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~ ON THE S1 RICT DETERMINATION OF HYPOTHESIS TESTING GAMES1
0

p c by

Ric hard Clark Persons
~~ Department of Mathematics

Massachusetts Inst i tute of Technology

Section 0. A Rough Statement of the Question

Consi der the following game for two players. Player I picks some

measure P0 from the collection {P : ee [O,1]} . Each P0 is a
o 0

probability measure on [0,1] equi pped wi th the usual Borel sigma-fiel d.

A point x is then selected at random via P0 , the measure chosen by
0

Pla yer I. Player II must then guess whether e~~e [O,~-] or 0~ c (2-,1]

If he is righ t he win s; i f not he loses .

A strategy for Flayer I is a measure ~ on 0 = [0,1] , the set

of all possible values of 0 . A strategy for Player II is a function

~: [0,1] 
-
~ ~O,l} , where ~(x) = 0 indicates the guess that

00c [o,~-] , an d x) = 1 indicates the guess of 8~ e (~-,l]

The question to be examined in this paper is: if for each Player I

strategy , v , therf is a Player II strategy q~, that wi ll win with

probability one , is t here a single strategy ~ that will win wi th

prob ability one for any strategy v of Player I?

This question h ~ an application to the issue of Bayesian statistics

1 
Prepared with the s ippo rt of Nationa l Science Foundation Grants No.
GP-438O5 and MPS 75-10376 and ONR Contract N00014-75-C-O555 (NR 042-331).
AMS 1970 subjnct cl~ ssifications. Primary 62B20, 62Al 5.
Y9y words and phras s. Hypothesis testing, orthogonal classes of measures ,
strictly determined games , Bayesian.
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versus classica l statistics. Consider Pl ayer I to be nature and Player II

to be the statistician. If the omniscient Bayesian stati ;ticiar i (always

knowing nature ’s prior u), can always make the ri ght de :i sion in a

certain situation , can the class ical statistician always ‘ake the right

decision in the same situation?

The above is a special case of a more genera l questi in: Does every

Hypothesis Testing Game hav~ a va l ue?

Consid er the game as a~ove. Pla yer I selects E , then a point

x is selected according to P0 . Player II sees x and guesses whether

0 [0,~-] or 0 e (~-,l] , winning 1 if correct and 0 if not. A

strategy of Pl ayer I is a pro bability measure v on [0,’], the set of

all possib le values of 0 . He sel ects ~ via the rnea,ure V

A strategy for Player II is a function mapping [0,1] , the set

of all possib le va l ues of ~ , to [0,1] . We let (x) be the

pro bability of guess ing tha r Hr [O)~-] , when x is the observed value.

Define the expected payoff of Player II as

M (v,~ ) =JJ’I[Q l ]
(8)rf(x)P O (dx)v(dO )

+ff ~ (0)(1-~ (x))P0(dx)v (d )

The upper va l ue o~ the game is defined as

U ~~~ M (v,t)

i - - — - - •-  
~~~~~~~~~~~~~~~~~~~~ _____________



3

The lower value L i s

L = sup~ ~~~ 
M(v,~ )

A game is said to have a value if U equals L

What is considered in this paper is the case for which U is one.

We ask the question whether thi s implies that L is one also .

Section 1. Introduction and Sumary

From th is point on , unless stated otherwise , we wi ll as~ me that

{P~, ee[0,1]} is a collection of countabl y additive probabili ty measures

on the un it interval , equipped with the usual Borel sigma-field. Al so

needed is a measurability condition on {P~.j as a funct ion of 0

For every Borel su bs~t A of [0,1] , assume tha t P0(A) i s a Borel

func tion of E with respect to the usual Borel siqma—field on [0,1]

This measurability condition wi ll be called assumption M

For ease of notation , we make the followinq definitions:

O = [0,1 ] 
‘ [O,~] , = (~-,l]

6 = the usua Borel sigma-field on 0

x = [O ,~ ] the usual Borel sigma-field on X

= { P
0 : e ra ~ ) , P 2 

= ~P 0 : 0c02
} .

Of course , X could be any complete separable metric space , and
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similarly for 0 . The sets and could be arbitra ry disjoint

Borel su bsets of 0

The families P1 and P2 can be orthogonal in three ways: pair -

wise , weak , and strong. Pa irwise orthogonality of P1 and P2 will

mean that every member of P1 is orthogonal to every ni€ rnber of P2
Weak orthogonauity will mea n that for every probability r~~asure on

01 and u2 ~ ~2 
the measures JP1 v1 (d) and fP0~2(d ) are

orthogonal . Strong orthogonal i ty will mean tha t there e~ i sts a Borel set

B which supports every eh nent of P1 and BC suppor ts every element

Of P2 .

The three types of orthogona lity will be denoted by ‘
~~~~~ , (pr ) P 2

“P1 (w)P2
1’ 
, and ‘P1 I(s)P2

t 
, respectively.

Now that the notation has been introduced , let us n1 ition why the

measura bility Assumption F~ is needed. Wi thout this as imption , it

is easy to find families P1 and that are weakl y separa ted

but not strongly separated . What fol lows is such an exa ple.

