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A B ST RA CT

This research program was concerned with an attempt

to resolve the controversy surrounding the d e s cr i p t i o n  of

the ve nt of the T-burner. Tha t con troversy , whe ther the re

arises a gain or a loss of acoustic energy through the

vent , is fundamental to an understanding of the evaluation

of T-b urner results. The research program was to have in-

v o l v e d  d e v e l o p in g an im p r o v e d  a na l y s is a l o n g  w i th a sm a l l

exper imental program to verify that analysis. The program

has been terminated.

(
~
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1. I N T R O D U C T I O N

C o m b u s t i o n  i n s t a b i l i t y  i s  a direct result of the inter-

actions-invariably nonlinear-between the flow field , combustion

and wave motions in rocket motors. The T-burner (Ref. I) is

recognized as a generally re l iable and convenient tool for

the study of the combustion instability phenomena (Ref. 2).

In sp ite of several limitations , the double-ended , center-v ented

T-h urner has provided usefu l data and shows promise for improve-

ment as its performance becomes better understood.

At this date , howeve r , there are still basic questions

pertaining to the burner geometry, the propellant grain geometry,

the instrumentation and the data reduction system (Ref. 3).

Such questions may be resolved only by a detailed analysis of

the performance of a T-burner.

It has been repeatedly pointed out that one of the more

important questions in the interpretation of the indicated gain

or l o~~ in a T-burner and “ . . .by far the most difficult task

is to formulate a realistic representation of the behavior of

the subsonic lateral vent generally used in the motor... ”

(R e f .  4 ) .

The controversy about the effect of the vent , whether

there arises a gain or a loss of acoustic energy through it ,

is fundamental to an understanding of the evaluation of the

T-burn er results (Refs. 5 and ~~). The con t roversy m ay he very

well observed in the repcrted results of analysis and certain

definitive , a~ h e i t s im p l e , exper iments (Refs. 7, 8 and 9).

- .~~~~~-,- - ---~~~~~~ — - — -
~~~~~~~
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At the same time it should be pointed out that the one-

d i m e n s i on a l  f l ow a p p r o a c h  to t he p ro b l e m  o f the ven t is  en ti r e ly

open to question; the flow field is three -dimensional in nature

and v is cous effec ts canno t be i gno red t o any ord er in the

corner region.

The objective of this research program was to attempt

a resolution of the vent controversy throug h an improved analysis.

In add iti on , a small experimental program was to be undertaken

to verif y tha t new ven t m odel.

_ 
~~~~~~ ~~ . ~~~~~~~~~~~~~~~~ H
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II. BACK GROUND

We shall set the background for further investigation

by answering briefly the questions: (1) what is the nature

of the approaches taken to study instability in T-burners ,

(2) what is the nature of the assumptions introduced in deal-

ing with the vent , and (3) what are the experimental approaches

taken to resolve the vent controversy.

1-burner Instabilit y

The general approaches taken in the study of T-burner

instability may be said to be the following: (1) One-dimen-

sional flow with mass addition; (2) One-dimensional flow with

varying area of burner cross -sect ion and with mass addition ;

(3) Three-dimensional flow in the “classical ” sense; (4)

“Patched” three-dimensional flow to account for coupling be-

tween wave motions and boundary processes; and (5) Nonlinear

analysis including a nonlinear transient burning rate (Ref.

10). The analyses under (1) and (2) do not require any spec-

ial discussion (Refs. 11 and 12).

The three -d imensional flow analysis that has been dis-

cussed in Ref. 13 is an inviscid analysis. The one-dimensional

fl ow analysis is also an inviscid analysis but contains the

mass addition terms exp licitly. In order to account for the

interactions at the bounda ries in the three-dimensional flow

analysis , either one has to include all of the boundary pro-

cesses or one has to set up an analogy between the one and

-- -—
-~~~, -- -- .,~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- -~~~~~~ 
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the three-dimensional flows and ident i fy the interaction terms.

What has been achieved in Ref. 13 is the establishment of the

boundary conditions that should he explicitly identifi ed in

the three-dimensional flow analysis (for example , in the wave

number equ ation) on the basis of a direct analogy with the

corresponding one-dimensional equation. That is certainl y

a useful approach (a) in clarif y ing what the inviscid three -

dimensional flow analysis without explicit mass addition terms

can y ield and (h) in interpreting the im plications of the ma cs

addition terms in the one -d imensional flow analysis. At the

same ti m e , it should be clear that no three -d imensional flow

a n a l ~~~ i~ includin g the boundary p~ ocesses is available to date.

In Ref. 5 , it has been stated that , for exam ple , the

acoustic/mean flow interactions associated with the flow enter-

ing along the lateral boundary “ . . .can he handled ir an ex-

tension of classical thr ec -dinen s ional analysis only by includ-

ing viscous forces and treating essentiall y a problem of boundary

layer theory. .

In the one-dimensional analysis , the input from the

lateral boundary is represented by sources of mass , momentum

and energy, and the analog )- with three -dimensional flows

therefore merely identifies those terms.

The growth constant for acoustic waves in a chamber

with com b ustion at the surface and with mean flow has also

been obtained (Ref. 14) using the overall energy fluctuation

in the chamber. Obviously such an analysis does not account 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _
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for the d i s t r i b u t i o n  of sources of mass and energy. This has

been discussed in Refs. f and 13 in some d e t a i l .  However ,

the analogical studies with one-dimensi onal flow have not clari-

fied the situation in any substantial manner.

Also , there is the analysis based on the acoustic energy

of the chamber (Ref . 15) wherein the mass generated at the surface

is identified as a Dirac delta - function in a thin volume element

and is associated with a velocity pertaining to the surface layer

region. One can obtain correspondence between a surface process

and a volume pioces s , i f  nccessar y . That will help clarif y th e

meaning of the ‘flow-turning ’ effect , for example. However ,

in this lumped-parameter approach , one is essentially carrying

out a one-dimensional analysis and not a true three-dimensional

flow analysis.

