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I. INTRODUCTION

Lamb’ s [ii  half space problems have been the subject of many

investigations because they are fundamental to numerous two-dimensional ap-

plications. Kraut  [2] extended Lamb’ s solution for a line source on an iso-

tropic half space to a t ransversely isotropic half space by developing a solu-

tion with the Cagniard-deHoop technique. A summary of this solution and a

list of related references are available in Kraut ’ s review arti cle [3]. Kraut ’ s

solution is the nondispersive solution to the present problem corresponding to

a replacement of the laminated composite with a homogeneou s transversely

isotropic material.
In order to const ruct  a solution that includes the effect of geometrical

dispersion, we begin with the equations of motion and boundary conditions
- • from the effective s t i f fness  theory advanced by Sun , Achenbach, and

Herrrnann [41. One of several other approximate theories that are available

for composites could have been selected for this study; however , the form of

the fundamental solutions obtained here would not be changed by such a choice.
• Two related problems that demonstrated the ef fec t  of geometrical dispersion

on the dynamic response of a laminated composite have recently been solved

Es , 6] within the context of this effe ctive s t i f fness  theory ,  and those solutions

provide the back ground for this invest igat ion.  The f i r s t  problem [s] was con-

cerned with one-dimensional pulse propagation in an obliquely laminated com-

posite : the second [61 resul ted in a s teady-  t at e  solution for load s moving over

a composite half space. In each case , a fa r - f ie ld  solution was developed that

contained low-frequency long wave s consistent with the basic assumptions in

the effect ive  s t i f fness  theory . A near-f ie ld  solution would require high-

frequency short wave information that is available only from the exact theory .

In other words , the approximations that were  used to construct  the solutions

matched the approximations inheren t  in the field equations and boundary

conditions of the effect ive s t i f fness  theory.  The sam e approach is followed

in the present  work .
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•1In the follow in g analysis , Fourier and Laplace t ransforms are used to
obtain a formal solution to the problem. A far-field solution is developed
for the body wave responses in the interior of the half space by f i r s t  using
the method of steepest descents to approximate the inversion integrals “ear
the appropriate saddle points. Then, the phase velocities are expanded for
low f requency ,  w h i ch pe rmi t s  the invers ion of the Lap lace t r ans fo rms . The
head wave and Rayleigh wave are treated in a similar manner.

The final results show that from two to five separate wave s contribute
to the response , depending on the location of the observer in the laminated
half space. The quas i -  di la ta t ional  wave and head wave are  shown to be one-
sided wave s , whereas  the quasi-equivoluminal wave is one-sided until a
critical ang le is exceeded , and then it becomes two-sided. Also , cusps may
develop on the quasi -cqu ivoluminal  wave . Geometric dispersion caused by
the laminations is shown to strong ly influence the body wave results by elimi-
nating the s ingular  behavior that exists for the displacements at the wave-
fronts  in the nondispers ive  solution. The singularity in the Rayleigh surface
wave is also found to be eliminated by geometric dispersion.
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II. STATEMENT OF PROBLEM

The periodically laminated half space subjected to the line impulse

P0ó(t)~(x 1) is shown in Fig. 1. P0 is the magnitude of the line impulse; o(t) and

o(x 1 ) represent  Dirac delta functions with arguments time t and spatial co-

ordinate x 1. Because the half space is in a state of plane strain , the equations

of motion from the effective stiffnes.. theory [4] can be written as

-a1
a1122 u1 + a2a11u1 + a3822u 1 + a4812

u2 + a5
8112~ 2 1

-a6
8~~ 21 + a781~ 22 = -b

1
822

U
1 
+ b 21i1 + b~ 82~ 2 1 (1)

-a8
81122u2 + a9a11u2 + a 10 a 22u 2 + a4 a 12u 1 + a 11 6 1~

b 21

+ a128112~ 22 - a13 62~ 22 = -b 1822U 2 + b 2U 2 + b 3 82~ 22 (2 )

- a6 82u 1 + a 11 a 1u 2 - a14811~ 2 1 + a 15~~2 1

b~ 02
U
1 

- b4~ 2 1 
(3 )

a 12 8 112u 2 - a 13 82u 2 + a7 81u 1 - a
16811 iP22 + a17~,b22

= b 3 a2’d 2 - b
4~ 22 (4)

where u 1 and u 2 are the average displacements in the x 1 and x 2 directions ,

respectively, and and are microdeformations in the stiff laminations.

The notation a~u. = 8 u . / 8 x .  i s used , and dots above variables denote partial

different iat ion with respect to t ime.  The con stants  in the above equation s of

motion are defined as follows:
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Figure  1 . Laminated Half Space with Line Impulse
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a3 = ~~~/(l -
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, 

- a~~~~
5- a-

- J - 1

a6 
-
~

a~. = ‘ ( \ . —
I Ill

a = d ~~ a / 12‘I s in 3

= + (1 - 11) l•L m

a = (\  + .~~i ) / ( 1  —

10 i-n In

- a 11 = -

- 
a 1) = a ~

• = fla 10

a 1 1  = d~ a 2 / 1 2

a 15 = ~-Tu - )IJ
f 

+ ~pi J / ( 1

a 16 d~ a~ / 1Z

a = 
,
~I ( 1  - f l ) ( \  + Z} i )  + (\  f 2~~ ) ] / ( 1  - 1]) ( 5 )
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= 
~~~ ~~~~ 

1 ( 1  -

b2 = ~~P f 
+ (1 - 

~~~m

= d~~b2
/ 12 (5)

where

~~= d f /h , h = d
f

+ d
m~ (6)

The preceding definitions depend on the Lam~ parameters, thicknesses, and
densities of the soft (m) and stiff (f) laminations, which are denoted by X ,
d , and 

~m and X
ft  

FJ.
f
I df~ and P ft respect ivel y.

