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PROCESS DESIGN FOR TREATING

SHOWER WASTEWATER BY ULTRAFILTRATION

I. INTRODUCTION

1. Previous Investigation. Since the first description of the osmotic pressure
phenomenon by Abbe No llet in 1748, scientists and engineers have been intrigued by
the properties of semipermeable membranes. ’ In the past few decades , membrane de-
velopment has made membrane separation processes practical. 2 As might be expected .
membrane processes , particularly the ultrafiltration process which is shown in Figure 1 .
are playing an increasing role in water and wastewater t reatment .  The ultrafiltrat ion
process depends upon a pressure driving force and a membrane permeable to a com-
ponent (B) in a liquid solution and impermeable to the other component (A) in the
solution (Figure 1) .

SOLUTION OR SUSPENSION OF A AND B UNDER PRESSURE

• .1 
• RETENTATE

S • • I • S (CONCENTRATED A)
‘

1! 

~~~~~~~~

f

M:B:NE

PERMEATE (B) - B

Figure I. Ult rafiltration process.

When used for wastewater treatment , membranes are chosen that will retain
impurities to be removed from the waste stream on one side of the membrane and col-
lect water of desired quality from the other side. Therefo re , t he quality of effluent is

I .  i)ani els and It. A. A lber t y .  I ’hysic al Ch.’,nisiry. 3rd. Id. , John 55ik~ and Sons. Inc., Ncss Y~ rk . 196t1 .
2 

~ c~ Gooding. “A Theoretical and Exper imenta l  Comparison of Unsteady and Steady Slate l l l t ra t i l t ra t i on  in
Thin Flor iz ontal Channels. ” M . S. Thesis . Clemson Universi ty,  1972.
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fixed as a function of the membrane structure rather than as a function of the system
operationa l parameters .

The most significant variable in the ultrafiltration process is water produc-
t ion expressed as tiux with the units of flow (volume) per unit membrane area per unit
t ime.

System optimization, t herefore. is done by maximizing flux and minimizing
the rate of decline of flux. This flux decline is due, in part , to a concentrat ion buildup
of the impermeable portion of the bulk solution at the membrane surface (concentra-
tion polarization). The system is configured as shown in Figure 2 with the hulk solu-
t ion velocity paralli.’l to the membrane surface , t hus , reducing t lìis buildup.

> BULK VELOCITY

— 
— 

,
_ — 

— 
— 

B O U N D A R Y

— 

,1,, ‘ii, 
-~~~~

—--—
~~~~~~~~ M E M B R A N E

01FF U SION AL
VELOCITY

Figure 2. Configuration of an ultrafil t ration memb rane system.

The purpose of this investigation is to develop a mathematical model that de-
scri bes t he treatment of shower wastewater by ultrafi ltration. The model is dese loped
using transport principles for a genera l ultrafiltration system and is then used to es a Rt-

ti . actual tilt rafil tration-systern Operation.

II. LITERATURE REVIEW

FIR’ two m e m brane-sep a ration processes that use a pressure gradient acr l lss a
m embrane are res erse osmos is and ultrafiltrati on , They diffe r in t hat the solute and
solseni  mo lecular di m ensions in reverse osmosis arc generally of the same order of mag-
nit ‘ide where as , in ultraf iltration the solute molecular diameters are at least ten times
‘ r Latc r  than t he s i s tn t  molecular su e.

.5
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2. (. lmnct ’ Imt ratiomi Polariiation. lii a continuous operation of reverse osmosis or
ultral ’iltrat ion ss s tv iuss , a phei mo t neuto ts coninton ly referr ed to as concentr at Ion pola ruia—
tu rin O l t et )  repr esent s h u e  rate mia j o r i  rate contro lling ste p. 3 ( ‘oncent ration piilaru ,atmon
is described as tli” accumulation of nontransf erred solute in t h e  hsm undar \ la \  cr oh t ile
membrane as shown in Figure 3 I ~ is phenomenon is the result 01 the eo nci ’ rmtratu ur l
of the solute at the m embrane surface. As the solute concentrates . a concenlr ,~t~
gradient is established result ing in a hack diffusion of ’ t h e  solu tes and red net rug the
transport of the sols ~~ t.

M E M B R A N E
M E M B R A N E  B O U N D A R Y  L A Y E R

CO NC E NTR AT IO N

SOLVENT
I ~~~~~~~~~~~~~~ C O N C E N T R A T I O N

5

Figure 3. Causes of concentration polarization.

Solute m a y  be transported away froni the membratie surface h~ molecular
diffusion perpendicular  to the membrane ( latera l direction) and by forced i.oiis cei lon
of t he stream flow parallel to the membrane (axial direction) . Es c ntmu u l l r  . stead r s late

~~ . i.ak shin, tnara ~ .in,itah. ‘ Transport Phenomena in Artific ial Membrane s .” ( ll,’rn. ki ’i.j . ’u .r , 65 . \~~ . - 40 I
( i965 ).

‘a4r -~~L~~ ’~~
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is achieved: and the rate of tt~insport of solute to the membrane surface becomes equal

to t he rate of transport away f’rom t he surface if the process input var iables remain

unc hanged .

(‘oncentration po larizatiout can have two detrimental ef fects on the m ass-

transfe r rate in an ultrafiltration or a reverse osm osis system. The first detrimenta l ef-

fect is seen by considering the familiar equation relating mass-trai)Sfer rate , driving

force, and resistance :

Rate = (Driving Force)/ ( Resistance ). ( I)

or. more spec ifically :

MTR = ( l ) P— PIM)/ R 12 1

where :

\ITR = mass-transfer rate

I)P = transmemb rane pressure drop

PIM = osmotic pressure of nontransfe rred solute at the membrane
sur face

R = resistance to mass transfer.

Concentra t ion polarization reduces the e ffective driving force (DP — PIM) by increasing

t he concentration of time nontransferred solute in the boundary layer and thus increas-

ing the osmotic pressure .

I: The second detrimental e ffect is caused by the high solute concentrat ion at

t he membrane surface precipitating and forming a gel layer. The thickness of this gel

layer w ill increase until mass transfe r through the gel becomes the rate-limiting step.

In any event , once concentration polarization is controlling, increasing the

pressure , or driving force , on t he system will not increase the mass-transfe r rate. The

higher pressure cai.uses a thicker layer of gel and, hence , a greater resistance to flow .

