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ABSTRACT

Appealing to current and past work on the routing problem in
data communication networks , we motivate the need for algor-
ithms that es t ima te  the der iva t ive  with r e s p e c t  to flow , of
the total message delay on each of the links . We then cast
the problem in a queueing theory framework and , making no sta-
tistical assumptions other than stationarity, we propose three
algorithms that process the record of arrivals and departures

~~. t of a single-server queue to derive an estimate of the deriva-
tive , with respect to arrival rate , of the total delay accum-
ulated per unit time. Through simulation and analysis we show
that all three algorithms are asymptotically unbiased and
efficient for M/D/i queues. By simulation of other queues we
investigate the relative robustness of the three procedures .
Finally, through examination of the storage and computational
requirements we identify a sing le most promising algorithm .
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S i C T I E N  1

I N ’J J < ( ) J E I F T I O N

1.1 ~~~~~~~~~sa~~e - R o u t i n g  P rob lem in  Data-Communic ati n Networks

There are several major anal ytical p r o b l em s  in the des ign

of a modern data communication network . Given a set of nodes ,

different topolog ical configurations may be considered . Havin~

specified the ma nner in ‘aiiich the nodes are connected , there

remains the question of how to assign capacities to the communi-

cation links. For each problem , di fferen t constraints and

optimization criteria are appropriate. Once we have resolved

the issue of the structure of the network , the central proble;T

• that remains is how to route a given message from a source to a

• destination node. We are interested in store-and-forward computer

networks where messages , or segments of messages called packets ,

travel from a source to a destination node , waiting in queues

for retransmission at each intermediate node. One way to specify

a routing policy is by providing a routing table for each node i

listing what fraction of the traffic destined for node j  is to

be sent on each of the outgoing links from node i. Routing

strateg ies vary in character from purely static , the routing

fractions being fixed in time and determined on the  basis  of

average arrival statistics , to the comp letel y dynamic case .~here

8
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L i l t ’ f r a c  L ion s  v a r y  c o n t i nu o u s l y in t i n &  a c c o r d i n g  Lu the u
s

u f the net ~ork . The p hi I usop i iy  for  imp i € 1 - L e nt  in 1 ~tny strategy

v~~rUs b~ t~-,1en centra l ized and d e c e nL r a l i ~~ed € x t r & - : n u s .  In Lb

c e n t ra l i z e d  case  a s pe c i  a I  node in tI i~ netuork receives informa —

t ion and dues  a l l  the r o ut i n g  c o m p u t a t i o n s , c o m m u n i c a t i n g  c ha n g e s

in the  r o u t i n g  fr~ utions to all other nodes. In a decentralized

scbeme , each nod ‘ c o m pu t e s  i t s  own r o u t i ng  t ab l e  on t he  bas i s  of

‘1locall y 11 a v a i l a  le  i n f o r m a L  ion .

An intermed: :ry between the s~ ric tiy s ta tic ~nd d yna m ic

r o u t i n g  schemes a~ termed quasi-static routing . Here we overcome

the static procedures insensitivity to gradual traffic changes

and the failures of links and nodes by up-dating the rout5..g

strategy periodically, or when a special need arises. Ir the

dynamic routing case, messages that have been segmented into

packets may arrive out of order at the destination node , neces-

sitating a ‘1 reassembiy” operation . In the quasi-static pro-

cedure , mosh messages would be delivered in order since the time

intervais between routing charges will be relatively lung. Hence ,

quasi-static routing procedures suggest a sensible mid-point

between the static and dynamic extremes .

9



1.2 F€ jj~ je of the ‘Ihesi~

Routing j ) r t ) c ’ 1’1luI: c’s t h a t  hav e been derived to optimize

system performance in the sense of minimizing the total d e l a y  D1.

accumulated per unit time , work with an objective function of

the following form:

D
T ~ 

D.k (f .k) (1.1)
(i,k) 

1 1

The assumptions inherent in (l.i) are discussed by Kle inr ock

in [5 1. D i k (f jk) denotes the average delay/unit time on link

i-k and f. denotes the total link flow in bits/sec . An extraik

term may be added to inciude the effect of propagation delays

on link i-k. These previous approaches to routing have emp loyed

closed form expressions for the Dik (fik ) ’ s, derived from queue-

ing theory by making many simplify ing assumptions . This approach

to the routing probl em has been taken by Ki einrock [ 5 ] ,  Cantor

and Geria [21 , and Schwartz and Cheung [7]

The departure of this thesis is from the search for closed-

form expressions to finding efficien t algorithms to estimate

the quantities of interest. In particular , for static and quasi-

static routing it has been shown in the previousl y mentioned

works , as well as others like Gallager [3] , Agrew [1], and

Segall [6] , that the routing procedure should be based on

iO

- , S -. -, •‘ -:; — 
‘ ,~~ -

~~~~~~~ ~~~~~ — — ~~
‘ 

~~~~



knowledge of the derivative of the total delay/unit time D! k ( f ik
)

of messages passing through a link i—k with respect to the total

• flow Rather than  differentiating closed f r om expressions

for D.k (f ik), we propose processing the queues at the links to

estimate the D
~k

(f ik)
’s directl y. In this manner we can dis-

associate the optirs a ’~ity of a given routing proc dure from all

- 

: the assumptions n ~cessary to the closed form formulae for delay .

In this thesis w~ derive three different estimat..nn procedures

for the marginal delays D
~k

(f ik) by making no ass .mptions as to

the structure of the queues . However , to study the properties

of each estimator through analysis and simulation methods , we

make very specific assump tions about the s tructu re and underlying

statistics of queues to which the estimation algorithms are to

be appli ed. Hence , in the following paragraphs we motivate the

importance of directly estimating the incremental delays D
~k

(f ik)

by reviewing the previous work in designing routing strategies ,

with special emphasis on those results relevant to quasi-static

routing procedures .

1.3 Previous Work

The most common model for routing problems in data networks

is that derived by Kleinr ock [5] . He makes the following

assumption s :

1-i
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~~~~

- -  . .• “S • 
~

.,• - - • .
— ~~~~~~~~~ ~~~~~ ‘~~~-4~~~ --- ~~~~~~~~~~



—-.- - ~~~~~ ‘~~~~~~~~~~~~~~ —
~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ 

‘
~~~~

‘

1) P o i s s un  a r r i va l s  ~t nodes

2)  E x p o n e n t i a l  d i s  tn  h u t  ion of message 1 engt F

3) Independence of arrival processes at
different nodes

4) The “independence ” assump tion of service
times at successive nodes. Each time a
message arrives at a node a ne’~’ service
requirement is chosen from the same
exponential distribution .

On the basis of these assumptions he derives an exp licit formula

for the total delay/unit time accumulated on the (i-k)-th link .

~~ f.~ denotes the amount of traffic passing over the (i-k)-th

link in bits/sec. m d  Cik is the capacity of link (i-k) in

bits/sec., the average total delay will be given by

f.
- ik

D.k ( f .k ) C - f (1.2)
1 1 1k 1k

To illustrate how Kieinrock ’. result in (1.2) is used in

routing problems , we outline the static routing scheme presented

by Cantor and Gerla [21. The problem of finding an optimal

set of routes is posed as a nonlinear multi-commodity flow prob-

lem , where we want to derive the flow vector f;’~, whose entries

are f ik
’s , that minimizes the following objective function:

f.
T = 

~~~~• 

ik 
(1. 3)

(i,k) ik ik

-
~~~~~~~ 12
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The S U I U 1 L L ; l t l O f l  i n  (1 .3~ is taken over a l l (i ,k) pa ir~ th at are

connec ted  and y is the LoL~~l externa l arriv a l rat i ’ i n  p u

unit time . 1’ is interpreted as the average p a c ket  de l ay . lhc

set of flows that satisfy multi-cOmmO(liLy, capacity , and non—

negativity constraints is shown to be a convex pol yredral ~ct

and hence any f in that set may be expressed as a convex combin-

ation of extrema L flows

f = E X Q (i) L X . 1 (1.4)
1 i=l

Letting VT(f*) denote the gradien t of the objective function in

(1.3) evaluated at f*, Cantor and Gerla propos e an algori thm

that finds the optimal f = f* in the sense of (1.3) for a given

basis pf ex1~~rna1. fl.ows (
~~(l) ~ (k)~ and then generates a new

basis vector that minimizes (VT(f*),~~~. 0
(k+l ) is the

new extremal flow that will help us reduce T the fastest. The

procedure continues i terat ively un t i l  we are as close to the

optimal flow as desired . As part of the calculation of

we generate a set of rout ing tables that  real ize  the given f low.

Schwartz and Cheung [7] describe a gradient type algorithm

for calculat ing the optimal ~‘1ow vectcr which motivates a possibl e

stochastic approximation algorithm for quasi-static routing.

Let denote the total bit rate on link ( i - j )  and f~~~’~~ den ote

the b i t  rate of messages with source m and destination n on link
13
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i —j  . L et  ‘F! . detmo t o  t h e  p r o p ag a t io n  t lin e or l i nk i — j  and

be th e average message  s ize  iii bits. Then t h e  obj c-c Live functi

wh i ~h Seliw ,. t r  t z and Cheung d e f i n e  is the ave rage  F1:essoge dela.

f.. ( i — +~~T~~~ (1.5)
~ (i , j )  ij ~C.. - ~~ 1])

y is tl~ expected total external message arrivals/unit time and

C.~~, the capacity of link (I-j) in bits/sec . If NN denotes the

number of nodes in the network and y is the expected number ofmn

arLivals/unit time at node m with destination n , the multi-

commodi ty, non-negativity, and capacity constraints on the flows

are stated as follows :

(v /M 1 m
NN NN ~~mn

L f (rn,n) 
- 

~~ f
(rn ,n) 

= i ~ m, i ~ n (1.6)
k=l t=l 

~~~~~~~ 
=

f~~ ’~~ > 0 (1.7)
13 —

f.. = ~ f~~ ’~~ < C.. (1.8)
1~ (m ,n)  ~~ 13

14
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Defining a conmodity flow vector f, whose c’nt ri -s - tre

the f~~ ”~~’s , th e conservation of flow constraints ( 1 .6) may F0

expressed as

A
q
f = I) . (1.9)

b is a vector wli cse entries are either 0, y /g.L , or --
~
‘ ~~ A

mn mn q

is a matrix con~-isting of submatrices corresponding to each (m,n)

commodity .

A~~ ’2~

A = . (1.10)
• q .

A
(m,t

~
S

Given a flow f] satisfying constraints (1.6) through (1.8), we

can obtain a feasible direction of descen t for the objective

function in (1.5) by projecting vT(f
1
) onto the constraint sur-

face defined in (1.9). Hence, Schwartz and Cheung propose the

iteration

f
l+l f

l 
- hP

q
VT(E1) (1.11)

where h is a step size and P
q 
a projection operator defined by

15



P = 1 - AT (A AT)l
A . (1.12)

q q q q  q

The capacity constraint is handled imp licitl y by the pena lty

function in the objective function (1.5). Sch ’~-;~i r L : ~ and Cheung

derive an h ’ such that for 0 < h < h’ , the non-negativity of

flows is preserved. The actual h is determined by appealing to

the convexity of the objective function .

Now we recast the procedure of Schwartz and Cheung [7] to

apply to a quasi-static routing situation . Suppose we redefine

the objective function in (1.5) by not using Kleinrock ’s formula

T 1 
~~ (D ..(f..) + f. .pT!.) (1.13)

• ~~
‘ (i j )  13 13 13 13

We assume that the current vector of flows is f1 and we have

available estimates for and the T!. are known constants.
~f. . . 13

13 f f l

Hence, we can calculate VT(fi) and app ly the iteration

f
l+l 

= f
l 

- ~h ’P
qVT(f~) (1.14)

where h ’ is the upper hound on the step size to insure non-

negativit y of flows and 77 is some scale factor 0 •
~~ 

< 1.

Equation (1.14) could he termed a stochast ic approximation

16
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~l) .
al go ri~~u since our values icr ~~~~~~~ would necessaril y be

-- 
i j

.f = f i
inexac t and hence  our  g r a d i e n t  7 T ( f 1 ) would onl y be an estimate’.

in th~ algorithm offered by Cheung and Sch~-a rtz , the routing

fractions are deturmined by knowledge of the com~aodity flows

f
(rfl ,fl) In addi ti on , the procedure is centralixed , namely we

assume the routing computations are performed at a special node

and then commun i ~ted with the rest of the network . For many

r easons , decentrilized algoritIr-~s where the compu ation is dis-

tributed through the network are rn - e desirable. We next discuss

a quasi-static routing algorithm de~ 1ved by Gallager [3] that

not only is decentralized , but works directly with the routing

fractions .

Gallager uses a stat ic model with s tationary inpu ts and

proposes an algorithm that seeks to minimize the total delay DT
in the network specified by Eq. (1.1). He assumes the functions

Djk(fjk) are increasing and convex U functions of the flow ~lk~
Let t~ (j) denote the total expected traffic at node i des tined

for node j and r1(j) the total expected external arrivals at

node i destined for node j. The routing variables are defined

as c~~(j), the fraction of traffic t.(j) that is routed over

link (i-k). Conservation o~ flow for traffic with destination j

at node i is expressed with these variables as

17
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t~ (J) 
= r

~~
(J ) + 

~ 
t

L ( i)
~~~,j

( i)  . 1.l5

Hence , th e link flows 
~~~ 

are given as

= 

~ 
ti(j)cLk

(j) . (1.16)

~
DT oDT

Gallager nex t derives two quant i t ies , ör (j ) and

that appear in hi s algorithm and are used to characterize the

conditions for a minimum of DT with r espect to the ~ variables .

br~~(J) 
= 

~ ~ik [Dik (f
~k ) + ~~~~T

.)] (1. 17)

b D  1
b~~ik (i)  

= t i (i) [D !k (f ik) + 
ôr k C] ) j  

(1.18)

He then shows that a necessary condition for ~ to achieve the

min imum DT is

öDT 
= ~ 

A ij > 0 
(1 19

~ ~ij ~ik~~~ 
=

18
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Gallager ’s algorithm consists of two parts: a protocol

between nodes to calculate marginal delays 
Or~ ()~~ 

and keep track

of a number of sets which he terms B~ Ci), and a procedure for

up-dating the routing variables q~. The procedure for adjusting

the routing variables is defined as a mapping = A($) that

attempts to move closer to the optimal equalibrium condition

specified by (1.19). The sets B.(j) denote nodes for which

= 0 and t’te algorithm is not permitted to Thcrease

from zero. The way the B~(j)’s are defined insures the

“looplessness” o routes from any given source i to destination j,

i.e., we can never go from a node i to some intermediate node m,

back to node 1, and finally to our des tination node j.

We can see that the marginal delays Djk(fjk) are fundamental

to Gallager ’s procedure. While we could obtain them by differen-

tiating Kleinrock ’s formula [3], it would then be necessary

to estimate the flow f.~,. Hence, it is importan t to make the
LL~

algorithm independent of Kelinrock ’s assumptions and estimate

Djk(fjk) directly by locally processing the queue for traffic

using link (i-k).

We next review Carson Agnew ’s discussion in [1] of the

ARPA scheme for routing, since his analysis reveals the reason

for the sub-optimality of that method and he suggests an ARPA

type routing strategy emp loying marginal delays . In the ARPA

19
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procedure , each node i n  the network m a i n ta i n s  a t a b l e  whose  (i , j ) — t h

entry is an estimate of the minimum time to reach the j — t h  node

through the  i-th nei ghbor. These estimates are based on the

queue SiZeS at intermediate nodes , and hence the t i u i e  i t  takes to

empty  those q u e u e s .  When a message ar r ives  add re s sed  to the  j - t h

destination , we look down column j and send the message to the

neighbor with the smallest estimated delay .

Agnew introduces a simp le single-commodity network with

input flow A to be sp lit into n routes with arrivals/sec .

each and stationary M/ M/ l  queues (exponential service require-

ments and exponential inter-arrival times all mutually indepefldent).

The flow , capacity, and non-negativity constraints together wi th

the objective function corresponding to average message delay are

repres en ted as f ollows :

n
A = t A. (1.20)

:.: i=l 1

0 < A . < g.~C . (1.21)

• n
T = 1 

~ X .(T. + T~~) ( 1 . 2 2 )
A .  1 1 1i=l

20
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The dVC~~dge 1; e-~ sage length is specified by d~ nuL~~s LIic

average total delay/message for the i ’ th queue  and T! denotes

some remaining constant delay to get to the destination , such as

a propagation time . Agnew ’s anal ysis is not relevan t to more

general networks since the T~ should be functions of A ..1 1

For this simp le one destination model , to ir tp lement the

ARPA technique ‘~.e would have a table wi th  i ’th entry T~ +

where L. denotes the number of messages in the qu~ ue and being

serviced. After a long time, the distribution ot traffic would

be determined by the equalibrium conditions

T. + T ! =T . + T ~ for X., A . > 0
1 1 j  3 1 3

(1 .23)

T. + T ! >T . + T ~ for X . 0 , A. > 0
1 1 3 3 1 3

However , these do not correspond to the conditions for obtaining

a minimum T in (1.22), which Agnew shows to be

~~~~~~~~~ 

(x
~
T
~

) + T~ ~$~— (A~ T~ ) + T~ A ., > 0

~
$
~
— (X

1T~
) + T~ > 

~~~~~
— (x~ T.) + T~ = 0, A. > 0

(1 .24)
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These differ l t ~ ~-~~~~ i l  ~~ turn condi t I ~~~ ( 1  .2 3 )  and (1.24) rcf lee - t

the differ once bet  wccn system and use r  ( ‘ J) t i f l h i ? at  i cO

For h is  sing l e - c o m m o d i t y  model , Agnu-.-. s u g g e s t s  a way t o

obta in  an A RPA - l ik e  scheme tha t  w i l l  a p p r oa c h  t i t e  co r ’u it ions  for

sys tem o p t i n ~a 1 it y  d e f i n e d  in (1 .2 4 ) .  What we need is a quantity

that has an expectation equal to the m a r g i n a l  delay ~~~~ (X .T~ ) .

