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ON THE STRICT DETERMINATION OF HYPOTHESIS TESTING GAMES]

by
Richard Clark Persons

Department of Mathematics
Massachusetts Institute of Technology

Section 0. A Rough Statement of the Question

Consider the following game for two players. Player I picks some

measure P from the collection {PG: 8:[0,1]} . Each Pe is a

%

probability measure on [0,1] equipped with the usual Borel sigma-field.

A point x 1is then selected at random via P the measure chosen by

R
Player 1. Player I1 must then guess whether 0906‘[0,%3 or 805 (%,1] i
If he is right he wins; if not he loses.

A strategy for Flayer I is a measure v on O = [0,1] , the set
of all possible values of 6 . A strategy for Player II is a function
¢: [0,1] - {0,1} , where &(x) = 0 indicates the guess that
GOE:[O,%] , and ¢:x) =1 indicates the guess of Bg€ (%;1] 2

The question to be examined in this paper is: if for each Player I
strategy, v , therc is a Player II strategy by that will win with
; probability one, is there a single strategy ¢ that will win with

probability one for any strategy v of Player I?

‘ : This question h:s an application to the issue of Bayesian statistics

Prepared with the support of National Science Foundation Grants No.
GP-43805 and MPS 75-10376 and ONR Contract NO0014-75-C-0555 (NR 042-331).

4 AMS 1970 subject clissifications. Primary 62B20, 62A15.

Key words and phras:s. Hypothesis testing, orthogonal classes of measures,
strictly determined games, Bayesian.
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versus classical statistics. Consider Player I to be nature and Player II

to be the statistician. If the omniscient Bayesian statistician (always
knowing nature's prior v ), can always make the right de:ision in a
certain situation, can the classical statistician always nake the right
decision in the same situation?

The above is a special case of a more general question: Does every
Hypothesis Testing Game have a value?

Consider the game as avbove. Player I selects © , then a point
x 1is selected according to Pe . Player II sees x and guesses whether
95:[0,%] or 9 e(%;]] , winning 1 if correct and 0 if not. A
strategy of Player I is a probability measure v on [0,1], the set of
all possible values of © . He selects ¢ via the measure Vv
A strategy for Player Il is a function ¢ mapping [0,1] , the set
of all possible values of x , to [0,1] . We let ¢(x) be the
probability of guessing that UEL[O,%] , when x is the observed value.

Define the expected payoff of Player II as

M(v, ¢) =ff1[0,%](e)¢(xw0(dx>v(de)

+ff1(l]](0)(1-¢(x))PO(dx)v(d') .
25

The upper value o€ the game is defined as

U= inf_ sup, M(v,d) .
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The Tower value L is

L = sup¢ inf M(v,¢) .

A game is said to have a value if U equals L .
What is considered in this paper is the case for which U 1is one.

We ask the question whether this implies that L 1is one also.

Section 1. Introduction and Summary

From this point on, unless stated otherwise, we will ass'me that
{Pq, 8e[0,1]} is a collection of countably additive probability measures
on the unit interval, equipped with the usual Borel sigma-field. Also
needed is a measurability condition on {Pa} as a function of 9
For every Borel subset A of [0,1] , assume that Pe(A) is a Borel
function of & with respect to the usual Borel sigma-field on [0,1] .

This measurability condition will be called assumption M .

For ease of notation, we make the following definitions:

O

- (o = l 5 = l
s [Oa]] ’ 3] i [0)2] ’ )2 i (2,]]

B, = the usua! Borel sigma-field on © ,

p] = {P{’:O‘g]}, P2={'P9:9802}

Of course, X could be any complete separable metric space, and




similarly for © . The sets Oy and O could be arbitrary disjoint
Borel subsets of 0O .

The families P, and P2 can be orthogonal in three ways: pair-
wise, weak, and strong. Pairwise orthogonality of P] and P2 will
mean that every member of Py s orthogonal to every member of P2 .
Weak orthogonality will mean that for every probability measure v, on
0, and v, on O, the measures “/'Pov](dh) and ,/”pﬂ\Z(d') are
orthogonal. Strong orthogonality will mean that there exists a Borel set

B which supports every elenent of P] and B° supports every element

|
i
1
:
]
|
l
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of P2

The three types of orthogonality will be denoted by “P1 ,(pr)PZ” 5

"P1 i(w)Pz" , and "P]AL(S)PZ" ,» respectively.