The goal in process design is. therefore , to minimize the thickness of the boundary

layer where concentration polarization takes place.

3. Theoretical Studies of Mass-Transfe r Rate. In 1965 , Brian developed a theo-

retica l model for predicting the mass-transfe r rate in a parallel-p late , reverse osmosis

4



s~ stein. 4 h i s  model involved a numerical solution of a simplified version of the steady
state equation of contimnui ty of t he miontransferred solute. Brian’s equat ion is as loI-
n

+ -
~~
- (~ c - —‘

‘

\ = 0 ( 3 )
~X 3 Y \  ~Y /

where: U = axial velocity

X = axial distance

C = concentration in the liquid stream

Y = lateral distance

V = latera l velocity

I) = et ’fect ive diffusivity or reciprocal Peclet Number at initial
conditions

The terms in Equation (3) are in direct correspondence with the theory of
a uJ•C )

concentration polar ization discussed earlier. The first term , ax represents forced

convect ion of solute axially through the cell. The first part of the second term,

— (V ‘ C). indicates bulk convection of solute toward the membrane; and the second

part of the second term , . ., represents molecular diffusion of rejected solute away

from t he membrane surface.

In related studies , Brian.5 Sherwood . ‘t al. ,~ and Gill. el ~~ 
8 developed

slightly diffe rent models modifying the boundary conditions and solution techn~~ues
of Equation (3). Unfortunately, none of the studies included experimental veri fication
of the predicted results.

P. L. T. Brian.  “Concentration Poiari zation in a Reverse Osmosis Desa1~~ation with Variabie Flux a~d Incom-
plete Sait Rejection ,” m d . F ng. Chem. Fund., 4,43945 (1965).

P. L. T. Brian. “Concentration Polarization in a Reverse Osmosis System .” m d .  Ens. Ch’m. Fund.. 5 , 14~-h49
1965) .

6 T. K. Sherwood , P. L. I. Brian , R. I’ .. Fisher , and L. Dresher. “SaH Concentration of Phase Boundaries in De-
salination by Reverse Osmosis ,” m d. Eng. Ch~m. Fund., 4 , 113-18 (1965).

~ N ( iil , C. Tien , and D. 9. . Zeh . “Boundary Layer E ffects in Reverse Osmosis Desalination ,” m d . Eng.
(~I , ’rn . l und., 5 . 367-70 ( 1966 ).

8 W . N. (~ Ii , C. Tien , and 0. ‘A . Zeh. “Concentration Poiar izat ion Effects in a Reverse Osmosis System ,” h id.
Eng. (iiiqn. Fund., 4 ,433 -39 (1965).

~ 
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In turbulent 11(1w , time Ilm a SS’ t i.ltlsl e i - s ’ ’c’tl i eiemi l us e lefitt ec h as

K = ~~ D
’
~~ 

((ii

where ~ = t he k utmemmu ~i t t c  iscosIt~ ol t i m c’ Iluid.

‘.¼ b ile these equation s are nscl ’uil in t i le’ h’re ,! I~
, a t Io u( o h et t e c t s  iii e’hannel

hei g h t and ie mi g t hm on flux . preduc hion of . lcl i i . i l  55 s t c ’m ‘‘ yc ’l’ . i t l :’ n  or ‘u5 .usle5 ~,ite r tre at ’

i t i e mm t is not possi h he.

6 S. Si ~~~ c’ , ’’ t l id  Iit.itr ’’ fl S \ ‘ \~ I’; . , . ‘ - .s I ‘‘ i ’’
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Ill. 1)EVFLOPMENT OF THEORY

5. Background. A mathematical function is defined as a relationship bet’A een a
set of .x values assoc iated with the independent variable , x and a set of y va lues asso-
c iated with the dependent variable . y. Symbolically, we described this mathematical
re lationship by:

y = f(x ) .  (7)

Tile function can also be displayed by a graph, or curve , depic tin g a se t of da ta pairs
(x . y).

When we are given a mathematical equation describing a relationship be-
tween x and y, a curve corresponding to this relationship can be easily plotted. On t he
other hand, when dealing with experimental information, the opposite is true. From a

given set of points (x , y), we try to find a function which generates a curve fitting these
data points.

For t he purpose of this stu dy, all functions are assumed to be continuous.
Tilis means that for every value of x in an interval (a . b) there is a unique value for y =

f (x )  and that a small change in x produces only a small change in y.

6. General Curv e Fitting. In technological app lications, measurements are

usually made of one quantity whule a second quantity is varied with the results being
plotted in graphical form. The problems lie in not being able to make measurements at
every point of interest and the possibility of measurement error in the measurements.

To overcome these problems and to be able to represent tile results in a com-
pact manner , t he experimenter often tries to fit tile experimental measurements to a
smooth curve.

The form of tile curve selected will of course depend upon the type of inca-
surements being made and tile systeill under investigation. A standard function often
used to represent a curve is a polynomial function of tile form :

f (x ) = a0 +a 1 x + a 2 x
2 + x t’ . (8)

‘[he shape of tile resulting curve depends both upon tile value’ of tile coefficients , a .
and t he degree of the polynomial. u.

7. Least-Squares Curve Fit. W hile trying to fit a curv e to a set of data poiruts. mt
is not possihie to have the curve pass through each point. I he most desurabhe condition

S 
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is the curv e coining as close as possible to all t h e  data points. If t h e  set of data points

is denoted as 4 x 1 Yt ). ~~ 2 . s~ ) . . . .. . )x 5. y, . where x is t h e value of the independent
variai)le when the measurement y

~ 
was m ade. thletl t u e distance of the i data point from

the curve 1(x) is:

d1 =y 1 _ f(x )=~~~— (a0 +a i x + a ,  x~
2 + ... a x~ . (~)t

This distance represents t h e “error” between tile value given by the curve and tIme niea-
sured value.