The half space is initially at rest , i . e . ,  u 1, u2, ü 1, ~~ ~22 vanish
at t = 0 , and the tractions on the surface are specified as

t 1 = 0  (7)

and

t2 = -P 0ô(x 1)ô(t) (8)

where t 1 and t 2 are shear and normal tractions , respectively. It is also re-
quired that all displacements and st resses  vanish at an infinite dis tance from
the load.

- 10-
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III . FORMAL SOLUTION OF PROBLEM

In order to develop a formal solution to this problem, an exponential
Fourier transform defined as

?~ic) =f f(x
1) exp(i,cx1

)dx
1 (9)

with inverse

f(x
1) = ~J ?(K) exp(-iKx

1
)dK (10)

and a Laplace transform defined as

T(u) =f f ( t )  exp(-at)dt ( 11)

with inverse

f(t)  = 

~~~~‘~r 1 

exp(crt)da ( 1 2 )

are applied to equations (1) -(4)  subject to the quiescent  initial conditions.
Nondimensional parameters are then introduced , and the resul t ing set of
equations is reduced to

B ~~~~~~~~ - isB - s 2 B ~ 0 (13 )1 2 3 d y 2dy

and

B 1 ~.-4 - isB 3 ~~! - s 2 B~~ 0 ( 1 4 )
d y

- I I -
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where  nondimensiona t quanti t ies are def ined  as

u = u 1/h , v = u 2 /h , x = x1 /h , y = x2
/h (15)

T t(~~~~/ p ) ~~~
2

/h , = ~h , s =a h/ (~~ / P ) 112 (16)

The coefficients in equations (13) and ( 14) are given by

B 1 A 1 - A~~/A 10

B2 = A 2 - A~~/A 11

B 3 = A 3 + A 5A 9 /A 11 + A4A 8 IA 10

B4 = A 6 - A ~~/A 11

B 5 = A 7 - A~~/A 10 
( 1 7 )

where

A 1 = ( 1  + q
2

o ) ( 1  - ~)s 2 / 1Z + 1/(1  -

A 2 = (~~9 + I - ~ ) + [~~~~f + ( 1 -

A
3

= ( E + l ) q

A4 = T ~A 1

A 5 = ~~(€
f~ - e~~ )q (18)

(Cont.)
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A
6 = ~~~ / ( l  - 

~ ) + (q
2 + 1)( 1 - ~ )

2
/ 1 2

A 7 = (~i~ + I - 1~) + (~~y + I - ~ )q
2

A 8~~~~ ( V -  1)q

A 9

A 10 s 2
~~

2A 2 J 12 + ~y + ~
2 / (1  -

A 11 s2
~~

2A 7 / 12 + ~y5f + ~
2 ó / ( l - ~ ) (18)

and

= 
~f~~’m 0 =

ôf _ E
f

+ 2 (X
f

+ 2 ~~ f
) /~~~f

5 E 1 - 2 = ( X  +2~ ) / ~i ( 19 )
rn rn m fl~ in .

Also , in an t ic ipation of the form of the final solution , ~ has been el i m in ated

b y substi tut ion of a nondimensional  slowness defined as

q~~~~ /s . (2 0 )

Note that s is confined to the dispers ive term s (those t e rms  that contain the

number 12) in the definitions for the A ’s.

Equations (13)  and (14) are combined to yield

I B1B4 ~~~ 
- (B

2B4 + B 1B 5 
- B~ ) s

2 
~~~~ + B 2B 5s4

~ 0 . (2 1 )

-13-
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Then, because the general solution of equation (21)  is proportional to
exp(-msy), we obtain

~ (m,q,  s) = m
4
B1
B4 - (B

2B4 + B1B5 
- B~ )m 2 

+ B2B5 = 0. (22)

Since y ? 0 and s can be considered positive, we choose the two roots of this
equation that have positive real parts in order to satisfy the conditions at
infinity (y -. o ) .  The t ransformed displacements and microdeformations then
become

~~~~C 1e 1 + C 2e2

= C
1
D

1
e

1 + C2D2
e
2

~2 1 = C1
E

1
e4 + C2E2e2

= C
1
F

1
e
1 + C2F2e2 (2 3)

where

e. = exp(-m .sy) , j = 1, 2 (24)

and C 1 and C2 are arbi t rary constants to be determined from the boundary
conditions . The other coefficients in equation (23) are defined as

D~ = (B 2 
- B 1rn~ ) /im . B 3

E . = s(1A 8D. -

F~ s(iA 5 - m~D~A9 )/ A 11 , j = 1, 2 . (2 5 )

I
-14- 
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Expressions for the two tractions are available [7] and their transforms

reduce to

= C1G1
e
1 + C2G2e2 (26)

12km = C1H1
e
1 + C2H2e2 (27)

where

= -i qsD. - m .sA 1 - A
4E.

H. = -iqs 
~m m .sD.A 6 

- A9F~ , j = 1, 2 . ( 28)

In order to satisfy the boundary conditions specified by equations (7) and (8)

C1 = PG
2 /~~ (29)

- 
- C2 = -PG1 /~ ( 30)

in which

I
= G

1
H
2 

- G2
H

1 (31)

and a nondimensional line impulse is introduced as

P = P0(~~~~/ p ) 112
/~~~~h

2 . ( 32)

Double inversion integrals for the transformed quantities in equation (23) can

now be written by using equations (10) and (12). This completes the formal

solution to the problem .

— 1 5 -
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IV . FAR-FIELD SOLU TION FOR BODY WAVES

Since an exp licit  evaluation of the double invers ion integrals  would

be quite complicated , if not impossible, approximations are soug ht in order

to construct  a fa r - f ie ld  solution. The Laplace- t ransformed displacements

are g iven by

~~x,y, s) /P  ~—J
’

[G 2 exp(-i qsx - m 1sy)

- G
1 exp(-iqsx 

- m 2 sy)J ~~~
1sdq (33)

~ (x,y, s)/P [G2
D1 exp(-iqsx - m 1 sy)

- G
1D2 

exp(-iqsx - m 2 sy )]A~~~sdq . (34)

We f i r s t  consider  equation (22), which is a polynomial with three

variables that provides  the roots m 1 and m2. If s is set to zero , the re-

suiting equation defines the nondi spersive two-dimensional  slowness sur face

for a t r ansve r se ly isotrop ic material  in plane strain

s1
0(m , q)  =~~ (m ,q , s) = 0. (3 5)

s= 0

Thi s slowness surface is shown in Fi g. 2 for  V = 100 , 11 = 0 . 8, 0 = 3 ,

0. 35, and V
f 

= 0 . 3 , where  the l imit ing values are  the reciprocals  of the wave
— speeds

1/2

- 

{V S f + 
~~~~~~~ 