Now that the notation has been introduced, let us mention why the

measurability Assumption M is needed. Without this as-umption, it

is easy to find families Py and P, that are "weakly" separated

but not strongly separated. What follows is such an exauple.

Let A be some anualytic subset of X that is not Forel. (An

analytic set is the forward image of a Borel set via a Borel measurable

function. See, for example, Kuratowski, Volume I, (1966), or Parthasarathy

(1967).) Parameterize {P } in which a way that Py = {6X: x € A}

and P, = {6x: xeAC} . As is shown in Section 2, P, 1is a legitimate

1
family under the measurability assumption, though Pz is not.

Analytic sets and complementary analytic sets are measurable with

respect to the completion of any given Borel measure. (Refer to Kuratowski,

_—— . -




Section 39.) The obvious definition of an average of elements of P]

is any measure whose completion assigns measure one to the set A . A

similar definition would hold for averages of elements of P2 . Let

]] be any average of P]-measures and let 02 be any average of

?2-measures. Since the completion of Q] gives A measure one, there

is a Borel set B] < A such that Q](B]) =1, and similarly there is

C

1 Borel set Bzc; A” such that QZ(BZ) =1 . It follows that

o However P1 and P2 are not strongly

separated by Borel sets since A 1is not a Borel set.

]] L Q2 giving P] L (w)P

Assumption M could be weakened in one way suggested by the following
example. Let P] = {r(O)GO + (1-r(e))6]/3:8 aO]} and
P2 = {r(w)§2/3 + (1-r(e))o] $ e;:@z} where r:0 - (0,1) 1is any
function. If r is a non-measurable function then Assumption M is
not satisfied even tiicugh the classes P1 and P2 are easily
separated by a Borel set. If P] 5 P2 are any two classes of
measures generdated under Assumption M then any deformation of the proba-
bilities {P{LB)} for Be:Bx that Teaves 0 and 1 probabilities
invariant will not a fect strong separation.

Now consider the various definitions of orthogonality of two classes
of measures. It is clear that strong orthogonality implies weak ortho-
gonality which implics pairwise orthogonality. Pairwise orthogonality
does not imply weak orthogonality as is illustrated by example. Let

p1 = {&20: 8 t"O.%J} and let P2 = {A} where ) is Lebesgue measure

on [0,1] . Clearly. P L(pr)P2 , yet u = “/hé?ng, an average of




elements of ?3, is Lebesgue measure on [0,1], giving that P, and
P, are not weakly orthogonal.

Under Assumption M, we have no examples of weakly s :parated families
that are not strongly separated. Some of the results tha:- are nroven are
stated below, and their proofs are contained in the following sactions.

R P‘ and PZ contain discrete measures only, then under
Assumption M, pairwise orthogonality implies strong orthogonality. this
is proved in Section 2 and Section 3.

If P] and P2 consist of measures that are doninated by a
single measure, then pairwise orthogonality implies strona orthogonality.
Assumption M is not needed here, in fact, no measurability condition is
needed at all. These facts are demonstrated in Section 4

Let P, and V2 consist of measures having a discrete part, and
a continuous part which is dominated by a single sigma-finite measure.
Then under Assumption M, weak orthogonality implies strong orthogonality.
This is proved in Sections 5 and 6.

Lef OY , vye[0,1], be the distribution of the rardom variable

l = sz] Z'kYk where {Yk} are independent Bernoulli random variables

for which P{Yk= 1}= vy . Cal1l 8 = {Q : vye[0,1]} the coin tossing
Y
family of measures. The family § is an undominated fanily of continuous

measures on [0,1] . In Section 7 it is shown that if ”], PZCI S  then

under Assumption M, pairwise separation of P, with P2 is equivalent

1
to strong separation.
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Section 2. The Most Basic Case

Let us first examine the case for which P] 4_(pr)P2, and
P, =8 , that i<, each measure P is just the point mass measure
¢ a(®) 0

at some point a(8)

Lemma 2.!. Under Assumption M, the function a: 0+X 1is a Borel

neasurable function of € .