Tile common formula thlat measures tile difference between the curs e and
the data is the sum of the squared errors. That is:

~ 
y~-f (x~~ . (10)

To minimize tile total error, the coefficients of a through a
~ 

are selec ted in such a
manner as to minimize C. This function, having tile smallest C value , is called a least-
squares approximation. The conditions that must be satisfied are shown as follows
for u = I, 2 . and 3:

Case 1: u= I Linear iit,f (x ) a0 +a i lx :  ( I I)

a0 v + a 1~~x 1~~~~y~ ( 1 2)

a0 ~ x~ + a 1 ~ x~
2 = 

~ 
x~ y1. ( 1 3 )

Case 2: u = 2 Quadratic fit, f(x )  = a0 + a1 y1 + a 2 x~
2 l4

a0 +a 1~~.x 1 +a 2~~ x~
2 ‘~~

y
~ 

( 1 5 )

a0~ x 1 + a 1 ~ x 1
2 + a 2~ x 1

3 = ~ x 1 y 1 ( 16)

a0~ x
~

2 + a i ~ 
x 1

3 + a2~~ x 1
4 = Ex 1

2 y. ( 17 )

Case3: u 3Cubic fit . f(x) a0 +a 1 x 1 +a 2 x~
2 +a 3 x~

3 ( 18)

a0 + a i ~ x 1 ÷ a 2~~ x 1
2 + a 3~ x 1

3 = ~-y~ 
( 19)

a0~ x~. + a 1 ~ x 5
2 + a~ ~ x ,3 + a 3~ x 1

4 = ~ x V 1 (20 )

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘~~~~~~~~~~~~~
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u~i~ \
, 

+ d i~~ 
~ ,

3 + :i~~~ x 4 
~

- a 1 �. x~~ = ~~~~ ~
. 2 1!

a0~ x ,~ +a~~ 
~~~~ + a ,~~. ~~ ~~~~~ \ 6 = ~.x

3 
. ( 2 2 )

I i le ’se ’ cases . in t u r n , cam ,  he so hvc ’d fur thie eh i l ’fe’re nt co e l t i c - u ’ .’ r u t s  of :u as s howt m i i i

is’. 1:
( \ \ ) ) ~~~~~2 ) _ ( ~~~\ v i i � x - )

(‘ase I : a 11 
= .‘ 

‘ ‘ ‘ I ‘ I t (:3

4 — 1~~x~ I

s ( - ( ~~~\ ) ( ~~~\and a 1 = ~~~~~ I — I 
- t ‘4 )

(~~~ \ ,
- ) (

V
\

2

b’ . iuuore sini ph . ti le sir imu ltaneous c’e h lua t iOi )S can be sols’ed el ure ’c’t hr hr t h e  rumc t h mod ol

e’ I it tm i tmat i v t m at ’ h6 the uisc oh deter m inants.

It ca u m redc h is be seen t h a t  t it e hig hme ’r time ‘. a lue oh’ u t ime ’ better time probable
elI rs c’ fit f o r imot il itmear cIa t:u - It can also be seen t ima t the h igh er t hue Ia lIly’ of u t by ’ more’
eli f ’f’iciui t it will he to solve for time coefficients of a. Therefore , othmer f’llmme tu o tm s are

tried and eutimpared w uti m res ults fronm pohynoitt ial f its.

One I’unct ion consid ered is an expot ictmtiah function as f’ohlows:

V = ae 6’ . ( 2 5 )

. \ t  first. t i m is appears to he a dif ’t ’ieuht function ho work wuth : 1019. 5’si ’r . h~ taking tIme

~ti of ’ botim s~hcs its fortn becomes a linear function similar to (‘ase I as s hi owt m

~n Y  = ( t m a + b x .

~ . Correlation. Oimce a cu rve or a line is fitted to thme data , tIme mmext prohletmm is

to de ter ti mitme how well time data is actu a lly f i t te d by t ime curve A fair id ea is gained h\
lspection of time ciii ’s e and time data points: h owever . us um ai lv a nmo re  objective evalua-

ti on is required . J u t studs itm g time da t a , an as ses s tmme u) t nlus i he t4i ,id of the probability
of raudot mm va~ ahles rat h er t h mat m time indepet demmt variable cont rub e ’ na to t lie vari ahilit~
of the data ,

l’,sse’tuti:ihly , time’ probletm i is an :uis’ sus u t  v u r i : i t l v e :  amme l the q i ian t it ~ Ii’ be ammal—

ied, time total sum oh time squares . us uii \en by:

Is  — V C (

10 
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~ lucre : s = t ime t t t e a i m of time s values g us cii by ~ = 
~ s , . (2~~)

II ’ t ime indepetmd e ’nt variab le were the only timim mg that affected time depende’im t
var iable, tIme d ata points would all t’alI on a straigiut line ass um m ming a linear ru.’ la t io mm s hmip.
Sui me ’e’ t i ii ~ is r:ut’elv t rtu e , o t h e r  factors do tend to affect tiue elepe’tmd e’nt var iable. ‘ 1 l ie
‘ua ruat io i i  c :ui ise ’d by t lmese otiler factors is usually measured by time su t mu oh tbte se luares
if t ite cr1 ca l deviations from time porn t to tile line given br

n

I. i , ’ r = time tndmvmd ual. predicted y valuues ,

1 u s  ts h.hent ica l to equation (10)  or f( x 1 ). Time difference hetwe c’etm equa-
t ion’. (27)  and ( 29 )  measures time variatio rm of tIme y ” s t i mat carm be attribut ed to s T  imis
vahu c divided by equation (27 gives tile proportion of tile total value of tile v ’S . or de-
pendent var iable . t h a t  can be attributed to time relat iotmsimip wit h x and is called the co-
eff mc ietmt of ’ deter t mm mn at ion, The square root is called time coeff icient of c r ’ rrc ’ l ,ution w i t h
time sign of th is being the satime as that of time coeff ’icme ’tm t . h. in t ime’ equation ol the least-
sehu:ires line. I hese equal iotms are as follows:

r2 ~~~~~~~~~~~~~~ ~~~~~~~~~ 4 30 !

aim d

~~~~~~~~ 
- - ~~~(y  - 

( 3 1 1
V 2

where ”2 = t ime coefficient of elet ertmmi mia tj otm
r = flue coe f ’f ie uc i m t of corre hat ion,

‘l ime va lue of r is time rimost w i d ’ .’l r  tused mm me as iure of the strength of time limmear
rel.i I ‘ omms l i i p  betweet i two variables . It indicates time goodness of fit of ’ a h u e  or curs e
fit heel by t ime met h od of least squares and t h i s , in turn. te l l s  vs bet ic r  ~r tmot it mc r:’ .us , ‘H-
able to s:uv t imat a h itmear rchat m o ns htmp (co rre lah ini m 4 e x i s t s  l’ e’ t9 .  s e m i  t ite sle ’pe nelctm t am m ’ .l in—
dependent variables .

