us sumpt  f o r m  R = 4 / 7 .

‘h u r , c c u c ’I u t i c ’ r o u t e  of  t ime m m  eX p e c t e m !  su -or e  r o i l  e , wc h c t~’ *’ , m r r j ’ y c - ’ i - i t

a su ggest  ion wh ich  i s  f a i r l y old as such th ings  go in t i m e  t 14,-or- , of decisions

under  u n c e r t a i n t y ,  namel y the mm max ru le .  Al though the suggee~t i on  appeared

shor t ly a f t e r  the publ ica t ion  of von Neumann and Morgermstern ’s basic work on

game t h e o r y ,  it has not received general acceptance  as a “so lu t i on ” t o t i m e

problem of decisions wi th  no i n f o r m a t i o n .  I r o n i c a ll y ,  p a r t  of the  reason is

t h a t  it works so well for  zero—sum game theory . The objec t ion  is tha t t i m e

r u l e  does the  equ iva len t  of cas t ing  na tu r e  in the  role of an in imica l  opponent ,

i . e . ,  something which is “s t r i v i n g” to m i n i m i z e  the  decision maker ’ s rewards .

since  a l l  of p hysics  implies t ha t  na tu r e  is neu t r a l , tile mm max r u l e  appears

more pess imis t ic  than  necessary .

I t  is not  clear tha t  biology c a r r i e -n the  same message.  If the compe t i —

t ive  i n t e r p r e t a t i o n  of natural selection is accepted , there  is some reason

for assuming that the living part of nature is hostile. For examp le , plants

secrete poisons or grow thorns to discourage the tendency of animals to eat

th em. But that would not be relevant to the estimation , e.g., of the probability

of an e a r t h quake .

A n o t l i u ’r  p o t e n t i a l  o b j e c t i o n  which is a good deal s t r o n g e r , is tha t  if t he re

ire  s add le -po in t s  i n  the  m a t r i x , then t ime ru le  ignores p o t e n t i a l  outcomes which

cl rc  I m i g h ly  f a v o r a b l e , and not ru led  out  by the i n f o r m a t i o n  (or lack t h e r e o f )  of

the h - , isl mc rrr mm , r k t’ r. For example , if tile matrix is

E E

B 0 x

179

- -  . •  ____ - 



then the ru le  says select action A , no m a t t e r  what x is. If  x is ~o6 , w ith i

the pay o f f  in dollars , a decisionma ke r would p robab ly  he tempted to t r y  B.

The ruin score rule addresses tile same i ssue  as ti -me mm loss ru le  d e r i v e d

in Section 2.  They generate  d i f f e r e n t  es t imates , even with informational

score rules . Consider the ’ two e lementary  examples discussed e m m r l i e r .  F or  t ime

two a l t e r n a t i v e  cases where P ( E )  is between .7  and 1, the m m score r u l e  gives

R* = .7 , whereas the mitt loss ru le  gives R* = .85 , the average of .7  and 1.

In the three alternative examp le , with the average of the random variable 1.5 ,

the mitt score rule gives R* = (11/28 ,9/2 8 ,8/28) whereas time mitt loss rule gives

R* = (.375 ,.375 ,.25). In the case of a simple decision matrix w i t h  no con-

s t r a in t s  on the p robab i l i t i e s, the tomin loss rule  g ives the u n i n s p i r e d  recomr neu ud—

at ion R* P , time u n i f o r m  d i s t r i b u t i o n. Thus , for  the matrix oh FiG . 34 time’

mm loss rule  selects a c t i o n  B , r a the r t h u a n  t i m e -  mixed act  ion s el e c t e d  by t h e

ru in score r u l e .  -

The mim i score ru le  has the peculiarity t h a t  it recommends m i m m i m i z  tug

w h a t  eve-  r reward f u n c t i o n  i s  o p e r m i t  ive  in t ime d e c i s i o n .  T i i i t  f e a t u r e -  h as a

n o n — i n t u i t i v e  f l a v o r .  N o r m a l l y ,  in decision timeory , rules a re  tmrm t m lcm t c- d no

as to maximize some reward (or to minimize a l o s s ) .  ‘ l i m e  mit t  l o s - I  r e u l e  is more

in the “m a i n s t r e a m . ” As we have seen , i t  is  e q u i v a l e n t  to m a x i m i z i n g  the

ave r . ig e ’  e-xp en ted score.  I f  the m i t t  scom -~- r u l e -  is ap p l i e d  to  t i u i ’ f o r u nu m 1. - m t  ion

of mm pr io r  d i s t ri b u t i o n  as t h e ’  f i r s t  s t ep  in a il m y e ’ s i a n  l im t erc ’ne e’ , t i m e r e m  i s

perhaps Bone j  s ti f  ic - a t  ion h or the ml zmim: u i z,It ion , in  th uat it w i l l  ‘‘ce cil t amn i flat c-’

t ime  rema b ide r if the i.n f e r t m -  m u m . e ’ as I i  t t I c ’  m u : ,  p 0 c m i h i  e. hl wev - r , ft is not c Ie ’ .i r

how (flic ’ migim t )c i c ~ t I f y t ha i  m i n i m I z a t i o n  I f  t i m e  r e su l t  i m m g  c- st  [mate is t o  he use

directly in ,i  cle- I s  ion .

S to i c t i u t m  n u n  14)55 n ile Ls I r i c l c ’ p e i m deni t at  t u e  score’ r mi l t’ ~flu icioyt’ u l , I n c h

b ec au sm-  I t  im lv o lve s rnaxim iz ing t h e  score , i t  w o u l d  . u b u p e - , i o  t o  im e - th e ’ ‘r e t c ’r r t - d
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h~ f o r  e - t im ~i t  In c  ‘‘mmn knom.-m u ’’ d i s h  r I h u t  i ons  ‘o r  -h - -cimmiorms . The ~o l l o w i ig

e - c t i Or i  exam i mle’-i S c 4 1 m e  eX 1 )c’r ir mu ’m mt ii - l . t t . i  r e • l e v , i m m t  to t h i s  -o n c l u s ior t .

~) .  Vm m e’er t , u l m mt V aimd CiioI ’~~’ lm ’h u jc ’ h er

Perhaps time ’ most p e r s u m n i v e  evidence ’  tha t t h e r e  is a d i s t  in c r i o n  between

u n c e r t a i n t y  and p r o b a b i l i t y  is a set of expe r imen t s  which  appear to show that

i n d i v i d u a l choice behavior  under  un c e r ta i n t y  is i n c o m p a t i b l e  w i t h  the p o s t u lat e s

of s u b j e c t i v e  p r o b a b i l i t y .  Some of these imave bee-n t r i g g e r e d  by the arguments

of F l l sherg  concern ing  the appropr ia teness  of the s u r e — t h i n g  p o s t u la te-  f o r

choice ’s w i t h  incomplete i n f o r m a t i o n .  Others  have der ived  f rom the  c : m c r k  of

Al l ai s .

To take up the Allais paradox f i r s t .  I t  is my impression that  th i s  type

of p u z z l e  can be resolved wi th in  the ambit of personal probability theory

without invoking any new notions. The Allais puzzle goes like this . Suppose

I ask, which would you rathe r imave , one mi ll ion dol lar s f or sure , or five

m i l l i o n  do l l a r s  w i t h  a probability of .8? Most individuals who have been

asked tilis ques t i on  ilave l i t t l e  d i f f i c u l ty  dec id ing  t h e y  would p r e f e r  the

m i l l i o n  for su re. (I don ’t think any b i l l iona i re s  have been among the

r e s p o n d e n t s . )  Now suppose I ask , whic h  w o u l d  you r a t h e r  have , one m i l l i o n

d o l lar s  w i t h  a p r o b a b i l i t y  of .1 or 5 m i l l i o n  d o l l a r s  w i t h  a p r o b a b i l i t y  of

.08? Most  i n d i v i d u a l s  would  p r e f e r  the  5 m I l l i o n  d o l l a r s  w i t h  p r o b a b i l i t y

.08. On the  face of i t , t h i s  v io la tes  the s t a n d a r d  n r c ’sr r i p t i on  t ha t  ind iv id -

uals should maximize- their e-xpc ’u-ted utility . There is no pcuir of utilities

for  one million and five million doll ars which wi l l  r a t i o n a l i z e  these choices .

To se-c -  t h i s , let the  u t i l i t y  of one m i l l i o n  d u l l — i r s  be 11(1) amid  the  u t i l i t y

of f i v i -  m i l l i o n  d o l l a r s  be U ( S ) .  We wan t P ( l )  > .81T(5) and . 1 U ( l )  < . 0 8 U (5 ) .

‘ h i m l t i p l y lng  h o t i m  a i d ’ s of the  second i n e q u a l i t y  b y 10 we get U(1)  < .8 1’(5).
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However , t i m e  p u z z l e  as e m s u a l l y  p resen ted  o v e r l o o k s  a wel l  known ~udgmen L m i

phenomenon , name ly the influence of context. I f  someone oilers me a ch oi ce

between a mi l l ion  do l l a r s  fo r  sure , and some p r o b a b i l i s t i c  outcome , if  I b e l l e- y e

the individual , then in a quite reasonable sense , I have a m illion dollirs .

Whatever tile status of my fortune before the offer , it has changed dr -m stic all y .

The actual choice is now between 0 (i.e. , minus  one m i l l i o n  d o l l a r s)  w i t h  t i m e -

p r o b a b i l i t y  .2 , and 5 mi l l i on  ( i . e . ,  p lus  f o u r  m i l l i o n  d o l l a r s )  wit h t ’ me

probability .8. in s h o r t , the o f f e r  resets  t i m e ’  zero  of thee decision situ ,u~ C o m m

to  one mi l l ion  dol lars . There is no p u z z l e  in a s s u m i n g  t h a t  the loss of - e

mill ion do l l a r s  wou ld  more than compensa te  f o r  the ’  .8 c i m c i m m  e 0! ~“- tt in k - . I o t c m -

*more million dollars .

Suppose we assume a simp le exponent ia l  u t i l i t y  f m u n c t i o n  I J ( x )  = l—e ~~
’ ,

where x is measured say in un i t s  of 1/4 m i l l i o n  d o l l a rs .  The c~,tra four

mil l ion  is a ga in of 16 u n i t s ;  the  u t i l i t y  is en .sent  i a l l y  1. The- loss oh a

mi l l ion  is the loss of f o u r  u n i t s , and the u t i l i t y  is — .54. In this C Isc ,

tile i n d i v i d u a l  would reject any option i ci whic im the p r o b a b i l i t y  of t u e  five

million is less than .98. Interest ing l y ,  w i t h  t h m i s  ru t  i i  it y  f u m u c t i o n , t he

outcome is h igh ly  sens it  ive to tile un i t s .  I f  t i m e  i n d i v i d u a l  w i n  t i m  i nk  i m m ~ ml

terms ct u nits of say $1000, the utilit y of a io ’,s c ut a m i l l i o n  ~h e 1 1 ,- i r s  wc’u i l d

be , j o r  . m l l  p r a c t i c a l  purposes , n ega t i v el y i n f i u m i t c .

I ’ h t e ’  p r i m l i - i p it ’  invoked in t i m e  p r e ( - c - c l i n g  m c u u l d  be u - i l  l c -e i t h e ’ e :u ’ m ’t t e - \ t

dependent  z e r o ;  tha t is , I h u e -  cm -r u p o i n t  of t h i ’  U t  l i t  y s c m  Ic- i s  dc - p u ’ u u de ’ mu I

on the a i t u~it  ion , m c - lud  i n  c~ t i c ’  c u h u  I t ons  p r e s e m m  t 1 ‘i a v m i  lab  Ic

* 
- -

The p ioneering p h d - F  of F r i e d m a m i  and Savage eu f l o f l  1 im ’o ’ i m  c it I I ty c u t  c d m ’ u i , - \
is an exp lana t i on o f ~v-ir I oums kinds of b c -h ay I or wli l i ’ii appear , uiumciiuc ’ l c ’ u i ~~, I t t i m e ’

v a l u e  of mon ey is considered l i t m e i r  w o u l d  t h c - t~ exp i c i f  ii th m ln , is ~u - i 1 us ether
puzzles.
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The same’ transformation of zero is not appropriate for the second choice

situation , since now there is no assurance  th ’u at I c e ’ million is availab l e’ .

I’iie - context dependent ze ro analvs is the -s not appear to be adequate for

the Ellsherg case. The Eilsherg type paradox involves a choice between rewards

w i t h  known , and with unknown probabilities . A ty p i c a l  s i t u a t i o n  ( t aken  f rom

~!cKr immon ) is that of an urn drawing, w it h thr ee k ind s of ball s —— say red ,

bl ue , amid green —— in which ti me proportion of red balls is specified , say 1/3 ,

but the relative proportion of blue and green is not specified . Two d i f f e r e n t

choices are proposed , e . g .  those in Table 1.

Table 1

1/3 2 / 3
Red Bl ue Green

A $1000 0 0

B 0 $1000 0

A ’ $1000 0 $1000

0 $1000 $io)Om

Asked to choose between A and B , most subjects will choose A .  Asked to

choose between A’ and B ’, most subjects will choose B ’ . As in the untrans-

formed Allals example there is no choic e of subjective probabilities for Blue

auid ( ;r , ’ c - m -u , and utilitie s for 0 and $1000 that will account for these choices.

Roughly speaking, time subjects appear to prefer choices in wll ich t h e  rewards -

-ire nor- - “surc’ ly known ” everu If probab ilistic. The issue- can be furt h er

! u c i r p ’ - m u u l b y no t  log tha t the rewards If Greemi is drawn are identical for A and

II and i u l u ’ u t  I e’ , u I f o r A’  a m !  R ‘ . T h u ’  , w l m a t c ’ v c - r  cou ld  make A pre- t erable  t o  B

shou ld  also make A ’ p r e f e r r - u h l e  to B ’ . In s h o o t  , t in - observed choices violate’

the s u r e - — t h i n g  p r i n c I p le , P6 , C h m a p t e - r  11.
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Situat ions  w i t h  choic e tasks like those in Table 1 have been tri t e !  in

several experimental series .’6 The results from these  experiments are ,~l I

s imi la r , the ma j o r i ty  of subjects choose A and B ’

Although it is possible to find a kim-md of resulution for the ilInbe ’r~

paradox using the context dependent  zero no t ion —-- in this case ass m~1ine that

the more certain of the options generates a new “expected zero” —— the result

appears labored .

If the mm score rule is applied to Tab le 1, since the probability o~

Red is fixed , the minimization is carried out for 0 -: P(B) < 2 / i . Wh u t m t e ’ P u b )

is the p robab i l i ty  of b lue .  !4e can diagram t h e ’ two choice: situat io n s IS 101

Figs. 35a and b , where the abscissa is the (unknown) probabilit y P(B) ct blu e .

In Fig . 35a , if the individual selects A , then his e x p e ct a t i o n  is m u camms tm 3nt

1/3 x $1000 . If he selects B , then his expected outcome could lic- ,unv \ ~i — c r ’

a long the l ine labeled B. If  P ( B)  1/3 , ~~ u e 1 l his exp e :-c t c u l i o n  ~~~~~~~~~~~~~~~~~

if he chooses B. For P(B) > 1/3 , his e x p e c t a t i o n  is maximized it he chioo:-ae s

A. The minimum of the m a x i m u m  outcomes occurs  where the  two l i ne s  cross  ,I t

P (B)  1/3.

However , choosing A assures ob ta in ing  the mm max , s inc e ( i i - ’ e X p ec ’~~dt iC d fl

of A is a c o n s t a n t .  Put  in other terms , t h e- p ;mir (A,G) is a sn cl l c- l~oint ot

the matrix

B 1;

A 1/3 $1000 1/3 $1000

B $1000 0

which is ob ta ined  by o m i t t i n g  t h o m ’  c o n s t  clou t  p r o b a b i l i t y  c o l u m m u m  k~-~t - -

For the  second o1)t iou , F ig .  35b , it Is ii ’ wh ich ,i~ sum r~’ -; i b m ,  -

come . The basic assyomne t ry  b e t w e e n  the two ‘j - s i - s  in t l i e - -

t ime ’ s t a t i - o r u u ’nt t h a t  in b o t h  u - m i n i - s  t huc ’re  i - I  P °  , - ( u u u m n u m - -
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guarantees the mm max outcome , hut in the first choice the pure action A is

associated with the fixed probability for Red , whereas in the second choice ,

the pure action is associated with the fixed probability for Blue or Green.

To this extent , the mm score (mm max expectation) rule is in accord

with the subjects ’ choices. However , the fact that the mm score rule fits

the experimentally observed choices for these two examples is by no means a

demonstration that it would be followed in other decision problems wi th

incomplete information . McKrimmon has run a number of experiments with th~

same basic decision problem as displayed in Table 1 , vary ing the probability

of Red . In his experiments , P(R) varied from .2 to .5. The extent to which

his groups (which numbered 19 subjects) exhibited “Ellsberg type dec is ions”

was a maximum at P(R) 1/3, and declined on either side. At P(R) .5, A

dominates B and A’ dominates B’, as displayed in Figs . 36 a,h. Thus , we

would expec t that at P(R) = .5, all subjects would selec t A and A ’, which is

what McKriinmon found .

The explanation for the other cases is not so obvious. A and B’ are the

mis max solutions for all of the cases except P(R) = .5. If the mm loss rule

is applied to Table 1, B and B’ are the preferred choices for P(F’
~ > 1/3 ,

and A and A ’ are the preferred choices for P(R) < 1/3. At P(R) -
~ 1/3 , the mm

loss rule is indifferent between A and B and between A’ and ~
‘ .

For other values of P (R), we can define what might h called the “relative

~ .1 advantage” of one action over another as the proportion of the undetermined

interval 1—P(R) in which the first action has a higher expected value than the

second . In Fig. 35a, the relative advantage of A over B is 1/2. In Figs. 17a

and b, the choices are diagrammed for the case P(R) .2. The relative advan-

tage of A over B Is the ratio of the solid part of the line labelled A to the

total line, in this case 1/4. The relative advantage of B’ over A ’ is 3/4.

~~~~~~~~~~~~~~~ ~~~~~~~ ~~~~~~~~~~~ ~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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In F i g .  38 the Mc Kr imm on d~,ta is plotted with th ord inate showing the

propor t ion  of t imes a g iven a c t i o n  was selected , dnd the  abscissa showing the

r e l a t i v e  advantage  of tha t  ac t ion . The two sets of po in t s  are f o r  A over B

and B ’ over A’ . A is the mm max act ion in the f i r s t  choice , and B ’ is the

mm max ac t ion  in the second choice , except for  the case P(R)  = .5. The point

at the o r i g in is the result for  P(R) .5.

The p ropor t ion  selecting a given action is nicely nionotonic in the

re la t ive  advantage , and the behavior of the two curves is surpr is ingly  similar

(note  the  two identical po in t s ) ,  despite the fac t  tha t  the two are in reverse

order wi th  respect to the value of P(R) involved . For example, the two

ident ical  points  at ( .33 , . 42)  are for A over B at P ( R )  = .25 and for  B ’ over

A ’ at P(R)  .4.

The effect of the mm —max property of A and B ’ shows up in the fac t  that

the proportion selecting these two mounts close to 1 when the relative advan-

tage is only .5. In the linear region between .2 and .5 on relative advantage,

the data fit the hypothesis that the subjects are choosing between the mm

score and the mm loss “solutions” in a ratio roughly about 2.7 times the

relat ive advantage .

Without additional experimentation designed specifically to test the

hypothesis inherent in Fig. 38, it would be hasty to call it more than sugges-

ive . What does appear to be firm , from the published experimental data , is

that the upper level distribution model, i.e. the mm loss rule, does not

completely fit observed choices under incomplete information, and neither does

the mis score rule .

7. Nominal Estimates with Factor Models

One of the drawbacks to general prescriptions like the mm loss rule is

the fact that they have a mainly negative import. The chief advantage appears
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to  be guarding against bias . Put another way , although such rules are “safe,”

they also appear to be “weak;” the naive expectation is that they would gener-

ate low returns if applied in practice. Part of the misapprehension here is

an illusion concerning the excellence of everyday decisions. Although there

has not been a general survey of the quality of decisions in industry , govern-

ment and private affairs , the evidence is mounting that many decisions in

everyday life would be dramatically improved if “weak” nominal estimates were

substituted for the guesses and hunches which presently guide the decisions.

Some of the positive advantages of nominal estimation rules can be seen

more clearly in the context of factor models. In the factor model approach

to estimation , if we restrict attention to the elementary case in which the

values of the factors are given , and the individual makes his estimate knowing

these values , then the only task is to assign subjective weights to the factors

and “perform the arithmetic .” In practice , it seems unlikely that estimates

are arrived at in th is formal way . However , for many estimation tasks, it

appears to be a reasonable approximation .

The figure of merit most often used for factor models is correlation . In

the elementary case we are now considering , there are a set of objects

X = {x ,y,z. .. .} where each object is a vector (x1,.. .x) and there is some

function t(x) which defines the quantity to be estimated . The x~ are the

factors. An individual estimates t by determining a set of weights a~ for

the factors, and asserts r(x) = Eajxj. We can compute the correlation
i

between r and t as

p(r , t)  = l/mE(Eajxj  — 
~~~~~ 

a ix i)(t  — t)/S
r
S
t 

(6)

*
Normally , it would be necessary to add a constant , but  since correlat ion is
invariant under a l inear transformation on the quanti t ies  being correlated ,
the constant will be omitted for  s implici ty.
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in this case, the bar over an expression indicates the mean of that expression .

m is the t o t a l  number of cases. Simplif y ing (6) , we ob ta in

p(r,t)  = 1/s Ea isi
p (x 1, t)  ( 7 )

r

If we assume the variables have been normalized , so that s1 
= 1, and furthermore

assume tha t  the x 1 are uncorrelated , i . e . ,  P(x 1~ x~ ) = 0 for  all I and j, then

( 7 )  reduces to

p(r , t )  = 

~~/
/
~~
_c2— 

p ( x . , t )  (8)

For the case of un i form wei gh t s , a . = 1 for  all i , (8) becomes

p(r , t)  ~~~~~~ E P(x~~, t)  (9)

Thus, for this elementary case , art es t imate  based on u n i f o r m  weights  is

better than the average correlation between the variables and the t rue  answer

by a factor  of ~J~~ If all the individual correlations are pos i t ive , then (9)

indicates that  the uniform weight estimate will improve with each additional

variable . As a rough illustration , suppose each P(x~~~t )  is about .2 , and

n — 5 , then p(r , t)  = .45.

The top ic can be explored a l i t t le  fu r ther if we assume tha t

t ( x )  = Eb 1x1 —— i .e . ,  the func t ion  to be es t ima ted  is also ! inear .  We now
i

have (under the assumption that the variables are norrnali7ed and uncorrelated) .

Lai
b
ip(r,t)  — -= (10)

i~Li~ 
I)~

Since the b ’s are unknown, a reasonable requirement on the a’s is t h at

they maximize the expectation of p(r,t) over the possible values of the b ’ s .

Thus we would like to find the a which generates

I
L 

1~ 2 ~~~~~~~
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Ea . b .

max 

~~~~~~~~ 
D(b) (11)

where B is the set of possible b ’ s and D(b)  is a p r o b ab i l i t y  d i s t r i b u t i o n  on

B. Since the correlation is invariant under linear transformations , there is

no loss of generality in assuming that the b’s have been normalized so that

E b . = 1. In the extreme case that  8 includes all possible sets of c o e f f i —
i

c ien t s , i . e . ,  B is the simplex Lb . 1, and D(b)  is taken to be u n i f o r m , we
i

have

La. b .
m

~

rx

~~ /~~~~~ 

~~~~ 

(12)

The expression b
~/~

/
~~~

b
~ 

is symmetric in i , as is the simplex Eb . = 1;

thus , the integrals  wi l l  be the sam e for  all i. Hence

J = k i/n (13)

BJE
b~

Whence , (12) become s

La mmax k 1/n _______ (14)
a 

JE
a
~

2
Assuming the a’s are also normalized , a~~1~~~ 7is just the spherical

scoring rule , so (14) is forma1ly~equlvalent to (6) Chapter III with

P . = 1/n. Hence , the maximum over a occurs when ai = 1/n for all i.

Thus, for the case of “complete ignorance” (interpreted here as a uniform

distribution over the set of all possible b’s) the ma x imum expected correla—

tion is obtained when the estimated weights are uniform.
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Having determined that the best e s t i m a t e  g iven “ comp l ut c  i~ ; nn r .m~~~ ’ is t l o~

set of uniforir wei ghts , there remains the question of just how ~‘od (or h a d )  i t

i s .  One way to  measure  th is  is to compute the expected correlation ove r t h e

set of pos s ib l e  coefficients. This requires evaluating the intc~’ r i 1

6( r , t )  = iiv ’~f~~~~~ ( 15)

For the  case of two variables , the integral is quite straig htforward . It is

~~~~ 2 
dx 

20 x ÷ ( l — x )

which y i e l d s

— 2 + 1
p (r,t) = -

~ log = .881

For three or more var i ables , the integral becomes somewhat mv re coni l cx ,

taking the form

~ ( r , t )  = 1/~~ f 
1

1—x ~~
l_
~~ X~ dx

1
dx

2 ,... ,
dx

1 (i6)

~ 0 J
O 

--

A mixed anal ytic and numerical solution to (16) for three variables y i e l d s

p(r,t) = .834.

For t h r e e  or more variables , there is a cer ta in  embarrassment  in assuming

the “comp lete ignorance” case , i.e., assuming B = to ta l  s implex .  The assump-

tion includes among the possible cases those in which all hut one of the h ’s

are zero . I ’m incl ined  to t h i n k  tha t  i f  the  problem is so poorl y de f ined

tha t  it is necessary to take into account the possibility that t(x) i~ a f u n c —

tion of only one of the variables , the model is not read y to be used in a

- -  
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serious drcision . A certain amount of arbitrariness enters in attempting to

formulate a suitable restriction “a priori. ” A convenient restriction is to

the case that no more than one of the h’s is allowed to he zero. This restri (—

t ion can he expressed by setting B equal to the inscribed hypersphere in the

simplex . For the case of three variables , th is restriction is illustrated in

Fi g. 39. The total set of possible h ’s consists of the triangular region

b . 1. The inscribed c i rc le  cuts o f f  the ext reme cases. For th is  B

the  prob lem has spherical  symmetry , and we have

1

~ ( r  t) = —~~ I S( r )d r

V(S)4 fri 
17

where V(S) i s  the volume of the inscribed hypersphere with radius~~jj~~~ jy

S ( r )  is t 1 c su r face  of the hypersphere  wi th  radius r , and n is the

number  of var iab les .

For n = 3, (17) gives p(r,t) = .90 , and fo r  n = 4 , ~ (r , t )  = .915. These

two a d d i t i o n a l  cases were as far as my patience in evaluating integrals

l a s t e d .  The f a c t  that  the average p increases w i t h  ri r e f l ec t s  in par t  the

fact that the ratio of the volume of the inscribed hypersphere to the volume

of the total simp lex goes down with increasing n — more ext reme cases are

eliminated.

