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I. INTRODUCTION

Lamb's [1] half space problems have been the subject of many
investigations because they are fundamental to numerous two-dimensional ap-
plications. Kraut [2] extended Lamb's solution for a line source on an iso-
tropic half space to a transversely isotropic half space by developing a solu-
tion with the Cagniard-deHoop technique. A summary of this solution and a
list of related references are available in Kraut's review article [3]. Kraut's
solution is the nondispersive solution to the present problem corresponding to
a replacement of the laminated composite with a homogeneous transversely
isotropic material.

In order to construct a solution that includes the effect of geometrical
dispersion, we begin with the equations of motion and boundary conditions
from the effective stiffness theory advanced by Sun, Achenbach, and
Herrmann [4]. One of several other approximate theories that are available
for composites could have been selected for this study; however, the form of
the fundamental solutions obtained here would not be changed by such a choice.
Two related problems that demonstrated the effect of geometrical dispersion
on the dynamic response of a laminated composite have recently been solved
[5, 6] within the context of this effective stiffness theory, and those solutions
provide the background for this investigation. The first problem [5] was con-
cerned with one-dimensional pulse propagation in an obliquely laminated com-
posite; the second [6] resulted in a steady- tate solution for loads moving over
a composite half space. In each case, a far-field solution was developed that
contained low-frequency long waves consistent with the basic assumptions in |
the effective stiffness theory. A near-field solution would require high-
frequency short wave information that is available only from the exact theory.
In other words, the approximations that were used to construct the solutions
matched the approximations inherent in the field equations and boundary

conditions of the effective stiffness theory. The same approach is followed 14

in the present work.




In the following analysis, Fourier and Laplace transforms are used to
obtain a formal solution to the problem. A far-field solution is developed
for the body wave responses in the interior of the half space by first using
the method of steepest descents to approximate the inversion integrals near
the appropriate saddle points. Then, the phase velocities are expanded for
low frequency, which permits the inversion of the Laplace transforms, The
head wave and Rayleigh wave are treated in a similar manner.

The final results show that from two to five separate waves contribute
to the response, depending on the location of the observer in the laminated
half space. The quasi-dilatational wave and head wave are shown to be one-
sided waves, whereas the quasi-equivoluminal wave is one-sided until a
critical angle is exceeded, and then it becomes two-sided. Also, cusps may
develop on the quasi-equivoluminal wave. Geometric dispersion caused by
the laminations is shown to strongly influence the body wave results by elimi-
nating the singular behavior that exists for the displacements at the wave- 1

fronts in the nondispersive solution. The singularity in the Rayleigh surface

wave is also found to be eliminated by geometric dispersion.




II. STATEMENT OF PROBLEM

The periodically laminated half space subjected to the line impulse
Poé(t)é(xi) is shown in Fig. 1. PO is the magnitude of the line impulse; §(t) and
5(x1) represent Dirac delta functions with arguments time t and spatial co-
ordinate Xy Because the half space is in a state of plane strain, the equations

of motion from the effective stiffness thcory [4] can be written as

=249 450uy t a8, uy tazdyou, tadu, tagd ¥,

2 8y¥5y T 278 ¥y, = =b 8,5U, + byl +b,8,4 (1)

-agdy p0u, tagdygu, taggdyou, tasduy tag8d,,

tay,0045055 - ay38,855 = =by 855U, + by, +b38,9,, (2)

agdy ouy - agduy tay,0.u, -a,d ¥, +tagd,,

=bydyly - b¥,, (3)

21,0419y - 330Uy tagduy a0 dy,¥,, taad,,

= byd U, - b4zﬁ22 (4)

where u1 and u2 are the average displacements in the x1 and X5 directions,
respectively, and ¢21 and :pzz are microdeformations in the stiff laminations.
The notation Biuj = auj/a X is used, and dots above variables denote partial

differentiation with respect to time. The constants in the above equations of

motion are defined as follows:
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Figure 1. Laminated Half Space with Line Impulse
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dZ

by =p T2 /(1 - M)

by =Mp+ (1 -Mp__

by = 0k,
b = don. 112 (5)
4 = Seby
where
N =dg/h : h=d +d_. (6)

The preceding definitions depend on the Lamé parameters, thicknesses, and
densities of the soft (m) and stiff (f) laminations, which are denoted by )\m’ o
dm’ and P and )\f, Mg df, and Ppr respectively,