h.1

~~~~~- 
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IV. EXPERIM ENTAL

Data for this study came f’rom a Departm iment of ’ Iransport atio rm ( t)O’iJ report
dealing witil the renovation of shower wa stewater , ’7 ‘[lie purpose of time l)OT report
was to evaluate the effectiveness of ultrafiltration for the renovation of ’ shtower waste-
water. Different mnemmmbranes and membrane configurations were utilized on the various
treatment systems.

9. Membrane Configuration. Time current study evaluated two differem it s~s-
tems using two different niembranes in two diffe rent membrane configurations. These
membrane configurations were hollow-fiber and spiral-wound. Botim configurations
enmp loy minimal clmannel height wimich according to equations ( 5 )  and (6 )  increases tIme
mass-trans fer coefficient.

The hollow- fiber membrane module contains 660 fibers of 0,045-inch bore
diameter , Each fiber consists of a copolymer support with the noncelluhosic mllemhratme
approximately 10.0 microns in tilickneSs coated on the inside of this support (Figure
4). The fibers are encapsulated at both ends in a 3- incim-diameter hs 25-inc im-long.
plastic cartridge . An end v iew of time cartridge is shown in Figure 5. The total mem-
brane area is I 5 square feet , Time feed stream of raw wastewater flows through the
inside of the fibers , and t he permeate collects in tile shell.

The spiral-wound m embrane consists of a sheet 22 inches wide w itil a
support backing and 0.030-inch-hhick ve .xar spacer mater ial. Timis entire system is
then rolled in a jelly roll fashion around a permeate collection tube. Wastewater
passes t hrough tile channel made by ti me’ vexar spacer materia l which also serves as a
turbulence promoter . The permeate passes througim time membrane and is cimanne led
by the support material to time permeate collection tube, Wastewater , ca lled waste
brine , exits the end of time cham mneI rumade by the vexar spacer material. Time module

conta ins approximately 30 sq u are feet of membrane area. End and side views of time
module are simown in Figure 6.

10. System Description. A smmp lified flow diagram of time imollow-fiher svs tenm
operate d in batch mode is sh own in Figure 7 . Time was tew ate r  is pumped from a fee d
tank through a hag pre’ filter. ‘[he ultrafiltration systet im is operated at a pressure of
approx imately 15 psig and an influent flow rate of 16 gallons per mintite at a velo city
of Ii feet per second. While perm eate is collected in the shell of time module, time coim-
centrate is recircu lated to t i l e ’ feed tank. Time ’ sy’steiml a lso had time capability of being

17 ml s. t e n t ,  “Renovation iii Wro te Sit o~~er V u a t e r  by Slentbrane I-it( ratio n .” Int eri t mi Rep~ rt , I,.S, t )e pa rtn t u’ni ot

Transportation (1977),

12 
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Fi gure 6. Spiral-wound ultrafiltration m embrane module (end and side s iews ),
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b:uy’kI ’Iuusi ued vsiuic h :11109.5 the’ pe’ r i l i e : u t e ’  to be’ p u u mup e ’ei f ro t h  l ime o utsi d e’ of t h e ’ l’ube ’i I i

til e’ mn smde , t imu s displacing a i m ’, gel l: u se ’r buul eh uup omm t i l e ’ i um c ’ iuu hr : u um e ’ s uurl . i ’ .e ,

Daul s operation e o t msust ec h III 6 tem b~ hours cil ’ e’o t mt i im ’ iot ls c ,~ei’:it Iom m , l ’o hlov ~—
OH t i le’ c’ i t e h of ’ eac h eh , is ‘s m u , t i l e ’ sv s t c u m u  scas  b:ic ’ Lf ’lushi eeh vs ill : ahol ut 20 gallons of’

pe nmul eate . 0mm the f e m hi ow m m i g s la y , t ime eh rect lotu of thu i vs  t l i r i ’ , ua lu  t iue cartridge 55:15 re-
Ve’rse’eh , tit u s ehiti mim t at ut m g ai ls  h u u i e i t u p  of ’ par t icu late ’ iu m : ut e ’rial at t i’ ’ imez ue l or cm lhr atle ’e . oh
time m t mem t mt rane mumoe lule. ‘I’ime sy ~ t e ’ ml l  c o i m c e m m t r : u t es  a t a mmk of sc a ’ te ) abo iut I 5 pe’rce ’ mmt
at its on iaii m :u l s’ o liu m tm e . ‘I lie ’ tammk is t iu en shuu u um pe c h and ref’mhhe ’d sc i t im fresh S¼ a s l c’9. a tc ’ t ,

,.\ sim ut p hi f ’ie’eh flow eim agrammm i, ,t t ime sy ste in wu t h i tI m e ’ s pur al- wou u md m u m c im u hr at me
coimfiguration operate d imm f ’eeei and b leed um uode is shown imm F’ugdure ~ \~ ast e ’9. ate r is

pumt m pe’d timmo uig li two pre l’ilters im ito t he c i rcuh :uti o mm pump w huiclu nmain tai rm s [lie’ v e loc i t y
j im time circu latiomm loop. Wi t hmimm t h e  cire ul :ul iemtm hoeqm . tvs o mmme ’ mm mh ra m m e’ cartri d ges arc con—
tmceted imm series , ‘i’imc’ f’lemw rate i m m t i l e ’ loop us 10 to I 5 gah lo mms per tim iii cuts ’ , (‘o mueet mt ra te
I’r u m mi m wit h in time circ u m l at uon loop us purged via a soh e mmoid s :ilv c’ operated period ically to

nma im mtain time ’ d esire d eheg nee of coumeeumtr ation in t I me loop.

This s v s tem u m W :Is also operated 6 to ~ hmo uurs d aily. ‘rime elea’ree of’ commeen tr .-
tio um mmmaimmtaimmed itm time 1001) iS approxi m ately 98 pc ree m mt .

I i .  Data .-~mtal v sis . ‘l’vvo im c mmmdr e d atm e l twe ’ mmty - two imours of operat ~mma h data for
the’ hollow— fiber SS she ’um and 1 18 hours ol ’ data l’or the spirai-wow d S\ ’ S t c ’ni 9. Ct’ s’ a i mal—
V/ e’eh . l) :uta :u ima ls sis was thmemm perf ’o rmmm ed on time first I IS h ours of d ata f ’rommi the ’