For an M!M/l queue he shows that Si 
~~~~ 

(1 ± L.)(l + L1/2)

satisfies the desired p r o p eL t y .  Hence, he proposes that we do

ARPA-type routing with revised table entries S~ + T~.

In [6] Segall proposes for a general network an ARPA-like

rcuting strategy that uses marginal delays . Suppose that the

objective func tion we wish to minimize is the total delay accumu-

lated per unit time over the network defined in (1.1). If we

denote by r~ (j) the average bit rate of external arrivals at node

I with destination j , - and given a small chang e Or .(j) in r.(j),

where should we direct the extra traffic? Assuming we direct

br
~
(j) on a path P from i to j ,  the associated change in the

total delay D
T is g

iven up to first-order terms by

oD1, = L ô r . ( j )  = L D ’ ( f ~~~)ôr .(j) .
(~~,m)EP ~tm (~- ,m )P

(1.25)
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6
I I C O L ’C t l ; i s  su1 ’ , ’sts choosing P so as N m inimize — ~. . The

‘ - O r . ( j )

r ou t  i fl~~; pr (cL-Ju1 e mot ivated by ( 1. 2 5 )  is analog ous to t he  ARPA —

- 
- sche-:~Ie , but the (i , j ) - t h  loca t ion  in the  r o u L i n - t a b l e  w o u l d  now

a!) ,1,
l i s t  the  estimate of the  minimum . for directin~’ extrabr . (j )  -,

traffic to dest irlaton j th rough  neighbor i .

1.4 F o r r n ula t i oo  of  Thes is  as Queueing  Theory  I’io b l e m

In all of l i e  quasi-static type routing algorithms pre-

sented , the inc -~ementa1 delays D!k
(f jk) are esse atial quantities .

Rather than dif erentiate queueing theoretic formulae , with all

their implied statistical. assumption s, we p ropose  e s t i m a t i n g

D
~k

(f .k ) by operating on the record of the queue associated with

the outgoing link from node i to k. We are interested in find-

ing recursive estimation procedures that process the queueing

record and converge to Djk(f jk) as the observation interval

becomes sufficiently large. Hence, our problem can be formulated

in the context of single server queueing theory. In our case

the customers are identified with messages . The service time

becomes the transmission time for the message due to the finite

capacity of the communications link .

Hence , in this thesis we derive three algorithms that pro-

cess the record of arrivals and departures of a queue to generate

estimates of the derivative with respect to arrival rate of the

average total delay per unit time . Since we make no assumption

23 - (
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as t o  t h e  uxacL k’ i i i  O L  t a c  (j L I C U c , ‘-.-~e i L I r t - r 1 - ~~ L ed Hi I

techniques that ace as insensit iv ~- to ut i t 1 s t  i - ~ i 1  nSS : 1 I L i l l r I S

of the c~ueueing  process as possib1~~. - ;t  r , th e p e r t  c i  ~i c -

of the algorithms can he anal y z e d  on] v For [ t I J  L i  - R I  V s I

queues .  Consequen t l y ,  a l t h oug h the prop ‘~~~d ~1l~~ci  i Ltu: s C~~~fl be

app lied in practice in very general s itu a1i ~~ns , their exp licit

anal ysis is only done for queues like N/Mu , M I D / i , etc.

1.5 Summary of Thesis

The plan of the thesis is to examine Lhe behavior of three

estimation procedures , which we term the customer-addition ,

customer-removal , and time-contraction algorithms , for a variety

of queues. The algorithms are described in detail in  Section 2.1

bu t we may say now tha t each procedure corresponds to a different

techniqu e for imaginin g a hypothetical alteration of the queueing

record to reflect a differential change in a r r iva l  r a t e  ox . In

the customer-addition algorithm we conceptuall y add a customer

at a random time in the observation period to sirltil-r t e an i nc rease

in arrival rate. In the customer-removal algori thm ~;c randonize

the conceptual removal of customers fron the queue , achic ’:in.~

the effect of a decremen t in arrival rate. In tb’ t i ’  t — c c n t r a c  L ion

procedure we redefine the arrival t in e s of c t : st c r c r s  L I  sinulate a

compress ion  in t i m e  scale and hence a differential illCla ’.Is&- In

arrival rate.

24
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Se~ Lion 2 contains th0 main results of t h e  the~ i s .  l i r s  t

we give a detailed! description of the way the notions for

altering the queueing record indicated above are refined into

the actual estimation procedures. This motivation leads then to

the derivation of the algorithms and their reali?ation in flow

chart form is ii 1 cat:ed. The analysis of the al~,orithms is

performed in det -~i1 for special queues in Sections 2.3, 2.6, and

2 . 8 .  For the ci. tomer-addition and time-contracYon procedures

we ar e able to p ye a sympto t i c  unb iasedness  fo r  ‘n M/D/l  q u e u e .

l-’or the time-con raction and customc~ -removal procedures we

define the calculation of the asympcotic bias as a power series

in p , the utilization factor Xx , in the case of M’G/l queues.

Emp loy ing this power series represen tation , we show that for an

M/D/i qu eue the bias for the customer-removal algorithm may only

contain terms of third-order or higher in p. We also show that

~~ ~
, for an M/M/l queue , both the bias for the time-contraction and

customer-removal algorithm contEin terms with powers of p of

all ord ers. Sin ce the cal cula tion of the var iance  assoc ia ted

with each of the est imators is too cumbersome , we derive Cramer-

Rao bounds for each algorithm in the case of an HID/i queue .

Since For purposes of practi c-~l imp lementation , routing calcula-

tions are secondary to the actual transmission of data , i t is

impor t ant  to anal yze  and compare the s t o r ag e  and c o m p u t a t i o n

- 
. 

r e q u i r e m e n t s  of the  three algorithms , which we accomp l ish i n  the

final se~~ ion of Section 2. 25
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In Section 3 we present tir e r es ults I t  S I l l i l l I L L I I ,  i i i  tin

al go r i t h m s  f or an M/D / l  queu e and th e c u st  1 : 1  - c —  r o - ~ ( V i i  i 1 I ~~ L i

c o n t r a c t i o n  procedures  fo r  M / M/ l  , D / M ~’ 1 , and [/M’l (
~ 

T h S

per formance  measures we use  to compare t I e  a l ~~I r i t H  .t r e  t h e

relative bias and fractional rins error. Sin ~~ the qu cucing

record is segmented into busy and idle ~ r i e - ~is d u r in g  ~ i i i c h  tb ~~

server is occup ied and unoccup i l d respectiv~ly, th0 varia 1 - le ~-:o

use to quantify the observation interval is the nunber of hu1~ ’

periods N included in the period. Hence , to investigate the

conv erg ence of the algorithms , for each queue of interest we

present curves of the fractional rms error for N 10, 100 , and

1,000 busy periods and similarly present tables of the fractional

bias . Employing our Cramer-Rao bounds for the M/D/l case , we

find that all three algorithms are both consistent and asymptot-

ically efficient. We examine the robustness of the customer-

removal and time-contraction algorithms by comparing their per-

formance for NID/l, M/M/ l , DIM/i , and U/H/ i  queues. The only

significant difference in the two procedures 1 erformance occurs

in the case of a D/M/l queue , where the customer-removal pro-

cedure does worse.

26
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SECTION 2

THREE ESTIMATION AL GORIl I

2.1 Introduction

The main goal of this  thesis is to propose  and eva lua te

algorithms which process the record of a single server queueing

system to e s t ir r t e  the derivative of the t o t a l  d e l ay / u n i t  t ime

with respect tc arrival ra te  A .  The ava i lab le  r ecord cons i s t s

of exac t knowi ge of arrivals of customers to t~~e q u e u e  and

their d ep a r t u r€ . ~ a f t e r  service is comp leted . Time is s eg n t a i t e d

into a l ternate  intervals , busy periods , during which the server

is occu p ied , and idl e periods , when the server is free. The

observation interval which is used to form our estimate consists

of a number of busy periods and the intervening idle periods .

A s imp le thought-experiment motivates all three estimation

: algorithms . Consider our single-server queueing system wi th

its average arrival rate of A customers per unit time . For a

given observation period TE, if we can compute the total system

time S, i.e., the sum of all customer ’s service and waiting

times , then the average delay/unit time is given by D = S/T E .

Suppose we could actuall y alter the input flow by some OX. Then ,

on the basis of an earl i er D , by computing D~ for the n e xt

observat ion period , we can estimate the derivativ e of the total

de l ay /un i . t Lime by c a l c u l a t i n g
27
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• ~~, D * _ D  (2 . 1 )

-• 

Howe ver , in any a c t u a l  queue ing  system it would  be u n d e s i r a b l e

to change f l o ws  j u s t  for  measuremen t pu rposes .  E~’ n  if  we

could imp lement (2.1), the independen t statistical fluctuations

in D and D* would probably make it a very poor estimator .

Hence , what we need is some m -t t h e m a t i c a l  formal ism for an imag-

inary incremen t iii f l c~’ OX , which wil l  a l low us to compute t i re

corresponding change in delay without actually perturbing the

arrival rate.

According to intuition , an increase in arrival ra te shou ld

result in additional customers entering the system . An extra

customer arriving in a time interval T
E 
with probability c will

increase the effective rate by OX = CITE. If extra arrivals are

mu tually independent events , the probability of two or more cus-

tomers will be of second-order in C and hence of second-order in

oX. Therefore, only th e e f fe ct of a sing le extra arrival has to

be considered explicitly. We also assume that the arrival time

of the extra customer is uniformly distributed over the observa-

tion period TE. In addition , in order to exp licitl y compute the

change in total system time over the observation interval due to

an ex t ra  arr ival , we mus t  assume that the additional customer

has some known service requirement. ‘ I h o - s e  a s s u m p t io n s  a l l o w  us

28
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to cosiput e an exi ec Led increase i i i  sys  L o i s  L ime  cot id i  h oned on

the arrival of a new customer , and the  r i~- s ul t i n g  e s t ima t ion  pro-

cedure will be called the custome r—addition algorithin.

In a second algorithm , an incremental decrease in th0 effec-

tive rate A is simulated. This is done by assuming that each

customer arriving to the system is allowed to indeed enter the

- - queu e wi th prob abi l i ty 1 - ~~, and is eradicated with probability

C , independen tl3 from customer to customer . In tl’is way we simu-

la te an arrival process with rate A(1 - E ) .  Hence E is determined

as follows :

A ( l  — E )  = A + OX ( 2 . 2 )

OX —•
E = - -r (2.3)

We then estimate A by appealing to the law of large numbers. If

H’ is the total number of customers in a period TE, then AT
E 

H ’ .

Hence , we use

- TE
= -

~j-j— OX (2.4)

Again , the probability of removal of two or more customers from

the same period T
E 
is second-order in Ox and hence the reduction

of total system time that has to he considered exp licitl y is due

29
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L ’  I CSV ’ va l  ci  (‘lily Ofl cw -t ’mrr . ‘Ihi  s r e d u c t i o n  con s  1s t H its

own system t iwo and the e l  t & ’ c  t on 0 l i e  r cus to - s o ~~ s . I 1~~- i s  t i m- i —

- 
. Lion p l e e  edo cc m o t  iva t cl by this see nd t uchn i quo fo r  isaki ng a

“virtual ” change in flow 6X is terr i io ’d the cus tomer—~~Lr uv:il

~~~~~~ i th n r .

A second characteristic that we associate with an increase

in arrival rate , besides the fact that more customers appear in a

given time period , is thaL there is less time between successive

arrivals and therefore the customers are more “compressed ”

together . To make this argumen t quantitative , we note that an

average arrival rate of A customers per second means an average

inter-arrival time of ~
- . The change in the average inter-arrival

time due to an incremen t in A is given by

1 — 
1 OX

• 
.. If T denotes the arrival time of the n~-th customer , we define a

new set of arrival times r ’ = r ( l  - 

~~~
) .  If E ( T +i 

- r )  =

then E(i- ’
÷1 — i ’)  = (1 — 

~~~
) .  This r e s u l t  is c o n s i s t e n t wi th

the change in inter-arrival time predicted by ( 2 . 5 )  due to an

increase in flow OX. We compute the resulting incrcs cnt in system

tine by consiciering f i r s t  the  f a c t  t h a t  c u s t o m e r s  a r r i v e  a l i t t le

e,rlier and second , the fact that , given (or fixed observat ion

pe r i o o l ‘I~~• ,  t he  rede fini tion of arrival t i m o - i ;  re~- u l t s  in the

30 
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trailing edge of the interval being con true Led and I t - i V ~~ il ~ . ~

- :  T~ durin g which ext ra cus tomers  could have a r r ived . The

estimat ion method suggested here is termed the t ime-contra. t i o n

a lgor i thm.

The presen t section contains the derivation and realization

- 
- . in flow chart f1-ri i of the three algorithms . In addition , an

extensive anal y~- . s of the algorithms is performed. We give a

proof of the as’iiptotic unbiasedness of the cust mer-addition and

time-contractio~ algorithms for a queue with Poisson arrivals and

deterministic s rvice requirements (MID/I). The asymptotic bias

behavior of the customer-removal and time-contraction algorithms

for M/G/i systems are examined as a power series in the utiliza-

tion factor p = Xx. For an M/D/i qu eue we show exp licitly that

the customer-removal algorithm is asymp totically unbiased up to

the third power of p and give a construction to prove asymptotic

unbiasedness up to an arbitrary power. Also for an M/D/i queue ,

Cramer-Rao bounds for any unbiased est imator of the delay gradient

are derived. They will be used in Section 3 to determine the

asymp totic efficiency of the algorithms app lied to M/D/I queues.

We comp lete the present section by anal yzing and comparing the

storage and computation requirements of each method.

31
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2 . 2  Pen \‘r i ti  (fl n(~~ 1~~ . i 1 1 r n t i ( f i  i n  Flow pi ~r ,u  i c
Cus tomer—Addit ion A 1j~or i thur

In the cus Lomue r—add it ion algorithm We s itti ul ut an increa se

OX in the arrival rate. The following assumptions ‘~.il] be made :

1) The p r ob a b i l i t y  of an extra  a r r ival  in t . i e
interval T

E 
is OAT E .

2) Each extra arrival is independent of all other
arrivals.

3) The extra arrival is uniformly distributed
over the interval T

E.

4) The service requiremen t of the extra customer
is known ; we denote it by x.

Let Tk and denote the duration of the k-th busy and idle

periods , respectively. Let OS denote the increase in system time

over N busy periods as socia ted wi th the arrival of an ex tra

• customer . We let §~ denote the expected increase in system time

associated with an increase in arrival rate OX and conditioned on

the record of arrivals and departures . By conditioning on the

random arrival time t being in each Tk and we can compute OS

as

OS = E( O S~Queueing Record)TEOX

~ ( N  ‘1k N- i
OS = 

~ 
E(OS\tETk, Queueing Record) ~jT~ 

+ L
tk=l E k=l

I
E ( O S

~~t E I k ,  Queueing Record )  ~~ T E OX . (2.6)
E
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‘Ih e ‘I~~OX outside the brackets is the proh:ibi lity of an extra

a r r i v a l .  The increment  in system time due to an increase in flow

OX is zero if  no addi t ional  a r r ival  occur s .  The factors Tk/T I.

and Ik/T E 
represent the probabilities of t being in the k -tb  busy

and idle periods , r espec t ively .  This is a consequence of the

assumption that t is uniformly distributed over TF
. Since we are

interested in the derivative of the total delay/unit time with

respec t  to the flow rate , our estimator is given by

= ~~~~— ~~~~~~ . ( 2 . 7 )

We focus next on the calculation of E(OS
~
tcTk, Queueing

Record) and E(OS l tcIk, Queueing Record). These expected incre-

ments in system time are composed of the average effec t on

existing customers plus the average system time of the additional

customer . In considering additional arrivals in a busy period ,

we can dis tinguish between effects on the cus tomers in that busy

period and interaction s with succeeding busy periods. First we

examine the part of E(OS\tcTk, Queueing Record), call it

that comes from considering the k-th busy period in isolation .

To facili tate discussion , the following notation is defined.

3
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• r .  ~ Ar rival L i~~c ~f 1— L u c o s t l i e r  in the busy period
(rela tive to the start of the l)us’,’ i nt erval )

x. ~ Service’ requirement of the i-L u custo:se’r
1~~~~

S. ~ System time of the i —th customer

s~ 
A Sy stem time the i—th customer would hay0 had if

1 an additional customer arrived at t ime  ~

N .~~~ Number of customers in the busy period

A System time of the additional customer

t A Arrival time of Lhe additional customer

T ~~Duration of the busy period. (2.8)

We break up the calculation of the expected increase in system

time into expectations conditioned on an arrival in the interval

[r ., r.~~1] for i = 1 . .  . M. is zero and T
~i+l is defined as

the duration of the busy period T. Then

AS = E [
~~ 

S~ + A - ~~ S~~\ tE [0,T] l

M
= ~ E 1S~ + A - 

~ Sn \t ([T
i~~

Ti+i fl Pr ~tE [T~~T~÷11 \t€[ 0 ,T] )
i—I

( 2 . 9 )
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liv the assui: j tieil of unifo rm ly di sLributc~d arrival tiwe

Pr 
~

t [ T . , T .+i ] \t [0,Tfl = 
T i+l I i 

• (2.10)

The sy stem t ime of a g iven cus tomer  is equal  to h is  service plus

waiting time . Th~ waiting time is equal to the sum of the ser-

vice requirements of those who entered the busy period before him

minus his arriva - time. Hence, the system tiimm e ~~1 the n-th cus-

tomer is given b’

-[ -I

S = 
~~~ X .  — T . (2.11)

fl . 1 ni=l

Now consider the new total system time due to an arrival at time

M i M i
~ S~ + A ~ S~ + 

~ 
(S +x) + ~ x~ + x~~t).

n 1  n 1  n j+l n=l
(2.12)

The first term represents the first i customers whose system times ‘ 
-

are unaff ected by the new arrival. The second term shows that

each cus tomer ahead of the new arrival will suffer an additional

delay x. The final term represents the system time A of the new

customer . Since conditioned on being ~~ [ri , r .+i J , the random

variable t is u n i f o r m l y distributed over that interval , taking

appropri;te conditional expectations in (2.12) yields
35
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i T .  + T .i-f lI-. {. ::~• ~~~ - ‘ 4 A - ~ S \ t d T. , T .~~1fl x + ~ X
n 

- 

2n 1

+ (M-i)x . (2.13)

Substituting (2.13) and (2.10) into (2.9) results in the follow-

ing expression for AS:

= >~ + 

~ 
{ ~~ xn 

- ~~~ 
+

ri+1}{r
.+i

_ 

1i 1  n=l

M I T .  - T.
+ (M-i)x ~ 

i+l 1 
(2.14)

i=l

The first and second terms represen t the service requirement of

the new customer and his expected waiting time , respectively.

The third term is the expected delay suffered by the existing

customers due to the new arrival.

For the special case where all the service requirements are

the same , namely x .  x , Eq. (2.14) s imp l i f i e s .  This can be seen

by direc t substitution of x~ = x into Eq . (2.14), but it will be

illuminating to re-examine the computation that led to (2.14).

Suppose our extra cus tomer arrives at time t after the k-th and

before the (k+l)-s t customer. The N-k cus tomers  ahead of the

ne~.: arrival suffer an additional delay x. According to the rule

36

1~
__ _ ,i~~~~~~ _ _



I

dose ’ ri I’ed b’,’ (2  . II) , t he system time of t h e  neo ( 1 15  tumor i ~ gi y O u

by ( k + l ) x — t  . Hence , fo r an a r r iva l  at  t u s e  1, the re  is an addi —

t io na l  sys t em t ime  Mx— tf :- :. This amount of time is e q u i v a l e n t  to

al lowing the ex tra  c u s t o m e r  to wai t  t i l l  the end of the busy

period and then r e  served. Since t is u n i f o r m ly d i s t r i b u t e d  oven

an interval  Mx , ~-‘e have t = Mx/2. Therefore , A~ is g iven by

A S ;
1~ Mx+x . (2 .  15)

We complet ’ the calculation oL E(OS
~
t€Tk, Queueing Record)

by looking at the additional system time that may result from

one busy period overlapping onto another. The following will

hold for arbitrary service times x~ . No matter where an addi-

tional customer arrives in the k-th busy period , that period will

be ex tended b y the extra service time x. The value of x relative

I. 
~ to the following idle period durations will determine the number

of succeeding busy periods that will be affected by an a r r iva l  in

Tk. However , the number is always finite. If x < no follow-

ing busy periods su f fe r  addit ional  delay . if 1k ~ x 
~ 

1k +

only the (k+1)-st busy period is affected. The exac t effect on a

given busy period j in the future , depends on how much an a r r ival

in Tk causes the (j-l)-st busy period to overlap onto the j-th busy

period. For exam ple , if x > then each customer in Tk+l ~~~~

• s u f f e r  an add i t i ona l  de lay  
~~~~~ 

L e t t i n g  M.K 
denote the nu mber
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of ens torscrs served in  the  k — t b  busy  per ird , the preceding  reason-

ing leads to the  fo l1 owin~ r u l e  for c o m p u t i n g  E ( O S
~~

t (Tk ,  Queueing

Record):

AS k X
~~~~

lk

A S k + M.K÷l
(x - ‘k~ 

1k x 
~ 

1k + 1k+l

E(OS
~
tcTk ,  =

Queueing Record)
j-l I.

A S k + 
j~~1 

~~~~~~~~~~~~~~~~~ 
- 

m 0  
Ik~~~).~~0 

‘k+j ~~~~~~~ 1k+j

(2.16)

The las t relation in (2.16) refers to the case when an arrival  in

Tk a f f ec t s  ( t+l ) busy periods into the f u t u r e .

To comp lete our description of the customer-addition algor-

ithm, we must now evaluate the average increase in system time

E(OS
~
tEIk, Queueing Record) associated with arrivals in idle

periods . The e f f e c t  of an arriva l in on the j-th busy period

again depends on how much the (j-l)-st busy period slides onto the

j -t h  busy interval . As the e f f e c t  on cus tomers  in T~ i s no t

independen t of the exact arrival time , we m u s t  ave r age over a ll

times t in the k - tb  idle period . Let 
~k4 l  d e n o t e  the  t ime instant

corresponding to the beginning of the (k+l)-st busy period. If
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~~ x < an a r r iva l  in a f l e c t s  onl y the ( k +l ) - s t  busy penio ( .

Hence E ( O S
~~t E l k ,  Queueing Record)  is computed  as

E( O S~~t E I 1 , f
ak+l dt= x + J + - 

~k+l~ IQueueing Record) max {ak+l 
- 1k’ ~k+l 

- k

for X < l k+l
(2.17)

Here , x + t - o, is the amount that the additional customersK+l

service time overlaps onto the (k+1)-st busy period. The “max”

is ne cessary in the lower limit of integration since our arrival t

mus t be in the interval ‘k~ 
If x < 1k ’ then ak+l 

- x represents

the earliest time at which an arrival can occur and influence

the (k+l)-st busy period. By a simple change of variable,

t = t - 
~~~~~~ the dependence on a1~~ disappears. The relation

-~ (2.17) may be generalized to

E(OS
~
tEIk, 

, t+1 (0

J M.Queueing - - - . . K+J j I
Record) j 1  max 

~~~k’ 5j -x~ k

• 
~~~~~~~

for ~ I . <“x < L I . . (2.18)
— . k+jj = 1
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0 j~~l

s~ = 
j—l 

(2.Ui )

L ‘k+rn j~~l
m~ 1

Equation (2.18) corresponds to the case when an arrival in

in f luences  t+l succeeding bu sy per iods .  The va lue  of the  i n to -

- 

- 

grals in the summation are given by

0 ~~~(x - 

~ 
Ik Sj ) 

~~k ~ S~ -xf  
~~~~~~~ 

(x+t ’ - S .)
max 

~~
Ik , Si XI k 2

21k 
(x_S~) S~ ••~X >

( 2 . 2 0 )

Emp loying (2.18) and (2.16) in (2.6) and (2.7) we can con-

ceive of a processor which up-dates an e s t i m a t e  for  t h e  d e 1 a y g A ~a d ie n t

at the end of each busy period. Let denote the time from the

start of the observation period to the end of the k—th busy period.

Let D
~k÷l) 

denote the estimate for the delay gradien t based on

k+l busy periods.  Let A k be the inc rementa l  expec ted  d e l a y

s u f f e r e d  by the (k+ 1)-st  busy period due to an a d d i t io n a l  a r r i v a l

in the current queueing record. Hence , the up-dating at the end

of the ( k + l ) — s t  busy  pe r iod  assumes  t h e  f o r m s

40
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~ D’ ± A . ( 2 . 2 1)
(k+1 ) l(+l (k)  k

4

Since x is finite , we look back in time a finit e number of busy

and idle periods to compute A k
. Suppose that the busy and idle

periods are nunl>ered consecutively from the beginning of the

observation tin~ and let i~ denote the index of the most recent

idle period. Lat n1 
denote the index of the first idle period at

which an arriv~-l with service requirement x can influence the

current (i~ 41) st,busy period. i1~nce, we need only store idle

p

period and busy period information for (I ... ~~~• ~~~
) and

i 
1~

— 
(1 +1 . . .  T.+1 ). At the end of every idle period , n1 

must be

up-dated to reflect how far back we must look to compute effects

on the newest busy period. Additional simp lifi cation is possible

due to the fact that both E(OS
~
tcIk, Queueing Record) and

E(oS \t~
Ik, Queueing Record) include an x term . Since the incre-

mental expected system time due to an arrival in either a busy or

idle period is weighted in the estimator by the probability for

arrival in that time slot , we can add x at the end. These ideas

- - .
‘

- - are realized in the flow diagrams of Figures 2.2 and 2.3.

Figure 2.1 pictu res the re1a~ ionship between ui
~ 

and i1, and

defines the variables that appear in the flow diagrams of Figures

2.2 and 2.3.
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1’ —

~~~~ 1

1 I
I I

I I— i f irn e
-
~~~ T~ ~l L1

i ~1’ -
i
1
+l = Number of the current busy period .

n
1 

= Number of the first idle period at which an
arrival wi th service requir ement x can caus e
customers in busy period i,+l to suffer
additional delay .

= Variables denoting the elapsed time from the
beginning of the obs ervation period to the
end of busy periods 

~I’ 
j
]~~~ respectively.

A , S, C = Auxilliary variables.

q = Index of current busy period i,+1.

= Arrival time of n-th customer in i-tb busy
~ period relative to the beginning of that

busy period.

- 
- 

x~ 
= Service requirement of n-th customer in the

i-th busy period.

M. = Number of customers in the i-th busy period.

= Delay gradient estimator .

= Delay gradien t estimator minus service
requirement of additional customer x.

Figure 2.1 Queueing Record Structure and Definition of Variables
Relevant to Flow Chart Realization of Customer-Addition
Al gori thm
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il + I]

[k 
= n 1 +

I

x <  L I .  n~~~- n  + 1
j=k •~ 

I I

No

Completion
of Procedure

Figur e 2.3 Up-Dating Proc edure for
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We neo pose the question of whu thor 1h0 ens totner a d d it i o n

al gor i thm can be ge n er a l i z e d  to be app li cab l e to a wide r c lass

of queues than those where all customers have the same service

requirement x. As formulated , the algorithm is limited by an

assumpt ion  of a fixed service requiremen t x for the additiona]

customer . Hence , we can conceive of extending the algorithm by

doing a final a~-araging over x ,

D’ = 

~~ /~ 

B(x)  (x )  dx ( 2 . 2 2 )

B(x) denotes the service time density and (x) refers to the

urinormalized incremental delay as a function of the assumed

extra customer service requirement x. While possible in princi ple ,

the scheme implied by (2.22) is unacceptable for practical reasons.

The evaluation of (2.22) necessitates saving the entire queueing

- 
~. record and doing all our processing at the end .

I- c

Only when the service time density consists of a discrete set

of values would it be reasonable to implement (2.22). In this

situation B(x) is given as a train of impulses .

L
B(x) L pk

ô
~~~

Xk
) (2 .23)

k=l

Then (2.22) would become
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r

= 
T~ k=l k ~~~~ 

(X
k
) . ( 2 . 2 4 )

Hence, for each X
k~ 

k = 1 . . .  L we would process thc queueing

record in parallel , emp loying the algorithm given in the flow

diagram of Figure 2.2.