The half space is initially at rest, i.e., ug, u,, 1'11, 1'12, 4)22 ... vanish

at t = 0, and the tractions on the surface are specified as

ty =0 (7)

and

tZ:-Poaxﬂdﬂ (8)

where t1 and t, are shear and normal tractions, respectively. It is also re-
quired that all displacements and stresses vanish at an infinite distance from
the load.
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III. FORMAL SOLUTION OF PROBLEM

In order to develop a formal solution to this problem, an exponential

Fourier transform defined as

f(x) =f f(x ) exp(ikx )dx, (9)
with inverse
f(Xl) = '21—11'_/. ?(K) eXp(-inl)dK (10)

-0

and a Laplace transform defined as

f(o) =f f(t) exp(-ot)dt (11)
o
with inverse
fif) = 2_15./3. (o) exp(ot)do (12)
b

are applied to equations (1)-(4) subject to the quiescent initial conditions.
Nondimensional parameters are then introduced, and the resulting set of

equations is reduced to

2~ ~
g 238 4. . R Ba0 (13)
i 3 dy 2
dy
and
a%s . R
B4 dy‘)‘-ISB?’_y-s qu = 0 (14)

e e




where nondimensional quantities are defined as

u=u1/h 4 v=u2/h . x:xl/h A y:xz/h

r=tw_/o )M, s =oh/tu_/p )'/°

The coefficients in equations (13) and (14) are given by

2

Ay

/A10

2
AglAyy

+ A5A9/A“ + A4A8/A10

A /A11

where

A= (4% )1 -msP/12 4 /(1 - )

Ay =8+ 1 =M +[Nys, + (1 -5 Ja°

T e 1)q

A, =NA

4 1

A5 = T](efy - em)q




i e e

>
1

6 =5,/(1 =M+ @+ 1 - ms/12

Ay =0+ 1T+ (My+1 -’
Ag =Ty - 1)q
By iy
Ay = s20°A, /12 + Ty + n2/(1 = m)
Ay =stnla, /12 e mys + 0% /(1 - ) (18)
and
Y = e/ s 0=relP,
b= ept 2= (N + 2m) I
B = Cp T HEAR A FAR L (19)

Also, in anticipation of the form of the final solution, £ has been eliminated

by substitution of a nondimensional slowness defined as
q=E&/s. (20)

Note that s is confined to the dispersive terms (those terms that contain the
number 12) in the definitions for the A's.

Equations (13) and (14) are combined to yield

4 x>

a3 2

2du 4~
5134;}7}.- (B,B, +131135 - 133) s d—y-z-+13_,_f355 o 0 e (21)




Then, because the general solution of equation (21) is proportional to

exp(-msy), we obtain

4 25 & .
#(m,q,s) =m BB, - (B,B, + BB, - Bj)m“ + B,B, =0, (22) ,

Since y 2 0 and s can be considered positive, we choose the two roots of this

i equation that have positive real parts in order to satisfy the conditions at
1 infinity (y = «). The transformed displacements and microdeformations then
A
: become
et oo Rlier 5
V=CyDyey ¢ Ghue,
¥p1 = CyEe, + CEpe,
{ ¥,, = C,Fie, + C,Fe, (23)
where
ej = eXP('ijY) ’ j = 1: 2 (24)

@ and C1 and C2 are arbitrary constants to be determined from the boundary

conditions. The other coefficients in equation (23) are defined as

2.0
Dj = (B2 - Blmj)/u'njB3

E

j s(1A8Dj - mjA4)/A10

Fj = s(iAg - m;D:Ag)/A i j= §,2. (25)

A e g
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Expressions for the two tractions are available [7] and their transforms

reduce to

ti/u,, = CyGyeq + C;Gye,

'lepm = ClHlel + CZHZeZ

- A4Ej

= -igqsD. - m.sA
9 J J

1

= =igeig ijDjAé - A9FJ. J =212 . (28)

In order to satisfy the boundary conditions specified by equations (7) and (8)

C1 = PGZIA (29)

C2 = -PG1/A (30)

in which

and a nondimensional line impulse is introduced as

1/2 2

P =Pyl /pn) " /e b (32)
Double inversion integrals for the transformed quantities in equation (23) can

now be written by using equations (10) and (12). This completes the formal
solution to the problem.
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IV, FAR-FIELD SOLUTION FOR BODY WAVES