imo llow—fiber system mm to give aim equal tinme base f ’or sy stem cotmmparison . Time dat :u for
t hme imo h iow— f ’iber s y s tem w:us t i memm ammah yzeeb on a dei ls basis because at tIme emmel of eae im
day ’s ruin time syste nm vv :us bac kf luslmed or cleane d e~,’ is : i g :u sigim if ica mmt ul mcre a se j im per-
mileate prothmctiomm .

‘[lie data a m ma lysis consists of first. se’commd. amm i l t h i r d -order po lvnommmiah curs e
f i t s  and an e ,x pon emmti iu h curs e f i t .  I IC a m m : u h sis vs:us per fortlm ed on a (‘ontrol Data (‘or—
porati o mm 6600 (‘omputer usimmg a ‘I’e ktroumi\ 4(114 ( ;r :up lmic ’s Ter mm mi t mai . ‘[hme ammahvs is eon—
s i s t S  of a sea t Ier grammm plot of time dat a , a curve generated to he”.i fit t lie d ata , time eq iu:u-
t i ot m of t ime c u r s e , and t ime sq uuare of time ’ um mt ui tip ie—corre la tion coef ’ficiemmt ,

V . DIS(’t SSIO~

1 2. ~n:iIvsis of Results, I’ xp e ri m mm en ta l vaiu ues u sed jim thi s st uids are s hiov ~ ii in

- ‘\ ppe im chi x ,-\, l ime comimputer program used for time d ata analysis is sliowim itm ,-\ ppe ndi x
H. ‘I’a hic I giv es t i te  s’oc ’ t h i c ’ ic ’ m mt s  of ’ de’ternm in :ut ion f ’or v:urlous orders of f’il . ‘ Fable’ 2
gus c’ s the coeff ’icients of dete ’ r m mm i mm ati oi m for time t ii mme periods be’twe ’en bac ktlu ishes heir
the i mo hiovc— f ’ihcr 55 shs’mm l

17
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lahie I . ( ‘Oct I ’ie’ien Is of ’ De’ te ’ rmmmmmmat io rm tom Various ( ) rders of I’ It

Order of Fit
Sr stei n Ist 2mmd 3rd L

I iOh lOW - i lhe’i’, .026 .20 1 .302 .015
All ( 22 2 u n )

h ollow-Fiber , .3 50 .51 4 :732 .415
Part ! I IS ilr)

Ve x ar Sp iral- .501 .837 5)44 .677
W o umimel ( 118 i i r )

Resuu its of time ruims perf ’ornmed on t he total data for both systems are simown
in A ppc ’ i ish ix C a lommg wi t hm time results f’or 118 imours of operatio t m on time imollow-f iher
syst e mu m ,

Appemmdix I) com mtains the daily, segmente d, or between-backf luslming , data
for time huollow-f iher systemmm. Appemmdix E com itains segnmented . fitted data for time spiral-
woumnd sy ste im m ,

I able I sh ows t h at time best cuurve fits are obtained wit lm third-order poiy-
umomn ials. T imuis , t ime general . hest-f’it equation is of time form V a x~ + b x 2 + c x + d.
T imms us further dem mmo nstrat e’c h in ‘Fable 2 wimere once again timird—order polyno nmials give
t he best t’it , Time tremmd for best fits simows t ltat second-order fits follovv itm fitting time
data , followed by expo m memmt ia l fits , fo llowed by a first-order , or limmear , fit .

Exanmination of time graphs for time total data iii Appe t mdix (‘ . h owe v er , s liow~
t imat time cu~rves generated by second - and t lmird-order polynomials descri be unrealistic
re sult s , ‘[lie second—order fits in all eases sitow a mmmaximmm ot mm. a i mm i mm im m mc unm . ammd time im :u
m mm axi mmm uim . T imis contradicts tIme phmenonmenon of concentrat iomm polarization d escribed
ear lier in that time houum dary- Iayer acetm nmu lat ion would imave to increase to a point
(ca umsing a d ecrease it m flux) t i memm decrease at appro x immmate ly time sa imme rate (caulsing an
omcr c ;usc in flux!.

‘lime t lnre i—ome ie r f’its go one step fur t h er f’ro m mm time maxi immu mn ;” i m m immi n m u m m m m m a x i —
it mum u m anal add a n minimm i t u mm m . It is possi bls ’ for t u e  flux to decrease amme l iimcre ase : imow—
ever , t h e rate of itmcrease is a lw as  s rapid and is ac h ieved wi ie mm time houtmdarv gel layer is
sudele imly re itmovee l e it h er umatur allv or by clea n ing.

The empirical model , t imeref ore . wo umid be aim sq uatiom i of ’ iu ig l I order; t i m ul s ,
by ia s m u g  the predicte d equatiom i oscilla he above ~uimd below tIme data etmoug im t tim e s , time

19
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a hhe 2, (‘oe’ffieieiits of De’term imm atio mm for ‘l’iine Periods
Betweeim Rac kfl uus imi im gs for tile llohl ow- i”iher S~ sts’imm

Order of Fit
gmm i emmt I st 2 mmd 3rd L

0 to s ,~ .720 .927 .972 .827
8.6 tel 15,4 .830 .983 .989 .861

15 , 4 to 19 .6 . 796 .9 23 e)2 5 .792
20.2 to 44.2 .870 .917 .958 .901
449 to 48 .9 .453 .5 55 .599 .456
52 .2 to 60.0 .779 .926 .93 2 .782
5d)() to 90.7 .86 7 .923 .973 .910
9 1 ,4 to 95.3 .657 .849 .9 15 .710
98.4 to 100,3 .997 1.000 1. 000 1 ,000

101 .5 to 104.9 .808 .946 .994 .863
106.1 to 11 4 . 1 .480 .573 ,584 .555
1 15. 6 to 122.9 .004 .020 234 .007
124 .0 to 130.1 .697 .876 .880 .684

130 .6 to 136.9 .894 .978 .978 .908
137 .9 to 145, 1 .781 .943 .945 .785
145.1 to 150,4 .885 .887 .931 .898
150.6 to 157.3 .654 .896 .92k)

157 .7 to 1t 4 .S .29! .782 .896
ki4.8 to 170.5 .4 56 .506 .593 .455
171 ,3 to 176, 1 .802 .843 ,97i .S15
176,3 to 184 ,5 .954 .967 .971 .969
185.3 to 190.9 .73 2 .734 .89 5 .72 1
19 2.3 to 199 .6 .580 .940 ,9e)5 .585
200,2 to 207 .6 .2 13 .2 13 834 .207
208 , 1 to 215 .7 .539 .769 .83 1 543
2 1n .5 to 222 .4 .840 .85 1 .923 . 723

equatiom i very nearly fits the line. I lowever . time prob lems wit lm t h is woul d he time
large imu umnh er of constants needed to ehefim ie time cc i umation and time conmp uutatiomm of t he
constants. Th erefore . w it imouut tIme d ata , pred iction of ammv results vs ould be purely
