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FOREWORD

In this report there is offered an improved method for the f a i r i n g  of ship l ines , f o r

which a need has been indicated by experience with a c o m pu t a t i o n  system for  sur face

wave t ra ins .  I l lus t ra t ive  ship plans for  t ankers  have been obtained f rom Mr .  R iesenberger

of the Mar i t ime  Adminis t ra t ion and for  warships f rom Mr. Keane of the Nava l  Sh ip

Eng ineering Center.  The manuscr ipt for  the report  was comp leted by 15 J U ly  1977

Rele ased by :

~~~~ ~~~~~~~~~~~~~Ralp h A. Niemann
Head , Warfare  Analysis Depar tmen t
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ABSTRACT

Straig ht lines , circles , and splines are used in most ma thema t i ca l  represen ta t ions
of ship lines. The representat ions are only piecewise analy tic.  D i scon tinu i t i e s  in
curva ture  occur along water l ines  and section lines.  The d i scon t i riu it i es  upset
computa t ions  of velocit y d i s t r ibu t ion  in the f low around the  ship. The d i s c o n t in u i t i e s
are smoothed when the lines are approximated  by or thonormal  po lynomia ls  The
discont inui t ies  are e l iminated when the lines are s imulated with the aid of radicals
A smooth s imulat ion of the Series 60 , Block 0,60 shi p model is given by a radical
representa t ion .
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I NTROD U CT I ON

The t r a d i t i o n a l  r e p r e s e n t a t i o n  of a bod y of r e v o l u t i o n  is a t a b l e  of r a d i a l  d i s t i i i c e s
f r o m  the  a X I S  of symmetry  at a se r i e s  of s t a t i o n s  a I on i ~ t h e  a x i s  of sy m m e t ry  The
t r a d i t i o n a l  r e p r e s e n t a t i on  of a fo i l  or a sh ip  is a t a b l e  of o f fset s  i t  ~ r e c - t , i n ~~dar  L ’r ) d
on t he med ian  p lane  of t h e  fo i l  or t h e  sh ip  The of fse t s  f o r  t h e  sh ip  de f ine  the  we t  e r l i r i e ’~
and t h e  sec t ion  l ines  on t h e  su r f a c e  of t he  s h i p

An i n t r o d u c t i o n  to t h e  i n at h e n i at  ~ ‘al r e p r e s e n t a t i o n  of t h e  s u r f a  e of a s i i i  l~
been p u b l i s h e d  in a book h~’ l.~ c~io

i I n c l u d e d  in t h e  book ,,r ( ’  an a ly se s  of t h e  c u r v e d
s e c t i o ns of t h e  sh ip  f rom s tern  t o  s t e r n  Re~~~~~~V W 5  are g iven  f o r  son u ’  p u b l i s h e d  met  hoc is
for  t h e  f c i r ’ i r i g  of s h i p  l ine s  F V u r t  t o t ’ a na ly s e s  of s h i p  li n e s  h i ve  e p p e , t r V ed ri mo re
recen t  p u h l i c a t i o n s ~

The flow over a body h i s  been s i m u l a t e d  by Hess  an d  ~~i i i i t  h i4  w i t h  a source
d i s t r i b u t i o n  ove r  a p o l y h e d r o n  whose  v i . r t  i i e ~ l ie  on t h e  su r f a c e  of t h e  bod The
n o r m a l  a r i d  t h e  ,t r ’ t ’ ,i i t  t h e  s o r f , t  cc are assumed t o  be t h e  no i ’n i , t l  m d  t h e  , , r ’ t , a  ,it a
face  of t h e  p o l y h e d ro n ‘I h e  ‘moo r ,  d e n s i t y  i ’m , i s s i i r i c e d  t o  be i i n i f o r n i  over ’  i t c h  ~~~
of t he  p o ly h e d r o n .  ar id  t h e  ~~~, l o e i t \ V  in an i d e a l  f low ~ er  t h e  l \ t , - d r n is t a k e r ,  to
be t h e  v e l o c i t y  i t  t h e  mid p o i n t  of e u - h  f e c -  - \ c u r a t e  cc ’ l e e  n i i ’ ~~t bet  w e e n i  t h e  p o l V h e d l ’~i l
s i m u l a t i o n  and  , t n a n a l v t  i c m i l  r ep i’ e ’m e n t i t i o n i  is 1e ~ s i h l e  fo r  a pol y h e d r o n  a d  h a l , i r ’ ~ e
e n o ugh  n u m b e r  of f ac es l ’he v e i o i - i t  f o r  p o t e n t i , c l  f low e \ e r  ~ t e a l  po 1~ t i e d r o n  w o u l d
t o ’  i n f i n i t e  it  c c c i i  edge of t in’ p o l y h e d r o n  The  f low u - c  a d i h i e d r ’ d c r i v I e  is , i i i i I \ ~~ed
in A p p e n d i x  C

F o r  a n t  i r r e , , c i l a r  sh ap e  it  wo u ld be i ie  e’~s , i r v  t u  i ’m e  a p ol y f i e dr’ cl si r i o i l a t i o n i . b u t
for  a s rn oc t h s i i c p e  it  s hou ld  be p o s s i b l e  to  t , il ’a ’ ,t ( l\’ rt n t , i ,~i ’ of t h e  s i u o o t l i n i e s s  in o r d e r
t o  i c c  r ( ’ , t ~ e 0 c i i r , e ’ \ -  ,tn c l  r e d u c e cost T u e  u i t c r , c c t  ion  bet a c e d  t w o p o i n t s  i i i  a n t
u n b o u n ded f l u i d  is &i iv en h~’ t h e  s i r r i p le i r i \ e r ’ ’ m i ’  s q uar e  l a w  ,~ t i e r  l i i i  i n t c r t c  t i o i i
t in der i f r e e  s i i r ’ f , c c - e  is ,~ iv e T c  by th e  d e r i v a t i v e s  of I n c  ( - \ p t  r i s i v e  i l a \e lo (  l~ n i t  e~~r ’al
redu c’ t  ion of cost by t h e  u s u ’  of f e w e r  da t a  is v i t a l  f o r  su r f a c e  s i t u p s

It h i s  been t h e  g o d  of n i , c v , c i  , i r c t i i t e c t  to ,t c h i e \  s i i i o ot  h w a t e r l i n e s  Sr r i o o t  l i n o ’s s
w a s  , o ’ t i i e v e d  b~’ eve The l i n e s  of a s h i p  wi re l a id  ( ( l i t  ui a m o l d  l o f t  . w here  du ck s
end sp l ine s  w ere  used in f ’ t i r i n g  t h e  l i n e s  A duc ’ k is a l e a d  w e i ~~i i t  w i t h  a p r o t r u d i n g
t o n g u e . an d a sp l i n e  i s  t s l e n d e r  st r i p  .~V i t h  a g r oove a l o n g t h e  edce  The  I o n gu e  of
t h e  duck  engages  t h e  c~r ’ c ) o \ e  o f t h e  sp l in e  a n d  h o l d s  i t  inc p l ac e  ‘l ice t o i l c u e ’  of t h e
d u c k  i ’ m f i n i t e  in  b r e a d t h  T r a n s l a t i o n  and  r o t a t i o n  of t h e  c luck  c ’ont r i ds  t h e  pos i t  ion ,
and t h e  s lope  of t h e  sp l in e  T h e  e i i n ’ v , t t  l u re  IS n o t  con t  i l i r i o u s  cc r o s s  l i c e  n o d e  w h e r e
t h e  d u ck  is u i  c o n t a c t w i t h  t h e  s p l i n i e

M u c h  , i t  t e n t  ion  has  been devoted  to m a t h e m a t i c a l  sp l u n e s  in  t h e  l i t  u ’ r , m t  t i r ( ’  An
, c n a l v s i s  is t o  to’ f o u n d  in I l i l d e b r a n d ’ s / n t r o d u c t i o n  t o .\‘ umr~ nra1  . 1nu /y ~ e ’’ The k’n~~t t i
of a c u r v e  u s  s u b d i v i d e d  i n t o  i n t e r v a l s  The o r d in a t e  in ( ‘dcl i  i n t e r v a l  is e x p r c ’m ’m e d  in
t e r m s  of t h e  , c h i s e i s s , c  by , c cub ic  p o lvn i o n r i i a l  I n a s m u c h  as t h e  c u b i c  p o l y n o m i a l  has
f o u r  oe f T ~ i e n i t  . i t  c cli  he made  t o  meet f o u r  conc l i t  i ons  It can be ni ole to  h av e
sp e c i f i e d  o r d i nat e s  c t  t h e  t w o  ends  of t h e  c u t  er va l  It  can be rn , id e  t o  in c u n t  a i r ,
e c , n i t i n i , i t v  of f i r s t  a r id  second d er i v a t i v e s  ,o-r oss  b u u r i d , t r ’ u e s  t u ’ t w e t ’n  i n t e r v a l s  The
c V o e f f i c i e n t  s of t h e  spl ine  a p p r o x i m n a t  ions  are  t h e  s o l u t i o n  of a t r c d i , c v i c , c l  s v st  e u i i  of
equ a t i o n s  R ccurrenc’ e  e x p r e sse s  eac h success ive  ap p r o x i n o a t  ion  ui t e r m s  of a or’  of
p a r a met e r s  w h i c h  arc  d e t e r m i n e d  by c o n d i t i o n s  at t l ie  ends  of t h e  c c  i r v e

S piIne w e i j h t s  a re ea i i ed  dol phtns in W e b s t e r , unahr id 1ed d i c t , c c n a r v ’

- - --- ———.—~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~ . V .  V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



Linear ized cubic  sp lines  have been anal ysed by Meh lumn ’. From the  ca l cu lus  of
va r i a t i ons  he has  shown tha t  the  m i n i m i z a t i o n ,  of the  square  of t he  second d e r i v a t i v e
leads to the  cubic sp l ine . The elast ic  curve is the  equ i l ib r ium confi gu ra t i on  of a p h ysical
sp line  The m i n i m i z a t i o n  of t he  square of the  cu rva tu r e  a long an e las t ic  curve leads