- J[~v~1 + (1 
~~~m’ - T 1(V € f - 

)2~ 
( 36)

f t  - 

(I  - fi + 11O )[V S f + ~ 5 / ( 1 - ~ )]

- 1 7-
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Figure 2. Slowness Surface
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V 6 5  )1/Z
m f  

37Z2 (I ii+T I8 )E (1_ 1U V of +~ i 6 ] j

1/2

~ 12 ~21 {(1 - ~ + ~O )[y(I  - ~ ) + ~~ 
( 38)

For the present  data , 
~~~ 

= ~~~~~~ = 2.82, and = 1.36.

Points on the wave surface satisf y

iq x + r n y - r = 0  (39)

and since a vector from the origin to a point on the wave surface is parallel
to the normal to the slowness surface (Fig. 3)

x = -iK.~0 q y = K4~0 m (40)

where K is a constant, and the comma denotes partial differentiat ion. Substi-
tution of equation (40) into (3 9)  yields

K = T/ ( q ~ 0 + m
~ 0 m ) (41)

and therefo re , from equation (40),  the wave surface is defined b y

x = - iT t I
0 q

/(q4F0 q 
+ m4 0 m~ 

(42)

y = T tI~
0 ~.1/ (q ’I ’0 q + m’10 m ) (43)

In addition, m and q must be on the slowness surface , as g iven by equation
(35). Expressions for the derivatives that appear in equations (42) and (43)

are given in Appendix A; the wave surface that correspond s to the slowness

• surface in Fig. 2 is shown in Fig. 4.
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With the fo rego ing  as back ground , we re tu rn  to the evaluation of the

in t eg ra l s  in equat ions  (33)  and (34) .  A branch  point occur s  whenever  in = 0 ,

which  reduces  equation ( 2 2 )  to

B 2B 5 = 0 (44)

ari d , fo r  the nondispers ive  case ,

B 2 = (T~9 + 1 - 11)( 1 + q 2
~~~1 ) ( 4 5 )

B 5 = ( f lO + 1 - ~))( 1 + q 2
~~~2 ) . (46)

There fore , equation (44)  is sat isf ied at the fou r  points

q = ± i / ~~11 ± i / ~~12 (47 )

Other b ranch  point s occur  when m 1 = m 2, and these can be determined b y
sett ing the disc r iminant  of equation ( 2 2 )  to zero . Ray lei gh poles (q = 

~
also exis t wh en ~~= 0 , [7] . The b ranch  point s and Ray lei gh pole located in
the lower half of the q-p lane a r e shown in F ig. 5. Branch cut s a re  also indi-
cated in the fi gure . The path of in tegra t ion  along the real q axis can be re-

placed with a Cagniard-deHoop path in the lowe r half of the q-p lane for  x > 0.
Thi s problem was solved for  the nondispers ive  case by K raut  [2] and provides
the f i r s t  approximat ion  to the p resen t  di spersive probl  ~m • Krau t ’ s solution

is exact and valid e v e r y w h e r e , including near  the w a v e f r o n t s  shown in Fig. 4 .
He also de te rmined  that the disp lacements  were  s ingular  at the wavefronts

with s t r eng th  O( - T *I  
1/2 ), whe reas , at the cusp tips , the s ingular i ty

became O( T - T~ 1 2 / 3 ) , where  T~~ cor re sponds  to the a r r iva l  t ime of the

wave f r o n t . Th ese sing u la r i t ies a r e  d i r e c tl y related to the o rder  of the

co r responding  sad~ le point . In the p resen t  anal ys i s , the low-f requency

-2 2-
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Figure 5. Location of Branch Points and Ray lei gh Pole in q-Plane
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behavior of these saddle point s is used to develop a d ispers ive  solution near
the wavefront s that exist in the nondispersive solution . Therefore , the fol-

lowing development is valid only for  large distances f rom the load , where the

response is expected to contain onl y low-frequency component s . For the

method of steepest descents.  it was convenient to refe r to Miklowitz [8], who

present ’~d analogous approximations for  regular and irregular wavefront cases

for  a homogeneous half space .
In o rde r  to p roceed, we substitute

x r s i n~~ , y = r c o s ç~ , O < ç t <~ T/ 2  (48)

into the f i r s t  integral of equation (33)  and obtain

T = ~~~f sG 2~~~ exp(-rs f 1) d q (49)

where

f 1 = iq sin q + m 1 cos q . ( 50)