Proof: Trivial since {6: a(®)eB} = ({eo: PQ(B) =1} " and 1f

second sct is a Borel set of 9's by Assumption M . []

(o8]

ition 2.7.  Under Assumption M if P]_L (pr)Pé and

, = Sa ) s hen tiere exists a Borel subset B of [0,1] , such
( en tiere ex Lk L or such

et * FAB) =X 3F Wecy dand R S0 35 0e0

)
Proof: By Lemra 2.1, a(®6) is a measurable function, so that

1 4) and a(0,) are analytic sets. The sets a(0y) and a(o,) are

disjoint since the c asses P] and P2 are separated by pairs. By

the analytic sct sep ration theorem (Kuratowski, Section 39), there is

a Borel set B that contains a(O]) and whose complement contains

a(0,) . We will the have that Pﬁ(B) =1 or 0, according as

9 €0y or 8e0y . ]

Section 3. |ha Gene'al Discrete Case

In this sectio', we will treat the case in which, for all 8 ,
Py is a purely discrete measure. What is to be proved is that, under
Assumption M, if P  and PZ are separated by pairs then they are
separated strongly.




-

In Section 2, each measure P was a point mass a a(t) , which

was shown to be a Borel function. A similar argument wil work in this
case. Rather than the one function a(2¢), a countable r imber »f functions

fn ((8) are needed. For eich n, k, f_ (6) will be coe of the atoms

n,k
of P“ . (For some values of n, k and 0, fn k((=) might e a special
value to indicate that fn (8) is not an atom of P, . The reason for

this will become clear below.)

The functions fn k(“) are defined as follows. Cor.ider

A" = {xe[0,1]: P”{x} 3'%1 i AT has at least k elements then

“

N ¥ ] :
define f  (¢) to be the Y Yargest element in A" . 1f 2" does

not have at least k elements, then define fn k(~) to Je minus one,

th

the special element. The function Fi k(») is then the k" largest

atom of P, having probability greater than or equal to ; . (Largest
is in the sense of the ordering on X = [0,1] , not the most probable.)

As defined, {n K is then i1 Borel function by

Lemma_3.1. Under Assumption M, for each n = 1,2,. . and
k= 1,2,...on, f 00> [0,1]JU{-1} is a Borel measurible function.
Proof: As is usual, it is enough to show for eact fixed xe[0,1],
that the set Cn’k = {8 fn k(':‘~) > x} is a Borel subset of ¢ . Let
n, k, x be fixed. Define the sets of o :
n : AM E
By o = (05 Pu{le/2",(a41)/2Mn[x, 10y > L
defined for m=1,2,... and ¢ =0,1,...,2",




BMK = {6 there exist 2(1),2(2),...,2(k) such that
( ) < \( m A o k n
0<2ll) a(2)<...<a(kjc 2" and that 6+ iy By o4y )
L defined for m=1,2,...,
Bn’k = {3: there exists M > 1 such that “en Bn’k} it
— m=M m

The sets B? m Ke Borel sets by Assumption M. The sets B;’k 3 Bn’k

3

will also be Borel sets since they are obtained through countable inter-

n n,k _

sections and unions of s$ts Bl,m We clain that C Bn’k . TS
is true because P.ly >p if and only if all small intervals Iy containing
y have probability o at least %-. The set B;’k is the set of 8 for
r which at least k intervals of the form [2/2™,(2+1)/2™) have Pe
l probability at least %—. Clearly, in order that fn,k(e) >x it is
{ necessary and sufficient that B;’k occur all but finitely often. Thus
Cn’k = B”’k as claimed, proving that for all n, k, f  (-) 1is a Borel

n,k
measurable function. |]

Remark: The proof of the lemma nowhere uses the fact that the

P 's are purely discrate; only Assumption M is used. We will make use .
of this fact in Section 6.

We are now in a position to prove the following.