to the  special  case of a p h ysical sp line  to which  forces  are app lied but  not  t o r q u e s
An ana lys i s  of t he  p h ysica l  sp l ine  is given in A ppend ix  D.

M i n i m i z a t i o n  of t he  square  of the cu rva tu r e  has been used for  smoo th ing  in t h e
AUTOKO N system by M e h lu m  For the  r ep resen ta t ion  of smooth l ines he l’ias used
sequences of c i r c u l a r  arcs. Such rep resen ta t ions  have app l ica t ion  in the  f a b r i c a t i o n
of ships w h e r e  f l a m e  cu t t e r s  are guided  along s t ra ig ht l ines  or a long circles  Let the
successive po in t s  a long  a curve be jo ined  by chords  which  span the  i n t e r v a l s  be tween
t h e  po in t s .  C o n t i n u i t y  of o r d i n a t e s  f rom in terva l  to in te rva l  is ach ieved  if t h e  chords
are spanned  by circles w i t h  cen te r s  on the  pe rpend icu l a r  b isec tors  of the chords

The c i r cu la r  arc between two poin ts  and the  radi i  to the ends of the  arc are t h e
b o u n d ar i e s  of a se c t o r  of a c i rc le ,  C o n t i n u i t y  of slopes f rom i n t e r v a l  to i n t e r v a l  is
a c h i e v e d  if t he  center’s of the circles are l o c a t e d  at the  in te r sec t ions  between b o u n d a r y
rad i i  and pe rpend icu la r  b i sect ors ,  The r e p r e s e n t a t i o n  of a cu rve  as a sequence  of
c i rcu lar  a res  can  be cons t ruc ted  in a s t r a i g h t f o r w a r d  progress ion  in t e r c c c ~ of t he
rad ius  of the  first  c ircle .  The cons t ruc t ion  of a smooth c u r v e  r e q u i r e s  an ad j u s t . mc ’nt
of the  first  rad ius  b y i t e r a t i o n .  That  the  AUTOKON sys tenn t i e s  been s u c ce s s f u l  for  t h e
f a i r i n g  of 150 shi ps has been repor ted  by M e h l u m  Tha t  special sk i l l  by an o p e r a t o r
is r equ i red  in the  f a i r i n g  process has  been repor ted  b y Doornbos 9 .

An y  s i m u l a t i o n  wi th  the  aid of sp l ines  can be onl y p iecewise a n a l y t i c  F u r t h e r m o r e .
f r eedom f rom the  l i m i t a t i o n s  of t r a d i t i o n a l  m e t h o d s  is p o s s i b l e  now t h a t  p l o t t e r s  c c i i
m a c h i n e  tools can be d r iven  b y servo motor’s c i n d e r  t h e  c o n t r o l  of c o m p u t e r s.

A c o n f o r m a l  m a p p ing of a sec t ion  l ine  on a circle t i e s  been proposc ’d by von Nerc’ zc ’h
and Tu ck 6 . Thei r  r e p r e s e n t a t i o n  of a sec t  ion l ine  is j u s t  an e x p r e s s i o n  of (‘ a rt  c ’s i an
coo rd ina t e s  in t e rms  of a p a r a m e t r i c  ang le b y t r i g o n o n i e t r i c  p o ly n o m i a l s  I n a s m u c h
as the  r e p r e s e n t a t i o n  is h o r i z o n t a l  at the  base l ine  and  is v e r t i c a l  a t  t h e  w a t e r l i n e ,
it is not  s u i t a b l e  fo r  most sect ion l ines .

A m a t h e m a t i c a l  d e f i n i t i o n  of a su r face  is o b t a i n e d  when  ( ‘ ar t  e ’ m i , i n u  c o o r d i n a t u ’~ of
the su r f ace  are expressed as p a r a m e t r i c  f u n c t i o n s of s u r f a ce  c o i u ’ d i i i , c t e s  ‘I ’ l ie ’
r e p r e s e n t a t i o n  of Ca r t e s i an  c o o r d i n a t e s  in te rms of s u r f a c e  c o o r d i n a t es  n i i , c k e ’ m  poss ib le
the  c o m p u t a t i o n  of no rmal s  and  are , ,s A q u a d r i l a t e r a l  b o u n d a r y  on t h e  c ’urvcc l ‘ m i i r f , c c e
can he mapped  i n t o  a square  b o u n d a r y  on a p lane  m a p  ‘l ’he ’ c o n n e c t i o n i  t c c t w e e n i
Car t e s i a n  coordina tes  on t h e  q u a d r i l a t e r a l  and  t h e  s u r f a c e  c ’ oor d in st e s  u, t h e  ma p  us
i n d e t e r m i n a t e  A p o i n t  on th e ’  su r f ace  r e i n i a i n s  on t t ie  s u r f a c e  f o r  , cr iv  a r b i t r a r y
t r a n s f o r m a t i o n  w h i c h  moves  the  p o i n t  p a r a l l e l  to t h e  s u r f a ce

A s tud y of o r t h o g o n a l  t r a n s f o r m a t i o n s  has been ma de  by M i l o h  and P a t e l ~ They
proposed t r a j e c t o r y  r u e~~r at  ion to  t rac e ’  t i n e ’ s  wh i c ’h  ace on h o g o n i a l  to  ‘m e e t  c o n  l i n e s  j
V I •h ( , v considen ’ecl a lso  an i d e n t i f i c a t i o n  of c o o r d i n at e  l i n e s  wi t  hi t ~‘~~i ’~ ’’m of n i i n i n r i u n i
a nd m a x i m u m  c u r v a t u r e  S o c - t i  an ide n i  t i f i c a t  ion ~V o u i l ( j  g iv e a u n i q u e  m ap p i ng
t r a n s f o r m a t i o n , l, , i t  t hey  f o u n d  t h a t  t h e  c o o r d in a t  i’ l in e s  w o u l d  h av e  aw k a  ,crd
c u r v a t u r e s .

‘l’he c o n n e c t i o n  b e t w e e n  Ca r t e s u a n c  c o o r d i n a t e s  and  i’nap c o o r d i n a t e s  is d e t e n r n i n a t c ’
w h e n  t h e ’  m a p  t r , i n s f o r n i a t i o n  us i s c i r c i e t n i c ’  The (‘ a rt  es ian  c o n r d in a t c s  i re  expressed
in c  t c ’r n i i s  of d i s t a n c e  a long l i n e s  in  ~c n e t w o r k  on t h e  s e i r f a i ’ e ’  ,\n r s n r n e t r i c  nii ~I p p i r i g
w , u s  used a l r e a dy  in 1960 for  t h e ’  Tay lor S t a n d a r d  Si iip i?  The use of ( l i s t  m l t i c e  a l o n e  a
c u r v e  ~t ’ m a p ar am e t r i c ’  v a r i ab l e  has  been p ropo sed  ac ~, c i n i n’ e c ’ u ’  ci t l ’  by  , u c i c c i t  i’ m and
l u i n i k i n i s  16
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The pa ramet r i c  r ep resen ta t ions  can be expres sed  w i t h  t he  aid of p o l y n o m i a l
a p p r o x i m a t i o n s .  Past exper ience  w i t h  h ig her order  p o l y n o m i a l s  h a ’m shown  t h a t  t b i e ~
are d i f f i cu l t  to control  when t h e y  are based upon d a t a  w h i c h  h a v e  e q u a l l y  sp e ed V

a r g u m e n t s .  They are not  d if f i cu l t  to con t ro l  when  t h ey  ,cre t > , c sed  upon  clots w h i c h
have a rgument s  w i t h  the  spacing of t h e  roots  of a Chebvsh ev  pol~’nc omi ~cl F v e c i  w h e n
the a rguments  are equa l ly  spaced , t i e ’  pol y n o m i a l s  ,cre easy  to c o n t r o l  w l c e n i  l e ’ , c ’m t
squares are applied to a large  n u m b e r  ef closely spaced d a t a

A m a t h e m a t i c a l  r e p r e s e n t a t i o n  of t he  Series 60 , Block 0 60 sh ip  model  w a s  r epo r t ed
at the First I n t e r n a t i o n a l  C o n f e r e n c e  on y , i n i c e ’ r n  aT Ship Hy dro d yn a m i c s t 8  Data  on t h e
hul l  conf igura t ion  were der ived f r o m  a t ab l e  of o f f se t s  in Todd ’ s r epor t~~ The h u l l  h cu s
flat sides and a flat bo t tom which  are jo ined  by , u  cu rved  ‘m i i r f a r c ’  The f l i t  b o t t o m
intersects  the eu r vm ~d su r f ace  a long a l ine  of t a n g e r u c v  ‘ T h e  i c t u a l  m odels  had v a r i o u s
stern c o n f i g u r a t i o n s  wi th  propel le rs  and ru d d e r s  Onl y t be s imp lest c o n f i g u r a t u o n s  i t
the  s tem and at ~he stern are w i t h i n  the  scope of t h e  p r e s e n t  projec t The ’ a c t u a l
models  had a leng th of 20 f t  f r o m  fo re  p e r p e n d i c u l a r  t o  a f t  p e r p e n d i c u l a r  The
m a t h e m a t i c a l  model  has been scaled to have  t h e  same d in i en s i o n s ,

The t a b u l a r  data  in Todd ’ s repor t  are too sparse to de f ine  the  c o n f i o u r , c t  on
m a t h e m a t i c a l l y. An a t t e mp t  to force  the  s e c t i o n  l ines  to he t , i n i ~~e n i t  t o  t h e  f l a t  b o t t o m
on the  t a b u l a t e d  l ine  of t a n g e n c y  caused i r r e d u c ib l e  wigg le ’s in a few of t he  s e c t i o n
l ines - It was necessary to assume t h a t  each sect ion l i n e  i n i c ’n ’ s c ’ c t ’ m  t h e  b o t t o m  i t  a
f i n i t e  angle  The t ab l e  of offsets  was a ug m e n t e d  wi th  a d d i t i o n a l  s e c t i o n i  l i n e ’ m  a r id