arbitrary .

I 3. Proposition of Theory. (‘ommsi deratio n of’ time actual 5 stein dict ates that mu
t ially or early in time ruim time sv~tc ’ ium is at ut ists ’a slv s la ts ’ , l’ im iv is true because at ti i mme
/cr o th ere is imo boummdar y layer presc nt w lmicim is evident b~ ohss’rv imm g time immitial . rap id
rate’ of tin “, decl ine whic h is pro imo rtio mma l to time rate of i’mt uilel up of’ botundary lase r.
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IO u ’  htuheluup is chre’c’ t l s  propo rt iotmal  to  ti le’ solute c’ , j m m eent ra t m omm because ’ ;uhitmost all ot ’

the’ solute re uul ov e’dh f ’ro muu t ime vs ,isl s’ stre amu m us f o rm uu llmg time ’ hoc u umda ry l.is c’r,

As t i l e ’ l;oummda nr Lus c r  d e v e lops , t h e  t r ai ms port of mmu u te ’ria l fromu m time ’ houu mmda r~
I.is s’r tel thue hulk soh u ut io i m hc’ g mm ms to lie’ t h e  commt mo ll ing factor  hon pe’ r lmteat c proe luet lo im.

l’lle’ a ii moummt of thus lateral d iffusion is mo ore p roportuom iai he ) tile ’ sy st s ’ mu i ’s ehs ’su gum ami d

o per at iu mmal pa r a mm u ete rs  thma n m to lime sohute commce ’ u mtr a t lo i m , I’ ltms. of course , is t r u e  on Is

under time ’ assu imiptiorm t h at pe’rmm ieat e pmoe luctu ot m is proport l(iila l to t h e  amtmo u m mt I i i

bouimdary l.iy s’ r ,

14 . Proposition of the Model. Ummder tim ls prem imise . a 19.0-part mumo ef e ’ i vs as trie d.

l Ime first part would coy em t h e  um ms t eady state comme l itiomi ~ ra pue h fLux decl ine and t i t e

secormd part wotu ld cover t u e  co t me h ituom i w i me’re’ d i f fus ion ass as I ro mm m thue imme i m i b ra nm e is

t ime controlling factor.  A mmmore detailed approach vs mu Id also co t m sm de ’r t ime  t r a i m s t t u o m m

period w h ere penimmeate p ro e humctmomm is a t’ummctiomm of hot lu p;urts . Iloss e’ve m , sl uice ’ s pe ci f Ic

bouuumdar ies for timi s t ra m msitio mm state would he very imard to est a b t u s t i . time two—part mm m dci
vs as c hmoseim ,

Time gemmeral proceehuire for using time imuode l is to v isc mah lv uims pect time comp lete
plots of time data and time ’ data itself. Then , time d a t a  is sepa rated m m mto tvs o port ions
wim icim te nmtative ly satisf ’y t i le  cond itions of time ‘nmoehe h armd pert ’ori mm c u r v y ’ fits mm both
portions of time data.

IS, Application of the Model to the Hollow-Fiber System. } ‘xamn inat uon oh ’ tI me
plots and data of time h ollow-fiber system in App em mdices A and (‘ fails to reveal t lie mvs o
parts describe d earlier. W h at time exaimm ination does reveal . luoss s’s cr , are rmm any seg’
menmts .e ac h ex lmi h itimm g a rapid rate of flux d e e h imm c wit h s ’ar s inmg Ihegree ’s of tlum x recovery
between eac im segnment. There fore. it appears that t his s vste m mm s data does tmot fit the
nmode l.

h owever , w ime im tIme daily opeiat ion of time syste m is eommsidered , it Is clear
t imat the data does fit time m odel. This is true because eacim day time sv st e ’ni sc as bac k-
flushed . This operation consisted of pum immpim ig perm u meate backward timmoug hi time nme imm -
brane t imus removi img time boundary layer. Since time boummelary layer was re immo s ccl eac lm
day, it t me vs ’r imad a chance to build up em io umg hm to beconmie time controh lmt mg f’actor in  p

~ ’—
tmme ate production. Timerefo re . time sy s leum i was ;u lwav s in an u i m m s te acls s ta te  eomid itiomm.
and on ly t h e  first portion of time immodel simciuld be aph lied to time s~ s te uul ’s data. \‘ cr ilu-
cation of t he mimodel com isisted of segnmc’ rmtim ig time data into timm m e periods bs’ tv v s’s’ti bac k-
flushes and t h en performing curve fits. Time coefficients of eheter i mm mmm a t l on for tIme f i t ted
curves are simowm i m m T;~hle 2, aime l time actua l, fitted curses are graphically slims ii  in

Appemmdix I) .
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A e’ om mt p a misorm of t ime coet ’f ’i c ie m mts  of e letemmm t inati o n from tIme emmt ime  mum i and
til e’ f irst I I ~ hours of’ t u e  ruin wit h the coefficients f ’romm t t ime ’ se g imu e nted d a t a  shows
u im u u ch m he’ t t c r correlation wit h the segmn eimted data. Rcv icvs of tIme sccommd- ammd t h ird —
ord er plots i m m A ppc mmdix 1) also simows t h ese plots to be sonmewimat uu mmre al i s t ic  because

of their cyclic miature. I” irst-order fits camm also be eliminated since time trend imm all easy ’s
ix 1’ ‘ver l immeam , ‘l’huere f’ore . t ime expommential fit best fits time segmmmcmmte ’el data for time
hollow—fiber svs t e m u m. ‘rhme coeff ’icienmts as well as time coef ’f ici e m mh s of dete mnmimm atio i m f ’or

t ime variouus segmm uented sections are given in Table 3.

Table 3. Fx pone m mtia l— ( ’ umm’v e— Fit Coeffi c ients ammd (‘oef ’f ’ieiemmt s of
Determinatiom i f’or t he Hollow-Fiber S~ v ts ’ mmm

Segmm m emmt a b r2

0 - 8 ,6 79 .0 —0 . 1 (14 .827
8.6 15 .4 102 —0 ,070 .861

15. 4 — 19 .6 17 2 —0.09 8 . 792
20 .2 44 ,2 43.9 -0,0 24 .901
44.9 - 48.9 60.6 -0.022
52 ,2 60 .0 56.0 —0 .018 .782
59 .9 - 90,7 5 1.1 —0 ,014 910
91 , 4 95,3 1.35 x iU~ —0.063 .710
98.4 100.3 2.47 x lO~~ -0.230 1 .000

101,5 104.9 1.42 x IO~ —0 . 151
