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EXPLICIT CHEBYCHEV-ITERATIVE SOLUTION OF NONSELF-ADJOINT
ELLIPTIC EQUATIONS ON A VECTOR COMPUTER

Introduction

‘The computational mathematics literature is well stocked with
numerical methods for solution of self-adjoint linear operator
equations. See, for example, the many methods and references given
by Varga,® Birkhoff,® and Vichnevetsky.® However, many fewer approaches
are offered for nonself adjoint problems. One occasionally encounters
the suggestion that the equation L(r)é(r) = S(r) (with L the linear
operator, and S the known driving term) be made self adjoint by an
extra application of the adjoint of L: L+L¢ = LTS. There may be cases
in which this approach has merit. However, it has two immediate draw-
backs: (1) one has to work with a higher order equation, and (2) the
ratio of maximum to minimum eigenvalue amplitude, an indicator of the
amount of numerical work required, is squared. There are situations
in which it may be desirable to transform a self-adjoint problem into
a nonself-adjoint one. For example, in a heat conduction problem, L
contains the operator V+KV, where K is the thermal conductivity. If
K varies greatly in magnitude, the eigenvalue span of L will be in-
creased accordingly, making the numerical solution more difficult. A
possible remedy is to divide through by K, so that L contains the non-
self adjoint operator V% + ¥ log K°V.

An approach that has gained recent attention is a combination of
approximate factorization and the conjugate gradient method. See
Vichnevetsky,” p. 60, or Meijerink and van der Vorst.® With some

adaptation, this approach may hold promise for nonself-adjoint problems.

Note: manuscript submitted June 13, 1977,




But the factorization stage is awkward for vector computers. One

must solve upper-and lower-triangular matrix equations, which resemble
recursion formulas. As a result, the computer must initiate and com-
plete certain calculations one at a time, rather than doing several in
parallel. Thus we wish to offer an alternative method which allows
complete vectorization (parallel processing) for all interior mesh
points of a multidimensional grid. This method is a generalization of
the Chebychev semi-iterative method (Varga,® Chap. 5).

Assumptions

We seek an iterative solution to the equation

where S is a known source vector, and L is a matrix or finite
difference operator. We assume L has complex eigenvalues Kr + i‘i,
with all Kr being of the same sign. We also assume all A fall within
an ellipse in the complex plane (see Fig. 1) whose major axis coincides
with the real axis. The intersections of the ellipse with the real

axis are b - a and b + a, with
b/a > 1. (2)

The semiminor axis of the ellipse is c. We require
c < |al, and thus (3)

A ok < A o . (&)
1max 1min rmax rmin




We assume that (1) possesses an exact solution . At the end
. n
of n iterations, we will have an approximate solution ¢ , whose error

is defined to be

e =P (L)e°, (6)
n

where A is a polynomial of degree n. Substitution of (5) into (6)

gives

n (o] /

¢ =P (L) - :’Pn<L) - 1), (7)

k-

A
We do not know 2 in advance, but we do know Lk§ =L S for k>0.

Thus from (7) we must require that the zero-degree term of Pn(L) be 1:
( ) =
P (0 Ts (8)

We wish to choose Pn such that its magnitude is as small as possible
everywhere within the ellipse containing eigenvalues of L.

Determination of Pn for a Real Min-Max Problem

The problem of minimizing the maximum value of |Pn(x)l subject to
Pn(o) = 1 has a well known solution when x is restricted to real values
between b - a and b + a with b/a > 1. The standard argument points out

that the desired Pn is such that all maxima of \Pn\ have the same value.