a d d i t i o n a l  w a L er l in e s  nea r  the  ed ges of the  sides of t h e  mode l

Each side of the  hu l l  was s i m u l a t e d  b y a sing le q u a d r i l a t e r a l  w h i c h  e x t e n d s  f r o n u ’i
t h e  fore pe rpend icu l a r  to the  a f t  p e rpend icu l a r .  The a r g u m e n t s  of p o l y n o m i a l
approx ima t ions  were p ropon’ t iona l  to the  long i t u d i n a l  d i s t a n c e  to a cross s e c t i o n ,  and
to the  l a t e r a l  d i s t a n c e  a long t h e  section l ine .  The table  of o f f s et s  w,i s a d j u s t e d  b y t r i a l
u n t i l  t he  w a t e r l i n e s  and t h e  sec t ion  l ines  were fa i r  in Ca lComp p lo t s

A c t u a l  w a t e r l i n e s  have d i sc ’oi , t inu it i e s  in c u r v a t u r e  where  the  f o r e h o d v  j o i n s  the
m i d b o d v  and where  the  m idbod y jo ins  the a f t b o d y .  A c t u a l  s ec t ion  l i n e s  h i a v u ’
d i s c o n t i n uit i e s  in c u r v a t u r e  at t h e  fore  p e r p e n d i c u l a r  w h e r e  t h e  s t r a i g h t  s t em b e n d s
o u t w a r d ,  at  t h e  m i d s h i p  sect ion where  the  cu rved  bi l ge j o i n s  t h e  s t r ,o ~~h i t  s ide , and
at t h e  a f t  p e r p e n d i c u l a r  whe re  the  s t r a ig ht s tern bul ges o u tw a r d  S e c t i o n  l i n e s  r i ca n
the  s t e r n  are f la t  at  t h e  bo t tom , convex at the  bilge , concave  ‘ct t h e  bend , a nd convc ’ x
,‘c t  the ’  bul ge A s s o c i a t e d  wi th  d i s c o n t i n u it i e s  in c u r v at u r e  are d i s c o n t i n u i t i c ’ s in v e l o c i t y
w h i c h  w o u l d  d i s r u p t  a n u m e r i c a l  a n a l y s i s  of v e l o c i t y  Fu r t h e r m o r e . t h e  m a t h e m a t i c a l
mode l  had a d i h e d r a l  ang le w h e r e  the  sides met the  b o t t o m , A n y  p o t e n t i a l  f low over
a convex  d i h e d r a l  ang le wou ld  have  i n f i n i t e  ve loc i t y at  t h e  v e r t e x  of t h e  d i h e d r a l  , ccuc d e ’
This  mi g ht  e x p l a i n  a bi’ i , in’re v e l o c i t y  d i s t r u b u t i o n i  w h i c h  was ob t a ined  n i c ’ , c r  t h e  j u n c t i o n
b e t w e e n  the  sides and t h e  b o t t o m

A more  r e a l i s t i c  flow f ie ld  would  have s e p a r at i o n  w i t h  t h e  o n i u z i n a t i o n  of v o r t e x
sheets  f rom t h e  v e r t e x  of each d ih e d r a l  ang le The a n a ly s i s  of f low w i t h ,  vo r t c ’ x shee t s
is beyond t h e  scope of t h e  present  proje’c t

There is c l e a r ly  a need for  a t r u l y m a t h e m a t i c a l  f o r n n u l a t n o n  wt , i c h  p rov ide s  al l  of
t h e  c h a r a c t e r i s t i c  f e a t u r e s  of a f l a t  b o t t o m e d  m e rc h a n t  s h i p  S e c t i o n  l i nes  m u s t  1 c -
t a i t g c ’ t t t  to  t h e  f i a t  b o t t o m  There ’  m ust  be p r o v i s i o n  fo r  a n e a r l y  p a r a l l e l  m i d b o d v
‘Fhere n n u s t  be the  r ig ht  n u m b e r  of i n f l e c t i o n  p o i n i t s  a r i d  r e c i o n i s  of m a x i m u m  c u r v , c t  ore
in both wa te r l ines  and sect ion l ines It is the  ob jec t i ve  of thus  report  to  otT er c
m a t  h e m , c t  c c l  f o r m u l a t i o n  w h i c h  is su i t  ab le  for  g lobal flow over a sh ip ’ s h u l l  \ ot
inc luded  in t h e  repor t  are  f o r m u l a t i o n s  for  loca l  flows over a p p e n d a g e s  such as d o m es
prope l le r s , or r udde r s
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There are two ways to f u n c t i o na l i z e  a shi p h u l l .  In one way  the sec t ion  l ines  are
expressed by simple f o r m u l a e  wi th  pa ramete r s  w h i c h  va ry  leng t h w i s e  in the  o ther
way the  wa te r l i ne s  are expressed b y s imp le f o r m u l a e  w i t h  p a r ame te r s  w h i c h  v a r y  wi th
elevat ion.  The second way has been found  to be more s a t i s f a c t o ry ,  provided  sevc’n
equa l ly  spaced sections were expressed  with  s imp le f u n c t i o n s .  This  was enoug h to
establ ish water l ines  at all e leva t ions  and section l ines  at al l  s t a t i ons ,

Two t ypes of pa rame te r s  can be recognized One t ype is onl y w e a k ly  d e t e r m i n a t e ,
ari d can be expressed the re fo re  b y s imp le f o r m u l a t i o n s .  The o ther  t ype is s t r o n g l y
de te rmina te , and m u s t  be expressed as the  so lu t i on  of s i m u l t a n e o u s  e q u a t i o n s

In the  present  repor t  t h e r e  are documen ta t i ons  of programs and sub rou t i ne s  which
are specif ic  to shi p l ines In o ther  repor ts  there  will be do c u m e n t a ti on s i9, 20 of s u b r o u t i n e s
which  are of genera l  use for  pol ynomia l s  amid ma t r i ces

CARTESIAN COORDINATES

In the  sim u l a t i on  of offsets at t h e  s u r f a c e  of t h e  sh ip  it  us  conven ent  to use a
special coord ina te  system in w h i c h  % is t he  d i s t a n c e  b a c k w a r d  f rom the  fore
p e r p e n d i c u l a r , y is the  offset  f rom the m e d i a n  p lane , and is t h e  d,st anc ’e u p w a r d
f r o m  the  flat  bo t tom.  Associated w i t h  t h e  (‘ a r t e s u ’ c n i  c o o r d i n a t e s  are u n i t  vec tors  i. j ,  k
in the  d i r e c t i o n s of u n i c n ’ c ’ a s i n g  c o o r d i n a t e s  x , y.

WATERLINES

In accordance  w i t h  a f u n d a m e n t , m l  p h i losop hy of shi p d e s i g n . w , t t u ’ r l i n i e s  a c i d  s e c t i o n
T u n i c ’ s  are smooth  curves w i t h  asvnn p t o t e s  w h i c h  ar e  p a r a l l e l  to  t h e  m e d i a n  p l m n i e ’  of
t h e  sh ip  S m o o t hn ess may  be achieved  w i t h  sunp le n n i , m t h e m n a t i c o l  f o r m u l a t i o n i s .  The
simp lest cu rve  w i t h  s t r u i g h t  asy m p to te s  is t h e  h y p e r b o l a . in w h i c i ’, casu ’  t h e  o n d i m i a t e s

i re ’  e x p r e s s e d  in t e ’ n r n i s  of t h e  ah s c i s s ,u c ’  by r a d i c a l s ,  The  o r d i n a t e  y for  a s imp le
hy p e r b o l a  us e x p r e ssed in t e r m s  of t h e  abscissa ,i’ h \  t h e  e q u a t i o n

( 1 )

w h e r e  t h e  p a r an i e t c ’ r e is de f ined  by t h e  e q u a t i o n ,

GV =J V ‘ r 0 ( 2 )

w h i l e  x~ us  t h e  locus of the  center  of t h e  h ype rbo l a . c,~ is t h e  s e mi d i am e t er , and ci
is t h e  slope of t h e  a s y m p t o t e s

It is poss ib le  to s t r i n g  t o g e t h e r  a set of hyp er b o l u s w i t h  d i f f e r e n u t  p o s i t i o n s  a n d
dini ens i on i s t o  fo rm exce l l en t  s i mu l a t i o n s  of conven t  i o n i a l  w , c t  u ’ r ’ l i c i  es l e t  a ~v at  c r I m e
he r e p r e s e n t e d  h ’, t he  e q u a t i o n

(7~~ f l~ a~~ ‘ ci~ x~~~~~— ‘ u’u~~’~ fl~ 2 
‘ eT 4 ( d l

w h e r e  t h e  p a r am e t e r s  are  de f ined  by t bc e q u c a t  i ons

a n r x~ ( 4 )

(s i ’) V

= .r ( I )

(7 4 ,i’ 14 (7 )

The o n i s t  , t n t  ~~ c o n t r o l s  t i m e  a n i o u n t  by wh i c ’h  t h e  w~~t e r l i n u e  is d i sp l a c e d  off t h e  n i e d i a n u
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p lane , and the coef f ic ien ts  ce~ , 02 ,  03 , 0 4 con t ro l  the  amp l i tudes  by w in c h  t h e  a i t e  r I m e
swings  in and out .  The asymp totes  of t he  c u r v e s  w h i c h  are formed by pairs  of hy p e r b o l a s
are para l le l  to the median  p lane when  the  coe f f i c i en t s  are r e l a t ed  in accordance  u i t h i
t h e  e q u a t i o n s

0., = -‘ 04 = 0 3 (8 )

The p a r a m eters 00.  0~~, 0~ can be com p u t e d  b y t h e  so lu t ion  of t h r e e  e q u a t i o n s  w h i c h
on u s t r a c n i  the  offse ts  to h , m v u . ’ specif ied va lues  at t h e  fore  p e r p e nd ic u la r .  at  t he  m i d s h i p

sect ion , and at the af t  p e r p e n d i c u l a r
‘T he c o n i a t , c n i t a  