The method of steepest descents requires  that

af 1 am 1
-

~~

—

~

— = i sin ~ + 
8q 

cos = 0 ( 5 1)

and assuming that cos ~ ~ 0 , which exclude s the surface response , we ob tain

am 1 + i t a n ~~~= 0 .  ( 52)

-2 4 -  
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A value of q that  s a t i s f i e s  thi s equation is a saddle point q 1, and the integral

can be approximated in the v ic in i ty  of thi s point to y ield

T~~~( 2 f f r s ) h / 2 (sG 2~~~
1) ! f !

~~~~~
2 ex~ (~~rsf 1)~ q q  (53 )

where

2 28 f  & m

2 = 2 cos i~~� 0 .  (54)
aq

This  approximation to the in tegral  is valid as long as the saddle point is not

on a branch cu t . The calculational p rocedure  to obtain a 2m / aq 2 is g ive n in

Appendix B.

To invert  into the time domain , we f i r s t  substitute ( see  Fi g. 3)

= ~ - 1 cos , q 1 = -i~~~
t sin (55)

into equation (50)  to obtain f rom e quation (53)

T ~~(2~~rs) h / Z
(sG 2~~~

1
)~ f

1
hI 1 / Z  exp [- s (x  sin + y cos ~~~)/ ~~] . (56 )

We then expand the s lowness in powers  of s (A ppendix C)

+ ( 5 7 )

-25-
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and use the convolut ion theorem to i n v e r t  the t r ans fo rm . The final  results

are

1 sG 2 
_ _ _ _ _ _u(x , y, T )/ P  = 

~( 2 r ) 1 /2 Re lim
(~~~~) X • 

f H 1/2
1 1 q=q 1

p T  2 / s G \xJ p~
1 Ai( ± 5 1)dp - iim (~

_
~ -L

) 1/2
0 s—. O

q=q 2

J
T ]  (58)

whe r e

2 1
~’3

= [3 !c~~~x sin + y cos c~.)/~~.] 59

= [T - p - ( x  sin 
~~~

. + y cos ~~~~~~~~~~~~~~~~~~~~~ 
(60)

in which ~ = 1, 2 , and the positive si gn in the argument of the A i r y  func t io n is

used if C . is posit ive ; otherwise the negative sign is u sed . Exp res s ions  f o r

the v disp lacement are  obt ained b y inser t ing D 1 in the f i r s t  te rm of equation

(58)  and D 2 in the second according to equation (34) .

Figure  6 shows the locations of the saddle points that correspond to the

slowness su r face  in Fig. 2 . The quasi-di la tat ional  branch ( n i ) has onl y one

saddle point and it is alway s regular  because it does not fall on a branch cut

fo r  0 <~~~ < -ir /2 . If 0 <
~~ ~~~~~~ 

where  is the value of ~ at point 2 in Fi g. 6,

the quas i -equivoluminal  branch  (m 2 ) has onl y one saddle point  and it is

regula r . For 
~~ 

<~~ 
~~~~~ 

the m2 branch  has three  saddle poin ts  labelled a ,

b , and c. One or two of these saddle po in ts  are i r r egu la r , because they

-2 6-
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lie on the branch cut corresponding to the m1 = 0 branch point and the
approximation in equation (53) is not applicable. If < ~ < 1T/2 , one
i r regu la r  saddle point exis ts  for  the m2 branch , In the nondispersive case,

it is known that such i r regu la r  saddle points are associated with head wave-
f ron t s  and two-s ided  quasi-equivoluminal wavefronts. In the sequel , we show
that analogous behavior is true in the dispersive case .

Sketches of Cagniard-deHoop contours for ~ = 20 and 70 deg are shown
in Fig. 7 . lm( f . )  is zero and R e ( f . )  is increasing corresponding to increasing
T/r on these contours. The Cagniard-deHoop contours go through the saddle

points and are also paths of steepest descent . For a saddle point on a branch
cut , the steepest descent approximation in equation (53) has to be rederived.
An i r regu la r  saddle point also occurs in the homogeneous isotropic case [8]
when ~ is g rea te r  than the critical angle , which causes the equivoluminal
wave to become two-sided behind the head wave . A two-sided wave is a wave
that has a disturbance before and after  the arrival time . The present  i r regular
saddle points a re  treated in a manne r similar to the homogeneous isotropic
case , and the resulting changes are  g iven in Table I for  the four possibilit ies
shown in Fig. 7 at point s a and b for  q = 20 deg. The coefficient in f ront  of

the steepest descent approximation in equation (53) will change from 1 to -1
when the paths are reversed as illustrated b y paths ® and . On paths

and ® , the coefficient becomes -i , The other modification involve s
whethe r the contour is ar r iv ing at a saddle point (paths ~ and ® ) or
leaving a saddle point (paths ® and 0 ). The waves at these two saddle

points for q = 20 deg are two-sided because the saddle points are on a branch

cut . The f ront  portions result from paths ® and ® , whereas the back

portions result from paths 0 and . This causes a si gn change in
where p is used for f ront  portions and -p for  back port ions.

The contour s in Fig. 7 are similar to those in Kraut ’ s work [2]. Cross-
ing of the branch cut emanating from the m 1 = m 2 branch point is done by

going on to the next Riemann sheet of the function. It is unnecessary to show

path s going up along the cut , circling the branch point , and corning back down
since the two resulting integrals  are of opposite sign and therefore cancel.

-28- 

— — —  -S. -—— - . ~~~~~ - • -S —~~ — —- -S -— - —— . 55.-S -— __•_ _5 5 _ _ _ —. — t —~~~~~~~



_~ 55-S -55.—— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _~~~~~~~ _~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

I

I m q  
_ _

Re q

= 20° 

-1//~~*~~~~~~~~~~~~~~~~~~~~~~~~
)

~; ~~~~~~~~/

I m q

Req
d — — — — — —

~~=70 o c m 1~= m ~~~~~~~~

~

1I

~

1

*

~ 

I ~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Figure 7. Sketch of Cagniard-deHoop Contours
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Table I. Coefficients and Sign Changes in the Steepest Descent
Approximation for the Quasi-Equivoluminal Two-
Sided Wavefronts

Equation (53) .Path coefficient Sign Change in Typ e of wave

1 1 -p Back

2 -f p Front

3 -i -p Back

4 -i p Front

-30-

- .- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .-
~~~~~~~~~~~ .- - - - - — —------ - -