10

bl

Theorem 3.1. If for all © PD is a purely disc ete measure,

Assumption M holds, and P, L (pr)P, then P, L (s)P

2

Proof:  Since fn K is a measurable function, the sets

fn,k(?l)’ fn,k<@2) are analytic sets by the definition of analy/tic

set. Let A] = Mg fn,k(:])\i-l‘ and A2 = fn’;(‘z)\ -1}

The sets A] and A2 are then analytic since the countable union of
analytic sets is an analytic set. (See Kuratowski.) A], A2 must also
be disjoint, since P] i,(pr)P2 , forcing P], P2 to have no
atoms in common. We now can apply the analytic set separition theorem
as in Section 2 to get a Borel set B that contains A], and whose
complement contains A2 . The set A1 contains all atom. of measures

in P, , since if P, {x} -0 then P {x} > L for some n' giving

nl
fn' k(H) = x for some k' n' . We then have that P.(B) =1 for
® e 0, and P(B) =0 for 0c¢ 0y - O
Remark: There is a slightly cleaner proof of this theorsm not
using Lemma 3.1 -- however the proof given above lends itself directly

to Section 5 below, whereas the other proof does not. Tho alternate

proof is this: The set A* = {(x,0): Pn4x} >0 G;>Q]? is a Borel
*

set in the plane. The set, nX(A*), the projection of A onto

X = [0,1], is then an analytic set. As above, apply the analytic

set separation theorem to yield the desired result.
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Section 4. The Case of Dominated Measures

In this section, we will deal with the situation in which the

collection {P_: is dominated by some sigma-finite measure A, that
is, P, <<i forall 6.
Let H], M2 be two collections of sigma-finite measures on a

measurable space X . We say that M] and M2 are equivalent if:

m](E) =0 for all m, in M] implies m2(E) =0 for all m, € M2,
and conversely. The following lTemma of Halmos and Savage (1949) allows

us to treat the dominated case.

lLlemma 4.1. Every dominated set of measures has an equivalent

countable subset.

Proof: Refer to Lemma 7 of Halmos and Savage . O
The following easy result is also useful.

Lemma 4.2. Let P, R be two countable sets of sigma-finite

measures_on some measurable space, then if P and R are separated

by pairs, they are also separated strongly.

Proof: Say that P = {P],Pz,...} and R = {R,,R,5...} . For

each i, j, Pi | Rj by assumption, so there exists a Borel set Bij

G w oo
such that Pi(Bij) = J and Rj(Bij

B to be ‘)i(‘j Bij’ then for all i and j , Pi(Bc) = 0 and

) = 0. If we define the Borel set

a
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We can now tie these two lemmas together to get

Theorem 4.1. Let P, | (pr)P, and let there be a sigma-finite

measure X such that P, << for all 6e[0,1], then Py | (3)?2 :

Proof: By Lemma 4.1, P] and P? each has a countable equiva-
lent subset. Now, use Lemma 4.2 on the countable equivalont subsets of

P] and P, to obtain the desired result. O

Remark: Assumption M was not required at all; only the pairwise
separation of the two classes was needed. Assuming a class to be
dominated is a very strong assumption.

Up to this point we have not needed the assumption that the classes
P] and P2 be weakly separately, just pairwise separation was used.

In the following section we will require the weak separation assumption.

Section 5. An Arbitrary Measure Versus a Class of Discrete Measures.

What has been treated so far are the cases in which either all
measures are discrete, or all measures are absolutely continuous with
respect to a single measure (such as Lebesgue measure). In this
section we shall examine the situation of one continuous measure in
contrast to a collection of purely discrete measures.

Precisely what is assumed is that Pl = {Q} for some probability
Q, and P2 consists of purely discrete measures. As we know from

Section 3, A = ({atoms of measures in PZ} is an analytic set. While




the set A need not be a Borel set, it is measurable with respect to Q ,
more precisely with respect to the completion of the measure Q .
The compietion of a measure . will be denoted as 1 . The

quantity Q(A) is then well defined. We are led to the following

proposition.

it is not possible that the families P

Proposition 5.1. If
(1) Assunption * holds, )
(2) Py = {Q}, 7, are all purely discrete,
(3) Q~P2 atoms} = 0
then the families f] and PL are strongly separated.
Proof: Let A = {atoms of measures in Pod . The set A is
analytic so there exist Borel sets B],B2 such that B] @ N 82
and Q(BZ) = Q(B]) . But Q(BZ) = 0 by assumption, giving that
p (32) =0 for &: ), and P (82) =1 for 6eo0,. (That is, J
”] and P2 are strongly separated families of probability measures). ';
: |
1
Wilat remains is the case in which Q(A) SO I Q(A) > 0 then ig
|
1

1 and P2 can be weakly
separated as will be shown below. This is accomplished by finding an

appropriate probability measure v on 02 . The measure u =J/bev(de)

will be an average of measures in P2 yet not orthogonal to the measure

Q, giving a contraciction of weak separation.




