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FURT HE R RESULT S uS DETE CTION I N  LAPLACE N OI SE

Robert J. Marks Li (iary L. Wise Douglas C. Haldeman
D e p t .  ~ I El ec t r L t i  Eng ineering Dept. of Electrical Eng ineering TRW Defense and Space Systems

Texas Tech Universi ty The University of Texas at Austin Redondo !teuh , Californ ia 90275

Lubbock , Texas 79~ O9 Aus t in , Texas 78712

A b s t r a c t
The discrete time detection of a known cons tan t  signal in add~ tfve whit e
stationary Laplace noise is considered . The receiver operating elia ra i t erist ics
of the Neyman—Pearson optima l detector are presented and compared with those of
the linear detector. Also . some results obtained using a Gaussian approximation
to the distribution of the rest statistic are presented .

1. INTRODUCTION comment on the non—Gaussian nature I ELF at n~~s-

Che Gaussian distribution is a popular model for pheric noise , and they give a p lo t of .1 r . ; u  ol

noise statistics , and it is valid in a w~4e 
experimentall y determined pdf associated with such

J variety of situations. However , in some cases , 
noise [4, Figure 101. This experimentally d et er -

such as impulsive noise , this model may not be 
mined pdf is similar to a Laplace pdf , and on a

satisfactory, Impulsive noise is typ icall y 
linear graph the difference is barel y dist in—

characterized as noise whose distribution has an 
guishable. Also , the l imiting case of the Mertz

associated “heavy tail ” behavior. That is, the 
model [5) for the amp litude distribution of impu l—

probability density function (pdf) approaches zero 
sive noise is identical to the distribution of the

more slowly than a Gaussian pdf. The references amp litude of Laplace noise [6]. Ranefsky and

in [1] and [2] give a summary of some forms of 
Thomas [7) considered a class of generalized

impulsive noise and situations where it arises. 
Gaussian noises , obtained by generalizing the

Gaussian density to obtain a variable rate of cx—
Certain forms of impulsive noise may be charac—

ponentia l decay. The Laplace distribution is
terized by a Laplace distribution. That is , the

within this class of generalized Gaussian distri—
pdf of the noise is given by

butions . Also , Duttweiler and Messerschmitt (8]

— y —y~ nI refer to the Lap lace distribution as a model for
f(n) —~~~ e . ( 1)

the distribution of speech.
Notice that this model has the “heavy tail”

behavior associated with impulsive noise . The 
In this paper we are concerned with the detection

Laplace distribution is popular in statistics and 
of a signal in Lap lace noise. Recentl y, we inves—

many of its properties have been studied [3]. 
tigated the distribution function of the test

Furthermore , it is used as a noise model in 
statistic which arises in this problem , and we

engineering studies. For examp le , Miller and 
obtained a convenient expression for it [6[. Here

Thomas [11 used Lap lace noise in a numerical stud y 
we use these results to investi gate various aspects

of relative efficiency. Bernstein , et.al. (4[ 
of the detection problem. In the following sect io ns

S.
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i.e brief l y S t ito t h e  problem and summari,u - sam,- 3. THE NEYMA N — P EARSON OP T I MAl .  DETECTOR

p r e v i o us rosa I t s .  For lar4-~ sampl e si ies , the By a N , ’uian—I’ oars n, op t ima l  d e t e c t o r  we ‘Sean a
t e n t  ra I l . im i t  Theorem is ot  ten used t a o b t a i n  an

J e t  o c t  or which , fo r  a f i x e d  a, ma x i m i z e s •~~~. The
p p r o x i m a t  ion t o  t h e  d i st  i h t i t i ~~u i at  the t es t

nonlinearit y for the optima l detector in our pro—
s t  a t ist ic. We ~ at n p . t r e  the results obtained using

blent is well known [9] and is the amp lifier—
the actual di stribut i o n  and using the approxi—

limit er given by the following expression :
mating Gaussian distribut ion. Then we consider

~ Ys , x > 5th e r e c e i v er  opera t  ing c h a r a c te r i s t i c s  of the
g(x) = 2yx—ys , 0 x < s (2)