106. 1 — 114 . 1 3 . l 5 x  l0~ —0.069 555
115 .6 - 122. 9 18.1 —0.003 .007
124 ,0 - 130. 1 1.61 x l0~ —0. 1 09 (154

13 0.6 — 136, 9 1 ,74 x I o~ —0.050
137 .9 —‘ 145,1 3.28 x io~ —0.03 5
145.1 — 150 .4 4.40 x l0~ — 0.201 50%
150.6 - 157 .3 3 .87 x l0~ -0.0932
157 .7 -- 164.8 174 — 0 .0 115
164 .8 -- 170 .5 169 —0.0212 .455
171 .3 — 176.1 1.28 x l0~ —0.0225 .8 15
176.3 - 184,5 3.09 x I0~ —0 .0504 .969

185.3 190 .9 7 . 1 2 x  l0~ —0.0800 . 7 2 1
192.3 199 .6 1.67 x l0~ —0.0936 .585
200,2 207 .6 4 17 —0 ,0124 20”
208 .1 215. 7 4.11 x l0~ —0 ,0341 543
2 16.5 — 222 .4 1 .85 x 10’ ‘~ —0,1 65 .723

w h ere: y = ae t
~ aimu l r~ = coefficient of determim uation.

“I ’)
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16. Applicat ioim of time Model to the Spiral—Wound System. I \: umm l in atio m m of time
gn:up lt s itm Appe’iiehix (‘ for t his system reveal s aim initial , rapid rate o f lluuy. decline hol-
loweu h by aim alitiost h it tear levelim mg ouu t of time data . Th erefore , t h is  data appears to lit
time prol)osed t lmeory rath er well , i’o test t his, t Ime data ss’as segnmented immto tvs l i  see-
t ioims . amid curse fits were pemf ’ormned on eaclm seetio mm . Tite f ’irst segn me imt was 53 1 9 to
555 ,3 ammd time second segnment . t ime renmmai umder of time data , 556 .2 to 649 ,6 , I his was
ca lled Group 1 øn wimic im first-order and expone mmtia l curv e fits were rumm , ‘I’imis procs ’ss

was conm t inued f’or Grouips 2 ammd 3 , cad s of whicim segnmented time data in a different
place. These curv e fits are shm owmm in Appendix E. ‘rime resulting coefficients amld cod ’
f ieie mmts of deter tmiimmatiomm for time fits are sh own in Table 4.

‘Fable 4 . First-Order and Exponemmtial-Curve-F iI (‘oet ’ficients amid
(‘oef ’ f ie iemmts of Determi mm at iomm f’or the Spiral-Woum id Syst’e m m m

Group 1st Order h:xp~ine’ i im al
Segmime’mm l a b r2 *a b r 2

5 3 1 .9 555.3 — .13 76.8 .910 3.4x 10 m 4 — .060 .052
2 531 .9 560.2 — .12 66.2 .900 ~~~ x l0~~ ~).057 ‘163
3 531.9 -- 575.0 ~7.3 x 

10.2 42.3 .800 2.5 x lO~~ -0.43 .909

556.2 649.6 —452 x l0’~ 3.29 .543 38.0 -0,007 .535
2 56 1.1 — 649 .6 -3.70 x I0-~ 2.77 .480 19 .7 -0,006 .463
3 576.0—649 .6 -6 ,30x l0’~ .864 .067 1.02 -0.001 .057

Wimere: y = ax + b for first order
y ae~~ b r  exponential

= coefficient of detern ijumation
* calculated using Hewlett Packard model 65 calculator wit hm StatPack Exponential

Curve Fit Progranm

Group 2 data for the initial, or unsteady state , gives time best fit. It is imo
surpr ise thmat the best fit comes from time exponential equation with a rather high cm
efficient of deternm ination. As for the steady state , or latter portion, of the data , t ime

opt inmummm tends to be closer to Group I. In timis case , t he first-order fit gives a better
fit timan time exponential fit. Exammmi nation of the daily operation data shows essential-
ly constant daily permeate prodcmction ; however , ~n different days this figure fluc-
tuates. Time coefficie mmt of determimiation is low and appears to ~et worse as less data is
cons idered .

‘Time reason for this can be seen by comparing tIme curve fits for the total data
fot mmmd in Appemidix (‘ and t ime curve fits of the segmented data. Visual exaim minatiom i of
tIme 560- to 650-h ou r range in time graph of time total data on this system im reveals an al-
nmost litmear area of t hme curve. Compare th is wit h the 561 .1 - to 649 .6-hour segmented
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grapim found in Appendix F. Since time permeate production is Imludil less variable here
than f ’or t ime w htole sy s temmm , t ime y axis is greatly expanded h ere as compared to tIme
w lmole systenm . Tlmus , t ime amm uocunt of error is expanded as less data is considered miot
only in time visual prese ntatio mm but also as witnessed in time how value for tile coefficient
of determination.

Time apparent discrepancy betweenm Group 2 data best fitting the unsteady
state com md ition ammd Group I data best fitting time steady state condition can be partly
attr ibuted to Group l’s stea dy state data being more volunmino ums and , therefore , having
a better coe fficient of detenmmination. However , t ime tmmain reason for the discrepancy
could be time det’initiomi of tIle boundary conditions for steady and unsteady states. In
actua lity, the boundary cond itiomms probably lie between time boundary conditions de-
fined as Groum p I amid those defined as Group 2: and , second, it is doubt ful that there
is a discrete boundary between t ime two states resulting in a third, or transition, state
as pointed out earlier.

VI . CONCLUSIONS

17, Conclusions. Based omm time data. timis stuidy co mmc lumdes that:

a. A single , enmi pimical equation cannot describe pernmeate production by
v u ltrafi ltratiom s of shower wastewater ,

b. A nmode l based on unsteady and steady state phenomena of concentra-
tiomi po larization can empirically describe time ultrafiltration process.

c. Time imollow-fiher system can be described by a single, empirical equa-
tion of expone tmt iai order because time system as studied was never allowed to reac hm
steady state , Th erefore , t ime umnsteady state equation described time syste m ’s operat iomm .

d. ‘l’he spiral-wou nd memmibrane systenl can be described emimpirical ly by an