The nonlinear influences in a T-burner arise from non-

linear gas dynamics and velocity coupling. Acoustic pressure

oscill a tions in T-hurners reach a limiting amplitude indicating

a nonlinea r mechanism. A detailed discussion of the current

state of one-dimensi onal nonlinear analysis is available in

Ref . 5. Both a numerical solution (method of characteristics)

as well as an approximate solution have been obtained. The

implications of including nonlinearities , however , are not clear.

Effect of the Vent

It has been stated (Ref. 5) that “ . . .until the importance

of the m ean flow-associated vent -e ffect is established , the

test techni que using pulses during and after burning involves 

- — -— ----~~~ —.- *— - —---- -rn — 
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a potentially serious uncertainty... ” . As stated again in Ref.

5 , “ ...the three -dimensional unsteady viscous flows at the

center exhaust vent and in the vicinity of li p s’~~ r recessed

edges remain unsolved , both anal yticall y and experimentally... ”.

The state -of -the -art may be discussed in the following

manner: (1) Cu l ick’ s basic analysis , (2) Coates and Horton

analysis , and (3) Culick ’ s improved analysis.

In Culick’ s basic analysis (Ref. 13), the assumption is

made that “ ...there is an inelastic process at the boundary in

which the fluin originally participating in the acoustical

motions flows out the vent with no acoustic energy... ” . The

immediate consequence is that there arises a gain. However ,

Culick points out carefully that this is a consequence of the

one-dimensional analysis , that it “ ...in no way constitutes a

detailed analysis of the vent.. .“ and also that “ . . .th e r e s u l t s

are suspect... ” . At the propellant surface , th e r e  is  an i n f l u x

of m as~ and one correctly obtains the result that a loss occurs

under the assumption that the burning mass acquires acoustic

spe ed i r reve r s ibly.  Yet at the yen ., there appears to arise

a gain , at least formally, for all modes in a simple uniform

burner according to Cu lick’ s theory. Of course , one can show ,

as in d e e d  Cu l i ck doe s , tha t the e f f ec t of the v ent van i shes

for all modes if one assumes that the axial momentum of the

gas leaving through the vent is destroyed by the action of

v i s c o u s  s-tresses and axial force exerted by the wall of the

vent . The contribution to the growth constant due to the

resulting force acting on the flow nullifies the gain and the

- ~~- - - .------ ~- - ~~~ -- -———-~~~ a.-~~ 
-
~~~~~~~~
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~ent has no net effect.

The Coates and h orton analysis (Refs. 16-18) along with

the correlation of experimental results question the afore-

mentioned result and indicate a loss in the nozzle. This is

of course based on the assumption that “ ...the gases leaving

the chamber convect the local acoustic energy with them ... ” .

Incidentally, Coates ~ id Horton -use basically the ~HC th eory

(Ref. 14). They modif y the theory to account for the mean

flow interaction by invoking the quasi-steady processes ap-

proximation (Ref . 19) for the nozzle (briefly, with no dis-

tinctio n between the acoustic and steady components of the

v e l o c it y of gas passing through the nozzle).

Culick (Refs. S and 13) has also considered the radiation

of acoustic energy through the vent . Radiation however influ-

ences principally only the even modes.

Now , in the analogical studies between one and three-

din~ensiona l flows , Culick (Refs. 13 and 20) does take into

account the influence of the possible acoustic modes at a

rigid surface in terms of the angle between the direction of

propagation of the incident waves and the normal to the surface.

H o w e v e r , this is not included in the determination of losses

at the vent .

In  ge ne r a l , the three- dimensional viscou s effects and

forces exerted by the wall have never been examined in detail

at the vent. There is of course a recognition of the nature

of the problems involved (Ref. 10): (1) the ed ge of the vent 

-~~ _ _
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acting altern a tel y as a l e a d i n g  : in d  a t r a i l i n g  ed ge w h en  the

f l o ~ o s c i l l a t e s  and (2) the s e p a r a t i o n  a n d  r e a t t a c h m e n t  of

t h e  f 1~~ a t  t h e  v e n t .

T h e  a t t e n u a t  i o n  of s o u n d  w a v e s  in a v i s c o u s  l a y e r  c a n

be c a l c u l a t e d  i n a s i m p le  f a s h i o n  e i t h e r  b y a s s u m i ng  a l o c a l l y

o n e - d i m e n s i o n a l  a c o u s t i c  b o u n d a r y  l a y e r  or by i n t r o d u c i n g  m a s s

so u r c e s  a t  t h e  b o u n d a r y .  H o w e v e r , such a p p r o a c h e s  t o  t h e

p r o b l e m  preclude t h e  p r e c i s e  n a t u r e  of t h e  i n t e r a c t i o n  b e t w e e n

f l ow a n d  a c o u s t i c  m o t i o n s  b e i n g  c o r r e c t l y  a s s e s s e d .  M o r e o v e r ,

such lumped pa r a m e t e r  a p p r o a c h e s  do n o t  p r o v i d e  e x p l i c i t  i n -

f o r m a t i o n  f o r  c a l c u l a t i o n s ,  I t  s h o u l d  be n o t e d  t h a t  t h e  ~~i f -

fraction of acoustic osci l l a t i o n s  at the vent corner has never

b e e n  t a k e r  i n t o  a c c o u n t .

E x p e r i m e r . t  a l  S t u d i e s

Two independent experimental studies , one at the California

Inst itute of Technology and the c’t her at the Naval Weapons

Center , previously attempted to determine the acoustic wave !

mean flow field interaction in a T-burner. Culi c k and Ma giaw~~la

(R e f . 1) at Cal Tech conducted an experimental program con-

cerning the stud y of interactions bet ween acoustic waves and

non-uniform fb i-, fields in a simulated 1-burne r. Data was

taken in an impedance tube and in a resonance tube having

the configuration of a T-burn er. Their results were incon-

elusive as to whether a loss or ga in can be :issocia ~~ed with

t h e  e x h a u s t  f l o w  t h r o u g h  the 1-burner v e nt. The g r e a t  e s t

d i f f i c u l t y  t h a t  t h e y  e n c o u n t e r e d  w a s  in  ~e a s u r i n g  p r e c i s e l y  

_~~~~~_ - ,~~ —~~—.-- .— V~—~ ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-
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the various losses present in their experimental systems.

Derr and Mathes (Ref. 22) in the second phase of a

research program at NWC attempted to conduct cold flow tests

in a simulated T-burner to determine the nature of interactions

be tween acoustic waves and mean flow. However , their findings

were also inconclusive due to the trouble they experienced

in obtaining precise values for the impedances of the end

surfaces of their apparatus.

I
I

I

I 
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III. OBJECTIVES OF TIlL PROGRAM

The 1-burner to be examined is one with a center-vent

extending over the entire circumference of the burner chamber.

The propellant grain may be attached to the flat end wall and