Some additional insight into the effectiveness of the equal weights

approximation can he obtained by noting thatv~
’
~~~~ is a measure of the disper—

sion of the h’s. Setting a
1 

= 1 in (10), we obtain

Lb 1
r~(r,t )  — (18)

195

S



b3

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ASSUMED SET OF
POSSIBILI T IES  B

S I M P L E X
= 1

b2 b1

Figure 39. Constrained Possibility Set B for Computing
Average Correlation

—

S
r-~~~~~~~.. p f l~~~ -- r _  a—— — . . - --—--- -— 

S



w h i c h is the c or r e l r i t ion t h e  e s t i m a t e  c i  th  uni  f o r m  wel  ghts with th e true

f u n k - t. ion w i t ii un known we i eh t

For examp le , i f  t = > + 2 v , p ( r , t )  f o r  tin i~ or en we i~d e t . ;  is. .  95.  If

t = x — 2v + lz , p ( r , t )  = .9~~.

R e a r r a n g i n g  t e rm s  in (18) we can w r i t e

e ( r , t )  = / ~ 
-

/ 5h (19)
+ 1

~

wh e re s~ is the variance of the true weights , and b the average.
17

Thus , for uncorrelated variables , the correla tion between an equal—weight

approximation r(x) and any linear function t(x) is determined by the relative

variation of the coefficients of t , where the relative variation is defined

as sb / h .  If the distribution of the h’s is “w e l l  behaved” then the correlation

will he high . The worst case , of course , is the degenerate one where all hut

one of the coefficients are zero. In this case , p(r ,t ) l/~~ n. Rowever ,

this worst case hardly appears to he of pract ical interest. If there is a

non—trivial likelihood that t is a function of only one of the variables , then ,

is remarked earlier , introducing the approximation as a serious basis for a

decision is at best “premature ”.

Uric useful reference ease is that of a unifo rm distribution of weights on

some interval. Whether a uniform distribution can be taken as a charac ter iza-

tion of “Ignorance ” in the i;lse of c o e f f i c i e n t s  for linear models is not as

obvious ;e; it seems in the case of estimating a s ing le  q u a n t i t y .  For the

cc~e f f i ci e nt s , we are e st i m a t i n g  a s i t  of q u a n t i t i e s .  However , i t  is clear

t h a t  a un i form d i s t r i b u t i o n  is  one form of “low info rmation” assumption about

t h e c oeffi cien t s . For any uni lorm distribution on a positive interval (u,v)

h = 1/ 2 ( v + u )  and s~ — 1/12 (v—uY . Thus
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2
= 1/3 (v—u) 

< 1 / 3  (20)
( v+u~~ 

—

For s / b 2 
= 1/i , f r o m  ( 1 9 ) ,  p ( r , t )  = .866. (20)  is independent  of  the size

of the interva l (u,v) , and rough l y independent  of the number of coel f i c i c u t s — —

t h er e  have to  be enough so that a un i fo rm d i s t r i b u t i o n  can be a p p r o x im at e d .

For exa mpl e, if the h ’s consist of a string of successive integers 1 ,?,...

then (20)  holds approximate ly  fo r  any n 2.

For any d i s t r i b u t i o n  of c o e f f i c i e n t s  more f avorab le  than a u n i f o r m

d i s t r i b u t i o n — — e . g . , i f  the coefficients tend to cluster about some int e rui cd iat e

v a l u e  w i t h  only  a few ex t r eme  v a lu e s— — p ( r , t )  wi l l  he g rea te r  than .866.

Al though  the as sumpt ion  of u n i f o r m  weights  is weak in t h e  sense t ha t  it

can be de r ived  f rom the  “ comp lete ignorance” assumption of a u n i f o r m

d i s t r i b u t i o n  on all possible sets of wei ghts , the numerical  examples sh ow t h a t

It  is not necessarily a poor assumption.

This conclusion is urged on empirical grounds by Robin 1)awes.~~
8 

~1e

has compared the equal weight  approx imat ion  to i n tu i t i ve  j udgments of  t r a i t e e l

personnel in the es timation of grade poin t ave rages , and determination ci

degree of mental i l lness f rom p e r s o n a l i t y  tests .  Ove r a number i f  e x t e n s i v e

studies of these tasks, the equal weight approximation gave g n i f t c a n t l v

higher correlations than the original estimates.

8. Theory of in f o r m a t i o n — C o n t r o l

This section is somewhat of an aside with respect to the main theme of

this chapter. The primary reason for including it is to indicate in a more

fundamental  way the i n t e r r e l a t i o n s h i p  be tween the not ion of c e r t a i n t y

(or s ol i d i t y )  and the  role of decision ru les .  In a d d i t i o n , th e  formal  decis ion

theory out lined below is -i good deal more genera l than the theory  embodied in
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no probabilistic theory of estimation of Sec . 5 , Chapter II . It of fi rs a

ra mework  i n  which a wide v a r i e t y  of types of I n f o r m a l  Lou can be irs ori orated

in decis ion rules. However , roost of the pe tent ial ities remain to be exp lok~ed.

Any dec i s ion  s i t u a t i o n  invo lves  aspects  which  are  c l e a r l y  u n d er  t h e

c o n t r o l  of the decision maker , and o the r  aspects  w h i c h  are c l e a r l y  n ot  under

i r i s  c o n t r o l such as probabilistic events or actions which are under  the

c o n t ro l  of o t h e r  dec i s ion  m a ker s .  I n  between are ispects  which  are not c l ea r ly

one or the  o t h e r .  Bayesian decis ion theory  assumes that there are only two

classes , ac t ions  (controlled) and events (uncontrolled). In the following

these d i s t i n c t i o n s  wi l l  be b l u r r e d .  It wi l l  be assumed tha t there  is a set of

aspec t s  which are clearly under the control  of the decision maker (which

could be called capabi l i t ies)  and the remaining aspects  whose s t a tus  is not

w e l l — d e f i n e d  i n i t i a l ly ,  which  mi ght he called conting/encies.

Con t ro l  involves two p roper t i e s , (a) the decis ion maker can implement

a g iven op t ion , and (b) he can select  any a l t e r n a t i v e  out of a set of op t ions .

The secon d , whi ch might  be ca ll .ed the “ f r e e — w i l l ” assumption , is the crucial

one f o r  the following theory . A decision model is , of course , not  r e a l i t y

bu t  a r ep resen ta t ion  of r ea l i t y  as viewed b y the d e c i s i o n  make r .  He can be

mistaken about his capabilities . However , the abilit y to select one of the

l i s t e d  opt ions  is basic —— otherwise the whole exercise is a dream .

Th is assumpt ion  ha8 been broug h t  under f i r e  for  the  case  of h i~, ,.

uncertainty. With insufficient information , it has been contended , an indi-

vidual can find himself in a state which is at least as had as that of hiuridan ’s

ass —— he simply can ’t make up his mind . Perhaps a better expression might be

he can ’t make up his feelings . I’m not aware of a clear demons tration of this

potential phenomenon in l abora to ry  s tudies ; bu t  v a c i l l a t i o n  is a f a m i l i a r

concept in literary psychology , and “decisiveness” is a well—known tr a it
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ascr ibed to s u c c e s s f u l  managers . What has not been documented  is t h e  r e l a t ion-

shi p b etween these  t r a i t s  and the  i n f or m a t i o n — c o n t r o l  c h ar a c t e r i s t i c s  of t i r e

dec is ion  s i t u a t i o n . What I propose to do is examine  the consequenc es of

assuming that an individual can always make a choice along with some of t is

more co~~ on assumptions concerning rationality of choice.

One additional piece of conceptual apparatus is introduced , namely mi xed

ac t ions . For Bayesian decis ion theory , there  is no ga in  involved in

int roducir ~g mixed act ions since , under Bayesian assumptions , the  opt ima l

ac t ion  is always a pure s t r a t egy . In the  fo l lowing , we al low the p o s s b i i i t v

tha t  i f  an indiv idual  cannot  choose between two options , one reason mig h t  he

that  he would p r e f e r  a m i x t u r e  of these two to e i the r  separately.

The formal model is simp l i f i e d  in several ways . R a t h e r  t han  s t a r t i n g

w i t h  c apab i l I t i e s  and composing these into p o t e n t i a l  ac t ions , we assume t h a t

step taken and start with potential actions (or s t r a t e gi e s ) .  S i m i l a r ly , the

process of composing contingencies into joint occurrances will be bypassed and

the model starts with a set of exclusive , possibly non—controlled states ,

which , for want of imagination on my part will also be called contingencies.

The set of contingencies is assumed to be finite. An action x , will be

represented by a vector , x (x1,. .. ,x ) ,  where each component 
~~

. spec i f i e s  the

u t i l i t y  to the decision maker of the outcome if x is taken ad c o n t i n g e nc y  i

obtains . Thus, any two actions which engender the same vector of utilities

are considered identical .

We thus have a set X = (x ,y,z,...) of potential actions . This set is

represented by an n—dimensiona l space , where n is the number of contingencie

It is assumed that X Is a metric space , I.e., a distance function is defined

which fulfills Dl—D3 of Section 1, Chapter 11! . In addition , it is assumed

that X is closed under mixtures. If x and y are any two points , then
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ax + ( l — a ) y ,  I) a < I , is also a point o~ X. Actua l ly there is ri o g r e a t  loss

of general itv If it Is ass,imed that X i s  ordinary Euc I [dean n— sp i c~ . A

dec i s i on  problem c o n s i s t s  of a subse t , S , of  X. A decision role for X is a

choice  f u n c t i o n  C ( S )  which spec i f i e s  a subset  of S. In t u i t i v e l y ,  C ( S )  i d e n t i —

I u s  the members of S which  are “p r e f e r r e d ” over the  o t h e r  member s .

There are two more or less obvious restrictions on C(S). We would not

expect the decision maker to be able to make a choice if S were unbounded ,

i . e . ,  it for  every x in S he can find another which is preferrable to x. In

the same vein , we would not expect a choice if there were sequences which ,

though hounded , had no l imit; again , for any x , there cou ld be a y pref erable

to x. Thus , we r equ i r e  tha t  there  by a C(s)  only fo r  those S ’s which are

bounded f rom above , and which contain all their limit points .

A third condition is less common . C(S) is required only for S ’s which

are convex —— i . e . ,  if x and y are in S , then ax + (l-a)y, 0 < a < 1, is in S.

This is the condition which allows a decision maker — —  if he chooses — —  to

reject both of two alternatives and select a mixture of the two instead .

It has the small drawback tha t no pair of actions x and y can be compared

d irectly. Any consideration of x and y requires taking Into account all

possible mixtures as well.

With these preliminaries , we can state the pos tu lates governing the

model.

Hl. For every convex S which is bounded from above , and closed ,

C(S) exists. C(S) is a subset of S.

S is bounded from above if , for every I, there is a constant c~ , and for every

x in S, x 1 < c~~. S is closed if , for every sequence x~ 1 if x~ is in S and

x~ -
~ x as i ‘, then x is in S.
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For the next postulates we need a definition. Intuitively, C(S) imposes

a partial relationshi p on X in tha t if x is a member of C(S) ,  it is to that

extent preferred to the other members of S. This relationship will be indi-

ca ted by x > ‘ y.

DH1. x > ‘ y means there is an S and x belongs to C(s) and y is in S.

H2. Dominance. If x
1 ~ 

for every i , then x > ‘ y. if , in addition ,

x . > y~~, then x > ‘ v.

This is the old familiar postulate. The first inequality is a strai gh t —

forward inequal i ty  on the components of the p o i n t s  x and y .  The imp ] i d

inequality is a preferen ce relation be tween the points themse lves. x > ‘ v

simpl y means x > ‘ ‘
~
‘ and not y > ‘ x.

*> will be used to desi gnate the ances tral relation of > ‘ .

*DH2. x > y means there is a sequence x1, . . .  ,x , x = x1 and

y = X
n 

and x~ > ‘ y~~~1, i < a.

That is , x >
* 

y if there is a sequence of S ’s such that x
1 

is in C(S.) and

x is in S , .i+l 1
*

H3 . Acyc l i c i ty. I f  x -, y, then not “ ‘ ‘ x.

*
H3 requires that > does no t go around in a circle where at least one of

the links is a strict inequality. It , in ef fe ct , enjoins th . decision maker

from engaging in a series of decisions in each of which he thinks he is

bettering himself , and winding up accepting an alternative he had previously

rejected. This postulate is closely related to the independence of irrelevant

alternatives axiom that will be discussed in Chapter VI on group values .

f f 4 .  continujcl. I f  x ~ y >* z, there are nurithers a arid b , 0 a ~ I ,

0 b < 1, such that x ~~ ax + (1—a)z ~~~‘ y >* bx + (i-’h)z >* z.
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114 is a I arn il j a r  condition in decision theory. It grir ra ute cs that “similar

problems generate similar decisions .“

For the  f i n a l  cond i t i on , we need some a d d i t i o n a l  lot ions. Let designate

the  class of y~ 5 such t ha t  y � * x , and the class of y ’s such t ha t  x >* y

i .e . ,  P is a l l  the points  tha t  are “p r e f e r r e d  to x ” in the sense tha t  some chain

01. choices leads f rom y to x , and conversely,  Q is the set of points  that  x is

p r e t c r r e d  to . A posi t ive  ray R is a line where i f  x and y are points  on R ,

x . — y . ;  0 , and x~ — has the sane sign fo r  a l l  i .  I t  is easy to show t h a t

f o r  any pos i t ive  ray R , and any point  x not  on R , R i n t e r sec t s  P and Q and

there exis ts  the  greatest  lower bound (g . i .b .)  of P on R and the lowest upper

bound ( l . u . b.)  of Q on R.

115. Archimedean, For any posit ive ray R , and any x not on R , g. l .b.  P

coincides wi th  i .u . b .  Q on R .x

115 is another  kind of c o n t i n u i t y  axiom , in th is  case , fo r  the boundaries of P

and Q .  In the form of ff 5  the condi t ion Is perhaps a l i t t l e  heavy handed; bu t

it avoids having to define derivatives on the pre ference field and assuming some

l imit on the local variation of those derivatives.
19

H l — H 5  are s u f f i c i e n t  to demons t ra te  the theorem

*
Theorem I-il. There Is a complete order  on X , compatible w i t h  > 

, and

C(S)  consis ts  of the maxima l points  in S w i th  respect to this complete

order.

The proo f of Theorem Hi is f a i r ly i n t r i c a t e, and thus has been relegated

to Appendix I I .  A sketch of the proof is probably  s u f f i c i e n t  to convey the

essential points. 

*
It  fol lows d i rec t ly  f rom the d e f i n i t i o n  tha t  > is transitive , since if

x > y and ~ 
~ z , then the d e f i n i ng  sequences , x > ‘ x 2 ,. . . ,x~~~ ~ ‘
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y~~~ ~ ‘ z , form a single sequence connecting x and z. The

t r a n s i t i v i t y  of ?* and dominance imp ly that along a positive ray , the sets I’

are nested.

C o n t i n u i t y  imp lies tha t  the Ps
’s along a posi t ive  ray are “ t i ght , ” t h at

is that  if  x~ approaches x along the ray , then the boundary  of P approaches

the boundary of P . The Archimedean condit ion assures t ha t  the P ‘s arex x

distin ct, i.e., if x dominates y, then the boundary of P does not intersect

the boundary of P .  Fi gs. 40 a and b i l l u s t r a t e  the  k inds  o~ pa tho log ies  ruled

out by these two consequences .

Fina l ly ,  acyc l ic i ty  implies tha t  the sets of P ’s determined by d i i  fcr—

eat pos i t ive  rays all f i t  together to fo rm a single system of s e t s .  The

boundaries of this system of sets form a set of equivalence sets . The choice

set C(S)  of a convex set S are all the points which lie on the highest

equivalence set that intersects S.

In summary, if it is assumed tha t an individual can make a choice out of

every convex , closed , bounded f rom above set , where the choice f u l f i l l s

the axioms of dominance , acyclicity, and continuity, then the choice can be

fo rmula t ed  as an (ordinal) utility function on the potential actions , and the

choice is made by selecting the act ion (or act ions)  w i t h  the hi~~liest utilit y .

This theorem complements one derived by Shapley and Shubik , in which

they show that  (wi th  a s imi lar  underly ing model) the assumptions of

c o n n e x i t y ,  dominance , assymetry , and con t inu i ty  imply a t r ans i t i ve  p r e f e ren c e

function on X.20 In their case, the need for an archimedean axiom is obviated

by assuming transitivity for equivalence . Rough ly speaking, 1 have shown rha

dominance , continuity, and acyclicity (a sort of weak form of t ransitivity and

assymetry)  imp ly connexity.
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ IM Py,y<x

a) NON-TIGHT Px ON RAY R

b) NON-DISTINCT Px ON RAY R

Figure 40. Pathologies Ruled Out by Continuit y and
Archimedean Assum pt ions
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The application of this result to information and control is suggested

by Fig . 41. The diagram has been simplified to display only two contingencies ,

x1 and x 2 . Five p o t e n t i a l  dec i s ion  rules  have been drawn on the  same d iag ram

for comparison — in practice , of course , each would f i l l  the entire space.

A and E are l imiting cases which do not fulfill the continuity axiom , H4 , but

do fulfill axiom H5. The middle rule C is the Bayesian rule , maximize expected

value . The coefficients of the straight lines ax
1 

+ bx
2 c , normalized so

that a + b = 1 , are the equivalent of the probabilities of the contingencies
I and 2 r e spec t ive ly .

We can conceive of a scale of control ranging from A to E.  In the  case

of A , the decision maker has complete control of all the contingencies ——

he can , in effect determine which of the contingencies will occur. Thus , he

can use as a utility function for an action x the maximum utility x cam

achieve over all the contingencies . The decision rule is thus max max x ..

At the other ex treme, the decision maker has no control whatsoever. The most

he can guarantee with any action x is the min imum utility over all the con-

tingencies. Hence , the decision rule is max mm x
1
. As noted , the miJ He

x I
case is t ha t  where the probabilities are known, and the decision rule is

max ~~ p1x~. B and D are new and interesting types of cases. in B , the
x I

decis ion maker has g rea t er  cont ro l  than s imp ly knowing the p r o b a b il i t i e s , bu t

not complete c o n t r o l .  Fur the rmore , there may he no way to resolve the

decision problem by determining which of the contingencies are  under  c o n t r o l .

They may all be equally “incompletely controlled. ” An illustrative set of

equivalence curves migh t he U ax~ + bx~~. Under  what  c i r c u m s t a n c e s  m i g h t  - ì

decision maker choose to behave as in B? A simple case mi ght be one where
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~~~~~~~~~ AGE

B. PARTIAL CONTROL

A. PERFECT CONTROL
MAX MAX

X2

Figure 41. The Spectrum of Control
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the decision n~iker can influence the probabilities . If he selects an x with

x .  > x~~, then th e probability of i is inc reased.

F’or D, an illustrative utility function might be U x1
x2. In analogy

with case B , D might be a case In which increasing x . decreases the

probability of contingency i. For example , I) might be a case where a hostile

opponent has some control of the p r o b a b i l i t i e s .
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CUAPTER V. AGGREGATION

1. CollectIve Jud~ rnent

Up to now we have been examining individual jud gment from various points

of view , in a sense , this has all been introductory to the present chapter ,

where we will inves t iga te procedures for combining individual judgment s into

gro up j udgments.

In the mos t general sense , we can think of the aggregation process as a

way of combining the Information in the heads of the members of a group and

using the pooled information as a basis for a new estimate . In theory , the

group process could consists of each individual stating everything that he can

recall that is relevant to the question under consideration , and then applying

some inductive procedure to the combined list of recalled items. For most

interesting questions , such an exercise however , is totally impractical. As

we saw in Chap ter II , even relatively simple questions can generate a massive

amoun t of m iscellaneous “stuff ,” covering the gamut of relevance and solidity.

Just how extensive this catalogue is for everyday decisions has never been

explored , so far as I know. Some of it appears to be very difficult to arti’-

ciil ate; and it may even be the case that some of it is inarticulable , either

for lack of appropriate words , or because it does not reach the level of full

consciousness. However , even assuming that all of the material can be elicited

and spread out for full view , and assuming that the qualifications of relevance

and solidity could be expressed in scales comparable across all members of the

group, there would still remain the problem of taking that long list of items

and formulating an answer based on it. At present , we do not have for mal

amalgamation techniques for such unstructured material.

In addition to recall of relevant material , It seems to be the case that

there is something which could be called estimation skill; some i sdividuals
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can use unstructured inputs more effectivel y than others to generate estimates .

Presumably, whatever procedure was designed to c a p i t a l i z e  on the list o~

relevant material would also have to aggregate the skill components of the

estimation process.

One very rough approximation to some of this is found in an aspect of

current practice with group decisions , namely discussion. In a discussion ,

it Is possible to share both information and insi ghts ,’ i.e., ways of p~~t t i n ’

the information together. There’ Is a fairly extensive literature that indi-

cates that in pract ice the sharing is likely to be incomp lete.
1 

But we

can imagine a process in which all relevant material is elicited , all

“insights” are expressed , each individual separa tely aggregates the combined

information and hints , and then some group process such as agreeing on a com-

mon answer is used to arrive at a group estimate.

Without extensive experiments , it is difficult to decide how el fec ti cc

procedures of this sor t might be. Experiments to date do not give a clear

picture of the relative effectiveness of various types of group inter.-ic tion.

There are a number of obscuring factors: differences in the type ol estima-

t ion task (kind of quest ion) , d i f f i c u l t i e s  in con t ro l l ing  group  dvn.imics ,

variations in figures of merit , and , of course , variations In i nh iv idu al

performance. Small groups are remarkably comp lex objects .ini the number ot

potential kinds of organizations that can he devised to carry out even so

simple a task as estima t ing the  answer to an unce r t a in  q u e s t i o n  is p r a c t i ca l ly

i n f i n i t e .

one methodological hypothesis that has gu ided a great  deal  of t h e  pr ese ’

work is just this: to a first approximation , the most comp lete summary that

an individual can (prac ticall y) furnish concerning wha t he knows ihout a

question is just his estimate o the answer to that question , p lus , perhaps ,
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an estimate of the  s o l i d i t y  of h is  answer .  in t o r m u l a t i n g  his answer , the

Individual has taken into account t h e nuances of relevance and shad in~v-; of

solidity that app ly to his own Inlormation.

The h y p o t h e s i s  is not  easy to v e r i l y ,  or , for that matter , to express in a

manner lead ing to simple experiments. That ’s wh y 1 call it a work ing  hypo thes i s .

The hypo thes i s  suggests  that most of what  the  group has to o f f e r  can be

r e al i z e d  b y s t a r t i n g  w i t h  separa te , in f a c t , independent , estimates from the

members of th e group and seeking the most eftective formal ways to combine

these independent estimates into a group esti’nate. We can call this simp le

procedure an ~~~~~~~~~~~~ group estimate. A number of ancillary desirable

t e a t u r e s  come along w i t h  th is  approach : (a) The definition of the group

process can be made exp licit  and precise . (b) App lication of f igures  of

m e r i t  can be pursued by theore t ica l  inves t igat ions, as well as b y exper iment .

(c)  A kind of ‘ rock bot tom ” level of per formance  is def ined which can ac t as

a c r i t e r i o n  f o r  o ther  group procedures .  (d) The procedures  are remarkably

easy t o imp lement (and replicate) in p r a c t i c e .

For elementary group estimates , then , there will be a se t of individual

responses R (R
1
,. .. ,R )  where R

1 
is the response of individual i, and n is

the number of members of the group. These responses are relative to a uni-

verse of di scourse U , and (usually) to a specific question concerning U.

For most cases, the specific question will be represented by a part icular

partition of U into an event space {E,}, in which case the individual res-

ponses will be of the form R1. -- l ’s estimate for the event E~ .

A group judgment Is some function F, which genera tes a group response

(; based on the responses R. F can be a function of more’ than just the overt

indiv idual responses; It may depend on the specific group (e.g., in the form
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of differe ntial weights on the individuals) , or on the form of the question.

By and larg e, lactors of this sort will be dealt with by specific notation

when called for. For general discussion , we can write G = F(R).
Withi this simple definition of a group response , we can investigate a

number of pertinent questions : (1) How does the group compare to the iiidivid—

ual members of the group? This question divides into two subquestions:

(a) How does the group performance compare to the average performance of t .~

individuals? (b) How does the group compare to the best ind ividual?

(2) How does the accuracy of the group depend on the amount of disagreement

(dispersion) among the members? (3) How does the group compare to the a pri ori

knowled ge available without the group? (4) How much is lost by emp loy ing

various approximative techniques for aggregating the individual responses?

The generic notion of an n—heads rule will be used to refer to the demon-

stration that the group performance is superior to the individual pe c - m ince

in some specified way. Given the wide variety of estimation types, and t h e

range of fi gures of me r i t di scussed in Chap te r i L l , a broad spectrum of

n—heads rules can be explored.

Basic Rules

In this section a number of n—heads rules ire examined tb -it -Ire o~ a

pae t i cu la r ly simple form . They appl y ,  f o r  t he  most p ar t  to any quant i t ic’s

t ha t  are  de termined at l ei st  to an i n t e r va l  sca le .  The r u l e s  assume onl y the

ex iste~ co of a set of i n d i v i d u a l  es t imates  R , am! an unknown t r u e  response T.

They are  “ d i s t ri b u t i o n  f r e e ” - - i . e . , ,ire  Independen t  of  the s ha pe  o t  t he

d i s t r i b u t i o n  of the responses . In  t h i s  respec t , the  rules arc c lose r . i l : i n

ar i t h m e t i c  than to statistics.

Given R and 1, there are  t h r e e  d e f i n i t i o n a l  I tems needed to f o r m u l a t e

an n—heads  r u l e :  (1) an a g g r eg at i o n  r u l e  F ( R )  , (2)  .i score r u l e  S ( R  ,T) , and
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(3) a - i  tcri. -~ l o i :  c o n ip a r t n ~~ i n n  i v ~~a , , .  . 5 -  - ,~~~n i~’ -~co r ’ -: . ic ‘,‘p~ 
1 criterion

Is the difference b e t w e e n  t in ’  a v e r a g e  i n d i v i d u a l  snore and the group score.

Ge n e r a l ly , i t  is not  poss ible  to opt i m i ze  such a c r i t e r i o n  f o r  i given score

rule , s in ce  ‘1 is unknown . However , i t  is p o s s i b le  to e ’ s t , i h l  ish i s e f  ii

inequalities.

Th e number of possible cool inations of aggregation rules , score rules and

criteria is essentially unlimit ed . In t h i s  sec t ion  1 have limit ed the inves-

ti gation to a few aggregation rules resembling a e , i s !r e s  o f  central tendency,

t o  var ious  simple scaled dis tance  scores , and to  e i th e r  the  c r i t - r i o n  compar-

ing the group score with the average individual score , or the analogous cri-

terion with the median substituted for the average .

Table I d isplays seven such rules showIng the aggregation function , the

score rule , and the n—heads statement. Number 1, f or example, states tha t

the e r r o r  of the mean (average) is always less than or equal to the average

individ ual e r ror .

Table I. Glementary N—Heads Rules

Aggregation Score N—Heads
Fun ct ion Ru le Rule

I. R (Average) IR -- TI — T I  < 1/n ~ R — TI

2. ~ (Average) (R - T)
2 (R - T) 2 ~ 1/n ~ (R - T) 2

1. ~ (Average) 
- T~ - T~ 

~ 1/n ~~ 
- T~

4.  ~ (Average) 
(R

1

-

1

T) 2 ~R - T )
2 

~ l/ n~~ 
(R T) 2

5. Md (Median) I R  — T I Mci — T I  Md [R — T]

6. CM (Geometr ic  logR—l ogT ~ 1ogCM—l ogT I 1/n ~ logR—1ogT~
Mean)

7. MM (Harmonic h R  — 1/T I l / H M  — 1/ it  1/n ~~~ 
h R  — 1/TI

Mean)

All ~~‘s over th e set of individual responses.
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Exc ep t f or 5 , the rules St - it e that :i given scaled distance score is

smaller for some measure ot central tendenc y than the average of that score

f o r  t h e  i n d i v i d u a l s .  5 has the ,  ~ ‘i~’.~e’ torn except that the median is suhst

t u t e d  f o r  t h e  a v e ra g o . The a n ; i l o g i i o s  of 2 , 1, 4 f o r  the  mean ho ld  fo r  t h e

o the r  three , but don ’t appear to have much relevance t or present practice.

7 may also appear to be somewhat “academic , ” since the  h)aru )nic mean has not

been used , in my experience , to aggregate individual estimates. I have

inc luded i t  in p a r t  to show tha t  the general form of an e l e m e n t a ry  n — f i t ’ . I -

rule is not  restricted to the better known types of sco r e s  or a g g re~~~t i t

ru les ;  but  also it is possible t ha t  fo r  some types  of e s t i m a t e s  -- e .g . ,

r a t ios  — the harmonic mean may be an a p p r o p r i a t e  agg rega t i on  fu n c t i o n .

The rules involving averages of absolute values all follow from a single

principle , namely

x~ ~~~~ H , I  (1)

which follows directly from

X -

where is the sum ove r t l ie ~~~ it ly e  x ’s and is the  sum ov er  the

nega t ive  x ’s. T h i s  is d eaL  ~~i Less than or equal  to 
~ j ~

The ru les  i n v o l v i ng  ‘opai re ’d differences follow f r o m

1/n ~~ x~ ( 1/u  E x .)
2 ( 2 )

set h/ n ~~~~x , m , then
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I /n  
~~ 

(x
1 

— n)~

1/n 
~~ ( x7  — 2xm + i i)  I)

1/n ~~ x~ — m -. 0
i 1

whence (2)  f o l l o w s .

The various rules follow from (1) and (2) by substituting the appropri-

ate expression for x; e.g., x = 1k — T)/n for 1. The scaled rules , 3 and 4 ,

follow from 1 and 2 via the fact that dividing each side of an inequality by

a positive constant does not atfect t h e  inequalit y . The rules involving

scaled values are not significant it T = 0, whence most of the scaled rules

are appr opr ia te only for ratio 5& ,I!e ~~ with I’ greater than zero.

From (2) we can f o r m u l a t e  a more Illumimarin~ f o r m  of 2 , namely,

(R - T) 2 = l/nE (R - T)~ - Var ( R)  (3)

(3) is the same as (1) in Chapter lii , now appl ied to a set of individual

es t imates , rather than to a sequence of estimates by a single individual.

(3) states that the squared error of the mean is equa l to the average

squa red e r ro r  of the ind ividuals minus  the variance of the Indiv idua l  res-

ponses . Thus, the advantage of the mean over the individual increases with

the amount of disagreement among the individuals.

These elementary n—heads rules  provide a j u s t i f i c a t i o n  fo r  u s ing  a group

estimate where there is little or no basis for invoking one of the theories

of estimation from Chapter II. Their meaning f u lness for  group est ima t ion may

seem a li tt le mys ter ious since the rule s themse lves are true for  any se t of

numbers R , and any other number T. The link is provided by the tac i t  assump—

tion in practice that the group furni shing the estimates R have some pertinent

information concerning the number 1.
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We can der ive  a s t a t emen t  wh ich  contains the  size of the group as ;in

explicit factor. Roughly speaking , the error of the group declines with

increas ing n, the number of members of the group . This will he stated only

f o r  the most elementary  f o r m u l a t i o n  of t h i s  r e l a t i o n s h i p ,  p r i m a r i l y to ili ti s—

t r a t e  tha t  even f o r  the “ rock b o t t o m ” n—heads rules , n is a significant

parameter. More diagnostic formulae relating the size of the group to accur-

acy can be derived using the various theories of estimation.

Suppose we have a group of n individuals. We can  ask how t h e  ~u ’c i t r ac - ’ t

this group compares with the average accuracy of the n subgroups that ca n be

formed by leaving out one member at a time . Let x1 designate the  average of

1 ~~the  n—i responses omit t ing  response R , i.e., x = 
~
—
~T 

L.a x .. \~~n

f r o m  1, Table I.

1/n E x~~— T I  ~~l / nE I x
3 — T I

I j

1/n ~~ x~ = 1/n E —