14

In order to find the desired measure v , the first step is to find

a "nice" subset of the set of atoms. This is facilitated by the following

Lemma 5.1. Under Assumption M, if Q{atoms} > O then there

exist n' , k' such that Q{fn.’k.(wz) > @ .
Proof: Follows directly from the proof of Theorem 3.1 and the
measurability of analytic sets. |

From this point on, assume that some n' , k' have seen chosen

50 Q{fn.’kl(oz)} > 0 . Denote the function fn',k'

A heuristic argument of what is to be attempted folluws. What

A7 A

we would like to do is to construct v from Q and f in a way
that would give v(f'](-)) = Q(-) . This would identify null sets of
Q with those of v . If u(:-) were defined as v/%ﬁx»)‘(dvl then
null sets of Q would have u-probability less than one. This would
be true since for N a Q-null set, v assigns probability less

than one to N . This argument will be rigorized below.

However, this approach cannot be used as it stands since is
only defined on a sub sigma-field of the Borel sigma-field, namely
that generated by the measurable function f . What follows basically

is a means of extending the definition of v to the entire Borel

sigma-field.

e




The paper "Borel Structure in Groups and Their Duals" by George
Mackey (1957) contains the needed results. He defines a Borel space to

be standard whenever it is Borel isomorphic to the Borel space asso-

“iated with a Eorel subset of a complete separable metric space. A
sigma-finite measure A on a Borel space S is standard if there

exists a Borel subset E of S so that E regarded as a subspace

of S 1is standard and that A(S\E) = 0 . In this paper, all Borel

spaces and all measures used are standard, by definition.

The theorem below is a direct statement of Mackey's Theorem 6.3 in the

paper mentioned above.

Theorem 5.1. Let S] and 32 be Borel spaces and let 52 be stanard.

Let u be a standard measure in Sy - Let A be a Borel subset of

S

e 52 such that for each x ¢ S] there exists y ¢ 52 so that

\X,y) € A . Then there exists a Borel subset N of S, and a Borel

function ¢ from Sf\N to S2 such that (x,6(x)) € A for all

< e S\N and u(N) =0 .

Tris theorem and some of its ramifications is treated in detail in

the monograph of T . Parthasarathy, (1971), Selection Theorems and Their

Applications.

We can apply the theorem in the following way. The graph G = (f(2),8)
of the function f 1is a Borel set in the product space X:KOZ . Then
f()z) is nX(C) for Ty the projection map onto X . By the assumptions

*
above, there exists a Borel set B contained in f(OZ) such that




oo
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- *
Q(B*) >0 . The set GanX (B') will be a Borel set in the product
space which will serve as the set A of the theorem above.

The application of the theorem is stated as

Lemma 5.2. For f and Q defined as in this section, there exists

a_Borel subset B' of f(0,) with Q(B') > 0, and a Birel measurable
function ¢ mapping B' ~ 0O, such that for all x e B',
(x,0(x)) e {(f(8),08): 6 € n;} .

Proof:  Let A =G ['(8") which is a Borel subset of X
The set B is a subset of f(0,) so that w, maps A to all of
B* . The set B* can serve as the Borel space S] of Theorem 5.1.
The set 0, serves as 52 . The theorem asserts the existence of a
Q-null set N and a Borel function ¢ mapping Bt\N to o such
that (x,i(x)) ¢ 6 for all x « BAN . Then the set B' = BAN is

the desired set and the function ¢ is the desired function. 0

Remark:  The construction of ¢ gives us that ¢ is a one-one
function. As is demonstrated below ¢ is a one sided inverse of the

function f .

Define the measures on ), and p on X as

(5.1) v(-) = 61%77'0(B'll¢_]('))
and
(5.2) u(-) = o, (- )u(de) .
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fhat | cannot be orthogonal to Q is demonstrated below in the proof of

Proposition 5.2. If

(1) Assumption M holds,

(2) Py =@}, P, areall purely discrete,

(3) QaPz atoms} > 0

then P, and P2 cannot be weakly separated.