also to the cylindrical wall. Attention is restricted entirely

to longitudinal instability in the T-burner. In addition ,

the propellant is assumed to be without any metal additives ,

* 
rather similar to a smokeless propellant.

The acoustic-mean flow interaction is central to the

investi gation . it is therefore essential to take into account:

(a) the state of the gas and the viscosity and heat conduction

of the gas ;  (b) t he deve lopme nt o f t he mean fl ow in t he

T-hurn er , for example on the assumption of axisymmetric , v iscous

flow con ditio ns ; and (c) the compressibility effects intro-

duced en account of Mach number effects. While (a) and (b)

are entirely unavoidable in this investigation , the compressi-

1 - i l i t >  cif fe c-t s due to flow Mach number and Mach number gradi-

ents may he examined under two successive approximations as

fellows:

(c-i) Negligible Mach number: Terms including Mach

number are t rea ted as of lower orde r .

(c-2) Finite Mach number: The full implication of

Mach number-introduced nonlinearities are taken

into account. Those nonlinearities interact with

other non linearities due to instability.

The basic objectives of the investigation are as follows:

_ _ _ _ _ _ _ _ _ _  ~~-- -~~~~~~~- -~~~~~~~ -~~~~~~ 
--
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(1) To establish in sufficient detail th e acoustic-mean flow

interaction in the \ .icinity of the vent; (2) To pr ovide a

calculation procedure for the damping coefficient due to the

vent; (3) To verify experiment ally the acoustic-fluid mechan-

ical interaction in a T-burner configuration without combustion :

and (4) To correlate experiment al results under (3) above

with experimental results obtained from other laboratories

on controlled 1-burner combustion instability data on the basis

of the model and calculation procedure established under (1)

and (2) above.

Analytical Studies

The following assumptions are made: (1) Axisy mmetric ,

viscous flow in the burner; (2) Viscosity effects included

in the corner turning processes; (3) Acoustic interactions

examined in relation to inviscid but vortical motions in the

ve nt corner; and (4) Subsonic flow , with Mach number intro-

duced nonlinearities.

In addition , ir. order to take into account the mass and

heat additions in the motor , it is assumed that the additions

arise from distributed sources at the boundaries. The s im p l e s t

propellant configuration is the one with the pro rellant con-

fined to the ends. The energy balance is spec~ ied in terms

of two equations , one for an acoustic energy balance and a

second for a global energy balance.

The burner geometry is assumed to he axisymmetric with

a vent extending over the entire circumfe rence. The width

_ _ _
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of  t h e  v e n t  i s  t a k e n  to  be e q u a l  t o  a b o u t  a q u a r t e r  of t h e

d i a m e t e r  of t h e  t u b e .  The  v e n t  c o r n e r  g e o m e t r y  i s  c h a r a c t e r i z e d

by the radius of curvature , one limiting case being a sharp

turn.

The only instability that will be examined here is the

longitudinal instability in the motor . In some parts of the

investigation , a w eak sh ock w a v e i s c ons idered propagating

normal to the direction of mean flow and in most of the invest-

igation , only acoustic waves are examined.

It is also assumed that the fundamental mode of oscillation

with a pressure node at the vent is the one of interest. With

even modes , a pressure anti-node occurs at the vent with no

flow and the pressure field is symmetric.

The first problem is to establish the nonsteady viscous

flow field in the T-burner using (a) the stream function ,

vorticity and axial momentum as variables and also (b) the

velo cities and pressure as variables. It is important to

deal with both sets of equations simultaneously.

The second proble m is to establish a method of calcula-

ting the propagation of a weak shock wave (M = 1.001) in the

burner and out through the vent (Refs. 23 and 24). This is

a significant part of the investi gation. A pa rt from estab-

4 lishing the changes across a weak shock wave in the course

of prop agation , this study will indicate the nature of the

boundary conditions to be imposed during the acoustic wave

interaction studies.

_  _ _  _



15

In obtaining the weak shock wave interaction with flow ,

the stream function-vorticity formulation will be utilized so

that details of the viscous flow need not be taken explicitly

into account. At the same time since vorticity is convected

by t he f lu id , once the vorticity distribution is known , the

propagat ion characteristics of a weak shock wave can be estab-

lished along each streamline.

The final portion of the analysis consists in determining

the nonlinear damp ing coefficient utilizing nonlinear axisyni-

metric equations and numerical methods for the solution of

the problem. In this connection , the following problems will

have to be solved : (a) identification of appropriate boundary

conditions; (b) determination of the most appropriate numerical

techni que; and (c) establishing the optimum method of in-

cl uding viscous flow field effects.

In each of those problems , the crucial factor is the

acoust ic-mean flow interaction in the vicinity of the vent

and in the vent. Careful attention will be given to assumptions

and suggestions made by earlier investigations regarding the

following: (1) Flow in the vent , (2) Pressure distribution

over th e vent , (3) The detail to which losses in momentum

have to be incorporated in the vent region , and (4) The

manner in which Mach number gradients are to be taken into

account.

Expcrim enta l Studie s

Th e experimental studies to have been undertaken under 

- - -~~~~~~~~~~~~ -- - -—--~~~~~~~~~~~~~~ —----- - -—~~~~~--- - -~~ --- -~~~- -_ - - - -
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t h i s  p r o g r a m  w e r e  t h o s e  c o n c e n t r a t i n g  on t h e  a c o u s t i c - f l o w

interactions in a T-burner configuration . Combustion studies

were not antici pated. It was exp e cted that results from T-

burners with slotted vents and with combustion would have

become available for use from other sources.

The experimental studies were to have involved a cold-

gas 1-burner having a slotted vent (see Figures 1 and 2).

The cold -gas was to have been injected into the T-hurner “com-

bustion chamber ” at those locations normally considered loca-

tions for the burning surface of  t h e  p r o p e l l a n t .  T h e  c o l d —

g a s  T - b u r n e r  w a s  t o  h a v e  b e en  of s u c h  c o n f i g u r a t i o n ( s )  t h a t

a r a n g e  of  f r e q u e n c i e s  of  o s c i l l a t i o n s  of t h e  f u n d a m e n t a l

mode would have been driven. Those frequencies correspond

to those of interest for solid rocket p rop e llants.

The experimental study was to have concentrated on the

measurements of the acoustic-flow interactions in a simulated