Since an explicit evaluation of the double inversion integrals would
be quite complicated, if not impossible, approximations are sought in order

to construct a far-field solution. The Laplace-transformed displacements

are given by

5 o ¥ :
u(x,y, s)/P = an; [GZ exp(-igsx - mlsy)

- G, exp(-igsx - mzsy)]A_isdq (33)

o]
o 1 g
v(x,y,s)/P =—2—W-L [GZDI exp(-igsx - misy)

- (]1D2 exp(-igsx - mzsy)]A-isdq X (34)

We first consider equation (22), which is a polynomial with three
variables that provides the roots m, and m,. If s is set to zero, the re-
sulting equation defines the nondispersive two-dimensional slowness surface

for a transversely isotropic material in plane strain

<I>0(m,q) =&(m,q, s) =, £35)
s=0

This slowness surface is shown in Fig., 2 for y = 100, T = 0.8, 8 = 3, Vo =

0.35, and v, = 0.3, where the limiting values are the reciprocals of the wave

f
speeds

1/2
2

o L0 T A Ml - lvey - o)) (36)
11 (1 -7 +1n8)vé,+ns /(1 -1 ‘




Figure 2.

Slowness Surface
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Yéméf 11/2

B,, = 37
22 7| T =+ T80 - M) ¥ + Moy | e
: 1/2

B,, =B, = 38)

12721 )1 -1+ m8)[y(t - M) + 1] ;

For the present data, B“ = 9,47, 322 = 2,82, and Bip = 136,
Points on the wave surface satisfy

igx+my -T1=0 (39)

and since a vector from the origin to a point on the wave surface is parallel

to the normal to the slowness surface (Fig. 3)

x = -iK®, 1 y = Ké

»q 0, m v

where K is a constant, and the comma denotes partial differentiation. Substi-

tution of equation (40) into (39) yields

K= T/(qtbo’qﬂ“méo,m) (41)

and therefore, from equation (40), the wave surface is defined by !
% x = -i18y /(ad,  + me; ) (42)

S T@O, m/(qtbo’ 4 2= m@o’ m) . (43) !

In addition, m and q must be on the slowness surface, as given by equation
(35). Expressions for the derivatives that appear in equations (42) and (43)
are given in Appendix A; the wave surface that corresponds to the slowness

surface in Fig, 2 is shown in Fig, 4,

-19-
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With the foregoing as background, we return to the evaluation of the
integrals in equations (33) and (34). A branch point occurs whenever m = 0,

which reduces equation (22) to

B.B_=0 (44)

5
and, for the nondispersive case,
B, = (S0l 5D, (45)
2 2 *5
B. = (16 + 1 - Kt + a°B%.) (46)
5 4 ®gals

Therefore, equation (44) is satisfied at the four points

q=*i/By . EB, . (47)

Other branch points occur when m, = m,, and these can be determined by

setting the discriminant of equatiorll (22) to zero. Rayleigh poles (q = * i/BR)
also exist when A= 0, [7]. The branch points and Rayleigh pole located in

the lower half of the q-plane are shown in Fig, 5, Branch cuts are also indi-
cated in the figure., The path of integration along the real q axis can be re-
placed with a Cagniard-deHoop path in the lower half of the q-plane for x >0,
This problem was solved for the nondispersive case by Kraut [2] and provides
the first approximation to the present dispersive probem, Kraut's solution
is exact and valid everywhere, including near the wavefronts shown in Fig, 4.
He also determined that the displacements were singular at the wavefronts

with strength O( [ T*i"l/z ), whereas, at the cusp tips, the singularity

.-:!—2/3)

became O(| T - , where ™% corresponds to the arrival time of the

wavefront, These singularities are directly related to the order of the

corresponding saddle point, In the present analysis, the low-frequency
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i behavior of these saddle points is used to develop a dispersive solution near

: the wavefronts that exist in the nondispersive solution, Therefore, the fol-
lowing development is valid only for large distances from the load, where the
response is expected to contain only low-frequency components. For the
method of steepest descents, it was convenient to refer to Miklowitz [8], who
presented analogous approximations for regular and irregular wavefront cases
for a homogeneous half space.