~ ~5 ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~*~~~~ 5~5~~~~S5 , ~~~~~~~~~~~~~~~~~~~~~~~ -- .5— -- ~~~~~ 

-

* 
The six separate contributions to the vertical displacement v for i = 5

and ~ = 45 deg are shown in Figs. 8-13. The nondispersive solution (dashed
curve) is included for comparison . These solutions would partially overlap
because the arrival times are close together; however, they are presented
separately in order to emphasize the difference in amplitudes (note that the
vertical scale factors are  different)  and to illustrate the effects  of geometrical
dispersion on the separate contributions. The effect of di spersion is par-
ticularly dramatic in Figs. 12 and 13 , where the two-sided wave that cor-
responds to saddle point a is practicall y eliminated. Thi s two-sided wave
at point a is quasi-equivoluminal and is traveling in a direction that corres-
ponds to 

~2 ~ 
76 deg which is almost parallel to the laminations. Previous

investigations [4, 5] revealed that these shear-like waves traveling parallel
to the layering are highly dispersive .

S.

f
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Figure 8. Vertical Displacement Due to Quasi-Dilational Wave
Corre sponding to Saddle Point d
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Figure 10. Vertical Disp lacement Due to Two-Sided Quasi-
Equivoluminal Wave Corresponding to Saddle
Point b; Back Part
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Figure 11. Vert ical  Disp lacement Due to Quasi-Equivoluminal
Wave Corresponding to Saddle Point c

-35-

- . -~~~~~~~~~~ ——~~~~~~~~~~~~~ - - ~~~~~~~~ ---~~~~~-
- 
~~i______ - - -- 55-’ 

- - 

-—~~~~~~
-_- - - . — _ ~~~~~~~~~~~~~~~~~~~~~~~~~



-.5—5- .5 ~~~ -~~
--

~~~~~ -~~~~ ~—— .5-,,- -5----- -. -~~~~ 1~~ — ~~~~~~~~~~~~~~~~~~~~~

I I I I  I

-6  — I —

I

~~~~~~ :

U ’ I I  I I I I —

4 6 8 10 12 14
I

Figure 12. Vertical Disp lacement Due to Two-Sided Quasi-E quivoluminal
Wave Corresponding to Saddle Point a ; Front Part
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V. HEAD WAVE CONTRIBUTION

The head wave is a re f lec t ed quas i-equ ivo lumina l  wave g e n e r a t e d  b y
the  g r a z i n g  inc idence  of the q ua s i - d i l a t a t i o ria l  wave  wi th  the  f r e e  s u r f a c e .

It cons i s t s  of a p lanar  wave that j o i n s  point s 3 and e in Fig. 6. The head

wave is t angen t  to the  quas i -equivolumiria l  wave at point  3 and its nondis-

p e r s i v e  solut ion behaves  as 0 ( j T  - T~~~ 
1/ 2 ~ fo r  < ~ < i~/2 , which  is

r a t h e r  weak  compared  with the  bod y wave s i n g u l a r i t i e s .  The contour  f o r

70 deg is shown in Fig.  7; the contour  passes  b y the  b r a n c h  point  located

at Im(q)  = - 1/ ~~~~ . The p o r t i o n  of the contour  that  is on the b r a n c h  cut j u s t

below the b r a n c h  point c o r r e s p o n d s  to the r e g i o n  j u s t  a f t e r  the  a r r i v a l  of the

head wave.

In o rde r  to e s t i m a t e  the e f f e c t  of d i s p e r s i o n  on the  head wave , we

begin  with

• ~ (x ,y , s )/P  -~f  sC 1~~~~ exp ( - r s f 2 ) dq (61)

and expand f 2 down the i m a gin a r y  axis near  the  b r a n c h  point as (cf .  Fig. 6. 5,

[ 8])

f 2 ~~~~ f 2 (- i/ ~~11 ) + (q ~ ~~~~~~~ 
f~ = (T

d 
+ z ) / r  (62)

q = - i/ ~~11
w he r e

(1/F~~1 ) ~~~ ~c 
+ m

2 
cos 

~c (63 )

-: q

— 3v -

- 
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and since 
~2 is positive and increasing on a path of steepest descent

z/ r  = p f~ , p = iq - 
~~~~~ 

. (64)

q =

Angles with subscript c denot e cr it ical an g les and correspond to point 3 in
Fig. 6. Note that since

sin , = cos (65)

q = — i / ~ 11

we can reduce T tods

= (x sin + y cos 
~~~~~~ 