cold flow 1-burner confi guration (see Figure 1). Measurements

of pressu re and velocity fluctuations 1)0th in the main stream

reg ion and in the flow turning region of the circumferential

vent were to he taken with the loss in acoustic energy through

the vent subsequently d e t e r m i n e d  f r o m  t h e s e  m e a s u r e m e n t s .

ihe cold-gas T-burner w a s  t o  h a v e  b e e n  of s u c h  c o n f i g u r a t i o n ( s )

t h a t  s e v e r a l  v e n t  c o r n e r  s h a p e s  of i n t e r e s t  c o u l d  h a v e  b e e n

investigated experimentally. Pressure oscillation measure-

m &-nts were to be m ade  with K istle r Piezotron miniature pres-

sure sensors and velocity fluctuations were to he deter m ined

- - -~~~ - - --- — — - -- - -
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with a DISA Electronics ’ hot-wire anemometer equi pp ed with

a specially designed sub-miniature , 2 velocity component probe.

Figure 2 illustrates the setup for t h e  p r o p o s e d  f l o w

experiment. Air supplied from the existing laboratory fac ility

was to be metered and injected equally into both ends of the

simulated 1-burner and exhausted from the apparatus through

the circumferential slotted vent into a surge tank and finally

to the atmosp here. The facility exists to preheat the incoming

hi gh pressure a ir if necessary. Flow metering was to be ac-

complished with BROOKS Armored rotameters equi pped  w it h

electrical transmitting output . 

— ——— - -~~~~- -_-- - - -—-~~~~ —-- - -- _ _ _ _ _
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IV. RI S I J 1T S

A n a lytic a l Resu l ts

(a) A survey of literature on acoustics of branched ducts

was conducted. It was found that (i) no satisfactory formulation

existed for three-dimensional , viscous , non-adiabatic (with heat

generation) flow with acoustic type disturbances imbedded in the

flow that could account for tu rning or br anching of duct flows

(Reis. 1-13) and (ii) no satisfactory method of incorporating

appropriate boundary conditions existed at the joining stations

in  the duct (Refs. 1-13). Appendix I provides additional details.

(b) A preliminary study of the flow configuration in a

T-bu rner and the available experimental results indicated that

experiments c o n d u c t e d  in the usual manner with conventional

measurements were unlikely to yield details of the processes

occurring in the vent corner. Detailed pressure and velocity

measurements are required over the entire vent corner reg ion before

aii y c*.up l ing between the vent and the motor flows could he e s t a b -

lished. iven then the coupling itself w i l l  arise through losses

in momentum and energy and therefore the acquired data on pres-

sure and velocity nt-ed to he processed as vector flow impulse

qu a n t i t i e s .

(c) After several months of effort on various formulations

f o r  t h e  v e n t - c o u p l i n g  p h e n o m e n a , it was de c i ded that the most

appropriate was one t h a t  wo u ld p e rm it a separate accounting of

sound energy (production , dissipation and convention) in addition

to accounting for mass , momentum and total ener gy. In that

__________________
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fashion , it was expected that one could obtain a clear delineation

of the local changes in sound energy at various locations in the

Vent corner. It was also expected that , as in problems of

turbulence , the coupling between vent flow processes and motor

flow processes would become fully established throug h the sound

energy balance equation. This formulation could have been pursued

further at the time the contract was terminated. Appendix II

provides additional details.

(d) In order to obtain some preliminary estimate of the

magnitude of terms involved in the formulation described under

(c) above and also to gain a preliminary understanding of the vent

corner processes , an analytical formulation was undertaken of

th e problem of propagat ion of a weak normal shock (M 1.001)

in the vent corner region. As an aside , we established the dif-

fraction of such a wave at the vent (of finite width), and we

could determine the rear-ward influence of a propagating weak

shock ‘vave set at a fixed angle (between 0 and 90 deg.) to the

vent cross-section as it moved from the “lead ing edge of the

vent’ to the “t r a i l ing ed ge o f the ven t” . The next logical

step would have been the calculation of the changes in the shock

wave as part of the wave mov ed out of the vent with the flow.

Appendices III and IV provide additional details.

~~p~ rimenta l Results

Although the project was terminated prior t o  the completion

of the experimental appar atus , there are comm ents that may he

made regarding the expected experimental results. From the
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pressure and velocity oscillation measurements were to have been

conducted in the main flow region and in the vic i n i t y  of the vent ,

the gain/loss of the simulated T-burner system ’s acoustic energy

due to the exhaust flow through the vent was to be determined

experimentally. It is believed that the results of such an ox-

perim eri t would resolve the present controversies re garding the

acouctic/mean flow interaction due to flow turning through the

v e n t  of a T-burner. in a ddition to the above results , an attempt

w r i s to have been made to map out the entire velocity flow field

in the v i c i n i t y  of the vent in o r d e r to  d e t e r m i n e w h e t h e r t h e

circumferential v e nt made the resu l t i n g  flow field in the cx-

p e rim enta l app~ir at u s a xis ym m etric.

The experimental apparatus was being designed , and there

are no experimental results to report. 
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Appendix I

Acoustics of Branched Ducts

A l iterature survey was undertaken to establish the devel-

opmen ts in branched duct acoustics that could be applied to the

vent prob le m. While the burner chamber and the vent are both

ax isymmetric in the T-motor confi guration chosen for study, namely

a T-niotor with a circumferential Vent , the joining section between

the burner and the circumferential vent may only be analyzed on

the basis of fully three-dimensional , v i sco u s , non-constant

en t h a l py  flow. This would be the case whether the Vent corner

is sharp (separation at the corner) or the vent joining section

is faired (separation location becoming part of the solution).

Referenc es A. I .1 - 1.23 constitute the main literature examined.

The fo l low ing qu es t ions we re essen t ially answe red in the nega ti ve.

(1) Is there a satisfactory way of calculating the steady

f low in the ven t corn er when t rea t ed as an elliptic

proble m?

(2) Do es a linear or nonlinear analysis of branched flow

acoustics exist that would permit application to the

vent corner with simple modification?

(3) rs there an example of the application of proper bound-