Proof: Let 1, v be defined as in (5.1) and (5.2). We want to
show that C ¢ SX and Q(C) = 1 implies u(C) - 0, which would

demonstrate that u is not orthogonal to Q . First recall that f

is fn. K for some n', k' . The function f has as its image, the
point {=1} and atoms of P9 whose PO probability is at least
We then get that for any C ¢ BX (denoting ;L— as ¢€)

(5..31) P“(C) > clc(f(e)) 2

(The element -1 4¢ X, and C ¢ By so -1 is not an element of C.)

50 we have

5.4) u(C) > evie: (6) eC} = qrfry Q(B'Ne~ VT (e: £(0)eC)) .

Now note, if y + B'/ C then, since B' C f(uz) there is at least one

), for which f(o') =y . By the construction of ¢ ,
p(y)e {9: f(8) =y} , so that if y e B'M C then

y ¢ B' (\:°]‘“' f(n) . Ct. Referring back to (5.4), for any C Bx
the given inequality holds:

n' -’
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u() > Ty AB'NC) .

Suppose that Q(C) = 1, then clearly

m

u(C)

But € >0 so that u cannot be orthogonal to Q . Since | 1is an

integral average of measures in P2 , we have shown that the families

Py and P, are not weakly orthogonal. O

Propositions 5.1 and 5.2 lead directly to the desired fact:

Theorem 5.2. If

(1) Assumption M holds,

(2) Py = @, P, consists only of discrete measures,

then if P, and P, are weakly orthogonal, they are also strongly

orthogonal.

Proof: Proposition 5.2 gives that if P] and DZ are weakly

orthogonal then EJ{P2 atoms} = 0 . Proposition 5.1 asserts that P

1
and P2 must then be strongly orthogonal. O

This section is now complete. In the next section, all preceding

results are combined into one theorem.

Section 6. Mixed Measures with a Dominated Continuous Part

In Section 3 all measures considered were purely discrete. In
Section 4 all measures were assumed to be dominated by a single sigma

finite measure. The last section dealt with the case of a single

i
b
i
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continuous measure versus a class of purely discrete measures. Now we
wish to combine all the above cases into one.
Every probability measure can be uniquely decomposed into the sum

of two sub-probability measures, one of which is discrete and the other

£
g
The measure Pi is purely discrete (atomic) and the measure Pg is

purely continuous. We then have that for each ¢, Pd = Pg + P
purely continuous.

What is to be assumed in the rest of this section is there exists
a sigma-finite measure X such that for all 0, Pg << X

The following notation will be useful. Define

B o e o ad L

P] = {P@' 0 e O]} 3 P2 {P“. £ ”2}
R AT G #5C. o

P] = {PO.S £ O]} 5 P2 {PH' ) € OZ} .

The orthogonality of P] and P is equivalent to the orthogonality of

2
a . d C . C a . C a o C
P] with P2 ; P] with P2 - P] with PZ , and P2 with P] .

Each of these cases will be considered one at a time starting with P?

versus Pg 3

The lemma below is derived in Section 3.

Lemma 6.1. I A1 = {atoms of measures in Pl} and

A, = {atoms of measures in P2} then A, and A, are disjoint
analytic sets.

Proof: Refer to the proof of Theorem 3.1. O

c
5 -
Lemma 4.1, the classes of P? and Pg each has a countable equivalent

The next case to be dealt with is that of P? versus P By
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subset. (Whether the measures involved are probability measurec or
subprobability measures does not matter.) Enumerate the countalle

equivalent subsets (ces) of Pg and Pg as ces(P?) = {Pf e
0‘2
and ces(Pg) 2GR ghe
b %
We are now ready to prove the major result of this section.

Theorem 6.1. If

(1) Assumption M holds,

(2) there exists a signa-finite measure X , such that for all

: c
(510 P(‘) << A,

then if P] and P2 are weakly orthogonal, they are also strongly 1
orthogonal.