Let A be some anulyt ic subset of X that is not F ord . (An

analytic set is the forward image of a Borel set via a Borel measurabl e

function. See , for example , Kuratowski , Volume I, (1966), or Farthasarathy

(1 967).) Parameterize {r ,} in which a way that P1 
= { r3

~~
: x~

and P2 
= {ö

~
: x c AC } J~; i s shown i n Secti on 2, P1 

is a leg it imate

family under the measurability assumption , though P2 is not.

Anal ytic sets and comp l ementary analytic sets are measurable with

respect to the completion of any given Borel measure . (~rfer to Kuratowski .

- _~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _ _ _ _ _ _ _  ___ ___________
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Section 39.) The obvious definition of an average of elements of P
1

is any measure whose completion assigns measure one to the set A . A

similar definition would hold for averages of elements of P
2 

. Let

be any avera ge of P1 -measures and let be any average of

~2-measures. Since the completion of Q1 gi ves A measure one , there

i s a Borel set B1 
C A such that Q1 (B1 ) 1 , and sim ilarly there is

~ Borel set B2 c A C such that Q2(B2) 
= 1 . It follows that

Q 2 givin q P1 ~(w)p ~ . However P
1 

and P
2 are not strongly

separa ted by Borel sets since A is not a Borel set.

Assum ption M could be weakened in one way suggested by the fol l owing

exam ple . Le t P
1 

= ( r(O)~ 0 + (l—r (e))5 113 :e r01 } and

+ ( l - r ( o ) )~ 1 : 0 r 0 2
} where r : ~

) + (0 ,1) is any

function. If r i~ a non —measurabl e function then Assumption M is

not satisf ied eve n t cug h the classes P1 
and P

2 
are eas ily

separated by a Borel set. If P
1 , P2 are any two classes of

measures generdted wider Assumption M then any deformation of the proba-

bilities ~P1 :B)} for B C B x tha t leaves 0 and 1 probabilities

invariant will not a fect strong separation .

Now cons ider th various definitions of orthogonality of two classes

of measures. It is lear tha t strong orthogo na l ity implies weak ortho—

gona li t~ which m p h  s pa i rwise orthogona lity . Pa i rwise orthogonal ity

does not imply weak rthogona hity as is illustrated by example. Let

P
1 = 0 r 0,~-]} and let P

2 
{~ } where A is Lebesgue measure

On [0 ,1 ] . C ear ly . P1 ( pr)P 2 , yet p = Ji52~
d0

~ 
an average of 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~
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el ements of P1, is Lebesgue measure on [0 ,1], giving t iat P1 and

are not weakly orthogonal.

Under Assumption M, w~ ha ve no examples of weakly parated famil i es

that are not strongly separ ited . Some of the results tha~ are woven are

stated below , and their pro fs are contained in the fol lc . iin~ s~ctions.

If P
1 and P2 co tain discrete measures onl y, then under

Assumption M, pai rwise orth yona lity implies strong orthcqonali~y. Ihis

is proved in Section 2 and ection 3.

~ P1 and P2 co isist of measures that are do rinated by a

sing le measure , then pairwi ~e orthononal i ty implies strar o rthoqo na l i ty .

Assumption M is not needed here , in fact , no measurabilit y condition is

needed at all. These facts are de~~nstrated in Section 4

Let P1 and P2 c~)nsist of measure s havin q a d~ ~cretc part , and

a continuous part which is lominated by a single sigma-fi nite neasii re.

Then under Assumption M, we i k  orthoqona h ity implies stro~ i orth oqonality .

Ihis is proved in Sections H and 6 .

Lef Q , y~ [0 ,1],  be the distribution of the rar iorn va r iable

Z 
~k 1  

2
~

’
~

Y k where {V k r are independent Bernoulli random var iables

for which P{ Y = l }  = y . Call ~ = : y r [ 0 ,l]} the coin toss i ngk -y
family of measures. The fa~’il y S is an undominated fa il y of continuous

measures on L0,l] . In Section 7 it is shown that if ‘
1 ’ ~~~ s then

under Assumption M , pa irwis ’ separation of P. wi th P2 is equivalent

to strong separatinn .

- 

_
~ 1~~~~~~~~

__
~
_: -

~~~~~~ 
- 

~~~~~~~~~~~~~~~~~~~~~ ~ .— ~~ ~~~~~~~~~~~~~~~
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Section 2. Ihe Most Basic Case

Let us first e>am ine the case for which P
1 

r (pr )P2 , and

3 
= 

~a( ’ ) that is , eac h measure P0 is just the point mass measure

at some point a (0)