In order to proceed, we substitute
x=r sin ¢ y y =T cos ¢ » O<gp<m/2 (48)

into the first integral of equation (33) and obtain

{ee]
Tl -1
I = Zv_[; sGZA exp(-rsfi)dq (49)
where
f1=iq sin<]:)+m1 cos ¢ . (50)

The method of steepest descents requires that

om
9q

of, {
W=1s1n¢+ cos ¢ = 0 (51)

and assuming that cos ¢ # 0, which excludes the surface response, we obtain

Bmi
W—+1tan¢=0. (52)




A value of g that satisfies this equation is a saddle point qq and the integral

can be approximated in the vicinity of this point to yield

1/2

T = (2nrs)” 2 (sGa7 ) 101 exp(-rsﬂ)lq:qi (53)
where
; 82f1 azm1
f;z—-—2-= 5 cos ¢ #0. (54)
9q 0q

This approximation to the integral is valid as long as the saddle point is not
on a branch cut, The calculational procedure to obtain azm/aq?‘ is given in

Appendix B.

To invert into the time domain, we first substitute (see Fig. 3)
-1 car ol
m, = 8 cols @y z q1=-1B sin @, (55)

into equation (50) to obtain from equation (53)

1/2 wi-112

-1

T ~(2wrs)” exp[-s(x sin @, +y cos 011)/8] . (56)

We then expand the slowness in powers of s (Appendix C)

1/8 =1/8, + ¢, s°/B2 (57)




and use the convolution theorem to invert the transform, The final results

are

1 85,
u(x,y, )/P IWRe 151—?'2)( =

(i sG
x/ p_l/zAi(i51)dp— lim( Ai) | :
0 s-0 XZ‘fZ

%
X/ p'l/zAi(ié?_)dp
0

5 S /3
= | 1
X [3‘ ¢l (x sin o + y cos on.)/Bj] (59)

5, = [T ~p-(x sin o, + y cos ozj)/Bj]/xj (60)

in which j = 1, 2, and the positive sign in the argument of the Airy function is
used if Qj is positive; otherwise the negative sign is used. Expressions for
the v displacement are obtained by inserting D1 in the first term of equation
(58) and D2

Figure 6 shows the locations of the saddle points that correspond to the

in the second according to equation (34).

slowness surface in Fig. 2. The quasi-dilatational branch (mi) has only one
saddle point and it is always regular because it does not fall on a branch cut
for 0<¢ <m/2, If0<¢ <95, where ¢ is the value of ¢ at point 2 in Fig. 6,
the quasi-equivoluminal branch (mz) has only one saddle point and it is
regular, For ¢, <¢ < P40 the m, branch has three saddle points labelled a,

b, and c. One or two of these saddle points are irregular, because they
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Figure 6. Correspondence of Saddle Points and Events
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lie on the branch cut corresponding to the m, = 0 branch point and the
approximation in equation (53) is not applicable. If $y< ¢ < m/2, one
irregular saddle point exists fcr the m, branch., In the nondispersive case,

it is known that such irregular saddle points are associated with head wave-
fronts and two-sided quasi-equivoluminal wavefronts., In the sequel, we show
that analogous behavior is true in the dispersive case.

Sketches of Cagniard-deHoop contours for ¢ = 20 and 70 deg are shown
in Fig. 7. Im(fj) is zero and Re(fj) is increasing corresponding to increasing
T/r on these contours, The Cagniard-deHoop contours go through the saddle
points and are also paths of steepest descent, For a saddle point on a branch
cut, the steepest descent approximation in equation (53) has to be rederived.
An irregular saddle point also occurs in the homogeneous isotropic case [8]
when ¢ is greater than the critical angle, which causes the equivoluminal
wave to become two-sided behind the head wave. A two-sided wave is a wave
that has a disturbance before and after the arrival time. The present irregular
saddle points are treated in a manner similar to the homogeneous isotropic
case, and the resulting changes are given in Table I for the four possibilities
shown in Fig. 7 at points a and b for ¢ = 20 deg. The coefficient in front of
the steepest descent approximation in equation (53) will change from { to -1
when the paths are reversed as illustrated by paths @ and @ . On paths
@ and @ , the coefficient becomes ~i, The other modification involves
whether the contour is arriving at a saddle point (paths @ and @ ) or
leaving a saddle point (paths @ and @ ). The waves at these two saddle
points for ¢ = 20 deg are two-sided because the saddle points are on a branch
cut, The front portions result from paths @ and @ , whereas the back
portions result from paths @ and @ . This causes a sign change in 6j,
where p is used for front portions and -p for back portions,

The contours in Fig. 7 are similar to those in Kraut's work [2]. Cross-
ing of the branch cut emanating from the mg =m, branch point is done by
going on to the next Riemann sheet of the function. It is unnecessary to show

paths going up along the cut, circling the branch point, and coming back down

since the two resulting integrals are of opposite sign and therefore cancel.
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Figure 7.