2.3 Proo f of Asympto t i c  Unbiasedness  of Cus tomer -Add i t i on
Algorithm for an MID/i Queue

We now examine the bias of the customer-addition algorithm

as the number of busy periods in the observation period , N,

become unbounded. For the algorithm to be asymptotically

unbiased we mus t prove that

u r n  ~ E {Q~

- 

~~
}} 

~~~~~~ 

, (2.25)

wher e D is the average total delay/unit time .

To check (2.25) we must first define the quantity . The

average total delay/unit time D is equal to X times the average

total delay/customer 0 . Hence , may be expressed in terms of

~ DC
— as

= D + A —f- . (2.26)
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The average to~ i i  d e L ~y / c u s t o ~ser i~ - o - :- ~~ressib1 e in t o - i  , : , s  o f  I 1 I C

. {v L ’r .1 1ç 1-  s e r vi c e  t i m e  x - m d  t h e  average  ~-. s I it i f lg  Lime ~~
- 

~is

D = x + w . ( 2 . 2 7 )

Hen ce , ~~~~~ can N~ r e f o r m u l a t e d  in terms (‘f the average waiting

time and servi~~ requirement.

— + w + X ~~ -~ ( 2 . 2 8 )

We can e v a lu a t e  the above expression for all queues for which an

exp licit form of the waiting time distribution is available.

Reviewing the assumptions inherent in the customer-addition

al gorithm , we can expect that the procedure will be asymptotically

unbiased in the case of an M/D/l queue. The descriptor “M/D/i”

means the arrival process is Poisson , and the service require-

ments deterministic . Since all customers in an M/D/l queue have

the sam e service requir ement, the assumption that the additional

customer has a fixed service time is harmless. The two other

assumptions , uniform arrival time distribution for the extra

cu s t o m e r  and the p r o b a b i l i t y  d e n s i t y  for  the a r r iva l  of e x t r a

c u s t omer s , are both cons is ten t wi th  a Poisson a r r iva l  p rocess .

For a Poisson rrocess the probability density for the time ol

occurrenct- of the i-th event given k i even t- s did occur in (0 ,T]
47
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is uniform on the interval. Let p(k ,X) denote the probability

of k arrivals in an interval T given that t h e arrival rate is A.

k .
If we let (OAT) be the probability that k additional customers

arrive in an interval T due to an increase in rate OX , p (k,X + O A )

must satisfy

p(k,X+ OA ) = E p(k-i,X) ( O X T) ’ + P(k~A) (1 - l-oXT
) 

(2.29)

After some manipulation , dividing both sides by OX and taking

the limit as OX approaches zero , we obtain

______ = T{p(k-l ,X ) - p(k ,X fl  . (2.30)-

By direc t substitution we can verify that the Poisson process

formula for the probability of occurrence of k events in a time T

U given below satisfies (2.30).

k.-AT
p(k,X) (XT) i (2.31)

Motivated by the preceding arguments , we proceed to prove

that the customer-addition algorithm is asymptoticall y unbiased

for an M/D/i queue. Since for an MID/i queue , the average wait-

ing time is given in [41 as
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= ~~~~~~~~~~~~~~~~~ (2  32- 2(t-p) ‘

where p = Xx is the u t i l i z a t i o n  f ac to r , fo rmula  ( 2 . 2 8 )  d i c t a te s

that we must prove the expectation of our estimate (2.7) converges

as N - ~~’ to

= + 

2(l-p )~ 

( 2 . 3 3 )

Since by the lair of large numbers we have u r n  T E 
=

in terchanging U e limit and expectation operations in (2.25) we

must show that

A u r n  E = . (2 .34 )
N—.c~~~NM b

as
Employing (2.6), we can break the problem of computing E ~~~~~~

into evaluating the expectation of two types of terms as below .

E 

~~ k=1 
E[E(OS \tETk, Queueing Record)Tk~

N- I
+ L E[E(OS \ tcIk, Queueing Record)Ik~ 

(2 .35)
k=l

The terms E(OS\tETk, Queueing Record) and E(OS\t Ik, Queueing

Record) are given by Eqs. (2.16) and (2.18), respectivel y. since

the queueinr; record is given by the number of customers served in

4
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each busy period (M1 . . .  MN ) and the idle period du r at ion s

(I
~ 

. . .  1N we further break the calculations by first condi-

tioning on (M1 . . .  MN ) and averaging over (l u . . .  ‘N-l~ 
and t ’~.en

averaging over (M1 . . .  MN) as below .

E[E(OS
~
tETk, Queueing Record)Tk~

= E (E[E(OS\tETk,Ml . . .  M~ ,I1 l )T k /M l MN ’~ (2 .36)

E[E(OS \ tcIk, Queueing Record)Ik~

= E~ E [ E ( o S \ t c I k , Ml . . .  ~~~~~ 1N l)1k/M
i MN 1~ (2.37)

We organize our calculat ions by first computing OS
T 

and
1 1

defined below as

OS
T ~ E[ E( O S~ tET1,M1 . . .  . . .  IN _ l )T l \M l . . .  MN 1

(2 .38 )

and

I
OS 1 ~ E [ E ( O S \ t d 1, M1 . . .  MN,11 . . .  1N 1

)1 1(M
1 MN ]

50 (2.39) 
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~j m m d Lhe i g. - I I &  L . L  1 . -: L r ~, l IU f  i~-s~r l L t o  -J~ a ,1. and OS
1 spt ’~-i fied

k k
si r s I a m l v  . l ina 11 y , we s u m s  OS ,1, afl(1 OS 1 over a ll  k’ s and

k k
ave~ dgL ’ r v C ~ ~M 1 . . . M~ ) . 4i

~

Ca lcu la t i o n  01 OS T1

wc~ calculnt oS,
~ 

by first illustrating th& thinking involved
1

when the number of busy periods included in the observation per-

iod , N , is thi~ - and then generalizing the proce (-msre. Figure 2.4

dep icts the que L’ing record for N 3  and a partit oning of (11.12)

spac e into thre region s :  R 1, R2, and R3. According to (2.16),

T1E(OS \ tcT1, Queueing Record) is given by

AS 1T 1 x <  I~ or

(I1,12)ER1

T1E( O S \ t E T 1, ~~~~~~~~~~ = ~~S1T 1 + (x- 11)N 2T1 I~ < x 
~ 
12 or

~ ~ (11, I2)ER 2

AS1~ 1 + (x—1 1
)M
2T1 X > + 12 or

~ 
+ (x-11-12

)M
3
T1 

(I1,I2) R
3

(2 .40)

The key to computing the desired expecta t ion  is in noting which

reg ion of the (11,12) space 
corresponds to each term . AS 1T1 is

51
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T3

12

R
2 

R
1

\ I

R \
3 \ I

‘I 1

7

Figure  2 . 4  Queueing Record for N=3 and Division of (11, 12 )
Space
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~vt ’raged ever the ~dmol e space . (>~— I 1
)M7’l1 

i_ s uiv er;mged I v e r

I
I 

y i i i e  ~x — I 1— I ~~)~ 1 ‘1’
~ 

is a v er a g e d  o V e - ~ I
~ 

+ 1 2 x . S ug—

stitut in -, T , =
~~

l
~

:-. and e m p l o y i ng  (2.15) t ’ r  AS 1 ,  we brtü k ‘~-p ti-mo

l - x p L • C t  ~ii  ion by : I V L ’r ag ing  each t e rm  o ver  t h e  a~~~ropr i ate rey 1 ’ ’ L I .

as1 (~ i~ x 2 4 ~ ± M 1M 2 x E ( x - 11 x > I~~) Pr (x > 1
~~~~

+ ~~~~ 3
x 1 (  - I~ 12 x 11 12

) ~~~~ (x > l u 12) 
(2.41 ,’

We can now ~~t id the a rgumenL s  tha t  led to ( 2 .  ~( ) to the  case ot

an arbitrary n m1b~-r of busy peril N .  The necu sary condition

that they e be a c’ni ribution to ti e i n L  rL’s ental delay due to the

effect of an a’r ; val in T1 on the ( k + l )-st  bus) period is

k
E 1.  x . (2 .4 2 )

Hence , (2 .41)  generalizes in the case of N busy periods to

~ 
~~

- OS 11 
(M 1 x~ +~~~ M~x 2 ) 

~~~~~ 

M IMk+l xE (x - 

~~~~~~~ j~~l )

(k
Pr -

~ E I. x~ . (2.43)
(j=1 ~

~ e n ow pro ce ed to de f i  e the  s t a t i s t i c s  of quan t i t i e s  which

we w-~ d to c a l c u l a t e  ( 2 . 4 3 ) .  For any N / U / I  q u e u e , the i d l e

p CI I od I L’ngt 
~

- I~ are  indepeia.len t , i dea  Li  call v distributed erpon —

en t i ;il r a n dom  Va r ia i) i Cs Wi l b  par~i : e t e r  A [ 4 ]  . Ilenc e , tTht. i sun ’
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F

a gasiisa d i s t r i h ut i ~~n .  The d e n s i t y  and distribution f c i m i r ’ t i r ~~

di-s ()Ciated with the sum Y of k i d l e  p e r i o d  d u r a L i c u s  a re  d € f  i ~~~~~

be 1 c.-

k
Y = ~ I .  ( 2 . 4 4 )

j=l ~

k-l k -Xy
= ~ (2 .45)

k-i ( X ) ~F~ (y) 
= 1 - e ~ (2 .46)

j =0

To calculate (2.43), we need to evaluate E(Y\y < x ) .

S yf~ (y) dy ~ 1 - e
_ XX ~ (Xx)~

0 A .
~~~~~

- 
~ E(Y\y < x) = Pr ~y ~ x~ / k-l 

(2 .47)
- c-Ax ~ (X xj 

)j= O

Using (2.47) and (2.46), Eq. (2.43) becomes

0S 1 
= (M 1x 2 

+ ~ M~x
2
) + L xMlMk÷l 

1(x - 
~ ) ( i  - e~~

X ~~~ (X x)i)

k - I  k~~
+ 

(k-I) ! j ( 2 .~o8~
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‘l’he f ~ --s t term ’ repr .’sents t i e  e / 1 c c  [ of t I re addi  Ljun~~l a r m i v L ’ l on

the  - i r s  L bu sy  t e r iod  a i m  i t i m e  t e m i l - , 111 t he su mlI r  ~ ion slo -~ - c 1 cc t s

on t i me  I e t s a i u i . m r ~, N — I b u s y  p e r i o d - .

— — - ‘ . V - ~~~~~~~~~ 

_ 
— - -S — -

CalculaL ion ot ~SII

The pr e ce -  -
~~ procedui ‘ , o f ex~e inil.g each type af term

s e d a r a t c i y and ‘- -~ osir.g conditions on t r e  space a: 
~

1 i . . .

such that the t rn ap p e ar s  i r  E (OS~ L Ei 1,Queueia[, F~e c o r d )T 1, may

be app lied to c s~ut:ing OS
~ 

. A more compac t sc cement of
1

Eqs. (2.18) thr -~gh (2.20) for h (O~ ~~~~ Queuein d Rec ord) wili

make the identi~ ication of the relevan t terms clearer .

- -(+1 1x + 

~ 
{ y . Mk+ . (x -

~~ 
Ik~

Sj)

M
k+j  2 (

+ (l—y .) 21 (x-S.)

E(OS \ tEI 
Queueing

) 
k

‘-
~~~~ 

k Record

-~~

for 
.~~~ ‘k+j x < 

~~ ‘k+j (2 .49 )

- 
j 1
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• 0 j =1

S. = (2.50)
i — i

L 1k+m j~~l
m l

1 -I > S . -xk —  3
).‘ . (2.51)

0 S. -:-. > - I
3

Fiom (2.44) , there are three terms in E(OS~ tEI 1, Queueing Record)11

to consider .

x11 (2.52)

Mi÷.(x - I~ 
- S~ )I1 (2 .53)

—

M1

~~

. 
(x~S~)

2 (2.54)

The first term (2.52) always appears and hence is averaged over

the whole space of 
~
1i . . .  IN_u ). We next consider t he  j 1  terms

sp ecified by Eqs. (2.53) and (2.54). There is no condition on

~
1
~ 

. . .  IN_i ) needed to guaran tee  c o n t r i b u t i o n s  to the  incr emen t m l

delay due to the effect of an arrival in 11 on the second 
busy
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p t i i ’ d .  Rr L i t j c r m  ( 2 . 5 1 . ) 1S L p 1 I C S  thia ~ • - - :pm • . s~ ; i o m ~ ( 2 . ’ i3)  wi

~~~ ~~~~~~~~ 
r ~ f < ~, and ~

-
~~-- 
~ me ss i eu 2 . ~4 ) i I - x . For j  r - I

~ . I < x is tim e necess am y condition that arri--i als in l~ n f ~ ecL

the ( j + l ) — ~.t busy p (-ri .- / . Taken together with (~~.50)  and ( 2 . 5 1 )

this irsp lies th. -~ cmllowin g rul’ for comuuting th : t-~ .I’Cl tation of

terms (2.53) an- 1 (2.54) for j > 1.

Average M
1 . ‘x-~~ I~ 

- L Over ~ ~ < x~ (2.55)
-~ -t=u — 

~~,=l ~

3
~; >

M . j
Average l±j 

(x - ~ ~~~~ Over (2.56)

3
L I

This discussion of the condition s for the appearance of all

the terms in E( O S~~t€ I 1,  Queueing Record) 11 is summarized in the
J

-

• -
- formulation of its expectation .

N-I
OS
1 

= xEI . ~ ~~ 
Mi+.E~ (x~~~ i i -S .)I1 S. +11

< xI Pr [S. 411
<xl

1 j=1

N- i  N
+ L 1±1 E~ ( x - S .~~

2
~ S. + 1 > x , S . -~ x~ Pr ~S. 41 >x , S. <x~2 y j 1 3 1 j

(2.57)

~ 
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- ______

0 j = l

S. = ( ‘ .58 ~3

3

- -. 
El 1 i s the  uncon d i  t i onal  wean of ~n c• p on e nt  i~ l random variable

with parameter ~ and hence - ~~
- . The computation for the j l

t e .’ S S  in the s : - m m j - c i t~~i ‘ I S  au - c Ljr s 1 -_ -d t s ’gct  h r and the r e s u l t  l l s t c - -~

~ ~~~~ 
+ ~~ (e ”

~ - 1) (2.59)

‘j h~~~ t~~1-a j~ }~~~ ‘ !;a i ~t ~~~ tL  : u m  m L r u t n ~ s y s ~~.~- . L i . n~f~ ( U .  ~r o  t h e

effect on the h ii~ y per iod fo l iow ing  I i, . The t erms f o i  j > 1

r~-~ r e g en t  con t s - u ~ t ( ~n~ du~ to e~~fe~~~: (e besy  . e r iod s  co~ e th an

cue reusoved fr ~ I~~. To c ompute t h e  Lc•r ir a in (2.57) for j > 1

we ca n r e w r i t e  the ox t ec-t at ion s  i r [ l i cd  in (2 . 5 5 )  and ( 2 . 5 6 )  as

Average M l+ .(xI J 
- 

(t~ l ~ + ~ Ove r l~ x~

(2.60)
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r - 

~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~. I,~~~ x
‘= 1

Avera ge M i+ .(x  
~~~ 

+ 
)

2 
Uvi r - ( 2 . 6 1 )

~ I, - 1 1 < x
- : ~ -=l

By d e f i n ing two r and om variables Y1, Y 2 we can r e f o r m u l a t e

the e v a l u a t i o n  of the e x pe c t a t i o ns  imp l i e d  by ( 2 . 6 0 )  and ( 2 . 6 1 ) .

Y1 
= I~ ( 2 . 6 2 )

- i j
= I~ + L I~ ~ I~, ( 2 . 6 3 )

The joint density for Y~~, Y2 is computed f rom the dens i ty  for  the

sum of j-l independent exponential variates.

-Ày
1 

____________________= f~ (y
1
)f~ ~~~(y2\y 1

) (A e ) 
( j - 2 ) !

= 
( j - 2 ) !  

(y2~y1)
J~ e

for y
2 

:- y 1 
- 0 ( 2 . 6 4 )

~~c now define two region-s i n  (Y 11 Y 2 ) sp ace .

~ ~(Y 1, Y2 ) :  Y , -~: :-~ ( 2 . 6 5 )
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—- — --- —----
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

R 2 ~~ i ~~~~~~ ~
‘
~~• 

x ’ 
Y~ - ’ m 1 x - ( 7  .t6)

~
i _
~’ I~ I < J n 1 ~ i d e t i F 5 ,~ ( l o r i s  I t W ~ -t ~ I L

1 ~ 2 and ‘h ~ ariaI )leS

i~ (2.6U) and (d.6 ) , ~. t e  dc~:ir, .1 .-~~jtc t tien~ .~~~‘. bc e - .~-r c cd

as foll ows:

M 1~~. ( x ( Y 1 ~~i) 
- (y

1~~~ ’ R 1) -- 
~ ~~~~ 

) P r j i ~1
i ( 2 . 6 7 )

- ‘ -~ 
.-) ) — . -—

~~~~~~~ (
~~ ( ‘ r~ SR .)) 

( - i’; ~~~ - 2x (Y ~ -Y 1 ~~~~ 
--  

~‘1~~2 ~R2))Pr~ R2)

( 2 . 6 8 )

The n ot a t i  Cid (~r ( ~~ , d~~ c tc~ 
~~~~~~~~~~~ ~~~~~ 

-

‘ ~~~ ~
Y 2 ) ~~~~

denotes (he p io b ah i l i t y  tha t  
~~~~~~~ 

li es in R2. Results

c-t the calculations in ( 2 . 6 7 )  and (2.68) are listed belc -w .

_ x -c
Fr~ R 1~ -

~

. 

‘m’1, Y2 1 2  d y 2  d y 1

0 y
1

1
= - 

-Xx a 
(2 .69)
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r 
- -

~~~~~~

_
‘

~~~~~ 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

— 
x x i-

~ 
~,

= 
- - ~1. 1

;
~~~~_~ d y 2 d y~

O y 1

j - 2  .~ ‘- -f 2
I ---A x —-A x —Xx - A. x

— (1  - e ) - xc- - X e  
( ‘+ 2 ) !

= —--- - --- - ---- - -- -—--- — -—-
~

-
~

—i-— - (2. 70)

f~ ~ 
( y , , y ~~)

—2 ~ ~ 2 1) 1
2

~ ‘l ~~~~ 
= 

Pr [R 
dy2

dy
1

O y 1

2 — X x 2 —X~ 2—A x —Ax j - 2  2X~~x
’
~~

3
—

~~
- (l-e ) - xe - x e - Xe L

— 

Pr

• (2.71)

____ 
x x 

~(Y 1Y 2~~1) = 
~i dy

2
dy10 y 1 1

( 2 —Ax 2 —,kx 2—A x
= ~~~~~~~~~ ( l - e  ) - ~~- x e  - x c

( A

+ ~L .  [1 (1 - _Xx) -

~~~ ~~~ ~~: 
~~~~~~~~~~~~ 

(Ax)
2]}

I)L 
~~~~~~~

61 ( 2 . 7 2 )
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Pr  = ~~2 f~~~~~ (~ 1~~ 2) d y 1d y 2
y 2 X y 1=y 2 -x

= 
j 1 !  

—Xx (2 . 73)

~
‘

(V1 \R2) 
= 

~u dy1
dy2

~‘2~~ 
) /

1~~~2~~X

Ax (Ax)~~
1 

(x +
= Pr [R

2) 
(2.74)

— 
~~

(Y~ \R 2
) = $ ~~2 — 

;r[ R 2 
dy1dy 2

- - 

)‘
2

X ~,
T
1

)’
2

X

I. —-

[2x 2 + (j+1)x + 2 (.2~~~.)]
_Xx

— ____— 

Pr 1R2)

(2 .75)
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— 

L y y ( ) 1~ Y~~)

(Y 2 \ 1~.2 ) = $ -~ ~“ 2 d y 1d y 2
y 2 x y 1=y 2 -x

(x f~ 
1)

_ AX

= Li 
~pr[ T~~ 

(2. 76)

— 
~~

(Y~~\R 2 ) = :2 P r [R 2~ 
d y1dy 2

y 2 x Y
1~~~~) X

~~~~~1i

J

)

_

!

1
~ (x 2 + ~ 

-~ 2
)

AX

= 
Pr{R2~ 

(2.77)

y 2 
_ _ _ _ _ _ _ _ _ _ _= $ S P~ [R 

dy1dy2
y 2 x y1 y 2 -x 2

(Xx) ~~~~ (X 2 
+ 

. 2~~-Ax

= 
Pr[R )’I - ( 2 . 7 8 )

S u b s t i t u t i n g  ( 2 . 6 9 )  — ( 2 . 7 ~~) in to ( 2 . 6 7 )  and ( 2 .6 - s ) and u s i n g

(2_59) , we can finall y eva1’. ~ite t h e  eXre ( tat ion of

E (Sf t E l 1, Queu e ing  R e c o r d ) !  over C L 1 • . . l . i . ) t u t l i n e d  in

( 2 .  -i7)
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—

OS
1 

= + A M~~(X + 
1 
(

XX 
- 1))

(~ - ~~
) + 

—Ax 
~ ~j~~1) -Ax 

+ ~~~~~~

+ M1+.

j-2 ~+2 . j-2
- 

1 — X x (X x )  + j_ — X x (Xx)
A X 

t=o ( t .+2)! 
X

2 e ( -t+3)!

+ L Mi+. 
{~~~~~~~~~~~

) ‘  
eAX 

~
— }  (2.79)

Calculation of OS T ,  OS
1 

and E ~-~~-\M 1 . . .

To use our r e su l t s  (2 .48)  and ( 2 . 7 9 )  for OS T and OS 11 1
respec tively, in order to derive the mean of the unnorma lized

es t ima tor formula t ed in ( 2 . 3 4 ) ,  we note that in computing OSTk
and OS 1 , only the N-k idle periods f o llow ing Tk enter into the

k
averaging.  H en ce , we use our answers for  OS T and OS 1 adj u s t e d

1 1
• to correspond to a N-k+1 busy period case. By the preceding —

argument , the expectation of the unnormalized estimator over

~
1
~ 

‘N-l~ 
is given by
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F

N 2 I 2~~ 
N—I N - j

~ • . .  = 

k=l 
(~~ x 4 

~ M~ x~~) c 
k= 1 

M
~

M
~ ÷k ak

+ :~ 
~~ 

+ 
~ 

+ ~~~ (~~XX 
- 1))

I.

N-2 N-k
H +

- 

k=1 j=2 ~ -~

N-2 N-k
+ ~ ~~ ~~~~~ . (2.80)

— k=1. j=2 -~ ~

ak 
= x~ (x - 

k
)( 1 - 

—Ax ‘~~~ (Xx))~~ - 
—Xx 

~k 1 ’~~ ~ (2.81)

b . = 

- ~J~) ~~~~ + ~~~~ XX 
+

- _i. ~~~~~~~~~ 
~~~~ (Xx) 

+ j  -Xx ~~ (Xx)
e 

L=0 ((+2)! X
2 e L=O ( t+3)!