(66)

T h e b ranc h func t ion is f ound t o have th e f or m

~ -i~~~ ( p ) 1’2 ( 67)

in the fou r th  quadran t  jus t  below the branch point , whe re  is a cons t an t
and is also of thi s f o r m ;  thus,  by including the contr ibution f r o m  the third

quadrant, we obtain

tr(x ,y, s) / P = 
I ~~~~~~~~~ 

e
T

c~5 f  ~l / Z  exp ( - s z)  d z .

q = -i/ ~~j 1  (68)
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The integral can be evaluated and the t ransform inverted to yield the long-
time result

u(x , y, T ) / P  = ~~~ lim (sG i)  
‘

~~

‘ 

~rf ~ I~’~ 
~H (r  - T ds

)] 

(69)

q =

for  the nondispersive case. A convolution then provides the dispersive
solution and the u displacement becomes

u(x , y , T )/ P  = 
~r~ 12 Re[11m (:: 1~) x 2~~~~

3’
~ 

p ”2 Ai (~~~2
) d

p]
q = - i/S 11

( 70)

where  x 2 and 8 2 a re  defined in equations (59)  and (60) .  In order  to obta in
th e express ion  f or v , G is rep laced by G D . These disp lacemen ts
d e c r e ase as r , whereas the bod y wave s dec r ease as r . Also , the

nondispers ive head wave is smooth at its wavefront , and the convolution
smooths it fu r ther .  This  solution is not app licable whe n f~ = 0 at point 3,

where the head wave becomes tangent to the quasi-eq~-ivo luminal wave.
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VI. R A Y L E I G H  W A V F  C ONTRIBUTION

The la rges t  c o n t r i b u t i o n  on the su r f ace  in the f a r  f ie ld is due to the

R a y lei gh wave .  When  y is .—.cro , the  Cagn ia rd  c on t u ~~r s  e n c o u n t e r  t h e

Ray lei gh po le located as shown in Fi g. 5 , and b y ap p r o x i m c i t l n g  the In t eg ra l s

in the v ic in i ty of the pole , it is possible to d e t e r m i n e  the  ‘~~~tu . r t  and s t r e n g th

of the Ray lei gh wave s ingula r i ty  for  the nondispers ive  case .  ‘\ lou. -

f r e q u e n c y  expans ion  and a convo lu t ion  then y ie lds  t h e  d i s p e r s i v e  s- J u t  t ’ n  as

in the  p revious  secti ons f o r  th e bo d y wave s and head wave .

The Ray leig h denomina tor  is f i r s t  expanded as

A (q + ‘‘5 R~ 
A ’ . I

q = 1/S R

The in tegra l s  a r e  then approximated  over small  por t ion s  of t h e  - n t  — : ~ r In

the f o u r t h  q u a d r a n t  along the imag ina r y q axis j u s t  above and be 1ov~ the  p - ! e .

The f ir s t  i n t eg ra l  of equa t ion  (33 )  becomes  the Cauch y p r in c ip a l  value

~~~ o ~~ 

~~~~~~~ dq + J R  
- i€  

~~~~~~~~~~~~~~~~~~ d~

] q  -

(72 )

H i b st  i t u t  t n of

T = iqx (73)
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and com pletion of the resul t ing in t eg ra l  y ields

T = ~~~ P.
V .J  T

~~~
X/

~~R 
d T ( ~~~~)~ 

‘ 

. (74)

q = _ L / S ~

The long-t ime result  is then obtained by inspection as

lim sG 2
= S — 0  (T - X/ S

R
) A’ 

(75)

q =

The integrals  are  also evaluated in the third quadrant , and th e conj ugat e

proper ties of the integrals  a re  used to reduce the f a r- f i e l d  nondispers ive
resul ts  to

u(x , 0, T ) / P Re ~~~ 
s ( G

2 - 0 1
) 

- 

T - X/ SRO 
= 0

q =

(7 6)

v(x , 0, T ) / P  = Re 
s (G 2D 1 - G1D 2 ) 

- 

T - X/ 5
R0]q =

(77)

where the nondispers ive  Ray leig h wave velocity is g iven by

5 R0~~~~ R . (78)
s = 0
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Note that u is zero  since the qua ntity in brackets in equation (76) is found
to be imaginary for the parameters selected in this investigation. However ,

the Ray leigh pole also adds a residue t e rm to the solution for u , and this
can be evaluated by consider ing a small circular contour around the pole
to yield

lim is (G 1 - G )
u(x, 0, T )/P  Re , 

2 
6 (T  - x/5

s—..0 A R
q —  ~ RO

L

An anal ytical expression for the derivative of A with respect  to q is given

in Appendix D.

The dispersive solution corresponding to equation (77)  is developed

by expanding the Ray leig h wave ve loci ty as

+ 
~R~~~’5 R0 (80)

and using the convolution theorem to yie ld

v(x, 0, T ) / P  = Re 
~ s~~~ O 

(G2D1 -01D2) ~ ~~~ [A i(T  

- P )d/S Ro )

- Ai (T 
+ P - x / B R

o)] dp~ (81 )

where

X R = ( 3 I ~ R 1 X ,~z)
1/3 

(82)
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The appropriate dispersive solution for the residue term is easily verified
to be

u r n  is (G 1 — G2
) T - X/ S ROu(x, 0, T)/ P  = Re 

~ 0 A ’XR 
q = ~1/S R0 

Ai(  X R 
) . (83)

Numerical  results for the vertical displacement on th e sur face

{ equations (77) and (8 1)J are shown in Fig. 14 for the same paramete r s  as
the previous fi gures.  The value of C R 

in equation (80) for the expansion of
the Raylieigh wave velocity was determined to be approximately 1. 03 by
fitting a parabola through s = 0 and each of the points s = 0. 01 , 0. 02 and 0. 03.
This yielded three value s for C R that were then used to find CR at s = 0 by
extrapolation with another parabola . Note from Fig. 14 that the dispersion
eliminates the Rayleigh wave singularity and alters the entire shape of the
response curve . Similar result s are shown in Fig. 15 for 0.08 cor-

responding to y = 10.