Lentna 2 . 1. Under Assump ti on M, the function a: 0-~ X i s a  Borel

-easurabl e funstion of 0

P r n ~ : Trivi l since {0: a() r B} = {i : P (B) = l }  and i f

B - se ond s”t is a Borel set of 0’s by Assum ption M . 0

1~~~it ion 2. 2 . Under Assy~pt i on M i f P
1 
1 (pr)P2 

and

= ~ , ~hen tiere exists a Borel subset B of [0,1] , such

that P (B) = 1 i P r0 1 
and P0 ( B) = 0 if F0 2

Proof. yL om ’ a 2.1 , a( 0)  is a measura bl e func ti on , so that

and n(( 2) aie analytic sets . The sets a~D1 ) and a(~~) are

tl sjo int since the c asses P1 and P2 are sepirated by pairs. By

~ e ana lytic s t  sep rati on theorem (Kura tows ki , Soction 39), there i s

a Bore l set B that contains at~ 1 ) and whose coiiipl ement contains

We w i  1 the have that P~ (l3 ) = 1 or 0 , accordi ng as

s r ® 1 or Hr 2 . ~

Section 3. Lh~ Gene ~l Discrete Case

In this ;ectio , we w i l l  treat the case in w ich , for all 0

P~ is a purely d is rete measure. What is to be oroved is that , under

Assumption NI, if and P
2 

are separated by ~airs then they are

separated stro qly.
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In Section 2, each mea -ure P wa1 a point mass ~ a (t ) , which

was shown to be a Borel fun tion. A similar argument wil work in  th i s

case . Rather than the one unction a () , a countabl e r ~;be r ~f func tions

f~ 
~~~ 

are reeded . For e - ch ~ , k , ~n k~°
’
~ 

will be C e of be ato r s

of P~ . (Fer some values of n , k and 0 , f fr (P) iqht oe a special

vdlue to in di ate tha t ~~~ ( )  is riot an ato m of P
0 

- Thc r ’  ~on for

this w i l l  become c lea r he lo t . )

The funct ions 
~~~~~~ 

an de~ iried as fo l l ows . Cor ,ider

= [ x c  [0.1]: P, { x }  > . If f fl has at least  k ien~ ; t o n

define 
~ ,k~ 

) to be the LL
~ 1 ar~est el ment in . ~ ~~es -j

not have at least k e1eme~ t s , then defi ne 
~n k ~~’ to ~ m i n i s  ( ne ,

the special e~emen t . The f inction 
~~~~~~ 

?S ~ e~- the th  ? a r r ’ ~st

atom of P~ having proba i li t y oreater than or eoual . (Larqest

is in the senre of the orde ing on X = [0,1] , not the most probab le . )

As defined , 1 n ,k is then i Borel function by

Lemma 3. J .  Under A ssomp t ion  M, ro~
_
~~~ n = 1 ,2 ,. - our

k = l,2 ,...,n. fn,k : { ),1]U {— l} B easun ole fun ct i on .

Proof: As is usual , it is enoug h to show fo~ eacl fixe c x c [0,1],

that the set 0n ,k = ~~ ~~~~~~ 
x~ is a Borel subse t of ( . Let

n , k , x be fixed. Define be sets of )

B
r 

~8: P f L  /2”, (9+l ,/?m )fl[X 1] >

defined for ni = 1 ,2 , . . .  a r t  ~ = 0 1 2 m

s.— ~~~~~~~~~~~ ~~~~~~~~~~~~ ~~~
— 

_ _ _ _ _
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B fl ,k 
= (0: them e exist r (1),~ (2),. ..,~ (k ) such t hat

O<z( 1 ) c(2)<.. .<f (k)~ 2
m and that 0 n~ B

~(i)m }

defined for m = 1 ,2 ,

{ : there exists N > 1 such that 0e it B0~
k}

— m M  m

T he se ts B~ are Birel sets by Assumption NI. The sets 3n ,k 8n ,k
m

will also be Borel sets since they are obtained through countable inter-

sections and unions o~ se ts B~? . We chain that Cn ,k ~~~ . Th i s

is true because P \ ’  >~~~~ if and only if all small intervals ‘y containin g

y have probab ility o~ at leas t . The se t Bfl ,k
~ is the set of 0 for

-~h ich at least  k in ervals of the form [~/2 m (~ + 1) /2 m) have P0
orobability at leas t . Clearly,  in order that f

fl ,k (0)  ~ x it is

ecessary and siffici ont that B fl ,k occur all but finitely often. Thus

= Bn ,k as cla i r od , proving that for all n , 
~ ~~~~~ 

i s a Borel

;easurabl e function. 0

Remark: the pr of of the l emma nowhere uses the fact that the

P ‘ s are purely discr -~te; only Assum ption M is used . We will make use

of this fact in Secti ~n 6.

We are now in a )osi t Ion to prove the fol lowing.
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l heorem 3 .l. If for all B , P0 i s a  purely disc  ete m asu re ,