~~~~~ fl~
, 

~~~~ ~~ con t ro l  the  c u r v a t u r e  of the w a t e r l i n e  in t he  f o u r  r c ’u i o c i s
whe re  the  c u r v a t u r e  is a n i a x i m u nr i . The u r v , c t u r e  has  fore  and af t  s y m m e t ry  w h e n
the ’  c o n s t a n t s  are r e l a t ed  in a cco rdance  a tb  t h e  e q u a t i o n s

(9 )

‘l ’he c o n s t a m u t s  have so l i t t l e  e f fec t  on the  w at e r l i n e  t h a t  t hey  , c r u ’  a l m o s t  a r b i t r a ry
They a rc ’  a d j u s t e d  by t r i a l  to give  good s i m u l a t i o n s  of conven t iona l  w a t e r l i n e s

The c o n s t a n t s  11 , 1 2 ,  i’ 1 ,  1 4 d e t e r m ine  the  pos i t ion  and t h e  slope of t h e  w a t e r l i n e
n i u ’ a r  two p o i n t s  of i n f l e c t i o n  The ’ c o n s t a n t s  have  a s t rong effect on t h e  w a t e r l i n e . They
c,’ u m u  be ad ju s t ed  b y t r i a l  u n t i l  t h e  o f f s e t s  are equal  to speci f ied  v a l u e s  at f o u r  spec i f i ed
p o s i t i o n s  a long the ’ leng t h  of t h e  shi p

An a t t e m p t w , c~ ma de to use l e ’ , ist  squares  for  the dd j u s t m n e n t  of consi  m I s  to
seven - at , ct  con  c t , c t  a set  ‘l’ h i u ’ r e ’  w ,is  i ’on i \ ’ c ’rge ’nce  when  t h e  dot  -i w e r e  e q u a l ly  s p i c e d
but  t h e r e  was  d i v e rg e n c e  w h e n  t h e  d a t a  werc ’ nioved t oo  close to  t h e  fo re  p e r p e n d i c u l a r
end  t h e  a f t  perpe n d i c u l a r . ‘Flu e r i t e  of c o n v e r g e n c e  or d i v e r g e nc e  w , c s  i n c r e ’ , c a e ’ d  w h e n
sequc ’nt ia l  it  c ’ r , c t  m o n u  of t l c e  f o u r  c ’ o n i s t , m m i t  i v , ca  rep laced by th c ’  s u n i u u l t a n i e o i u s  e ’ v , c l  l i m b  011

of t h e  c o n m a t  t n t  a t h r o u ~~t i inv c ’r s ior i  of ,c 4 ‘ 1 m a t r i x .  Thus  t h e ’ i ’ u ’  , m re  l i n t i t a t  i ons  on
t he c’ c i i b e  of a pp lic a t i o n  of t h c ’  r a d i c a l  t’ u ’ pi ’ ese n t a t m o n

In a e e r i e ’ s  of e ’x p e n i n , e i i t  s t h e ’  w e t  e r l i n i e ’ s  we ’re  s i m u l a t e d  w i t h  t l ie  p r o d u c t  of so res
of r ad i ca l s , h u t  t h i s  c o n n i f l i i e u t  i on  it — not  s u p e r i o r  to t h e  s u m i i p le sum of f o u r  r , i c i d (  c i a

SECTION I . I \F ~
‘l ’ t i e ’  be n d i  Ui .c ~‘ l ’  t . mon l i n e ’  is e ’ x J ( u ’ e ’ s s ( ’ d l  b~’ a l i c i e , c i  c ’o n n b m n at i o n  of a sI i ’ , m i ~~i h i t  l i n e

anud  a h v p i ’ r t ol~m I t  w , i s  f o c i r i d  p o ’m s u b l e ’  t o  o r i e n t  l i ne  and h ype rbo l a  so t h i t  one’  ie~
of t i m e  c ’ o m b m n a t i c u i  0 , m ’ m  p a r a l l e l  t o  t i m e  : c i e ’ c t i , t n i  p l a n e  The h u l e e ’  inc a sec ’t mon l i n e  is
achieved t b m r c u u g h  t l i e  d i v i s i o n  b y ,inot  he r  ra d ical .  If t h e  cons t  u n i t s  in bo th  r a d i c a l s  ire
t i m e  s o n i c . t h e n  t l u e  I i c c  e us  e x } resse ’I l  by t h e  sum of a c o n s t a n t  and t h e  d e r i v a t i v e ’
of a i’ , c d u u ’ , i l  cc  i l l m i e 1 r a t e c l  by  t h e ’  ( ‘qu i l t  tor i

- ‘~ I - ((‘~ n~ I d
= 1 * x I -- (~~cn~ ( 10 )

x I f i” o ’- fi dz

w h e re  t h e  1i , c r ’ ~ m m m e ’ t  en a us d e f i n e d  by t h e  e q u at i o n

a z a ( 1 1 )

and n , (I i r e ’  I o n i s t  n t  s The cu r c  e ’ wh i r l ,  is expressed  by th c ’se ’ f u n u c ’ t i o n s  is S shaped
w i t h  b m o r i z n n m t a l  a s v t c i p t ( I t  e ’m T er n u n i a t i o n  of t l i e ’  e c u r v u ’  , m t  t h u  b o t t o m  w h e r e  0 i~
ach ieve d if t h e  f u m , c ’ t  con , s i r e ’  i , i u l t  ip lied by t h e  f a c t o r

( 1 2 )
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where  c is a cons tant  This  fac to r  v a n i s h e s  l ike  the  square root of z as 2 0 , and
approaches un i ty  as * The curve  w h i c h  is expressed by the  f ac to r  is U - shaped
wi th  paral le l  a s y m p totes  The bo t tom of t he  curve oscula tes  a c i rc le  if the  r a d i u s  of
curva ture  is equal to u n i t y  S u b s t i t u t i o n  of t he  f a c t o r  i n t o  E q u a t i o n  (6)  in Append ix  0
shows tha t  the  radius of c u r v a t u r e  is u n i t y  if c An o p e n i n g  at the  end of w a t e r l i n e s
or section lines can be closed wi th  the s i m u l a t i on  of a circle if c is scaled to m a t c h
the wid th  of the opening.

It is possible to combine  f u n c t i o n s  to form e x c e l l e n t  s i m u l a t i o n s  of conven tiona l
sect ion l ines,  Let a section line be represented  by the  equa t ion

/ (1a ‘- 1 -‘- /
2 \ /  z 2 ‘i~

y ’= A l B ± C — -- - .=~~~- II - - - - - I ( 1 3 )
\ ‘. 1 6 2 2  / \ e 2 z~ /

where  the paramete r  a is defined by the  equa t ion

a = z -~~cx ( 1 4 )

The cons tan t  o de t e rmines  the posi t ion of the  bend The cons~ ‘nts ( 1,7  d e t e r m i n e  t h e
ang le between asymp totes of the bend . The c o n s t a n t  6 d e t e ’  t i ne s  the  c u rv a t u r e  of
the bul ge. The constan t  e de t e rmines  the  c u rv a t u r e  of t he  bui ~~e The c o n s t a n t s, ,4 , B,  C
can be computed  by the solu t ion  of th ree  e q u a t i o n s  w h i c h  c o n s t r a i n  t h e  o f f s e ’t <  t o
h a v e  specified values  at th ree  e l eva t ions .

DERIVATIVES

The c o m p u t a t io n  of areas  ami d no rmals  r ” r n l i , r e s  t h e  e v a l u at i o n  of p a r t i a l  d e r i v a t i v e s
The offset  y at the  su r f ace  us expressed as a f u n c t i o n  of coord ina tes  x ,  2 on the  m e d i a n

p lane by the  equat ion

y = f ( x . z)  ( I d )

The f u n c t i o n  us given by E q u at i o n  (3)  where  the ’  p c r ~c n n i c ’ t e n ’ s  a~ . 02 ,  (7 3 ,  (7 4 are the oi’i l y

f u n c t i o n s  of x , and t h e  o the r  p a r a m et e r s  are  f u n c t i o n s  of z D i f f e r e n t i a t i o n  w u t h  i ’ e ’sp ie
to i is expressed b y the  e q u a t i o n

0 c 0 i 
- 

(0 2 02 
— - 

(0 3 (7 3 (0 4 0 4 i l l / I
dx (1

2 - ~ (1,~ 
- a3

2 x (1~
w h i l e  d i f f e r e n t i a t i o n  w i t h  respect  to  z is expressed  by t h e  e q u a t i o n

do 0

~~Z

- dct~ ‘ , , d o ,  ~
- - - - rico 1 - - - ‘ 1 1 4

~ ~ (1k
” + ~~u * + u1 2 

- - x (1,” (7 3
2 -

~ (14 -
d i :  d i :  dz  .2

cc i(1~ d(1~ 
cc~~~ dfl~ — 

d(1~~ 
(14(1 4 d(14

~ c c
2 l iz  \ ‘

~L~~~~~a 2
2 d~ ~ (1.~

’ - IT ~2 d z  x (1 , ~~ 2 d:

cc ~ei~ di i 0 2 (7 2 d,r 2 0 ~ ~1~~~e 0 4 IT 4 dz 4
= ( I n

(1~
2 a~~ dz ‘(1 2 

, ~~~~ (j z  (1 dz  f~4 ..~ (7 4

The d e r i v , i t u v e  of t u e  1 c , t r c c c l e ’ t  e r a  ran  he d e t e n u r m u i e d  w i t h  t h e  s o l u t i o n  of c sy s t e m

of se ven  e q u a t i o n s  w h i c h  e x p r e s s  t h e  d er iv at  i c e s  of I hc ’ offset  , t  seven at i t  i o n i c

Ii



D i f f e r e n t i a t i o n  in Equa t ion  ( 13) leads to the e q u a t i o n

d y C 1 (7 2 62 )u 11 z~ ~~

~‘~~ 76~~ L~ \ l .s 7
2 a 4 ] ~~c z~~)

~~C +  \ 1  + 7
2 02 ]  ~ 2

— B C - I (18)
2 - “, ‘ l + 62 a 2 

-~ z~ ( c 2

w h i c h  can be used in the  d e t e r n r u i n a t m o n  of the  der iva t ives  of the  offsets  at  t h e  se v e ’ u i
s t a t i ons

‘T h e  vector  area on the s u r f a c e  per u n i t  area on the m e d i a n  p lane  us  g iven  b~ d
vector cross p roduc t  wi th  the  components

( 
~~ + 1 , - ( P H

d z l

A l t h o u g h these equa t ions  are  comp licated t h e y  mus t  be used fo r  t h e  con ’ m p u t a t c o n  of
a rea  unless the  r ad i ca l  r ep re sen ta t i on  can be rep laced acc ur a t eh ~’ by a n o r t h o n o r n r u a l

po lynomia l  r e p r e s e n t a t io n .

OR T II ONORMAL POLYNOMIALS

Let u~ , - , u,~ be a d i sc re t e  set of va lues  of a p a r a m e t e r  u , ami d let  ;~ i i l  , ,, ~~ ,, I u I
be a set of pol y n o m i a l s  of p rogress ive ly  i nc reas ing  degree  The pol y n o m i a l s  are ’
o r t h o n o r m a l  if t h c ’v  s a t i s f y the equa t ions

(20)

where  us zero if j  * k and  is u n i t y if j  = k The p o lynomia l s  are i~c ’n1e ra te ’ d by t h e
t h r e e  term r e c u r r e n c e  e q u a t i o n

W k( u )  ~U~~k~~~( U)  — (1k~~ I~~~k ( u)  - 
~~~ 