ary conditions over a vent of finite width? 
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Appe n d i x II

Acoustic Enei~~~~~ jance

11.1. Bac~~~ro und

It is important to recognize in connection with the so-

called vent problem that in each of the four or five basic con-

tr ibu ti ons by Croc co , H ar t , and  McLu re , Culick , Hor ton and Coates ,

t’licheli and Derr (which have been referenced in various places

elsewhere in this report), some aspect of the problem has been

emphasized more than the others , hut each is a perfectly rational

and complete solution in the context of the formulation and

assump ti on s adop ted.

Three features of the vent flow that are fundamental to a

complete solution of the vent problem are (I) the fact that the

vent has a finite width and the implications of this for the for-

mation of standing waves and their pos sible coupling with the

v ent , ( 2 )  the losses occurring in the vent corner and the impli-

cations of the distribution of such losses for the assumption

of a lumped-loss parameter and (3) the inertia associated with

the vent flow and the importance of setting up boundary condi-

tions for velocity and pressure in the vent corner.

It is therefore important to set up three -d imensional ,

vi scous , nonadiaba tic flow equations that can be solved with

aco ustic energy present in the flow and to introduce approp riate

boundary conditions to couple the vent and the duct flows.

It can be seen from Ref. A .II.l that the introduction of

sound waves into a duct filled with a viscous fluid has effects

on the velocity distribution depending directly upon the rati o 

- -~~~~~ -~~~~~~~~~~~~~~~~~~~ V - -- - - - - -V--~-
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of the reduced frequency, k , and the shear wave number , s , those

be in g def ined by

k = w r/ C

s = RIP

where R is the radius of the duct and P , p and C are the mean

d ensity, viscosity and undisturbed acoustic velocity of the gas.

The appropriate Kirchoff equation is obtained in that reference

i n the f o l l o w ing f o r m

F(r ,s ,k ,~~,y) = 0

where r is the propagation constant , c , the square root of the

Prandtl number and y is the ratio of specific heats. This analysis ,

of co u rse , is restricted to the case with no mean flow.

When the shear number is large , that is when k/s << 1 , it

has b een shown in Ref. A. lI.1 . that the nature of the solutions

for velocity distribution is as shown in Fig. A .J I .l , whe re V~

and  Vr represent the axial and radial ~e1ocities.

ihis analysis is presented here to show the complexities

that will arise when centrifugal forces are present as at a

turning of the duct. A solution for such a case with a turning

of the duct has never been undertaken.

The foregoing is an analysis of duct acoustics in the

absence of motion. If there is mean gas motion , it will become

coupled nonlinearly in the Kirchoff equation. If furthermore ,

the mean flow includes vorticity and vorticity changes , as i n

a c u r v e d  f l o w  ( v e n t co rne r , say), the vorticity fluctuations

int rodu c ed by ac ous ti c w a v e s  w i ll beco me coupled to the K ir choff 

--- - --~~~~ - - ~~~~~~ - .  -—~~~~~~~ - - ~~~~-
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equat ion.

The importance of boundary conditions in connecting the

vent to the duct in a T-motor may he seen from the following

s im p l e  ex a m p l e of a bran ch e d  d u c t , F i g .  ~ .II.2. The incident

(i), reflected (r), branched (h) and transmitted (t) waves

are shown in that figure. In order to establish the acoustical

motion in such duct , it is necessary to introduce at the vent

the following boundary conditi ons :

a. continuity of pressure; and

b. continuity of volume velocity.

If harmonic acoustics is assumed , e . g .

= A. exp (ic~t), etc.

u .  = P . / p CA ,

wher e A is the cross-sectional area , the boundary condi-

tions become

i )  P .  + P = P = P , and
i r t b

ii) u. + u = u + u
i r t b

One c an the n ob ta in eas i l y  the expres si ons for ac ou s t ic imp edance

and power coefficient of the side branch and the transmitted

branch. How ever , calcula t ion of the impeda n ce and the powe r

coefficient requires the details of the flow process in the three

branches of the p ipe.

It may be pointed out that the problem of incorporating

boundary cond itions is not overcome when one assumes “p l u g ”

flo w in the vent because in order to connect the vent plug

to the duct , either one has to assume that there are no corner

effects or include the corner effects to sufficient d e t a i l .  

-—-- -- - -~~~~~~~~~~-~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- -- --- - ---~~~~~~~~ - -~~~~~~~~- -- -- -
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11. 2. Acoustic Ener~1

With that background , it has been concluded that the only

method of establishing the “vent effect ” is to solve for acoustic

impulse or acoustic energy in the entire vent reg ion , comprising

of some distance upstream of the vent corner , the vent corner

and some distance downstream of the corner. It was decided that

acoustic energy is possibly the more meaning ful parameter for

purposes of calculation (and also measurement).

We shall define acoustic energy presently. Meanwhile ,

t he ven t proble m is f ormu la ted as f o l l o w s .  The f low eq ua ti ons and

boundary conditions are written for three dimensional flow , using

intrinsic coordinates t , and incorporating viscous effects , h e a t

addition and acoustic energy. Those equations may possibly be

reduced to a parabolic form (initial value problem) or they

m ay h av e to be r et a i n e d  in an e l l i p ti c f o r m ( b o u n d a ry v a l ue p r o b l e m ) .

It is also possible that by suitable modifications , the equations

may he recast in hyperbolic form but our current thinking was it

may pr ove extremely unwieldy or capable of application only in

s i mple c a s e s  (see Append i x IV) .

The philo sop h y  of a p p r o a c h  in so lv in g s u c h  equa ti ons w it h

acoustic energy as part of the energy bal ance equation (with cor-

responding ter m s in the momen tum balan ce equa ti on) i s as f o l l o w s :

the vent effect arises on account of the coupling between flow

*

Intri ns i c coord ina te s are probably  the bes t cho i ce in v i ew
of the fact that , while the T-motor duct is axisym inetric ,
flow in the vent is radial even when a circumferen tial vent
is considered.

- - --- -
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and acoustics in the duct and in the vent . It is therefore

important not to separate the acoustic calculations from the

flow calculations. One method of doing this is to solve the

combined equations.

Now , the acoustic energy may be defined as follows:

Consider an acoustic pressure perturbation given by the following.

P. 
(x) = IA ! exp [ux + ii~ - ikx ]

+ I !I exp [-~~x - it~ + ikx]

with

B = -A exp (2~~)

= n + i E )

Then , th e energy of such a wave system is given by

_ _ _  
0 2

E (x ,-t) = 
~~~ 