Ass urn~~jo n NI holds , and P 1 1 (pr)P 2 t hen  P1 ~ ( s )P 2

Proof: Since f 0 k is a measurabl e function , the lets

~~~~ l~~’ ~n ,k~°2~ 
are analytic sets by the definition of anal -tic

set. Let A 1 
= 

~ n k  ~~~~ l
)\1_ 1T and A 2 = Un k  ~~~~ 2~ ” -l

The sets A 1 and A2 are then analytic since the counta nle union of

analytic sets is an analytic set. (See ( ratowski. ) A 1, A 2 m i S t also

be disjoint , s i nce P 1 j  (pr)P 2 , forcing P1. P2 to have no

atoms in common . We now can apply the analyti c set separ rtion theorem

as in Section 2 to get a Borel set B that contains A 1. and whose

complement contains . The set A 1 contains all atom of measures

in P1 , since if P0{x} 0 then P~~x ~‘ for soc n ’ giving

= x for some k’ n . We then have that P (B) = 1 for

o e and P~ (B) = 0 fo r  0 2

Remark: There is a slightly cleaner proof of this theor-~n not

using Lenina 3.1 -- however the proof given above lends it~elf d i re~~ly

to Section 5 below , whereas the other proof does not. T b- ’ alternate

proof is this: The set A* = ~(x. ): P0~x~ >0 , P e t 1 ) is i Borel

set in the plane. The set , ,Tx (A *), the projection of A* onto

X = [0,1], is then an anal -itic set. As above , a p p l y  t l~ anal ~t ic

set separation theorem to yi eld toe desired result.

____ - 
_ _ _ _
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1.

ion 4. The Case of Dominated Measures

In this section , we w ill deal with the situation in which the

collect ion {P 5 r is dominated by s ome sigma-finite mea;ure A , that

is , <C ~ for all 0

Let i~ , M
2 be two collections of sigma -finite measures on a

measurable space X . We say that and M2 are e q u i v a l e n t  i f :

mn 1 (E) 
= 0 for m 1 1 m 1 i n  ~f 1 implies m2 (E ) = 0 for all m2 c M 2

and convers i ly. The thi lowing l emma of Halmos and Savage (1949) allows

us to trea t the domin ited case.

Lenioia 4.l. Every domi nated set of measures has an equivalen t

countable subset.

Proof: Refer to Lemma 7 of Halmos an d Sava ge . 0

The fol lowing easy resul t i s also useful .

Lemma 4. 2.  Let P , R be two countable sets of sigma-finite

oeasu res on some measurable space , then if P and R are separated

~y pairs , they are also separated stron~1y.

Proof : Say that P = {P 1,P2,... } and ~ = {R 11 R2,. .. }  . For

each i , j ,  P 1 ~ R~ by assumption , so there exi sts a Borel set B~~
such that P

~ (B?~
) = J and R~(B1~ ) 

= 0. If we define the Bore l set

B to be ~r . B
~j~ 

then for a l l  i and j  , I 1 (B
C) = 0 and

R~(B) 0 .  0

_________________ A -- - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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We can now t ie these two l emas together to get

Theorem 4.1. Let P1 I (pr)P2 and let there b e a s i g m a - f i n i t e

measure ~ such that P0 <-~ A for all c [0 ,1] , then P
1 j (s)P

2

Proof : By Lemma 4.1 , P1 and P2 each has a cc intabl n equiva-

len t subset. Now , use Leniria 4.2 on the coi.ntable equiva l nt uOsets o~

P1 and P2 to obtain the desired result. 0

Remark : Assumption M was not required at all; only the piir~ i se

separation of the two class- -s was needed. Assuming a cla s to t e

dominated is a very strong assumption.

Up to this point we have not needed the assumption tia t the classes

P
1 and be weakly separately, just pairwise separation wa-~ used.

In the fol l owing section we will require the weak separation assumption .

Section 5. An Arbit rar~~~ asure Versus a Class of Discrete Measures.

What has been treated 10 far ore the cases in which either all

measures are di scr ete , or all measures are absolutely continuous wi th

respect to a single measure (such as Lebesgue measure). In thi -;

sec ti on we shall exam i ne th s it ua ti on of one con ti nuous measu re i n

contrast to a collection of purely discrete measures .

Precisel y wha t is assumed is that P
1 

{ Q } for sm e  probability

Q , and P2 consists of rely discrete measures. As we know from

Section 3, A = (atoms of easjres in P2} is an anal— . tic set. While

_ _ _ _ _ _ _ _ _ _ _ _  - ~~~~~~~~~~~~~~ ~~
- 

_ _ _ _ _
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the set A need not ie a Bore l set , it i s measura b le w ith respec t to Q
ore precisely .‘~ith r~spect to the comple ti on of the measure Q .

The completion of a measure ;
~ wi ll be denoted as . The

uantity Q( A)  is then we ll  defined . We are led to the fol l owing

proposi tion.

Proposition 5.1. If

(1) Assui p~tion M holds ,

(2) P1 Q } , ~ are ajjpurely discrete ,

~3) Q ’ P 2 atoms } = 0

then the families and P are strongly separated.

Proof: et 1 = (atoms of measures in P
2
} . The set A is

analytic so there exi ;t Borel sets B1 ,B2 such that B1 C A C B2
and Q(B2) 

= Q(31 ) . But Q(B2) 0 by assumption , giving that

(B) = 0 for ~ - , and P (B2) 
= 1 for n c °2 (That is ,

and P2 are strongly separated families of probability measures).

0

W ildt remain s is the case in which Q (A) > 0 . If Q(A) > 0 then

it is not possible that the families P
1 

and P2 can be weakly

separated as will be shown below. This is accomplished by fi nding an

~ppropriate probability measure v on . The measure p =JP0v (do)

w ill be an average of measures in P2 yet not orthogonal to the ~~asure

giving a contra iction of weak separation .

_____________________________ 
_ _ _ _ _ _ _  

_ _ _ _ _ _ _ _
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In order to find the desired measure , the f irs t step is to find

a “n i ce” subset of the set of atoms . This is facilitated by the following

Lemma 5.1. Under Assumption M, i f Q{atoms } > 0 then_ the re

~~js_t~ n ’ k’ ~~~~~~~~ ~~~n ’ ,k ’~ 2~ 
0

Proof: Follows dire ctly from the proof of Theore rm 3.1 and the

measurability of analytic sets. r..j

From this poin t on , assume that some n ’ , k have een c -osen

> 0 . Denote the func ti on f , k’ by fn ,
4 heur ist i c argument of what is to be attempted foil- ws. ~bat

we would like to do is to cons truc t v from Q and f i n a W Y

that would give v(f 1 (.)) Q(
~~~) . This would identify null sets of