~~~~~~ 
E x~, = ! Ex1,I i n i~i i

whence

Il/n 
~~~~~ 

x~, 
— TI ~E Ix~ - TI

I I

(4 )  asser ts  tha t  the average error  of the subgroups  w i t  h i — i  t r o  eF-

greater than (or equal to)  the error  of the t o t a l  group w i t h  n m e i u b e t ’ . .

Since this is true for any n, the average error monotonic~il I v d~~e’ i e i n -~ w i t h

n (providing we average over all available respondents tor ‘ i c h i  p o t e n t  l i i

group of n.)

Another way of viewing the e lementary  n—head s rules In Table I t h i t  may

i l luminate  t h e i r  app l i c a b i l i t y  to group e s t i m a t i o n  is t h e  f o l l o w i n g .  ‘ ipp ( ;t ’

we assume t h a t  each ind iv idua l  has an equal  p rob : ih i l  I t y  ii! h i ’ i ug . o rr e c
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We would l ike to find a group estimate C t h a t  minimizes  the expected error.

In the case of t h e ’  squared d i s t a n c e  as the figure of merit , we would l ike to

minimize the expectation of (C — TY . In case i n d i v i d u a l  i is c o r r e c t , the

error would be (C — R
1
)
2 

and the expected error is then 1/n E (C—R .)~~. If

we differentiate this expression with respect to C, and set the r e s u l t  equal

to 0, we obtain

1/n ~~ 2 ( G — R .) = 1)

wh ence

C = 1/n ER . = R (5)
i

i

In the context of adjudicating disagreement within the group , each

i nd iv idua l  I “ sees” the group as making the  e r ro r  (C — R
i

) 2
. (5)  s t a tes

t h a t  R minimizes the average perception of the group error.

b . Theory of Errors

The t heo ry  of e r rors , as expounded in Chap te r  I i , assume s t h a t  each

individual’ s response is a sum of the true answer , ‘i bia s term , and a random

error; i.e., R . I + B
1 

+ C~, where l and B
1 
are const:nts and is dis-

tributed with zero mean and some standard deviation S~~. Each individual

response is thus a random va r i ab l e , with a distribution D.(Ri
), with standard

d e v i a t i o n  S
i 

and mean M
1 

= I + B
1
.

— By d e f i n i t i o n , the  e r ro r  d i s t r i b u t i o n s  of d i f f e r e n t  Individuals  are

independent , since the errors are assumed to be random. The vector R thus

has the joint distribut ion D(R) = J7 D
1

(R
1
). The joint distribution D(R)

I
de te rmines  a distribution for the average of t h e  i n d i v i d i l  responses ,

*
The non—conventional notation S is used for the standard deviation in
this section to allow a simple hstinction between expressions referring
to estimates and expressions referring to the logarithms of estimates .
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R 1/n E R .; we can call this derived distribution D (R) . The impor tance  of

0(R) fo r  group es t imat ion lies in the  presumpt ion t h a t  R is a reasonable expres-

sion of the group response. Pa r t  of the basis fo r  this presumption is simple

carryover from standard statistics , where R is th e most common representative

s t a t i s t i c, or equivalently, the most common measure of central tendency. In

standard statistics the role of a construct like R is to characterize a

populat ion. The role of a group response in group decisions is to obtain h i e -

most accura te  — or highest scoring — e s t i m a t e  based on the i n d i v i d ua l  re” nse’s.

We will show below that there are some persuasive n—heads rules associated

w i t h  R. However , it should be emphasized tha t  these rules are not simple

extensions of the role of R in standard statistics. In particular , the notion

of R as a representative statistic Is probab ly misleading as an “exp lanation”

fo r  i t s  usefulness  as a group response.

I~y a wel l  known result , 2 the  mean M of R is

M = l /n E M . . (5)
i I

The variance S2 of R is

s
2 

= l/n 2E  S 2 *

i i

S = 1/v~ ’Jl/riES
2 (8)

The f i r s t  n—heads rule  to follow from the theory of errors ,

then, could be labelled the n—heads rule fo r  the s tandard  dev i a ti on .

(8) asserts that the standard deviation of R Is 1 /In t imes the square root

* (6) h o l d s  fo r  any J o i n t  d i s t r i b u t i on .  (7)  conta ins  the ’  . i s s t imp t  Ion that
the individual responses are Independent.
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of the  average of the ind ividual variances. Jf the i n d i v i d u a l  v a r i a n c e s  are

roughly  equal , then the  s tandard  dev Ia t ion  of the group response is less  than

t h e  individual a t  andard dev lit Ions by a I actor of I . In behavioral terms ,

the average random error of R wil l be smaller by a factor of l//~ th an the

random error of the individuals. Thus the group response will be more stable

than the individual responses , and the likelihood of a large random errors on

the part of the group will be reduced.

(8) tells us nothing about the bias of R. A second n—heads rule can

be derived which deals with the bias. We have M = 1/n E M . T + ~~~~~~~~~~1

The bias of the mean B 1:; thus 1/n E B .. From 1, Table I,

I1/~ E 
B~I � ~~/ i i~~~~~~ B~~ (9)

I n  words , the bias of the mean is always less than or equal to the mean

b ias .  I n v o k i n g  3 we can assert

= B
2 

— V ar (B )  (10)

In words , the squared bias of the mean is equal to the  average of the

individual  squared biases m inus the var iance of the individual  biases. If

all the Individual biases are the same , then the group offers no advantage as

far as bias is concerned ; if the individual biases differ , then the group

advan tage Is measured directly by the variance of the individual biases.

For the total error , the two effects “add” ; the expected squared error

of the mean E(R — T)
2 

B
2 
+ S

2
. The same expression holds for the individual

expec ted square errors , i.e., I (R . — T) 2 — B~ + S~~. Thus, if we abbreviate

the average expec ted squared err or of th e  individuals, 1/n EE~1 — T) 2,
I

by ESE , we have

E(R — 1)
2 

1/n ESE + 1/n
2 E B B . (11)
i#j 

I .1
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I f  the  i n d i v i d u a l  biases include b o t h  p o s i t i v e  and n e g a t i ve  ins tances , so

tha t  the  second term in 11 is small , then abbreviating E(R — 1)
2 by EM

(expected error of the mean), we have

EM l//i~ ESE (12)

As an illustration , consider the values in Table II.

Table II

i B . S. ESE .
1 1

1 —1 1 2

2 2 1~ 5 6.25

3 3 2 13

ESE = 7.0833

EM = 4.1107

1/ 73 ESE = 4.090

The situation is somewhat more complex for the expectation of the

absolute  e r ror , E IR — TI . For any d i s t r ibu t ion  D(R)  of R, the expected

absolute error can be compu ted as

E IR - T I  = f  (T - R)D(R) + f  (
~ 

- T)D(~ ) (13)
__ T

R e a r r a n g i n g  the  terms in (13) and adding  and subtracting

T f 0 (R )  and 
J 

R D ( R )  we obtain

EI~ - T I  = M - I + 2T f  D(~ ) - 2 
f

T 

~~~~~ 
(14~
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I i )  Is not part i cul , t r lv Informat i ~e without knowing the form of the distri—

hut i on D(R) . If we m t  roduce’ t h e psv ’Iu) f lu f l l e r lc  h i v p o t  hesis f rom Cha~-t er II

i.e. , assume that the individu al responses are log normal , and iii :ufdlt ion

a a c t i i n e  t ha t  t h ey  are independent , then we can de r ive  tha t  the distribution of
1

the geometric mean [ fi R.]n is log normal.
3

Using th e notational convention of Chapter II, where lower case letters

refer to the lo~z~iri thi ms of quantities expressed by upper—case letters ,

r~ = log R ., m = mean of individual’ s log response distributions ,

r = 1/n ~~ r 1 
is the logarithm of the geometric mean of R, m = 1/n ~~ m . is

I i

t h e  mean of 0(r), the distribution of mean log responses. Corresponding to (7)

we hav e  = 1/n 2 
E s~~, where s~ is the variance of the individual

log responses , and s
2 

is the variance of ~~~. D(~ ) can be formulated explicitly;

it is

- 
~~~~m) 2

0( r )  = — e 2 (15)
2s

There is a correspondIng expression for R , but the re  is no p a r t i c u l a r

point in writing it down here.

Lntroducing (15) in (14) with the appropriate transformation of vari-

ables , we have (ae means average e r ror )

ae = m - t + 2t f  D(~ ) - 2 f  ~D ( )  (16)

If we set b = ( t — m ) / s , and p e r f o r m  the in tegra t ion on the last term , and

recombine , we ob ta in

b
2

ae = —bs + 2bs~~(b) — /2/itse 
2 ( 17)

where ~ (b) is the cumulative normal distribution with zero mean and unit

standard deviation evaluated at b.
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Th us, we can wr ite

ae = st(b) 
b
2 (18)

where f(b) = —b + 2b (b) — V’2/ iT e 2

(18) is perhaps deceptivel y simple , since b involves s.

If we take the derivative of f(b) with respect to h , we obtain

df(b) = -l + ~(b ) ( H )
db

The cumulative normal is virtually a constan t beyond b = 2; h ence for

b ? ~, f(b) is essentially a straight line with slope 1 and ae is dire tly

proportional to S.

In Figure 42 the observed log error is plotted against the’ observed

standard deviation of log responses for roughly 300 almanac questions.

The subjects were upper—class and graduate college students. The number  of

subjects per question was about 14 (ranging from 11 to 19). The lower

dashed line is compu ted f r om (17) assuming b 0 , and assuming that tile

observed standard deviation is an acceptable estimator of /1/n 
E s~ = s.

The latter assumption is correct only if the variance of the hi s ; i s  approx i -

mately  equal to s , the  var iance  of r. There is reason to suspect that for thi s

set of data , the variance of the bias is greater than s, in which case t h e

observed standard deviation is an overestimate of s, and the dashed line

should be lower; however , t h er e  is no way to d e t er m i n e  the  i n d i v i d u a l  vari-

ances f r o m  the d at e , and F ig .  42 can be used on i y t o  set  a lower  hound on

the bias .

I ron Fig. /4 2  l i/ s  .65 J14 2 . 4 3 .  Since li/s is t h e  est im~ite of the

b i a s , b , we see that for this data , b 2 , and henc e, the relationshi p

between L and observed standard deviation should be a simp l e propor t ion , w h i c h

Indeed th* fi gure demonstrat es .
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1’ er  t h i s  p a r t i c u l a r  set  of d a t a , t h e n , t h e  bias rlakes a muc h 1or~’t- r

cent  r i b u t i o n  to ave rage  er r o r  than t h e a v e r a g e  r a n d o m  ‘ l e v i - I t  i on .  ~~e w o u l d

expect  t h a t  the  ma jo r  c o n t r i b u t i o n  of t he’ gr o up in r e d u c i n g  the  expected er r o r .

irises f r o m  r e d u c i n g  the b ia s  v ia  (9)  t h e n  rum r e d i i c f u g  t h i s  st a n d a r d  d i i -

t ion v i a  (8)  , b u t  additi ona l a n a l  v s ls  of t he  d a t a  wou ld  be r e q u i  red to

establish that hivy ot he sls.

-+ . F a c t o r  ~Iode l

M os t  of t h e  f o r m a l i s ; ;  needed to d i s c u s s  a—heads  r u l e s  f o r  I act or mode I -

01 estimation has been presented in the tt ca t nc n t of c or r e la t  ion and n i h f i rn

wel~ hits in section 7, Chapter IV . In fact , the analogy b e tw e en  iggregat i i ; ’

a set of i nd iv idua l  r e sp o n s e ; , and forming a model  of m u l t i — d i r i e n s i o n i l

f u n c t i o n s  is q u i t e  close.

In keeping w i t h  t h e  spir it ot  the  f a c t o r  model , a somewhat m o r e  g e ner i l

kind of ir ~g r e g ; it i o n  ru le  w i l l  he :; i u i n c d . R a t h e r  than s p e c i a l i z i n g  i~w i ~’d i—

a t e l y to  the  s imple  a v e r a ge , we f i r s t  look  at a w e i g h t e d  iverag , ] . . t •

R = ~~ a R . ,  where  R 1 ;  t h e  g roup  response and R . is the  response  ol i n d i v i d -

ual i. The n o t i o n  of a weighted average for aggregating individ uals has I

c e r t a i n  amount  of appea l , on the grounds that some individuals Ire l u r e

l ikel y to g ive  an accura t e  response than o the r s , e i t h e r  be use  o t  greater

i n f o r m a t i o n  or g r e a t e r  skill in forming estimates or both. However , t h e

issue of how to assign the weights does not appear to have -
~ satisfactory

resolution at present. I will use the results presented in the treatment ot

equal we igh t s  In Chapter IV to show that  unless the individuals are  very

different in their capabilities , little is gained by non—uniform weighting .

Using co r r e l at i on  as the figure of merit for the estima tes , we h ave

g(R,T) = E [(R_R)(T_T)/s
R
s
T
]. Unpacking th is & x p r e s ’ ; i t l l  in t e rms  of R , and
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rearrang ing, we obtain

- 
(~~, r )  = 11

~~R E 
;Ls

1
g ( R , 1)  (20 )

where  s is the  s t a n d a r d  d e v i a t i o n  of i n d i v i d u a l  i ’s e s t i m a t e s  and p(R ., I’)
1

Is the correlation of individual l ’s estimat es with the true values T. The

correlation of the weighted av e rag e  of the Individual estimates with the t rue

va lues  is just the weighted average of t h e individual correlations with

l .s i/s
R 

as weights. Since = E[(h( — R)
2

J , unpacking give s

s~, 
= ~~~~ s~ + 2 a ,a~ s~ s~ i (R

1
,R .) ( 2 1 )

p (R ,R .) is the correlation of individual i’s estimates with individu al
i 3

j’s estimates.

‘t he re  is no loss of gene ra l i t y  in assuming t h a t  the  indiv idu al

e 0 t i I f l d t e ’ S  have been normal ized by z—scores , so that s~ = 1 for  all i ,

and (20) thus becomes

ç-(R,T) = 1/s
R~~~

a . p(R .,T) (2 2 )

= a
2 + 

L 
a .a~ ~ (R

1
,R .) (23)

1 i<j

it is clear f rom (23) that S
R 

IS a maximum when P(R
1~
R~) = 1 for all

I and j. In this case , s~ = Ea~ 
+ 2 

~~~ 

a
1

a
1 

= ( 
~~~

a
i
)
2
; t h i t i s  S

R 
=

and thus

, ( R ,T) ~~ —i- • ( R ., T) ( 2 4 )
i 

i

That in , the correlation of R (wei ghted average of the individual estimates)

with ‘1’ is g rea t e r  than  or equal to the weighted  average  of the  i ’ i d l v i d i i ; u l

c o r r e lat  lone . In particular , i f  we have the CaSe o t  t q u i h  w e i g h t s ,
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- (R ,T) 
~ 1/n (R

1
,T) ( 2 5 )

(25) is the most strai ght for~~ard t o r n  of n — h e a d s  r u l e  f o r  I a c to r  models .

It asserts that the correlation of the average of a set of estimat es with

the true answer is g r eat e r  t han  t h e  a v e r a ge  - (  t h e  individual correlations ,

e q u a l i t y  o c c u r r i ng  only in the  u n i n t e r e s t i n g  ;a~ e t h a t  a l l  the  i n d i v i d ua l s

give the same estimates.

i f  the  responses of the individuals are independent — 
1 : ( R . , R .) 0 er

all i and j~~~then setting = 1/n ~~ 
g (R.,T),

p(R ,T) = (26~

‘t he correlation of the Ive rage r esponse w i t h  t h e  t rue answer  is pr oc  is~- lv

uses the average  c o r r e l a t i o n  of the individual responses with the true

answer. The assumption of independence does not appear very p lausible i~ t h e

set of q u e s t  ions al l  r e f e r  to  t h e  same quantity, i.e. , each individua l is rc~ —

ing c ut  m a tes  within the same model. h owever , the t urinal ; i p [ ; t r i t u s  - h i v e lop ed

above appi ien equally w e l l  to  the case of a 1 j e t  of  s e par at e  ques t  io:is . It is

not clear that the correlation is a useful figure of mer it in t h e  C~~~SI 1 1 1

miscellaneous string of questions , but to the extent that cov -trianc e of an

answers with the true answers indicates some L;’~~~ledg e, m d  t o

the  extent  t h a t  the i n d i vi d u a l ’ s answers are independent , (2b) i n d i - i t e s  a

strong advantage of the average answe r over the individual answers .

In gener al , there will he a set n~ opt Ima l weights t or t h e  i n d i v i d u a l s

which maximizes the c o r r e l a t i o n  of t h e  w e i g h ted  av e r a g &  w i t h  t h e  I r u

*
an swer .  Sl1 (-h l wei ghts are dii f [ c u l t  to e’ I t I ; I (  by i n prat t let . hlowe\er , i l & t L

is i t  a I mple analogy between en I [ma t log i quani I t  v wi Iii t I h ia tt ‘t ush i i i  t I on

*
It is necessary to know both the i n d i v i d u a l  m u r r e l i l l e u ; .  (R

1
,T) an d t h e  i n t e r —

correlations c ( R , , R , ) .

226

~ i.. .4~~~~ - - - - - - ___________—



of vat jib les , ,mnd e;; t i mat 1mg .i quant It v 1w a 1 [near cur ib ln at  ion of s ;para te

m d  ividua 1 c’St m a t  es .  If the’ opt ima 1 we [guts Ire ‘ mgi ete lv u n k r i  ‘ -“a , then  (14)

~ h eipt i IV - i i i  he I ivokt’d t o  ih , ’nt oiis t r o t e that the maximum expected correlation

of an t ;-i~~ui;i, ’d I I n t a r  c’omhlo.tt ion itt Ind ividu a l cs ’ i m a t es with t i m e  op t  ima l lv

we ight t d coinh i r ia t i n  is ub’ a had with equal we ights. As is clear f r n  the

; ; ; i ; ; ;  r cal resul t s in Chapter IV , a groat deal must ho known about t he

individual est m ates before something better than uniform weights can b

devised.

5. The Impossibility Theorem

The aggregation of probability estimates differs from magnitudes esti-

mates in that the theory of probability imposes a relatively r ig id se t of

c onstraints on the resultant group estimates. In Chapter II , Section 5, the

three axioms

Al. 0 P(E)

A2. P(U) = 1

A3. P(E v F) = P(E)  + P(F), providing E.F = 0,

were listed as basic postulates for numerical probability. Assuming that

t h e individual members of the group are consistent probability estimators ,

their estimates will follow Al — A3 . Similarly , if we have a group function ,

F ( R ) ,  it must also fulfill Al—A3.

I f  we let 1. stand for the unit—vector (all components = 1), we have

Cl.  0 < F ( R )

~ 2 . F( l ) = 1

C3. F(R+S) = F ( R )  + F(S), providing R1 ÷ S1 < 1.

Where R+S = (R
1
+,s

1 , . . ., R + S ) .  Cl may seem a little strong, since A3 Is

asserted onl y f o r  t hose  cases in whi ch the a p p r o p r i a t e  events are exclusive.
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However , g iven any R and S which fulfill R~ + S . ~ I , there  is a p o t e n t i a l

set of e s t i m a t e s  fo r  some l-~ 1 0 1  F where E and F a re  e x c l usi v e  and R and S

are  the  i n d i v i d u a l  est  i n O t , ’s f t  E and F r e s p e c t i v e l y ,  so t h i e r e  is no loss

of generality in e l sit t  l u g  the  e x c l u s i v i t y  cond i t ion .

i L + . F Is a function solely of tb’ numerical vector R.

Other functions , where F depends on additional features of tile decision situa-

t ion can be devised . For example , F could jii~~~lve~ various kinds of Jepen2—

encies laung tile R .. FuncLions o~ this sort will he t r e~,ted  in Sec t  ~ ol 7 below .

in th~ present Section , attention is litm it ed to fur.ctions w h i c h  dege id o n l y

on the set 3f i nd iv idua l  estimates .

) i~e additional as su! ;J-tioL complete’s the set ,

(5. F is a continuous funci ion of it.

Theorem 1: ~l—A3 , ~h1—C5 imply that F = 
~~~ ~~~~~

wher e ~~~a • I.

The theorem states that the only function fulfilling Al—A 3 , Cl—CS , i s

the l inear func€ion 
~~ 

a .R~ with constant coefficients summing to 1. In

ot I-~er words , the group es t imate  is a wei ghted average of the i n d i v i d ua l

estimates.

Lemma 1: F(L—R) = l—F(R)

Proof: F(L) F(L—R + R) = F(L—R) + F(R) , fr ;;i d3

From C2, F(L) = 1, when ce the result follows.

Lemma 2: F(aR) aF(R), where a is any positive real number , aR � 1.

Proof: From Ci , F(nR) nF(R), nR 1 ~ 1 , where n is an

Integer. hlm ilar l y ,  F(R) = mF ( ~ . Put ting these ’ two togeth er ,

we get F(~~ R ) ~
— F(R) . Since F is c o n t i n u o u s  In R , the r e s u l t

follows .

228

S — — _________________ —— —‘—‘—— - —----- — —~



l,eimna 3: If 1 (x) Lu a funct ion of a s ingle va r iab le , and

(s:+v) = I’(x )  + f ( y ) ,  t h e n  f ( x )  ax , with constan t a.

P r o o f :  Sy an argument similar to that in l emm a 2 , we o b t a i n

f(ax) = ,m f(x ). Since f is a f u n c t i o n  of a sing le v a r i a b l e , we

can set  x = ix , whence f ( l x )  = x f ( l ) ,  and s e t t i ng  a =

th e result follows .

Lemma 4: Let R1’ denote t him ’ vector where’ R~ = it., and 0, ~~i.1 
~ I

‘l’hien F ( R )  = L F ( R ’) .
I

Proof: From G3 and R = ~~~~ R’~
I

Leimna 5: Let F.(R) = F ( R ~~
’ ) .  Then F .(R) = a .R

1 1 i i

Proof: Since F (R) is a function of R . alone ,i I

Lemma 3 app lies.

P u t t i n g  Lemma 4 and Lemma 5 toge ther , we obtain F(R) ~~ a.R , .

l,emma 6. ~~~ a 1 = 1.

P r o o f :  L = ~~~~~ whence F(L) = E a1F ( l ’) = ~~~ a~ i~
’ = 1.

1 1 1 ‘

h u t  
~~~ 

a
1

1 1 
= a

1
.

‘I’hls comp letes the p r otit of t h e  theorem.

In a previous publication , I announced an impossibility theorem for

aggregation of probability estimates.
5 

The impossibility arises from

— 
adding one furthe r condition to Cl—C5 , namel y:

G6. F(R~ S) = F ( R ) F ( S ) ,  where R~S = (R
1
S
1
,. . . ,R S ) .

G6 embodies the product rule , P(E.F) P(E)P(FIE). Th is rule is

sometimes taken as a postulate in probability theories , and sometimes taken

as a consequence of the definition of the conditional probability P(F~ E) =

P(E.F)/P(E). As In the case of exclusivity f or G3 , the analogue of the

pr oduc t ru le for  gr oups , G6 , must be expressed without the restriction that
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the relevant events are independent since for any R and 5, there may he 1

pair of events E and F where R is the set of individual estimates i (  P ( I )

and S is the set of individual estimates of P (EIF).

Theorem 2: Al—A3 and Cl—G6 are incompatible.

Proof :  ~~ a . R . S , ~ (
~~ a . R 1) (  E a.S .). The non—equalit y is

cle ar , but to give a simple examp le: if a • = 1/n for ever’ i ,

thlen a R S . = 1/n 
~~ 

i t S , whereas ( ~~ a .R .)( ~~ a S )  =

l /n  ( E  R S . + E R~SJ. Equalit y would require

(n—i) ~~~~ R .S . = R .S . . If n = 2 , this implies
1 i~ j 

i i

~~ R .S . = ~~ R .S 1, wh ich holds on ly if R
1 

= R
2 

or  S 1 
= 5 ,.

I, i~~j

G6 , with the other conditions except G3 , implies that F (R) = f~ ~~~~~

with E a . = 1. This follows directly from Theorem 1 by setting

lo~ R~~ r = (r
1
,... ,r ) ,  and rewriting G6 as G ’6 , F ’( r+s)  = F ’( r ) + F’(s).

Then Theorem 1 states F ’( r ) = a r
1
. Taking the antilogarithlm gives the

result. From the standpoInt of the addltivity of probabilities f~’r exclusive

events , the onl y consistent aggregation function is the wei ght average .

From the standpoint of the product rule for joint probabil i Les , the  only

consistent aggregation function is the weighted product.

Whether Theorem 2 is to be considered a strong Impossibi Lity thic or e ’im fo r

probability aggregation is not completely clear cut . I I er t  u n i v  to ee l  S

normal prac ti ce in ap p ly ing t he ’  probability calculus, It st ates thai , eve:!

for  independen t even ts , It Is not legitimate to obtain group ts t  im.utt’s b r  two

events  separa te ly and then mul  t ip ly these to arrive jt I ha’ group est i f l i u t  U I iii

the joint occurrence. On the  other hand , it could be o i t t e ’n d e d  that there I s

230



n o t h i n g  in Al — A J  whi c h i m p l i e s  t h a t  t h i s  is t b  w u v  in w h i c h  p r o b e I ~i ies

b r  joint occurren~ ~s arc to be obtained , (‘VCfl fur individual est ~:‘ , N ’s .  Thus ,

Theorem 1 a l L ow s  tI~m ’ procedure of fir st obtaining group estimates for all

abso lu t e  (non—relative) i robah i lit ies on an even t  space U , and then def ining

all relative probabilitI es iii the usual way . Tue multiplication rule would

then hold tor all these derived p r oh ab i  1 ities.

Although  t h i s  procedure  is logically impec cabl e, it has the awkward

feature that pairs of events which every member of the group consider inde-

pendent , may not be independent in the group probability distribution on U.

And , of course , the derived relative probabilities will not be equal to the

aggregates of t h e individual relative probabilities.

This appears to be a case where the Emerson principle may override

e l ementary logic, it certainl y is desirable that each member of t h e  group

make consistent probability estimates — otherwise we are somewhtat at sea in

evaluating the individual estimates, it is perhaps even more de sir ah l- that

t h e group estimates form a consistent set , since computations will he made

w i t h  them , and i f  they  are not consistent , large errors can arise’ by “- ‘om—

pounding” the inconsistencies.

Some light is shed on tile issue here by reverting to tile aggregation of

non—prcb abilistic magnitudes. Strictl y speaking ,  the analogue of Theorem 1

holds for any additive quantity, such as length , we igh t , e t c .  For examp le ,

It we wish to obtain the combined weight of a given ob lec t , e.g., the weight

of an env i saged  s p a c e s h i p ,  b y e s t i m a t i n g  tile we igh t s  01 the components , t hen

h it ’ ana logue  o f The orem 1 wou ld ha ‘d that the only consistent fornt of  aggrega-

tion for individual estimates must he a weighted average . So t ar , t here  is no

diffi c ulty, since the magnitude weigh t does no t involv e any t hing  com parab l e
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*
to t h e  mutt . ip i l ca t  ion r ule fo r proba bilities . However , if we want t a consider

a :‘iul ti p lic,itive aggregate of two linear quantities , suc h as a perform ance

criterion consisting of  t he  p r o d u c t  of ~p e’e ’d and payload , thien an analogous

ditficulty will arise. The aggregate of the product will not be the  p r o d u c i

of the aggi e’gltes. in fact , this difficulty will hiold f o r  any n o n l i n e a r

combination of the  two linear quantities .

it seems clear that choosing an aggregation procedure for quantities

which are subject to mathematical operations outside the scope of their dc fitil —

tions requires criteria that will be incompatih ie with simp le’ consistency.

6. I’robabilistic Aggregation

In th e preceding section we saw that there is no aggregation function

f o r  p r o b a b i l i t i e s  t h a t  is consistent with a set of individual probabil ities.

Arme d  with the Emerson princi p le , we do not have to remain c o n t e n t  s i t h  t h i s

result — i.e., we can still ask whether there is some way to aggre gat e a set

of probability estimates which is not consistent with tile individual estimat es ,

but which performs well. This is a difficult topic to deal with on a general

l evel , since many o the more interesting results depend on special f~’uiu r e s

of particular score rules. We first examine some results with averages , wh u ich u

shows t h a t  the s imp le average  is not too bad . To discuss t h ’ s e ’  r e s u l t s , i t

is u s e f u l  to  c h a r a c t e r i z e  the group in somewhat more d e t a i l  t h a n  we have ’ done

up to now. For most of this section , It is sufficient to think of the’ group

as an enterprise; that is , the group is charactetized by a common decision

matr ix  U~~~, the utility to the  group if a c t ion  A . is taken and event E~ occurs ,

and it is taken for granted that the group will select some common action

*
There it ; no prob lem involved with multip lication by a scalar (non—dimensional
num ber ) .
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eoit c , i ,~~ a: r a t l e s  , ons i h ’  r t h e  ta-U : who’ se thu an I v gre t

i i .  I s  t o  e’’~~ i :L ; io  a prab i! i I it ’,’ I [ st r f h it t 1 0 : 1  a . ;  a:’ ‘v’ ’flt sp ,teo , w e ’ re

i~~’ r eu p  U t  i i i  tv can h -’ ropr&’ o it t i  by a c i o l i c a v t ’  s c o r e  r u l e  S ( R , j) A or ; —

cave se-ore rule is one  t or s ’ iu ic h t  S (aR + (l—a)R ’ ) � aS (R , j  ) f ( i — - i )  S (R ’ , j

Tu e quadrat Ic score , 2R . — 
~~~~~ R,~~~ , and the l o g a r i t h m i c  score , a log R , + h ,

ire ex tr p les of concave rules. In this c isc , it we examine tile objective

expe c ted pavo if OES . that would be realized by following th e advice oil

i n d i v i d u a l  i , we have

OES~ = ~~ P
~
S(R

~~
.i) (27)

wh ere , as usual , P is unknown. The weighted average of these expected

i t  s is

a
~ 

OES
1 

= ~~ a
1 ~~ P . S(R . , j )  (28)

1

= ‘
~~~~ 

S ( R ~~,j )

If S(R,j) is concave , we have

~~~~~ OES~~�~~~ P
j

S ( R g~~~) (29 )
i I -

whe re

R “Y~ a R ,
g i i

(29) asserts that for concave score rules , the  average e x p e c t e d

score Is a lways  less than or at  most equal to the expected score oh t h e

average estimate . This is a f a i r l y s t rong result , in that it does not

depend on the  ac tua l  probab ility, and is true f o r  any concave score rule ,

and any se t of weigh ts a~~. Thus , f o r  I n f o r m a t i o n a l  scores like the logarith—

inft and the quadratic rules , the average of the individual estimates will

always produce a higher expected score than t ue average expected s c o re  of

the individuals .
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The results , of course , specializes immediately to the non—we i ghted

ave rage

~~~~ OES . = ~~ P~ (R ,.) (‘30)

For g roups  whose p r i m a r y  o u t p u t  is a se t  of estimates (e.g., consult-

ing firms) and for which the informational scores are a reasonable measure

of p e r f ~~ man ce , (29) or (30) are basic aggregation formulae.

To illustrate this result , in Figure 43 the group realism c u r v e  f o r

the average of the individual probability estimates derived from the date’ ui

Capen is presented. The lower solid curve is the individual realism ourve

f r o m  Fi gure 9 Chap te r  I I .  The upper  dashed cuL’~e is the relative frequency

of correct responses plott ed against R , the average individual estimate. The

difference between the twe curves is dramatic. Whereas for the most part ,

the relative frequency cor n ’ t is lower than the estimated probability for

the individ uals , for the gr)up, if R � . 7, the gro up is “always rig ht. ”

If we take the c o n v e n t i o n a l  i n t e r p r e t a t i o n  of the individual realism

curve , name ly that individuals “overestimate ” their information , then F i g u r e

43 ind Icates that t ile group, def ined as the average of t h e  individual

responses, drastically “underestimates” its information .

‘rhe average individual quadratic score’ for the  Capon da ta  is .47 . The

quadr it ic Score f o r  the  “ complete ignorance” e s t i m a t e  R , = .5 is .5. Hence

the aver ige score f o r  t he  I n d i vI d u a l s  Is worse than  if each individual had

a n s w e red  every  q i t t ’s t  Ion by s a v i n g  “ I don ’ t know. ” The best  average individ-

ual  score  was . 64 3 .  The average ’  score f o r  the  group response was .b 7 .  For

t h i s  d a t a , t h e  g r o u p  stor e Is b e t t e r  t han  the  best i n d i v i d u a l  score .

N o n — ’ oneav e  scor [ng r u l e s .  For e n t e r p r i s e s  whose Score’ rul e Es

ti nt concave , the n—heads ru I t ’  m u s t  be weakened somu ’wh ;ut  . We assUme t h at
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the group decides to perform action A
g
. There is no loss of generality in

assuming that there is some estimate R for tu e probabilities for which A is
g g

optimal. Thus , selecting A
g 

is equivalent to selecting some R
g 

as t h e ’  g r o u p

estimate. Individual i, then , sees the e x p e c t e d  group return as

EG~ = 
~~ 

R
i j

S( R g~ I )  ( 3 1 )

The weighted average of these expectations is

~~ 
a~,EG~ = ~~ a~, ~~ 

R ij
S(R

g~~
1) ( 3 2 )

= E ~ ajR1j
S(R

g~i)

= ~~ ~j
S( R

g~
I) (33)

J

where R . = ~~ a
1
R~ 1

. From the definition of a proper score ,

~~ 
a~ EG~~~~~~ ~ .S(i~,j) ( 14)

‘fhus , the average  we igh ted  expecta t ions  of the  members of t u e

group is maximized when the group uses as its estimate , the we i ~hited avcr ig e’

of the individual estimates. As in (30), this result specializes to the’

non—we ighted average.

1/n > EC
1 

< 

~~ 
R , S(~~,j) 

(_3 5)

where in t h i s  cast’

1/n ~~ R . .

A l t h o u g h  (34)  does not gua ran tee  t h a t  the  o b j e c t i v e  expc~ t a t t o o  of the

group is m a x i m i z e d  when the  group  act a In ;i’en rd ,inee with the avt’ r i~ o est i t a t  e ,
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it he s i l l .t  ; I i I v  ;t i i~~, re s u l t .  t St ,te ’s t h a t  :;:h’1 end n(l~ ’ o L :  I o U f l

O t t I t ’  - i i S no ‘ii i x , :inil  i n ’  t 
~~~~~~ 

c iv ;  ova ‘‘; 1 (p a ’-: I d I - 1 , ’ —

at  I is l i r i t ’ . ir  in  pr chahl l i t  ~~~ ‘ .)  , thic average ‘a t  i i i  rerx g; iet ’s Sc .; .‘ i ’ r , i ~ ;o

‘ ‘:p; ~ L a t  ions o f  t i l e  i n d i v i d ua l s .  Thus , if  t S r  ent ’r ~~r~~so I an e’i ’o;l : : l L  ;i;~~t

where t i i c  p ivo  f f is in 150:11 , and t h e  ~:e i gi ; is  represent a p ra~.ort i or ; . ;  t e s~ai n;

of the r’t. urn 0 1  t h e ’ ent  r~~r i r e  going to  each i n d i v i d u a l  , t h en  a ver ag e  e’sti—

mate n a i X i r T l i z e s  t u e  average proportionate expectation.