( u ) ~ ( 2 1 )
0 k I 1

w h i c h  is s t a r t e d  wi th  the ’  p ol y n o m i a l

— 
1 

)29)
\ 0

and  uses t h e  r e cu r r e n ce ’ c ons t an t s  o~ and (1k i The d en i v , , t  y e ’s of t h e  pol yn o m i a l s
ire  g e ’cc e r at ed  hy  t h e  t h r e e  ‘t e rm r e c u r r e n c e  e q u a t i o n

~~k 
I 

( u )  + u 4~~k 1 ( u)  (1k c (ti ) .~ 2 ( a )  (23)

w h i c h  is s t a r t e d  w i t h  the  d e r i v a t i v e

+ ( I ( i L )  = 0 ( 2 1 )

Thuc ’  r e - I  u r r e ’ n i c e ’  e q t i a t  m o m i s  c a n t  be i u s u ’ i l  to e ’xpam i d t h e  ort hon ,on’n ’cal  pol yn om i a l s  in

7
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, t s e ’ e ’ n c d i n i g  powers  of t he i r  argunn c ’m ,t  a , b u t  th us  e x f i i n i s i o c i  is m n i e i d l c u s r i b l e  h im , i C s e ’  I h e ’ c ’ e

a re l , c r g u ’  t e r m s  of i n t e r r r i e d i , t t e ’  decre e ’ w h i c h  c , c u i s e ’  loss of ci cu r a c c - by n ’ o u n m d  ofT
Let c0, - . c’,~ be t h e  c o e f f i c i en ts in a s u ’ c ’ i e ’ ~ e x p a n s i o n ,  in t e r c n r e  of t h e ’  pu l y i t o m m a l s

An an b i t r a r v  f u n c t i o n ,  f b i  d e v i , i t  u ’ s f r o n t t h e  ~e n ’ o — e ’ x ’ F i i r i s i o n i  c o i l  Ii a st  , c n i ( h a r ’d dc ’o ’ m a t i o m u
a w h i c h  is e x p r es s e d b y the  c ’qu at i om i

I 
~~

, f )  ~ (
k~~~ A ) l i ) ( 2 4 )

ci i 1—0

D m f T e r e r m t  t a t i o r u  w i t b i  r u ’ep e ’c t  t o  t h e  c o e f f i c i e n t s  s t i o a  t h a t  f o r  l u ’ , i s t  square ’ s d e v i a t i o n ,
t i m e  f u i  n m c ’ t  ion  is r e p r e s e n t e d  by t h e ’  e ’q u ec t  t on

Il m

f(u) 
‘
~~

‘ 
“ f(u ~ .~ 1. (mJ ~ ,~ 1 1 )  (20  /

i ~ k 0

and  i t s  d e m ’u v a t  i c e ’  is e u v e n i  by t h e  e q u i c t  i o n

f l u )  = ~ ~~
‘ f (u~ i~~1)i i 1 i~~0(ii ) (27)

(11.1 i I ‘ 0

‘l’he s t i l e ’ —, e x p a n s i o n  I - o , i v e - n ’ c e ’ s  t o  fl e d c v u t l m  o c i l v  we ’ ,tk r e q c i u n ’e ’ n i e n c t s  on t i l e -  ( ‘ o n r t m n o u i t v
ot’ f( u ).

ISOME1 ’Rl ( ’ l ’ARAMF ’I ’FRS

The ’  n i u e p ~e i n u i c of a q i i , d n ’ W t t  en’ , )  o n t h o  n i i ’ t h i , n i  P l t r i e  us ‘. i n i c i i h , u c  , t t  t h e  h o t t o n ’n , w h e r e
t i n c .’ s u n ’ f a e ’ e ’  us  p e n ’ p e n i c l u c ’ c i l a n  t o  t h e  n m i e ’ c h i , i n u  S i n e  l o n e - is i t o  s i i (  h i  * i i i ~~u i l , c m ’ i t y  n i  a m ,

m s c u n i u e t n m c  n m i a p p i m u g . The ’ C , n r t e ’ s r , i n i  c o o r d i n a t e ’ s  ,r , ~ on t h e ’  s u r f , i e e  ice e xp r e ~~s e ’d  I s
f u m n m i ’ t t o n s  of s u n - t i re  coorch u i a t e ’ s  u . m in t i m e ’  n n u a p  ‘ F t i e  s i i c ’ f , o - e ’  i ’oo n ’ ch m m m , i t c ’ s  i c e  n o r n i i a l i z e ’d
so t h i t  t h e y ea t  i s f y  t h e  n n e q u c l i t  i t ’ s

- - 1 ~ u + I I ~
- m ‘~ - 1 (28 )

In t he  l i m i t i n g  case of a s l e n d e r’  s h i p  t I n e ’  e ’ o e u n ’ i l i m i , t t u ’  I n n i , \ he  e N l u ’ e ’s s e ’d  ,u s  ,c l i n i e ’ an’
f u n c t i o n  of t he  c ’oorch in ’ i a t c ’  o amid  t h e  n ’ o o r d u n , i t  e s  ~~. z nn ev be e ’x 1~ ’e’sse d w i t  hi
o r t h o n o r m n a l  p o lyn o m i a l s  of t h e  c - o o r d u n i , i t  e , D i s c r e t e  v a l u e s  of i f o r  t b ,u ’  e x p r e s s i o n
of c o o r d i n a t e s  arc ’ e s tin n a t e d  n i t  i a h l v  F rom ,, t i e ’  p e n i n i , e t  en of a p o l v ~~o ni  w h i u c h  us  i n sc r ibed

r u t h e  s e c t  i on  l i n e  The m e t  m ’ uc  I a l o n g  t h e  s e c t i o n  h u e  is i l e t i n u e d  by U,c ’ e q u a t i o n

dl (J y ‘
~

‘ ( ( 1.: \
d c \ e l i  I i~ 1 I

\ ‘aj u i e ’ s  of t h e  n c i e ’ t r i c ’  ,i n’e ’  c o nnp u t e d  , i t  t h u  ( l i s t  m e t e ’  ‘, , i l i i e ’ s of m , t h e ’  n u e ’ t n i c ’  u s  e ’ x p r ’ e ’ e~ e ’ d
as a power  p o i v u u e i n m u i c l  t o  a m i d  is i n i h e ’ U n ’ , l t ( ’d  w i t h  n e  “ p e ’ c t  t o  t ‘Fire ’  d i s i ’ c ’ e h e ’  c s u l c m e s

a re  r e f i n e d  b~’ ut . c ’r a tu on  u r , t i l  t l m c ’  n m , e ’ t  c i i ’  m a  u n i f o n n n u  a l o c i ~ t t i e ’  se ct  ton i i c i u ’
1 p o s i t i o n  c u ’ c t u c ’  r on t h e  s u n ’ f , u ( ’ ( ’  of t h e  q c i a d i - m h i t t c ’r a l  us  g m \ ’ e n u  ho t h u u ’  c ’ q c m a t m o c m

r = r i  ‘ y j  ‘ zk  ( 30)

A y e - c t c r  s l m n ’ f l u ’ e ’  e l e m e n t  n m i t lie q c i c c d r i l a t  or a l  is emv e n  by t h e  i ’r oss  pro d uc t  b e t w e e n

8
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d i f f e r e n t i a l  d i s p l a c e m e n t s  of r fo r  d i f f e r e n u t u a l  c h an ges in u , u The v e c t o r  + i r l ’ ,i s mc
t h e  q u a d r i l a t e r a l  per u n i t  a re a in the  m a p  is g ive n b y t b ,e  e ’qu -o t i o i i

i j  k

d x d y d z
5 =  - . ( . 1 1 )

du du du

dx d y dz
( IC th dc

The yc ’ctor s m a y  be expressed  in tc ’rms of i t s  co n i p o ne n t t s  I , c c i ,  cn Ii ’,’ t h e  e ’ q i i ~c t mon

a — Li ‘ mj  -- oh ( 32 )

The c o n np o n en i t s  I , rn , 0 are the ’  co fac - t o r s  in t h e  d e t e r m i n a n t  of t u e  L q u a t i o m i  ( 31 )
I n s o f a r  as an a r b i t r a ry  f u n c t i o n  can be expn ’c ’sse ’d ir ’n p h i c i t l ”  in powc ’rs of th c ’  s u r f a c e ’

coord ina te ’s , t h e  f t u n c t  ion  can be i n t e g r a t e d  over t h e  nmel p Sep e ’r~c t e  i n t e g r a t i o n  w i t h ,
respec t to  eac ’hm su r f ace ’  c o o r d i n a t e  is made  poss b l e ’  w h i e ’ m i  t h e ’  n c i a p  is s u b d m v u d c ’ d i n t o
a gr id  of l i n e s  p a r a l l e l  to tbo e s ides of t h e  map and  w i t h  a s p l i c i n t O  p r o p o r t i o n a l  to  t b - c
roo t s  of a ( ‘hc ’by shev p o h y n o n u a l  Then t h e  n m i , , t  n i x  of i n t e g r a t i o n  m e i l t u p h i e r s  f o r  t he
s e h i u r i i ’ e  map  us t he  ma t  cix p r o d u c t  of the  a r r a y s  of n n u l t  i p l i e ’ r~ for  l i n e  n t  e ’~~r ,d i o n
The r e s i e l t s  of t t u e s m o o t h  si m u l a t i on  are t h r e e  n ’na t n ice ’s  ,\ ‘ . 1, Z c o h i c h  l i s t  sur facc ’
c o o r d i n a t e s  amid  t h r e e  m a t n i c e s  L , ti A’ w h i c h  l i s t  s u r f a c e ’  c ’ o r m m p o n e m i t s  f o r  t l i e ’  g r id
p o i n t s  ur ~ th c ’  m ap .