Neyman—Pearson optimal de t e ct or. The popular but
x < 0

subopt imal l inear detector is also considered and

is compared to the optimal detector. Consider first the ease where H0 
is true; that is ,

no signal is present. If X~ has the Laplace dis—2. I’RELIMINARIES
tribution given in (1), then g (X 1) can easily be

We consider resting for the presence or absence of
shown to have the following distr ihur lon function:

a positive , constant signal a in additive , sta— 1 -x
t ionary, whit e Lap lace noise. The problem is 

F
1~
°~ (x = ~~ u(..+, s ) +  ;j exp ]— (tx+v )I ( (,

V
~ )dv

modeled as the following hypothesis testing 
+ -~~ e

’
~ u(x—yx),

problem:
where u(x) denotes the unit step function which is

H
0: X • n 

= ,2 N one for nonnegative x and zero otherwise , and G (xt1 1 1 1
s O denotes the gate function which is one forH

1
: x

1
= s + n

1
< 1/2 and zero otherwise. Let F

Based on N independent identicall y distributed — N~~~~~
>

denote the distr ibution function of t f r  the
observations , we arc to decide to announce that

optima l detector under if . Then
the signal is absent or present. o

For this problem both the Neyman—Pearson optimal F~~°~( 
) — r~~ ( 0)  (0)

K — N—I 
x—v) dF

1 (v).

detector and the l inear detector have the fol— By a rather lengthy but strai ghtforward procedure

lowing structure. The N observations are fed into [6), it can be shown that*

the zero memory nonlinearity, g(.), whereupon they k / ‘ N—k IN_ k \(0)  
~ 

= 

~ 
(~) 

(_ 3 ) P (k) v
are summed to give the test stat isti - F

N 
(x 

k=l p=O q=O q /
N

t = 
~ 

g(x~ ). [exP(_ (P+~)~ s1_ exP [_~ (x+N~s)] (1)
i= 1

The test statistic is then compared to a threshold ‘ ekl {~~ [x+(N_2 P_2qhs(}] .uIx+ (N 7p-/ q)~ s]

T f rom whi h dec i s ion  conce rn ing  the presence or N
N

absence ot the signal is made. The choice of the ~ (m,
exp (—m~s) ‘ u (x+ (N—~

’n ) t s I ,
m=0

threshold T determines the false alarm probability
where e

k
(.), the incomplete exponenti al , is d l  m e d

,and the detection probability t. However , to
k mxdetermin e this interrelationship, It is necessary e

k
(x )  =

m 0
to know the probability distribution of the test

st it i s t i c t. This , in turn , depends in the non— We now consider the signal present case , I.e Il l .
linearit y g(’). We will now consider two choices We let F

N
U)(x) denote the distrib ution function

or the noo l ine .irl ty and will investigate the of the test statistic under 
~~ ‘ ~u 1 ~~~~~t thi laplace1 e r r , s 1 n d i n ~ d e t e c t o r  pe r fo rmance  under  v a r i o u s  pdf is synunetric , i t  can be sh own [ 1 )  t h a t

con d i t i o n s . F ,~
1
~~(x )  1 — F~

0
~ (—x). (4)

*A typograp h i c a l  e r r o r  (omiss ion  ii .1 paIr at
b r a c ket s )  in ( 6 )  has been c a r r i e  t ,d here .
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Eqs. (I) nd (4) thus completel y d e t e r m i ne the expression for the distribution function of the

perform ance of rite Neyman—l’earson optimal detector, test stat i s t i c  f o r  the  N e y m a n — P e a r s o n  I t  im a l

THE LI NEAR DETECToR detector is frequentl y a m a t h e m a t i c a l l y m t  r a t  t a b l e

problem. In many such cases , for suffici ent I v
liv a linear detector , we na-art a scheme such as - . - -- l a rge  N , an appeal  i s made t o  the C e n t r a l  L i m i t
t ha t  d -  r ihe d r e v  i r i s  I v , b u t  s b -r e  t i l e  i i i —

Theorem to arrive at an approximation fo r  t i r e  d i s —
tion g(.) is g (x)=x. That is , the test statistic- tribution function of the test statistic. ihus it
is simply the sum of the observations. The l inear

is instructive in the present case t-~ compare the
detector is Neyman—Pearson optimal for Gaussian

exact results with those resulting from the
noise and is a conunionly used detector.