Q with those of v . If m ( - ) were defined as f~H( - ) (d- -) then

null sets of Q would have p-probabi1ity less than one. This would

be true since for N a Q-nul l set , v assigns probabil ity less

than one to N . This argument will be rigori zed below .

However , this approach cannot be used as it stands since is

only defined on a sub sigma_ cield of the Borel sigma-field , name ly

that generated by the measur ab le function f . Wha t follo ws bas i call y

is a means of extending the definition of v to the entir e Bore l

s i gma - f i e 1 d.

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - - -  ---.
- 

- 
_~~~~

_—
j_ — - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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The paper ‘Bore t Structure in Groups and Thei r Duals ” by George

Mackey (1957) contair ; the needed results. He defines a Borel space to

te standard whenever it is Borel isomorphic to the Borel space asso-

:i ated w ith a Bore l sub set of a complete separab le metri c space . A

sigma-finite measure A on a Borel space S is standard if there

exists a Borel subset E of S so that E regarded as a subspace

of S is standard and that A (S\E) = 0 . In this paper , all Borel

spaces and all mm easure s used are standard , by definition.

The theorem be lcw is a direct statement of Mackey ’ s Theorem 6.3 in the

pape r mentioned above .

Theorem 5.1. Let and S2 be Borel sp~ç~s an d le t 
~2 

be stanard.

Let p be a standard measure in S1 . Let A be a  Borel subset of

~ ~2 such that fo r each x c S 1 there_exists y c S2 so t h a t

~x ,y) c A . Then the -c exists a Borel subse t  N of S1 and a Borel

function ; from S1 N to S2 suc h that (x,-~(x)) c A for all

c S 1\N and ~(N) 0

This theorem and some of its ramifications is treated in detail in

the monograph of T . Parthasarathy , (1971), Selec tion Theorems and Their

A~pj cat1on s .

We can appl y tr’ theorem in the following way The graph S =

of the function f is a Borel set in the product space X~~O2 . Then

f( 2
’
~ ~ 

for 
~ 

the projection map onto X . By the assumptions

-ibove , there exist s a Bore l set B* contained in f(o2) such that

h. -—--- 
~~~~~~~~~~~~~~~ . _~~~~~~~ 

_
~~~~~~

- - - i ~~~~ ~~~~~~~~~~~~~~~~~~



- _
- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

16

Q(B*) > 0 . The set GflhI~~(B*) w ill be a Borel set in -he i~ duct

space which will serve as the set A of the theorem above .

The application of the theorem is stated as

Lemma 5.2. For f an i Q defined as in this secti in , there exists

a Borel subset B’ of f(C )) with Q(B ) > 0 , and a B rd n nasurab le

function > mapoi~~ B’ 
2 such that for all x r B’

(x,~ (x)) ~: { ( f ( o ) , ): u e

Proof: Let A = Gfl ~~(B * ) which i s  a Bore l subsnt ~~~

The set B is a subset of f( -2~ 
so that ~ maps 1 to all of

B . The set B can serv~ as the Borel space S1 of Theorem 5.1.

The set 2 serves as 
~2 

The theorem asserts the e>i sten c? o~ a

0-null set N and a Borel function ~
- mapping B’\N ~ 

-

~~ 

such

that (x, (x)) L G for all x B \N . Then the set B ’ = B \N is

the desired set and the fun- tion is the desired function. [J

Remark: The construction of -
~~ gives us that is a one -one

func tion. As is demonstrated below ~ is a one sided ir erse of the

funct ion f

Defi ne the measures on 
2 and ii on X as

(5.1) v ( )  = Q(B’ 1 
Ho )

and

(5.2) o (•) = f~o . ) (d - )

- -~~~~-- -- - - -- -- ---~~~~~~~~
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h a t  c a nn o t  be o rih ogo n al  to Q is demonstrated below in the proof of

Proposition 5.2.  If

( 1) Assumption N holds ,

(2) P1 Q} , P2 are all purely di screte,

(3) Q P
2 

atoms~ > 0

then P1 and P2 cannot be weakl y separated.