(2.82)

c . = ( j+l)!  
—Xx 

(2.83)
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T h e  behavior  of ak and b . are m a d e  clearer by r e p l a c i ng  each

summation in their definition by e~~~ minus some quantity.

ak 
= x(x  - 

k
r

XX 
~ + 

2-Ax (~~~~~

-~ ~‘+2 .

b = 
—Ax x (Xx) (Ax) 2 84e 

~ 
~~~~~~~~~~~~~ 

( - t + 2 ) !  A 2 
~=~ — i (L + 3 ) !  .

Evaluation of Limit in (2.34)

Having almost evaluated the expectation of the unnormalized

estimator , we ar e nearl y ready to examine the limit in (2.34).

We comp lete the expec ta t ion  of by averaging over (M~ . . .  M N ) .

This amounts to rep lacing M1 by M , M~ by N , and noting that due

to the independence of the M ’s , EM
j
M
j+k 

= ~i2 Carry ing out  the

expec tat ion over the M ’s, changing the order of summation in the

double sums , and dividing by NM we are left with
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r 
---_ - -

~~

— 
N - i

_
~~~E~~~~~ r x  ~~~ 

~I~~~ 2 L (N_K)a
k

NM N 
—

~~~~~~~~~~~~~~~~~~~~~~~~~~ ( x + ~~ ( A/.  
-

~XM

N-I N-i
+ ~~

. 
~~ ( N - j ) b .  + ~~ (N-j)C. . ( 2 . 8 5 )

j=2 -~ j=2 -~

To examine the behavicr ot (2.85) as ~ -. we mus e evaluate

the following limits:

L kak 
(2.86)

. N — i

N .
~~~~ ib~ 

( 2 . 8 7 )
3=2

(2.88)

N -I

~ k~ l 
ak 

( 2 . 8 9 )

1 7

~~~~~~~~~ - - .

i11 IT~~TiTITi 
-

-II 
- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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~~~~~~~~~~~~~~~~~~~ - -- -

N-i
L b . (2.90)

j=2 ~

L C. (2.91)

To prove that the three limits (2.86) - (2.88) are zero , it is

sufficien t to show that the unnormalized infinite sums are finite.

The i n f i n i t e  sums imp lied by (2 .86 )  - (2.91) are evaluated by

switching the order of summation and looking for terms that cor-

respond to the exponential power series. The results are expressed

in terms of p = X x .

k=1 
kak x2[~ ~ 

+ ~ 
p 2 1 (2.92)

-

~~~~~~~ j=2  
ib~ 

=
X~~~ [~~ p

3
ev - 

~~ p
4 

+ p
2 

+ 2e~ - 2pe~ - 2 )

(2.93)

2 -p 2
L jC. ~ ~pe~ 

- c~ + 1 - s—) (2 .94)
j =2

a’ 1 2
~ 

ak 
= 3 px (2 . 9 5 )

k’~I - 
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1 2 1 ‘ --i  “ — ( 3

~ b . = X + - X e  + ( & -  - 1) ( 2 . 9 6 )
j=2 ~

~ c . = - e~~ - e~~ - 
~ x

2
e~~ (2.97)

j=2 -‘ A

Examination of the power series in p that corresponds to (2.92) -

(2.94) shows that each is a bounded function of p on [0,11 . We

are interested in p on [0 , 1] s i n c e  the  s t a t i s t i c s  of the queue ing

system are stationary for this range. The boundedness  of ( 2 . 9 2 )  -

(2.94) imp lies that the limits (2.86) - (2.88) must be zero.

To comp lete the description of (2.85), we list from 14 1

expressions for the first and second moment of the number served

in a busy period for an M/D/ i system .

—

(2.98)

- P 
+ (2.99)

( l - p )  P

Emp loying our knowledge of the limits (2.86) - (2 .91 )  provided by

( 2 . 9 2 ) - (2 .97) and u s i n g  ( 2 . 9 8 )  and ( 2 . 9 9 ) ,  we can c a l c u l a t e  the

limit suggested by (2 .85) .
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E = 
3 2 + + (l-p) + 

f 
X
2
(~~~~)

2 
(2.100)

Multip l y ing Eq. (2.85) T y A and with some minor rearranging we

obtain

A 

~~~ 
{ —

~ 
L ~~~~~~~~~

= X + 
2(1-p) 

+ 
2(1-p)

2 
(2.101)

This is the desired d€- l-a~- gradient for an M/D/i queue derived in

(2.33). Hence , Ofl the basis of the thinking leading to (2.34),

we have proven the asymptotic unbiasedness of the customer-

addition algorithm .

2.4 Cramer-Rao Bound for Customer-Addition Algorithm in
Case of M/D/i Queue

Since the calculation of the exact variance associated with

the customer-addition algorithm is too cumbersome , we derive a

Cramer-Rao bound . If we have an observation vector R , a para-

meter A we want to estimate , and a conditional density 
~ra ~~~~

the Cramer-Rao bound for the variance of any unbiased estimator

~(R) of A is stated as follows :

Var (~~(R) - A) 
1 (2. 102)

~
‘tnP (R A)r~ a 

-

cA 2
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In the case of an MID/i queue , the observation vector which

the customer-addition algorithm works with is the concatenation of

two sets of variables. If Y denotes the total observation vector ,

then Y ~ (Y1 Y2) where 
consists of (M1 . . .  M1,~) and o f

(l
~ 

. . .  ~.Je know that is independen t of N. and

inde penden t of 1~, for all i 
~ 

j ,  k ~ t. The length of idle period

1k is det ermined by an “end” effec t in the k-th busy period .

Hence, the only conceivable place we could find statistical depen-

- 
- dence is between and 1k~ 

We resolve this ques tion by consi der-

ing the density for the length of idle period I~ conditioned on

M
1 

m
1
. The dynamics of successive waiting times in a queue are

described by the recursion

= max (0., w + x - U ) with ini tial condition ~~~~ 
=0 .

n+l n n n

(2.103)

x is the n-th service requiremen t and U the inter-arrival tim en n

be tween the  n-th and (n+l)-st customer. If there are m1 customers

in th e f i r s t busy p eri od , th e fol lowing relations must hold.
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--

~~~
• + x~ - U . > 0 1 = 1 . . .  m 1 

- 1 ( 2 . 1 0 4 )

w + x - U < 0 (2.105)m1 
m
1

I = U - (x + ~ ) (2 .106)1 m1 m1

For any M/G/l queu e, the unconditional density for is exponen-

tial with parameter A . Hence, the densi ty far 1
~ 

conditioned on

m
1 

customers in the first busy period is related by (2.105) and

(2.106) to t he densi t y for e , conditioned on U being greaterm1
than the sum of the m1-th service and waiting time .

A -x (- — (x +(e ~~
P( T) e 

=A e  1

U ~8 >~~~~ 
- -X (x +~~m )

4 
m1 m1

— m 1 e 1 1

for r > x + w (2.107)
— m 1 m1

From (2.106) and (2.107) we calculate the conditional density of

I1 as

-XI
P(11 ) = e . (2.108)

Hence , since the density for I~ conditioned on m
1 

customers being

served in the first busy period is identical to the unconditional
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d ens i t y ,  M 1 and 1
~ 

arc ~;t a t i ~; t h - t 1l y in ’t-penden t random variables.

This ind ependence is a rc~ evt y  ~ f Vu-’ ‘r errn-ry] .‘ss ” inter—arrival

density. Based on the preccdin~ ar~- n- e! -t s , all the variables in

the observation vector \‘ ~~~ (M~ . . . M~ 1~ 
. . .  IN 1 ) are mutually

independent.

Hence , the joint censit ot Y may i e expressed as

N N-i -Al .
P(Y )  ii Pr :~ j  = m .) 11 ~ e . (2.109)

i=1 j=1

For M/G/l systems , queueing theory has calculated the probability

of k customers being served in a busy period [4] . The result

for an N/U/i queue is given in [4] as

m. - I

L 
(m . p )  - r n .p1

.4 Pr ~M . 
= m .)  1 

e 
1 (2 . 110)

1 1 m. ! - ,

:1_

For the mon-tent , we pretend that the parameter of interest is p

and using (2.110) we rewrite (2.109) in its terms .

N N N-i
m~~~~l L m - N  - L m . p - 

~~~ I .

P(Y p )  = IT ~~~~~~~~~ e 
i=l (a) e  

x j l  -~

1=1 1 (2.111)

L~ ~~~~~~~~~~~~~ 

. ‘- - - 
-

~~~~~~~~~~~~~~~~~~~ 
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We 1 ci ~ d e n o t e  the  delay  g r a d i e n t  ~~~~~~. For p on [0 , 1]  Eq. (2. 3) -

specifies a 1-i correspondence between y and p. Relation (2.33)

may be inverted to f ind  p as a fun ct ion of y. -

p 1 (2.112)

We can evalu ate t he second partial derivative of the logar-

ithm of the joint density required in (2.97) by app lying the -
-

chain-rule of differentiation

~n P(Y~y) = 
~2 ~~ ~

(
~~P1 

~ 2 
+ Ln P(Y~p) 

I .

2 2 2

Performing the above manipulations and emp loy ing the two follow-

ing exp ect a t ions :

N
E L rn . = ~~~~ (2.114)

i=l

N-I
E L I. = (2.115)
j=l ~

We can evaluate (2 .92)  for the customer-addition algorithm .
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2 2
Var (-y y )  r (2 116)

( N-l + p)( l-p)

The result (2.116) behaves as expected for p near zero and

one. As the utilization factor p nears I, the queue becomes non-

stationary . The mean s and variances of variables such as the

number in the sys tem, the wai ting tim e, and the number served in

a busy period become infinite . Hence, any estimation algorithm

which is a function of these queueing variabLes might be expected

to diverge as p goes to 1. If we conceive of p appro aching zero

by fixing x and letting A go to zero , the average idle period

duration becomes un boun ded . lii addition , Var [M 1 1~ goes to zero

as p 0. Hence , since the queueing variables become “known” as

p -
~ 0 , it is reasonable to expec t that the va ria n ‘ of the

estimator goes to zero for p 0.

2.5 Derivation and Realization in Flow Dia~ ram Form of
Customer-Remova l Algorithm 

- 

-

Since the function D(.-) for the average delay/unit time

accumu lated by the queue is continuously diff eren t iable on

0 < A ~ (0 ,-~ 
1), the im it defining -

~~ (X ~ at a g iven X~

is independent of the direction from which A approaches X~~.

= ~~~ 
13(X ) - D(X~~) (2 117)X _ A *
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r
in the customer—addition algorithm we let A X* + OX and ~i l l -~-.

~A to approach 2ero through pos itive values. For the customer-

removal algorithm we equivalen tl y let OX go to zero throu~ 1. nega-

tive values. We simulate a decremen t in arrival r-.ce OX by

removing customers from the queue with probability ~ and computing

the resul ting decrement in total system time .

The value for r is mot iva ted  by the fac t that  the expected

change OXT E in the number of customers arriving in an interval

T E caused by a decrement OX in incoming flow equals the negative

of the expected number of customers removed by Bern ou l l i tr ia ls ,

M ’E . Here M ’ is the total number of customers arriving in a per-
OX T

E ( • )
iod T

E
. Hence , = - —

~~j-
i-— . Letting OS.’ denote the change in

system time of the i - th  busy period due to the removal of the

j-th customer , the expected change in system time OS in a time

• T
B 

due to a decrement in flow OX and condi t ioned on the queueing

record is formulated as

N M~, 
. T O X

E( O S \Qu eueing Record) ~ _ os~~~ ~~, , (2 .118)
i l  j = l  -~

where N is the number of busy periods in t h e  T E long observation

period . Hence , the desired delay gradien t estimator is given by
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M .

= 1 E(OS~Queuein.g Re or~~ 1 ,~~~ ~~(i)
T5 

ox M 
~~ j =l  -~

(2.119)

We compute os~
1
~ by wurk i i i~; with more microscopic quantities .

Let C” . denote the amoun t of system time saved for the M-thm, 1

customer in the i-th busy period by the removal of the n-th cus-

tomer in that busy period. Since the removal of the n-th cus-

tomer can have no effect on customers that preceded him ,

n ( i )
C . 0 for m = 1 . . .  n-l. Hence , OS. can be computed as
m ,t j

Mi .
oscl)  = - ~~~ C3 . . (2.120)

m ,i
m j

We now develop a systematic procedure for calculating the

C~~~. ’ s .  To simp l i f y  the notat ion , we drop the i denoting the

index of the busy period. Let c~, S , and x denote the waiting

time , system time and service requiremen t , respe ct ively of the

n-th customer in the busy period . Let d~ and an denote the cor-

responding departure and arrival time of the n-th customer.

Since the system time the ri-th customer saves by the removal of

the n-tb customer is S , we have C~ = S . In considering then n n
effect of removing the n-tb customer on the (n+l)-st customer ,

either a new busy period begins with the (n+l)-st customer or
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the (n + 1 ) — S t  c u s t o m e r  remains part of the busy period f o r m e d  by

cus tomers  1 to n - i .  The c o n d i t i on  for cus tomer  n + 1  beg inn in g a

ne~.~- busy period is tha t  the a r ri va l  t ime a +1 of the ( n + l ) - ~,c

customer is greater than the departure time dn_ l of the (n-l)-st

customer . In this case , customer n+ l will save its waiting time

w . If d > a , customer n+l does not start a new busy
n+l n-l n+l

period , and saves an amoun t of time x~ since it need no longer

wait for customer n to he served . This rule for ~
n is summar-n+1

ized by the fo l lowing :

d - a  for an n+l n+l n+i — n-i

C f.1 
= (2.121)

d - d  x for d > a
n n-i n n-i n+l

Relation (2.121) is more succinctly stated as

C~~ 1 
= d - max ~~~~~~ d 11 ( 2 . 1 2 2 )

Noting that max Ia f1~ dn i ~ 
= -mm i - a +i,  -d 1) ,  C~~f1 may be

restated in a final form as

C~~ 1 
= mm ~~~~~~ x

11
) .  (2. 123)
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Sim i l a r  rca~~ n i~ to that emp loyed in calculating C~~ 1 app lies

to the c o m p u t a t i on  of C~~. The r o uo v3 l  ol c u s t o mer  n either causes

cus tomers  rn and rn -I  to be in t h e  sam e bu~ p e r i o d , or customer m

may begin a new busy per~~od. The remova l of customer n causes

customer rn-I to save system time C~~ 1
. h enc e , customer rn-i departs

at an earlier time d - C~ . If this new departure time for
rn-i m-l

customer rn-i is greater than the arrival time am of cus tomer m,

cus tomers rn and rn-I remain in the same busy interval  and customer

m is saved a sy s t em time C’~ . However , if a > d - C~rn-i m rn-i rn-i

cus tomer m begins a new busy period and saves its waiting time w .

These relationships are summarized in the following rule  for corn-

puting C~~:

for d ~
n > arn-i rn-i rn-i m

d l 
- a 

~m 
for am dm i  

(2. 124)

This ru le  may be expressed more compactl y as

C~ mm [c’~~1, ~~~~ 
(2.125)

Hence , the algorithm for computing the C~”s may be summarized

as
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C S

cn~1 mm i x , ~
2
~+l ) ( 2 .126 )

n . n
C min lC ~~~~~~~~~~~~~~~~~~~~~~m rn—i  m

M is the number of customers served in the given busy period.

The customer-removal  al gori thm is comple t e ly  spec i f ied  by (2 .126)

and the following form for the delay-gradient estimator derived by

substituting (2.120) into (2. 1.19).

, 
~~~~~~~~~~~ L ~ C~~ i

i l  n 1  rn~n 
‘ i1 m 1  n 1

(2.127)

The second form suggests  ca lcu la t ing  and summing C~ for n = 1 . . .  m

when the m-th customer arrives. Hence , to calculate the inner two

summations in (2.127), we need onl y ~ variables  to store C~ as

j is varied . This idea is realized in a flow diagram for the

cUstomcr rernoval algorithm in Fig . 2.6. The variables in the flow

~~~~ . 1 1  :1 ~ 0 (IC fined in Fig. 2 .5.
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= Curr en t e s t i m a t e  f o r  d e l ay  g r a d i e n t

Cu r r e n t  t o t a l  number of cus tomers  in observat ion
period

TS = Running  sum of service t imes in most recen t busy

:1 period

x Service requir ement of most recen t customer

T = Arrival time of most recent customer relative to
beginning of busy period

w = Waiting time of most recent customer

j Index of most recent customer in curren t busy
period

I. ~~
‘ M Total number of customers in most recent busy

period

Storage location for C~ as j is varied

M M
S = 1 C~ for frost recen t busy period. It is

n 1  m n n

the cumulative system time saved by the removal
of each customer in the cu r ren t  busy period .

~-i gure 2.5 Definition of Variahlles for Customer-Remova l Al gorithm
Flow Diagram
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I)
Initialization

_______

rs-~-- a

J -.-

Cus tome Noj J ust
A rri ye1 Yes

Compute Waiting
Time of w~~ TS-T
j Customer

Test for End of ~ Yes
Busy Period

No

Add C~ into
j  TS~~~ TS + x

S, Update TS, S -a- S + x + ~~~

and Initial- ~~~ .
-

~~~
-- x

ize 
~~~

.

Yes3
No

L. 
- Compute and Do i 1  . . . j - 1

Add Con tr i-
but ion  for C~ ~ .-~-m 1n {~~. , u~3 ç~~~.. s +
i=i . . . j - l  •- “1

— -~~~~ —. j -*- j+ 1

- 

- 

... _

~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~

Figure 2.6 Flow Diagram for Custon er Removal Al gorithm
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2.6 Calculation of Asvmptot ft Bias~ for  Customer- Removal
Algorithm for M/G/l Queues

We now investigate th0 asymptotic properties of the customer-

removal algorithm by first interpreting the tern’s in the es t imator .

For a given busy period , the inner two summations in (2.127) may

be grouped into two terms representing the sum of all the service

times of the customers in that busy period and the cumulative

service tim e saved by all other customers due to the removal of

each customer separately. If S~
1
~ denotes the sys tem time of the

j-th customer in the i-th busy period , the customer-removal delay

gradien t est imator  may be expressed as follows :

M.N i ,~~~ N

• _____________  + 
i~1 

M: 

(2.128)

i~l j=1
~~I.

where F
~ 

is defined by

0 if M~~~~l

— 
(2 .129)

M —l M .i 1

L C’1 . if M •~~~ 1 .
m ,i 1

n’I m n+l
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We examine the asymptotic behavior of the mean of the esti-

mator specified i~n (2.128 ) by in terchanging the expectation and

limit operation . By appeali.tg to the law of large numbers , the

limi ting form of the estimator as N becomes unbour ded  is

u r n  ED ’ E u r n  D ’ D (2 .130)
N — ~~ N — ~~ 

N

where D is the average system time per customer and P is the

expectation of the quantity defined in (2.124). For an M/G/l

queue , the mean of P1 is independent of i since the C
e ’s depend

on waiting times and service times which are statisticall y

independen t from one busy  per iod to a n o t h e r .  M denotes  the

average number  of c u s t o m e r s  served per busy period .

Using the general relation derived in (2.26) that  the delay

gradient is equal to D
~ 

p lus X ~~~~~~~~~~~ we can formulate the asymptotic

bias of the customer-removal al gori thm as

b 
N - ~~~ 

EL)’ - 
OD 

= 
1 

- 

~ 
C (2.13l\

We can break up the c a l c u l a t i o n  of P by condi t ioning on M = i  for

i 2  . . .  = and find

F 
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P = L Q ( i ) f .  . 
(2.132)

i=2

where

f .  ,~~~ Probability that I customers are served in

a busy period (2.123)

i-i i
Q(i) ~ ~ E(C~~Mi ) 

(2.134)

n 1  rn n+1

For an N/Gil queue , D~ 
is given in [41 as

_ (  p ( 1 + C ~ )
x 

\~
l + —

~~

-

~~

-

~ 
- 

, (2.135)

where
I

2
ab

Cb 
= —

~~ 
. 

(2. 136)

den ote s the varian ce and ~ is the mean of 
the service time

- 

— dis t r ibu t ion . Hence , X -
~~~~

- may be expressed as

OF ) ( 1+ C
2
)

A ~~~~~~~~~ = 
— 

——-—- 
~~~

—

OX 2 2
2(1 -p)

= (1 -p )  ~~~ (1 + c~,) 
~ I~±~.)~U~±.l ~k+1 • (2.137)

k=O
85
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The average number of customer~- ~-erved per busy per iod  i~; g iven

in [4 ]  by

= 
~. 

1 (2.138)

The z-t ran sforrn for the p robab i l i ty  dens i ty  of the number of

cus tomers served per busy period is described in [2.4] by the

following funct ional  equation :

F ( z )  = zB* [X - X F ( z ) ]  . (2 . l39~

~~* is the one-sided Lap lace transform of the service time density

and F ( z )  is defined by

F(z )  ~ f Z
n
. (2.140)

n 1

Having described the quantities that compose the asymptotic bias

b, one may express it as

b = (1 - p )  ~ Q ( n ) f  - L ~ (1 + C~ ) (k+2 ) ( k +1) ~k+l]
n’~2 ~ k 0

(2.141)

Now suppose P in (2.132) may be expressed as a power series in p.
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P = ~ Q( n ) f  ~ 
~~~~~~ 

(2.142)
‘ • n 2  ~ j=0 ~

then based on (2.141), to prove the customer-removal algorithm is

asymptotically unbiased , we must show t h a t

an 
= x ( l  + C~~) 

(n+2 ) (n+l) for n 0 , 1, 2 , . . .  (2.143)

In addi t ion , using ( 2 . 1 4 2 ) ,  the power series for b is g iven by

b [a 0 
- 

4
x (l+C~ )]p + L [cr~ ~

a
~~l 

- ( l + C ~ )(j+l)Jp~~~
1
.

(2.144)

For an M/D/i  queue , we were able to prove (2.143) for

n 0 , 1, 2 , which shows that  for this case , the estimation al gor-

ithrn is asymptotically unbiased at least up to third order in p.

Although we could not prove (2.143) for arbitrary n , based on our

in tu i t ion  we believe that for M/D/I the algorithm is asymptotically

unbiased . We have also examined (2.143) for M/M/ l  queues . For

this case it turns out that (2.143) does not hold even for n 0 ,

which shows t ha t  the a s y m p t o t i c  bias contains  terms of order p .

In the remainder of this section we give the detailed proofs

indicated above for M/D/i and M/M/l queues. The main part is
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t h e c a l c u l a t i o n  ~i f  Q ( i ) defined o (2.134), so that we di vi de t he

proofs into several steps:

a) Since by (2.121) , 1: ;  given as a function of waiting

times and service requirem ents

mm [x , %+l’ ~~+2 . . •  

~n+k 1 (2.145)

we ca lcu la te  the joint density of (Xn~ Wn+l • •
~~~ %+k~ 

conditioned

on M.

b) Evaluate E(C
~+k ’

~
M).

c) Proof of (2.143) for M/D/i for n = 0, 1, 2.

d) Calculation of first and second order terms in p in the

asym p tot ic bias for M/M/ 1 qu eues .

Calculation of Joint Density of (x ,w +1
Condi tioned o n M

I. 
~; -

We approach the problem of deriving P(Xn~
Wn+l

by deriving the joint density of the service and inter-arrival

times conditioned on N customers being served in the busy period.