B = . ]

B —————

Table I. Coefficients and Sign Changes in the Steepest Descent
Approximation for the Quasi-Equivoluminal Two-
Sided Wavefronts

Equation (53)

Path ecallicient Sign Change in 6j Type of wave
1 1 -p Back
% -1 P Front
3 -i -p Back
4 -1 P Front
1
1
‘ #
1
w3 (e




The six separate contributions to the vertical displacement v for t = 5
and ¢ = 45 deg are shown in Figs. 8-13. The nondispersive solution (dashed

curve) is included for comparison. These solutions would partially overlap

e

because the arrival times are close together; however, they are presented
separately in order to emphasize the difference in amplitudes (note that the
vertical scale factors are different) and to illustrate the effects of geometrical
dispersion on the separate contributions. The effect of dispersion is par-
ticularly dramatic in Figs, 12 and 13, where the two-sided wave that cor-
responds to saddle point a is practically eliminated. This two-sided wave

at point a is quasi-equivoluminal and is traveling in a direction that corres-
ponds to a, = 76 deg which is almost parallel to the laminations, Previous
investigations [4, 5] revealed that these shear-like waves traveling parallel

to the layering are highly dispersive.
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Figure 8. Vertical Displacement Due to Quasi-Dilational Wave
Corresponding to Saddle Point d
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Figure 9. Vertical Displacement Due to Two-Sided Quasi- Equivoluminal
Wave Corresponding to Saddle Point b; Front Part




Figure 10.

Vertical Displacement Due to Two-Sided Quasi-
Equivoluminal Wave Corresponding to Saddle
Point b; Back Part
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Figure 11. Vertical Displacement Due to Quasi- Equivoluminal
Wave Corresponding to Saddle Point ¢
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Figure 12. Vertical Displacement Due to Two-Sided Quasi-Equivoluminal
Wave Corresponding to Saddle Point a; Front Part
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Figure 13. Vertical Displacement Due to Two-Sided Quasi- Equivoluminal
Wave Corresponding to Saddle Point a; Back Part
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V. HEAD WAVE CONTRIBUTION

The head wave is a reflected quasi-equivoluminal wave generated by
the grazing incidence of the quasi-~dilatational wave with the free surface.
It consists of a planar wave that joins points 3 and e in Fig. 6. The head
wave is tangent to the quasi-equivoluminal wave at point 3 and its nondis-
persive solution behaves as O (|71 - T*'; 1/2) for ¢, < ¢ < /2, which is
rather weak compared with the body wave singularities. The contour for
¢ = 70 deg is shown in Fig. 7; the contour passes by the branch point located
at Im(q) = -1/8“. The portion of the contour that is on the branch cut just
below the branch point corresponds to the region just after the arrival of the
head wave.

In order to estimate the effect of dispersion on the head wave, we

begin with

@
) -~
U(x,y, s)/P = ol sGyA " exp (-rsf,) dq (61)

=

and expand fZ down the imaginary axis near the branch point as (cf. Fig. 6.5,

[8])

£,(q)>f,(-i/B ) + (q+1/B ) f) +z)/r (62)

g = 21k gy
where

Tds/r=(1/8“)sin ¢, tm,| €Os ¢, (63)

q = -1/511

-39-
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and since f‘2 is positive and increasing on a path of steepest descent

sitx =kl : p=iq-1/B,, - (64)

2 s -i/Bll

Angles with subscript c denote critical angles and correspond to point 3 in

Fig. 6. Note that since

B/Byy = sin o 3 Bm,|= cos a_ (65)

q=-i/By,

we can reduce Tds to

Tgs - (xsina_+ycosa )/B. (66)