SIMULATIO N

The w i t  u ’ n ’ l o i e ’ s ’,~f t h e  S e ’ n i e e  60 , l h l ock  0.60 sh ip  c o n i f i g u r a t m o m i  t i l i v e ’  be c’n , s i m n i u i , c t  ed
au th  t h e  r ad i ca l  ce -p r e s e n t  a t  ion of Eq m i a t m o m i  (3 ) .  The p a r a m e t e r s  i nc t b~e r epn’ e ’ s e ’ n i  t a t  ion i
c ve ’ rd ’ ad j u s t e d  by t r i a l  u n t i l  d e v i a t i o n s  in of fse t  were ’  op t i m u m  in , i c ’c o r d , i n i c e  w i t  it I he
Cheb y shev  c ’rmt c ’n io n  The r a d i c a l s  fo r  a r e ’p r e ’ s e ’n u t  a t  vc ’ w a t e r l i n e + i r e ’  i l l u s t  r at  i’d f o r
conn ipa r i son  in E i gu re  I

Offse ts  were c o m p u t e d  e,t e e ’ v e ’ n i  s t a t i o n s  a long t h e  leng t h  of t h e  sh ip  f rono  t h e
o p t i m c m m r a d c c a l  r epr c ’sc ’nct  ot i on  The o f f s e t a at t h e  seven ,  at  , i t  i on s  were  s i m u h a t  ed w i t  ii
the ’  sect  cut  l i n e  r e p r e s e n t  at  ion nf ~1 q t i a t  mon ( 1 3 )  ‘l’hc’ p ar a m e t e r s  m i  tb -ic r ep resen t a t i o n
we ’ re ad j u s t e d  by t r i a l  anch by e as t  squa res  F u r t h e r  ad j u s t m n e n i t s  were  nc ’c cs sa ry  in
the  a f t  bod y in order  to o b t a i n  f a i r  s e c t i o n  l ines  E f f i c i e n t  t r i a l  c o m p u t a t i o n s were
made  poss ible  by an h l b ’ 0 7  p r o g r a m n i n ,~i b h e  pocket  c o m p u t e r  The  f i n a l  p a r a m e t e r s  in
the  sm’n’ioot  h s u n n u h a t m o n t  are t a b u l a t e d  in A p p e n d i x  A

The  c l e v i a t i o c i s  in  o f f s e t  b e t w e e m i  t h e  t a b u l a r  da ta  and the  f in , ah  s i m u l a t i o n  are
i l l u s t r a t e d  in F i gu re  2 Thc ’re is good a g r e e m e n t  near  t h e  bow , b u t  thc ’re  is d i s a g r e e m e n t
near  t h e  s t e rn , b ecause ’  t h e  s t e r n  post  has been moved a f t  to  t h e  a f t  p e r p e n d i c u l a r
Any  r e s i d u al  d i s e ’ r e j i , t m i c ’ v  ( ‘ in  he I o n i s i d e i ’ e d  as a local  d m s t u n ’b a n c e  in t h e  g lobal
confi g u r a t  mon

The f i n a l  f n r n n u l a t m o m m  was uceed m m  t h  c ’o n , st r u c t i o n  of a c losely  spaced t ab l e  of
o f f se t s , w h i c h  is i l l u s t r a t e d  l iv  po u t  - - F’m gu r e s  3 and 4 The t a b l e  of o f f se t s  was
conver ted  i n t o  a r c  or th ~) m i o r n n cl p o l y n o m i a l  r e p r e s e n c t a t m o n , w h i c h  is i l l u s t r a t e d  by

i m rv c ’ s  in F’m g i u r e ’ s  3 and  1 ‘ l ’ h i i ’ r e  us , o ’ c u i r + i t e ’  a g r e e m e n t  b e t w e e n  p o i n t s  and  euro-es
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PROGRAMMING

T r a n s f o r m a t i o n s  of shi p l ines  be tween  t a b u l a r  f or m a t s  and f u n c t i o n a l  f o r m a t s  is
accomp lished t h r o u g h the conca tena t ion  of sub rout ines  and programs

The pa ramete r s  in t h e  rad ica l  r epre sen ta t ion  are no rma l i zed  to give specific offsets
at three s ta t ions  b y the f o l l o w i n g  s u b r o u t i n e

SJBPOu , ’Ii + .+ , • .
~ ( + ,, ,

~~
, 

~~,
‘, 43

FORTRAN SU I 3 R O U T I N E  FOR N O R M A L I Z A T I O N  OF W A T E R L iN E

The long i t u d i n a l  coord ina tes  of threc ’ s ta t ions  are given in the  3 u e r r a \ ’ ’ ’ .. The
parameters  11, 12 ,  X 3, 14 are given in the  4 a r ray  i-” . The pa ramete r s  ( 1g .  (1~~fl~- fi~ 

are

g iven in the  4 a r r ay  t-h . The offsets at the th ree  s ta t ions  are given in the 3- a r r a y
New coef f ic ien ts  are compu ted  by the  solu t ion  of three l inear  equa t ions  The

coefficients  a0, 0 i ’  l~~, Q~~, cx~ are s tored  in the  5- - a r r a y  Ad .
The offset  on a w a t e r l i n e  is c o m p ut e d  by r e f e r e n ce  to the f o l l o w i n g  s ub r o u t i n e

Ad ~B , ~)

FORTRAN St .’i IROU ’I ’I N F FOR WATERLINE OFFSET

The long i t u d i n a l  coord ina te  r is g iven in the a r g u me n t  ‘ The p a r a m e t e r s  -O’ i .  1~~, 1e 14
are given in the  1 - - a r r ay  - ‘- “ The coef f i ci en t s  a~ , ce 1 0 2 ,  03,  (3 4 are g iveni  in t h e  5 — a r r a y
44. The pa ramete r s  (1~ (12 (13. (1~ 

are given in the  4 - a r ray  -‘-P. . The offset  is computed
f ronn  thc’ radica l  r e p r e s e n t a t i o n .  The offse t  y is s to red  in the  f u n c t i o n  ~~.

The d e r i v a t i v e  of the  offset  on a w a t e r l i n e  is c o m p u t e d  by r ef e r e n c e  t o  t h e  fo l lowing
s u b r o u t i n e

- 
‘ ‘1 ‘ ,3 ( ‘ , 

~
- ‘ , dA , 43 , D)

FORTRAN S L I I R O U T I N L  FOR DE R I VAT VE OF W A T L R I . I N F  OFFSET

The long i t u d i n a l  coord ina te  x is given in the a r g u men t  ‘ . The p a r a n m e t e r s  X~~, x~~ 13, 14
are giv c ’n i  in t he  1 - a r r a y  “ X ,  The- coe f f i c i en t s  0o- 0 c ’ 0~~ , (33, 04 a r e  g i v e n  in the  5 a r r ay

‘Fhc’ pa ramete r s  (1 1. (1~~, (1g .  f l~ are g iven in the  ‘1 a r r ay  ‘- ‘~ The d e r i v a t i v e  u s c o m pu t e d
f r o m  the  rad ica l  r ep r e sen t a t i on .  The d e r i v a t i v e  d y dx is stored in t h e  f u n c t i o n  0

The p a r a m eters in the section l ine  r e p r e s e n t a t i o n  are a d j u s t e d  to  gcve a specific
offset  at one w a t e r l i n e  by thc ’  f o l l o w i n g  s u b r o u t i n e .

~~~~~~~~~~~~ ~~~~~~~~ (, ‘ , CC , ~~~

F ORTRAN l I R O U ’ F I N E  FOR N O R M A l I Z A T I O N  OF’ SF.~CT ION l I N E

The e l e v a t i on  c o o r d i nat e  of I he w a t  e r h m n e  is given in I lie , u r C u i n c l e ’ n u t  . ‘
~~~ The p a r a r c n e ’t  c’r s

di , (1, 7. 6 , c . .1 , 8, f’ are g i v e - n  cu t h e  8 a r r ay  CC. The of fse t  , t t  t h e  w a t e r h i m i e  is e~mv en n  in
t h e  a r g u m e n t  The p ar a m e te r  C is ad jus ted  t o  n n i ak e  t h e  c o m pu t e d  offse t  equal  to
t h e  g mv e m i  offset
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The offset on a sec t ion  l ine  us connpu ted  by re fe rence  to t h e  f o l l o w i n g  s u b r o u t i n e .

4 . ’~~~~~
’ ’ .~ Si ’ .I’ - (2 , CC ,

F O R T R A N  SI ’F3 RO L T IN E FOR SECTION LINE OFFS E T

The e l e v a t i o n  cc o r d in a t e  is g i v e - n  in the  a r g u n i en c t  1, The p a r a mn e t e r s  cc , ( 1,y .  d , c , 4 ,  8, C
are eic ’en c in t h e  8 - a r ray  CC. The of f se t  u,’ is s tored in f u n c t i o n  H

The d e r i v a t i v e .’ of the  offset  on a sec t ion  l i n e  is c o m p ut e d  b~’ re ’ f e ’r c -ne  e ’ t o  t h e
f o l l o w i m i g  s u b r o u t in e

SU BRO- .~ 3 ’ .0 ~ ,‘ , CC , 0)

FORTRAN SLHROL ’l ’l \ b  F O R  D E RIVATIVE OF SECTION LINE OFFSET

The e levat ion  coord ina te  is g iven in t h e  a r g u m e n t  2 . The p a r a m e t e r s  o , ( 1, ”, . 6 , c , , -1 , B ,  C
are given in the 8 - a r ray  CC. The de r iva t ive  d~e ‘d z  is s to red  in f u n c t i o n  5.