There  Ire’ several other c’.iys to express what is essentially the s~une

result that clarif y the import of (34). Suppose we exa:nine the  Monday morn-

ing quarterbacking situati; :; where each Individual is pa i d acco r d i n g t o h ow

the’ ente’rf r~ s’~ would hsve performed if it had fo l lo ’~j ed h i s  adv i ce .  T1;e m i—

v idijal th e ; ; liar; an exp2ct t jon of

= a~ ~~ P . . S ( R ,,l )I I . 13 1.
J

S i m i l a r ly , he has an expec ta t ion  of the  return for individual k of

— a~~ ~~~ 
R j S ( R ~~,j )

Thus i’s expectation of the return to the entire group is

~~ ~~ 
RJ . S(R .~~I)

The weighted average o these e~ pectations is

~~ a
1 ~~ 

1
~Ik = a 

~~~
a
k ~~ 

R
II
S(S

k
, ])  (3 6)

E R S ( R
k
,j)

k

W1’ich again , by def Inltion of a proper score

~~ 
“k ~~ 

R
1
S(R, j )  ~~ R S(R,)) ( 1 7 )

k -
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In i i i  is di ~.;ggi ;‘g;ted case , th e ova r ig;’ expectat ion of the t. at  si group

r e t u r n  is m ax i m i z e d  if  t ’ . ; c l i  i n d i v i d u a l  i S i t s  t ile a v e r a g e  cu t  m a t  . For

examp le , i t  the group c o n s i s ts  of  a 1( 1( 1: ;; ’ c onf  ; ; h ’ r a t  ion o f  “independent ’’

o p e r a t o r s , bu t  each deal w i t h  the  s- i t ; ; ;  basic  d e c i s i o n  s i t u a t i o n , and , s a y ,

they  agree to pool their earnings and re ’divide (e.g., a group of individuals

betting separately on tire same set of sports events , hut pooling their earn-

ings ; , then the  average  expec t a t i on  of t h e  group return is m a x i m i z e d  i f  a l l

use tile same set of estimates — namely the weighted . lv en ; ig e  — to make thc i r

individual” decisions .

A s t r i i g h t f o r w a r d  c o r o l l a r y  of ( 3 7 )  ob t a ins  If  we r e f o r m u l ;t e ’  the pay—

off in terms of regret. Define the regret of individual i as tire dit ference

be tween  what  he t h i n k s  the  group can obtain rising h is estimate , and wha t s

thinks wil l  obtain using the group estimate. I h i e n  t h e  weig h t e d  a v e r a ge st  i-’

mate will minimize the average of the individua ls ’ r e g r e t s .

This series of decis ional  n—beads  ru les  shows t ha t  weig i r t e ’ S  or un—

weighted averages of the individual estimates do well compared to t e e  aver-

age expec ted  p e r f o r m a n c e  of the iru ividuals. To do much bett er than t 1 s ,

it is necessary to take into  account some additional properties at  the

group .

7.  i r e  Sr  up is an 
- 
lo t or n ; , i t  ion Syst em

In th e opening section of this chapter , it was p o l u t ~~d out  t r o t  , in

theory at least , each member of a group can be o n c e i v e  is p o r - r s t s r r i n g  1 O c r —

t a m s tock of I n f u r r i i a t  i n , I ,, and a group estimation procedur e can he tiiuu~i,itt

of as a method of pool ing  t h a t  i n f o r m a t i o n  to a r r i v e  at a collective answer to

a question. A simple formal representation of this theory is to assume there

is a probability function P(E
~~II ) which generates a 

probabilit y d istribution

238



on t h e ’  ‘at s i t - ,;jVefl t i n ’  ve cto r of r ; d i y  i i ; ;  ; i i f r n . ; t f o n  5; ‘, I =

( I  , I ) . I S - r e  is in di i tjrultv in assumi ;;;’ ti n t 1i , v~ fli u s  C I - i re

tliemsel ’ec partitions of tile g ne’ral u n iv ; r s i ’  ( I f  d isrni r - r o U , and tile ‘roup

Information set I is j u s t  the log ical  p r o d u c t  of the  in d i v i h u - i l  i n t r ’ ; o t  i n n

Sets.

Uthough this model is formall y well do t [ned , it suffers f rom t in e fact

that the I . are not observable .
*

One p o t e n t i a l  approach is to treat the information se ts as “lirt erven—

ing variables ;” i.e., to posit the existence of additional probability func—

tions P(R
i I l .) which relate an individual’s infonnation to his report , and

to formulate the group judgment , expressed say as P ( E J R . l ) ,  in te rms of these

p r o b a b i l i t i e s . I f  carr ied out rigorously, this approach becomes qeiite comp lex.

It turns out that a theory can be generated which bypasses most of t h i s

complexity, and which is isomorphic to the theory that would ensue starting

with the ’ notion ot information. The theory is generated by substituting the

h ,u e r v a b l e  i t e m , the  ind iv idua l  r e p o r t  f o r  1 , and the group report R

for I.

it might be worth pointing out that this duality between information

and reports (or more generally, be’tween Ind ividual estimates and items of

information) is more widely app licable than the use made of it iii this sec t ion .

~1

*
There are other difficulties in practice — mainl y in t r y i n g  to c h a r a c t e r i z e
a universe 01 discourse that es tabl ishes  a coherent ut ructure for th e mis-
cellaneous mate r ia l evoked by asking an uncertain question.

**‘rhe resultant formalism is simi lar In many respec ts to signal theor y , where
t h e  Individual reports R 1 arc’ t r e a t ed  as messages , or s i g n a l s , and the  group
jud gment is treated , as in signal theory , In terms of combining data from
several “channels . ”
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i-or t x in 1 ;l~ , L i r e  d u a l i ty  in be used to  e x p lor e ’  t i l e  value f a u g m e n t  j og

m d  iv [dual estimates with add it i u;ai jot orinat inn “ fed in ” du r  ji l t ; a gr o u p

estimation proc ess.

Most of the results of this sect ion are ot hr eo re t i cal , rather than

practical interest. However , t h e y have some’ imp lications for pr ri cti ;. Tn

parti rular , they establish certain “ideal ” re sults which ~an  be used t o

evaluate the effectiveness of practical aggregation techniques. For exanip t ’ ,

i t  will be shown that in theory t h e  group is more accurate than the m e  -

accurate member. In order to achieve this desirable result , it is gi n e r a l ly

necessa ry  to know mo re’ about the group than Is possible in practice. However ,

knowing this result , there is reason to be discontented with procedures where

the group does much more poorly than the most accurate member.

Suppose an individual announces a report P., i.e., he says “Fhi e prob-

ability of event E is R.” We can treat R as a probabilit y j u d gment , or we can

treat It more ‘avallerly as a simp le da tum , and ask , “If individual i sax’s R ,

what is the probabi lit y of event  E?” The question assumes there is a prob-

ability fun; t ion P(EIR) whirh relates the report with the occurrences of E.

Conceptuall y ,  R is no t necessarily an assertion . It could consist of i nod

of the head or a wave of the hand . However , since we want  to  app ly t h e  theory

to the  a g g r e ga t i o n  of probability statements , we will assume that the reports

are probability statements.

The ch ie f  f r e e d o m  allowed by t r e a t i n g  r e p o r t s  as signals rather than

as estimatc- s Is that the reports do not necessarily have to  f u l f i l l  t h e

p r o b a b i l i t y  postulates. Thus, initially at least , we do not run into t h e

problems associated with ‘alibratthn . Nor do we have to worry about con-

sistency. Of course , If  P ( E~R) were not roughly monotonic In R, we wou ld
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t h i n k  t h ~a our rt l I r I ; t o r  wa ; a b i t  str ;i; i ge ’ . ~ U as v i ’  ; a \ .  c i i i  i n  t ire ’ - - i t s —

cu s sl on  r i  c ,;, t e n  r ’H c t I o n , fo r some’ ;j e;l t ii’ u 4 ;i~ d . i l t’ ;!iv ii -  ~~~, 
- (E~ t~

i s , as ; , it t e n  cr 1  I a t  , i; t m i i i  t on Ic iii P

In addition to t ile p ro b ability functIon °(EIR) , we as s u m e  ~ I ; p i i  i s  a

p r i o r  ~ r obab ii i tv  that the individual will report R. This pri o r p ; i litv is

relative to t h e  quest Ion being asked , which we will assume is Si up ] V 1 0 i ’st  i ’—

:na t~ the probabili ty distribution on ii, with a given i rti r ion E , . Thus , there

is a response space — all permissible probabilit y distributions on U — and a

probab il ity distribution P(R) over these distribut i ons . We can interpret P(i- j

as in the theory of errors ~s arising from “random error ;” that is to say,

there is some average R which the Individual “aims at ,” hut chance influences

lead him to say someth ing else. For the time being, we wil l  assume t h a t

P(EjR) is a function of the total report. To be more p rec i se , in tile general

Cisc’ the individual report c o n s i s t s  of the probability assignment R 1.,  where  i

deno te~ tile Individu a l and j  deno te s  the  event E~ . Let P.
1 

stand for the set

h P.
1
,... 

~
R
im}• 

Then , in general we allow the possibility that the probability

for a give n t ’vent , L’(l- . R .) . l ; j ;’rr ds Otl the entire ’ report R
1
. Pt b r e rviso ,

we would run into the problem of calibration , i.e., if P(E
1

jR
1
) = F(R ..) then

P(E
1
1R .) ~~~~ If the individual is consistent in his estimates.

In addition to the response space R and probability funct ion P(P~ R
1
)

1

for individuals , we assume there is a joint response space P. (R1,.. . , R )  f o r

a set of n I n div i d u a l s  ( t h e  g r o u p ) ,  and a joint probability function P(E
1
IR) ,

which expresses the probability tha t t h e  event wi l l  occur if the  group says

R. There is also a j o i n t  p r i o r  p r o b a b i l i t y  d i s t r i b u tio n  P ( R )  on the gro up

repor t. In the spirit of the theory of e r r o r s , we migh t  assume t h a t  t ile j o i n t

distribution P(R) is simply the product of the individual distributions
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P ( R ) • e . , P ( R )  = H P ( R ) . 1,1 t h e  i n d iv i d u a l  d i s t r i b ut i o n s  i r e  assumed

to be the  r e s u l t  of “ p u r e l y  random ” v a r i a t i o n s  on the part of thrt ’ m d  ividu als ,

thi is issuopt ion would be r ea s o n a b l e .  h owever , i t  w i l l  t u r n  out  t h a t  t h  is

assumption is not required for some of the most interesting consequences of

tj R ’ theory , so it w i l l  he postponed .

in some genera l sense , the f u n c t i o n  l’(E . P.) is an ag g n ’g ; t  ion  t un ct ion

for t: n e set of reports R. P ( E , P.) is n o t  n;o’es - i ri lv ,i funct ion c i f  t l i e

reports P. alone . In part ic rila r , it may ref h e ’  t interact iv ’ o f t  e ’ ct S  , t f l h i ) i l g

t i n e  r e p o r t s , a t o p i c  t l i , i t  w i l l  be dealt wi t I l i t e r  in  t h i s  se’ct  ion.

it comp lete tile ama hy ;. is , we assume t ha t  lie ;gt ~ eg.it ion p ro ir  l e ’ i i

-irises within some c o n t e x t ,  w h i c h  w ill  he l abeled  A ( i o r  n i — p r i o r i ) , in w i n  i c i m

the responses R ire g e m i l e r a t e d . based on whatever is known p r i o r  to t i r e  r e s-

ponses , t he r e is in a — p r i o r i  distribution on t he  events P . which could he

denoted by P (E. A) . ]bowa,’er , since the context A is part of ti e “tot ,~l ‘n ‘ni ,

and the Lemr :n A would app ea r as an a n t e c e d e n t  in a l l  p r o b a b i l i t y  e ’\ p r ~~ss i o n s ,

we’ will suppress it. [h i ~ f or I ’(E~ IA ) we will write simp ly l’(E .) . L i t h e ;

than P(E ,J R .A) we w r i t e  P(E~~JR)~ et c.

Not ice tha t  the  s i t u a t i o n  is entirely “oh j oct lye. ” ~hrnnc st i mi; ins , a. p.

asking a ] ; e ; t  i o n , ge n e ’r a t ; ’- - n t ir e responses  P .  Thi ~’ i — p r i o r i  prcibabi l i t  i ’ s

P ( R  ) , P (R )  and P ( E .) , as well as the a—postere ri probabilitie s P ( l .  R~ ) ro d

P (F  
, I R) are assumed to be properties of the situ -it ion , and a r c ’ i’iot i’ st i m l i t  as.

( I t  ou r Sc , in order to appl y the analysis , it is nc’ e’ssary to m ’ s th es e

probab i l i t  1~ ’’ - -  but that Is a d 1f f  e rent  t o p i c , to be pursuc’;I be l ow .
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1 t him tbr Is t r~~mr ‘sn rk u’ can i ntrrn he r’ o f  i i ’  I in ent  q u est  i o n ’ :

~l) 11ev Jo t n t  jn iI jv ii ju ;il c ’ x j , ’ r t  e l  s o rt ’s com p ine ’ w i t  i n  t i r e ’  a—pri er i s i  i r e ?

I, I I r i S ’  doe’s tn r a  group S c o t t ’  ; ‘ c m r p i ; & ’  w f t hi th e’ n i—p i t ’ i nan! ~? ( I) blow I c’s

c t o c i p s c o r e ’  coup t i  r’ c’ w ith any individual score? (4) What is t i r e  of t e n t

on the’ group score of adding new members to the group ?

the expected score , based on the  s i t ua t i o n  p r i o r  to t h e  r e p o r t s , is

j u s t  ~~ P(E ,)S(P(E),j) , where P(E) represents the distribution {P(E , ) l . We
j  1 1

n -in call this the ti—priori score , AS . it is t h e  score t h a t  would  be’ expected

i f  the probabilities P(E.) were taken as estimates.

To evaluate the individual scores , we consider

~: P ( R .)  ~~ P ( E ,~~R
1

) S ( R . ,j )  ( W i
R . j
1

h ere we compute the total expected score , sunhrning over all  the poss ib le

responses of individual i. This could be called the before the fact expecta—

ti c)n, i.e., it is the expectation before a specific R . has been announced .

Pact; t e rm  ~~ P ( E . Rj S ( R , ,  j) co u l d  be called an after the fact e x p e c t e d  score
‘I

since it i n ; tire score computed after the individua l has announced P.. .

From th e rule of elimination ( F 3 , C h a p t e r  Ii), we have’

P(E ,) = 
~~~ 

P ( R ,)P(E .IR .)

— — S u b s t i t u t i n g  t h i s  In the expression for the a—priori sc o r e , we obtain

AS = ~~ P ( R ~ )P( i ; j R
1
) S ( P (L ) J )

R . j

~~ 
P ( R

i
) E P(E , 1 R

1
) S(P(E) ,j )

R
i

From the definition of a p roper  score , then ,
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n\~~ < )“
~ 1’(R .) ~ P(E , IR .) S(P , ,j) (‘II)

R
i

where P . is shorthand for the d i s t r i b u t i o n  {P ( E , I R  ) } .
1 J i

(39) states that t i r e total expected score for tile estimate {P(E . P..) F

i s  gr e a t e r  t han  the expected score a—priori. This is true before the fact

i . e . ,  before the report P.1 is announced . At first glance it mi gh t  u c e ’el

p e c u l i a r  t ha t  the  expected In d i v i d u a l  score is p r e ’ ; i t e r  t h a n  the  ; i— ; r ion

score , since , on one i n t e r p r e t a t i o n , t h e ’  v a r i o u s  r e p o r t s  R 1 a n n e ’  a t  r , r n d n ; m

The significant ft ’atu nt ’ of t h e  model , however , is that P(E , R .) is a I um r~ t ion

of R . . Thus , once R . has been announced , the probability of P . d i ann e’s.

(‘19) answers one of th e’ questions raised earlier. Tile expected score’

or each i n d i v i d u a l  b asi n ] on tile probability distributions P(E . JR .) is gre~it e’ r

t h a n  tI r e  a — p r i o r i  score.  N o t i c e  this is not the same tiring as tile’ eXpe ct e d

score based d i r ec t ly on t i re  r epo r t s .  In general  i t  w i l l  not he the case tha t

~~ P(R ,) ~~ P(E . P..) S(1’., j ) = ~~ P(R .) ~~ P(E . 1R 1) S ( R
1 , ~) . And of course

R . R
1 j 

-

it i s  quite different f r om any subjective expectations t i r e  i n d i v i d u a l  mi g h t

have. ‘I’he equality would occur onl y when tir e individual i n ; co r it p lett ’ Iv real-

Istic , I.e., when P(EjR ,) = P., , .
J 1 1)

E x a c t l y  the  same l i n e  of reasoning  t h a t  led to (39)  can b1’ us e d to

•1 demonstrate that

~~~~ P(R) E i’ (E~ R)s(P, 1) (.P)
R j ‘

where P is shorth land f o r  t i re distribution {P (P . I P.) } . i ’i i , it is , the ;rv; ’ r,p’ e ’

expected scor e for the group is always greater t han or equal t i thu i—pr h e r b

score , when tiic probability d istribution P(E , I R) is assumed to h~’ t h e’ re t o r t

1)1 course ’ , tire same omments concerning b e f o r e  tile t ;r c t  and aft ‘r t h e  f,rct

hold  f o r  t i r e  g roup  repor t  im ~ wer e made for t h e’ m d i v  idu ;r l  r e p o r t s .
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i~~’ I i n  i ; , I n ’ . I i t i n  I i ;  it ’.’ l ;~ i’ ’ I lit ’ 1’, 1 (1(1 1 1 ‘ , , - I ~
‘( I l~~’ W ~t u - i u l\ i n u b  r v i~h ’ u - i

Sc;’;’ i n n  ‘ ‘ muu w~’ re’d l iv a s j u n  l,i r I lne of’ r e ’ , u n t u ) n m  in s’ , l i nt WI t i n C l i ’  uld i—

i on ii i t t  i t 1 1 ) 1 1 .  I c ’  I P r ’ i ’ i u r ’ e - e l n  t lie V i’ r ’t n u n t n t ’  n i —  I t’ ’ h l u n t ’ t a (‘mit t i l i t ’  P .

h ’r ~~’n ti ne ru Ia  i i  e l i ; ;  1 nat i on we h ive ’

= ~~ P ( E  .R )  w i t h  P. . i j x u ’r l
P. -

= I’( h ; , R ) P ( R )

and e!ivid log hothi sides by P(R .

P ( P , p .) = ~~ P ( F , I R ) P ( R . I~1) (‘el)

n i l ’s  t i t  tn t  I ng f ron ( 41) i n  tI r e ’ r i g i r t  hand s I di ’ of  ( 40) , wc’ have

~~~ P ( R , )  ~~ P t , ti , I R . ) P ( E . I R )  S (P . ,j )  ( d i )

R a ,irr ,enr t ’ ing, and not tog that h’(R.) P(R . R) 1 (R)  , we brave

~: 
P ( R )  ~~ P( E , R)S ( P .,j)< ~~ P ( R )  ~~ P(E , R)S(P ,j) ( 4 1 )

R j ‘ P. j

l i i  - s or t  , t i n  uv e r i~’~ e x t r a c t e d  score for t i n e  g roup  i n n i l w a v s  gr e a t e r  t h a n  or

t ’ q u . n l  I i )  ti r e ’ iv t ’r;i l’c ’ e x p e c t  ad s e C u r e ’  of u n i v  member of’ tire g r o u p .

liii log ic of this de’monstrat hon Is a c t ua l ly  the  same as used to s h r e w

t b r i t  e ’  i t ]  nc r t i r e  i n d i v i d u a l  or t i e ’ g r o u p  has a h igh re r  ave raged  expec ted  sco re

han t u e  - r — ç n i o r i  score . Tire est imate’s of t he  ad d i t  ion;i 1 members u u f  t I re ’

g r o u p  n u t  ~is a re f  inement of t i r e  e s t i m a t e  of any member of the  p n u i u i l u , and

n e ll ; ’ ,’ t i n e  tivera pe expected s c u i r e ’  of t h i e  t o t a l  g roup  is gre ’uer t h a n  i I i , i t  of

any nr ’ rnnhrnm r.

‘fiie n ; i r m n e ’  ‘t~ ’ q u n ; ’ r r e ’ c ’  ‘ i f  s t eps  can he’ in v e r t ed to show t r u t  t ire add it n , 11~1

of i new member  to  a p r  nj never  reduces  t i t t ’  , i v e ’  r a pe e ’ x p e i  I t c h  ‘re ri
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In a p r e v i o u s  j ’ ti in b i , it ion I ; ; t ,u t e d  t h a t  p i ’u d u ; i i i l  i ‘ t i n -  , ng, ru p - ut i i i ;  is

r i s ky , ifl t i l e ’  sei n ne e thin -il  t i l e ’ e x p e c t e d  Store’ of t i e  p r o n g  e lir I’ , ’ . t h n a r  ,‘ i e , i t e t

t h a n  ~ur less than tine ’ a— p riori ,score.
hi 

Th at ut  u t  e r ;  n t  w a s  P c i  ‘ ‘ I ;  t i n t

in i l y s i n ,  ‘f after t i le ’  f a c t sc ’on u ’n- ; , t end sun’; correct t u i r  t i i  t i , - , e . h l i n n e ’ v e n , i n t

t i n e ’  a l ’ ’v c ’ e h e r i v ; n t i o n  shows , tire average expect c c i  sn o r e t n - f  lire ’ t t n e ’  t - l e t  is l l r i t

r i s ky , if l  t i n e sense U n i t  it is ;nlw ;ivs g r e a t e r  t b r , ; i 1  o r  i ’ ’ j n n  i i  t i  t i u t ’  ~i—p n i o r i

L i ’ . S m i  Ian comments hold with regard to t i e ’  ‘oi:npa r i ‘c li he twe’anr t ic p r e iu n p

m d  individuals .

‘l’hnis sequence of re su lt s pets in pren isen or:’; ;r n i n n ’ n l n e r  of “,u i u v i ; n ns ” f e - u —

tn i r cs of  g roup j u d g m e n t .  S ince the group encompasse s at le ’ ,ist e-~ l’s;, i n  i ll ! On ; , —

I i o n  as n un’ ,’ member , t i n e ’ o r e ’ t ic- i l ], v , i t  should do i t  I e’ l s  t us  w e l l  as tire i t ’ s L

Tn’ e’ml,er . Similarly , if ;mn v neW m e mb e r  is added , he cannot  d u ’ t r u , ’ t  f t o rn n ile

info ri - net ion al re:n rIv avail ah It ’ t o  t he  g r o u p ,  and i n e ’ n i ’ e; sbiou Id h o t  tie c u l u n  t o t ’ —

p rod rn c  t i y e n

l i - ”co ’;c r , t i - - , i  s I , n t e ’ n i ; e ’n t  - , hold only for tine object iVe pr u i u l ’  i i  n t l i n t

P(F, k
~~ 

and 1’(E ~
) . l i n e s do riot held for t ire’ estimate’ ; P m d  n ov ‘ u i  t i e u n l , u r

3 1  j

uy n ru ’e ; i t iou fl R . In cir cler t o  cap i t a l i ze  on (dl). f o r  examp l e , i t is n - c e nt ” e r ,

N i  know tine funu ’ t i u n  i’(E , IR ) . By and large , it is nl ’ t p o s sibl e ’ to c o m p u t e

P(E . lR ) , even t if tine P (E , P..) nm re known. It is even less I e ’ n  i b l i ’ t , u  ‘ n u r ’ r l u e n t e ’

P(E jP . )  ii o n n i ’ ,’ t he R . nra known .

p 
To exp lo re  t h is  a l i t t l e  f u r t h e r , we can “unpa ck ” P ( i~ R) in te’rnus oh

t h e  P(t , IR ,) and some related proba b ilitie s .
3 1

Fur tire moment , we will  ci rop the  ,s u h) s  i ’ r i p t  i t O  I’ . t o  n t  ream I lur e’ tire

not nit ion . it w i l l  r e a p p ear  whe n we rt ’ e ’v , n i uu e t ,  fl ue t ’ ’~h t& ’ e ’ t  I_SI nfl ’ e u i n j i  se e n ~

W e ’  I t .’ I l u w  two m ix  Ii 1 1 iry lo t  ; i t  I u u u l s

UR = P(R) /  1,1 1’(R , )
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l u  n n e ’ , r - , u n r ’ u ’ n n  t n e ’ u i - g l e e  n t i e ’  ‘ , ‘~~d e ’ i i c y  :in n ,, nn o t h e ’  in d jvi li n , n h  r ’ ] u i u r r s P . l u ~ = I

r e a l ,  N i l  t i t e ’  ; u ’g i r t  - ‘ i n ’  b n i d e ’ p i ’ i i u I ’ n i t  ; t I n e ’  p n i i . e - i  i t v  f ‘ n g i v e i n  c ‘ i n  L i t  I i i  -

t h e  ‘ i  ‘‘ lin e I c i t  tine- m u  i vi din ;; I p r o i ua h  i 1 i t  los

= 1’ ( P 1 - ; ) / J7 1’ ( R 1 i l )  I ’ , ) )

: ; n ’ , i s n z n ’ c ’s t ; i i ’  e ’ v e n ; t  rel.n ~~~d e ~~’j~~rneLnR~~ among t h u  r o ] l u r t s .  t ) ~, = I n Ins ti n e I

i’~. - n n n 1ni n h i  event P o c c u r s , t ine ’  p r o t n l n i l i t ’ , ’ c f  t i n ; ’  joint rep ort P. is j u s t

I n c  p r~iu1 r ie t ‘ 11 t I n e  p roh ab  i i  i tic’s of the m d  ividual . report n-n .

g t ;m rt ing ‘..‘itir tine ru le if t h e  p roduc t

h ’ ( t -:IR ) = P (RIE)P(E)/P(R)

:n nd - r u h i n t i t u t i n g  f o r  P ( R )  f r o m  ( 4 4 )  and for P(RIE) from (45)

= D~~ J7P(R I E ) P ( E )

~~~~~~~P(R .)  D
R 

( 4 6 )

1 1 t e n I 1 \‘ , i n v o k i n g  t ine ’  r u l e  of the product for tire individual reports , se ’

n i ’ ,’ - 
I)~ J”J’lu ( I’; I R )

h’ (l - ;IR )  = 
I ( P 7 )

D
R

( 4 1)  di sj l - i - ,’s the p r o b a b i l i t y  e e f  i n t e r e s t , namel y P(EI R) , as a t n u n c t  ion of

the’ incilvid rin i l pr n hu ; ih i lities 
~~ 

R
1) , 

t i r e  a — p r i o r i  p r o b a b i l i t y  P ( E ) , and the

two dependency terms.

I” rom our previous d i s c u s s i o n s  of tire ’ d i s t r i b u t i o n  P ( R )  i t  s e ’ u ’ l l n n - n  t o  he r

reasonable :-nssump tiot t h a t  D R 
= I , especially f u r ;l group h t r o ~ ess in s ’ I n i  ch t he

i n d i v i d u a l  r e p o r t s  ;nre collected separately and a no nym o u s l y .  T i n c r ~’ is n it

simp le way th a t  I know to assess the event related dependency D~ .

Since (47) coot a Ems tire p r od u ct  f7 P (II P. ) , it is attn vent i e’i rt L e t  u se

the log score’ to , un -n S ’ :;I; tire group performance.
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Re ’ i t i s t  mt Ing t I n ’ s u b s c r  i~ f u r  thi ~ events , we can compute tine’ ave rage

e ’ Xp e’e ted log s o n ’  A l -IS f i t  (47). Setti ng D~ = 1 f o r  n u l l  P we iinn ’ ,’e

~~~ J7(it IR ,)
A iLS -

~- ~~ i’(i ~)~~~ b’(E , R)log “~‘ T’”
P. h t (l- , .)