Proof: Let Pg' 2 ces(Pﬁ) and let PCr gces(Pg) . Since
A0 UAT ; i

Py L (WP, » it follows directly that P§ LPC . There is a Borel

1 J

1
set Bij for which

€ 66 % 4 c -
Pei(Bij) 0 and PTj(Bij) D

In order to get the strong separation of P] and P2 it is desirable
5y C s IS e

that Bij“’ A] and B1J< \2 s  for A] the set of atons of measures |

in P1 and A2 the set of atoms of measures in P2 . This may not

be so for arbitrary Bij ;

The results of Section 5 lead to the fact that for all 6 ¢ n] .
ﬁe(AZ) =0 and for all o© 02, ﬁm(A]) = 0 . Because By € 9y »
56 ( 2) =0, so there is a Borel set C. D A2 for which P (C.) =0 .
i B 1 i - |
Because T4 ¢ 05 PIJ(A]) = (0 , so there is a Borel sct Dj DAy for |
which P_(D.) =0 . The set E,. =B,.0uD.NCS has the properties ;
rj J 13 ; & et i 1
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l t ( c = =
% hat Eij % A] ; Eij , A2 , and Pui(Eij) 1 and Plj(Eij) 0.
As in the proof of Lemma 4.2, let E = \Jir\j Eij . The set E

contains A], is contained in Ag, and for all i, j, Pe (E) =1
i
and P9 (E) = 0 . Since E contains A], Pg(EC) =0 forall 8¢ 0
¢ ¢
The set E 1is contained in Ag SO Pg(E) =0 for all 6eo0, . We

also have PH(EC) =0 if 8 is a 6. but the definition of countable

equivalent subset forces Pe(EC) =0 forall o ¢ O] . Similarly

P,(E) =0 forall 3e0,.
What has been shown is that PQ(E) = for alllt  ele 0, and
P.(E) = 0 for all ) € O, . The families Py and P, are separated

strongly if they are separated weakly. O

The results of this section can be extended somewhat. Following

is an extension that jives an answer in some cases not covered so

far, particularly th t of certain undominated families of continuous measures.

Section 7. Discrete-Like Undominated Families of Measures

Consider the fanily of coin tossing measures mentioned in Section 1.
[t was stated there that if P] and Pz consist of such measures,
then weak and strong orthogonality are equivalent. The coin tossing
family is an example of a class of families of measures, that we will
call Discrete-like Undominated Families (DLUF for short).

First is a defi ition of DLUF's, followed by the proof of the fact
that weak and strong separation are equivalent for DLUF's. At the
end of this section, we will prove the easy fact that the coin-tossing
family is a DLUF.

The familv of measures S = {QY} for yel = [0,1] 1is said to

be a Discrete-_ike Undominated Family if there exists a Borel function

T —— —
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G Ly (0SS that partition. X into disjoint Borel setc in a measurable
way. By this is meant that f is Borel (with respect to the usual
Borel sigma-fields on X and '), and QY(f_](Y)) =1 and
Qy(f-](Y'))=0 i SR AR

Suppose now that S = {QY} is some DLUF and P « S . Let
g: 0 > T be the function that identifies each 9 with its corresponding
y-atom, that is, for each Bed, P 3 Qq(n) . The function q(-)

is analogous to the function a(-) of Section 2.

Lemma 7.1. If S is a DLUF, PC S and Assumption M holds,

then the function g: O - I  as defined above is a Borel function.
Proof: This lemma i5 a generalization of Lemma 2 |, it< proof is
almost identical. Let B be a Borel subset of I, then

(a: g(6) ¢ BYC{6: P, (f1(B)) = 1}, since g(6) ¢ B mplies
g(e)(f“(s)) =1 by the identification of f; but P = Q
that P (F1(B)) =1 . The relation {8: g(8) ¢ B} D{e: P,

holds, because if P_(f71(k)) = 1 then Q (g)(f—1(8)) = 1 forcing

g
g(p) ¢ B due to the "nartitioning” nature of the functicn f .  Since
GE Pﬂ(f_](B)) = 1} is a Borel set by Assumption M, ¢ is a Borel
function of © . O

Using the analytic set separation theorem as in Section 2 we get

Proposition 7.1. If PCS, for S some DLUF then under

Assumption M, the pairwise separation of the families ’poand P,

implies the strong separation of P] and P

2 .
Proof: Lemma 7.1 together with pairwise separation gives us that

the sets A] = 9(01) and A, = g(vz) are disjoint analytic subsets

of 1" . By the analytic <eparation theorem, there exis s B . a
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jorel subset of | wnich contains A] and whose complement contains