The t r a n s f o r m a t i o n  of offset  da ta  from f u n c t i o n a l  f o r m a t  to t a b u l a r  f o r m a t  is
accomp lished b y r e f e r e n c e  to the  fo l lowing  p rogram

‘5 . ’ ‘ . 4 ’ . ’ ~~‘ .~~~. 
A~~ L7 , ~~~~~~ ~

)

FORTRAN PROGRAM FOR SMOOTH SIMULATION

The pa ramete r s  for  sect ion l ines  at seven s t a t i ons  are g iven  by I’-~~-~ s t a t e m e n t s  The
i - - coo rd ina t e s  and the  z — c o o r d in a t e s  for  a tab le  of uIl sets are  given b y ‘ -~-

‘
-~ s ta te men t s

A m a t r i x  of p a r t i a l  d e r iv a t i v e s  of offset  wi th  respect  to p a r a m e t e r s  f o r  each w a t e r l i n e
is derived f r o m  small i n c r e m e nt s  in the  p a r a m e t e r s .  Inve r s io m u  of a succession,  of
m atr ices br ings i n t o  agreemen t  the  w a t e r l i n e  o f f se t s  and t h e  sec t ion  l ine  o f f se t s  at
the seven s t a t i o n s  The table  of of fse ts  is w r i t t e n  on -

The wat e r l i n e s  of t h e  ship are compared  w i t h  t h e  d a t a  f r o m  w h i c h  t h e y  arc’ der ived
by r e f e r e n c e  to the  f o l l o w i n g  p rog ram

~,os ~~ IP C I , 0U T ~~~~~, ,~~~.:‘ ~-~Pc7 )

FORTRAN PROGRAM TO PLOT OFFSET DAT A AND W A T E R I , I N F S

The x coord ina tes  of s e c t i o n  l ines  and ti,e c o o r d m n u , t t e ’ s  of w a t e r l i n e s  i re  g i v c ’ n u  in
s t a t e m e n t s .  The of f se t  da ta  are g iven  on -‘~“E Noise ’  in  t h e  offset  d a t a  is re d uced

to Ic - oa t  squa res  by on t h o n o r m a l  p e l y n o m n m a l  r ep re sent  , e t i on  The  w a l e - c l i n i c ”  i re f o rced
to  pass  t h r o u g h the  end p o i n t s  of t h e  c h a t , ,  by ,, h u n , e a r  ad j u s t m e n t  Plot i n u ’ t r u c t u n n s
for  t h e  (‘a lComp p l o t t e r s  are recorded on

The sec t ion  l ines  of t h e  sh ip  are connpa red  w i t h  t h e  d a t e f r o m  w h i c h  t h e y  ore
der ived  b y reference  to t h e  f o l l o w i n g  pr o g ran i~
P~~. .- , P ” ’ ,’ 34:: ‘ ( . ~ °J , OU T P L .l~~, T ’ ’ ’ , - 

-

FORTRAN P R O G R A M  TO PLOT OFFSET DAT. .\ A N I )  SECTION . l N b ’ S

The x c o o r d i n a t e s  of sect ion u r i c - s  am i d  t h e -  z c o o r d i n a t e ’ s  of u c a t o n i m n e s  are g iven  in
04 ’ - s t a t e n n i e ’ n n t ’ e  The offset , d a t a  are g uvc ’nu  on ~c - L ’  N o i s e ’  in  t h e  of f s e t d a t a  is r e d u c e d

11 

-- - -~~~



r ~~~~~~~~~~~~~~~~~~~~~~~~~~ 

“- “ ‘ 

~~~~~~~~~~~~~~~~~~~~~~~~~~ 

‘

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

‘

~~~~

“

~~~~~~~

-‘ --

~~~~~~~~~~~~

- - - --

~~~~~~~~~~~~

-

~~~~~~~~~

to least squares by o r thonormal  po lynomia l  represen tat ion  The sect ion l ines are forced
to pass throug h the end points of the data by a l inear  ad j u s t m e n t .  Plot  i n s t r u c t i o n s
for  the CalComp plot ters  are recorded on TAH

DISCUSSION

The least squares convergence  of a pol y n o m i a l  to a radica l  is rapid on ly  w i t h i n  t h e
range of convergence of a Tay lor series expans ion  The slow convergence  of the
polynomial  r ep resen ta t ion  l in n i t s  its range  of app l i c a t i o n .  The dmfT er emi ce  between
representat ions is exemp lified b y the i r  behavior  w i t h  i nc reas ing  a r g u m e n t s  The
pol ynomia ls  inc rease  i n d e f i n i t e l y w ith  an i n c r e a s i n g  rate , whereas  the radica ls  approach
asymptotes  of f i n i t e  slope

Once one smooth  sim u ia t io n  has been achieved it is possible to genera te  an in f in i t y
of other smooth s imulat ions  wi th  the  scaling of b read th  and d r a f t .  Changes  in b lock
coeff ic ient  can be achieved w i t h  sh i f t s  in the cen te r s  of t he  hyperbolas .

The use of radicals has been successful  for  the  f a i r i n g  of a i r c e r c h a n t  ship wi th  a
f la t  bo t tom.  The use of radica ls  looks p romis ing  for  the f a i r i n g  of a comio p l et e  range
of shi ps f rom t an k e r s  wi th  b l u n t  bows to w a r s h i p s  wi th  sharp  bows. R e p r e s e n t a t iv e
shi p p lans are in hand , am o d some t r i a l  r o m n p u t a t i o n i s  a- i l l  be u m m d e r t a k e m m  if t i m e  p e r m i ts
Ther e - wi l l  not  be t im e  in t he  present  project  fo r  a t ho rough  i n v e s t i g a t i o n

( ‘ON (’LU SI ON

A rad ica l  r ep resen ta t ion  has been successful  for  the  smooth  s i m u l a t i o n  of a m e r c h a n t
shi p. The pos s ib i l i ty  of u s ing  rad ica l s  in the  f a i r in g  of t in k e r s  and war sh ips  sh ould
be inves t iga ted  f u r t h e r ,

12
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DIHEDRAL FLOW

That  the  velocity is u nf i n i t e  f o r  po ten t i a l  flow over a convex d i h e d r a l  angle  can be
unders tood f rom an anal ysis in t e rms  of complex var iab les .  Let u be a comp lex
p o t e n t i a l  which  is expressed in terms of i ts real and  i m a g i n a r y  p a r t s  by the  e q u a t i o n

c,. = u~ - i t  ( 1 /

Let z be a comp lex posit ion which  is expressed in t e rms  of i t s  real  and i m a u z i n i a r v
pa r t s  b y the equa t ion

z~~~x~ - i y (2 )

If u~ is an ana l y t i c  f u n c t i o n  of z. t hen  n/ cc , dz is i n d e p e n d e n t  of t h e  d i r e c t i o n  of (/2 .
arid u , t sat isf y the Cauch y — R i e m a n n  equa t ions ,

du Oi, d c  u5u
- I - - ( :3 )

Or Or Oy dy

Dif fe r en t i a t i on  shows t h a t  is , v sa ti s f y the  Lap lace e q u a t i o n s ,

(t ” i d” e— ~~O - - . - - , .:0  ( 1 )
012 dy 2 Ox ’ nt cj ”

If dC is a l ine  e l e m e n t  in t h e  :- p l a n e , t h en  the  f l u x  of - ~‘u ,Ic ’r oss a l i n e  w i t h  n o n ’ n i a l
niz is the  change  in u. a long the  l ine  e lement  d: Thus  if u is a ve loc i t y pat e n c t i a l

such t h a t  v e l o c i t y  u s t h e  n e g a t i v e  g r a d i e n t  of ci , t h e n  u is t h e  st r e a n n  f u n c i ’ t  i on  such
t h a t  t h e  f l e ix  be tween  s t r e a m l i n e s  Is the  di f lerc ’nd .’e i n c

l e t  ii l ie expressed by the e q u a t i o n

ci = c ( 0 )

w h e r e ’  ‘s is a n on i m ’it e ’ge r  e x p o n e n t  By Euler ’ s th e o r e n , t  t h e  c o n u u p h e x  p ar t  — - t i e’  e o c i t c ’ -  t c 2

by t h e ’  (- q u J a t i o l ,

ci ci  = r’~~s i c i  ‘,‘~~ 
— 1 e’ ’ e c - ~ ‘aç~ ( c i

w h e r e ’  r ~ ,j r e  c y l i n d r i c a l  po la r  co o r d i n at e s  such  t h a t

I r cos~~ y r s i m c c~ ( 7 )

t he it  t t e e ’  s t  c c c i i i  f u n c t i o n  is zero w h i e ’ c ’ e ’

( / 1 )

(“ c c i  ,t convex  d i h e d r a l  , c c e ~~l e ’ . ( l i e ’  r an g e  of ç~e is more  t h a n ,  and —
~ is l e s s  t h a n  u n c i t v

S i n e e’ d e r i v a t i v e - s  w i t h  r e - sp e c  t to  r ron , t a in i  t h e ’  f a c t o r ’  r~ ~, t h e ’  d -u ’ i v a t  a-u ’s  hec’orn e
i n f i n i t e ’  is r — 0 .

It  is r i o t  i e e e  e ’ss, , c -v  fa n’  the  f lu i d  t e e  , t d t c e ’ r e ’  t o  t h e ’  d i h e d r a l  h o u n i nj a r v  in  i i i  i d e a l
f l u i d  In ,c more r e a l i s t i c  f low t h e r e  w o u l d  he ’ “cep~t r i t t t o n ,  w i t h  l I c e ’  o r i c i c i , i t i o n  of ,i
v or t  e’x s h e e t  f r o m  the ’  ~‘e ’rt  t x  of t t ,e  d i h e d r a l  a n g l e  Im a g i n e  wh et a n et  w o r k  of v o r t e x
“ l i c e  ‘I s  w o u l d  t r a i l  b e h i n d  a p o l y h u e ’ d r o m t ’
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SPLINE CURVE

The shape of the  non l inea r  sp line is computed wi th  f in i te  d i f f e r ence  t e c h n i q u e s  by
%I a lco lm iO , The shape of the  phys ica l  sp line  is given p re fe rab l y by e l l ip t i c  i n t e g r a l s  for
w h i c h  the re  are e f f ic ien t  subrou t ines .

‘J’he spline is a long slender elast ic  bar ,  It is ben t  i n to  a curve  b y the ’  app l i c a t i o n
of forces  and torques  to its ends . Let r , y be the Car tes ian  coordina tes  of a po in t  on
the  curve.  The shape of the  curve is de te rmined  by the  e q u i l i b r i u m  of forces and
to rques  on each d i f f e r e n t i a l  e lement  of the bar .  Let the  curve  be d iv ided  in to  se- ~ n , e ’n i t -
of leng th dl E q u i l i b r i u m  requires  tha t  the  net  force on any  segment  be zero , w h a le
equa l i t y  of ac t ion  and reac t ion  requi res  t h a t  the  forces across a sect ion sha l l  be e q u a l
in m a g n i t u d e  but  opposite in si gn.  Let f  be the  force  w h i c h  one side of t h e  bar exe r t s
on the  segment  of leng th dl .  Then f  also is the force  wh ich  the  s e g m e n t  of leng t h  dl
exe r t s  on the  o the r  side of the bar .