One immediately determines that Pn is proportional to a Chebychev polynomial

The Chebychev polynomials Tn are such that




T (cos @) = cos n, and
(9)
Tn(cosh @) = cosh no.
That cos nw is a polynomial in cos @ results from the elementary
identity
cos(m+ ljx = 2 cos @ cos m - cos(m - 1)o. (10)

Equation (10) is also valid when cosh is substituted for cos. Thus

if cos m¥ and cos(m - l)x are polynomials in cos «, then so is

cos(m + l). This is the case for m = 0 and 1, so it is also true
for all m > 0. Equation (10) also gives the recursion formula for

the Chebychev polynomials:

PR =a0x Tm(x) —0E (B (11

m+1 m-1

From (9) we can see that \Tn(x). reaches a limiting value of 1 n + 1

times as x varies from -1 to 1. Thus the solution to the min-max

) (1

problem for real x is

P (x) =T (x;b> i <-

no

® o

and

o~}
]

n max |Tl’l <- %)1-1 (13\

1/cosh<n cosh ! (E» <1,




Determination of Pn for a Complex Min-Max Problem

Slightly less well known is the fact that the Chebychev poly-

nomials also satisfy the following problem: With

z = B il (14)

find Pn(z) such that Pn (0) = 1, and such that every maximum of

Ipn(z}\ on the ellipse

2 2
<——§;b> e (15)

has the same value.
Let us now consider the behavior of the Chebychev polynomials in
the complex plane. It is convenient to express £ and T| in terms of

dimensionless variables £°, N, o and B as follows:

uR
]

xog

MT=x1"

o
£°= cos o cosh B
N° = sin o sinh B.
Here XO is a dimensional quantity of arbitrary magnitude having the
same dimensions as the operator L. Let us first demonstrate that
arbitrary £ and 7'can be expressed as in (16) with real @ and 8.
One can eliminate cos o from (16) and obtain the following equation

for cosh B:




Plal = u® ~u(fZ 42+ 1)+ 82 =0, 17

where u = cosh” 8. Incidentally, one obtains the same equation by

eliminating cosh B and setting u = cos® o. Note from (17) that

F(1) = - 1”2, and

“o

FE 24072 4 1) = B2,

We see immediately that there must be one real root O S u; = 1 and
another real root 1 = us S 1 + £°2 + 1’2, The lesser of the two
roots can be taken to be cos® @, and the greater to be cosh® 8,
with « and B both real. The signs of §  and ﬂ' can be adjusted

properly by proper choice of the sign of B and phase of @ modulo T.

Let us return to (16) and define

g' = iT]l

N
]

cos @ cosh B + i sin @ sinh B (19)

cos (o + iB).

From (9) and (19) we have

Tnfz ) = cos(no + inB) (20)
= cos n@ cosh nB + i sin no sinh nP.
From (20) we find with only a slight amount of algebra

’)"j

!Tnfz = cos” no + sinh® nB. (21)

We can see from (16 ) that surfaces of constant B are ellipses in

L’ - n° space:




o

€°2 + (M"/tanh B)? = cosh® B. 22)

With 8 fixed, one can see from (16) that the point VE', 1”) scans once
around the ellipse aso varies from O to 27, Thus (21) shows that
[Tn 2'=ﬁ reaches the same maximum value 2 n times as z scans around
the perimeter of the ellipse of constant B.

It remains only to show that no maxima occur in the interior of

the ellipse (22). We can conclude this from the fact that Tn’z’\ has

n distinct real roots:

n
-t g (. (m - 1/2)m
= Ly A - —_— e
Tn %) Kn St < cos = 5 ]
where Kn is a normalization coefficient. Thus
n 2
’ = - o — T ’ st
T (e 3% = x2 1 <<§'-cos e 1/2 > +T]2> ‘ (24
n n m=1 n

This shows that ?Tn’z'ﬁl increases monotonically away from the real
axis (1" =0 , and thus there are no local maxima. Thus all maxima
in the region enclosed by the ellipse (22) must occur on the boundary.

“y! all have the same

As pointed out by 21, these maxima of \Tn z
value. Therefore we conclude that the Chebychev polynomials solve the
problem stated just prior to (15),

In order to put the ellipse (15) into the form (22), set

ve
"

b + aft”’

o
i
—

I afl]’




where f is a dimensionless number yet to be specified. Substitution

of (25) into (15) gives for the perimeter of the ellipse

e - (

£° + ’f'a/c‘? =) R 2

(e)

Thus from (22) we take

8 = tanh * c/a

1/cosh B8 (27)

Hh
I

(1 = e2fal 22,

The desired polynomial is proportional to Tnfg' +1i7"), and in fact

is

Note that in the limit ¢ ®* O, we have f * 1, and z * §. 1In this limit
the complex solution (28) reduces to the real solution (12) as it
should.