The branch function is found to have the form

P 1/2
my ~ -imy (p) / (67)
in the fourth quadrant just below the branch point, where r"hl is a constant

and Cr1

quadrant, we obtain

is also of this form; thus, by including the contribution from the third

~

©

sG m -sT

ds 1572

E(X’Y1S)/p - ¥<Am1 13/2 € / VA exp (-SZ) dz .
1 |rfé| [e)

q = -i/Pyy (68)
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The integral can be evaluated and the transform inverted to yield the long-
time result

u(x,y,‘r)/P=—“-— s e 0

Am 3/2 HIT ~ 14,1

: - 1/2
Re lim (
rf!

q=-HB,,

for the nondispersive case. A convolution then provides the dispersive

solution and the u displacement becomes

G 5

1 i s F

u(x,y, 17)/P = T Re hmo (Am1> f P / Al (Ifz) dp
8 — b

mr (o}

q = ‘1/511

(70)

where X and 62 are defined in equations (59) and (60). In order to obtain

the expression for v, G1 is replaced by GiDZ' These displacements

3/2 -1/2

decrease as r , whereas the body waves decrease as r . Also, the

nondispersive head wave is smooth at its wavefront, and the convolution

smooths it further. This solution is not applicable when fé = 0 at point 3,

where the head wave becomes tangent to the quasi-equivoluminal wave.




VI. RAYLEIGH WAVE CONTRIBUTION

The largest contribution on the surface in the far field is due to the
Rayleigh wave. When y is zero, the Cagniard contours encounter the
Rayleigh pole located as shown in Fig. 5, and by approximating the integrals
in the vicinity of the pole, it is possible to determine the nature and strength
of the Rayleigh wave singularity for the nondispersive case. A low-
frequency expansion and a convolution then yields the dispersive solution as
in the previous sections for the body waves and head wave.

The Rayleigh denominator is first expanded as

&g+ i/BR) Al

q = -i/BR

The integrals are then approximated over small portions of the contour in
the fourth quadrant along the imaginary q axis just above and below the pole.

The first integral of equation (33) becomes the Cauchy principal value

-i/B,, - ie .
R e~18X%9q sG2

-i/BR -isxq
/ € /B__ dq + - dq 5=
“i/By +ie 1T UFR -i/B q +i/8g -

q 7-1/BR

(72)

Substitution of




and completion of the resulting integral yields

N O L sG,
T=5 P.V.f A dr {— : (74)

% q:-i/aR

The long-time result is then obtained by inspection as

(75)

q=-i/Bp

The integrals are also evaluated in the third quadrant, and the conjugate
properties of the integrals are used to reduce the far-field nondispersive

results to

: G )
4 R e 1
u(X,O,T)/P—ﬂ_Re Mg e ' WFR—O " 0
s -I/BRO
(76)
Ly e 1
v(x,0,7)/P = — Re = w7
s —=0 2 3/a RO
1= "R
(77)
where the nondispersive Rayleigh wave velocity is given by
Bro = Br (78)

1
|




Note that u is zero since the quantity in brackets in equation (76) is found
to be imaginary for the parameters selected in this investigation. However,
the Rayleigh pole also adds a residue term to the solution for u, and this
can be evaluated by considering a small circular contour around the pole

to yield

lizn 18 (Gi - GZ)

u(x, 0, 71)/P = Re T e

(T = x/B,,)
el RO
q ==ifBge
=

(79)
An analytical expression for the derivative of A with respect to q is given
in Appendix D.

The dispersive solution corresponding to equation (77) is developed

by expanding the Rayleigh wave velocity as

1/Bp = 1/Bgq + Lps /B2, (80)

and using the convolution theorem to yield

T

li S(G ) T -p-x/B
V(x’ 0»"')/P=%—Re sino lA' .XL/ p"l Al( = RO)
R
(T +p-x/Bp }
X
where
2 \1/3
XR =(3|§R| X /BRO) " (82)

«df .