Since time I’ (P . ) t e’ r r n ’--n duu i i i  i t  i n y c e  I ye P , exparu s i u r n  c u t ’  ( ‘ c S I p j ye ’S

AE S 
, 

= —(n—i) AS + ~~ P(R) P (i . I R ) ~~ iogP( E . P., ) + U.
p 

R ,j 1 ‘ (49)

45 is t l n u -  n — p r i o r i  sco r e h e - I  iti~’d e a r l i e r .  1) is tine average’ e x p e  I . n t i c n u i  i f

t Ine t ent related dependency D
R

l . A pp ly ing the same; expansion as ( +2 ) to

t h e ’  c e n t r a l  e x p r e s s i o n  ii, (49) , we arrive n u t

AES — ( n — 1 ) A S  +~~~~~ ~~ P ( R .) ~~ P( E . IR~)lo~P(i- . P .) I).
g 

~ 
‘ i

j 1 ( t i ) )

I I,i ll in ’,’. t u e  ‘ev e nr,;ge ’ e ’ X ! u c ’ n  t a t ion uf i n d j v i d t n , i l I , \l- ,5 ,

Al~d g 
= — (n— i )AS + E ALS~ + P.

i - i t n n l l v , i t  is convenient to introduce tile notion of net score,  n a m e l y  t i e

d i f f e r e n c e  between the  expec ted  score of an i n d i v i d u a l  or the  g r u u l i h i , duel  t h n e

ni— p r i o r i  sc o re .  The net se - cur e ’  measures t h e  i m p r o v e m e n t  ( o r  h i ss)  du ,n o I ’

eunr p l o v i ng  t ! i c ~ est imate rather than simpi \‘ ; i s s e ’  r t Ing tin ei a—pr tori prol’ nb t i l t it ’s.

i ’ hnui ~ tine net score of the group NAES~ = AES
g 

— AS~ trod ti n e net score ’ elf .ini

i n d i v i d u a l  i is N A PS
1 

Al - . AS.

I - t om t. 5 1 ) ,

NAPS , ~~~NA ES , + [) ( ‘ u 2 )

~

‘I’Ire nrc’ t i i n . ’  of  t i r e  gr oup is prec I sd y t i r e  sum el f t ire net se ut re ’ , e l i  t lr~’

indiv idua ls plus tire e xp ected dependetin ’v t e rm .
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n e  n e t  u x j e  ‘ e t c - t i  n - e r r  i ’  N A P S  0 c n n - i  m i nil  i vi u I u a  I I s pu - n 1 1 1 v. . Ii. ‘ur i c

I S I ‘t I - i i  - ‘ i r t l e n i n  I I ui  t i c ’  I e ’ x l i u ’c (i’d Si eu n i  - u i  ; u n r v  m d  i v  I d u n n  i . i l  ‘Sc u I , -

i n n n i o t  l i e s  e ’S’nd r i iv p o s It lv.- . fe -ui  is I - ‘ n - n  ( ‘ c l ) )  t I nn t :d’n- n , pc i  i I ,‘ ‘ , I) - n

it f l u i d  no t  be , r ’ ~ i n i r g e ’ ,is

5. \ji~i r U X i t T i n i t L O i lS

In p r m . t  ice , it is r a re  t h a t  enough is known to a p p l y  formulas li k e ’

(“ 4 1 1  u u r  ( t 2 )  . In p n m r t  i cu lar , tiìe event—related dependennn c D~ j is difficult to

e x p r e s s  in terms of data t h a t  is l ikely to be a v a i l a b l e , and is n o n — i n t u i t i v e ”

w i n e  i n it - nn rn es to making a j u d g m e n t a l  e s t ima te .  But in a d d i t i o n , t h e  a — p r i o r i

p r a b i h i l i t i e s  P(E .)  t ir e  usua l l y poor ly  known , as tir e the individual probabilitie s

P(E IR .). Oft en , about all that can be said concer r l ing  the  i n d i v i du a l  proba-

b i l i t i e s  Is somethIng like ‘ i is a good man ill his field ;” which is a long

Wa’,- from determining the probability that a given event will occur if i says

P...
I

As we saw In the preceding chapter , a coimnon approach given such ;r

d e a r t h  of i n f o r m a t i o n , i s  t o  r e ly on some “p lausible” or nomina l assumptions.

The assumption D
R 

= 1 is p l a u s i b l e , based on the assumption that much of the

variation in an individual ’s report is due to “ra ndom” influences. The

assumption is reinforced if the responses of the’ individuals tire anonymous ,

and i i u ’ n n c t ’  p r e s u m a b l y  i ndependen t .  This  p a r t i c u l a r  a s s u m p t i o n  e’an be’ side’-

s t e p p e d ; i t  is p o s s i b l e ’  t i reformulate (47) in a way that does not involve- D~ .

Si n ce ’ ~~ P ( E . P.) = 1 , we can d iv ide  (47) b y ~~ P ( E . IR) to obtain
j j

f7P(E . IR .)

P(E ,IR) = 
ZD.k flPEkIR i 

( 5 3)

whe re
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P
I) k

D = ‘- — - -~~~~~~ —-~ -‘ -

j k  E .
I) ~ P~~E 

1 n
P

is a kind of relative dependency term , 110 easier t i estimate than D
R
1 . At

all events , (53) does not contain the D
R 

te’rm .

Tire traditional assum ption of equal a—priori probabilities would seem

to have ,is much j u s t  i f i c n n t  ion in group estimation as it doe’s in nior e convent—

t i o n a l  s t a t i s t i c a l  i n f e r e n c e .  An I a d d I t i n u i ~al  t e m p t i n g  a s s u m p t i o n  is D~~’ I.

Coupled with the nissumptierri of equa l a—priori probabil ities , D~~’ = I imp lie s

17 P(EJR 1)
P ( E J R )  = 

~~~fTP (E k i R . ( I I u A )

Finally, if we assume that all the individuals are realistic , i.e., P (EJR .) =

R .., (54) b ecomes

f iR . .

P(EJR) = ‘

~~~~~~~~~~~~~~~~~~~~~~~

-‘ __ ( 5 ~ c )

(54) and (55) are p leasant ly simp le formulae. If the assumptions

leading to them could be justified , the aggregation problem wou ld be w~- l 1  i i i

hand . There are reasons fo r  t h i n k i n g  (54) and (55) tire oversimp lified .

For the two event onli ne ’ — i.e • , the  case ’ where the event  spa a c on s i s t s
P .

of an event E and Its complement E — the j o i n t  a s sumpt ion  D R 
= D

R
” = I leads

-p to the consequence that I’(EIR
1
) = P( E)  f o r  a l l  R

~ 
but one. in short , fo r ,ill

but one of t h e  r e s p o n d e n t s , t h e i r  es t imates  add no new information beyond t i re

a m r i ’~~ information .

A re 1 u t  e l  d 1ff [err It y Is I m u  t for large groups , .1 ssmun lug (55) 1 u nr p l  i t ’s

th at ,rlmr )st al l grou p est  [mate ’’ ;  w i l l  he i’sse :it Li l l y (I or I . Thus m i t  a

group w It Ii Liii r t y members , If the average’ re’sIuunsm ’ I’; . 5’> u i  grc’ni I er I cur t u t u ’

*
The’ demon s trnu t ion is g I von I n  App end Lx i i  I
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,i  It , ’ I -n i t  lye , P (P R) -
‘ . n4 ()5 if t i l e -  average ru ’n - n p o r i S i ’  i s  gr ea  t ar  t i t an  . P

*
P (EIR .99999. Nln ce it so’enrs unlikely that for que ’st~ ions of m e  sort

wiR’re’ gro up est  i.ma t ion  i s  u p p r o p r  i n i l e , t he; gr oup kin -ws enoug h to  j u s t  i t  y

e ’St im at  L’s o f  U or 1 f o r  a l m o st  a l l  q u e s t i o n s , the independen c e ’  as sumpt  ions

nt’ .,’ probably too optimistic for large groups.

-\ p o t e n t i a l  c o m p r o m i s e ’ i s  t i m e ’  g eome t r i c  mean.  The- ge ’uno’tric mean

r e  t i i l t s  t he  m u l t  Ip l ic a t i ve  ch a r a c t e r  of (48) , but Is Less extreme’ ’ t han then

nor mali zed product . It is also , in a way, a counn ironn i se wi th respect to tile

i m p o s s i b i l i t y  resu lt derived in Section 5. There it was shown t h a t  t L -  on ly

f u l n l c t  ion of a set of p r o b a b i l i t i e s  which  is m u l t  i p l ic at i v e  is a we ig h ted

produ ct with weights adding up to 1. However , a weighted product would not

add up to I for exclusive events. Normalizing a weighted product to makc~

it sum to 1 produces a generalization of the normalized geometric mean ; t i l e

normalized geometric mean is , in fact , the normalized weighted product with

uniform weight s. Specificall y, the assumption is

[J7~..] 1/n

P (l’~ . R) = ‘-- 
L

I 
~~ ~J7R 1.j

I
~~~

Some we ak additional justification for try ing the geom e’tric Inc - in

come s from t ime’ likelihood t h a t  tire prior distribution of respo- nes P(R
1
) is

skewed due to tire constraint t in n u t R
1 

is between 0 and I. A g l n m n l e - e’ , i t  Fig. 18

The produ ct fornru ln i t Ion b us a related “ed gt’ c’If e’ct ” . If one of t i n e’ responses
is  z e r o  for a given ,u l,ti-rn ativc , then the group response Is zero , independ—
ent l y of the o t h e r  responses. If one,’ Individua l reports z er o  fo r  one a l t e r n a —
I ly e ; , and some o t her  i n d i v i d u n I  r e p u u r t s  zero f o r  i t s  comp lement , then  the
product approximat ion is completel y degener.ite; both probabilities are zero.
Th is edge effect cu rl be dealt wi tin by a suitable tr imn e it Ion; however , t h e ’
r t n n - n n i l t s  w i l l  he ’ hi gh l y  sensitive to the nature of the t runcation , e s p e c i a l l y
for l a rg e ’ groups.
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Chapt er II i 1lu ~ t r , i t e s  t i n s p o i n t  . If the prior distri b u t iniu n s ate r u i u i g h l y

i-a g nornial , their t i l e’ theor , of errors would suggest that t i n e  ge - n n n n ’ t  r i c mean

is an appropriat e aggre’g~it ion [unction .

lire ge’ometric mean has a particularl y straight forward n—heads rule

using the logarithmic score is a figure of merit. W~ hav e

[J7
R
1~
] 

1/n

OES P . lug -—---f
g 3 

~ EI7R ik]~
fl

= ~~~P . l/n~~~ log R .. + C ( 5 7 )

where’ c — log LEIIRIkI

hJfl
. Since C Is not a f unction of ~~, i t  i s  ni

co n s ta n t , d e p e n d i n g  only on the R ik . Rearranging (57), we have

OES = l/n~~~ OES . + C (58)
g 1

In words , t h e obje nctiv e- expected score of the geometric mean is the’ ~ive’ru ge

of the individua l objective scores p lus a ~instant term . Since~~ ‘7~~ikk i
its logarithm is negative , and C is positive. Thus the advantage of t!’e’

group score over the average of the  i n d i v i d u a l scores is i u t de n ~- c n n d e n t  of the

objective probability and depends only on t h e  amount  of disti ti’ - ,-m u’nt w i t h in

the group. It can be computed ~~mediate1y ~ uowing the’ R ., . = 0 i f  and

p
onl y if all tire individual reports are the same’.

In Figure 44 a subset of the Capen data I;; plot t e d , cumpar i tug th .’

performance of t h e ’  inearl and t u e  performann’e of the ’ g e o m e t r i c  mean f o r  18

*This feature is manifested even more clearl y for the c o m p a rab l e ’  n—heads  r u l e ’
for tint quadratic score and the mean as the .uggrega t ion f u n e ’t i on .  In t h i s

case OES = 1/Il ~~~OE S~ + Es~, whe re S~ is t h e ’ v a r i a n c e  o f  t h e  i n d i v i d u a l

repor t s  f or ‘v e n t  j
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*
subjects on the 120 questions. Two I entures of t ile r c a  1 ism curve for ti ie ’

geometric nnne’a nl ire’ neitewortiny: a) l i re ’ c u r v e  Is closer to the’ 45° ( f u l l y

realistic) line titan the corresp aiding curve for time mean. ~) The group

estimates have been d i s p l a c~’d upward — i . e ., t ownmrd higher estimates. \ ‘n joe

t h a t  f o r  t i l e ’  .85 and .95 estimates , there we r e- I I  cases for the mean and e l

cases or ~he geometric meau n . The average’ qm ia dr nu t Ic ’ score for the ’  mean  is

.646; for t h e  g e o m e t r i c  mc’, n t n it is . 704 .  For this parti cular set of d a t a ,

then , the geometric mean performs much better than t~~ie ’ m e i n , and n l c ’c i d e l v

better t h a n  the best member of t i le g ro u p  ( a v e r - n gu  score  .63)

The n m e l v a n t n m g e  of the  geometr ic  mean over the mean in  this set -at dat.i

r e s u l t s  f r o m  t he  f n,i - t t h a t  the realism curve for the’ mean lies above- tht e .So

line. The geometric mean ;t c n l e r a t e s  an e s t i m a t e  t h a t  is mu)re extreme tho u tite

mean — I.e ., it is closer to 0 or 1. If the realism curve for t i l e  mean h,ud

been below th e  45° l i n e ’ , t i n u  g e o m e t r i c  mean would have p e r f o r m e d  mor e  p o o r l y

han t Ii ,‘ ;i. - i n n

O n e ’ , ’ ’ of d a t a  is h a r d l y nu sufficient basis for any tirm conclusions.

About  t h e -  mo s t  t a u i u t  be s i l d  a - t  p r e s e n t  is  t h a t  the  g e ’ u n m e ’t r  I c  mean  is n

roug tr nu p in r- ,x h a t  ion t o  t n ’  - “ Id eal ” agg r egat  ion formu l,n (53) tmnd t h u t  it gives

s u r p r i s in gly good r e ’ s n i l t s  f o r  t h e  one’ case  i n v e s t i gated .

*
The se lec t  ion n i l  a subse t of 18 s u b j ect s  f o r  t h i s  ;rna l y sis  was , n e ’e’ I d e n t al .

The 18 subj u ’e -t s  W e r e ~ members of ;n UCLA Exeem it  lv e ’  program for mfd—c ,ure’e’r
eng i n e ’ e r ’
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C 1b\P Tl -~k VI . GROUP ‘J \l ,~

1 .  I n d i v i d u a l  Ut  i i  i t l e ’ s

T i u u ’ n- ngg r c ’~ a t  ion of vain ;’’ ju d gment s pre sent s term e n t i r e l y  d iii erent eon—

-~‘ptua l problem f rom time’ ;m l’n ’reg ,’lt Ion of ’ fn mc t u j n m l judgments. I - o r  f,; tied jund g —

-nu ’nts wc ’ h I C ’ t h e ’ sirn; l if c ’in o, feature t h a t  f i gu re s  of m e r i t  are ’ t h e  same f o r

i tid i v  i d - n i l  ‘ 1  ima~ c n n  m a t h e y  nrc I or group c- -st [mates. Thus , even In tl~.- f t c ’

‘I l u . I & , i l  d iff i~ il t ies , such as possible inconsistencies between; i n d iv i d u a l

and g r o u p  “~~t m a t  ‘a , i t  s e e m s  r e ’ a s o n n t h l e  to p r e f e r  a group j u d g m e n t  over nun

tid i v j dnn ,il jud gune- ut if the former is likely to be more accurate. In the

‘r c a e ’n t  s t a t e ’  of t h e ’  art the re is no comparable criterion for group value

n;’J ge:nie ’flts. The p n e ;at i o n  wh e t h e r  it is mean ingful to speak of fi gure’s of

- n c ’rit for individua l value judgements is still somewhat controversial. Bent

eVen i t  t u e  notion 01 figure of merit for individual value jud gments w,m :-~

‘n li arp lv de f ined , t i n e  same figure of merit woul h not app ly to group jud gments ,

n;xc ept for S u fle specialized cases such as the ’ fixe d share par tnl ersiu i.p .

Tine major ‘nn; h r ,n ‘is in t h i s  chapter is on ~roup values; hut some’ nit ten—

tion must be paid to individua l values as inpe its to group decisions. ~‘f ’st of

I l ie ’ c o r u c e ’ p t i n i  1 n u p i n a r u t u s  t ic e ided has a l r e ad y been presente ’d In Ch.ept er II in

t h e ’  t h eo r y  of p rc  ‘ t u t u i l i t v  e ’ s t i m a t e ’s . In f a c t , I t  is on ly  a sm a l l  s t ep  f rom

p o s t u l n n t n ’ S  U l — P 8  of t h a t  ti u e ’ u ry to the theory of Individual numeri cal va l ue ,

— 
u s n i n n i l y  - n i l l e d  t i n e  t h e o ry  o f  u t i l i t y .

A najor stumbli n g block in the theory of individual values Is the lack

of a we-li—defined f i ,~ u n r e n  of m e ’ r i t .  ~t n i r l y  decision theorists eithe r implicit l y

‘u r  • ‘ x ~ u I Ic l i l y adopt  t h e  v i e w t in a t  a f i g u n r e ’  o f - i u e ’ r l t  ( ill be based on the t i e ’

‘e tween est i nn a te ’ s  of v a l u e  and cl~~u I e u ’  he’it ivtor. Thus , an e’ st Imate of the

f o rm  “A I s  b e t t e r t h i n  B ” Is cons ide red  c o r n ’ t (t or .u g i ve nt m d  iv id ira l  ) if ,

wh e ’ n u  pr e ’ si’ u ut ed wi t i n .u f re e  ei io i t ’  b e t w e e n  A t i l l - I  B , I l i e ’  i n d iv i d u a l  5k ’ eels A
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ra ther tha n B. l’hnis approach has led many economists to insist tha t the only

“true ” meaning to value sl,nteme i~ts Is the corr elative choice behavior. Hence ,

individua ls should not be asked what their prefer .’nce’s ar - , hut rat iler , the

pref erenc es should be deduced from their choices. One variant o f  t h i s  at t i t i i de -

is the doctrine of revealed pre ferences——individuna ls express the ir ,, n lu n ” judg--

ments most directl y in their market behavior.

Several things are scrambled In the re ’vc ’ , n  led p r e f e ’ r c ’ n n c . ’  a p pr ee i n .  As

with ill estimates , assuming there is a fi gure’ of merit , j udg rne ’n ;t s  conc ernt ng

p r e t e - r - n c e ’ s are ’ s u b j e c t  to e r r o r .  Hence , st i t e ’n ;e n t s  of p r e f e r e n c e - shou ld  be

t r e a t e d  w i t h  t h e  same cau t ion  a n n  any o t h e r  I< in el  of e s t i m a t e .  On t i n e  o t h e r

hand , choices such as market behavior are comp lex phet nomeura with c cli i t  ive ’

elements playing a role . If a choice reflects not onl y “pure’ pre ference ” but

other types of estimates , such as estimates of probabiliti es , the n a choice ’

can be “mistaken ” if the ancillary estimates arc incorrect. i i , ’n et’ , it is not

clear that choice behavior , espu ’cially marke’t behavior , is a i w - c v s  a re’ l i n n h l e n

source of figures of merit for -ialue judgments.

Despite these caveats , the notion that choice b e h a v ior  is the ’ “ p r o p e r ”

objective correlate of value j u d g m e n t s  has a gn c u t  deal  t o  r e ’c ’or ~ ,~‘ n n d  i t .

Othti r att empts to define ’ ni c ’or r~~late’- -e .g.  , it~~ .-ru -n til sLat~~a of t ie - i n d i v i d -

ua l  c u r  f ee l ing  tones——have  not r ” n ic i i c ’ e l  n l e v e l  ot  precision hat  wou ld  al low

useful figures of merit. 
* In  t o ’  toll-awIng, t h en , it wil I be nrssenmed that choice

is the moat useful conco~~ lt ant of preferences f u r  n I , ’u : i S i o n  t h e o r y .

*
I t  Is possible tha t a q u n i t e ’  di ! fe ’r e ’nt t mechanism , name ly the  phenonn eno ni  o f
r e i n f o r c e m e n t  , could furnish a more d ia gn o st  I c  ;mpp roach t’or oh v e t  11 v log
val ue junul gm&’nts. A ehara cte ’rI- ;t Ic of a sit unit Ion w h i c h  r e i n f o r c e ’ s  b e h a v i o r
( i n cr e a s e s  the  p r o b a b i l i t y  of -en iss uc l .it ed act) mi ght b~’ e c iu n n i d e red ,m value’
in t h a t  s i t  ui at  ion . However , so f a n  n i t ;  I know , ri ln i or c - n e - t n t  has not  as v et
been use d as the  b a s i s  f o r  a theory of decls I , e u n
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To r~’ c - ; l j ’ i l u I I a t e ’  some of t i n e ’  m a t e r i a l  i n  Gh a p t  - u  i t , We , l n s n ’ m , -  t h e n . -  i s

, I  5, ’ C  X c u t  s i t - u . ’  i o n s , amo ng w i i c i u  a re  ‘ O f l t  i s o ,  t ; ’  I, ’- ; f l i i ’ -  ru r e ~~ h ,),

t r od du e ’  I n d iv i d ua l lt , r s  a u ’omp l t ’ t  u ’  p r e f e r ,  fle e’ r ’  lotion o v e r  X .  h ’  ‘ r - t  e r - n  e

t ’e ’ i , ; t  Ion obeys t i le ’  l u r i n c i p le-s  of  , i e n t l t i t O l I t , , 
, i ab i  L i t ~ ,- , and s u r .  — t  i n i n ; c  o r

C O Ot  J : ; - ~~’t l c i e s .  ne - r e -  is tn le a st  One’ e v e n t  w i t h  pr ohnibil ity 1/2 , independent

en n p , t n t  i n n , and t i n e ’  s e t  of e ’v e ’t m t s  y, ’ r n e r i t  e ’ ~l by r~ - m u . ’! i t  t o l l S  of t l n i  a even t

I r e ’ or  1 mmede a t l . h h e s e  assunnipt ions  lead to t u e  consequence  t h a t  t h e r e  is a

n r e m m e r i c - c i  ~ c , u i e ’  of p robah i l i t  it ’s on t i m e  e v e n t s  that Is  a d d i t i v e  f o r  ex c i u s  i v . ’

‘ - Ve n t s .

For the purpose of Introducing numerical utilitie s , it is convenient to

modif y tile arch’[nnedian axiom , P’~, to

P8’ . i t  x > y > z t h e n  t h e r e  is an event E such that

*
y ( x , z I E )

P8 ’ s t a t e s  t h a t  if y is intermediate in preference between x and z, then

t h e re ’ is some contir -ng.’m v Involving only x and z which is equi”alcnt to it.

‘fhl s  lx i i ) ; :;  i s  u r s en a l  ly s, , n t e d  in the form~ given the hypothesis , t h e r e ’  is

n o n e’ p r o b a b i l i t y  p ,  s uc h  that the ’ contingency x w i t h  probabi 1i~1 j~, z w i t

10 ‘> i;,iH lity l—,p Is equivalent to y. What I s  u s u a lly  l .ft unstated in the

ix  ion in thi s form Is t in at l ime ’ probability p is generated by a random device ,

lndep .’rn h e -n nt on repit i t  Ion.  Armed w i t h  Theor em 7 , Chap t e r  I I  , i t  is not

nece ssary to deal with cont in g e ne n s of t h i s  r e s t r i c t e d  fo rm .

P8’ generates a m a p p i ng  0(x) of the set X onto the r e a l  numbers .  This

is ac complished as fol lows : Choose any p a i r  of s i t u a t i o n s  x and y ,  where

x > ~~~. Set U( x )  1, U ( y )  0. For any z, I f  x > z > y, U(z) = P(E) , where

*
Wi t ii a sl igin t modification of the combining axioms P3 , P8’ would do as well
as PS fo r  comp leting the numerical theory of probability; however , the d e f i n i -
t ion of numerical probabilities would be somewha t more comp l i c a t e d .
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z (x ,y i - ) . I f  ~n > x , t h e n  11(z) = i/I’(E) wh ere ’  x = ( z , v 
- 

! - )  . F i n a l l y ,  i i

x 
~
‘ y > z, 11(z)  P ( E ) / ( P ( l - ~) - l ) ,  wh ere y = (x ; z 1 1 ~) .

I t  i a  at  n -a i gh t l  urw,i n c , but te d ious , to  p r o v e ’  t ine  f o l l e u w i n g  t h i n - r n ; , :

U F J R 1 -~~ 1. (Vun  ~ e n ; m , i ;n :n - — N o r p u n n n s t e r n )  ~
1 i l ; e  nn app h a g  t t ( x )  n s a  t i n . ’  p r o p . ’ r  I i c s :

1. x > y if and only if 11(x) > 0(y)

2 .  LT ((x,v~ E ) )  = P ( l - : ) U ( ~ n ~ ( i — P ( E ) )  U (v)

3. If z > w , them the mapp ing II ’ (x)  based on z and w is related to t h e

mapping 1an~ c ’d on x , y by IT ’ (x) = aiJ (x) + b , where a is a p o s i t i v e

constant.

The utility scale characterized by Theorem I complete s in int ei lu taut ly

satisf ying theory of individual decisions for contingeurcie’s. Fttrtirermor c , i t

d e f i n e s  an mm p l e m en t a b l e  p r o c e d u r e  I or e s t a b l i s h i n g  u t i l i t y  m e a s u t r e m e t l t s ,

namely , the mapping procedure outlined above . ‘rile process can be t e d  Lo it s it

the probability is determin ed by -l sequence of successive ip p t o : . m m n e t  i n e i r s .

However , t h e  p rocess is relat ivel y rapid if direct estimation of ’ the probabili-

t ies is employed.

Probabilistic scating is not the only way to establish a tlurnlerie’al sc ale’

for preferences. As Suppes  and o the r s  have shown , if tiie ’ i n d i v i d u a l  can

compare in a c o n s i s t e n t  fa s in  ion t ine  d i f f e r e n c e s  in va lue  betwe.  t p a i r s  e u f

o b j ec t s , scales  can be generated that are also determined u 1 ’ to  a l i n e a r  t r , i t ’ns—

formation , and that need no t  be tile same as the  scales es t  ab l i s h e d  by I ’ !n ec r e ’ r n  1.~

However , ii t h e  scales es tabl i shed b y comparing  d i f f e r e n c e ’ s  t i r e  not  the  s , nnnn , -

as those f o u n d  by compar ing  c o n t i n g e n c i e s , then tire’ former will not he’ L i t l e a r

in probabili ties , I.e. , propert y 2 In t’hi e’or om I w i ll Ilot h o l d .  ‘I’ he ’n ; e ;  comnne ’t ’t  -

have no be’ar ing on wh i enin t y p e  of scale is “r i ght .” N ”vert heLe ’ss , tf n e’ unse’ f ultic ’ss

of scales w h i c h  are l inear In p r o b a b i l i t ies is so overwhelming t h a t  it would

require a dramatic solution to some b a s i c  problem t o  make t h e  p u r s u i t . of o t h e r

forms o f scn n I ing of more t h u n  I n  t n i e ’ t t n  i c m i t e ’  u c t-i t
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P~t i . ’ s u i ’ C’ wh ich is ce- rtn i in l ~‘ of more t l i , m n  — m t  n u l e ’ m i ’  m i t e - r e s t  i s  mor te - - ,’ .

‘ c n n n ’ - r e u n ; s  t h nt ’ u u n e - (  i u ’ a l  d i s c u n s s i o n - n  , end some , u n t l i l  L r l c n n l  f n t v e ~~t i ga t ion , l u n u ve ’ ma ,he’

; t  p i i u s i b l c ’  t ; u , ; t  t i t e ~ rutH l ty  ui money  Is tro t i n e , n t — in l er o b ;mb i l iti o ~;.

- \ s u - nu i mi ng t i - na t  the’ u n t i l  I t y  of money I s  c oncave ‘‘ e n xp la  in s ’’ many  typ e ’s  of r i si’

ive r u i v e  c h o i c e s , as w e l l  as the ’ purchase  of i n s u r a n c e  at a premiu m t h a t  is

n e t  n ; ar i l y e ’x c e s s l v e - ( i .~ ’ . , t h e ’  expec t ed  value  of the insurance’ c o n t ra c t  in

:nacne’y is smaller  t h a n  the coat.) Other assump t ions about the shape of the

u t i l i t y  f o r  money curve can “explain” gambling behav ior ,3 m d , 15 We SOW

in Chapter IV , can resolve certain paradoxical choice phenomena such as the

Allais puzzle. Some decision analysts appear to interpret these results as

imp ly i n g  t h at  t i m e  va lue  of money is not  “ reaLl y ” 1 i n e ’n m r , .c ’  • , t h a t  tine v a l u n e ’

of money in some’ u n d e f i n e d  - ib s o l u t e  sense exh ib i t s  “decreas ing  r e t u r n s  to

sca le ’ .” “$ 1 , 000 is w o r t h  less to  a m i l l i o n a i r e  t iran  it i~s to  a p a u p e r . ”

,;tatemennts of tints sor t  have’ little or no mean i ng u n t i l  t i ne ’ measu re- of worth

is s i u e c i f i e d .  linc statement about the millionaire and tu e pauper appears to

be t r u e , i f  w o r t h  is meas u red by nn t i li ti es establisiled by probability

s c a l i n g  ( i . e ’ . , by cho ices among contingencies.) However , the statement is

la l se  i f  wort ir is measured by what the  money will b’iy. A paupe r c o n  buy no

more share ’s  of a given s tock w i t h  $ 1 ,000 than the millionaire’ . Money is trot

[intuar In probabilities , but i t  i s  l inear in many significant conmnod itie’s ,

n ; s i n g  exchange as the measuring process.

‘t he r e ’  is a n o t i t e r  point about money tha t  is d i r e c t l y  re levant  to  t h e  issue

of group  va l ues , name l y money has a kind of i n t e r s u b j e e n t i v i t y  t i r a t  individua l

u t i l i t y  does t rot  possess.  Over a widi~ range of t r a n s a c t i o n s , money has the

same exchange value’ for all nm en ib ers of soc ie t y ,  and fo r  groups is wel l  ;rs

i n d i v i d u m ; n i s .  ‘I ’hus , we have a model f o r  a value se - t i l e ’  w h l c ’ir is equal  iv va l id

f o r  groups r u n ! i n d i v i d u a l s .
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The y p u t  ne ’ tl c al  i n d i v i d u a l f o r  w h i c h ;  t ime ’  decision postulates l’l —P8’ h o l d

is no t  ide-n i t i f  i c e l  by the p o s t u l ,  t es .  ‘t h e  c o n s e q t i e ’ in e s — — t h u e  e n : i Ste fl e_ - of

pt ’c5~i ::i li ty and utility scales——hold for any entity that fulfills Pl—P8’ .

I i n n s , it  ‘m group oi m div i n lt t ,i is collectivel y ann be s,n id to have’ a comp let e

o r d e r  of  perferen- - e ’ over some class of situations X , and the ot h e r  p o s t u l a t e - s

hold , then that group has a collective probabili t y s i - a l e ’  ari d a c o l l e c t i v e

U t  i l i t y  s c a l e .  Since’ it is clear that grocn~ns do nake n i c e i s lo l l S  ( i c’ . , e x h i b i t

cho ice  b eh a v i o r )  , there’ is no a priori reason wiry Pl—P8 ’ should not inhn ara c t u ’ r i , ~e ’

I nu n-ne ‘m e l e e ’ s .  l i e ’  problem in formulating p ronnj .‘~~h u u . si ;mle ’s is n e t  P 1 — P n ~’

bu t  r - i t b e r  t he  r e - l a t  ionshi p be tween group and i n I i - ,- i d u j , i l  e i t o l u  ‘ . I i i  i s is t he

subject for time t t e ’ ,~:I section.

2. u i 5  A r r o w  Lm~ ,oss ibUi ty ‘l’lieorem

in t i n e ’ in t r o d u c ti o n  I descr ibed  a c l a s s  of p n r . m n l u n x e ’ s ’~’l i ch , in  u r i s e ’  whe ’n

an attemp t is made to define an aggregation tunct ion for a 5.-i. 0~ i u u h j v i t t ; i l

judgments , where that aggregation is intended to be cons 1 ’ , !  “n I t  in SOrie’ wt l v

tile individual jud gments. Probably the most signi ficant i i t s t , i n u e e ’  o f  t h i s

type  of d i i i  i c u l t y  I s  the  theorem due to K e n n e t h  A r r o w  t hn a t th , ’ re i s  no ‘ r o up

preference function that fenlfills a set of desirable and appareul t I y i i u t ; u ) c u e n i s

c ondit ions .

This theorem has p layed a major role in recent invest 1 ,, .t ions in welfare

economics and decision theory. On the one hand , i t  has n ;netivated a Large

activity concerned with “resolving ” the problem , and on tire o the r hand i t  iras

acted as ‘m t e ’ s t  to m t  on t ile d e ve l op m e nt  of t t i  i nn i ques fo r  gt ’u ’nt ’rat 1mg group

preferen ce’ t une t lenin ; in manly areas such as vot trig me t hods , Soc l o t  v a l u e  se’ , I l e ’

and g r u e u n p  I t ’ ’ Isioni pr flu t ’ (lu i ne ’S .

In  t h e  fo l  lowing sect j u , un ~ I present a reso ut ion of t he’ A n row t h eo rem i n

what ;m m h n e’nmrs to b. a re’asonmn mbi & ’ st u n t - n e ’  of t h a t  term. Since the threort’m is
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c o r n  u - c t  , there is no re st l i nt ion in a a t  r i :  L ;c ’ i n S c’ ; l n n , W e  -yen , if i t  can be shown

I c i  ‘ t h e ’ con nu it ions :;asumech by the t I i e nu , r e - m i n  e’ , n n c , more  severe’ l i n e n  one

wui n tef wa uu n to accept , and i f  i t  in , ; : ;  be shown t lnut :1 m i m e r  Ic I n e x it nul l of t i n e

c c c i :  itions leads to a Set that is cOtl Sli-n tL’flt , t h i s  appears  t o  be a j u s t i  I n~~ ct  i n

t o n  t t i e ’  n. e u ’ ::t “ reso lot ion . ’’

Time ’ l u  t l ; k u l  - i e meil t s of ,n group pro ference function are : ,i  a.

i , k k ,...J of irrdivid u ;m t members of a gtou ~~ ; a - s’ t X t x , y , , ~ , . . .

- ‘ I ob je” ’t s; a set ‘c~ = { R , R , R ’ , .  . . of v e c t o r s  of I n d i v i d u a l  p e .’ f i ~ r e ’ n l c u ’

t e ’ i , . t lori s ( t hn , i t is , eacir R = (R
1 

, R 2 ,  . . . ,R )  in K is an ir ,de ’x ec! se’ t of p r e f c r e  f l C~~’

relatio ns ,-ve’r ~~~, where time indices correspond to tire members of I ) ;  m f u n c t i o n

l’(R, wh i c h  maps cac t i  member of K onto a relation (group preferenc e n- e’la t ion)

*
OV e r ‘~~. A sn ;p c r i ix arrow indicate’s strict pr e feren ice ’ , L.e . , xR” means

~:H v  mm d not yRx .

It I’ is intended to d e f i n e ’  a genera l  s o c i a l  w e l f a r e  f u n c t i o n , then  X would

be interpreted ,mt-n a set of potential states of society. Howeve r , the formal

t r e ’ : i t m e n t  of t i re  p rob lem is not  :unn c ~’r r re d  w i t h  the n a t u r e  of the elements of

X, au -rd for simplicity the y will be referred to as objects. Similarl y ,  the

l i i  t tha t tire individual rc’l;it ions R . and the group re ’la t l Oul F(R) ire prefer—

e ’nn ee - n e l a t  ions Is not par t  of t i n e ’  f o rm a l i s m . t h e ’  an m l ys is  is concert -med with

t i n e  e x i s t e n c e’ or not  of an aggre g a t i o n  fund Ion F with c h u  t a k e s  ‘i veL tar ~ !

-~~~~~ ue’ l a t ions as its a rgumen t s , and which  f u i f  ills a set of cone lit ions that look

reasonable for a grouip pret!.’rene:e function , but might equall y be’ appropriate

for a wide v-mriety of aggregation procedures--’c.g., tire R
i 

might be - n set of

*
In  Arrow ’ s formal i sm , the set I is expressed by the i nd ice s  on t h e  individual
p r e f e r e n c e  r e l a t ions , X in expr essed imp licitl y as the field of the’  i nd iv idua l
pre fe re ’n . e re la t ions , and the  set K is charac te r ized  .rs a set of admis sabt e
preference relations , where admlssable is taken to mean a set “fec wh u l m ’h t ire
soc ial welfare function defines a corresponding social ordering .”

4 
5

The implicit nature of these e’ntities leads to some’ minor anrh i g n m m t i e ’ s ;
however , since these do not appear to affect ti-me central possibilit y theorem ,
they will not be pursued l’n€’re,
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individual r ink orderings of a set of o bj e c t s  on soni’ psychological utiagni tund e ,

a o l  F(R) a “ r e ’pl ’ e’SC ’n l t a t i ve order  inr g ” f o r  the ’ g r o u p .  ‘l i n e ’  only issue i - n  t i r e

r e ’ a si u t i a h i  I eness  of t i - m e’ st a t  ed cond it lo i ns for tire intenneled app i i c ;m i  i o n . By and

l a rge , t In c condi t  iou - m s  p r o p o s eu l  by Arrow ; h l n p  ir  to be reasonable’ for a wi d e

class at “ r c ’p re sen i t : et  ly e ; ” . i g g m e ’ g a t  ion f u n c t i o n s .

In tb n I s sec t  Io i ì  , t i n e ’ conditions proposed by Arroe’ and tire Imposs ibility

t ne’c ’r .,’m or s t a t  of for reference purposes. l u i  t h e’ f o l l o w i n g  s e c t i o ns  tb.-

r o s o h u t i o n i  of t he  tlneor e ’nn is taken up. Except for Al and A2 , tile’ n umb e ring

is kep t  c o n s i s te n t  ~~i t h m  Arrow ’ s. Some mino r n o t a t i o n a l  d i f f e r e n c e s  ar e ’

intr’ (f unc ,’d , mairr l v to simp l i f y th u translation of the c o n d i t i o n s  to the

c orresponding ones for scales in the following se’n:tions.

It is cotn v e ’nlent to have’ an a d d i t i o n a l  p iece o f notation . Let

where ’ B i s  a class of ob~ c’ cts and T ~ r c ’ Iat ion , d e s i g n a t e ’  t i n e ’ rel ;m t ion T

re’~~tr l ct e d  to the class B; t h a t  i s , B Is In X , and X i  i f  a na l c i i i , ’ i f  x i I l c l  V

ore’ In B and xTy. T
X 

will be’ n - n e d  to d e n n c i g n n r t e  t he relat ion 1’ r e n a t  r ie’ t ec h

t o  t i n e -  s e t  ,< —{x

A l .  For ev e ry  R in K and every I, R 1 
is a weak ordering on X.

A 2 .  For  u ’ v ’ r v  R in K , F(R) is -n weak ordering on X.

Al and A2 simp ly a;- s,’rt t h u n it the individual relations and the group

relation are weak o r d e rs  on Y . The next set of conditions define a d d i t i o n a l

p propertie s of F(R).

Cl. There is a Se t  S in X , sti cir t h a t  S e ’ont  ai nls three’ nirennbe ’rn, , an-md for

any possible vector of orderings T of S, there Is an R In K s u c lu  that 1’ R~
’.

This condition Is Intended to assure that whatever t he’ u n - m t u r e ’  of K , It Is

possible to fi nd at l e n i s t  t hree objects for which all possible orderings

fo r  n i n d i v i d u a l s  are exemp lifi ed by some members of K. As Arrow r~~~arks ,

the basic t heorem Is essenti all y demon str,nted for this set of three objects.
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The’ le ’x t ‘m u n t  it loui will be i n t r o d uced l v  a def in i lion : R s-ill

he sa i d  to  h e ’ :r f o r w a r d  sl uift of x , w i t h re spect : to R , FS(R ,x ,R), when ,

cinch for ever” I - mute! v , I f  xR
1
y then xR

1
y :um’I for e very i cu r d v

if xk
1
v t l u , ’ n n  xR . v . That is , K ~nid R i t . ’  i d e n t i c a L  ex c e p t  f o r  x , inI

w h m a t  ever I n ’ ,i I I OIl X iln Is in R , it is at least as ‘‘h igh ’’ in 
~

*I f  F S ( R ,x ,R) then xF (R)y implies xF (R)v. Arrow calls t h i s

nondit ion “p o si t iv .  assoc i a t i o n  of s o c i a l  and m d  ividenal values. ” For the

n e x t  co nd i t i o n , a f u r t h e r  no t i on  is needed . h , e t  C(S ,T) designate ti-re set

of x in S, such that for every y in S , xl’y. That Is , C(S,T) is the set of

:n , ix i n u a l  e l c ’r n n e n t s  in S with respect to the relation T. Ii S has rio maximal

elements with respect to I (e.g., if S is the set  of all real numbers less

than 1 , amId I is “greater than ”) then C(S,T) is the null s e t .  Arrow makes

no provision for this case , but there is no loss , since ire is n .once, ’ r n l e d

p r i m a r i l y  with the finIte ’ special set S w h i c h  does have n n u x i m a l elements , fo r

every  r.

C 3. Fo r every R and R , R
B
R
B 

imp lies C(B ,F(R) ) C(B ,F(R)) .  T h i s

axiom , called time Independence of irrelevan t alternatives , is perhaps the

ke y condition in tine deriva t ion of the im possibilit y theorem. It essen—

tlo ll v has tire effect that the social  p r e f e r e n c e  between any pair x and y

w i l l  depend on ly on the Individua l preferences for t ha t  pair.

C4. For every x and y in X , there is an R in K , such tha t not xF(R)v.

This cond ition , (‘ai led t h e ’  condition of Citizen ’s Sovereignty, (or also ,

th e c o n d i t  ion  tha t t ime ’ group pre’ference Is not ~~~~~~~~ Is also a key con—

(lit ion for tine impossibility theorem . It posits a decoup l ing between the

admiss;mhlt ’ s e t  K and the set of i~bjects X. For examp le , ft rules out the

possibility tirat tire’re’ exists In X one object which is preferred by every-

bod y t i c  some o ther objec t for a l l  admissable  o r d e r ing s  R.  Although intended
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onl y to n-make sure  t h a t  t i-re’ i n d i v i d u a l p r e f e r en c e  r e l a t i o n s  in f a c t  d e t e rm i n e

the group prefe rence relation , It -m s s ert s something stronger.

C5 . b-’ ’r every i t h e re e x i s t s  x , y ,  and K such ti-mat xF(R)y and not

XR .Y .

T h i s  c o n u u i  Lion , n o n — d i c t a t o r s h i p  , a s s e n t s  t i -r a t  f u r  ‘ i l I c ’ t u e i i v i d u ; - m i t I i e  r -  I n ,

at least omit - pair of objects and a set of orderings f o r  t i m e -  o t l m ’ ’ r  i n c l l v i ’, l u a l s

which genie ral es a g r o u p  p m  of e’ r e n e , ’  conl t r u n  ~ to t i n e ’  g i v e n  i n r d i v  I duo  I

;iven  t i r e  p r e c e e d i n g  c o n d i t i o n s  Arrow p r o v e ’ ; the  t h e o r e m .

*
(Arrow) : There is rio function V with ti re ’ listed properti’’s.

the proof is somewhat extensive and vi  hi not be rep rod cnced  h e n r i ’ , s i n c e

the  p r i m a r y  purpose of listing the conditions Is to si-mow tirat a smal l

modification of them will enable the  d e m o nst r a t i o n  of a “p o s s i b i l i t y  t h e o r e m . ”

3. Di&ression on Measurement Theoçy

in discussions of m e a s u m r ~’ u n n i - n n t  t h eo r y  as app i l e d  to p sycho log ica l  w~t

social magn I t~ u i e l e ’ s  • a great de ,il of n i t  t e n t  Ion  l u - i s  been paid to t lie de ’g ue ’e to

w h i c h  a si - a l e ’  is p r . scr th ed  by a s et of measurement rules. A class It ic ;mt ion

of scales based on such rules was p resent ed  in  Chapter II , section 2.

Al though this t ronsf ‘r m nn , m t lonal  approach to me asurement  is e x t  re ’ t i e ’ iy

useful for many Lim cor etic ,il investigations , it tends to obscur~ some of t he’

basic  f e a t u r e s  of m e a s u r i n g  scales an; app li ed  in pr actice ’ . i n  p a r t i c u l a r ,

it deemphasizes the ro le  of r e t e ’r e n c e  objects  fo r  p r a c t i  m l  scales , ari d , in

-- 

fact , at  t e n  s u b t l y  downgrades  these’ by referring to ti -rem as , m r b i t r a n v

constants. ” it is t rule ’ t i r a t  w i t h i n  elementary thiermometr lc:s , the zero—point

and 100—point determlnat Ions ire ’ “arhi riry ” but t ha t, does not  mean t irey a re

*
Arrow states tire ’ theorem In w h a t  appears to he a more’ r,’st r I ci  ed f o rnuu ,
name 1 y a SOt ’ I in I Welfare lmniie t I on satisf y I u g  cond i t  Ions 1— 1 cr u el Al  cil ) di \2
Is c i t  b ie r u i l i t i t o r i a l  or conventional , bu i t any combinat Ion of less t han a l l
the cond it Ions u ‘ 0111 d h ‘ sm’ lou’ ted an-md t he n m ;  ta rt I on made’ t hot airy we II ire

o n e I I (urn s - m t  i s  f y i  rig t lien must V lo lot e the remain tog o ne ’s .

26’,

~ - - - ~~~~~I1R’~ ~~~~~~~~~~~~~ “
~~~~~