What maximum amplitude is attained by (25)? From (21) we find

for the ellipse of constant B

T (2°)] = (1 + sinh?® ng)1/2 (29)
n max
= cosh nf8.
Substituting this into (29) gives

8




y
L

T (cosh B)
n

: - < (%
n max T b/a cosh B L 20

where 8 is given in (27). We have dropped the minus sign from the
argument of the denominator of (28) because Tn“x) is an even or odd
function of x when n is even or odd respectively. We know (30) is
less than 1 because the argument in the denominator is larger than
that in the numerator and Tn:x“ is monotonically increasing for x > 1,

as one can show from (9).

Construction of the Iterative Method

We shall take the polynomial of (28) to be the proper choice for
use in constructing the approximate solution to (1) according to (7).
We must choose between two approaches for generating the polynomial
Pn L). The first is factorization of Pn into n linear factors. We
have tried this approach and found it subject to roundoff error
amplification. The reason for this is that the process is equivalent
to n overrelaxation steps, some of which reduce the long wavelength
errors at the expense of increasing the short wavelength errors. The
short wavelength errors are eventually brought back down, but any
roundoff error introduced while they were large tends to contaminate
the final result.

The second and more preferable approach to constructing Pn(L)
is through the use of a recursion formula. The only possible drawback
to this method is that one extra array of storage is required for

retention of earlier iterates. We substitute (28) into (7) to obtain




'E L-b 0
n+1 <—fa—)(¢ - @)

b
Tn+ 1 (. _f;>

In the numerator of this expression let us express Tn b in terms of

¢$n+].

+ @ . (31)

e and T 1 according to the recursion formula (11), and then express

T, and T | in terms of é and ¢n-1 according to (31). Let us define
- b
1 fa 52

]

P b/\/a(v A C"'
and use L% = §S.

Then we find

£ % [2T_(q)/fa((L - b)d™ = 8)- T (q)¢" 1]
Tn+1 & i
$ fa (q) (q)) i 2 )
+ 811+ (<2 qF (@) + T, C)ME_ (q)] 33

Notice that the coefficient of ¢ is zero by (11). Recall that we
imposed this condition at the outset in (8).

In order to use this method we must know the first two terms in
the recursion. We get these by direct construction of anL), and

obtain

¢°

¢t = ¢° - 1/b (14° - 8)

arbitrary trail solution (34)

10

S — ——



m )
n+l - *n\4

¢ = : (L - b)g" - s)
rn+l‘q’va e
T .(9)
n n-1 ¢n-1, S O
Tn+1(q)

Error Estimates

If B is an eigenvector of L such that

where ) is a complex constant, then

Let us imagine that the error €° of (5) is expressed as a linear com-
bination of the eigenvectors of L. We have assumed all eigenvalues
of L to lie within an ellipse (15) in the complex plane. Then from
6), (27) and (30 ), the coefficients of the eigenvector expansion of

¢" have each been decreased in amplitude by at least a factor

‘anx‘} < En(a,b,c) = Tn(aﬂ7az-c“)/Tn(bﬁ/;*JE?T.

(37)

In Fig. 2 we plot this error limit as a function of n for various

values of the ratio of maximum to minimum real eigenvalue,

11




b+a
b-a '’

R = /5;')) )

and ellipse axis ratio c/a. One notices that the error limit decreases
approximately exponentially with n, and that the rate of decrease
depends strongly on R. In practice, when R is greater than about 103,
we use a filtering process to be described later to bring down the
effective value of R. The slow convergence at large R is due to the
fact that one is attempting to reduce the error by a diffusion process,
which is slow for long wavelengths.