Let denote the inter-arrival time between the j-th and (j+l)-st

customer. By the rules for conditional probabilities ) we can

break up the joint dens i ty  of (~~~~, . . . ,  xM, 81, 8~) con-

di tion ed on N as fol low s :
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p (M~x 1 ~~~~~~~~~~~ 
. . . O~~)~~(X~ . .  . x~~,81 •

p(x 1 
. . .  XM , O

i 
0M~~~ 

= Pr ~M 1

(2.146)

p(M\x1 
. . .  ~~~~~ . . .  e~ ) is either one or zero depending on whether

the variables (x1 
. . .  XM , O

~~ 
. . .  8~) satisfy the constraints such

that exactl y N cus tomers  are served in the busy period . With

no conditioning , the service times and inter-arrival times are

mutuall y indep enden t random v a r i ab l e s .  Since our queue is

M/G /l , the inter-arrival times are exponential random variables

with parameter A. Hence , p(x1 
. . . x~~,e 1 8M~ 

is given by

M M -Xe.
p(x

1 
. ..  XM~ Oi • 

~~
- ii B (x~ ) 11 Xe 1 (2 .147)

- i=l i=i

The condi tions on the x. ’s and O .’s that guarantee N customers

are served in the busy period come from requiring that the waiting

time s of customers 2 ... H are greater than zero and sat isf y ing

a terminal condition that ustomer M+1 fall s outside the busy

period . Earlier we d e f i ne d  the waiting time of the k-th

customer as the sum of the service requirements of preceding cus-

tomers minus his arrival time relative to the start of the busy

period . This relative arrival t ime may be expressed as the sum
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ul th0 f i r si  k—i intor— ~~rriva1. t i I ~ eS 0 . .  H c m i ~~e , t h~ c o n d i t i o n  fo r
J

t h e w a i t i n g  t i me s  o f  t -u s t : omers  2 . . . M being gr e a t e r  than  zero  may

be expressed as

k-i k-I
‘

K 
= ~ - ~1 6 .  > 0 for  k = 2 . . .  M . (2.148)

j= l. - j=l -~ 
—

For the (M+l)-st customer to fall outside the busy period , the

- 

- arrival time of the (M±1)-st customer relative to the start of the

busy period must be greater than the departure time of the M-th

cus tomer . Noting that the M- th customer departs when all M ser-

vi ce requir emen ts have been satisf ied , we def in e a dummy variable

“
~+l to state the terminal condition .

N
= 

~~~ x~ - 

~ 
< 0 (2.149)

j=1 j=l

- - Hence , the joint density of H service times and inter-arriva

times conditioned on M customers being served in the busy period

is as follows :
N M -X e .
IT B(x

~~
) IT X e 1

1=1 i=lp ( x 1 . ..  X~~~~, O
1 

. . .  =

k k-i
K 1  . ..  M - 1  0 < 0 , -

~ ~~~ x .  - L 0 .
— K — ~~ .1 ~=i

M N — i
0M > ~~ x. - 

~ 0. . (2 .150)
j=i j=l
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As defined by (2 . 140), deuot cs the pro babi l i t y  that  a busy

period has M cus tomers.

We can now calculate p (x
1 

. . .  ~~~~~~ . . .  t~~\ M) by working with

the linear relationship between 
~~ 

. .  &~ ) and (w2 
...

imp lied by Eqs. (2.148) and (2.149). The inverse relations for

the &. ‘s as a function of the u. ’s are
3 .3

Ok xk + 9 ~~~~~ k+l k = 2 . . . M  (2.151)

The non-negativity of the 0~~
’s for i = I . . .  M and the non-

• nega tivity of w. for j = 1 . . .  M, together with the relation

(2.149) for 
~~~~~~ 

resul t in the following set of constraints on

the wai t ing times :

0 < ~~i2 < - X
1

0 < xk + k = 2 . . .  M-l (2 .152)

9~i+l < 0

The Jacobian J of the inverse transformation between waiting times

and in ter-arrival times described by (2.151) is the following matrix :
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- i

-j —1 0 . .

1 -l
-
~ J 0 1 • -1 • (2 .153)

0 0 1  -l

- 

- 

Since J is a lower triangular ma trix , the diagonal elements are

- 
eigenvalues and hence \det J \ = 1. Thus , we calculate

p(x1 ... 
~~~~~~~ 

by substituting the relations for

defined by (2.151) into (2.150) and combining this with the con-

strain ts described by (2.152).

/ M
M -X~~ L x . -~~~~~1
~ B (x . )X e

i=ip(x
1 

. . .  X
M~
W
2 

. . .  
~~+i \M) 

=

0 < u~. <
— L 1

k = 2  • . . M - l

< 0 (2 .154)

The final step is to integrate out the dummy variable and

service requirement XM •
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H-i M -l Xx .A B~~(X ) — 1p(x
1 

. . .  X
M l, ’~2 uI~1~ M) = it B ( x~ )e

M i=1

0 <w
2
< x

1

0 < 

~K+l < + k = 2 . . .  M-l ( 2 . 1 5 5 )

4
--

B*(X) denotes the single-sided Laplace transform of the density

B(x) evaluated at A.

We observe paren theticall.y that (2 .155)  takes  a p a r t i c u l a r ly

simp le form from M/D/l queue . Since the service requirements are

de terministic , B(x.) = ô(x~ -x) and B*(S) = ~~~~~~~~~ We can integrate

over all the impulses to obtain the joint density of waiting times

conditioned on M. Employing the explicit formula for 
~M’ 

the

probability of M customers being served in a busy period , found

by solving the functional equation of (2.139) and listed earlier

as Eq. (2.110), we find that p(~ 2 . . .  u~~\M) is given by

p(u
~ 

... u~~\M) = M! ( i )
M~ l

0 
~ 9+l 

< x + k = 2 ...  M-l (2.156)
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i:vd lu;~ t iOn of ! M)
________ 

f l + i~

w~ now ~e t urn to t i le ~~re general case of an M IGI1 queue and

approach the calculation 1f  the mean of C
~+k 

conditioned on M by

deriving the joint density of (x
~~~~ ÷1 

... w~~~) conditioned on
M. We use this joint density to compute tho distribution func-

tion of C
~+k

. Let F (T) denote the probability that
Cfl+k~M

< i and P (r) be the probabili ty density of C”+k con-C +k~M

ditioned on M. Since C” is defined as the minimum of the van-n+k

ables (xn,%+i ~~~~~~ we compute the probability that

C
~÷k 

< r as one minus the probability of the complementary event

that each variable is greater than r.

F n (i) 
~ 

Pr[C’
~÷k 

< ‘r \M~ =1 -Pr~
x
~~
>T:w +1>r : ... w~~~>r \M ~

C +k\M

(2.157)

n . .Now we calculate the density of Cfl+k by differentiating with

respect to r.

P (r )=- ~- F
C +k~M 

dr C
~+k~M(T) (2.158)

By integrating the density defined in (2.158) we can calculate

the desired conditional mean of .n+k
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E(C
~+k \M

) 
~ ~~~~~ 

$ Tp~~ (T) d’r (2.159)

T 0  n+k \M

We obtain the joint density for (xr~
W +i condi-

tioned on M by integrating first over the variables (w2

and then (x1 ... • •  ~~
) in

p(x1 ... XM 1~W2 ... c&~~M) defined by (2.155). For n~~1, the

suggested integrations are performed in two steps and the results

listed below.

X
1
+W

1 
X +k+~~ +k

p(x1 ~
Ct1_1~

Wn+l “ 
= $ S S

XM l +
~~4l... $

N

p(x1 ... )CM 1~~2 ... 9,~ M)du~ ... ... dw~
n-i

for 0 < < L x
3 
+ x

~1•j=1

~ ‘~n+2 ~ 
Xn+l + ‘~n+l max {%+~ 

- 

j =k 
~

0 < W +k ~ 
X
fl+k i 

+ w + k l  (2.160)
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r
0’

p (x , 
~n+1 ~n fk ~~ 

-- J

• ( n - i  ~n+i n4 l  X
fl+k l

I -
~ 

max 
~~n+1 

-

1=1

( x. U j  1 . . n-i

• I
X +k O XM 1 O

p ( x 1 ... XM 1 W
+l 

...

dx 1 ... dx n ... dxM l

(2 . 161)
max -

Note that  the resul t ing density in (2.161) has no cons t ra in ts

remaining on any of the variables excep t non-nega t iv i ty .  The

case n 1  is worth d is t inguishing since in the f inal  dens i ty  one

cons t ra in ing  rela t ion  remains between w2 and x~~.

X l+k + u1+k XM l  +

p(x1 
XM_ 1~~ 2 

... ~~~~M) = 5 .

• x~1 
.. . ~~~ M)d ~~1 • . .  d

~~+k

(2.162)
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r

for O < w
2~~~ x1

O < W
l+~~~~~

x
~~

+ W .(, 2 ... k

p(x1,~~ • •
~~~ ~~+k~~~ 

= S S S S
X
2~~~

.4
2 

Xk ?k X1+k O XM 1 =O

• p(x1 ... XM_ 1~ W2 ~1+k tM) th<M_ i  ... dx
1~~ 

. . ..  dx~

(2.163)

for 0 <  ~~

max -

Hence, the distribution function F (r) is obtained by

applying (2.157) to the r:sult: in 
C
n+k~M (2.161) and (2.163).

n~ 1 1 - 5 5 • • •  5 p(x ,w~~1
- X T

dw ... dxn+k n

F ( r )n
n+k M

x

,
~=i 1 - 5 p(x 1,w2 ~~+k~~~

X
1
1 W

2
T W

3
=T WI+k T

~~~~~ ... du,~dx 1

(2.164)
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n (i) c o u l d  00W Lu Ul)taiflcd b y d i f f e r e n t i a t i n g  the above
C k~~

i n t e g r a l s  wi th  r e s p i - : 1  t t:he pai.~met or T using Leibni  tz ’ s rule.

Simp ler r e s u l ts  fur  a re  p o ss ib l e  when we s p e c i a l i z e

the preceding c a l c u l a t iow- to the case of an M/D/i queue. Since

the service requirements are all the same, x.~ x and C~ can be
• 1 n+k

expressed as

C
~+k 

mm ~~~~~ , (2.165)

where

z = mm 
~~n+1’ “‘n+k~ 

• (2.166)

By inspection we write the density of C
~+k 

conditioned on M in

terms of the distribution function of z, F
~~M

(r), and the den-

sity of z, P
~~M

(.r).

(r) = (1 - F
Z\M
(x))ô(’r_x) + U 1(x—i)P (’r)

n+k’M (2.167)

There is a finite probability that C~~~ x , hence the impulse in

the density (2.167). For z < x , C
~+k 

= z and hence the density

of P (r), is the same as the density of z for
• C +k~~t
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0 < ~ < x.  From ( 2 . 1 6 7 ) ,  we can expr ess  the cond i t iona l  mean of

nC asn +k

(1 - F~~~~(x~ )x 
~ ~P~~~~(~~) dT - (2.168)

Hence , for an M/D/ I  queue , the prob lem of computing

reduces to calculating the density and distribution function

of z defined in (2.166), conditioned on N. We need the joint dis-

tribution of (w
~+i 

Wn+k) conditioned on M to characterize the

distribution function of z. In a manner similar to the deriva-

tion of (2.160) from (2.155), we integrate out the unneeded wi
’s

• from the density p(w2 ... u~~\M) given in Eq. (2.156) to obtain

• P (
~~n+i • • •

- M-l x ~~~~ ~+~~~~1 X+%.~~
W f~~~M) = M ! ( ~~~) 5 5 • • •  5 .1

~2~~~2 ~3~~~3 Wn~~ n ~n+k+1 °

$ du~ • . .  du~~~~~1 ... dw~

for O - ~:w • n x— n+1 —

0<~~ ~~x + w
— fl+~ 

— n+~-l

• max - (n-t+1)x ,01

(2.169)
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Hence , by the s ime r ea son ing  t h .~t led to (2.166), F
~~M

(T) is

given by

X+Wox r r+i n-fk-
F

\M
(1

~
) = 1 - 5 5 5 ~~~n+i 

W +~~
\M)

n+l n+2 n+k
S dw ... dwn+k n+l

(2.170)

App ly ing Leibnitz ’ s rule  successively,  we can derive

x+r ~~~ n+2 X+W +k 1
P
z\M

(r) = S S 5 p (r,
~~~+2, W~~4~~M)

n+2 n+3 n+k
• 

dw +k ... ~~~~~
x+w

nx x+r n+k-i
+ S S $ P(W

~+i,
T,W

~+3 
... w 1~~\M)

W +i
=T 

~
)
n+3 T W +k_

- 

d
~~+k

• nx n+1 x+r
+ 5 5 • • •  5 1~~~n+i ~n+k_ 2~ T ) (

~n+k~
M)

~~~~~~~ u)n+k T
dw +k ... dw +~

x+w
nx n+1

+ 5 5 1 ~ (w~~ 1 
... w +k l,1 \M)

w +i T W
+2

T (A)fl+k l T
dw +kl ... d~~~ 1

(2.171)
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In the next  few paragrap hs we show how to compute  exp l ic i t l y

~~+i
\M. We wer e n ot able , however , to o b t a i n  exp l i c i t  terms for a

general M and thereforc have to rel y on (2.173) when other

~~~M will he needed . For 
~~~~ 

\M , z becomes the single variable

~
cn+l

. Note that to compute the conditional mean in (2.168) we

only need P
\~1
(T) for 0 < i- x. Hence , the app roach we take is

to derive the exp licit form for P (T) on 0 < ‘r < x. From
‘
~n+l ~M

(2.169), we write the density for P (r) on 0 < i < x as
‘%+i ~M

X X + W
2 
X+
%1 

X+T X+~~~~1
P (T) 

(Mx )~~~ 
$ $ ~~~~ 

. d~ ~2
du ’ •

• 
~2

0 w3-O ~
‘n’0 “n+2 ° ~i~- t ü

~~—~~
------- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

n-I  M—n— l
Integrations Integration s

(2 172)

Note that the above integral consists of two sets of inte-

grations defined by the brackets. We define the following set of

iterated integrals

x+w

5 I (~,’)dw’ with I1(w~ 
= 1 (2.173)

Hence , we can express  I’ (i) for 0 r x in terms of these
- 

W 4l~M
I. ’s.
3 101



1 N- L•
P ( r )  t~! (-- ) I (0)I,~ (r) (2.174)w IL~~ fl L~~~~fl

O < T < X

Examining a few of the  t
i
’s, we assurie that 1 (w) can be

represented as a power series in ( x + w) with powers up to (n-1)- s

order .

• n-i
I (w) = ~ ~(~~+~~)

‘ (2.175)
i=0 1

To be consistent with 1
1(w) 1, (1~

1) 
= 1. Employing (2.173) we

- (n+1)can derive a set c fference equation s relating to the

• i S.

~(n+l) 
n-i I 

~ ~ )~ i_q +l~~n)
q i q-l q q-1 1

q 1 •..n

~
(n+1 ) 

= 0 (2.176)

it is verified in Appendix A that the solution for the i4”~~’s

are given by

102



I ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- 

I = I n-i
, ~ 

) ( n — i — i  ! ( i — i ) !
for n > 1 =

1

0 i = 0

for n = 1 = 1 (2.177)

Emp loy ing (2 .168),  the expression for  the densi ty  P (-r )
-

given in (2 .174) ,  and the def in i t ion  of the 14
1 s in (2 .173) ,

J
-n
C +i~

M may be expressed as

M- 1... -

= (1 - M!(~~) I
fl
(O)IM_fl+l(0))x

M-L r
+ M! (j~~) I~~(O) 5 TIM_ Zl ( r)d T  . (2.178)

0

By looking at P (r) for n = 1 we can obtain an expression for
-

- 1M~
0
~ 

since the density for must integrate to 1 over the interval

[0,x]. Hence , ‘M~°~ 
must be given by

- (~~~)M l
= 

M! 
— 

• (2 .179)

To specif y the onl y remainin g unknown in ( 2 . 1 7 8 ) ,  we de f ine

x -

m A r rI~~(r) di (2.180)
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We evaluate this integral by substituting our explicit form fon 3

I~~(-r ) defined by (2.175) and (2.177)

1 2 n l

m = (2.181)

n-i n+l n-2-i i
x (n-l) _ _j_ ~

~~~ 
(n—i-i)! (i-i)! t+2 ~~~~~~~

Putting together (2.1/9), (2.181), and (2.178), ~~~~~~ may be

expressed as

(1 -

mM-n • 
(2.182)

Bias Calculation for an M/D/i Queue

Having defined the calculation of ~~÷k
\M=i and hence Q(i),

we can investigate the behavior of the asymptotic bias b expressed

as a power series in p by Eq. (2.144). For simplicity, we start

with an MiD/i queue. C~ 0 in (2.136), since the variance of the

• service time density is zero. Since each C
~÷k 

is a func tion of

(x , w~+1 • . .  ~~) , the summation of C
~+k

’S for a given busy

period with M customers can be expressed as differen t functions

• of (x,w2 • . .  ~a~) over regions in (w2 ... u~~) space. Hence Q(M)
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can be expressed as the sum of a set of integrals of func tions

of (x,~ 2 ... c&~ ) over regions in (u~ ... ~~) space weighted by

• 1 M-l
the density t

~~~2 ~~\M) = ?d!(~j~) specified in Eq. (2.156).

Since the density p(~ 2 ... is a con stan t , independent of p,

Q(M) will also be a constant with no dependence on p. f~ . the

• probability of n customers being served in a busy period , is

fl
t3l 

p
fl
~
l
e flP Hence , expanding f~ as a power series in p~ sub-

• stituting the result into the expression for p in (2.142), and

changing the order of surn,nation, we can derive an explicit formula

for a~ , the coefficient of p
’
~~ 

in a power series expansion of p

in powers of p. Therefore, on the basis of (2.143), to show thar

the estimation procedure is unbiased up to the t -th power in p,

• we have to show that

n+2 
LI)~~~ i~~~ (i) = 

~~

- 
‘
~ 1=2 

i! (n+2-i)! 4

n 0 ~~~~~~~ t—l (2.183)

By a change of variable n n’-2 and some manipulation, verifying

conditions (2.183) may be reformulated as checking the foilowing

reciarsion for the Q(i)’s:
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Q(n’) 
~~~~~ 

(
f l (f l~~•4) x)

(n )

n ’—l n ’-i .n ’-].
— 

n! 
L 

(—1) 1

(~~ )
f l _ l  

i=2 i!(n’—i)! 
Q 1

n ’ = 3 ... (A-i

with Q(2) = x (2.184)

Emp loying the preceding results for an M/D/i queue , we pro-

ceed to show that the asymptotic bias b only contains powers of p

greater than third order . For t=3 , relation (2.184) dictates

that Q(2), Q(3), and Q(4) assume the following values:

Q(2) = x

Q(3) = x (2.185)

Q(4) = x

By definition of the Q(i)’s given in (2.134), Q(2), Q(3), and

Q(4) are given by

Q(2) = C~~2

Q(3) = C~~ 3 + C~~3 + C~~3 (2.186)

Q(4) = C~~4 + C~~4 + + ~
•
~~4 + C~~l4 + ~~~~
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-n , -n
We can compute all Cm~

M s of the form C
~+i \M by emp loying the

general formula derived as Eq (2.182). To calculate other

~~~M’s we appeal to the procedure outlined in Eqs. (2.165) through

(2.171). The results of the calculations implied in (2.186) are

listed below.

~~~2~~~~~x

—1 5 —1 4
C2\3~~~~~x C2~

3 = ~~~x

—2 2C3~3 
= x

~~ l4~~~~~~x ~~ j4~~~~~x

—2 3 —2 19C3~4~~~~~x C4~4~~~~~~x

C~~4 = x (2.187)

By using the results of (2.187) in (2.186) it is easy to see that

the numbers for Q(2), Q(3), and Q(4) are consistent with the

values listed in (2.185).

For the sake of clarity, we go through the derivation of

—iiC
4~4 as a sample calculation. The remaining Cm~

M s, those not

covered by relation (2.182), are calculated in Appendix B.

is defined as follows:
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ruin {x,z~ , (2 .1 88)

with

z = ruin [w ,wj . (2.189)3 -t

the joint distr •bution of (w2, w3,w4) condit ioned on M 4  is given

by Eq. (2.156) as

p(~ 2,w3,w4~M=4 ) = (2.190)

O < W 2 < X

• Hence , the joint distribution of (w2,w4) conditioned on M 4  is

given by Eq. (2.169) as

3 X
p(w3,w4\M=4) 

= 

~~ $ d~2 . (2.191)
= max [0,~ 3-x~

• O < w3 <2x

0~~ 4~~ . x + w 3

More explicitly, (2.191) means that
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p (w3, w4\M 4) = —
~~
-

~~~ and p(w3,w4\M 4) ~~~~~~~ (2x - w3)

0 <w
3
< x  x < ~~~~ < 2 x

0 < w 4 < x + w 3 0 < w 4 -~~x + w 3 (2. 192)

Hence, by (2.170) the distribution function of z conditioned on

M=4 and for z in the interval [0,xJ is given by

x+wx 3 3
F
~~M...4

(r) = 1 - 5 $ ~ dw4dw3
W

3
1 W

4
T

x + w2x 3 3
- $ $ ~~~ (2x - w3) d~4d~3 . (2.193)

Sx
~ fX Cz)

4
T

L Differentiating (2.193) with respect to r and doing the integra-

- tions yields

PZ~M 4
(T) = - . (2 194)

From Eq. (2.168), we compute C~~4 as fol lows:

= x( l  - P \M .4
(T) di) + di = x .

L (2.195)
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Bias Calcu la t ion  for an M/M/ l  Queue

We now examine th c behavior of the asympto t i c  bias b f ’ r  the

• case of an M/M/l queue. The service requirements are now expon-

ential  random variables with  parameter ~~~~. Hence, B(x) and B*(s)

ar e given by

B(x) =

(2 .196)
• 3 * ( s )  = —a——- S+~L

Since the mean service time is and the variance of the service

requirement is -4, the C~ defined in Eq. (2.136) is one. The

functional equation of (2.139) may be solved to obtain F(z)

and hence f1, the probabili ty of i customers being served in the

busy period

I,. i—i
f. = ~ ~~~~~ 

p 
• (2.197)

1 1 i-i (l+p)2’1

To characterize the asymptotic bias b we need a . ,  the coef-

ficient of p
~
1
~~ 

in a power series expansion of p, which is

defined in (2.132) as a summation of the pro’i~’cts ~~~~~~ 
for

j  = 2 ... ~~~~. We contend that Q(i)f. can be expressed as a power

series in p whose terms are at least ( i- l) -s t  order in p .  Hence ,

to find a. we need to collect coefficients of j+1 in
.3

Q ( 2 ) f 2 . . Q( j  + 2 ) f
~+2 . The reason for Q ( i ) f 1 being expressible
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as a power series in p with terms of at least (1-1)-st orders

foll ows fr om Eq. (2.155) for p(x1 ... XM_l,w2 . . .  u~~\M). Q(M)

• represen ts the mean of a rand om variable which is expressed as a

summation of C~ ’s, each of which is a function of (x1 .. . XM l ,

uk) . Hence, Q(M) could be expressed as an integral of

various functions of (x1 
... XM_l~

W2 
• . .  c~~) weigh ted by

-: 
p(x 1 ... XM_l,W2 

... u~~M) ,  over (x 1 ... XM 1 ~ U
~2 ... cab ) space.

From the density given in (2.155), this integral for Q(M) will

have a leading fac tor of X
M_l

/ f M. Hence , Q(M) f
M 

can be expressed

as the produc t of A
M_ i 

and an appropriate integral. This shows

that Q(M)fM 
can be represented as a sum of terms which are

• (M-l)-st order or higher in p.