-1 
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Figure 14. Vertical Disp lacement Due to Ray leigh
Surface Wave (~ = 100 )
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Fi gu r e  15. Vertical Displacement Due to Ray lei gh
Surface Wave (y = 10)
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VII. CONCLUSIONS

An approximate far - f ie ld  solution has been presented for  the response
of a periodically laminated composite half space subjected to a line impulse.

The governing equations were from the effective stiffness theory [4]. The

solution consists of convolution integrals that arise when the phase velocities

are expanded for low f requency .  As the dispersion caused by the laminations

is allowed to approach zero , the soluti Dn reduces to the wavefront  expansions

for the corresponding homogeneous transversely isotropic half space.

Numerical  resul ts  were presented that illustrate the effect  of dispersion
on the body waves and the Ray leigh surface  wave . In each case , the wave-
f ron t  s ingulari t ies are eliminated by the dispersion, and the displacements
beco iro- continuous.
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APPENDIX A. DERIVATIVES FOR WAVE SURFACE

rhe derivatives required to locate the nondispersive (s = 0) wave
su rf ace are

4B 1B4m 3 
- Zm(B 2B4 + B 1B 5 - B~ )~ (84 )

(aB 3B~ - B~ B4 
- B 1Bg)m

2 
+ B~ B5 + B 2B~~ (85)

where the primes represent partial differentiation with respect to q. The

derivatives of the B ’s for s = 0 simplify to

B~~ = A~ - ZA 5 A~~/A 11~

= A~ + A~ A 9 /A 11 + A ~ A4 /A 10~

Bg = A.~ - 2A8A~~/A 10 (86)
s=0 s 0

where  •

A~ 2q[~~y5 1 + ( 1 - 
~~) ôm l

= em + I , A~ = T) (E f y -

A Zq( 1~y + 1 - 1~) , A~ = 11(y - 1) . (87)
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APPENDIX B. SECOND DERIVATIVE AT A SADDLE POINT

In order to determine a 2m/ 8  q 2 at a saddle point , we beg in with

•0(m , q) 0. (88)

Implicit differentiation yields

~ +~~ m = 0  (89)
0 , q  0, rn , q

and

+ 2c~ m + 4 m 2 
+ 4 rn = 0. (90)

0, q q  0, rnq , q  0 , mm ,q  0, m , q q

However , at a saddle point

m q = -i tan~~ (9 1)

leadin g to

m = (-~ + 2i~ tan ~ + ~ tan 2 
~~)/ ~~ ( 92 )

, q q  0,qq  0, mq 0, mm 0, m

where

mq = Zm(2B 3B~ - B~B4 
- B 1B~~~ (9 3)

~0,mm 
= 12m 2 B 1B4 - Z(B

2B4 
+ B1B5 

- B~~~ . (94 )
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I
The remaining der ivat ive ~~ qq i s f oun d by different ia t ing the determinant

A 1m 2 
- A 2 -A 3m A4m A 5

A 3m A 6m 2 
- A 7 -A 8 A 9

m
= (A 10 A 11 )~ A 10 

A :i s=0 

= 0

( 9 5)

which yields a sum of 16 determinants

~ 0, q q  = (A 10A 11 ) E~~~~~~ O~k (9 6)
s 0  j 1  k 1

w h e r e  
~
‘0jk is ‘

~
‘
~~ 

with columns i and k rep laced by their f i r s t  de r iva tives .
Note that 

~0jk = 
~0kj~ 

When j = k , column j is rep laced b y its second deriva-
tive. Appendix A contains the f i r s t  derivatives of the A’ s; the second deriva-
tives are

= Z[l lYô f + (1 - m a ]  ( 9 7)

A4’ = 2(
~

y + 1 - 
~~) . (98 )

- =,t ) - 
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APPENDIX C. EXPANSION OF SLOWNESS IN POWERS OF s

The expansion for  the slowness in equation (57)  can be obtained by
recogniz ing that

~ 
~~~ cos cx. m 2

rn~ = cos 

~(~+~~)= 
~ 

+ 0 (99 )

and since

= 0 = 
~~~~,ss~~~~,m l 5 = 0 (100)

. 
we find that

~~~~~~~~~~~~~ ~~~~~l~~~= 0  
. ( i O i )

q =

These derivatives can be d e ter m i ne d  by eva luating

= 0 = 4B
1 B4ni 3 

- Z m ( B 2 B4 + B 1B 5 - B~~) l 5 0 (102)

= (B 4B 1~~~ + B 1B4 55 )m 4 
- (B~ B4 ~~ 

+ B4B 2 5 5

+ B 1B5 ~~ 
+ B5B 1 ,ss - 2B 3B 3 55 )m 2 

+ B 5B2 ~~ 
+ B 2 B 5 ~~~ ~ = 0 (103)

wh ere
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B
1 5 5

1
5 = 0 = A i~~~5 - 2A4A4 55 /A 10 + A~ A 10 55 /A~ 0~~5 = 0

B
2 5 5