Proof: ~et , v be defined as in (5.1) and (5.2). We want to

show that C s and Q (C) = 1 implies p(C) - 0 , wh i ch woul d

demonstrate that p is not orthogonal to Q - First recall that f

is 
~n ’ ,k’ for some n ’ k’ . The function f has as its image , the

point (-1 and atoms of P0 whose P 0 probability is at least

We then get that for any C c B
~ 

(denoting 
~~~~~ 

as c

(5.3) P (C) > cl c(f(e))

(The element -l ~ X , and C e so -l is not an element of C. )

So we have

(5.4) -c (C) cv {m -: f ( e )  c C} = 

~-ç~
-
~
- Q(B’fl~~~~~: f(o) c C ) )

Now note , if ~
- 

~. B C then , since B’ it f( - 2) there is at least one

~
- 2 for ih ich f( ’ )  = y . By the construction of ~-

~
(y) ~ ~l3: f ( )  = y i  , so tha t  i f  y c B’ I i  C then

y B’ ~ : 1 (1 f(o) - C m .  Referring back to (5 .4) ,  for any C

the given inequali ty holds :
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p (C) >~~ç~rj- Q(B’ flC)

Suppose that Q(C) = 1 , then clearl y

p(C ) e

But c > 0 so that p cannot be orthogonal to Q . Sin ce - is an

integral average of measures in P2 , we have shown that the f a’m lies

P1 and P2 are not weakly orthogonal.

Propositions 5.1 and 5 .2 lead directly to the desire~ fact.

Theorem 5. If

(1) Assumption M holds ,

(2) P
1 {Q}, P

2 consists only of discre te measires,

then i f P1 and P
2 are ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

orthogonal.

Proof: Proposition 5.2 gives that if P
1 and  

~2 are weakly

orthogonal then Q{P
2 atoms ) = 0 . Proposition 5.1 asserts that P1

and P 2 must then be str ngly orthogonal. 0

This section is now commi plete . In the next section , all preced i ng

results are combined into ote theorem.

Section 6. Mi xed Measures with a Dominated Continuous _Part

In Section 3 all measures considered were purely discrete . In

Section 4 all measures were assumed to be dominated by a single sigma

finite measure . The last section dealt with the case of a single

_ _  — --i_-- - -- -— -- --- --- --~~~-
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con tinuous measure versus a class of purely discrete measures . Now we

wish to combine all the above cases into one.

Every probability measure can be uniquely decomposed into the sum

of two sub -probabil i ty measures , one of which is discrete and the other

purely continuous . We then have that for each o , P~ = P~ +

The measure P~ is purely discrete (atomic) and the measure P~ is

purely continuous.

What is to be assumed in the rest of this section is there exists

a sigma-finite measure \ such that for all 0, P~ << A

The following notation will be useful . Define

= { P a : O s  
~~ 

, = {P a : ‘~~~~

{P~ : 8i 
~~ 

P~ = {P~ : I E

rhe orthogonality of P1 and p
2 is equivalent to the orthogonal ity of

wi th P~ , P~ with P~ , P~ with P~ , and wi th

Eac h of these cases will be considered one at a tiimi e starting with

versus P~ -

The lemma ie l ow is derived in Section 3.

Lemma 6.1. If A 1 
= (atoms of measures i n and

A2 = ~atoms of measures in P
2
} then A 1 and A 2 are disjoi nt

analyt ic sets.

Proof: Refe r to the proof of Theorem 3.1 . 0

The neKt case to be dealt with is that of P~ versus P~ . By

Lema 4.1 , the ;lasse- of P~ and P~ each has a countable equ i valent

~

-- - --

~

-

~

=-

~

... .—-—--- -
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subset. (Whether the measures involved are probability m~-asure  or
subprobability measures does not matter.) Enumerate the ountatle

equivalent subsets (ces) of P~ and P~ as ces ( P~) = 
~~~ ,1 c ,~

1 2
and ces(P~) = {PC pC 

~~~r 1 r 2
We are now ready to prove the major result of this section.

Theorem 6.1. II

(1) As sump~~ on M holds ,

(2) there ex i sts a~~~~mia- finjte measure ~ , such that for all
m~, P~~< < A

then if P
1 and P

2 are we rtho~ona1 , they are also strona~y

orthogonal.

Proof: Let P~ ces(P~) and let ~~~ C ces(P ~) Since
j . (w)P 2 , it follows directly that P~ I pC Ther is a Bore l

1 j
set B~ . for which

P~~(B~~) = 0 and P
~~

(B
~~
) = 0

In order to get the strong separation of P
1 

and P
2 

it is desirable

tha t B
~~
J A1 and B1~ C 

-‘
~~~ , for A 1 the set of aton of n-easures

in P1 an d A2 the set of atoms of measures i n P2 . This vmay not

be so for arbitrary ~~

The results of Section 5 lead to the fact that for all ‘ - c 
~

P0 (A 2 ) = 0 and for all 0 
~2’ ~~(A1 ) 

= 0 . Because 1
P0 (A2) = 0 , so there is a Borel set C~ j A2 for wh i ch P ( C ~) 0