We now proceed to compute Q(2) and Q(3) so we can calculate

a0 and a1 and then the coefficients of the firs t and second power

of p in the asymptotic bias b defined in Eq. (2.144). Q(2) is

equal to C2 \2 and C~ is given by

C~ mm [x1, w2 ) . (2.198)

From (2.155), the joint density of (x1, w2) condi tioned on M 2  is

as follows :

AB*(X) 
- x

lp (x 1, w2~M 2 )  = B(x
1)e 

. (2.199)

O
~~~

c&
~2~~ . Xl
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Hence , by (2.164) the di~ tribuL ion function c f C~ conditioned on

M=2 is

Fc
l
~ M 2 (T) 1 - B(x 1

)e 1
d~ 2

dx 1 . (2 .200 )
x

1
=T 

~~~~

Differentiating with respec t to ‘i by applying Leibnitz ’s rule ,

we obtain

PC1 2 (1) = ~B ( ~~ B(x 1)e ’ dx 1 (2.201)

x
l

=T

~ np loy ing ( 2 . 2 0 1) ,  we can express the desired conditional mean as

a double in t e g r a l .  Changing the order of i n t eg ra t ion , we ob ta in

• Jie following resul t  for an M/G/1 queue :

Q(2 )  = 

~~~2 ~ AB*(A) ~~ x~ e~~~~
1B( x 1)dx 1 ( 2 . 2 0 2 )

2

For an M/M/l queue , ( 2 . 2 0 2 )  specializes to

Q ( 2 )  = C~~~2 ~ 
p (2.203)

~ 
( l + p) 2

Next , we c a l c u l a t e  Q ( 3 )  as the sum of C~~ 3, C~~~3 , and C~~~3.

The j o i n t  d en s i t y  of (x 11~~~) con d i t i o n e d  on M~ 3 is s pec i f i e d  by

Eqs. (2.155 , ( 2 . 1 6 2 ) ,  and (2.163) as
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2 , 
a ~‘ —A (x 1+x 2)

p(x1,w2\M 3) 
X B~ - $ 5 B(x

1
)B(x2)e d~ 3

dx
2

O < < x 1, 
( 2 . 2 0 4 )

Performing the inner integration over and changing the order

of the integration over ihe viriables w2 
and x1 specified 

in

(2.164), the distribution fun~ tion of C~ conditioned on M 3  is

given by

F
Ci~ M 3

(r )  1 - ~
2B~’X 5 5 (x 2 +w ~) B ( x 1) B ( x 2 )e

1 2

~4fi X 1 c~~ x2
0

dx2
dx
1
d~~

(2.205)

Differentiating (2.205) ~ith Liebnitz’s rule we obtain P~ ’ ~M~~
(1).

Based on this PC ,1M .l(r) we can write the following integral
2’

expression for the conditional, mean :

2 -X(x1+x2)
C~~ 3 

= ~
f
(~~ 5 i $ (x2+i)B(x1

)B(x2)e 
dx2

dx
1

dr

r o  x =7 x2
w()

1 (2.206)

For at M/M 1’ l queue We emp loy ihe 8(x) specified by Eq . (2.196)

and ol tain the result

2
C~~13 = 3 1 _.i~~__. .L . (2.207)

~ ( l + p)  3

1.13

.••

~

--

~ 
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-—2 . 2 .We next co~~ ider ri ~.
- C~1 -~ i 1 - ‘t ion of C

3 ¶3. C3 is d e f i n e d  as

C~ nm X 2 ,~ j~~~ (2.208)

By Eqs. (~~.155), (2.160), an~ (2.161), the joint density of

-
• (x2,w3) ccnditioned on 

Mr3 is

X

p(x2,w3 \M 3) A B*(~~

max [w3
-x2,0) w2 max ~~3-x2,0~

-A (x1+x~)B(x1)B(x2)e d~ 2
dx1 . (2.209)

Doing the inner integration over 
~2’ 

and noting the form for

F 2 ~~ dicta:ed by (2.164), differentiation of F 
2L~3 \M=

3 C
3 \M=3

w .th r?spec. t to by Leibiitz ’s rule will yield the follcwing

- 1ntegr~ l

P 2 (r) = r P (x2, T\M’~3)dx 2 + 5 P(r,~ 3~
M 3)dw

3 
(2.210)

3 2

Employing (Y.209) and (2.210), the desired conditional mean may

bE expr essel as the follow ing integral:
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~2~ 3 = 
X
2
B*(~~ 5 5 B( 2)e

t
~ x1

B(x~ )e
1 dx

1
dx

2
dr

~=° X
2~~

T x1 0

÷ $ TB(1 )~~~
T 

~ 5 F.(x1)e
1
(x 1 

- (w 3- i ) ) d x 1d~ 3di

e0
3 7 X

1~~~~~ T

(2.211)

Using the 8(x) corre ;poncting to ar M/M/1 queue , we obtain

C~~ 3 2 ~ 6 ~~~~~~ (2.212)
~ (l* p) 3

t )ur final calcu~at1on is of ~~i3- The quantity C~ is

• defini~d by

c~ ~~~ . (2.213)

The joint fiensfty of (x1.w2,~~3
) conditioned on ~t 3  is determined

by Eq~;. (2.155), (2.~~ó2), and (2.163).

2 
* 

-A (x1
+x2)

P(x1,ei2,~ 3 \M 3) — .  5 3(x1
)B (x

2
)e dx

2
max [w3-w2 , 0~

(2.21.4)

Employing (2 .164) to derive t ~e d i s t r i b u t i o n  f u n c t i o n  FCI M=3(T)2~
and breaking up the ~ntegrati n over u.3 to get rid of the “max”
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‘~1in the limits of the integration over x2, we obtain

2 .~. 

X~~
, “

~2 
-A ( x 1+x 7 )

FC1I M 3 (r )  1 - ~~ B~()~) 

~ $ $ $ B(x1)B(x2)e

X
1

1 W
2

T WfT x2
0 dx , J~ d~ dx

L 3 2 1

2
8* 

xl -X(x1+x2)
- 

A 1’ $ 5 $ B(x1)B (x2)e

X
1

T W
2
1 W

3
CAs

2 
X

2
(~

)
3

W
2 dx2d~ 3

dw2
dx1

(2.215)

Differentiating (2.215) by app lying Liebnitz ’s rule we can derive

P
c1~M....3

(r) and from that a single integral expression for C~~\3.
3’

x
—.1 ~~~~~~ 

1 -X(x +x )
C
3~

3 = 5 ‘r $ 5 B (x1)B(x2)e 
dx
2
dw
2
dx1di

‘ r O  x1=r w2 r x2 O

I
2 .. -x (x +x )

+ 
A B”(X) 

~ 
T $ 5 5 B(x 1) B ( x 2 )e 1 2

i 0  Xf1 (~3 T X
2

W
3
1

dx
2
dw

3
dx
1
dr (2.216)

Using the B(x) for an M/M/l queue given by (2.196), we fin d

C~~\3 = 6 ( 2 .2 1 7 )
$.L ( l+ p) 3
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Now we can calculate the coefficients in the asymptotic bias

b for the first and second order terms in p. Emp loying (2.203),

(2.207), (2.212), and (2.217), we compute Q(2) and Q(3) as

= 11 ___ J.
~ (l+ p) 2

(2.218)

2
• 

Q(3) = 10 1 6 fgt (l+p) 3

a0 
is defined by the coefficient of p in Q(2)f2. a1 is deter-

mined by collecting powers of p2 in Q(2)f
2 
and Q(3)f3

. Hence,

we obtain

1 1a —

0 2~~~
(2.219)

8

Therefore, from (2.144) we can represent the asymptotic bias b as

b - p + ~ p
2 + 0(p3) . (2.220)

• 0 (p 3 ) denotes terms that are third order or higher in p. This

shows that the algorithm is biased for H/M/i and contains terms

of all orders in p, in contradistinc tion with the M/D/i  case
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r
• where we showed that the alg o r i t h m  is a s y m p t o t i c a l l y unb iased  up

to third order in p. In fact , we arc confiden t that for an

M/D/ 1 queue the algorithm is comp letely unbiased , although we

were not able to show this.

2.7 Cramer-Rao Bound for Customer-Removal Algorithm in Case
of M/D/l Queue

Now we derive a Cramer-Rao hound for the variance of any

unbiased estimator of the delay gradient that works with the

same observations as the customer-removal algorithm in the case

of an M/D/i queue. Assuming the service requirement is a known

variable x, the observations which the customer removal algori thm

processes to der ive the C~ ’s and form the estimator are the

the number of customers served in the i-th busy period , and
(i) (i) . . . .(w2 ... ~~ ) ,  the waiting times of customers in the i-th busy

i
period. Hence , we define our obs erva tion vector Y ’ as

(1 1 ’ 2 2 ’  N
Y’ 

~~~~. (M1, w2 “
~ l 

i M 2,~~ “
~ 2 

V1N ”~2 ) .

(2.221)

Since waiting times and the number of cus tomers served per busy

period ar e statistically independen t fr om one busy period to

another , the j oin t densi ty of Y ’ may be expressed as •

P(Y ’) = IT P(M.,~4~~ . .. t~~~~~~ ) . ( 2 . 2 2 2 )
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We compute the joint density of ~~~~~~~ .. ~~~~~ by breaking

it into the product of P( c4~~ “
~~~M~ 

and Pr (H
1
). Hence,

emp loying Eq. (2.156) for the joint density of waiting times

conditioned on the number of customers served in a busy period ,

expressing the densities in terms of the parameter p = Xx , and

- - . applying (2.222) we obtain

/ N  N
I~~ 

M
i -N ) - ~ M~~p

P(Y ’ 
~p) 

= 
p\i l 

(e 
i=1 

• ( 2 . 2 2 3 )
(~~~~M. -N

1x\1 l

o < ~~41) < x  i = l  ...N

0<~~~~~~< x +~~t~~~ k 2...M .-1

Letting y denote the delay gradient, -y and p may be related

by (2.112) . Employing (2.113), we can derive ~~~~~~~~~~~~~~~~~~~~ b’) • Using

the expectation in (2.114) and the general formulation given in

(2.102) for a Cramer-Rao bound on the variance of any unbiased

estimator of a parameter 1~ based on an observat ion vec tor R, we

find

Var (y - y) > x 
p (2 .224)

N(l - p) 
.
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We can shed ligh t on the reason for the p in the numerator

of the bound for the customer-removal algorithm as compared to the

p
2 in the numerator of the bound for the customer-addition al~ or-

ithm by examining the maximum likelihood est imation procedures

that follow from the observation vectors Y and Y ’ employed by each

technique. The reason for this is that maximum likelihood pro-

cedures that are asymptotically unbiased will asymptotically

achieve the Cramer-Rao bound. Maximum likelihood estimators for

p are defined by the following equa tions:

~n P(Y~p) \~~..,. 
= 0 (2.225)

. -tn p (yf 
~p) \~~~ 

= 0 (2.226)

Since the delay gradien t D ’ is expr essed by (2.33) as a function

of p , the maximum likelihood estimator for D’ is given

6’ = x + + (2.227)
2 (l - p) 2(l _

~~)
2

The maximum l ikel ihood estimator specified by ( 2 . 2 2 5 )  is
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N

i=l
= 

N N-i 
— (2.228)

Z N . + 1 I.\x
1=1 j=l ~

The estimator that follows from the observation vector Y’ emp loyed

by the customer-removal algorithm is given by (2.226) as

~~
= 1 _  

N 
(2 .229)

1=1

Each estimator for p can be shown to be asymptotically unbiased

and together with (2.227) must determine an asymptotically

~~~~~~~~
- unbiased estimator of the delay gradient.

Since the delay gradient es timator specified by using (2.228)

in (2.227) uses idle period information in addition to the number

of customers served in each busy period , we might expect that

asymp totically, the variance of this estimator will be smaller

than that for the estthmator that follows from using (2.229) in

(2.228). Hence, it is not surprising that the Cramer-Rao bound

for the customer-addition algorithm is always smaller than che

corresponding bound for the customer-removal algorithm . -
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2.8 Derivation and Realization in Flow Di agram Form of
Time-Cont rac t ion  Algorithm

In our third algorithm , we simulate an increase in r at e  ÔÀ

by a linear contraction in time scale. Assume that denotes

the time of arrival of the j -t h  customer in the i - tb  busy period

relative to the beg inning of the observation interval . We

define a new set of shi f ted  arrival times by

= (I - )T~~~ . (2.230)

Since OX represents an infinitesimal change in rate, we can choose

it sufficiently small so none of the busy periods are shifted

onto other busy periods by the time contraction . A simple suf-

• ficient condition on OX so that the redefinition of arrival times

in (2.230) produces no “interac tions ” between busy periods is

given by

T
E 
< mm [I.) (2.231)

TE 
refers to the observation period length and I~ denotes the

duration of the j-th idle period.

We now consider the incremen t in system time that  comes from

each customer arriving a l i t t l e  earlier and hence , wait ing a

little longer . The waiting time of the j - th customer in the i - th
122
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busy period is defined by

(i) = - (i~~~~ 
- 

(i) ) (2 .232)

If we substitute the shifted arrival times given by (2.230) into

(2.232), we can rela te the new wai ting times to by

= + -
~~~~~ 

[r~~~~ 
- . (2.233)

We define a new variable as the arrival time of the j-th

customer in the i-th busy period relative to the start of that

busy period. Hence, the additional system time over N busy per-

iods that follows from Eq. (2.232) can be expressed as

N
-

~~~~ 
~~ z. , (2.234)
i=1 1

I. ~

where

0 M . l
1

- - (2.235)
z
i~~~ M

~~~

- 

~~~~~~~
n 2

A second contribution to the increment in system time follows

from the fact that our time contraction procedure shifts the
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righ t ed ge of the observation interval , leaving a gap of duration

in which additional customers could arrive . Since an

average of XD
c total delay is accumulated per unit time, wL-: e

D is the average total delay/customer , the averagc incremen t in

system time is given by

-
- (~~~ 

T~ ) ( X D ) = ÔXT
E
D . (2.236)

Employing (2 .234)  and ( 2 . 23 6 ) ,  we obtain the following

expec ted increment in sys tem time condi tioned on the qu eueing

record.

N
E( O S~ Queueing Record) = OXT ED + i~ ~ ( 2 . 2 3 7 )

i=1

Since both A and D are unknowns, we use the fact that asymp-

totically,  by the law of large numbers

N
L M .

1
— (2.238)

E

N Mi N
— ~ ~~~~ L H. (2.239)
1=1 j=l ~ i=1 1

denotes the system time of the j-th customer in the i-th

busy period. Substituting relations (2.238) and (2.239) into
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(2.237) and normalizing by OA T h we obta in  the following delay

gradient estimator :

N M . 
i N

~ ~~ s . ~~ z.
-. , i=l j=l -~ i=l 1

— 

N + 
N 

(2.240)

L M ~ ~~~
Mii=1 1=1

Comparing Eq. (2.128) and Eq. (2.240), we see that the

customer-removal and time-contraction estimators have an iden-

tical firs t term corresponding to an es tima te of D
~

. They dif f er

only in the second term where the customer-removal algorithm

emp loys Pj defined by (2.129) and the time contraction algori thm

uses Z1 specified by (2.235). Hence, flow diagrams for both

algorithms are very similar . The variables that appear in the

flow chart are the same as those for the customer-removal algor-

ithm defined in Fig . 2.5 except that we no longer need the

and S is redefined as the sum of all the system times and rela-

tive arrival times of customers in the current busy period .

Dropping the indices for the busy period , S is given by

M M -
S = 

~ (x. + w.) + ~ . (2.241)
3=1 ~ -~ j=2 ~

Noting that and expressing as the sum cf the j-l preced-

ing service times minus the arrival time of the j-th customer
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relative to th~ start of the busy pe r iu d , we ob t a in  the f o l l o w i n g

expression for S since the contribution due to the relative

arrival times is cand led :

M M i-i
S = ~ x~ + L L x~, . ( 2 . 2 4 2 )

i=l i=2 t=l

We use (2.242) in the flow diagram for the t ime-contract ion

algorithm presented in Fig . 2.7.

The expression for S given in (2.242) suggests an alterna-

tive form for the estimator in (2.240). Chang ing the order of

summation in the double sum in (2.242) and realizing that S is

the contribution to the numerator of (2.240) corresponding to a

given busy period , we obtain

N

D ’= :L :: ( 2 . 2 4 3 )

where

M~
B. ~ ~ (M. - L + l )~~~~ (2.24-’3)
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[T~~

-o1

Compute Waiting Time
I w~ —TS - r
I of Customer j

Tes t for End ~,e < 0 Yes
of Busy Period ?

:~ S—~- W + x + T S
TS-~~~T S + x

-L i~~- i + i 1
M-~- j-1 Update

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  M ’ 
~ + I s Estimate

M+M ’ M+M’ for Delay
M ’-d-- M+M ’ Gradien t

Figur - 2.7 Flow Diagram for Time-Contraction Algorithm
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2.9 Asymptotic Bias Calculation for Time-Contraction Algorithm
in the Case of M/G/l Queues

To investigate the asymptotic properties of the time-

r contraction algorithm we can employ the form for the estimator

given in Eq. (2.240) or (2.243). We first examine Eq. (2.243),

since the asymp totic unbiasednes s of the algorithm for an M/D/I

queue follows readily. Exchanging the limit and expectation

operations and appealing to the law of large numbers , we obtain

lim ED ’ = E ljm ~~‘ = . (2.245)
N - =  N— ’~~ M

For an M/D/I queue = x and we evalua te B by condi tioning on

M=j and then taking the expectation over M. Hence, B is g iven by

• B EME(B\Mj) ~ x M2 + . (2.246)

By Eq. (2.245), the mean of the estimator asymp totically

-~ approaches

~. 
(M2

-~~ x ( — + 1 . (2.247)

Employing M/D/l formulas for M2 and M given in Eqs. (2.98) and

( 2 . 9 9 ) ,  we ob tain the final resul t that
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u r n  ED’ = x + 2 ~ 
+ ~~ 

2 • (2 .248)
N -. 2(l-p)

The expression in (2.248) is identical to that in (2.33) for the

delay gradient of an M/D/I queue.

We can extend the argument of the preceding paragraph to an

M/G/l queue for calculation of the asymptotic form of the esti-

mator as a power series in p. To evaluate the expectation of B

conditioned on M we need p(x1 ... x~~\M) since

E(B~M) = E (Mx1 + (M-1)x2 + ... x.~\M) (2.249)

By Bayes ’ rule

p(M~x ... xM)p(x ... x~)
p(x1 ... x~~M) f 

(2.250)

We calculate p(M\x1 
... x~) as the probability of the region in

(e 1 ... e~) space that corresponds to M customers with service

requirements (x1 ... XM) being in the busy period. By the con-

straints on the 0 ’s specified in (2.148) and (2.149) for M cus-

tomers to be served in a bury period and since the unconditional

join t dis tribu tion of the 0~ ’s is a product of M exponential den-

sities with parameter A , p(M~x1 ... xM) is given by
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k k-i

~~~x. - L 9 .x x+x -e . ~. .1 1 2 1 i l
p (M\x1 ... X~4) = S 5 ... S

0=0 0 =01 2 k

M

~ e.

M M-l 

X
Me i=i 1 

dOM ... dO 1
L x~~ - ~i=l i=l

(2 .25 1)

Doing the final integration over and combining with (2.250)

we obtain

M-l M -Xx .
- • p(x 1 ... x~~M) ~~~~~ g(x 1 ... xM l ) IT B(x~ )e 

1

M i=l (2 .252)

where

1 M=l

g(x
1 ‘

~M—1) 
= 

M-1 M-2
~~~ x. - 

~~~ 0.
X
1 

x1+x2-01 i l  i=l 1

$ $ .. . 5 dOM_ l ...d8l
e
~~

0 82~0

- M~~~l

( 2 . 2 5 3 )
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Hen ce, we can calculate B as

B = L (B\M) f (2.254)
M=l M

From the X M l / f M factor in (2.252), we can see that (B~
M)f

M 
will be

represen table as a power series in p wi th terms of at leas t

(M-l)-st order . Forming B~M by multiplying B with l-p , we can

collec t the powers of p in the asymptotic form of the estimator.

We have demonstrated that contrary to what happens for an

M/D/i queue, for the more general case of an N/G/l queu e, analysis

of the expression given by (2.243) for the time-contraction esti-

mator does no t yield an explicit closed form expression for the

asymptotic mean of the estimator. Hence, rather than pursuing

the calculation outlined by Eqs. (2.245) through (2.254), we

examine the form of the estimator in (2.240) . Comparing this with

(2.128), we note that Z. plays the same role as p~ in the customer-

removal al gorithm. Therefore, the asymptotic bias of the time-

contraction algorithm for an MIGII queue is specified by Eq.

(2.134) where a. is defined as the coefficient of ~~~~ in a

power series ezpansion of Z. Z is expressed using (2.235) as

M
Z ~ E ~ r~~M ~M 

(2.255)
M=2 1=2 /
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In the next few paragraphs we develop results useful in .l ~
/ M

culating E ( L T~~\M). Since is equal to the sum of the first
\i=2 / f M  R

(i-I) inter-arrival times , the problem of computing E I L T. ~-i
\ i=2 .L J

can be restated as

M R M-l
E L T~~\M E ~~~ 8.(M-j)\M . (2 .256 )

i=2 j l  ~

To evaluate the second expectation we need p(01 ... OM_l tM) .

In tegra ting ou t 8M and from p (x 1 ... XM, Ol . . .  6~4\M) defined

in Eq. (2.150), we obtain

Fl-i ,,,~. M -Xx .
p(x1 ... XM l ~ Ol 8~41 \M) = IT [B (x

~
)e 1~

M 1=1

k k-i
k = 1 ... M-l 0 < 9k < L x. - ~ e . (2 .257 )

j =l ~ j =l ~

Employing the inequalities that the O. ’s and x
i
’s must satisfy ,

we integrate out (x1 ... xM-i~ 
and find

p(81 ... 0M_i \M) = 
X
M_
~~ *(X~ f I .. . I

x1 01 
x2

=,i2 xM-l~~M-l

M-l 
[B(x.)e~~~ -] dxM i  . . . dx

1
i=l

(2 .2 58)
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where

k k-i
• 

~
‘k ~ max ~ 0. - 

~~~ x .,0
(i=1 1 i=l 1

By consid er ing a series of linear transforma tions of

we can derive the s ta t i s t ics  of the sum of rela-

tive arrival times conditioned on M and hence express the con-

ditional mean as a single integral. We introduce the following

two tran sforma tions :

1 = 1 II (2.259)

i R

\~ / \l l/\
~M 1

\ / \ / R
~i \ /1 \ fT 2

(2.260)

~M-1/ 
\l 

- 

l/~~~~

~M-l 
is the variable that corresponds to the sum of the relative

arrival times . Emp loy ing (~~.259) and (2.260), we obtain the fol-

lowing composi te transforma tions from (ei ... eM_ i) to (h i

and the , corresponding inverse transformation .

133

~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ -~~~~~~~~~:~~~~~~~~~~~ - - ‘ ‘~~~~~~“ ‘  

•- - - - 7 - -- - 7---—— J



87~-7~~~ -7 -7 ’--- 
- - - - — ‘ 7- - -

(111\ (i  1 \(el ~

• 

) ç

~~~

3 2 1 

•

~~ A 

: ) ( 2 . 2 6 1 )

M-l M-2 1/ \eMl/ H

(el \ 7~ 1 Vl
1 ~~~~~~~ 

~ 1 • J (2.262)

~~~M~1J ~\ 
.
• -2 

~~\~
1M 1  /

The absolute value of the determinant  of the Jacobian of the

inverse transforma tion specified by (2.262) is one. Hence, we

compute p(~ 1 ... 77M l \M) by making the subs titu tions in

p(81 . . . OM 1 \M) given by (2.258) for the O. ’s in terms of the

77. ‘ S .