1]

o . The set ¢ f"(B) is clearly a Borel subset of X such that

PAC} =1 for b ¢ y  and PO(C) =0 for 6 = 0, . O

The family S 1is similar to a collection of one-point measures
except that Q. is not point mass at y but rather 1ike "point-mass"
!
at the "point" f'](w) . The generalization to measures that are con-

vex combinations of measures in S leads to a notation of discrete measures

shose "atoms" are of -he form f—](y) : =L

+* 3 &
Define & é T S WS ) A TR B S Yy € r and QY el

;S Yy 1 i
set of all countably infinite convex combinations of elements of S

We want to show that if PC:S* then weak orthogonality of P1 with

P2 implies strong orthogonality. This is accomplished by proceeding

just as in Section 3

Let Pc S . We will define g ,: 0- similarly to f . .

n

n,k:
Let A? = {yvel’ = [0,1] Pn{f'](y)} i % F. 1f A_ has at least k

h

n
elements then define (6) to be the Kt largest element of A‘n :

gn,k
If Ag does not hav: at least k elements then define 9, k(@) to
be minus one, a special element. By examinina the proof of Lemma 3.1,

it is easily seen for n=1,2,... and k= 1,...,n that the function

g () 1is measurab e if Assumption M holds.

n,k

* .
Proposition 7.2 If S is a DLUF, Pc S , and Assumption M

holds, then P, L pr)P, implies Py L (s)P, .

Proof: As staited above, the function Dok is a Borel function
T ’

for @ach n, k . Th2 s8ts A, =0 0, IN{-1 and

1 n,k gn,k( 1
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A2 ) Un,k gn,k

The sets A] and A2 consist of the y-atoms for the 1 easures in P

and PZ respectively. There is a Borel set B such ttat B DA

(02)\{—1} are disjoint analytic subsets »>f

'I,
1
and B!‘lAg ) (R O r_](B) then as before C wil | separate the

families Py and P, . []

If P consists of measures of the form P fv/ﬁo (dvy) and
the measures Vg are dominated by some » , then pairwise separation
gives strong separation of Pl and V2 ;
The following theorem is an obvious generalization f Thecrem 6.1.

*
Theorem 7.1. Let S be some DLUF and S the se' of all

countably infinite convex combinations of members of S . Let

(1) Assumption M hald,
(2) P() = tt(f))fQ,yvu(d\,') + (]-(())Q* for 0 <« (6) : s
*

v << A and Q: g

o]

then if P, and P, are weakly orthogonal, they are also strongly

orthogonal.

Proof: The only case that has not been resolved i1 this section

*

1
But this is 1ike the case of P] - {v} and P2 a set of discrete

that was considered before is of P, = { QYv(dY)} and P, C 8

measures. As before the set of Y-atoms of P, measures is an analytic
set for which V{atoms} = 0 . There is a Borel set B in [ that
contains the y atoms and w(B) = 0 . The set f'](B) will split

the single continuous measure from the discrete ones. Now go on as before

to get the result. O

Two examples of DLUF's are the atomic masses and the coin tossing

measures.




Dol o L aiant a4 T - —

25

If S= {fy iye (0,1]F then S is a DLUF since f: X ~+T for
f(x) = x satisfies the requirements stated above. It follows then
that all the results of Sections 2 through 6 are special cases of

the Theorem 7.1.

[f wig'= {QY: y¢ [0,1]} for QY the coin tossing measure with

probability y then S is a DLUF. The measure QY is the distri-

(I'V (k
bution of Y = ) ¢ where the X, are i.i.d. Bernoulli random

i k=1 ')k k

variables with parameter Y . Express x e X = [0,1] 1in terms of
its binary expansion x = Zk=] bk/2k and if x has two expansions,
use the one with non-terminating ones. The function

b]+...+bn
f(x) = 1im SUP, (" ;) s a Borel function, being the countable

1im sup of Borel functions. By the strong law of large numbers,
(v)) =1 and QY(f°](w')) =0 for ¥ # v . [he famly S 1s

then a Discrete-Like Undominated Famiiy.

Section 8. Conclusion

In this paper, it has been shown that for families usually consi-

dered in the study of hypothesis testing, weak orthogonality implies
strong orthogonality. For discrete families, dominated continucus

families, and for mirstures of discrete measures with dominated con-
tinuous measures, the two notions of orthogonality are equivalent.
At this time, tne author does not know of any counterexample.

Nor does he know of :ny general proof of the equivalence of weak and

strong separation, i~ there is such a proof.
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