Let us derive an approximate expression for (37) in the limit of

large R. It is convenient to define

& =b/a -1
=2/(R - 1), and (39)
p = c/a.

From (9) and the identity,
cosh™ x = log (x ++/%x° - 1) (L0)

we have

cosh (n log Q)
cosh (n log Q1+ n log Qz)

= 1/[cosh(n log Q_)+ tanh(n log Ql) sinh(n log Q)]

where

g = ttP (42)
2 Nl =P




P—

1L+68 +42 8 + 8% + p=

|

Since Q, and Q. are both greater than 1, (41) yields
2 exp(- n log Qs) > E > exp(- n log Qu). (43)

Thus the estimate

™
Q

P

S}

(1+6+\/1’26+62+p3>'n (L)
+ p

is always correct within a factor of /2. Defining the convergence rate

to be

C=-9% log En/On, (45)

we can find simple expressions for C in the limit & << 1, For p << §,
C~.,26. When p >> 6, then C~ 6/p. This shows that convergence
slows down when the eigenvalues of the operator L have significant
imaginary parts.

Application tc a Model Problem

As a test of the method (3%) - (34) and the error estimate (37)

we shall solve numerically the two dimensional equation
774 + A(x,y)Vé = S(x,y), (46)

on a rectangular grid with constant mesh spacing subject to doubly
periodic boundary conditions. Equations of this form arise in plasma
physics when charge neutrality is imposed upon a plasma with a non-

isotropic electrical conductivity, with ¢ being the electrostatic

13
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potential. For an application to the earth's ionosphere, see McDonald,
et al.”»” Another physical situation in which an equation of the form
(45) arises is that of a steady state distribution of a tracer element
or pollutant ¢ in a given wind field subject to known diffusion and
production-loss rates.

The mesh is assumed to be Kx by Ky interior mesh points. We choose

the x direction so that
2 - ( i
K, Ky L7)
We also assume the mesh intervals to be

8x = 8y = constant (48)

We use redundant guard cells around the perimeter of the mesh for
efficient handling of the boundary conditions. This results in a
complete mesh of fo +2) x (Ky + 2) points. We use second order 5

point representation of the derivatives in (L46):

Lé (@

1J 1,3 " s

b T (49)

2
* éI,J-l -k dry)/ex

+ AX. (@ - ¢ 1 J)/2 bx

(
11,3 - iad,

+ A é - ¢ )/2 bx.

ey I,J+1 1,J-1
Here I and J are the x and y mesh point indices, and AX and AY are the
x and y components of A respectively.

In order to estimate the eigenvalues of L it is necessary to

consider A constant. Then the eigenfunctions are complex exponentials,

14




kxI kyJ
dk = exp |2Ti = + ; (50)
= x y
where k. =0, 1, 2,-- K_ - 1, etc. for k_. S11..)
X x y
The eigenvalues are
5 2ﬂkx 2Tk
)\k = sz— cos + cos K -2 Sd‘
S x y
AX 2ﬂkx AY 21k
Qo al T sin X o T sin X .
X y

Construction of the Ellipse

In order to show that these eigenvalues lie within an ellipse in the

complex plane, let us adopt the following abbreviated notation:

2ﬂkx
€, = cos — 53)
x
21Tk
— i x
s, = sin —
x
a = AX6x, etc. for y.
Let g = c, + cy (54)
N =as +as .
X x vy
Let us consider the function
, . g’ 2 n' <=
h(g",N") = (75- +6 = p (55)
e - 21 /2
where a= (a_+ ay) s (56)

15




and 6 is a tuning parameter to be determined later. Let us choose

a_ and ay so as to maximize (55). Then

< L ( V2 = 2 AT
h < 1/4 (e + cy/ + re(sx + sy) 57)