=

02 
= 112 

— 2’,
~il 

(2.263)

= ?l
~ 

- 2
~j-l 

+ 77j-2 
= 3 ... M-l

The constraints on the tb ’s are obtained by gu aran teeing e~ > 0.
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> ( 2 .2 6 4 )

> 217 i~~~ - 11j-2 
= 3 ... M-l

Hence , the desired condi tional mean may be expressed as

Fl
F ~~ r~~\M~~ = $  5 ... $ ... S

i—2 
?li
=0 772 2771 11

i
211j.,.1 11j_2 ~M-l

2
~M-2~~M-3

~M-1~~~ l 
11M_l IM

~~77M_l ... d771 (2.265)

N/N/i Bias Calculation

Now we calculate the first and second order terms in p for

the asymp totic bias b
T ~ 

of the time-contraction algorithm in

- 

•

.• 
the case of an M/M/1 queue. Similar to our analysis of the cus-

tomer-removal algori thm , we need to calcula te a1, and a0, the

coefficients of p and p2 in an expansion of z defined by (2.255).
M-I M R

From the A term in p(81 
... 8M_l~

M), we see tha t E 2~ ( r .  
~
M)f

M
M j=2 ~

will be representable as a power series in p with terms of at

least (M-l)’st order. Hence, to compu te a. we need to calcula te

E 
~ 

(T
~~

M)f M for M = 2 ... j+2, and collec t coefficients of ~~~~~
i=2

- 
I
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We start by calculating r~~ 2. From (2.258), p(61~M=2) is

given by

p(91 1M 2) = XB*(X) B(x
1)e

1dx
1 

. (2.266)

Since 0~ , we can express the desired conditional mean

as a double integral using (2.266). Changing the order of

integration yields

= 5 x~B(x
1)e

1dx 1 . (2 .267)
x1

0

• Using the B(x) and B*(S) for an M/M/i queue specified by (2.196),

we find

-- p
4 (2.268)

f M
Next we evaluate E { L T~~M j for M3. p (81,02

’tM3) 1.5

I
given by (2.258) as

p(6 1, 82\M 3) = I
x1 91 x2

max [01+82-x1, 0)

-Ax -Ax 2(B(x 1)e )(B( x 2 )e ) dx
2
dx

1 
. (2.269)
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Breaking up the in tegr ation over x1 to get rid of the 
“max ” in

the lower limi t of the x2 
integration and making the substitutions

defined in (2.263) for 61 
and 

~2 ’ we derive p(ij1,~ 2 \N 3) as

p(771,772\M 3) = 
X
2
B*(

~ii 
~2~~ 1 $ (B(x 1)e

1)(B(X2
)e 2

X1—771 
X

2 772 771 X
1 dx2dx 1

-Xx -Xx

+ 5 5 (B(x 1)e )(B(x2)e 
)dx2dx 1

X 77 77 X
(2.270)

By (2.265) the desired conditional mean is formulated as t~2~
M 3 .

— 

E 
{1~2 ~\ }  = 

X
2
B*(X) I I ~2 

~~~~ I
~i

O “f~”i ~~~~~ X
2

17
2

”t7
1

X

-Ax
1 

-Xx
(B(x

1
)e )(B(x2

)e 2
) dx2

dx 1dfl 2d771

+1 S ~2 S  S
~~~~~ ~~~~~~ 

X
1

T7~~~~1J
1 

x2’O

(B(x l)e
1
)(B(x2)e 2)dX2

dX ld~ ldh
2j 

(2.271)
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Employing B(x) and B*(S) for an M/M/l queue , we obtain

-

. 3 \ 2
E ~ r~~IM3 ) 

= 7 
p 

6 
(2 .272)

i=2 I ~ (l+p) 3

Using Eqs. (2.268) and (2.272), we can calculate the coef-

-
- 2 .ficients of the p and p terms in the asymptotic bias bT C a0

is derived by taking the coefficient of p in an expansion of

(T~~2)f2. a1 is obtained by collec ting powers of p2 in

(r 2~
2)f

2 
and (r 2 + r3 13)f3. Hence , we find

1 1
a — —

0 2~~~
(2.273)

1
• a 5 —1

Employing Eq. (2.137), we specify b
T.C. 

as

bT C  
= - + 

~ 
p
2 
+ 0(p

3 ) . (2.274)

Hence , the asymptotic bias of the time-contraction algori thm for

an M/M/l queue contains all powers of p. This con t r a s t s  wi th  the

case of an M/D/i qu eue, where we were able to prove asymptotic

unbiasedness of the algorithm.
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• 2.10 Cramer-Rao bound for Time-Contraction Algorithm in the
Case of M/t)/i Queues

We now con clud e our anal ysis of the time-contraction algor-

- ithm by deriving a Cramer-Rao bound on the variance of the esti-

mator for an M/D/l queue . The form of the time contraction

estimator defined in (2.243)  and (2 .244)  te l ls  us that the obser-

- 

- . va tions which the algori thm uses , in the case of an M/D/l queu e,

consist of the number of customers served in each busy period.

Since the number of cus tomers served is ind ependen t from one busy

period to another and for an M/D/l queue the probability of M

customers in a busy period is given by Eq. (2.110), p(M1 ... MN \p)

is as follows :

Mi-i
N ( M . p )  -M . p

• 
p(M1 •

IT F L !  e . (2.275)
i=l 1

Letting y deno te the delay gradient , there is a 1-1 corres-
I~

pondence between y and p specified by Eq. (2.112). Emp loying
~

(2.113) ar d (2.112), as we “fd before for the customer-addition

- - and customer-removal algorithms, we can derive a Cramer-Rao bound

for the variance of any unbiased estimator of y that employs

observations (M
1 

... M
N

) .

Var (y - 

~
) > 5 

(2 .276)
N(i-p)
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The boun d (2.276) is identical to that for the customer—

r emoval algor i thm . This  is to be expected since the maximum-

likelihood estimate for p that follows from ( 2 . 2 7 5 )  is the s-ime

• as that which follows from P(Y’ 
~
p) defined in (2.223), where Y ’

denotes the set of observations which the customer-removal

algori thm use s in the cas e of an M/D/ i  queue.

2.11 Computational Complexity and Storage Requiremen t Analysis
for the Three Algorithms

Now we proceed to analyze , compare , and contrast the compu-

ta tional comp lexity and storage requirements of the three

estimation algorithms presented . The procedure for up-dating the

delay-gradient estimate in all three algorithms assumes the

following form :

‘
~(k+l) 

= CD
~~k) 

+ 
~ 

• (2.277)

D~k) is the delay gradien t es tima te bas ed on an obs erva tion in ter-

val containing k busy periods , ~ is a factor that renormalizes

D(k) to correspond to a component of the (k+l) busy period

estimate. A denotes the contribution to the (k+l) busy period

estimate that comes from the (k+1)-st busy period. Hence , to

compare the three algorithms, we examine the storage and computa-

tional requirements of forming A .

- 
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In the cus tomer-addi t ion  al gori thm , A is the expected addi-

tional delay suf fe red  by the customers of the (k+l)-st busy

period due to an arrival in the entire (k+l) busy period record.

According to the notation defined in Fig. 2.1, we need

(I~ ... 1
~~~ 

and (T +1 ... T1.+1) to 
compute A . I denotes

the first idle period at which an extra arrival with a service

requirement x can influence the (i
1
+l)-st or current busy period .

Hence , x sa tisf ies

i
i

x > ~ . (2 .278)
k n

1
+l

We need two buffers with i~ -n 1
+l storage locations for the idle

period and busy period durations , respectively. We can general-

ize this argument to say that the probability of x being greater

than the sum of Nb idle period durations is equal to the probabil-

ity that we need two buffers  wi th Nb+l locations . Hence, for the

case of an M/G/l queueing system, the probability of x being

greater than the sum of N
b independen t exponen tial variates wi th

parameter A is equal to the probability of a buffer overflow given

we have only Nb storage loca tions per buffer . In designing our

• system, we wan t to choose Nb suff iciently large to make the

probability of an overflow less than some acceptable probability

C. In Eqs. (2.44) through (2.46), we derive the statistics of

the sum of k exponential random variables with parameter X .
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• E~nploy ing (2.46) arid letting ~ ~ Ax we obta in  the  fo1lc~wi u~

expression for the p r ob a b i l i t y  of an overf low g iven our two buf-

f ers have Nb locations :

Nb ]
Pr ~0verflow 1N b Storage Locat ion \ Buffed  l -  e~~ ~

j=0 ~

(2 .279 )

By applying Tay lor ’ s remainder theorem to an expansion of e~ we

obtain

N-I .
- b -j  p - b
e~ ~ ~

-i- + 
e
N
D
, • 

(2.280)
j=0 b’

By employing (2.280) we can upper bound the probability in (2.279).

- 
Nb

Pr (0verf1ow
~
Nb 

Location\Buffer~ < (2.281)
b

Since ~ Xx and the range of interest of A is 0 < A < ~~~~, we

obtain the final bound

Fr (Overf1ow
~
Nb 

Loca tion~ Buffer) < . ( 2 . 2 8 2 )

We wan t to make the right side of the inequali ty in (2.282) less

than some tolerable probability of overflow c. As an example ,

for x = x and c = 10~~ , Nb > 13 satisfies (2.282). Having
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arrived at a suitable value of Nb , the storage requirement of the

customer-addition algorithm is approximately 2N b + 12.

We now consider the computational requirements or forming A.

For the customer-addition algori thm , A is composed of a contri-

bution which represents the additional system time resulting from

an arrival in the (k+i)-st busy period p lus the ef fec t on the

(k+l)-st busy period of an arrival at any earlier time in the

(k+1) busy period record . We consider first the contribution due

to the effect of an extra arrival in the (k+l)-st busy period.

This term assumes two forms depending on whether all the service

requirements are identical . We employ the notation defined in

• Fig. 2.1 for expressing the contributions tç D. If x~
1) = x,

the term is given by :1

~~~~~
- (

~ M
2x~) , (2.283)

which requires four multiplications and one division to evaluate.

For the more general case qhen ~~~~ ~ x, the desired contribu tion

is given by Eq. (2.14) nor malized by -t’ . With some manipulation ,

the component of A due to an extra arrival in the (k+l)-st busy =

period is given by

1 ( Fl k 
~~i~+i + H R

~ ~k 1  ~n~1 
X - 

2 j ~~k+l 
- Tk) + x 

i~2 
1 }

143 (2.284)
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• The above takes M+l m u l t i p l i c a t i o n s , M+ l d i v i s i o n s , and 6M-4

r additiors to calculate. The de n ot e arr iva l  t imes r e la t i v e  to
[•. 1

the start of the busy period. The expression in (2.284) is con-

ceptual ized as being evaluated as the busy period progr esses .

Hence , we needn ’t store all the service requirements and arrival

- 

times .

To enumerate the remaining ca lcu la t ions  in forming A we

count the operations involved in computing the effect of an extra

- arrival in the preceding i1 
- n~ +l idle periods and i~ - n1 

bu sy

periods on the customers in the (i1+l)-s t  busy period.  If we

let i
1 

- n1+l 
~ 

nb, then rib 
corresponds to the current number

of idle period and busy period dura tions tha t we store. In terms

of 
~ b ’ the remaining operations to compute A are counted as

7% 
- 6 additions

6
~b 

- 2 mul tip lica tions
(2.285)

2n
b 

- 1 divisions

% comparisons

We can upper bound the number of operations l is ted in (2 .285 )

• by letting % = Nb , wher e Nb is our buffer size chosen to guar-

antee the probability of overflow being less than some threshold

r~. Using our preceding examp le , we can let 
~b 

= 13 for an c= l 0~~ .
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For the general case when the service requirements are not

all identical , the number of operations to evaluate (2.284)

varies with M. Hence it is of interest to bound the probability

of M exceeding some value t. For an M/G/l queue , the simplest

Chebyshev bound yields

Pr (Fl > t~ < = . (2 .286)

Hence , as p -. 1. we need to make C very large for the bound to

give us any information. Therefore, the numb er of opera tions

required in (2.284) becomes unbounded as p -. I.

For the customer-removal algori thm we iden ti fy  S defined in

Fig . 2.5 as the corresponding A . The number of storage loca-

tions required to calculate A is approximately M + 8. The M comes

from the array of in which we store C~ as i is varied. The

number of operations required is determined with reference to the

flow chart in Fig . 2.6.

M(M-1) . . . .
2 

Minimizations or Comparisons

(2.287)

M(M-l) + 4M-3 additions
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In t he  L i m e — c o u (  r a c t ion  aI~ y r i t i 1 f r . S c  or r - s p e i i d s  tv  A

befo re .  The s t o r a g e  r equi r emen t  to c o m p u t e  A is 8. The number

of opera t ions  ob ta ined  by examina t ion  of Fi g .  2 . 7  is 3t-1-3

• additions .

From the discussion above we see that  of all  three algor-

ithms , the time-contraction algorithm has the smallest storage

requirement. Unlike the customer-addition and customer-removal

algori thms , the time-contraction procedure requires no buffer

with randomly vary ing siz e . In ad dition , the computational load

for the t ime-contract ion al gorithm is the least  of the three.

Hence , the t ime-contraction procedure is the least costl y to

implemen t . -:

146
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- ‘ SEC1 ION 3

SIMULATION RE SULT S

In Section 2 we derived the asympto t i c  bias of the three

est imat ion a lgor i thms . Since we are unable to calculate the

variance of the estimators as a function of N, the question of

consis tency,  whether the estimates converge asymptoticall y to the

delay gradien t , remains unanswered . In addition , for an HID/i

queue we would like to know if our algorithms are asymptoticall y

efficient , whether they achieve the Cramer-Rao bounds derived in

(2.116) ,  ( 2 . 2 2 4 ) , and ( 2 . 2 7 6 ) .  We would also like to investigate

the robustness of the customer-removal and time-contraction

estimation schemes by seeing how they perform for a variety of

queueing systems . We attempt to provide answers to these ques-

tions in the presen t section by presen ting the resul ts of simu-

lating all three algorithms for an M/D/i queue and simulating the

time-contraction and customer-removal algorithm for M/M/i , DIM/ i ,

and U/M/J. queues .

We simula te a sing le-server queue by the following recursion

• for successive waiting tines :

max {w + X - e~ , O~ with = 0 . (3 .1)
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x and 0 are random v a r i a bl e s  co r re spond ing  to th e  rn-LI) s e r v i ce
n n

requirement  and the inter-arrival time between the n-tb and

(n+i)-st customer , respectivel y.  When w~ goes to zero , this

signals Lhe start of a new busy period.

We now describe the calculations necessary t o  evaluate the

s ta t i s t ics  of a given estimator. To derive th e mean and variance

of a k-busy period estimator D
~k) 

we generate a cerLain sample

size N
5 
of k-busy period records , processing each to form an

estimate D’ .. We compute estimates of the bias b and var-
(k),i (k)

iance 0 (k) associated with D
~k) as follows:

N
1 S ,•

°(k) 
= 

~~ ~~~ 

D~~~~ 1, 
- (3 .2 )

A2 N
5 ~ 

N~ 
2 (

~ 
N~ 2

a (k) = 
N
5
-l Ms i~1 

D
~k)j 

- 

~ N i~ l 
D
~k ) i

(3 .3)

The measure of performance that we use most often is the frac-

tional rms error , which we approximate by emp loying our estimates

for the bias and variance in (3.2) and (3.3).
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~~~(D~k) - 
~~
)

2 

~~~(k)~~ 
akk) (3 .4)

For all the queueing sys tems under examination , we presen t curves

of the fractional rms error associated with D (k) for k = 10,

100 , 1000 busy periods with N5 = 400 Monte Carl o rms f or each

estimate. We experimented with N5, try ing N5 
= 10, 50 , 100, 200 ,

400, and found that Ns 
= 400 insured from one to two significant

figures in our value for the fractional error defined in (3.4).

We do not present separate curves for our estimate of the

bias b (k) defined in (3.2), since in many cases our value for

b(k) was of comparable size to the statistical fluctuations in the

quantity . To make this notion clearer , (3.2) can be rewritten as

b (k) = (Efi~k) - + 6. (3.5)

6 is a zero mean random variable with

2 ~~ ‘‘Eô (3.6)
S

Henc e, when our value for b(k) is of the same size as ilEo
2 

, we

can not possibl y measure the actual bias b(k) with any accuracy .

Careful examination of the results of the simulations support the
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con c l u s i o n  tha t  in t he  cases wher e  we c o u l d  n t  ii. ,- a s u r e  b( k )

• accurately, it contributed neg li gibl y to the iractiona l rms eLru r

in (3.4) and when b(k) could be measured accuratel y, its con -

H tribution in (3.4) was non-neg ligible.

Having defined the measures we will use to compare the

algorithms , we first discuss the simulation results for an MID/i

queue. From earlier analytical resul ts , we know the customer-

addition and time-contraction algorithms are asymptotically

unbiased for M/D/i and that the customer-removal algorithm is

unbiased at least up to the third power of p. Curves of the frac-

tional rms error for N = 10, 100, 1000 are presen ted for all three

algori thms in graphs 3.1, 3.2 , and 3.3 . The consis tency of the

three es timation procedures is suggested by the improved perfor-

mance with increas ing N. In graphs 3.4 and 3.5, for N = 100 and

N 1000 , respec tively,  we present the lower bounds on fractional

rms error that follow from our Cramer-Rao bounds for the variance

of the estimators , together with the simulation results . The

k closeness of the simulation curves to their respective lower

bounds suggest that all three algorithms are asymptotically

efficient for an M/D/i queue. Graphs 3.4 an d 3.5 show that as a

function of p the fractional rms error for the customer-addition

al gorithm remains below that of the time-contraction and customer-

removal algorithms , and hence we conclude that it performs the

best of the three procedures for an M/D/i queue. The customer-

• 
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Figure 3.1 Customer-Addition Algorithm - Fr a c t i o na l  RMS ~r ror
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‘I,

removal and iime-conlraction algorithm ’ s fractional rius error

curves are quite ClOSe , with the customer-removal algorithm ’ s

performance being slightl y worse. The bias results for the lhree

algorithms are disp layed in Tables 3-I and 3-2. We list our

estimate for the relative bias b(k)/—~ together w~ ch the size ofi)X

statistical fluctuations in the relative bias , 
D

Seem ing ly anomalous behavior of the relative bias is often

explainable by looking at the size of the statistical fluctuations

in the quan tity.

We now proceed to demonstrate that the behavior of the

algorithm s for p near zero indicated by gra phs 3.1 , 3.2 , and 3.3

is reasonable. We examine all three algorithms for p -. 0 by

keep ing x constant and considering A 0. As p is made arbitrarily

close to zero, the density for M ., the number of customers served

in the i-th busy period , becomes an impulse at 1. Hence, as p -. 0,

the queueing record approaches a set of sing le customer busy per-

iods . In addition , since ‘k ’ the average size of the k
’th idle

period is ~~~~, the idle periods become unbounded as p -. 0. Hence ,

with high probability the service requirem ent of the addi tional

customer x will  be << ‘k~ 
App ly ing (2 .14) ,  ( 2 . 1 5 ) ,  and (2 .17 )

through (2.19), we find that with high probability E(ÔS \tETk ,

Queueing Record) and E(ÔS \tEIk, Queueing Record) will be given as

E(ÔSItETk ,  C ~ueing Record) 
= x + -

~~~ x (3 .7)

1.56
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-
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TABLE 3-1

RELATIVE BIAS FOR CUSTOMER-ADDITION ALGORITHM (M/D/i QUEUE)

IJj 3~ /~iN s
N —p-- (N) 

—p 
~D
bA OX

H 10 3.4 x io
_ 2 

2 . 7  x

.1 100 1.6 x lO~~ 7.0 x l0~~

1000 6 .5 x i0~~ 4 . 2  x lO~~

10 7 .2  x io
_ 2 1.0 x io _ 2

.3 100 -1.4 x iO~~ 2.7 ~ 1o~~
1000 -3.6 x 10~~ 9.9  x lO~~

10 6 .3  x io
_ 2 2.1 ~ io _ 2

.5 100 -7.6 x ~~~~ 6.8 x l0~~

1000 -1.8 x 1O~~ 2.4  x 10~~

10 -1.0 x 10
_i 

2 . 7  x io
_ 2

.7 100 -4.4 x io
_2 1.3 x io

_ 2

1000 8.6 x lO~~ 5 . 2  x 1O~~
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r
TABLE 3-2

RELATIVE BIAS FOR CUSTOMER-REMOVAL AND
TIME-CONT RACT ION ALGORITHM (M/D/I  QU EUE)

) ~‘D’ / JN s 
,‘.~‘N 5

C.R. (N)1 C . R .  T.C. (N),T . C .
p N oD Oil 0!)

— _____  
ox ox OX ox

10 1.6 x io l 8.7 x 10~~ 8.8 x io 2 6.8 x l0~~

.1 100 1.6 x io
_2 

2.2 x iO~~ 7.8  x lO~~ 1.9 x l0~~

1000 4.7 x lO~~ 7 .9 x 1O~~ 2 .8  x 10~~ 7 .3  x 10~~

10 1.2 x 10 1 1.7 x io
_ 2 

5.4 x io 2 1.4 x io 2

.3 100 6.3 x 10~~ 5.1 x l0~~ -3.2 x l0~~ 4 .7  x l0~~

1000 5.0 x 10~~ 1.9 x 10~~ 2 .8 x 10~~ 1.8 x 10~~

• 10 3.1 x io
_ 2 2.4 x io 2 -3.0 ~ lO~~ 2 .3 x l0 2

.5 100 -1.4 ~ io 2 9.8 ~ 10~~ -1.7 x io
_ 2 9 .2  x 1O~~

— 

1000 -9.0 x 1O~~ 3.5 x -1.4 x l0~~ 3.3 x 10~~

10 -1 .7 x 10
_i 

2.8 x io 2 -1 .8 x l0~~ 2 .8 x lO
_2

.7 100 -5.3 x io 2 1.6 x io 2 5 7  x i0~~ 1.6 x lO
_2

1000 3.2 x l0~~ 6.3 x lO~~ -4.6 x 6.2 x
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2
E(ÔS \t Ik, Queueing Record) x + ~ (3 .8 )

k

N-i
Using the fac t tha t TE Nx + 

~ ~k 
for p 0 and subs titut ing

k 1
(3.7) and (3.8) into (2.5) and (2.6) to form the delay gradient

estimator , we obtain the following expression for D~N) :

- - 1 1 2
(2-~~)~~~ x

D(N) — x + N-I 
(3.9)

~ i
N k 1

If we let p approach zero , we can make the probability that

1 N—i

~ ‘k 
is greater than any given number converging to I (since

k=1

= ~) .  Hence, in the limit as p -. 0 the second term in (3.9)

yields a zero contribution and DEN) 
- x. Therefore, no t only is

the customer-addition algorithm unbiased as p 0, but Var D
~N) - 7 0

• f o r p — * O .

Since as seen in Eqs. (2.123) and (2.242), the customer-

removal and time-contraction algorithms have a similar structure ,

we can examine the behavior of both concurren tly for p 0. As

p -. 0, M. 1 and each customer has a zero waiting time . and

in Eqs . (2.123) and (2.242) become zero, and both estimators

assume the following form:

159
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n
--- 7 -- - -

N

D(N) 
- 

N 
(3.10)

denotes the service requirement of the first customer in the

j-th busy period. Hence , for p 0 ED
~N) - x and Var

where cr~, denotes the variance of the service t ime d e n s i t y .  Since

from Eq. ( 2 .2 4 )  it follows that = x for a general single-
0 0

server queue , the customer-addition and time-contraction algor-

ithms will  be unbias ed near p O , bu t the es timators will have a

variance cy~ /N .  Hence , since ab 
= 0 for an M/D/i  queue , we expect

graphs 3.2 and 3.3 of the fractional rms error to pass through

the origin.