~~~~
5 0 

= A~ A 11 /A~~1 ,  = 0

B3~~ 5 ,
~ = 0 A 5A9 5 8 /A 11 - A

5
A
9
A 11 55 /A~ 1

- A
4
A8A 10 55 /A~0 + A8A 51 55 /A 1 0 5  =0

B455~ = A6~~~ 
- 2A

9
A
9 55

/A 11 + A~ A 11 55 /A~ 1 s 0

B5~~~~ 5 = 0 = A~ A 10 /A~ 0 ’ = 0 (104)

and

A
i~~~5 

= ( 1  + q 2 
~~~ 

( 1 -  ~ ) / 6  A4~~~ =~~A 1 5 5

A6~~~ 
(1 + q 2 ) ( 1  _

~~ ) / 6  A9 5 5  ~~A6 5 5

A 10 55 ~~ A 2 /6 A j i ~~~5 = ‘
2 A 7 / 6  (105)
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APPENDIX D. RESIDUE TERM FOR RAYLEIGH POLE

The derivative in the denominator of equation (7 5)  for  small s is

A’ = G H 2 + G 1H~ - G~ H 1 - G2 H (106)

where

Gj /s = - iD. - iqD~ - m! - m~ A 1 - A
4E~’/s

. 

D! = (B~ - 2B 1m.m~ ) /im~ B3

+ (B
2 

- B
1
m~) (imS B3 + im. B~ )/m~ B~

E~/s = (iA~ D. + i A 8 D ’ - m ’ A4) /A 10

H~/ s z _ i c - m ~~D. A - m .D ! A - A F!/ s
3 m 3 3 6 . 3 3 6 9 j

F’/s (iA~ - m ’ D. A
9 

- m . D ’ A9
)/ A 11 (107)

and

j 1 , 2 .
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THE I V A N  A.  GETTING LABORATORIES

The Laboratory Operatio ns of The Aerospace Corpora t ion  is conducti n g

exper imenta l  and theoret ica l in v e s t i g a t i o n s  n e c ess a r y  for toe evaluation and

application of s c i en t i f i c advances to new mil i tary concept s and sy s t em s . \‘ Cr -

sa t i l i t y  and f lexibi l i ty  have been developed to a high degree  by the laborato ry

personnel  in dealing = i t h  the many problems encounte red  in the nation ’s r a p i d l y

developing space and miss i l e  Sy s t e m s .  Expe r t i s e  in the la tes t  s c i e n t i f i c  dcv eI~
opments is vital to the accomp lishment  of t a s k s  re lated to t hese  p r o b l e m s ,  The

laboratories that contribute to thi s  research  are :

Aerophy sics  Laboratory : Launch and reentry aerodynamics , heat trans-
fer , r eentry ph ysi c s, chemi cal k i n e t i c s , s t r u c t u r a l  mechan ic . . f l i g h t  dynam ics .
atmosp he ric pollu t ion , and hi gh-po wer gas lasers .

Chemist ry  and Ph y s i c s  Laboratory : Atmospher ic  r e a c t i o n s  and atmos-
pher ic  optics , chemical reactions in polluted atmosp he re s . che r ruca l  react ions
of excited species  in rocket plumes , chemical  t h e r m o d y n a m i c s , p lasma and
laser - induced reactions , laser chemistry,  p ropu ls ion  c h e m i s t r y ,  space va cuum
and radiation e f f e c t s  on materials , lubr ica t ion and su r face  phenomena , ph oto-
sensi t ive materials and sensor s , hig h p rec i s ion  l ase r  rang ing ,  and the app li-
cation of phys ics  and chemistry to problems of law enforcement  and biomedicine .

Elec t ronics  R e s e a r c h  Labo r a tory ~ F~lec t roma gn et i  c theory,  devices , and
propagation phenomena , including p lasma e lec t r o m a g n et i c s . quantu r e l e c t r o n , ,
lase rs , and e l ec t ro -op t i c s ;  communication s c i e n c e s , appl ied e lec t ronic . , se mi -
conduct ing,  superconduct ing,  and crystal  dev i ce  ph ysi c s , op t i ca l  and acous t i ca l
imaging; atmospheric pollution; millimeter wave and f a r - i n f r a r e d  t echno l ogy .

Materials Sciences  Laboratory :  Development of new materials;  metal
matrix composites and new forms of carbon; te st and s- . a l i i a t  ion  of graphi t e
and c e r a m i c s  in reentry; spacecraf t  ma t e r i a l s  and e l ec t ron ic  component. in
nuclear  weapons environment ;  appl icat ion of f r a c t u r e  m e c h a n i c .  to s t r e s s  cor-
ros ion and fa t igue- induced  f rac tu res  in s t r u c t u r a l  meta ls .

Space Science. Laboratory: A tmospheric and ionosp heric physics , radia-
tion from the at mosphe r e , de nsity and composit ion of the atmosp here,  aurora e
and a irg iow; magnetosp heric  physic s , co smic r ays , g ene ra t i on  and propag at ion
of plasma waves I n  the magne tosphe re ;  solar  ph y s i c s , s t u d i e s  of so la r  magnetic
f i e l d s ;  space as tronomy, x- r a y  astronomy; the e f f e c t s  of nuclear exp los ions ,
magnetic storms , a nd solar a c t i v i t y  on the ear th ’ s at mosphe re , ionosp her . , a nd
magnetosphe re;  the e f f e c t s  of optical , electromagneti c , and parti culate  radia-
tions in space on space systems .

THE AEROSPA CE CORPORATION
El Segundo , Calif ornia 
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