S

- : 2 2 2
= 1 ~ 1/k (cx - cy) - (1/2 - re)(sx + sy),

where £l (58)
We shall carry r as a variable in the analysis, since, if we had
averaged h over all possible orientations of the vector A, we would
have had r = 1/2. It may not be necessary in every case to constrain
the method to handle a few "unfortunate" orientations of A (which
happen to be resonant directions for the lowest few modes in the system).
In general, A will vary in space, so any destabilizing resonance will
be localized.
Let us remove from consideration the modes (kx,ky) = (0,0) and
KX/E, Ky/2). These are the mean value and odd-even mode components
of 4. The mean value has no effect upon (47), and the odd-even mode

can be removed straightforwardly. Then the lowest mode of consequence

is (k_,k = (1,0), for which
xy
B ¥ Eﬂ/Kx, Ky 2l i (59)
s =0.
y

To lowest order in 8> (57) gives

h =1-0%(1/2 - r8), where (60)
max

16




5 i =2 om \ 2 A
o< = (85 + 8%) = . (61)
X y min Kx

We shall retain o as a variable since it contains all relevant boundary
condition information. Let us now express §' and 1” in terms of the

real and imaginary parts of Kk in (52). Then (55) becomes

~

A+ L/6xZ \Z hbx® X E
N W e + 0| —— < h (62)
1+/5x2 ; max

Comparing (62) and (15), we find the ellipse parameters

o
|

= 4 h;éi /6x° (63)

L/8x?

[o
]

¢ =871/2gn1/2 yox,
max

Note we have removed inconsequential minus signs from (63). From

39) and (63)

5 =n’1/2 0 (64)
max \

~ 1/4 02(1 - 2 r8).

Also

c/a=p =afh o-t/2 (65)

17




Maximizing the Convergence Rate

The expressions (64) and (65) for & and p allow the error estimate

i )y

(44 ) to be expressed in terms of 5. Maximizing the convergence rate

then is equivalent to maximizing Q- in (42) with respect to 8. A
straightforward approach of setting BQ./%6 = 0 requires solution of a

seventh degree polynomial. A much more satisfactory approach emerges

when one replaces (42) with an approximate expression valid for

§ << 1:

T e Ve ¢
Q™ 1+J/28 Fp° - 0. 66)
Equation (60 ) gives correct results to lowest order in & for all
0 = 0. Denoting differentiation with respect to & by prime, the
condition for maximum Q- in (66) is

. o P , o, ~

26p=8"=4+2p5p . (67)
Substituting from (54) and (65), we have

ro6° + u2(3 r6 - 1/2) = 0, (68)
where

we 2 pilz (69)

L o
lalk 5x
i x pilz
8

Equations (69) reflect the general result that p and thus © are
independent of the number of cells into which the rectangular region

is partitioned, provided 6x = &y, and Kx’ Ky =>> 21,

18




We know that (6&) has only one real root, since the derivative
of (63) is never zero for real 6.

This root is

»
0 = (u2/4)3/ )‘ WEWFT+ 1Mo - BRI - 1000 .

The solution to (69) has the limiting forms

a 2 1/8 ;
| o sy B (71)
8 ~ % PR |

One can show fairly easily that 8 varies monotonically with u between
these two limits. This behavior is verified in Fig. 3, in which r6

is plotted vs .

Convergence Rates for Small and Large !g

Taking into consideration (42), (k4), (45), and (66

- ), we have the

approximate convergence rate

Cmy2 &6+ p= - p. 72)
=

We can use (64), (65), and (70) to express (72) in terms of w. The

result is

c~aolf2 Cofp), where (73)

C (1) = vZ|VI/Z =10 + 578 - u/ﬁ?] : )

19




Recall that o = aW/Kx for doubly periodic boundaries. The dependence
)

of C_ upon is shown in Fig. 4. Also plotted in Fig. 4 (dashed line)

is the approximation
C (B)™ (9.5 w+ 1)t . 75)

Using (71), we find the following limiting forms for C:

This shows that as p increases from O to 1, the convergence rate drops
by approximately a factor of 10.