Before examining the robustness of the time-contraction and

customer-removal algorithms, we review the theoretical relations

for the delay gradient in the case of M/G/l and G/M/1 queues.

Emp loying (2.130) for D
~ 

in Eq. (2.22), we obtain the following

relation for an M/G/1 queue:

— 
(1+c

2
) 2

1 + —  
b (2p - p )  11ox 2 2 ‘

( l - p )

where
2

Cb 
A 

2 • (3 .12)

For an M/D/l queue C~ = 0, whil e for an M/M/l queue C~ = 1.
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- In a G/M/ 1 queue we have a general inter-arrival time density

- 
A(x) with one-sided Laplace transform A*(s), and an ex ponential ly

F distributed service requirement with parameter p. The waiting

- 
time W is specified by

ci
— 

p (l-a) 
3.13)

where ci solves the nonlinear equation

a A* (p - pa) . - - (3 .14)
O < c y < 1

App lying Eq. (2.24), we find the delay gradient Is given by

• ~~~
= ‘[‘÷~~~~~~~

—
~~~2 ~~

.] .  (3 .15)

is determined by expressing (3.14) as a relation between p and

- 

- 
a, differentiating both sides with respect to p, and solving for

op
.

The two examples of G/M/1 systems that we use are DI M/ i  and

U/M/ l .  For a D/M/i queue the arrivals are periodic . A(x) and

A*(s) are given by

A(x ) O(x - 

~) 
(3.16)

Ak(s) = e
8 (3.17)

161
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Relation (3.14) is expressed as

l c i

ci = e  ~ e~ (3. 18)

Differentiating (3.18) with respect to p we f in d

a(~n~J)
2

Op — 

o- tnci ÷ (1-a ) (3.19)

For a U/M/1 queue , the inter-arrival times are uniformly dis-

tributed . A(x) and A*(s) are given by

A( x) = 
~~~ [U 1

(x) - U
1(x 

- 

~)] (3 .20)

2

A*(s) = 1 (~ - 
~ s) 

(3.21)

U~1(x) denotes the unit step function . Relation (3.14) may be

expressed as

( 2 2a
p p

ci = 
~ (~~~~~) 

. ( 3 . 2 2 )

Differentiating (3.22) with respect to p we obtain as

2
— 

— (1-a )
(142 ~ (1_ ~))

OP 
— 

I — 
2~. (1-a) 

(3.23)

2~l - 2ci + e
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To construct ~~~~~ as a function of p for a C/Mu queue , we

vary p, solving for the appropriate a by employing the fixed-

point iteration method on Eq. (3.14)

= A~ (p ~~~ 
(3 .24 )

We select  some s ta r t ing 0 < a 0 < I and app ly the above iteration

until ci a to the desired accuracy.n+1 n

Now we examine the robustness properties of the customer-

removal and t~me-contraction algorithms by comparing their per-

formance for M/M/ 1, U/M/ l , and D/M/l queues . The simulation

results for the fractional rms error of the two algorithms for

M/M/ l , U/M/ 1, and D/M/i queues are presented in graphs 3.6 through

3.11, respectively. The results for the relative bias are dis-

played in Tables 3-3 through 3-5 . The time-contraction algorithm

performs slightly better than the customer-removal algorithm for

M/M/l and both perform nearly the same for a U/Mu queue. The

onl y dramatic differences occur for the DIM/i queue . Both the

relative bias and fractional rms error show the time-contraction

algorithm performing better than the customer-removal procedure.

This result is reasonable since for a D/M/i queue the time-

contraction algorithm simulates a change in arrival rate in the

exact way dictated by the structure of the queue .
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TABLE 3-3

RELATIVE BIAS FOR CUSTOMER-REMOVAL AND
TIME-CONTRACTION ALGORITHM (M/M/i QUEUE)

A *

p. — A a —

b 
(If) ‘‘N b

N 
C.R. (N),C.R.’~’ S T . C . (N)~ T.C.~~

N
S

p

oX OX OX

10 -1.5 x 10
_i 

1.8 x io
_ 2 

-1.4 x 10
_i 

1.8 x io 2

.1 100 1.3 x IO~~ 7.4 x 10~~ 2.3  x l0~~ 6 .7  x 1O~~

1000 7.2 x ~~~~ 2 .5  x ~~~~ 8.5 x l0~~ 2.4 x

10 -2.3 x 10
_i 

2.4 x io 2 -2.2 x i0~
1 2 .4 x io 2

.3 100 -1.5 x 1O~~ 1.3 x io -2 2.6 x ~~~~ 1.2 x io
_ 2

1000 2. i  x io
_ 2 4.4 ~ 10~~ 2.4 ~ io 2 4.1 x i0 3

10 -3.0 x 10
_i 

3.2 x io 2 -3.0 x 10
_i 

3 .2 x io
_ 2

• .5 100 -2.3 x io
_ 2 1.9 x io 2 -2.8 x io-2 1.7 x io -2

1000 3 .2 x io 2 6.4 x 10~~ 3.6 ~ io 2 6.3 x 10~~

-: 10 -4.4 x 10
_i 3.3 x io 2 -4.5 x J0~~ 3.1 x i0 2

.7 100 -3.0 x io
_ 2 2 .8 x l0

_2 
-2.5 x io

_ 2 2 .7  x io _ 2

1000 6.4 x io~~ 1.1 x io 2 8.8 x io 2 1.1 x io _ 2
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TABLE 3-4

RELATIVE BIAS FOR CUSTOMER-R~21OVAL AND
F TIME-CONT RACTION ALCORITHM (D/M/ i QUEUE)

A A

p N 
bC R  D

(N)IC.R.’~~ S 
b
T.C. D(N)~ T.C.’~~ S

OX OX OX

10 -1.0 x 10
_i 

1.5 x io 2 -1.0 x lO l 1.5 x io 2

.1 100 -5.9 x i0~~ 5.0 x -5.9 x 1O~~ 5.0 x

1000 -2.4 x 10~~ 1.6 x 10~~ -1.8 x 1.6 x l0~~

—1 —2 ~~~1 -2
10 —2.1 x 10 1.7 x 10 -1.3 x 10 - 2.3 x 10

.3 100 -1.0 x 10
_i 

6 .0 x 10~~ -8.1 x 10~~ 8 .2 x 10~~

1000 —9 .8 x io 2 2.1 x 10~~ -2.4 x 1O~~ 2 .9 x lO~~

10 -3.6 x 10
_i 

2.6 x io
_ 2 

-2.1 x 10
_ i 

3.~ ~ 10 2

.5 100 -2.2 x 10~~ 1.1 x io 2 -1.4 x io 2 1.5 x 10 2

1000 -2.1 x 10
_i 

4.2 x 10~~ -5.0 x 10~~ 5.2 x l0~~

10 -4.8 x 10
_i 

3.8 x io
_ 2 

-3.4 x i0~~ 4.4 x iü 2

.7 100 -2 . 3  x 10~~ 1.9 x io
_2 

-2.7 ~ io 2 2 .2 x io
_ 2

1000 -1.2 x 10
_i 

9.1 x 10~~ 7.8 x io
_ 2 

9 .2  x
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TABLE 3-5

RELATIVE BIAS FOR CUSTOMER -REMOVAL AN])
TIME-CONT RACTION ALGORITHM (U/Mu QUEUE)

b ~D 
11N b -

—

N 
C . R .  (N)~ C.R.’~ S T.C.  D(N)Tc /

~
JNs

p OD
OX OX OX OX

10 -1.4 x 10~~ 1.7 x io
_ 2 

-1.3 x 10~~ 1.7 x io
_ 2

.1 100 -1.2 x 1O~~ 6.4 x 1.5 x iO~~ 6.1 x i0~~

1000 5.2 x 1O~~ 2.1 x 10~~ 7.1 x IO~~ 2.0 x l0~~

10 -2.1 x 10~~ 2.1 x io 2 -1.9 x io~l 2 .3 x io
_ 2

.3 100 -3.5 x ~~~~ 1.1 x io
_ 2 

-2 .7  x io~~ 1.1 x io
_ 2

1000 -1.3 x io
_ 2 3.6 x 10~~ 3.1 x io

_ 2 
2.8 x 10~~

10 -3.5 x 10~~ 2.7  ~ io 2 -2 9 x 10-i 3.1 x io
_ 2

.5 100 -9 .7 x io
_ 2 1.5 x 10~~ -1.2 x l0 2 i .6 x io

_ 2

- “ - 1000 -4.3 x 10 6.3  x 10 4.5 x l0 6.4 x l0~~

10 -4.7 x 10~~ 3.2 x io 2 -4.1 x 10~~ 3.5 x io 2

.7 100 -1.4 x 10
_ i 

2.4 x io 2 -3 .7 x iø
_ 2 

2.5 x io
_ 2

1000 -4.2 x i0 2 9.4 ~ ~~~~ 5 .7 x io
_ 2 9.8 x
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In examining the f rac t iona l  rms crror curves  of the

customer-removal and time-contraction algori thms for M/M/ l ,

U/Mu , and D/M/1 queues , we first note that the behavior of each

algori thm is nearly the same for all three queu es when p is near 0.

This follows from our demonstration that the estimator correspond-

ing to both algori thms app roaches Eq . (3.10) as p - 0. Since

for all our simulations we take x = 1, the variance of the

service time density is = 1. Hence , our N busy period curve

for the fractional rms error for each algori thm should cross the

axis at approximately —i-. The simulation results show this most
.JN

clearly in the curves for the M/Mu1 and U/Mu queues . The points

derived from the simulation of the D/M/i queue are more scattered

than those for the other two queues , making the interpretation of

behavior near p = 0 uncer tain .

- - For each queue the performance of the estimation algorithms

degrades steadil y wi th increasing p . Since the queue becomes

non-stationary at p = 1, it is reasonable that the frac tional

rms error should become unbounded at p = 1. We can summarize the

performance of the time-contraction and customer-removal pro-

cedur es for each queue by listing least upper bounds on the frac-

tional rms error for p in the interval [O,.7] . For the N = 100

and N = 1000 busy period estimators , these least upper bounds F

are listed in Table 3-6.
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TABLE 3-6

LEAST UPPER BOUNDS ON FRACTIONAL RMS ERROR FOR P E [0 , .7J

- 
N = 1000 N -= 100

M/M/ 1 D/ M/i  U/M/ l M/M/ 1 D/M/I  U/M u

- Customer-Removal .21 .25 .20 .56 .46 .47
Algorithm

- - 

Time-Contraction .22 .19 .20 .54 .45 .51
Algorithm

~~. ~~

-

- 174
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We now pose the q u e s L i t J n ~~ how lung the observation period

T E must  be to contain an average number of N busy periods and

hence achieve the fractional rms errors reported . A record of

leng th T
E 
contains an average number of customers ATE. From

queueing theory we can derive an expression for 11, th e average

number of customers served/busy period . Hence , XT E/M wil l  be

the average number of busy periods/T E 
sec . observation time .

Appealing to M/G/l queueing theory , H is given by Eq. (2.93) and

we can obtain the following condition on TE 
so the average number

of busy periods contained in the observation period is gr eater

than or equal to N.

X 3 2 5
E — p ( 1 - p )

We now interpret (3 .25)  for the case of queues that occur

in compu ter networks . In this situa tion , the cus tomers are

t 4 messages with a certain number of bits -~~~. The servic e require-

ment is the time needed to transmit the message -(Ic, where c is

the capacity of the communications link in bits/sec . Hence x

is given by

x = . (3 .26 )

For representative purposes , valu es of ~~~, c , and x for the Arpa-

network are listed below
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1000 bits

c — 50 x IO 3 bits /sec ( 3 .27 )
— 1x sec .

If p is unrestricted , (3.25) will  require an unbounded observa-

tion time as p is made arbitrarily close to 0 or 1. Hence, we

hypothesize that p is restricted to the interval [.1, .91.

E~nploying the value in (3.27) for x and letting p~ [.1 , .9], for

the observation interval TE to contain an average of N busy 
per-

iods we must have

TE > .222 N. (3.28)

For N 1000 Eq. (3.28) yields T E > 222 sec. or TE > 3.7 m m .

and for N 100, TE > 22.2 sec . or TE ~ .37 minutes .
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SECTIO N 4
CONCLUS ION

• Hence , we have three estimation algorithms that appear from

simula t ion and analy tical resul ts to be asymptoticall y unbiased ,

con sistent , and asympt ically e f f i cien t in the case of an M/D/ l  -

queue. We proved asymptotic unbiasedness for the time-contraction

and customer-addition algorithms in the M/D/I case. We showed

that the asymptotic bias for the customer-removal algori thm ,

expr essed as a power series in p, onl y contains terms of third-

order or higher (for an M/D/1 queue). However , the closeness of

the customer-removal simulation results to those of the time-

con traction algorithm suggest that the customer-removal pro-

cedure is asymptotically unbiased . The consistency and asymp-

totic efficiency of the three algorithms follows from comparing

the fractional rms errors derived from simulating the procedures

on an M/D/l queue with lower bounds on fractional rms errors

derived from Cramer-Rao bounds on the variance of any unbiased

estimator .

In evaluating the most promising algorithm as far as robust-

nes s, computational comp lexity , and storage requirements , we can

only choose between the customer-removal and time-contraction

algori thms , since the customer-addition algorithm as formulated

is onl y ap p licable to queues where all customers have the same

177
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service requirement . The customer-removal algori thm requ ir es on

the order of M2 minimization , M
2 additions , and M storage loca-

tions to form the quantity ~ needed to up-date the estimate at

the end of the curren t busy period , where M is the number of cus-

tomers served in the most recent busy period . The time-contraction

algori thm requires eight storage locations and on the order of H

additions . In examining the performance of the two algorithms

for MID/ i , M/M/ 1, DIM/i , and U/Mu queues , the only drama tic dif-

ference occurs in the case of a D/M/i queue , where the customer-

removal algorithm behaves worse as reflected in the size of the

relative bias and the scatter of simulation points for the frac-

tional rms error . Analytical results show tha t both algorithms

are not asymptotically unbiased for an M/M/ l queue. Hence , our

results suggest the time-contraction algorithm as the best candi-

date since it appears to be at least as robust as the customer-

r emoval procedure , while having considerably less compu tational

and storage requirements.

Whatever the esLLmatiOn procedures we emp loy, there is a

trade-off  between observation time and the accuracy of our estimates

that needs to be investigated further . If we up-date our routing

variables every Tr seconds , it would be dcsirable that our

estimates should converge in approximately 
~ 
Tr 

seconds . On the

basis of this cri terion , and using the result for the Arpa net

derived in Eq. (3.28), if we up-date our routing variables every
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Tr = 7.4 minutes , we wi l l  obtain estima tes wi th performanc e at

least as good as the N = 1000 busy period estiinator. Equation

(3.28) assumes that p is confined to [.1 , .9]. When the link is

- - 

very free or very loaded the estimates will not be as accurate.

However , this is ameliora ted by the fa ct tha t in the loaded case

we will try to take traffic away and in the lightly loaded cas e

we will try to add additional traffic . In the Arpa-network ,

delay es timates are exchanged between nodes and new rou tes may be

determined every second. Hence, we may not be able to up-date

the routing as often as we like if we expec t to do the estima-

- 

- 

tion of the delay gradients wi th reasonable accuracy. However ,

since in a quasi-static procedure the changes in the routing

variables are likely to be small , highly accurate estimates may

be unnecessary .

One possibility for future work is in investigating the

L. convergence of the quasi-static routing algorithms presented in

Section 1 given that they use estimates , instead of exact values ,

for the marginal delays . The most ambitious approach would be

to simulate the entire communication net with queues at each link

and ap ply the estimation ~1gorithms and the different “con trol ”

strategies for adjusting the routing variables. A second approach

might be to approximate the estimates as some random variable we

generate in the computer with a mean and variance derived from

simulation results and see whether the quasi-static routing algor-

ithin s s t i l l  converge to the optimal flow pattern .
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APPENDIX A

VERIFICATION THAT (2.117) IS TIlE SOLUTION OF
DIFFERENCE EQUATIONS (2.176)

The proof that (2.177) is the solution of the difference

equa tions specified by (2.176) follows from substituting the

solution into (2.176) and checking for equality. The following

two identities are us eful at cer tain steps in the proof :

k
( k, ) ( ~ 1) q = 0 (A. 1)

q ’ O  q 
-

k
i~ (~~~) (_ 1) q q ’ 0 ( for k > 1) (A.2 )

q ’ l q

Formula (A.l) follows from using the binomial representation of

(1-x) and substituting x = 1. Formula (A.2) comes from similarly

expanding ~~~ ( i_ x) k and evaluating it at x 1 for k > 1.

Substituting our expressions for and ~ (n+1) 
given by

(2.177) into Eq. (2.176), cancelling a common factor of

that appears on both sides , and making .h e change of variables

j n-2-i , we are left with the following relation which we must -

prove.

n-q-1 n-q-l / .~ .n = ~n-e~-~) ( _ 1) J + A
j=0 q(n—1—q—j)!(j+1)! 

n 
q(n—q)!

F 
- 
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V . . . .  k
Letting q = n-k , we can recognize the binomial coefficient

and mul tiplying both sides by k! (n-k) we are left with

k - kn~~~ = 

~ 
(~~1

)(~~ 2 j)(~~~)J + 1. (A.4)

Relation (A.4) must be true for k = 0 ... n-i with n > 1.

— By inspection , the relation is true for k=O andk l . We prove (A.4)

-
~~~ for k > I by matching the coefficients of powers of n on both

sides of the equation . We subs titu te for (n-i)3 the repres en ta-

tion given by the binomial formula and then change the order of

summation , obtaining the following expression for the right side

of (A.4):

~~~ ~ ~~~~~~~~~~~~~~

k-i 1k-i . . 1
+ ~ ~ (,~~~) (~3 ) (~ l) J~~

+1
(2+j)In

t + 1. (A.5)

~=0 ~ j =~ ~ J

The coefficient for in (A.5) is given by

~=~-i 
~~~~~~~~~~~~~~~~~~~~~ 1. (A.6)

k-iThe coefficient of n is given by

j=k -2 ~j~~l j -k+2~ 
~j-k+2 + 

~~~~~ 

( k ) ( J ) ( 1) i~ k+2 (24 .)  = - k .

(A.7)
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The coefficient of n° is obtain ed by consider ing the second and

third terms in (A.5).

•
L (.~~1

) (~.)(-l)~~
1(2+j) + I (A.8)

3=0

Making the change of variable j q ’-l and then employing (A.l)

and (A.2), since we consider k > 1, we obtain the following

expression from (A.8):

k , k k
~ (~~ ) (~1) q (q’+l) + l L ( k ) (~ 1) q + ~ ( k ) ( 1) q q ’ = 0 .

q ’~’1 
q q ’ O  q q ’ l  q

(A.9)

The final step in the proof is to show that the coefficients of

n
t for -t = 1 ... k-2 are zero. From (A.5) the desired coefficient

of nL is expressed as
I.

L (
k ) ( J )( j)i f 1  + ~; (

k ) ( J ) ( 1) J-t+l(2±~)

(A. iO)

Making the change of variables j  q ’ +-t-l , breaking th e second

term into two summa tions , and regroup ing the binomial coef f i cien t

terms in one of the new summa tions , we obtain
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k~~ 
(

k ) (~~+L~l) ( 1)~ + 

~~~ 
(

k ) ( q +~-l ) ( 1)q

+ (k) L (k~,t)q~ (_1)q . (A.il)
q ’ l  q

From (A.2), for k- -t > I or I < -t < k-2, we recognize the las t

term in (A.il) as zero . Grouping the first two suninations in

(A.li) together, we are lef t with

(
k
) + ~ (k )(_1)q 1(

q +~~l) + (q + t i )) . (A.12)

Now we employ the following iden tity for binomial coefficients:

(~ ) + 

~~~~ 
= . (A.13)

Hence , (A.12) becomes

k 
k-t k

+ ,L ~~+q~
)~~ q i )(-l)’~ . (A.l4)

q 1

The product of the two binomial coefficients in the summation in

(A. 14) may be represented Llternatively as

— 

(
k , ) ( q - - -t

) = (~~) ( k
q
_
~t ) (A.15)
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Substituting (A.i5) into (A.14), adding and subtracting I. in the

summation, we are left with

-. 
(~ ) + (~) {q t~ o 

(
k~~ ) (~ 1) q - l} . (A.l6)

But Eq. (A.16) is zero , since by (A.1) the summation inside the

brackets is zero.
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APPENDIX B

CALCULATION OF c~~\3 , c~~\4 , c~~4 FOR AN M/D/ i  QUEUE

We outline here the calculation of C \ 3 ~ C~~\4 , and C~~4.

C~ is given by

= mm [x ,z) , (B.I)

where 
—

Z = mm ~~2, W31 . 
(B.2)

The j oint densi ty of and w3 conditioned 
on M 3  is as follows :

p(~ 2,~~3~M 3 )  = —
~~~~~

3x

0 <
~~2

< X

O < w 3~~~
x + c a~ 

-- (B.3)

Hence, the distribu tion func tion of z is

x x + w 2
F

Z~ M...3 (T) = 1 - —j $ $ du~3
du~ . (B.4)

3x
0 < T ~~~ x 

W
2

T W
3

T

Differentiating (B.4) with respect to -r we obtain

P

~~
M 3 (T) 

= —
~j  (2x-r) . (B .5 )

O < i - < x
185
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Since F
Z~M~.3

(x) 1, by (2 .168) C~~ 3 is computed as

1 
= 

~~ \M=3~
’
~ 

dr x (B .€)

We next consider the calculation of C~~4. C~ and the

appropriate z are defined in (B.l) and (B.2). The joint density

of (~~~,w3) conditioned on M=4 is specified by 
(2.169) as

- - 

p(~~~,w3~M 4 )  —
~~ $ dw~~. (B.7)4 8x 

0

0

I
The dis tribution func tion of z is found as

x
F

IM4
(r )  = 1 - —

~~~~~~ 
$ $ ( x + w ~) dw~d~~

Bx
0 < ~~~~~x 

W
2

~1. (B .8)

Differentiating (B.8) with respect to r, PZtM 4(r) is given by

P
~~M 4 (T) = —~~ [~ x2 + xr  — T 2 i . (B.9)

0 < T < x

No ting again tha t F
~~M 4 (x) = 1, by (2 .168) C~~4 is calculated as

~~~ 
~~z\M 4~~~ 

di = x - (B.lO)
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Our final calculation is of C~~\4. C~ is defined by

C~ = mm (x ,z~ , (13.11)

where

z = mm ~u~~,(A~3, W4~ 
(B.12) 

-

From the joint density of (~a~,w3, w4) conditioned 
on M 4  given in

- 
- (2 .190) , we express the dis tribu tion func tion of z as

X X+ (4~ X + W
3

= - 

~2 
W
3 ~~~~ 

dw4
dw
3

du~ . (B.13)

Differentiating (B.13) with respect to r , we obtain

P \M....4
(r ) = —

~~~~~~ [4x 2 - 3x’r + 
1 
T
2] . (B.14)

Since Fz~M..4
(x) = 1, by (2.168) ~~~~ 

is computed as

I = TP tM,.14(i) di = x . (B. 15)

0
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