- 

~r~’A • ‘n ~ -“‘i ’ ‘“: • P ”. ’ - —  ~~~
, - — -- - -



dlsp .’ns uhl e ’ . i t a t o  ton is told that th~’ t i i , ’ r n n n n n n i e ; t e n  - - id i ng  of a rust l i - n t  is

-.u , lie ’ kne ws n o t  h i n g  a b o u t  t h e  t i ’ mp e r a t  n r c  o f  t i n e ’  pat he- ci t nr~ ii lien ;flows the

sp e c i t  h o  se dc on w h u c l m  i t  Is r n i u - c u n n r o c l , i.e., cnn ii b n . kaow~ two p h m y s i n - n l

c o n d i t i o n s  l i k e  the  I re - z i n g  j c o i n l t  and b o i l i n g  p o i n t  a f  w a t e r  wi -rich -‘i r e -  a s s o c i—

d t e ’ cl with two location -i on t h e ’  g i v e n  tn - a l e .

A simi l ;i r t’ ’ !culrenne nt hold ;; f u n r  o r d in a l  seal -s  I f  these are to be’

; ; s e - - b for m d  l i e u  t t ’ Otn n p a r i i -n Of l  of ohj ec’t s  . This f c n r t u r e ’  o f  o r d i n a l  s c a l e s

i - e ’ e ’flns te l have been o v cn r lo eke sl  I cy jne’asuremnrent theorist s in the socia l

sc ieric.-s . Thus , it is comnmuon t n u  find “x—p oint scale’s ’ (e.g. , c m 5 — p o i n t

nc cml like’: 5—vt ’ r- - - p leasanrt , 4—somewhat pleasant , 3—neutrcu I , 2—so mewha t

unp l e a s a n t , l — v e ’ r ’ ,’ unp leasant , )  w i t h  no d e f i n i t e  referenc e objects at all.

The qua’sti nn wb ne ’t l n e - -r n - iuc ht scale ’s “measur e ’  c r u r v t h i n g ” ii-; more profound than

t ire que stion whre ’the r  it Is “le g itim a te’ to  p e r f o r m  a r i t h m e t ical o p e r a t i o n s

wi tim t i n - ~ ,ss I p i n e d  numbers . More’ basicall y , t h e  I s n-ni ne  i s  w h e t h e r  the ’  est i—

m a t e ’ s  iu ’i su b j t ’ct  s hu a v e  t he  r e c i u i i s l t  u- s t a b i l i t y  to  a s s e r t , e . g .  , t ha t  t h n ~

- of ‘‘ ve ry p l ( ’ ; m s n m n l t ’’ o b j e c t s  is cle ’t iued at - m 1 1

In t h e ’  p l r v s i c n m l ‘-cc i ’ne ’ u ’ n ; , o r d i n a l  n u ’ c m h e ’s h c u ~ ’ u - been used in m c i t n v

I i I f e ’ r u ’ t u t  I i , ’ I d s . A well—known physical o r d I na l  scale is the Moh r ’s hard—

n -mess  s c a le .  T h i s  sc’ ,’mle ’ is based on t hue ’  re l a t i on  “ sc r a t ch e s . ” On-re sub—

stanc e x i s  c o n s i d e r e d h a r e i e ’r  t h an  ; m u u u t h e r  y i f  x sc r a t c h e s  y ,  (Th is Is

thu . basis t u f  t h e  fam i  l i a r  te st whe ’ t m r  a gem Is rea l or “p as t  e ” b y s e e i n g

if i t  will scratch glass.) Al t  imoug h the ru’iation “scratches ’ Is well defined ,

It Is of l itt i .- utility to engineers by Itself. It become s useful when it

is auigme ’nu t ( n i  to a seal,’ by t i m e ’  a d d i t i o n  of c m se t- u u f  reference oh~ ects. In

lie’ r n i l ; . ’  of hi’ M .iu  ‘ s h ma rdnr e ’ i-c s s c a l e ’  , I here I s cm set ot’ 10 r e t  or  em ’  u

‘ c u n l s t c i u u i  c - , i ) l a m o n d , sapp hi r e ’ , topaz , q u a r t z , f e l d s p a r , a p a ti t . ’ , f l o u i r i t e ,

;ml~ It e , gyps um, rind talc . (Window gln r ss has cm h m n i r d n r ’ s s  c i t  5. 5 on iii is
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i -s St r a t e  tie ’ ct  by to~u z , it. t r a i n  1 I i . i r c ! t n e ’ s n ;  bet w e - e l i  I c a n a l  i~.

flu ,- p oin rt is that if y e n know tir e l o t  i o n  of twu u sun bst , m n n u e ’ n - ,  in ti m e ’

s cm 1~ - , v nu k u re iw t ia ~ n r rd - a L u  v. hardness wi tirotut cm dl rt’’ t comparison.

In c o n ; .  n e c ’ , tin - A r u - i u w r e c h u  i r c -mc -n t s  m u  ci g r o u p  p r e - f e ’ r t ’ t n u ’ e ’ function

i l e - r u r n u t ; - ~ t h , u t  t t i . -  t u n e  t i m  l ie  cr r ’at eci  w i t i m o , i t  t I m e  -, t a h i  l i t v  of ru-f u renme ’ e’

p o i n t s .  T h i s  i n ;  done , ost ~ - n ’- c i h l y ,  to r u l e  o m i t  t h e ’  m e - ’ ’ -  ‘-o;i t v  - r I n t e r —

pe ’ r o e o n i l  e’o m p a r i a o u  ci mit i l i t  hei - n , and to m ; i i u L , i i n  l ice ’  e r n l i n , m l  ; - ; t u r c ’  c i t

t h e’ ~c ee u p  1 ’  f n ~r,.’ n n c e - , ‘[he dif fi u ’ulty I h e ’ s , t i n e - n , n - m e e t  in nun -mv of  t he’ s p o o l—

f ~ c cond i t  i on s  w h l u ’h A r r ow re q u I r e s , b u t  in t h e ’  i n f u e r m a l  e o u l t i ’ x t  u c i l  f r a i n n e - —

wo rk , in w h i c h  t i-me g r o r r p  Icr e fere00 0 func tion is r e q u i r e  1 t u e  eu ’ a funct iorm

of the individual n refe r ence r- lotions only. As we ’ s h i n u l l  5c c - i c - l ow , if

this s .‘-ingent requir ement is r e l a x e d  s l i gh t ly  to  a l l o w  t i m e  group :r u n e re ’ n c e ’s

to be’ a t unet ion at no t h individua l pre- fereuie’es and it-rd ividual re ’fmr r es ice

objects , the difficulty d it -ua pp.- nn rs.

It could be ’ , i i -~k m ’ci w h i t b n- - r i nc lud ing  r e f e ren c~’ o b j e c t s  in  i r e ’  ~nrou~

funr c t ion does rio t I ) r t m n [ ’  In t er p e r s o n a l  c o mp a r i s o n s  of  nut i l i t  v in ‘~‘ia t i m e ’

ba c k  d o o r .  I’n r  my s e l f , I h a v e ’  no s t r o n g  o b j e c t i o n s  to  I n t  e ’ r p e ’ r ’ l n u l  com-

p a r i s o n s  of u t i l  i t y .  One ’  of t i - me  st r o n g e s t  o b je c t  i ons  Ii - ;  t i r a t  i ’  c a n n o t

be done , t i - m a t  t i n e -  “s t r e n g t h  of p r e fer e n c e s ” i s  a su b j e c t  ive , n o n — o b s e r v a b le

quantity. Tha t particular objection disappears if eac h i cf ividual has a

set of  r e f ’ - r c n n  e o b j e c t s  w i m i c h  are , so to speak , i nt e ’r s u bj e c t iv e . I n t e r -

persona l c ’ompar isons man t i m u i S e -  r e fe ’ re n c  e’ ob j ec t s  , a r e ’ c lean v t ca sib l e , and

log i cal l y un -mob jt ’ct ionable’. ‘Fl -me’ m e  is u n e  r e q u i r e m e n t  t i-ma t such c ompar i sons

be comic lied In terms of t i m e ’  strength of f e e  11 nu gni about  ohj c c  t x to m d  iv idu ;m  I

I , ye’ rn - n er o the’ n - c t r. ’n gtbc of f e e’ ! lags  of ind ividua l j
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Some of this discussion is proleptic , s ince t ime way in which reference

objects will be used to construct a cons is ten t  group preference function has

1-rot yet been introduced . However , for the t ime being , no metap hysical entities

are involved in establishing individual preference scales with reference

objects , and similarly, none with group scales based on the individual refer—

c’nce objects , provided the latter are observable to the total group .

4. Gro~p Anchored Scales

We turn to the construction of group preference functions , based on the

i -mot ion  of anchored scales.

D e f .  1: An ind ivid ual anchored scale S . cons is t s  of a set of objects X , a

weak ordering relation R , on X, and a designated subset A . of X. The scale

value , Sjx) of an object in X is defined by the rule:

S . (x) = a means a is in A~~. a R .x , and for every b ~ a i’-m A .,

aR .b implies xR , b.
1 1,

This definition can probably be most conveniently explicated by a

d iagram , where A
1 

(a , b , c , d}

d c b a 
,

- - - - — — - - -~~~~~~~~~~ -
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

—— 
x ~

a means x is in the interval between b and a. It is convenient , bert

not necessa ry ,  tha t the members  of A
1 

be strongly ordered by R ., i.e.,

If ‘i , b are in A . and a~ b , then  either a~ 1
b or hR .a. It is also convenient

but not necessary that A
1 

contain the maxima l element In X with respe ct to

if time’re’ i n-; min e . For t i m e  case t h a t  A , does not cot rtcm in t u e  maxima l

lement ce f X (uls illustrated by y m m  tire d iagram)  arm -i ’bdltl on a l value must

, i f  h i r e d  f , u r  obj e c t s  a u c e u v e  t h n e ~ maxima l object Iii A 
~~
‘ 

say in. Thus S i ( y )  = m

‘n. - m u m ’ , yR c m . (If t her,’ is  u r n  max m ini 1 el e ’men t , hut  a m i n i m a l  e lement  , then
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for some purposes , it may be convenient to swi tch the  d e f i n i t i o n  of the

interval , and call S~~(x) the next lowest n-member of A.. However , this lead s

to unnecessary complications with constructing cm group scale if not all of

the individual ordering relations have minima l elements.)

In the examp les t ms .’d to illustrate constructions , the A
1
’s are

treated as if th~”- were fin te. This , agai n , is not necessary , but sim-

plifies much of the discussion. It does not  seem meaning ful to speak of

an infinite set of re ference objects unless they are generated by some

mathema t i ca l  r u l - , and in a sense , this negate — c the basic notion of

reference object- . However , t i-mere is no logical difficulty in allowing

infinite sets.

The scale S. can be interpreted as inducing a i-mew ordering relation

on X which  can be des igna t ed  R~~, where xR~ y means S . ( x )  R . S . ( y ) .

b e - f .  2 :  A group anchored -scale F(S) consists of a set X , a set \ ,

and a w e a k  o r d e ’r i n g  r e l a t ion  C on A. S for this definition , is ci vector

of individual ancirored scales , i.e., S = (S1, S2,.. .,S). A is the Cartesian

p r m s h e n e  t of t ue anchor - sets of the individual scales , i.e. , A = A
1
XA

2 
,...X,’\

(The Carte’ sian product is the set of all n—tup l es tha t can be fr’med by

picking one ob j ec t  f rom each of the n ind iv idua l  anchor s e t s .  h i s  is

i l l u s t r a t m - d  In Fig .  4 5 . )  S i n c e  A is the C a r t e s i a n  p roduc t  of ind i v i d m n a l

anchor sits , A is not a member of X. There -Ire ’ several d i f f e r e n r t  way s In

w h i c h  the  re,] a t lo n  C can he ex tended  to X to p r o d u c e ’ an anc h o r e ’ul scc m ie- on

X. The simp lest would appecir to be to extend it to X with the d e f i n i t I o n

x C y means S(x) ~; S(y)

Stri ct I y e 1 e c ’ c m k l n g  , C In t he ex p r e s s  ton  x C v I s cm different rel at I on I horn

In a C b , whet e cm and b ;r re i n n  A ; however , t ime ’ d I st  Inc L i  on inn — c nn I f let emi t I y

expre ssed by t ue dlfferorn e- in n o t c m t I o n  fo r  objects in A and other objects.

.~6b
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The f o l l o w i n g  d i a g r a m  i l l u s t r a t e s  i,’haat is g o i n g  on. Suppose t h ere

are two individuals , A 1 
= (a ,b ,m ’ ,d}  and A

2 
= ( e ; , d ,cj (ihm ’re is no  logical

r e l - m t i o nship  be tween the anchor  sets  of d i f f e r e n t  i n d i vid u a l s .  They Sara be

i d e n t i c a l , overlap somewhat , or be e n t i r e ly d i st i n c t .  In p r a ct i ce , of

course , ti -mere wou ld  be many advantages to having a cu) lTrflOfl set of referm ’: e~

obj e c t s . )

S2

e —

V

d —

x

C —

Si

d C b a

Figure 45. Group Ordinal Scale

The n—tup ie’s of individual reference objects determine a set of n—

d imensional ‘b e ” The group scale value S(x) is determined by time box

in which x lie’s. Illustrated is the case S(x) = (c,d), that is , S1(x) = c ,

S 2
(x )  = d .

G (not illustrated for reasons that will he clear shortl y) orders t i-re

n— tm np les. In the diagram , t lu is me ans C orders tIe boxes. In this respec t ,

~he “ed~ e~” boxes like the one containing y in t ine’ diagram are treated like

al l  the O t i n e ’ r .