[
~~~c 2 + —

Suppose now that the acoustic energy is considered as one

of the dependent variables. Then an acoustic energy balance

equ ation can be constructed as follows.

= production of E + dissipation of E

The producti on terms can then be broken up into

i ) mean f low work on a c ous ti c s t re ss and

ii ) product of fluctuating pressure and fluctuating strain

ra t e

The dissi pat ion is simply equal to the energy loss in over-

coming viscous stresses.

Utilizing the above definitions , one can set up an acoustic

energy balance equation which is now treated as one of the set 

~~—---- - • • -V-• ~~~~~ -- -
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of conservation equations , the five fluid mechanical equations

and the two acoustic equations (one being the definition of

acoustic energy and the other the acoustic energy balance equation).

When that system of equations is solved , we should have a

map of acoustic energy distribution in the whole of the T-inotor

(at least in the vicinity of the vent) and one should be able to

es tablish the gain or loss of acoustic energy in the duct for

var ious duct and vent conditions.

It may be stated that the actual equations were not written

down in the period of the contract.
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Appe n d i x  I I I

Diffraction of a Weak Shock Wave

1. Problem formulation

We consider a weak shock wave propagating in an ideal gas

along an unbounded plane with a crosswise rectilinear slit of

width 2b in the plane. We wish to establish the diffraction of

the wave by the slit. Reference 111 .1 provides an anal ysis of

a wave moving parallel to the plane and the current analysis

consider a wave front inclined to the plane.

The problem is based as an initial -boundary-v alue problem

with a moving boundary for the two -dimensional wave equation.

The following assumptions are introduced:

(a) The flow is two-dimensional and irrotational.

(b) The wav e front is represented by a plane moving

wit h a v e l o c i t y eq ua l  to  t h at of s o u n d , c.

In a rectilinear coordinate system (x ,y), the wave is assumed

to imp nge on the slot from the lower half -space. The velocity

vec tor of the wave front is assumed to form an angle 0 (0 0 < ¶ ‘12)

w ith the plane of g a s  f l o w . We consider throughout the case

w h e r e  0 ~ ir/2.

We define the following quantities:

( a )  v e l o c it y po ten t i a l  of t h e w a v e  = 
~~~ 