Let the  cons tan t  force  f  be di rected along the y - axis .  The fo rce  f  exe r t s  a t o r q u e
of m a g n i t u d e  f  dx on the  segment  of leng th  dl .  The to rque  nnust  be b a l a n c e d  b~’
d i f f e r e n ce d ,t1 in the  m o m e n t s  which  are appl ied to t h e  ends of t h e  sc ’~~u i i e ’ c i t  The
m o m e n t  .11 is p ropo r t i ona l  to the  cu rva tu r e  of the bar .

If no fore - c is app lied to the bar , t h en  the  m o m e n t  SI is c o n s t a n t  The bar  is b e n t
i n t o  an arc of a circle .

If a force  is app lied to the  bar , t h en  the  m o m e n t  11 is a l i n e a r  f u n c t i o n  of x I c t
the  or ig in  of r be located at a point  where  t/ is zero . Then t h e  morr cent  .11 i s  c c v c ’ n i  by

t h e  e q u a t i o n

t i - f r  ( 1 )

The n i i o m e c i t  If is  g iven in t e rms  of the’  c u r v a t u r e  of t h e  bar by t h e  e q ua t i o n  C

dO
.1/ = K - ~ (‘2 )

whe ’re K is the  bend in ig  m o d u l u s  of t he  bar , and 8 is t h e  ang le w h i c h  t h e  t , c c i i z e ’ n t  t o
the  curve  makes  w i t h  t h e  , r — a x i s

The ang le 0 is def ined by the  e q u at i o n

0 ~~~~~~~~~dx

1) i f l er en t t a t i on  w i t h  respect  to r leads to the  equa t ions

d 2y
dO dx 2

dx 
( d ~~

)

2 ( -I )

and

~
(

= 1 - ( - ) ( 0 )
dx \ \rir
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w h i l e  the  r a d i u s  of c u r v a t u r e  R is given by the  w e l l - k n o w n  e q u a t i o n

1 
= 

dO 1/12 
( 6 )

R dl / d y 2 2
l ” ~-

The sp l i n e  curve is d e t e r min e d  t h e r e f o r e  by t h e  e q u a t i o n

d iy
dx 2 f

3 =
”’ 

(7 )

- 
(
~~Y~1 ~, dx !  I

I n t e g r a t i o n  le ed s to the  equa t ion

e/y
dx- _____ = a - “r ( 8 )

I 1 dy

w h e re- a is an , c r h n t  r , c r \  c o n s t a n t  end c is d e f in e d  by t h e  e q u a t i o n

= 
f  ( 9 )

2K

S o l u t i o n  f e c i ’  d y dr cu d  in , t e g r a t  ion Ic - ed  to  t h e  e c lu a t i o n

- c/,r ( 1 0 )
3 \ I a rx  \ I ‘ e’i -

l b s  s e c  le ’3 i t  u t i o ns

i i - 0 ) ’
I =

~~~
— ) cos 4c ( 1 1 )

c

~en c1

k (
I (I 

( 1 2 )

e a c v e ’r t  t h e ’  i i t t e g r i - t t i o r ,  i r c t o  e l l i p t i c ’  i n t e ’o n ’ ,cls as e ’ x 1 c n ’ e ’ s- ’~e ’d by t h e  e - q u , e t  o n e

y =  P (~~. k)  
\

H~~~~
. k )  1 1 : 1 )

w h e r e ’  t h e  e l l i p t i c- i n t e ’ g r ~i l ”  of t he first  an d second  k i n d s  t i e ’  dc- f i ned  cv the ’  e ’ q u a t  i o n t s

/ ‘(Ø , k)= ) ( I I )
~~o \ 1  k . i n ~~,

j i,’(~~ , A’ ) - I AH si c i~~ d~ ( 1 5 1
.3 0

i t t e  e l l i p t i c  a i t eg r a l s  g ive  the  locus of f r e e- e l , t s t  ic sp l i i i e  Whi( ’h  is sub ject  t i c  lo ve c ’s
a lone , t t  i t s  ends .

2
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CALCULUS OF VARIATIONS

Let x be an i n d e p e n d e n t  va r i ab l e  and let y ,  y ’ , y ” be a dependen t  v a r i a b l e  and i t s
de r iva t ives  w i t h  respect to x Let f(r , y ,  y ’ . y ”) be the in t e g r a n d  of t he  i n t e g r a l

J f(x , y , ’y ’ , y ”) dx (16)
a

w h e r e  a , b are f ixed l imi t s  of i n t e g r a t i o n .  Let the i n t eg ra l  be s t a t i o n a r y  wi th  respect
to any  a r b i t r a r y  v a r i a t i o n  as expressed by the  equa t ion  

C

a fb f(r , y , y ~.y ~ ) d x ~~~O (17 )

V a r i a t i o n  in the  ir , t e g r a l  is der ived  f rom v a r i a t i o n  cc y ,  y ’ , y ” as expressed by t h e
subs t it ii t ions

y • y ’ a y ( 1 8 )

y -. y ’ — à y ( 1 9 )
dx

v ’ - y ” - à y (20)

S u b s t i t u t i o n  in t h e  i n t e g r a l  leads to  t h e  e q u a t i o n

o 
J

~ b

f (1, y ,y
,
, y , ,) e /, = 

f

b
~~o~~oy - 

01 O y ’ - 
‘
~~ O y ”~~cl, r ( ‘2 1)

‘ 0  * 0  
( O y dy (t i /  I

ccd in t e ’gra t  ion , by i c i c r t s  le ads  to  t h e  e q u a t i o n

1h ( j Of d Of e/ ~ Of \)
0 f ( x , y , y ’ y  ) d x  ‘ 1 ’ — 

~~ 2~ , , ) ‘ à y c/i
a - ,, I c d y viz O y dx dy  1

j Of~~ 
b d Of ~~ 

b ( 0,1 )  ,
b

- à y - - , ,  à y ‘ ,, à y ( - ~~)
\ 0 ? /  ‘ dx dy

Thus  if à y , à y ’ c u r e ’  zero , t t  a , b t h e n  t h u e  i n t e g r a l  is s t a t i o n a ry  fo r  a n i y  a r b i t r a r y  c 9 on ly
i f  f  is  -c s o l u t i o n  c i f  t h e  Eu l e r  d iffe ’ r e” i , t i a l  e q uat i o n

(
Of

) 
1/ 

( 
Of

) 
d ’ Of 

0 (2 : 1)
O y dx . O y ’ dx . O y ” -

-‘s l u t  on of t h e  d i f f e ’r e ’ i t t  cii) e ’quat t on i  det  e r m i n e s  t h e  r e l a t i o n s h i p  he ’tw een  ,r an d  y for
a s t a t i o n a r y  i n t e g r a l .

M I N I M U M  CURVAT URE

In  t h e -  c a s e  of t h e  i n t e g r a t i o n  of t h e  square  of t h e  cun ’v ,c t  d y e ’ a l ong  t be ’ I en gt  hi of
,t ( ‘e i rve ’  t h e  i n t e g r a l  us

- (V’ ) ’  
dx (2 . 1 )

~~ 1 - (y ’)~~~’

~~~~~~~~~~~~~~~~~~~~~ - - --~~~~~~~~~~~
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I n a s m u c h  as the in t e g r a n d  does not  depend upon  y.  t h e -  E u l e r  e q u at i o n  cart  ice i i e t e ’ c r i t e ’ c l
to g ive  t h e  e q u a t i o n

Of d j O f \
— — ‘-‘ - ‘ I ‘ I = c ’on s t an , t  ( ‘2 u )
O y ’ dx c O y ” /

S u b s t i t u t i o n  leads to the  e q u a t i o n

0, = c o c i s t m t  1 _ t i
(y ’)2 ) ’ I -

If this  equat ion is m u l t i p lied t h r o u g h o u t  by y - i t  c c l , i v  he u c t e ’ c r , m t  ed t o  c i v e  t l i e ’
e q u a t i o n

(y ”) 2  
— 

‘1 -- B y
’ 

( “-“ I
1 (y .H .i  — 

~~ 1 ‘ (y ’ ) ~ 
- e

where  4 , B are a r b i t r a r y  c o n s t a n t s  l,et t h e  c o o r d i r i a t  C , m x e - s  l i e ’  o r i e ’ i i t  c c l  se~ t h i , - e l  t t i e -
z axis  is in t h e  d i r e c t i o n  of the ’ vec tor ’  ,~l i  — l ij .  l e t  t l ie ’  ,e u g l e ’  1) h e ’ t h e ’  , c i i ~~le t a t  i v e ’  ic

t he  t a n g e n t  of t he  cu rve  a n d  t h e  x a x i s  The n the ’  , c n i c l e  0 S , m I  i — I c e  s t h e ’  e ’ c l c c i t  on

dO c~I = C s i n O
dl /

where  C is the  m a g n i t u d e  of the  ve c tor  I i  — . Bj. The i e o c r c l i c i a l e  is c - u , , t e ’d
d i s t a n c e  I a long  t h e  curve by t h e  e q u a t i o n

d.r
= cos O

dl

S u b s t i t u t i o n  and  i n t e g r a t i o r ,  le ed s  to the  e q u a t i o n

2 s in ~ O — C~ ,c’ ( : 1 ( 1 )

w h e r e ’  t h e  c c r i c i i n  of z is s e l e c t e d  to  be t h a t  p o i n t  wh ere ’ 0 u s / e r cc S c i u c i r i c i c  of I Ii
side- s of t h e  e ’que ,t ion I c abs  t o  t lie ’ e q u a t i o n

y
s i n u  0 -. ‘ - - - ,c’ I 1 1 )

\ I -

C o m p a r i s o n  of t h i s  e q u a t i o n  w i t h  t h e  e q u c c t  i o n s  fo r  t h e -  p h i v - ~~e ,d — ) c I u i c  C- h ay ’ ” h i t  t h e ’
c u r v e  of r n i n i n c u m  s q u a r e  of t h e ’  c u r v a t u r e  is a s p e c i a l  i ’ m — c  of t h e ’  ‘ l i — t i e ’  C u  \ u
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