A key s t e ’ j e  In  c o n s t r u c t i n g  a group anc hored sca le  c o n s i st s  in postu-

l a t i n g  t i m e  n - c e ’ t of admissable ind iv idua l anc h o r e d ~nu ’~r l e s  as I t  lows : The

set K = (s , S, 5 ’ , . . . )  of a d m l s s ah l e ’  :mnc hore’d s ca l e s , f o r  a a~r e d n ; j e  s ca le  F ,

C o n s i S t - c  of all n—vectors of in d ivi dinni l anchor e d S C ,mIe’s S = (S ,S , . . .S )
I 

~ n
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such tha t A , is identical for all S . . Tha t Is , for all members of K and
I I

all individuals , time set of reference objects remains fixed , and a R . h if
1

and only if cm R .b for all a,b in A ., and all R1, R1 in K.

Int uitivel y ,  what is involved should ben fairl y clear . Each individual

selects a set of reference’ objects. These he orders according to i-mis own

preferences , and it is assumed that for the duration of the given group

preference function , he does not c hange his p r e f e ren c e s  for th i s  spe ’c~~al s e t .

The group function first addresses the various combinations of the individual

reference objects and imposes an order on them. For mny object- s not in the

r,’ferenm-c ’ ce ts of the m d  ividuuals , the group p re- I erence to I ati em is exteneleel

in the obvious way , by ordering them in the same way as the “regions” in

which they f i t  as determined by the Individual scales.

This leads to a slightly anomalous situation w i t h  respect  to ob jec ts

tha t belong to some but  not all of the Ind iv idua l  ancho r s e ts .  These

cases have been dea l t  w i t h  below b y exclud cng fr e m  the conditions imposed

on the group func tion any x ’s which helot-mg to ,rnnv of the A ’ s. Ti -m is  is

perhaps a little heavy handed ; however , it saves e x p r e ss i n g  t h e  complex

of exception -ms that would he needed If the partial members of ref-re ’nce sets

should be included in t h e ’  conditions . This approac h does not u j ~ p e ’ n i i  to

violate the spirit of a genera l  welfare function , since w ire’ primaril y

concerned with removing the difficulties with those objects for which all

possible  p re fe rence  orde r i r u g s  are allowed . In t i n e  spec: i i i  case  t h a t the

i n div i d u a l  r e fe renc e sets  ,mre’ identical , the blanket e’xclusion appears just

r i g h t .

It ~~‘ r ln ap s ~houid be : pointed out that tii ~’ h ’ f in i t f o n  of cm group anc hored

scale c o n t a i n s  an imp l i c i t  assumption , name ly t ha t  the group is i n d i f f e r e n t
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l m e t e ~m ’en a l l  o b j ect s  x , v s u n c h  tha t S(x) S (v) . This can be softe’u’nm’ d some-

what ! f we ’ c m s s t m m u  that t he’ se ’len’ t ion of -u n-me ale by an m d  iv idunal Is e’quiva—

Ie,flt t , m  t he’ assump t Ion tIua t he considers——for the purposes  of group ap g r m  go—

tion— —x equivalen t to y  if S(x) S(y), and we add the’ assumption that the

pr ’ n n p  is i n d i f fe r e n t  between x and v i f  all members of the g r o u p  are indif-

ferent het~~m:’en x and y. Str i ctl y speaking , these conm-ments are i-rot part

of th e ’ f o rma l  p o s s i b i l i t y  theorem tha t  is being sought. However , it is

clear tha t for a ny  judgment as to whether the appro uc h is r easonab le  or not ,

ti-me q n e ’ s t i o n  whe ther  an ind iv idua l  can generate a f ine  ct-rough scale to make

him accept a group aggregation is relevant.

No th ing in the preceeding determines in any way the number of members

of the A . ‘s. Clearly, if any A .  Is empty , then individual i is a dunm’my,

, m c n m l  has no in f luence  on the group preference . However , if there ’  is only

erie’ member of 
~~~ 

the ind ividual can discriminate to the extent of saying

wh ettme ’ r a given object is better or worse ti-man a. Condition 1 below requires

t ha t  each A . have at least two members.
1

We now proceed to transliterate the Arrow conditions into corresponding

su e ’ s  app rnimriat e ’ for ancho red scales. The primary change i c c  excluding the

ancho r se t s  t r s n  the conditions. However , C2 Is expressed in such -i way

t ha t  it applie”n to the anchor sets In a derivative fashion . It is c lea r

that some conditi ons would want to be imposed on the group function C as

ft app lies to the- anchor sets.

C o n d i t i o n  I. There : is ,e se t  o f  t h ree  ob jec t s  B , such tha t  B d ies

not overlap with any A 1, and for every T , where T is a poss ib l e  o rde r ing  of

three objects by n i n d i v i d u a l s , t h e re Is  an S In  K r c t n c i m  tha t is isomor—

p hie  t o  T.

271



Recal l  t h a t  R~ is the imposed relationshi p defined by R. “restricted ”

to S
1
(x).

Condit ion 1 states that there are at least three objects which can

take on any possible ordering (by ii individuals) of the scale values of the

objects. Ti-re condition is expressed in te ’r ;nn cc of time R* ’s being isomorp hic

to T r a t h e r  than  i d e n t i c a l  w i t h  it on B, to save a ce r t a in  amount of circum-

locution concerning the relation of T to A. As noted above , Condit ion I

requires that every A. have at least two members (at least three intervals

for each individual scale.)

D e f .  3 : FS(x , S , S) means F S ( x , R ,R ) ,  where H and R a re  the ordering

relations corresponding to S and S respectively. This definition simply

transfe rs t he  meaning of KS from relations to scales.

Condi t ion 2: if x is not  in any A . and F S(x S , S) ,  t i -men i f  xhv , >~~~v .

‘I’his is a f a i r l y  s t ra i gh t f o r w a r d  t r a n s l a t i - n  of Arrow ’ s c o n d i t i o n  2 to

- m rn e:hored scale’s . It is , of course , weaker than t he’ Arrow condition , since

we exclude the a n c h o r  se t - s .

C o n d i t i o n  3: Ii sB 5
B 

then F(S)
B 

= F ( S )
B

. H e r e  we must i n c l u d e ’

in the operation t hat , in restricting a scale to ti -me set B , we’ a l s o

retain A.

Condition 4: For every x and y ,  x , y not in arne  A . ,  t he re  is cern S such

that xóy ,  wi-mere C is the  group relation associated with F(S).

— Again , this is the direct analogue of Arrow ’s condition , with the

exception of the r e f e r e n c e s e t s .  In a sense , F(S) is imposed f o r  r\, ‘lime
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~‘ r ’ c t -  ce ’ l ’ . ’ - - t -  , C , and thi s re ’::c,eIns m i x e d , as t ’ r u i . A c ’~ LO t I C L n - ! i  ~t , t o :

‘Ve ’ r JL( c ’ f ) t mb I c -  S.

Condit  f - i t t  : F i t ’  eve r’, i , the re e : :e s r : - ;  ‘c n ot  I c c  A nod S , y ,uHc

( x )  R . S . ( v )  , mn - m d v C x.

It ‘! ‘ ,c c t ~ - w n I d  he u n n I c il r t o m sk o n l y  S 
~
‘ 

- ,‘ , since tI n s might is -ar

(x )  = S
1 
(y) , c-Jti ich would Ii’ cm poor n e g a t i o n  of  s t i r  d ice ,~iu r

G i v e n  t im e above t r a n c s r i p t i o n  of the  Arrow c o n d i t i o n s  we can s t a t e  the

possibi lity theorem:

‘[HE U i < E M  3. FIn- r e: is :1 f u n ct  lore F ( S )  wh ich  s a t i s f ies ‘ -ond lt ions 1—5.

R t ua l l y ,  t h e re’ are  an i n f i n i t e  number of such  f u n c t i o n s .  l l s w m , er ,

for t i n e  a s se r t i o n  of t h e -  c o m p a t i b i l i t y  of c o n d i t i o n s  I —5 , i t  is necessa ry

to exhibit oni’: one ’ . A s imp le f u n c t i o n  which f u l f i l l s  the  c o n d i t i o n s  is one

that could be’ called modified sum of ranks. To each of the individual

rc ’~ e-renc e ob j ec ts , a r a n k — o r d e r  number is assigned say In  tine ascending

n - r de ’r  ~f prefe re nce. Call this rank order number  S~~(a) an’md de:rivo t i ve l v  ,

S?(x) Is the’ rank—order number of S
1
(x).

We then defin e

S°(x) = ~ S~~(x)

x C y i f  and only i f  S°(x)>S°(y)

It is ci -cur t i-ma t C Is a weak order over X , since ‘ ,‘m’ rv x bc -ms a number

assigned to it by S° and > Is a weak order . Thus the h- f u n i t  ion assure’:’

tha t th i s  F Is Indeed an ancluore l scale.

‘t a k i n g  up the ’  ( ‘o n d it  i ons In t u m  m , Con d it  [on I c - u r n  be satisfied , as

p r e v i o u s l y m e n t i o n e d , if each A 1 has at least  two members .

In  a wider seu nse , t i m i s  Is not necessary, as tim e ’  p roo f  o f  t ine ’  p osr~i bf l it y
t l n c ’ o r e ’ m n  be l ow shows . Thus , F(S) could be requ i red to “work” I e n every A ,
cis we l l  as f o r e v e r y  s e t  of X not including A , providing cond Ition 3 is

r e st  r I ‘ - t ( e l  t o the s I tuat ion aft e r  cnn A i n a s  b e e - n  se l ec t e d .  The spin’ i f i c
p r e f e r e u o . e ’ s c- cl It ’ used In the’ posslbi 1 ity theorem— —modi f ied sum i t  u ,c ur k s — —

doe’s in fact work for every fi n ite’ A. But to be quite frank , I haven ’t

found a suffic i e ’ u m t  ly general n o t - i t  ion w i t h i n  w i -m ich t h i  n- c more powi m l  k i n d
of ic u i d it l o r u  can be e ’ x i ) r e . ’ m c ’-;e ’d
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Condition 2: If we have FS(x,S,S), then S°(x) > S°(x) and S°(y) =

S° (y) for  y x .  If  S° (x) > S°(y), S°(x) > S°(y) = S° ( y ) .  From which the

0 0conclusion S (x) > S (y) follows .

Condition 3 is immediate. Restricting the individual scales to t i m e

set B (plus A) does not change S°(x) where x is in B.

C o n d i t i o n  4 is eas il . v s a t i s f i ed . We simp ly have to posit that there is

an S such tha t S°(x) > S° ( y ) ,  which ob ta ins  i f , e . g . ,  S~~(x )  > S~~(y) f o r  eve r y

i (unanimitc.)

Condition 5 is equally easily satisfied. We only i-reed find a case whore

S~~(x) i~ . S . (y) for  every j ~ i, and S .(x) = S . ( y ) — l  ( i . e .,  everybody except

i pref ers x to y ,  and i ranks x one level lower than  y ) .

This c o m p l e t e s  the- poss ib i l i t y  theorem for  group anchored scales . It

should be~ clear that the specific group scale used above , namel y S°(x)

is only one of an infinite set which would fulfill the conditions.

The modified sum of ranks group scale was selected mainly because it made

the demonstration easy. ‘l’here was one other secondary reason . Ordinary

sum of ranks does not fulfill Arrow ’s Condition 3. Tin e modified sum of

ranks does not  get into trouble because the anchor set i-s retained in going

to  ci s u b s e t .  Thus , the modified sum of ranks is a good e l emen ta ry  examp le

of how it i s  f e a s i b l e  to h ave tin o rd ina l  group scale which does not ru inn

into the dif f i c u l t i e s  c u t  tendant on aggregation of “pu n r’ c” relations . It

might be obje c t eel that groe ip ancho red  SI . J l e s  d e f i n e d  b y some f u n c t i o n  o f

j r d h n n u l  u t umbe rs  cmi t ine I n d l v i I u n , i l  c e r i c l i o n  s ate not ‘‘ p r m r e i v  o r d i n al  . ‘‘ In

r ’ e ’ n i e ’  ra I sue’ In I un ci  ions w i l l  m e t  I)e lnm va r f i n n  I over  s e p e  r a t  c if l onl e c t 0 m m  i c ,’ t n’ , u m n s —

forma t Ions on the Individual sc,iles (C ~~. g. , E l  t i n e ’  o rde r  numbers of one of time

I n d i v i d u a l  s - ,u l e s  was m u n l t f p l l t r d b y a t . i c  t o r  of 1000 , t i m e  ollue ’rs remaining

t i n e ’  Same’ , t i c ,  - g r o m n p  s cn u i t ’  would be d ict  c i t  o r  i m I . ) TIm I doe’s not mean ,
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lmo w ev e’ r , t h a t  ti -mere ’ are ’ Ii t d de ’u  c a r d i n al  assump t ions in n t h e ’  r i ot  form of g r ou ip

- i n n  t i c  reel sccm le . A group n-neal e can be: f u l  l y spec i f  ~~d w i t  h m m c c  re fe ,’r e - c n mc t o

numb. ’ nc w i n o  I soeve r

Altho ugh the modifi ed sum ot ranks g r o u p  scale ’ was s el ect ‘d p r i m c e r i  ly

fun’  its simplicit y in showing that the condlt ions co n be f u i t  illed , it

‘chn o t n i d be of use in any situation where the ordinary sum of ranks appears

relevant. A slightly casual sugges t ion  along these  l i ne s  is con ta ined  in

lie’ following section.

Someone might want to object ti-rat the modified sum of ranks , and

s i m i la r  group  s ca l e s , f a l l s  down if the anchor sets are augm ented or reduced .

In some sense t h a t  is correct , but f o r  the p resen t  purposes , augment ing

or reducing t h i n - ’  anchor sets Is e q u i v a l e n t  to defining a new group function F ,

itid it i s  n ot  ‘X p e ,’Cted tha t  C o n d i t i o n  3 , e . g . ,  w i l l  hold across d i f f e r e n t  F ’s.

Since t h e re’ are ’ many different group scales which will fulfill condi-

tions 1—5 , we suddenly have an embar rassment  of r i c h e s .  I wou ld  guess t h a t

one of t b - m e reasons Arrow dea l t  w i t h  such a spare and stringent set of basic

not ions was the hope that a few conditions would essentially det ermine the

form of a rational group function , or perhaps l imit the possibilities to a

well—defined subclass. That , of course’, would hive been a highly significant

re smi lt. I ’ nif ortunately , that hope is not fulf illed by group anchored scales.

This , of course , leads to the important practical question —— how , in any

given decision situation , one might go about selecting a particular group

SCale .

At l i i i ’  present t ime , there does not c m p p e a r  t o  be’ a way to determine

the “right ” group scale , based on some add i t i ona l  r e q u i r e m e n t s .  ‘l’his is

rue o n l y  so iu:ig mc ; we St iV In t i m e  e c u n i t  ext of ordinal scm I es . If li e ’

not  ion of n i m m e r l . - ,-n l  u - mt t ilt log I s  m t  reduced , then as demonstrated In Se’e ’t ie ) n 6
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below , a few additional assumptions sharply restrict the form of a groenp

scale. But within ti’~ ordinal context , about alt one can say is t h , c t  a

group can adopt a particular group scale in about the sonic s p i r i t  in w i m i c h

it might adop t a constitution , or Robert ’s Rules of Order , or any o t he r

formal mechanism for systematizing decision—m aking.

More generally, it is my impression tha t  we have very little knowledge’

concerning anchored scales in social measurement. This is p n r t i c u ! a r l v

t rue  f o r  those  cases where ti-re objects being scaled are v e r y  comp l i c a t e d

entitles such as “states of society, ” or po liL ic a l or social systems . For

this type of social scaling , it seems intuitivel y clear that criteria (even

for an individual ) are highly multi—dimensiot al , and the problem of defining

reference objects must be tackled on the level of’ more elementary smnb-scales.

This consideration is one of the driving forces behind the social ind ici-

tors movement. Society may be an o b j e c t  w h i c h  is j u s t  too c o m p l i c c m t e d  to

view “in toto.”

5. Ex~~ p ie: Eiecti~~~~i Presid en t

A relativel y strai ghtforwa rd example of a possible app licat ion of the

notion of anchored scales can be seen in voting schemes for public offic ials.

One of the most serious consequences of the type  of i ncons i s t en  -y f o r m a l i z e d  in

the Arrow Theorem is the f a c t  t ha t  elections need not r e s u l t  in t h e  s e l e c t i o n

of the c a n d i d a t e  most f a v o r e d  by the  e lec tora te .  This f a c t  i s  obscunred in

p r e s i d e n t i a l  e lec t ions  In t i m e  Un i t ed  S t a t e s  b y the  t w o — p a r t y  s y s t e m  and t h e ’

large p ropor t i on  of c a s e ’ s  in w h i c h  t h e r e  are only  two major  cand ida tes .  It is

a triviality t i-ra t majority vote produces a “consistent ” group preference relat i o n

when the re  are onl y Iwo c u l t  ern;itive”-c . However , for t i-re’ case of more than Iwo

a l t e r n a t i v e s, severa l u n d e s i r ab l e  types  of ou tcome  are possible’ . I n  t h e ’ French

style ele ’,’t ion where the re is a run—off between the two cand ld ,m t es with ti - me
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h i g h e s t  i n i t i a l  v o t es , t h e r e  is c m good chance’ f- hat I l ie cand i c b a t e  c i  h the most

o v e r a l l  suppor t  In ti -re e l e c t o r a te  will be e c l i r m n j u m a t e d  on the  f i r s t  round. For

examp le , consider the  case where  there  are t i n r e e  c a n d i d a t e s , A , B , C , and t h r e e

v o t i n g  blocs , X , \‘ , and ~~~, w i t h  the pre f e r ences  (where ’  I :nc ’sns most preferre’J,

3 meanns least)

A B C % of Vo t e:

X 1 2 3 25

Y 2 1 3 37.5

z 2 3 1 37.5

Since B and C a re  the  two w i n n e r s  on the  f i r s t  round , .\ is eliminated , and t he

winner of ti -me r u n — o f f  is B. However , A would win a two—cand idaLe majority

vote against either B or C , receiving 62.5% of the vote in either case .

It is easy to construct cases in which the “worst ” candidate wins.

Consider the following case

A B C %of vote

X 1 2 3 26

Y 3 1 2 28

Z 2 3 1 46

As before , A is eliminated on the first round , pitting B against C. Since

B is preferred by 54% of the electorate , he wins. However , if we use a

s imple  scaling procedure , namel y the average rank of each c a n d i d a t e  in the

voters ’ prefer ence’ relations , t h e  average ranks are ~ . O , 2 . 1 8 , 1.80 . B , w i t h

the lowest average rank , takes office ! It seems highly like ly that in the

coimrs( ’ of French  e l e c t i o n s  s i t u a t i o n s  at least as anomalous as those  i l lus-

t r a t e d  have oc cu r r e d .

Even in li e ’ U . S . ,  we o c c as i o n a l l y  have dub ious  cases. Takt ~ t he

Roosevelt , T a f t , Wilson e l e c t i o n  of 191, ’ .
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Roosevelt Taft Wilson % of vo te

R 1 2 3 .30

T 2 1 3 .25

W 2 3 1 .45

The ta l ly of votes in the three—way election does not tell the whole

story. A plausible assumption is that those who voted fo r  Taf t  or Roosevelt

would have preferred either to Wilson , giving the preference pattern in the

Labl e. With this preference pattern , Roosevelt would have won a two candi’-

date majority vote against either Taft or Wilson , and Taft would have’ won

in a s t r a i gh t  m a j o r i ty  contest  wi th  Wilson.  Tinu s , b y m a j o r i t y  vo te , tIne

preference order is Roosevelt , Taft , Wilson. The average pre ference rank

for Roosevelt is definitel y better than the other two . Wilson barel y nud ges

out  T a f t .

These anomalies can be straightened out by using a form of anchored

voting. In the case of presidential elections , there is a n a t u r a l  set of

anchors , namel y the  list of past presidents. In the crudest application ,

each individual voter at his leisure would rank order the past presidents.

On elect ion day , the vo te r  r epor t s  the scale pos i t ion  of each of t h e  p r e sen t

candidates in his scale of past p r e s iden t s .  Tall y ing would c o n s i s t  of

adding  up the scale values of each candida te ’ , and the  one’ w i t h  t h e  h i g h e s t

scale sum wins. There’ is no requirement t h a t  the individua l voters rank

the past presidents in the same order -each can have h i s  own personal ordering.

Anchored voting would not only guard against electi n g a non—preferred

c an d i d a Le , it would g ive  ,m re lativel y unambiguous rmting to ill of the cu n rr e’ n t

c a n d i d a te ’s .  There is a n n e ’  i i  awback to t h e  e l e m e n t a r y  e l e c t i o n  p r o c edure  l u s t

described . There might be a tendency fo r  vo t e ’r s  to lye an a r t I f i c i a l l y h igh

r a t i n g  t o  heir f a v o r i t e  e ; m u d  idat  e. and ~mn ar m ii Ic I c ul ly low r at  lung t e n  n il the
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o the rs .  This  would , of cour se , negate  the pr e cedu nr e . i ’here is u f o r m  of p r o p e r

s~ - ) r i n n g  p rocedure  t mi t Is applicable to anchored ratings vt ch we ld k e e p  th -

vo te r s  honest. it is similar to ti-re bidding n e n i ’  J ’s c r i b e d  in C i n q d er  L’J .

in the’  case of vo t ing,  a large set of  in i t i a l  Lo::dldates is - -biosen , say 100 3

a round f i gu re .  The electorate ranks all of (u se’ aga ins t  rhei r p r e s i d e n t i a l

aca le .  The f i n a l  s la te  is a much smaller number , say 10, selected out -of the

initial list at random. The cand idate w i t h  the h i g h e s t  r a t i n g  in th is  sub—

l i s t  is dec la red  the  w inne r .  In this case , if t b - m e  v o te r  i n f l a t e s  his r a t i n g

for his favorite candidate , he runs the risk of having that favorite cand i-

date ruled out by the random selection , In whicin case he would have penalized

h i s  l ower ranking  choices.

As it stands , the form of election procedure just described is somewha t

mo re cumbersome than pres ei�r procedures. It Is not without compe’nsJt i n g

v i r t u e s .  As a television show , the drawing for the final slite of candidates

could be a highly dram atic even t .  A c e ’r t a  in amoun t of at n cenib inni ng wonil d

of course , be feasible. The set of anchors need not be all past presidents ,

but some smaller subset. The number of i n i t i a l  candidates , and the size of the

f i n a l  s late could be pared by jud ic ious  s t a t is t i c a l des ign .

6. Cardinal_ Grou p~jJti11tv

Having arrived at t h e  po in t  w inere  a g roup  p r e f e r e n c e  f u n n e t  i o n  is at

least  lo gi ca l  ly  f e a s i b l e , t h e r e  doesn ’ t appear  to he- a s t r o n g  reason win y

the sirnpl  I float ions poss ibi e t l n r o u i g h numerical Ut  li l t its simou ldn ’ t be ’ t ,ikc’nu

advantage o f .  ‘E’here s c ’ c ’ n n ’ ;  to have been f a i r l y ge n i e ’ r i b  a c e ’e’p t m n  n- of the

p o s s i b i l i t y  of a s c e r t a I n h n i ~ n u t  l i ty  functions f e r  Individua ls usi on’. pr oba-

bIlIty scaling cia o u t l i n e d  fn i Sect ion 1. Ac tua l lv , t im e ’ m c c e p t  ici- e bu ms

bee r , F c e ’ r h , m p  more l i t  l i n i s i , i c t  b e t h a u n  e x p e r i me n t a l  c u t  t e m p t  a to  ci e ’ t c ’n m i n e

such  s c c u l e ’ n n  w a r r a n t s .  l i n e .’ ( i u c ’ s t  i on  ‘ust  how c u m i n  Iste fl t i n d l v i d u ls  arc ’ i n
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r a t i n g  cc i t t  i n n g e ’u c  ies remains unclear. Most of th e ’  prac t ical app l i ca tions

h ive’ been more in the s p i r i t  of us ing  utility theory as a p r e s c r i p t i ve  set

of rules (a sort  of axiological logic) rather than as a straightforward

measurement technique .

For tIn t - t ime being we’ shal l f”rego the question wtiether a prescriptive

or descriptive role for individual utilities is involved , and examine the

consequences of a simple additional postulate concerning ti-re nature of gronup

preference functions.

‘ru e group f u n c t i o n s  we want  to examine , then , are of the g e n e ra l  or’-u

F(U ,A , x)  where  as before  X is the set of objects to be e v a l u a t e d  b y tine ’

g roup , U = (U1, i~2,...,i J )  is a v e c t o r  of u t i l i t y  scales , and A = (A 1 , A a A )

is a v e c t o r  of sets of r e f e r e n c e  objects. In this case , each A . is simpl y

a pair of objects , (a.,b .), whe re , to avoid trfvi al ity, we w i l l  a s sn ume

~ U .(b .).

There’ l i r e ’  two levels at  which a f u n c t i o n  F c cn n  be s o u g h t :  ( I )  F naps

the  v e c t o r s  U o n t o  an o r d i n a l  s c a l e — — t h a t  is o n t o  n umbers I i xed only up

to a monotonic  t r a n s f o r ma t i o n , (2)  F maps the  vec to r s  U on to  a scale which

is  i t se l f  a u t i l i t y  se-a le  ( f i x e d  up to a liner transformation.) In th-

first case , F is simp l y a device to generate ci weak ordering ann ti -me ’ t n t  i i  i

v e c t o r s .  In t h e - second case ’  it is a device- to :,‘e n e r c m t  e a c e n d i  ni~ I

scale for  tine ’  g roup . The’ second might  appear  t o  be a much ,n r u , ’.

ment  than the first. . As It turns out , t in e?  s t e p  r otc ( 1)  t~~ 
-

small .

The utility vectors U = (11 1,... ,U )  form a space wI -

will be assumed to be Euclidean n—space . l i n e  S e t  ~ 
-

sequences)  Is mapped onto  the  u t i l i t y  s p e c  e h~ t e

2
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Note that if two objects x and y are considered equivalent by all members of

the group , then x and y are mapped onto the same point in U.

Given the feasibility of group preference functions , a reasonable place

to start would be to assume that there is a complete order of group prefer-

ence on U. However , an appropriate theory has already been developed which

is more informative , namely the theory generated in Chapter IV to deal with

incomplete informat ion. If the vectors x = (x1,. . .,x )  of that theory are

reinterpreted as vectors of individual utilities , and the choice sets C(S)

are reinterpreted as resulting from group choice, then postulates H1—H5

appear as reasonable for group as for individual decisions.

A specific group decision problem is represented by a set S of attain-

able utility vectors in U. The cooperative nature of the decision is expressed

by including the outcomes of all potential coordinated actions of the members

of the group. In addition , it is assumed that all probability combinations

of the actions (equivalent to all probability combinations of the outcomes)

are included in S. In this way the convexity of the set S is assured .

A key assumption is that the group choice C(S) is solely a function of

the set S; i.e., it is a function solely of the individual utility vectors .

This assumption has been questioned when contingencies are included in the

outcomes.6 Consider the utility space for a group of two, illustrated in

Fig. 46. Individual utility theory implies U~(z) Uj((x ,yI~
)) =

for both I = 1 and 2. Hence, they are all mapped on the same point and

treated identically by the group choice function. It has been objected that

z can be a sure equal allocation of utility between the two individuals , whereas

(u,vI~) allocates all the utility to one individual and none to the other.
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In a similar vein , (x,y~-~-) assures that In either case the two Individuals

are treated equally whereas (u,v~~) involves unequal allocations.

An appeal to unfairness toward Ind lviduah; in this situation seems inap-

propriate. By definition , If a given individua l finds two outcomes equiva—

*lent , they are equally acceptable. The question whether there are group

interests which override the interests of the individuals is more profound .

One consideration relating to fair division is discussed below after intro-

ducing the equivalence condition . Another consideration Is wheJier the group

is more or less risk averse than its merubers. For example , in Fig. 46, if

x is disaster for both , and y is utopia , each individual separately might

find the gamble equivalent to the intermediate state z, whereas the group

strongly prefers z to the gamble. This is not an easy issue to handle with

generalities. The not fully conclusive data on the “risky shift” phenomenon

appears to indicate that , if anything, groups are less conservative than

7individuals. The fact that highly risky group behavior such as wars and

revolutions are rather common suggests that groups are not risk—averse , at

least under some circumstances. Perhaps the strongest support for assuming

that the group is neither more not less risk averse than its members comes

from the unanimity principle applied to contingencies. If all the members

find a given contingency as desirable as a given “certainty equivalent”

than by unanimity the group would make the same judgment.

The foregoing is not an overwhelming justification of the assumption

that group choice is a function solely of the individual utilities. It

*
Since the “objects” being evaluated by each individual are states of the
group , e.g., allocations of rewards , feelings concerning the desirability
of equal allocations can be absorbed in the individual utility scales. It
Is quite possible, contrary to the unfairness argument that many individuals
would prefer a gamble in which they at least had a chance to “come out ahead”
to a bland equal distribution .
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appears solid enough to expect that the assumption is appropriate for a use-

ful range of group decisions.

To recap conditions Hl—H5 : For any subset S of U which 19 closed ,

bounded from above, and convex, there exists a choice set C(S) which , on

the present interpretation , represents the points in S which the group would

select if S were the alternatives available in a decision. The function

C(S) defines a partial preference relation on U, where x 
~~~
‘ y means x is in

C(S) and y is in S. The ancestral relation �* of � ‘ is transitive but not

necessarily connected. �* is acyclic, continuous, Archimedean, and fulfills

the dominance condition. On these assumptions, there is a complete order

of group preference ® on U which is an extension of
Although the role of the reference set A is not explicit in the above

formalism, it cannot be overlooked. Since individual utility functions are

fixed only up to a linear transformation, the reference set is required to

insure the stability of the choice function. If a group choice function

C(S) is defined for a particular assignment of numbers to the reference

objects, then if one or more of the individual scales Is changed , the choice

function must be rescaled accordingly.