Because - 

~2 ~~~(A 1 ) = 0 , so there is a Borel set D~ ~ A 1 for

which P (D.) = 0 . The set E1 . = B. .tiO . (\C~ has thc properties

—~~~ . - .—.t-—-- - _a.__ C—--- n r.  r~i~~~~~ -~t--~.-.
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- hat 
~~ 

2 A 1 E 1~ 
m A~ and P ,~~(E 1~~) 

= 1 and P 1 (E 1~ ) 
= 0

As in the proof )f Lenina 4.2, le t E = u1 n~ ~~ . The set E

contains A1, is contained in A~, and for all i , j ,  P0 (E) = 1

and P
~~

(E) = 0 . Since E con ta i ns A1, P~(Ec) = 0 for all 0 c

The set E i s conta i ned i n A~ so P~(E) = 0 for all 6 c . We

also have P(E t) = 0 if 0 is a 0~ bu t the def i n i tion of coun tab le

equivalent subset for:es P0 (E c ) = 0 for all 0 0~ . S i m i l a r l y

R A E)  = 0 for all c

What has been shown is that P0 (E ) = 1 for all 0 
~ 

and

P 5 ( E) = 0 for all e 
~2 

The famil ies P
1 and P2 are separated

strongly if they are separated weakly. 0

The results of ‘ i S  section can be extended somewhat. Following

is an extensior tha t ives an answer in some cases not covered so

~ir , par t i cu la ’ - l -  th ~ of certain un dominated families of continuous measures. - -

Section 7. Discrete-Like Undominated Families of r~eas ures

Consider the far ily of coin tossing measures mi entioned in Section 1.

t was stated thore ~hat if P
1 and P~ consist  of such measures ,

t r o r~ weak and ;trong orthoqonality are equivalent. The coin tossing

family is an example of a class of families of measures , that we wi ll

call Discrete -I ike U dominated Families (DLUF for short).

First is a defi i t ion of DLUF’ s , fol lowed by the proof of the fact

that weak and - .trong separation are equivalen t for DLUF’ s. At the

end of this sention , we will prove the easy fact tha t the coin-toss ing

family is a DL iF .

The famil / of measures S = { Q }  for y r  I’ = [0 ,1] is said to

be a Discrete - ike U’ dominated Family if there ex is ts  a Borel function

____________ - ~~~~~~-~ -~~~~-~~~~~ --
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f: X F tha t partit ion - X into disjoint Borel set ’ in a -measurabl e

way. By this is meant that f is Borel (with respect to the usual

Borel si gma-fields on x and F), and Q (f 1 (y ) )  = 1 and

Q (f (y ) )  = 0 if -y
y

Suppose now tha t S = 

~Q 
} is some DLUF and P - S . Let

g: 0 -* p be the function tha t identifi es each 0 with ts corresponding

i-atom , that is , for each 0 0 , P; Qg ( n)  . The ~unction g(~~)

is analogous to the functio n a ( )  of Sect ion 2.

Lema 7. 1 . If S is DLUF , PC S and Assumpt ic ’ i  M holds ,

then the function g: 0 -
~~ as defined above is a Bore~ f unc t ion.

Proof: This lemma i a gen e ra l izat ion of Lemma ~ 1 , it proof is

almost identical . Let B be a Borel subset of , t ‘n

f o :  g( 0 )  ~ B } C { e :  Pf (f ’(B)) = 1) , since g( a )  c B ip l i es

= 1 by the identification of f; but P0 = Q (r) 5°

that P~(H(B)) 1 . TH relation {0: g(0) ~ B) ~~~~
{ -  P( H(B)) = l }

holds , because if P~(H(L)) = 1 then Qg(~~) (f~~(B) )  = 1 forcing

g(~ ) B due to the “partitioning nature of the functi ( n f . Since

(0: P (f~~(B)) = l }  is a Borel net by Assumption M , i s a Borel

function of 0 . C

Using the analytic set separation theorem as in Sec ’ ion 2 we get

Propos ition 7. 1. If P C S . for S some DLIJF th en under

Assump ti on M , the pa i rw i se sep~rat i on of ~~~ f i ~fl~~ anc P2

irnp li es the strong separati Ofl of P1 ~~~ P2

Proof: Lerwna 7.1 toniether w i th  pairwise separatior gives us that

the sets A 1 = g( 1 ) and A 2 = q( 2~ 
are disjoint anal-tic subsets

of . By the analy t i c  ~paration t heorem , there exis s B , a

--—--- L

~

-

~

.