Removal of Long Wavelength Error on Coarse Grid

We can see from (61) and (73 that the number of iterations
required to reach a certain level of error reduction is proportional
to Kx' Thus the total number of operations required is proportional
to KiK . Therefore it is advantageous to correct the long wavelength
components of the solution on a coarse mesh, and interpolate onto a
fine mesh before completing the solution. The interpolation introduces
truncation error into the solution, so that the error estimates derived
earlier may not hold on the large mesh. For this reason, it is best
to alternate between large and small meshes more than once, attempting
only a modest error reductions with each pass. In practice, use of a
coarse grid becomes important for K ® 64, For a grid of 128 x 128
interior points, a coarse grid of 32 x 32 interior points is used.

First, the residual L4’ - S is extracted on the fine grid. Then this




residual and A are defined on the coarse grid using block averages of
15 fine grid points per coarse grid point. The coarse grid potential
correction is initialized to zero and a large number of iterations are
performed. Typically we use three times as many iterations on the
coarse grid as on the fine grid. Then the potential correction is
defined on the fine grid using bilinear interpolation, and the result
is subtracted from 4’'. Then iterations are performed on the fine
grid, making no attempt to make significant improvements in the lowest
to 10 modes of the solution. That is, we arbitrarily increase ¢
in (61) by a factor of 5 to 10. This results in improved convergence

of the higher modes. The effectiveness of this fine grid-coarse grid

approach may be improved significantly in a time dependent problem by
two-level extrapolation for the trial solution ¢’.

Numerical Results

As a test of the iterative procedure (3%) - (34) and the convergence
estimate (7% ) we have solved (45 ) on meshes of 32 x 32 and 48 x 48
interior grid points without regridding; and on a 128 x 128 mesh with
a reduced mesh of %2 x %2 interior points. All tests used doubly
periodic boundary conditions. The numerical convergence rate comparisons
were carried out as follows. Arbitrary forms were adopted for A and a
reference solution 2. Then a source term was generated from ® numeri-
cally using the difference operation (49). This source term was used
in the iteration (3% ) - (%4), with the approximate solution being
initialized to zero. After a large number N of iterations (usually

N = 40 ), a relative error E was defined to be the root mean square

2l




residual of (4 ) divided by the root mean square of the source, S.
The average convergence rate was then taken to be - log E/N.
In all cases convergence was fast enough to be consistent with
7%, and in most cases was faster than (75). The one case in which
convergence was just equal to (75 for all p was for éIJ = sin
0 T I/Kx. and Ax = constant, Ay = 0. This is consistent with the
discussion following (5%). For determining v in (©9), we used the
root mean square value for ;Q', and r = 1.
Figure 9 shows convergence rates per second of computer time,

- log E/t, obtained using a two pipe Texas Instruments ASC to solve

the same set of problems with the Chebychev explicit method 'CE

upper curve  and with an alternating direction implicit method (ADI

lower curve . Thcse comparisons were made on a 50 x 50 mesh using
data from the EJET plasma turbulence code. " The ADI solution used
logarithmically spaced iteration parameters‘ and a partially vectorized
tridiagonal solver.  Although ADI converged faster per iteration, the
limited vectorizability of the method resulted in slow execution. Thus
the result in Fig. 9 is machine dependent. The execution times per
iteraticn were 25.% milliseconds for ADI and 1.%2 milliseconds for the
Chebychev explicit method. To illustrate the computational efficiency
of the explicit method, the lower limit on execution time per iteration
neglecting overhead and boundary value resetting) would be (45 x L&
interior points) x (1l operations per point) x (40 nanoseconds per

operation) = 1.0l milliseconds. Thus the explicit method runs at 6%

efficiency on a modest 50 x 50 mesh. ADI could be made more competitive
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by the use of cyclic reduction rather than tridiagonal solution in the
integration direction, but it is unlikely that any improvement would
bring the convergence rate per second up to that of the explicit method.
[n addition, the boundary conditions are much easier to change in the

explicit method than in the implicit one.
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Fig. 5 — Computational efficiencies of the Chebychev explicit method
(CE) and alternating direction implicit method (ADI) when applied to
a series of numerical tests in which Al and thus u vary from case to
case. Plotted is the logarithm of the error reduction factor after many
iterations, divided by the elapsed computer time in seconds.
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