Gaussian approx imation.

Consider the signal absent case , i.e. H . In t h i s  -0 Let X be a random variable with the density func—
s i t u a t i o n  the tes t  s t a t i s t i c  is g iven by- t i o n  of E q . ( l ) .  Let g ( )  be the  opt ima l non—

l i n e a r i ty  g iven b y E q . ( 2 ) .  Then

i=l  E { g ( X ) ~ = f g ( x )  ~ ~~~~~~ dx
where , again , the X . are independent identicall y

distributed random variables with the pdf of A strai ghtforward integration yields

E q u a t i o n  (I). Thus , the pdf of t , ~~(‘)~ is Ei g(X) 1 — ys — e
V 5

obtained t m  N—I convolutions of the Laplace pdf Similarl y, we get

with itself. This is given by [3 , 
~~
. 241 as 

VAR [g (X)] = f[g (x) — I + ys + e~~~ ]
2 
~ e

_ x dx
- s i x  N-I 

1-(N+k) (N+k-l)! (y!x ~ )
N_
~~~ .

(N-i) ! k=O k!(N—k-l)! = 3 — 2e~~~ - 4y s e S 
- e 215

- Thus the mean and variance of t under H are ,A fter a s t r a i g h t f o r w a r d  i n t e g r a ti o n  [10], we 0

obtain I;~
0)
(x), the distribution function of the 

respectivel y,

test statistic of the linear dete tar under H0, E
0
{t} = N [l — s — e~~~~

5 ] m

~~~~~ ~~~~~~ (N
+k_l) [l_e

_ X  
VAR

0
[t} = N

2
(3 — 2e~~

5 
— 4yse~~

S 
— ~~ 2~~5 } = 

2

(0) 1 U-sing tire relation in Eq. ( 4 ) ,  it follows that the
N 

(x)  = e
N k l (y X)I , x > 0
(0) 

corresponding values under H 1 are g iven by
— i: - (— -s ) ,  x ~ 0 ( 5 )

F
1

t} — E 0 t t }  = —m

In the signal r~- serrt case , t h e  tes statistic is 
VAR 1 [t) = VAR

0]t]
given by N

Let I ,~
0
~ (x) and I~~~~(x) denote , respectivel y , Iii

- ;ar s s m i n  ap p r o xi m a t i o n s  to t h e  d i s t r i b u t i o n  l i m e—w i r e  r e , i i  e - i c r  in • i i -  I a n -  independen t  iden—
- tions of tir e t e s t  s t a t i s t i c  under  H and H . Thent itally rIi ~~t rl b rmt, ~d random variabl es with the 0 1

d e n s i t - -  f o r t  Ion of Eq.(l). Let ~~~~~(x)  deno te  I ,~
0
~~( x )

4 t h e  d i s t r i i r r r t  i n  f u n c t i o n  - -I the ti-st st a t i st i c and
l~~~~~l x l  I (X~1rr

)
i t  t i n -  I l i t , - . r I~ - t  c t a r  und er  H . Then we have N -~

where  1 2
- Ns)  . (6)  ( i)  - j X  e~ v dv

- 1 r m t  I n s  ( 5 )  and ( 6 )  - inr~r l e t - l v  de t ermine  t h e Let m1. and r 5, , i - - i  l i - c t  ly e  l v , de note  t h e  f a l  me
s r i  o r - m i n i - - f  t hi- l i n e a r  d o t e  i cr .  al arm p r o b a b i  l i t  v and l iii de t  , t  Ion pr iba b i  I I t y

5 .  THE A 5 5 1  AN Al ’PR OX IM, - r ION rest ’ I t  r i g  I r n  t I C iiiss i n n  m s s r m m p t  t i n  - Tht -n we

In n o n— Gau s~’ t i r r  d i t  i t  ton p r o b l e m s  of t h e  t ype  li. -is ,-

considered in t i n s p r ~ r , t i r e  deriv a tion f an

_ _ _  _ _ _ _ _
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