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ABSTRACT

The Bloch waves of the one-electron theory of electronic states in
crystals are the eigenfunctions of a family of unbounded selfadjoint
operators H(p) that depend holomorphically on the wave momentum
p = (p1>P2>P3) € K. H(p) has a discrete spectrum, with corresponding
complete orthonormal sequences of eigenfunctions, and it is customary to
denote such a sequence by {wn(p)} and speak of '"the'" Bloch waves. However,
the eigenfunctions are not unique and a separate choice is required for
each p. The customary definition therefore rests on the axiom of choice
and can provide no information about the p-dependence of the Bloch waves.
Some information is essential for applications. A minimal requirement is
p-measurability. In this paper the operators K(p) = (H(p) + Y2)~” are
shown to form a family of Fredholm integral operators that is holomorphic
for p € C°, lIm p| < Yo. The classical theory of Fredholm minors is then
used to construct families of Bloch waves wn(p) which are holomorphic on

the complement of a closed nullset.
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1. INTRODUCTION AND STATEMENT OF RESULTS

The main features of the electronic states of crystalline solids have
been deduced from the one-electron model [26, Ch. 3]. The principal

operator of the theory is the one-electron Hamiltonian
.1) H=-A+V

where A is the Laplace operator in three-dimensional Euclidean space E® and
V denotes multiplication by the real-valued crystal potential which has the
periodicity of the crystal lattice. It will be convenient to describe H by
means of a fixed system of lattice coordinates. Thus 1if ;1, ;2, ;3 is a
lattice basis in E® then the position vectors E of points in E® may be

identified with the coordinate triples q = (q',q%,q%) € R? defined by
3
—’
(1.2) q = z qj ;j
J=1

A has the representation

3 ke
(1.3) be 8jk—?—k
Jrk=1 3q-9q
where gjk are the contravariant components of the metric tensor for the

b

coordinates q°. V is represented by a real-valued function V(q) of the

coordinates and the periodicity condition becomes

(1.4) V(q + m) = V(q) for all q € R? and m € 2°
b ———— ; : e AR SRR I i




where Z denotes the set of integers. A unit cell in the crystal is described

by the unit cube
(1.5) Q={qe R -1/2 < q',q%,¢% < 1/2}

in the coordinate space. It is assumed throughout the paper that V(q) €

L,(Q); i.e., V(q) is Lebesgue measurable in Q and

2 = )
(1.6) VI @ JQ [V(a)|? dq <

where dq = dqldqqu3 denotes Lebesgue measure in R®. The Hamiltonian H is
identified with the selfadjoint realization of the differential operator
~A + V(q) in Lz(Ra). Its domain D(H) = L%(R’) is the Sobolev space of func-

al+az+a3u(q)/8q?‘quzaqg3

tions u(q) whose distribution derivatives Dau(q) =3
€ L,(R?) for 0 < a; +a, +a; < 2.

H is known to have a continuous band spectrum. Moreover, a spectral
representation of H can be based on the theory of the generalized eigenfunc-
tions known as Bloch waves. The literature contains several proofs of the
completeness of families of Bloch waves that fulfill certain regularity
conditions (usually unspecified) concerning their dependence on the wave
momentum p € R}. It is surprising that the literature contains no proof of
the existence of such families although their existence has been asserted.
The purpose of the present paper is to close this gap in the theory by
giving an explicit construction of families of Bloch waves that have adequate
regularity properties.

The paper is organized as follows. In the remainder of this section
the Bloch waves are defined and the principal results of the paper are

formulated. Section 2 contains a discussion of related literature. Section

3 presents a construction of a holomorphic family K(p) of Fredholm integral

i p— y— T — - & rv— — -
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operators in L, (§2) whose eigenfunctions are precisely the Bloch waves for H.
In section 4 the Fredholm determinant of K(p) is used to construct the
Bloch wave eigenvalues or energy band functions. In section 5 the Fredholm
minors of K(p) are used to construct families of Bloch waves that are
"almost'" holomorphic functions of p; i.e., holomorphic on the complement of
a closed nullset in R®. Section 6 contains proofs of the lemmas formulated
in the preceding sectionms.