expo nme;it ial equuation dumriumg time boumidary layer fornmatio n and by a linear equmation
duiring steady state operation.

24
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APPENDIX A

DATA

Flue ’ f’o llowing pages are a computer listing of the data. Line imummmbers 100 timrough
2010 are time data fronm time h ollow-fiber system. Time first mmummmb e r is time line miumber
ammd is t’o llowed by aim eq ual sign. Time second nummmber is the time timctor expressed iim
imours , and t ime th ird number is time flux exnressed in gallons per squuare feet of menm-
bram me area per day. After Line 2010 , t ime line iluilihers begin again at 100 ammd co i i t m nume

throumgh I 380. This is the data from the sp iral-wound system. Time’, again , is cx- -
pressed in houmrs~ however , it is not mmomnma lized and , t Imeref ’ore . begins at 531. 9. Flux ,
this tinme , is expressed in gallons per minmuite.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~
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CO~lh’U ’t ’ER PRO GRA~ I

-\r i i t mte ’rae’ti ve’ e’o iutpuhe m ~r~~r;umuu wa s ~er 0 le’uu in I t r O a n  IV lamm gua ge’ for pemf ’omimmun g
t ime ceurv e fits. ‘h’lme s i u b m ou utimmes fcmm t h e  graph ics portiomi oh the program are f ’ro imm time
Te ktrom mix Adl vancc el ( ~r;up lmic s Package.  l’ luese ’ immeIuud ~’ I NI l  I , Ii R\l . 131 NI l  I , Ni NIX -

BELL . S(’U RSR , DLIN1 \ . DL INI y . I R..\S i’.. LINE . SYN1I3 L. (‘ iii ( K. l) %i ’ l .AY ,
(‘PLOT, N 1OVA BS , I IS’FRIN . VLAB I: L, ,.\Ni Nit ) l) l - ummel 1:1 NIl I .  1 hue prog r :uuu m \~ :u~
rumim on a (‘oimtro i Data (‘orpor atiom m 6000 (‘o uum pu ter eusimm g a h e Lt roui i~ 4 1) 14 ( ;ra pi mmc s
I e’rmmm ina i.

‘I’he data w:us stored omm a pern mam me mmt disk tile. Time co t mte x t  ed itor \~ :u~ used to segitm e m mt
t ime d ata , Timis d ata was timemm saved as ‘ lAPI  I s~ it l io um t line mmu mhers. 1’APi: I s~ as re-
woumnd and t ime eo mm mpiled versiom s of time programi m wa s executed , ..\ l ter imatuve iy. data
could be entered directly fro mmm time termm m iumal h~ eontm e’ct itm g I API - I and cnt c mm im g time
data wl uen directed by time com m mpu mter.

Upoim execut ioim , a scatter gram of ’ zero-order f’it is I) lotted. Optuoums of ’ I- . . K. L. or N
can t hen he entered as exp la im med in line mm uunmbers 580 t h mroumg h m 610 for time gra pimuc a l
representation desired, Time ouutp d ut eons us ts of time ord er of fit . grap h ical d ata presenta-
6on. t Ime’ titled cur~ ’. the equation of ’ flue cur ve’, and the coefficient of e l eterm m m it ma tu oui
expre ss e d :us SQ MULT (‘ORR COEFF IS. In soum me cases , a coeff icient of the’ equ.mat m omm
is given by * * * * * * * * im ldicat imm g it msuuffici ent storage ca pac i t ~ for time site mm uu m umber
stored. ‘lime order of fit is not si own on the graphs because of mmiargin Im m umi ta tions.
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APPENDIX C

CURVE FITS FOR SYSTEM OPERATION

The first four graphs represent the total data for the hollow-fiber membrane  sys t em .
The next four graphs represent th e first 118 hours of operation of the ho llow-fiber sys-
tem. These are included for comparison of the two systems on an equal-t ime b asis .
Time last four graphs represent the total data for the spiral-wound membrane system.
The specific order of the graphs is first- , second- , and third-order followed by the cx-
ponentia l  curve fit .
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APPENDIX D

CURVE FITS FOR DAILY OPERATI ON OF THE

HOLLOW-FIBER SYSTEM

The graphs in this section rep r eseimt time segments shown iim Table ~~ . Each s c g m m l e m m t  rep-
resents the t in ie  period between backf iush es. The usual length  of t ime covered is 5 to
8 hours. However , in some cases , the syste m was allowed to cont inue  r u n n i n g  through
time nig lmt . Time length of these runs could be from 24 to 32 hours depending on what
time time following day the system was b ackf lus imed. A total of 2~ segrmlents or graphs
is considere d for each fit .  Time first 26 graphs represent first-order fits for the seg-
ments.  Timese are followed in turn by second-order , third-order , and f inal ly.  the expo-
imential  f it s .
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I h e  data  b r  t h e  sp iral-wound ~\ ~t c t i I  \V d ’ scLmic n t e d  at wha t  appe ared to he the  ; ) I ) i f l t
s~ Iicrc  the  s~ s tem reached stead y stat e .  1 l iree d i f fe ren t  po in ts  ~ crc pic ked ~s m d i  re-
sulted in th ree  group s of data  eac h c o n t a i n i n g  two scg i i i c i i t ~ . The po in t s  of division
ar c 5 5 5 . 3 , 500 2. and 57 5.  h ach i  group con ta ins  t o u r  graphs , a t i rs t-order and e\po-
nen t i a l  fit for t h e  p res um ed ii n s t c adv  s t a t c  port ion of the data and the same two I i t s
t or  t i e  stc.id ~ state P ort i on of ’ the  data . I t  should he noted t ha t  in the  two p Iot~ of
t i me st cad ~ state for ( ronp 2 there  is an erroneous data point at 5(10 hours.  A u irk
in the  g r a p h ics packages made inc lusion of this  point  necessary , and it shou ld have on I~
a ne g l i g ib l e  et ’fect on the  equa t ion  and the  coefficient of d e t e r m i n a t i o n .
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