(x ,y,t)

(b) veloci ty potential of flow = ~~~~. He nce 
~y 

= 0 at

points on the plane.

(c) velocity potential of the perturbed gas flow =

w h e r e

= 4, + 4, (1) 

~~~~~~~~~ •- -~~~
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He nce , the wave equation becomes

+ - 

~~2 ~ 
= 0 ( 2 )xx  Y Y C ~~

It is clear that ~ satisfies in the diffraction zone Eq. (2).

It is the principal unknown in the problem.

The potential ~ is the subject to the following conditions:

(1) 4, (x ,-y, t) = -4, (x ,y,t) (3)

(2) on the x-axis ,

(a) in the plane behind the incident wave front

4, = -[4, (x ,y, t)]y ( 4 )
= A (x , t )

(b) in the slit

4 0 (5)

In order to solve the problem , we consid er the space of

the variables x ,y, t . In t he (x ,t) plane we identif y, as in

F ig. A. III.l , three domains , and E ., in which the condition

(Eq. 4) is specified and in which the condition (Eq. 5) is

satisfied.

The domain is bounded by the line W and line L 1. The

line W represents the motion of the point intersection of the

incident wave front with the x-ax is , point A in Fig. A.III .l .

The line L 1 is parallel to the t-axis and is separated from it

by a dis tance b.

The domain 
~~ , 

is bounded by the line W and the line L 2 wh i ch

is again parallel to the t-axis and is separated from it by a

d ist a n c e  b .

I t will he observed in Fig. A .III .l . that the domains

--V-V---—- --- - -_V -- - - - -~~~~~~ -- - - -~~~
_ _ _
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1 and Z are further divided into subdomains S , S
0 1 2 o2n o2n+l

S 2 2 ~~~1; S~~, S1~~~
; and S2, S22~~,1 respectively. Such a division

is necessary because the solutions in those subdomains are ana-

ly tic ally d i f fer ent . The poin t s A 2n 
(4.b~ t 2~~

) and B
2~~41 

(_b
~
t 2n+i )

correspond to A and B respectively at the instants of time when

cyl indrical diffraction waves are generated there locally, those

waves  being represen t ed by n = 0,1 ,2 The charac te r i s ti c

cones correspond ing to Eq. (1) with vertices located at points

A 2 ,  B2~~~1 divide the (x,y,-t) space into the analytically dif-

f e r e n t  d o m a i n s .

The reg ion in wh i ch the e f f ec t of the sl it is f e l t can b e

de termined as follows. The characteristic cones with vertices

situated at points A 0 and B
1 

bo und the reg ion in which the influence

of the diffraction waves generated at the slit is felt. Thus ,

the region where the influence of the slit is felt in the (x ,t)

plane is the reg ion A 0F , B 1K 1, 
A F , F0

B
1 in Fig. A.I II.L.

In order to determine the flow potential at any point in

the r e g i o n  of i n f l u e n c e  of the s l i t , we p roceed  as f o l l o w s :

Def ine a new coordinate system (x’ , y ’, t ’) given by

c (x ’ - t ’ )  = 2x

cy ’ = y

x ’ + t ’  = 2t

Let 4,’ and 4’y ’ be the new velocity potential and its derivative

in the new variables.

We ca n then wri te the solu ti on to Eq. (2) in the f orm

4,’ (x ’ ,y ’ ,t ’ )  = ~~~~~~~~~~~ ~~~~~~~~~~~~~~

_ _ _ _ _ _ _
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dE,’dT ’ (6)

In order to calculate the velocity potential 4,’ a t any

point situ a ted in the region of infl uence of the sl it , it is

necessa ry , therefore , to find 
~~~~~~ 

in doma in E .

The general solu ti on pr ocedur e beyond this point can be

based  on the app l i ca ti on of the A b e l  int e g r a l  a p p r o a c h  as in

w i n g  t h e o r y .

2. A c o u s t i c  p r e s s u r e  c a l c u l a t i o n

We now proceed to determine the acoustic pressure on the

plane in the time interval

cos  0 < t < ( 2 - c o s O )  (7)

Uti lizing the Lagrange integr a l for uns te ady ro t at ional

gas flow , the press u re d i f fer ence at any po int of the plane c an

be wr itt en as f oll ow s .

p (x ’ ,t’) -

= 2P [e’
~~
jx’,t’) + e ’

~~
,(x ’,t’)) (8)

where p~ and p are the gas pressures on the upper and lower

sides of the plane.

Consid er now the subdomains s and s. . The s u b d o m a i n  s
0 1

is characterized by the fact that it is the domain in which

the influence of the diffraction wave generated at the boundary

A of the slit at time

t =~~~- cos 0
0 C 

-— --- -~~ -- - -—-- ~~~~~~~~~~~--~~ V -- - - • -~~~ ~~~~~ - - - - -
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is f e l t .  The r a d i u s  of t h e  w a v e  f r o n t  is g i v e n  by

v - c (t  - t ).
0

There , the p r e s s u r e  d i f f e r e n c e  in t h e  d om a i n  s~ is g i v e n  by the

follow ing.

p (n ’ , t ’ )  = -
~~~~ ~ ‘~~T ~n 1 tan 2

~ - 
[ c z ] d~~’dr ’

2. 
~1 + t an 2!] 1~~~’ [B ]  dt’ (9)

TI
x ’+T

wh e re c~ = 
A ’~~, (~~‘ ,r ’)  = A ,~, (~~ ‘ ,t ’ )

( t ’ -T ’) ) ~~

B = A (-t ’  tan 20/2, t ’)

[(t’ —T ’)  (x I+t ttan 2 0/ 2)]
i

and
C

The s u b d o m a i n  s
1 

is charac teri .ed by the fact that it is

the domain in which the influence of the diffraction wave generated

a t the b o u n d a r y  B of the sl it a t ti me t , is felt. The pressure

d i f f e r e n c e  in the doma in s , is then given by the following.

p ( x ’,t’) = 
~~
. Jx

’ 
1t’ [ci] dY di ’

t ’+T -Yco t 2—

- 
~~~ 

[1 + co t 2
~~] ~ [ y ]d ~~’2 t ’+T

whe re ,

~

, 
= 

A ’  (c ’ , -~~‘cot
2

[ ( x ’-~~’ ) ( t ’ +~~’cot2&)] (10)

L 
• • • • • .
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Now , cons ider Fig. A .J II. 2 . It is clear that the pressure

d i f f e r e n c e  on t he segmen t AN ,

-b - Ct + h cos 6 < x < - b

in the in terval of time

t < t < t
0 2

is given by Eq. (9).

Si m i l a r l y , the pressure differe 1~~e on the segmen t CN ,

- ct/cos 0 < x < -b-ct + b ~os 0

can also be calcula ted from Eq. (9) using appropriate limits

of i n t e g r a t ion .

J F in a l l y ,  the pressure difference on the segment BM ,

b < x < -b-ct + b cos 0

in the interval of time

t , < t < t 2

is given by Eq. (10).

In c o n c l u s i o n , it can be seen that the segment CN is not

affec ted by the diffraction waves from the slit and therefore

the pressure difference is only created by r e f l e c t ed w a v e s .

R e f e r e n c e s

A.III.l. Fox , E. N. , Phil. Trans. Roy. Soc. (Lond) A242 , No. 839 ,

1949

_ _  _ _ _ _ _  -— - - -
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Append ix IV

Shock Wave Pro1agation in the Vent-Corner

Consider one half of the T-motor as shown in Fig. IV-1 and

three  stat ions  a l o n g  the f l o w  a t A , C and  V .