The appropriate dispersive solution for the residue term is easily verified

to be
lim is(G, - G.) - x/B
u(x,0,7)/P=Re |, o ——r—" Ai(-—x—--fig) . (83)
R R

q = -i/Bgy

Numerical results for the vertical displacement on the surface
[equations (77) and (81)] are shown in Fig. 14 for the same parameters as
the previous figures. The value of CR in equation (80) for the expansion of
the Raylieigh wave velocity was determined to be approximately 1.03 by
fitting a parabola through s = 0 and each of the points s = 0.01, 0.02 and 0.03.
This yielded three values for (R that were then used to find (g at s = 0 by
extrapolation with another parabola. Note from Fig. 14 that the dispersion
eliminates the Rayleigh wave singularity and alters the entire shape of the
response curve. Similar results are shown in Fig. 15 for (r = 0.08 cor-

responding to y = 10.
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Figure 14. Vertical Displacement Due to Rayleigh
Surface Wave (y = 100)




Figure 15. Vertical Displacement Due to Rayleigh
Surface Wave (y = 10)
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VII. CONCLUSIONS

An approximate far-field solution has been presented for the response
of a periodically laminated composite half space subjected to a line impulse.
The governing equations were from the effective stiffness theory [4]. The
solution consists of convolution integrals that arise when the phase velocities
are expanded for low frequency. As the dispersion caused by the laminations
is allowed to approach zero, the solution reduces to the wavefront expansions
for the corresponding homogeneous transversely isotropic half space.

Numerical results were presented that illustrate the effect of dispersion
on the body waves and the Rayleigh surface wave. In each case, the wave-

front singularities are eliminated by the dispersion, and the displacements

beccoine continuous.
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APPENDIX A. DERIVATIVES FOR WAVE SURFACE i

The derivatives required to locate the nondispersive (s = 0) wave

surface are

0d
0 3 2
5= = 4B B,m’ - Zm(BZB4 +B,B, - 133) ax (84)
3(I’O 2 ’
4 ’ ’ - ’ ’
i~ (2B3B3 ~ BB, B1B5>m +BIB, + B RS (85)

s=0

where the primes represent partial differentiation with respect to q. The

derivatives of the B's for s = 0 simplify to

’ £ ’ ’
B, = A, - ZA5A5/A“
s=0 s=0
4 e ’ 1 ’
B 45 Ag + A5A9/A“ + A8A4/A10' g
s=0 s=0
’ e 7 (]
B P Ag - ZA8A8/A10' (86)
s=0 s=0
where
B
A, =2q[Mys, + (1 - M) 6 ]
FEN T
A3 = €m+ 1 » A5 = T](efy - €m)
AZ=2q(My+1-1) , Ag =Ny - 1) (87)




APPENDIX B. SECOND DERIVATIVE AT A SADDLE POINT

In order to determine 0 2m/8 q2 at a saddle point, we begin with

®,(m, q) = 0. (88)

Implicit differentiation yields

e S (89) 4

QO,q 0, m—,q

and ’

m2 + @ m =10 (90)

® + 29 0,mm ,q 0,m ,qq

m + &
0, qq 0,mq ,q

However, at a saddle point

o= -itan ¢ (91)
leading to
. 2 :
m e (-@O, - + Z1d>0’mq tan 6 + Qg e A8 ¢)/<I>0,m (92) ,

where
= ’ ’ /
WS e e e o i
* = 12m®B,B, - 2(B,B, + B,B. - BY) (94)
0, mm 174 274 15 3 40
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The remaining derivative % a6 is found by differentiating the determinant

2
Aim - A2 -A3m A4m A5
A A lfrl2 - A A A m
1 - 6 7 =g 9
¥ = =0 ]
0" (A ) i
g Ag A, 0
f
i
-A A m 0 A 3
5 9 L5 W {
(95)

which yields a sum of 16 determinants

el
- Ty Z Z
%0, qq " TA, 44, £ P (96)

where &,., is &, with columns j and k replaced by their first derivatives.
0jk 0 o

Note that (I)O K @ij. When j = k, column j is replaced by its second deriva-

tive. Appendlx A contains the first derivatives of the A's; the second deriva-

tives are

AZ" = Z[T]yéf ¥4 = n)am] (97)
As =2y +1-1) . (98)
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APPENDIX C. EXPANSION OF SLOWNESS IN POWERS OF s

The expansion for the slowness in equation (57) can be obtained by

recognizing that

1 gj's‘2 Vit o’j ics
o ==+ = + —2
mJ cos UJ BJ _Z—pJ ) BJ 2 g = 0

and since
m.ss\s =0~ "I’»Ss/d’,m‘s =0
we find that

B2
Ei ® ss

{;_] = 7Z cos cxj ‘b,m

s

These derivatives can be determined by evaluating

4 3 2
¢ o ls-0=4BBym” - 2m(B,B + B B, - BY|_ _

4
(B4B1,ss+B1B4,ss)m -(B2B4,ss+B %, 08

,ssls=0:

2
B +B5B -ZB3 3,ss)m R

t b 5,88 1,ss

1




2 2

By osla =0 Py gs BBy B gt Ay Byg o'Bpgla 20
‘ S 2
B, ssls =0~ 25811, 55/ 11lg =0
B = A_A B AKA /A%
3 sglts =0 579, ss 11 5911, ss 1
2.
i A4A8A10, ss/AIO P A8A4, ss./AIO‘ 5 =0 ;
[ B = 2A A /A +A2A /AZ" =0 !
) 4,ss! = “6,ss " OR9 g i g Byg aelygl® = 3
| ‘ e, 7
| Bs ssls = 0 ™ 28210,85 105 = 0 (104) i
i i
and ;
A =01 +8% 6,y t2 - mife A - 1A
1,ss ‘m ' ? 4,ss 1,ss
A o i % atl el = T o ]
6,88 4 y 9,ss 6,ss
A U A - 1CA /6 (105) "
10,88 ' T2 * 11,88 ' 7 _
"
]
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APPENDIX D. RESIDUE TERM FOR RAYLEIGH POLE

The derivative in the denominator of equation (75) for small s is

’ /¢
8 = GIHZ < GIHZ - G H - G2H1 (106)

where

G{ AR e [ - ’ gl 1
/s 1DJ 1qDJ, mJ mj A1 A4Ej /s

i 7 1 .
= (B2 - 2B1mjmj )/1mj B3

+(B -Bm)(lm B, +im,. B/

wN

fp sty . ¢ ’
Ej/s = (1A8 Dj +iAg Dj - mj !\4)/A10

tle =« i ~m B A -m D! = 2
HJ/s te mJ L A .mJDJ A6 A9FJ/s

‘ls = iA! - m’D. - m, D! 7
Fj/s (1A5 mj DJ A9 mJ DJ A9)/A“ (107)

and
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THE IVAN A. GETTING LABORATORIES

The Laboratory Operations of The Aerospace Corporation is conducting
experimental and theoretical investigations necessary for tne evaluation and
application of scientific advances to new military concepts and systems. Ver-
satility and flexibility have been developed to a high degree by the laboratory
personnel in dealing with the many problems encountered in the nation's rapidly
developing space and missile systems. Expertise in the latest scientific devel-
opments is vital to the accomplishment of tasks related to these problems. The
laboratories that contribute to this research are:

Aerophysics Laboratory: Launch and reentry aerodynamics, heat trans-

fer, reentry physics, chemical kinetics, structural mechanics, flight dynamics,
atmospheric pollution, and high-power gas lasers.

Chemistry and Physics Laboratory: Atmospheric reactions and atmos-
pheric optics, chemical reactions in polluted atmospheres, chemical reactions
of excited species in rocket plumes, chemical thermodynamics, plasma and
laser-induced reactions, laser chemistry, propulsion chemistry, space vacuum
and radiation effects on materials, lubrication and surface phenomena, photo-
sensitive materials and sensors, high precision laser ranging, and the appli-
cation of physics and chemistry to problems of law enforcement and biomedicine.

Electronics Research Laboratory: Electromagnetic theory, devices, and
propagation phenomena, including plasma electromagnetics; quantur electronics,
lasers, and electro-optics; communication sciences, applied electronics, semi-
conducting, superconducting, and crystal device physics, optical and acoustical
imaging; atmospheric pollution; millimeter wave and far-infrared technology.

Materials Sciences Laboratory: Development of new materials; metal
matrix composites and new forms of carbon; test and evaluation of graphite
and ceramics in reentry; spacecraft materials and electronic components in
nuclear weapons environment; application of fracture mechanics to stress cor-
rosion and fatigue-induced fractures in structural metals.

Space Sciences Laboratory: Atmospheric and ionospheric physics, radia-
tion from the atmosphere, density and composition of the atmosphere, aurorae
and airglow; magnetospheric physics, cosmic rays, generation and propagation
of plasma waves in the magnetosphere; solar physics, studies of solar magnetic
fields; space astronomy, x-ray astronomy; the effects of nuclear explosions,
magnetic storms, and solar activity on the earth's atmosphere, ionospherc, and
magnetosphere; the effects of optical, electromagnetic, and particulate radia-
tions in space on space systems,

THE AEROSPACE CORPORATION
El Segundo, California
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