~ 

_ _ _ _ _
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lorel subs et  o t wnl ch contains A 1 and whose ~om p1 emen t con ta i ns

The set C = f~~(B) is clearly a Borel subset of X such that

P ( C )  = 1 for 2 

~ 1 and P0 ( C )  = 0 for 0 -
~ 

02 0

The family S i~ similar to a collection of one-point measures

- xcept  that Q is not point mass at -y but rather like “po i n t-mass ”

- i t  the “point ” f (~~~) - The general ization to measures that are con—

vex combin ations of r- ~asure s i n S leads to a not ition of d iscre te measures

nose “a toms ” a n -  of he tar f~ ( ) -

Def i ìe  = 
/ ~- Q r ~~. 0 , ~ 

= 1 . and Q r 5)

~l ~~~ i ‘ 1

set of all cou ntably inf ini te convex combinat ions of elements of S

We want to sho -.-i tha t if PCS * then weak orthogonal ity of P1 w i th

P2 impl ies st rong 0 thoqonali ty . This is accompl ished by proceeding

j i st  as in Section 3

Let P c  S . We wi l l  define y k : 0 ~r similarly to 
~n ,k

Let A n 
= (~~c V = [0 .1 ] : P0 {f ’ (y ) }  ~ - } .  If A° has at least  k

el ements then defi n~ g ( i )  to be the k th 1 arqn ;t element of Afl

If A~ does not hay at least  k e lements then define 9n ,k
OO ) to

be minus one , a special element. By exan iinino the proof of Lemma 3.1 ,

it is easily seen fo-~ n = 1 ,2 ,... and k = 1 ,.. .,n that the function

is measurab e if Assumption M holds.

Prpposition 7.2 If S i s a D L U F , Pc  S , and Assumption M

hol then P1 L pr )P 2 i~ pjies P1 ~ (s)  P2

Proof: As st ted above , the fun cti on i s a Borel function

I r each n , . P sets A
1 

= 

~ n ,k ~n ,k~~
>
1 ~~ 

and

_____________________________________________- _

~~~ ~~~~~~~~
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A 2 Un k  g k ( ! 2 )
~

[—l } ire disjo int an alytic subsets )1 -

The sets A 1 and A
2 

cons is t  of ~he m at0 m5 for the m ~as u re s in

and P2 respectively. Ti n re is a Borel set B such t it E-~ A 1
and 8 ( 1  A~ = . If C = t 1 ( B)  then as before C w i  sep ara t e  the

famil ies P
1 and P

2 .

If P consis ts  of rime isu res af the form P2 ~[Q ~~. ( d , 1  arid

the measures are domi nated by some ~ , the pai r  -~ise ~-~ pa~-a~ ion

q ives strong ~epara tion of ~l a i d  P

2

The to l luwi ng theorem ‘s a r m obv ious qe ner a l iza in T e r  ‘c - h. I -

Theo rem 7 .1 .  Let S ne so r e DLUF and S t ’ e  se of all

coun~~,~jy i n f i n i t e  convex ccrI !rbi nat ions of ~~i~ ers o S . Le

(1) Assurnp~~~p M lct ,

( 2 )  P
) 

= 
~~(iUfQ~~~~~~~~

( 1 - - ) +  (1 -  r f l Q~ ~_°~~~ 
0 it (i ) 1

A and Q S

then if and P
2 

are weakly orthoqona l , the are al so strongl y

ortho~pnal .

Proof: The onl y :ase tha t  has not been reso lved  i i -  t h i s  s ec t i on

that was considered before is of P
1 !fQ v (d

~
r ) }  and S~

But this is like the case of P1 
- {v } and P2 a set of discrete

measures. As before the set of ‘f-atoms of ~2 measur es is an analytic

set for which Tlatoms} = — )  . There is a Borel set B in F that

contains the y atoms and ~(B) = 0 . The set f~~(B) will sp lit

the single continuous m edsi ’e from the discrete ones . New go on as before

to get the result. El

Two examples of DLUF ’ c are the atomic masses and th’ coin tossing

measures.

- ~~~ii~
_ 
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If 5= i -  :- ~ 0,l]} then S is a DLUF si nce f: X -* I for

f(x) = x satisfies the requirements stated above . It follows then

that all the results of Sections 2 through 6 are special cases of

the Theor em 7.1 .

If S = { Q :  ‘
~
‘
~~ 
[0,1]) for the coin tossing measure with

irobability y then S is a DLUF . The meas ure is the distri-

iution of Y = 
~

‘ 

-j~
- where the Xk are i .i.d. Bernoulli random

~ k=l ~
variables with parameter ~i . Ex pres s x c X = [0 ,1] i n terms of

its binary expansion x = 

~~~ 
b
k
/2

k and i f x ha s two ex pans ions ,
use the one with non -terminating ones. The function

b ~... +b
f(x) = u r n  sup~~~(— n ~ i s a Borel func ti on , be i ng the counta ble

Urn sup of Borel fur ctions. By the strong law of large numbers ,

= 1 and Q1~f
1
(~ ’)) = 0 for ~ ~ 

-y ‘ . The family S is

then a Discre te-Like Jndoni inated Family.

Section 8 . Conc lusi n

In this paper , ‘t has been s hown that for fam ilies usually consi-

dered in the study Ot hypothesis testing , wea k or thogonal ity impli es

strong orthogonality . For discrete families , dominated continuous

families , and for mixtures of discrete measures with dominated con-

ti nuous measures , thi~ two notions of orthogonal ity are equivalent.

At this time , t ie  au thor does not know of any coun terexam p le .

Nor does he know of ny general proof of the equivalence of weak and

strong separation , i there is such a proof.

__________________________ _ _ _ _ _- s—
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