Problem: To establish the propagation of a weak shock wave from

A to V assuming chem ically reactive , viscous non-adiaba tic , sub-

sonic flow from A to V.

Formula tion: The problem is formulated in three parts:

( i ) De te r m i n a t ion of the f l o w  f i e l d  f r o m  A to V for  g iven

f r e e  st ream cond i tion s.

(i i ) De te r m i n a t ion of eq ua ti ons yi e l d i n g  c h a n g e s  a c r o s s  a

weak shock wave when moving agains t the flow .

(iii) Setting up of a solution procedure combining the foregoing.

The following si mp lificati ons are introduced in a preliminary

a n a l y s is.

(a) While the viscous , non adiabatic flow is from calculated

in de ta i l , i t i s  r e p l a c e d  wi t h a s e r i e s  of s t rea m tubes

in each of which i t is assumed that the flow is one-

dimensional.

(b) The shock wave is assumed to be locally normal to the

stream tubes.

In a more  de t a i l e d  a na l y s i s , the interaction between the

shock wave and the flow field requires the applic ation of the

method of characteristics to a two -dime nsional (rotational) flow

field wi th a propagating discontinuity.

Solu tion procedure: A solution procedure was not determined in the

con tract period.

rlIr 1 —- — -V - -V 
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How eve r , the following rudimentary analysis should be of

interest.

Cons ider three curved stream tubes as shown in Fig. A. IV.2.

W 1, W 2 
and W

3 
are  n or m a l  s h o c k l et s of v e r y  low shock  M a c h  n um b e r ,

each of them loc a l l y  n o r m a l  to the str eam tu b e s .  Cons ider the

case where the three shocklets are moving with the fluid , as

i n d i c a ted and le t t h i s be cons idered  t he pos iti ve d irec ti on for

mo tion of the shocklets. The objective is to establish the changes

in the s h o c k l e t s as they  t r a v e r s e  t he st ream tub es.  C a l c u la t i ons

can be p e r f o r m e d  i n each  s trea m tu be and the n the ch anges  in the

str e n g th of t he s h o c k l e t s can be in tegra t ed on a l i n ear bas i s to

obtain the overall change. As stated earlier this will only

prov ide a f ir st order  e v a l u a t i on of the e f f e ct . However , hav ing

esta bl i shed th i s  order  of magn it ude  c h a n g e  in the f l o w  and  i n the

st reng th of t he s h o c kl e t s , one ca n proceed t o t he a n a l y s i s of

a two-dimensional rotational flow (as is obtained in a vent corner)

and a p ropaga ti n g  shock  w a v e .

The changes across a shocklet are calc ulated using the stan-

dard Rankine-Ilugoniot equations which may be written as follows

for the present problem.

p p A 2 [2 M 2/(T+l) - (y-1)/y (y+1)] (1)

p = (y+1) p M 2/[(y—l) M 2 + 2] ( 2 )

U U~ + 2 A5 (M- ’/M)/(y+l) (3)

A A
~ 

K/(y+l)M , K= f(r) (4)

dp = f o5A 5
2 M dM/ (y-+ 1) +

2 p
5
A 5

2 [2 M 2/(y+ 1) - (y-I)/y(y+1) dA 5 
+

A 5
2 [2M/ (y+l) - (y-1)/y(y+1) dp 5 

(5)

—- -- --~~~~~~~ ~~~~~~~~
-V .
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du = dU + 2 A 5 (l+- ’/M 2) dM/ (y+ 1) +

2 (M-1M) d A 5
/(y+1) (6)

where the subscript s refers to a shocklet and all other termi-

nology is standard .

The a n a l y t i ca l  so lu ti on for  de te r m i n i n g  the e f f e c t of grad-

ien ts in the flow upon the change in the strength of a shocklet

is based on Refs. A. IV .l-4 , in par t i c u l a r  the me thod p roposed

by Whi tam. I t is based on the a s s u m p t io n tha t chang es in uns teady

flow beh ind a propagating normal shock along a positive character-

is tic can be expected in terms of the steady f l ow in f ro nt of the

s h o c k l e t and the s h o c k l e t streng th .  Th is is done  by subs tit ut ing

the Rankine -Ilugoniot equations and their total derivatives into

the compatibility relation of the positive characteristic , n a m e l y

dx
- = u + a , (7 )

the compa t i b i l i ty r e l a t ion  b e i n g

6+P/ St + (ae) i+u/ .St =

(y-1) ci v~ Pr~~~ P~~~~1’t )  (8)

where the right hand side incorporates the standard Arrhenius re-

lation for chemical reaction rate.

After some algebr a, Eqs. (8), (2), (4), (5) and (6) yield ,

on removing cer tain hig her  orde r quan t i t i e s , the following rela tion

connec t ing  the c h a n g e  in Mach number  and the c h a n g e s  in tempera ture ,

density and hea t release due to chemical action.

[4M 2 
+ 

2k (M 2 
+ 1) dM

(y-1) M2 + 2 M

— [~~f 2 + 
1 

1 + 
k ( M 2 - 1) 

] ~~~~~~~~~ +— 

(y - 1 ) M 2 + 2  
~~~~~ 

T
5 

- V.- 

.

- -
~~~~~~~~~~~~~~~-
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dp
[~~~~ 

- 2M 2 
- + 1] ___

~~
- +

H 6x (9)

whe re

y 2-la U Y exp (-c/T)
H E  C r

MA
5
2 (A + d A

5/ 2) (10)

and is the reactant concentration , given by 
~~~~~~~

Using Eq. (10), it is now p o s s i b l e  to pro ceed sys tema t i c a l ly ,

by in c r e m e nt al  st eps in dr a l o n g  the stream tube , to c a l c u l a te

the c h a n g e s  in p rope r t i es  of the f l o w  and th e c h a n g e s  in the

strength of the shocklets.

No numer i cal  work  c o u l d  be un der ta k e n  in the per iod of the

contract.
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