Some additional comment on the conditions Hl—H5 as they apply to group

decisions is probably in order. 111, as already noted , has the effect of

assuring th~Lt the group choice will be a function of the individual utili—
__ ____ p

ties. H2, acyclicity , appears to be a fairly stalwart postulate. The

evils that can arise with cyclic preferences have been extensively explored

*in the literature . Acyclicity plays the same role in the present approach

8E.g., the rather persuasive notion of a “money pump .”
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as independence of irrelevant alternatives plays in the Arrow postulate set ,

and guards against the same kind of instability.

Acyc licity has one rather stern consequence; it rules out a basic tenet

of cooperative game theory , namely the postulate of individual rationality .

The postulate of individual rationality holds that an individual will not

accept an outcome that is less preferred (by him) than an outcome he can

guarantee with his own efforts. For example, a player in a multi—person

game can guarantee himself the max mm of his payoff where the minimization

is taken over all coordinated strategies of his opponents. At first glance,

there is no reason why the player should accept anything less than this

guaranteed amount. h owever, in the present formalism, a given set S of

alternatives can be generated by many different decision situations with

different individual rationality points. If C(S) is made conditional on

the individual rationality points (which it is for most cooperative game

solution concepts) then within the same set S we can have x > ‘ y and

y >‘ x, a violation of acyclicity.

This point is not an objection to cooperative bargaining models per

Se; however , it appears to be a definite objection to bargaining models

as a basis for group decisions with continuing groups, i.e., groups that

can be expected to conduct a sequence of interrelated decisions.

Given Hl, the dominance condition H3 appears to involve little that

is controversial. It includes, of course, the unanimity condition as a

special case.

The continuity axiom 114 introduces a rough kind of comparison between

the utilities of different individuals, in the sense that a small utility

difference for one individual will not be construed as “infinitely greater”
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than any utility difference for another. In this regard , it rules out an

absolute dictator. It does not rule out, of course, a “dictator in fact”;

one individual could still have an overwhelming influence on most decisions .

The Archimedean axiom 115 in its present form is difficult to interpret

directly in terms of group behavior. It involves potentially unlimited

sequences of decisions, something difficult to set up in the laboratory or

in real life. It can be replaced by a less global assumption concerning

limited variation of C(S) in the vicinity of a given point (so—called

Lipchitz conditions.9) However, the local assumption is not much more per-

spicuous than the global one. Roughly speaking, the assumption holds that

the difference between x and y, if x is “barely preferred” to y, is negli-

gibly greater than the difference if y is “barely preferred” to

H1—H5, as we have sean, have the consequence that there is a complete

ordering on U, which is an extension of ~~. We need only one more assump-

tion to specify the form of the group utility function completely. The

additional assumption is

H6. If xQy, then xO (x,y~E)

Here 
~~ 

means equivalent according to the group preference relation.

The verbal justification of 116 is fairly obvious — if the group Is

indifferent between two situations x and y, then there appears to be no

reason why it should prefer either one to selection of one by a chance

*Continuity and Archimedean axioms are difficult to justify on direct
grounds. They are usually easier to justify In terms of the consequences
they generate for observable phenomena. In the present case, there is a
certain awkwardness in this fact. As will be amplified in Section 8,
Hl—H5 , and H6 which will be introduced shortly , do not characterize most
group decision processes now in use. They have the status more of recoin—
mendations for improved group decision procedures. Under these circum-
stances there are no “observable phenomena” to explain. In ihe absence of
figures of merit , about all that can be appealed to is the “face validity ”
of the consequences.
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mechanism. The verbal justification appears highly persuasive when applied

to individual decisions. However, there are interesting new issues that

arise for groups. Returning to Fig. 46, suppose the group is indifferen t

between u and v (e.g., the two individuals are co—equals , and the group can-

not distinguish between one or the other getting a given reward.) It still

might be the case that tossing a coin to determine who would obtain the reward

is preferrable (to the group) to awarding it by fiat to one individual.

Tossing a coin is a traditional way of settling the problem of fair

division in the case of indivisible objects. The fairness concept involved

is closely related to the “Buridan’s Ass” issue for groups. If the group

is indifferent among a set of situations, how is it to select one? Even

though the alternatives arc equivalent as far as the group is concerned , a

method of selection which is biassed can lead to manifest unfairness. As

an obvious case in point, suppose the rule were: in the case of equivalent

allocations to individual 1 or to individual 2, always make the favorable

allocation to individual 1. A random assignment is clearly more desirable

than the biassed one. If the requirement for avoiding bias in selecting

among equivalent alternatives is included on the ground floor , so to speak,

then H6 is apparently untenable.

The same kind of problem arises, but in a milder form, with the

Buridan’s Ass puzzle for individuals. Suppose a given individual has

several actions which have equal expected utility . How should he pick

the action to pursue? It is not difficult to design biassed methods of

selection which over the course of several decisions could result in

unfortunate circumstances. An equal probability mixture of the equivalent

actions would be preferrable to the biassed rule. However, if this bit of
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prudence were included in the formal definition of preferred action , the con-

sequence would be that the individual would exhibit a positive preference

for gambling — the standard utility axioms would not hold. For individuals ,

then , it seems desirable not to include bias reduction procedures in the

elementary framework of utility theory . Random selection among equivalent

actions is a useful rule to add after the basic definition of equivalence.

The desirability of avoiding bias in selection among equivalent out-

comes for groups is perhaps stronger than for individuals. However , the same

resolution appears to be applicable in both cases. Given a definition of

equivalent cases, then, to avoid bias, the additional rule can be imposed to

select one out of the equivalent set at random. In this regard , the fairness

rule would be non—Archimedean. The random selection is preferred to any

member of the equivalent set, but is not preferred to any alternative which

is preferred in a primary way to any alternative in the set.

With this somewhat extended advocacy of H6, we can turn to the implica-

tions, which are rather far reaching. 111—116, plus the assumption that U is

a utility space lead to the theorem.

Theorem 4. There is a group utility function C on U, G(x)�G(y) if

and only if x®y, and G consists of a weighted sum of the

individual utilities , i.e., G(x) = Eai
U
i
(x), where the

i
a
i are constants.—p

The full proof of Theorem 4 is given in Appendix IV. The essence is

straightforward. H6 implies that the equivalence sets on U are convex,

hence they are bounded both above and below by hyperplanes. Since the bound-

ing hyperplanes cannot intersect , they must be parallel. The defining equa-

tions of these hyperplanes, Eajui 
c also specify the equivalence sets.

I
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is d utility func t  Ion which f u l  f i l ls  the c o n d i t i o n s :  (a)  x ®y  if

and only if G(x)� G(y), (b) G((x,y~E)) = P(E)G(x) + (1_P(E))G(y). *

The constants a. have been interpreted in the literature as weights

representing the relative importance which the group places on the individual

utilities. However , until some more determinate structure is placed on the

individual utility scales, the most that can be said is that the constants

a. act as adjustments on the individual utility scales, where the adjust-

ments may or may not include assessments of relative importance . This topic

will be explored further in Section 8.

7. Minimizing Regret

One illuminating way to examine the import of the weighted sum group

utiltty is in terms of regret. The regret of individual i, if the group

selects point g in some set S is

= max [u in S] — U~(g) (1)g u 1

That is, the regret of individual I if the group selects g in S is just the

maximum utility the individual could receive from any point in S minus the

**utility he obtains from g.

The weighted sum of the individual regrets , EajRjg is one measure of
I

the degree to which the group decision satisfies the individual members.

The weights in this expression have the same interpretation as the weights

in the weighted sum utility function. From (1)

*Theorem a~~ears to be somewhat more general than a related result due to
Harsanyi.LU He has shown that if a group utility function exists on a
utility space, which fulfills unanimi~y for equivalence , then the group
utility function must be of the form 

~~
ajUi.

** I
The notion of regret appears to have been promulgated by Savage, although
he occasionally seems to prefer to saddle someone else with the idea .’1
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~~
ajRig 

= ~~ a1 ~ax [u in SI —~~~a1
U
1(g) (2)

1 1 1 1

= M —U(g) (3)

where M abbreviates the first term in (2) and ~(g) = ~~~a1U .(g ) . Since M
I

does not involve g, the minimum e~ the weighted average regret is obtained

if the second term in (3) is maximized , i.e.,

m~n~~~ajRjg = M — isax U(g) (4)
I

(4) establishes the theorem:

Theorem 5. Minimizing the weighted sum regret is equivalent to maxi-

mizing the weighted sum of the individual utilities .

Although the theorem is not very deep , it can be considered as a second

route for arriving at the weighted sum of individual utilities as a group

utility.

The approach to group decisions via minimizing regret resembles an

approach called the “theory of the displaced ideal” by Zeleny )2  For any

5 , define U by

u = max [u in S ]
liii U

1

that is , urn consists of the best possible outcome in S for each individual

separately . Generally urn wil l not be in S. If it is, unanimity legislates

that U
m 

will be in C ( S) .  If U is not in S . then C(S) is defined to be

the set of points in S which are nearest to u ;  i.e.,

C(S) {uJu in S and d(uu) mEn [d(v ,u ), v in s] } (5)

Urn is considered to be the “ideal” point which the group would like to

attain, but usually cannot. If u is not attainable, i.e., not in S, then

the group selects the point that is as close as possible to it. Various
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de ci sion rules are ob ta i ned h y using various definitions of distance. If

d(u ,v) is taken to be

d(u ,v) = I E a 1 (u 1 — v .)I (6)

then (5) defines the same outcomes as the mm regret rule (4). d(u ,v)

defined as in (6) Is not a true distance. It fulfills all the conditions

(Dl —D 3 , Chapter  I r )  fo r a distance except d(u ,v) = 0 imp lies u = v . I f  u

awl v arc on the hyperplane ~~~~~ = c, d(u,v) 0 , even though u + v. The
I

d(u ,’.) of (6) can be thought of as a generalized form of distance . It is a

member of the fam ily of “distances” which can be generated by complete order-

ings on U. Spec if i ca l ly ,  if � is a complete ordering on U which can be

represen ted by a real—valued function f, i.e., u �v if and only if

f(u) > f(v), then the generalized distance defined by f is just d f
(u~ v) =

1(u) - f(v)

The disp1aced ideal approach with true distances will generally lead

to violations of acyclicity. I have not proved this in complete generality,

however Fig. 47 shows a typical case. For the large set S. x is the point

closest (ordinary Euclidean distance) to the ideal point u for S. If a

subset 5’ is selected where u’2 = x2, then C(S ’) y. We thus have x > ‘ y

and y > ‘ x .

On the other hand , if the displaced ideal approach is taken , using gen—

eralized distances as defined above , then the group decision will not be

cyclic . I haven ’t proved this with complete generality ei ther , but it

appears plausible if the class of complete orders Is restricted to those

genera ted by H l— H 5.

Theorem 6. The complete order® implied by conditions Hl—H5 can be

represented by a real—valued function f , such that u®v

if and only if f(u) > f(v).
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Proof :  Select any positive ray R. Every equivalence set B

i n t e rse c t s  R at some point. These intercepts map the set of

equivalence sets onto the continuum of po ints on R.  Any rea’—

valued function f which is monotonic on R (that is, given x and

y on R , f ( x )  � f ( y )  i f and only if 
~~~~ 

y. for  all 1) is an

appropriate representation.

In the present context , 116 restricts d(u,v), to the form (6).

One happy feature of the mm weighted regret cr iter ion , then , is that

it does not violate acyclicity (or analogously , does no t viola te independence

of irrelevant alternatives). Other notIons based on regret , such as mm max

regret do violate these conditions .

H. Note on Establishing Wei.&hts

The preced ing discussion appears to give a fa i r  amoun t of suppor t to the

assumption that the weighted sum of ind ividual util it ies is a reasonable

form of group utility function for many group decisions. With that assump-

tion , the only major issue ar ising In practice is the determination of the

weights . In theory this is not a deep problem . Given fixed utility scales

for the individuals — i.e., specific assignments of numbers to the individual

r efe rence objec ts — we ights can be obtained emp i r ically . The group makes

an appropria tely  large number of cho ices among po tential ou tcomes, each of

which is representable by a vector (u1,. . . ,u )  of individual ut il ity ra t ings ,

and the optimal linear regression of the group choice against the individual

*utilities determines the (implicit) weights underlying the group choice.

In thi s respec t , determining the individual weights is no more abstruse than

*
If the group choice is expressed in a set of binary choices between pairs of
outcomes , the computation is more in tri cat e than elemen tary linear regression ,
but no new conceptual difficulties are introduced .
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eliciting an Individual’s subjective probabilities , or determining an indi-

vidual’s utility function on a given set of objects.

The difficulty is that , in prac tice , most groups do not have a well—

def ined decision process ; or if they do , no one would expect that the

process would fit conditions 111—116. As mentioned earlier , the most widely

ut il ized gr oup dec ision process is some variant on the d ictatorial , whi ch

is unlike ly to fulfill the continuity condition . Groups that rely heavil y

on non—anchored doting schemes are likely to violate the acyclicity conditi~u.

If the we i ghted sum group utility is interpreted not as a good approxi—

mation to actual group pr act ice , but as a recommenda tion for  an improved

group decision procedure , then the issue of determining weigh ts requires

add itiona l assumptions beyond Hl—H6.

There are two additional criterIa which have been given some attention

in the literature. These could be labelled the equity princi ple and the

merit principle. Roughly , the equity principle states that (without some

spec ial reason to the contrary) the weights should be equal. Tht~ merit

pr inc iple holds tha t individuals should be weighted in accord with some

measure of their worth to the group, where worth may mean eithe r contribu-

tion to the group utility, or some intrinsic value, or both.

Before either of these criteria can be stated precisely, there is a

technical hurdle to overcome . The simp lest statement of the hurdle can be

made in reference to the equity principle ; namely, what is meant by equal

weights? Since the individua l utility scales are determined only up to a

linear transformation , attaching equal weights to any particular set of

individual utility sc-ales has no special significance .

if each individual’ s utility assignments over the set of outcomes in all

decisions were just a linear transformation of any other ind iv idual’ s
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~issignments , then there would be no problem. The various individual scales

cou ld  simp l y he rescaled to coincide , and equa l vcights would then  have

p r ec i se  meanIng .  This is the k i n d  of happy s i t u a t i o n  which  makes the use

of many d i f f e re n t  the rmometr i c  substances for the measurement of temperature

fea sible in physics.

Individual utilities are usually not simp le linear transformat ions of

each other over the outcomes in a decision situation . If they were ,

unanimi ty would be the only decision rule required for groups. In a typi-

cal decision we can expect both differential rewards across different out-

comes and possibly different evaluations of comparable rewards — a mixture

of disagreement on interests and values. These two can be disentangled by

stepping outside the decision situation. As a gedanke experiment , suppose

It were possible to formulate a description of all possible condi t ions

which any Individual in the group might experience in any potential outcome

of any potential decision situation. In order to make the descriptions of

the conditions comp lete , it would be necessary to include not only the

exp lici t disposition of rewards which define the outcomes, but also auy

contextual factors which might influence the relative evaluations of the

rewards. To use a cliche example, if one member of the group is a pa uper ,

and another a prince , and in some decision $1,000 ~s awarded to some indi-

vidual , then the list would include being a pauper and receiving $1 ,000,p

and being a prince and receiving $1,000.

We now ask each individual to formulate his utility function on this

s~ t of hypothetical conditions. Leaving aside the question whether anyone

could actually finish this assignment (the axioms of individual utility

theory say anyone can do it!) we ask how the various utility functions
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compare. If by some stroke of luck, the utility scales are linear trans-

formations of each other , then for that group , the assumption that they are

identical (when rescaled to coincide), seems to be a reasonable basis for

defining equal weights. On the rather scanty experimental evidence now

available , there is no guarantee that the utility scales of different indi-

viduals will be linearly related . They could , for example , look like the two

curves in Fig. 48.

The assumption of identical utilities if the scales are mutual linear

transforma is a convention that seems innocuous since the group still has

the option of establishing unequal weights for the group utility function .

But there does not appear to be a “natural” convention for the case of non-

linearly related utilities. If a pair of conditions out of the master list

is selected as the group reference points, and the individual utility scales

are normalized to coincide on those points, then different rescalings will

result from different pairs of reference points. At the present time there

does not appear to be any theoretical basis for distinguishing potential

*reference points.

One straightforward convention that at least has the advantage of not

requiring selecting an arbitrary pair of reference points is a minima l

discrepancy rescaling. That is, constants ri, s~ are computed for each

individual i so that

(7)

*If the doctrine of bounded utility were generally accepted , and there were
a method of identifying the least upper bounds of the individual utilities ,
then at least one reference point could be obtained by the convention that
the least upper bound of one individual represents the same amount of utility
as the least upper bound of any other individual.
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Figure 48. Non Linearly Related Utilities
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is minimized , where U~~ r
i ÷ s11J1. . U~~. is individual i ’s utility assessment

of object j, and is an appropriate average of the U’s for object j.

Various distance func t ions  mi ght be appropriate , such as d i f f e r ence  squared ,

absolute difference , absolute difference of logs, etc., depending on the

shape of the utility functions.

The minimal discrepancy rescaling Is, so to speak, a best approximation

to equating the utility scales. Starting with the rescaled individual utility

funct ions , the notions of equal weights or d i f f e r e n t i a l  weights are at least

given a precise meaning.

There are , of course , pitfalls in any practical applications of empiri-

cal scaling methods like the minimal discrepancy procedure. In practice ,

relatively small subsets of potential outcomes are likely to be used as

comparison sets, in which case it is possible that a rescaling derived from

one set of objects would not match a rescaling based on a different set.

The problems of identifying and controlling for contextual variables are,

to put it mildly , severe; e.g., the extent to which an individual has

divorced his utility judgments from his present circumstances is difficult

to evaluate from his overt responses. These are problems which are common

in many fields of social measurement.

—p
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APPENDIX I. Proof that if f(l/n) + [( 1/n)  f ( l / n m )  then  f ( x )  = k log x .

One a d d i t i o n a l  assumpt ion Is needed , namely that f(x) Is continuous .

Sot f (1 In) = 
~~‘ (n )  . We t hen have f ‘ (n) + f’ (n) = I ‘ (n m )  f o r  any ;~os i t  lye

I n t e g e r s  n and m.  Now set f ’ ( x )  g (~~) ,  where z = log x.  We t h e n  hive

g ( z )  + g ( w )  = g(z-h ~) ,  f r o m  which we obta in  g ( n z )  n g ( z ) ,  or g(z) ng (z/n).

I n t e r a t i n g ,  we have g (  ~ z )  = ~ g(z). I f  I Is c o n t i n u o u s , then is con-

t i n u o u s , and we have g (xz )  = x g ( z )  where x is any real number .  Set z — 1,

and g ( l )  = h.  Then g ( x )  = hx , and f ’ ( x )  h log x. Since f ’ ( l/ x )  f ( x )

— h log x , f ( x )  = k log x , which was to be proved .
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APPENI)IX II. Proo f that 111—115 i m p l y  the existence of a complete order  on x .

The p roof f o l l o w s a s l i g h t l y  d i f f e r e n t  r o u t e  f r o m  the  ske tch  p r e s e n t e d

in t h e  t e x t .  The basic  po in t  is to Show t h a t  t h e  r e l a t  ion �* can 1 €

e x t e n d e d  to  a r e l a t i o n©w h i c h  is t r a n s i t i v e  and connec ted .  T h e  n o t a t i o n

is the  same as t h a t  of Sect ion 8, Chapter IV.

Let x~ y mean tha t  n e i t h e r  x nor y �.~~x ho ld s ;  tha t  is , x i s  “dis-

connected ’ f r o m  ‘i w i t h  respect  to 2 * . Define

De f in i t ion  1. x©y means either x >~~ y or x~ y .

Lemma 1: ®is connected .

Proof :  Immed iate , since either x 2 * y or y 2 * x or n e i t h e r .

S i n c e®is  connected , all  t ha t  needs demonstra t ion is tha t  is is

t r a n s i t i v e. This is equ iva len t  to showing that ® is acyclic , as Theorem 1

shows.

Theorem 1: I f  a re la t ion  � is connected and a cycl ic , i t  is t r a n s i t i v e .

Proof :  Assume x > y 2 z.  Since � is connected , e i t h e r  x 2 z or

z > x. If  x 
~ 

z , the theorem holds. I f  not  x > z , then  z > x .

Bu t  z > x is rejected by a cycli c i t y .

Thus , au t h a t  needs to be shown is t h a t®i s  acycl ic , i . e . ,  x y

imp l ie ’. not y > ‘ x.  By de f in i t ion  ~~~~ y implies there is a chain  x .,

x = x 1, v = x , such that  e i ther  x~ > * x~ 4 1 or x~~~x1~~1
. If  a l l  the  l inks

*In this ct~aIn are of the form x~ ~ 
x
~?f1, 

then H2 applies and not y > x.

The on ly  open case , then , is that in which one or more links are of the

f o r m  x 1 I x . + i .  The term “s t r i c t l y  dominates” wi l l  be used in a narrow sense;

x s t r i c t l y  dominates y means > y~ f o r  all I.

L e n  2:  I f  x > * y, then t h e r e  Is a z w h i c h  s t r i c t ly dominates y and

x z .

• 
-

~~ —~ tT f lu L D
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Proof : Let w be any point w h i c h  strictl y dominates both x and y.

Then w > * x y. ISv H4 t here is a h , 0 b 1 , such that x

bw + (l—b)v . Set  z hw + (l—!~~y. z is on the positive ray

determined by and v. Siii ..e Z 
~
‘ , Z St rict ly domir~at es v.

Lemma 3: I f  x 2 * y and z s tri c t i v  dominates  x , then  t h e r e  is a w w h i c h

strictl y dominates y, and z -
~~ w.

Proof: Since z >~~ x , acyclicity rejects y 2 * z. But not yl z ,
• * *since z 

~ y. Hence z > y ,  and Lemma 2 app lies .

Def inition 2: P
~ 

= { ‘y l y  2 * x}. Q = {ylx ~~*y}.

The definition is simp ly a reminder of the meaning of P and Q i n t r o d u c e d

in the text .

Lenuna 4: Let x be any point and R any positive ray not con ta in ing  x .

R intersects P and Q and g . l . b .  of P on R and 1.u.b. ofx x x

on R both exist.

Proof: R can be specified by the condition y = w + ts  where w

is any point on R, s is a vec tor of pos it ive numbers 0<s.<l , and

t is any real number , positive or negative . Each value of t

specif ies  a point  y on R. Given any x, there is some t such tha t

w~ + ts1 
> fo r  a l l  i, and a t ’ such that w + t ’s1 

< x1 for

all i. t defines a point u which dominates x , and hence is in

P , and t ’ defines a point v which Is dominated by x, and hence
p x

is in Q .  The points  on R are comp letely ordered by dominance ,

and u is an upper bound for Q ,  and v Is a lower bound for P .

Thus there is a g.l.b. for P on R and a l.u.b. for Q .

115 specifies that for any positive ray R, g.l.b. l.u.b. Q .  Hence

the boundaries of P and Q coinc ide , and can be referred to by one notation ,
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B , t h e  b o u n d a ry  of P a i n I  . The next  l emm a d e t e r m i n e s  tha t  the boundary
x x x

is un i que .

l emma 5: if y is the Intersect Ion of  B and ~ornt posit lye ray R , th en

I or any o t h e r  p o s i t i v e  r a y  R ’ pass ing  t h r o u g h y ,  y is the

i nt e r s e c ti o n  of B and R ’ .x

Proo f :  As sume some u on R ’, u + y, is the  i n t e r s e c t i o n  of B

and R ’. u is either above y or below it on R’ . Suppose u is

above y. Then u dominates some u ’ on R ’ which in turn dominates

some v on K that  dominates y .  Hence u cannot be the g.l.b. of

on R ’ . A similar argument involving Q rejects u below y.

Lenuna 6: If x~y, then x is in B .

P r o o f :  By hypothes is, x is not in P nor in Q .  Thus, x is in B
y~

Lemma 7: x ( y  implies tha t  for  any z which strictly domina tes x , there

is a w that  s t r i c t l y  dom inates y ,  and z -‘~~ w.

Proof: Since z stric tly dominates x , and xjy, not y ~ * z .  But

by 1.emma 6, not y~ z, otherwise both x and z are in B and on a com-

mon positive ray . Hence z > * y ,  and Lemma 2 applies.

Lemma 8 : x y implies for every z which strictly dominates x , there

is a w which ;trlctly dominates y, and z 2 * w .

Proof :  The lemma follows from Lemmas 3 and 7, and induction on

the number of links in the chain from x to y.

Lemma 9: is acyclic .

P r o o f :  I f  x ®* y ,  and y > ‘ x, then from Lemma 2 , there is a z

w h i c h  s t r i c t l y  dominates x and y Z. But from Lemma 8, there

is a w which s t r i c t l y  dominates y ,  and z w , thus y z 2* w >* y ,

w h i c h  violates 112.

Lemma 9 completes the proof that® is a complete order on X.
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. \ I ’ i ’ }N I ) l \  111.  Proof  t h a t  complete  independence (D R = 1 and D~ ) = I) implies

t ha t  t. or two even t s , P ( E I R .)  = P (E)  f o r  a l l  i hut  one .

The proo f proceeds by induction on the number of respondents. For two

events , E and E , and two responses , R 1 and R2 ,  set P(E) = p, P ( E )  = 1—p

P ( R
1 IE) = q 1, P(R

1[~
) = r 1, P ( R 2~~E) q2, and P (R

2 l~~~) 
= r2. From the  ru le

of elimination , P ( R
1
) = pq

1 
+ ( 1 — p ) r 1 and P(R2) = pq 2 + (1—p)r 2 . D

R 
= 1

implies P(R
1

.R 2) = P ( R
1

) P(R
2) = (pq

1
+(i—p)r

1
) (pq

2
+(l— p)r2

) .  ~~~ = 1

implies P(R
1

.R
2~

E) = q
1q2, 

and P(R1.R2IE) 
= r 1r 2 ; whence , f r o m  the  rule of

e l i m i n a t i o n  again , P ( R 1.R 2 ) = pq
1
q
2 

+ ( i — p ) r 1r 2 . Equat in g these two expres-

sions for  P (R
1

.R
2
) and expanding , the terms involving p cancel, leav ing

q
1
q
2 
÷ r

1
r2 

= q 1
r 2 + q2 r 1

which  can be fac tored

(q
1 

— r
1

) (q
2 

— r
2

) = 0

Thus , e i t h e r  q
1 

= r1 
or q2 

= r
2
. Assume q

1 
= r 1

. Then , f rom the theorem

pq
1

of Haves , P ( E J R  ) = —____ - - -- .-- —— p .
- 1 pq 1 + ( l — p ) r

1

Assume the theorem holds for n—l respondents. I f  comp lete ind ependenc e

holds f or n responden ts, then it holds for n—i , as shown by the f ollow ing ,

where = P(k
i IE) 

and r
i 

= P ( R
1
IE) . Complete independence Implies (where

(l—q ~ ) = P ( R ~~) E ) , (1_r
n

) = P(R ~~~))

~j7 q1(l—q~ ) + ( l—p)j 7  r
~
(l_ r

~
) =

i4n i+n

J7 (pq1 + (l_.p)r~) (p(l—q~) + (l—p) (l—r ))
I+n

I

~~~~~~
c
~

DtW
j
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q~ + (l-.-p) J7 r . — p17 q1 — ( l— p) J7 r =

f] (ixi~ + ( i— p ) r 1) (1 — pq~ 
— (l—p)r ~)

i+n
n

f] (pq~ + (l_p)r i) — f7 ~pq~ + ( 1— p ) r 1
)

i+n i=l

The terms involving J7 on each side of the e q u a l i t y  are equa l b y the

assumption of complete independence , and hence the  terms invo lv ing  
l+n 

are

equal.

Abbreviate j7 (pq1 ÷ (l—p)r.) by f7 , f] q. by q and f] r1 by r .  We
i+n 1+n i4n

have , from complete independence ,

pqq + (l—p)rr~ IT (pq~ + ( l_ p ) r
n )

pq (q— J7) + ( l— p ) r ~ ( r —f l ) = 0

and from complete independence for n — 1 respondents

pq + (1—p)r 11

17 (l—p)r
p

whence

~~~ ( ~1 (1—p)r 
— 

~~ 
) + (l—p)r (r—f7 ) = 0

(l—p) q~(f7—r) + (l—p)r ( r — f 7 ) = 0

r — q  0 , r = an n n ~~

—p
Sin ce , by the inductive hypothesis , at most one of the n—l pairs

q1~r~~i = 1,... ,n— 1 are different , at most one of the n pairs are different .

t
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APPENDIX IV . Proof of Theorem 4, Chapter VI.

Lemma 4 in Appendix II shows tha t  the equivalence sets of the group

preference function are not single points ; in fact they are unbounded ; that

is , given any x and any u
1 

there is a y in B y
1 

U
1~ 

116 implies that the

e q u I v a l e n ce  sets  are convex. Thus for any equivalence set B and for any

point v not in B , there is a hyperplane H(x,y) containing y which bounds

B i.e., B is either entirely above or entirely below the hyperplane .

If v is on a positive ray through x, and x dominates y then B is entirely

above H (x ,y). On the other hand , if z dominates x , then H(x ,z) lies

en ti rel y above B .  These two hyperplanes cannot intersect, since wi thin

the plane defined by R and any poin t of intersection w , (Fig. 49) there

would be a positive ray R’, where the intersection of B and R’ would be

above H (x ,y ) ,  say the poin t u , and below H(x ,z) ,  say the point v, con trary

to the bounding hyperplane condition. Therefore H(x,y) and H(x ,z) are

parallel. Since z is any point above x on R and y is any point below , B
~

must be the hyperplane parallel to H(x ,y) through x. By a similar argument

B~ fo r  any y on R must be the hyperplane through y parallel to the hyper—

plane B .  There is thus a set of constants (a 1
} such tha t  B

~ 
= ~y I E  a1y1 =

~~ a1x 1
) .

The constants a~ are all positive , since the slope of the intersection

of any hyperplane wi th  any given coordinate plane is neg.-~ ive . To show that

E a1x1 is a utility function , let z (x , yj E ) . ~~~a1
U 1

(z)  
~~~

aj (P ( E)U
i(x) +

I i i

(1—P(E))U 1
(y ) )  P(E)~~~a1U1(x) + (1—P(E))~~~ a1U1

(y).

I
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Figure 49. Intersecting Hyp.r.Planes Bounding B~
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