The selfadjointness of the Hamiltonian H follows from

Lemma 1.1. D(H) = L:(RJ) C D(V) and there exists a constant C > 0 such

that for all ue€ D(H) and r > 1

2 2 -1/2 2 2 2
(1.7) HVU|L2(R3) < Clv'Lz(Q) = (IAuILz(Rg) +r nuan(Rg))

It is well known that Hy = -A acting on the domain D(H,) = Lg(Rg) is a
selfadjoint non-negative operator in L2(R3) (sce e.g. [24]). Hence Lemma
1.1 and theorems of T. Kato [12, pp. 287-291] imply

Lemma 1.2. H = -A+V =Hy, +V, acting on the domain D(H) = LZ(R?), is
a selfadjoint operator in Lz(Rs). Moreover, H is bounded below.

Note that a constant potential satisfies (1.4), (1.6). Thus if H > -«
(e > 0) then replacing V(q) by V(q) + a gives a new Hamiltonian that

satisfies
(1.8) H>0

In the remainder of the paper it is assumed that H satisfies (1.8).

The Bloch waves for H are the solutions of the equation

-M(q) + V(Q¥(q) = W(q), qe R}

i

(1.9) Hy(q)

that have the form
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(1.10) W) = e2™P'9 4(q), qe R

where p € R}, peq = Z;=1 quj and ¢(q) is a non-zero function having the

periodicity of V(q):
(1.11) ¢(q + m) = ¢(q) for all q € R® and m € 23

Conditions (1.10), (1.11) are equivalent to the property

2mipem

(1.12) Y(q +m) = e ¥(q) for all q€ R?® and me Zz?

Functions that satisfy (1.12) will be said to be p-periodic. This class of
solutions of (1.9) was introduced by F. Bloch [2] in the quantum theory of
electrons in crystals. In the theory the parameters pj are interpreted as
-»> 3 +j )
the covariant components of a momentum vector p = Zj=1 pj a-~ where a’, a“,
= -+ > >
a’ is the basis dual to the crystal lattice basis a,, a,, a;. The two bases
¥ .2 b
are related by a- - a, = 2m Gk. It is clear from (1.12) that the pj are
only determined modulo Z and hence p may be restricted to the set Q. This
is equivalent to restricting 3 to the unit cell of the reciprocal lattice.
Condition (1.12) implies that each Bloch wave is determined by its
values at the points q € { and its momentum p € §{i. Moreover, the Bloch
waves corresponding to each fixed p are the eigenfunctions of a p-dependent
selfadjoint realization of H in L,(R2). To see how such an operator may be
defined note that the six faces of the cube 3{) have the equations qj = ¥1/2
(j = 1,2,3) and (1.12) implies

(1.13) v(q) = e2™Py y(q)

3 for § = 1,2,3
q =

qj =

N

and

A AR S ST L m—— . S SR — ————l T ’ —



2mip.
e 13y(q)/3q"

[

(1.14) (q)/3q" for 4.k~ 1,2.3

q'=}

Na]

]

|
N

The last condition implies

ZTripj
-e oy(q) /v

(1.15) ayY(q) /v for 4 = 1,2,.3

3

q’=3 5

q’=-3
where 9/93v = 3° V and J(q) is an exterior unit normal to 9 (and hence

4.4 = —G(q) ; 1). Moreover, conditions (1.13)-(1.15) are meaningful
=2 9 ==
for all Yy € L%(Q) by the trace theorem [13]. It will be shown that H,

v(q)

acting on the subset of Lg(Q) defined by (1.13), (1.15), is a selfadjoint

operator H(p) in L,(R). It will be convenient to consider first the opera-

tor Ho(p) in LZ(Q) defined by Hy = -A acting on the same domain. Thus
(1.16) D(H,(p)) = L2(2) n {y: y satisfies (1.13) and (1.15)}
(1.17) Ho(p)Y = -Ay for all ¢ € D(H,(p))

It.is easy to verify by Fourier analysis that
2mipeq -2mimeq
(1.18) w;(q,p) = e e , me 2"
defines a complete orthonormal sequence of eigenfunctions for Hy(p), with

corresponding eigenvalues

(1.19) A;(p) = 4n?|p-m|? = 4n? : £=1 gjk(Pj"mj)(pk"mk)’

*
and that Hy(p) = H,(p) > 0. The following analogue of Lemma 1.1 is valid
for Ho(p).
Lemma 1.3. There exists a constant Cy > 0 such that for all ¢ € D(H (p)),

all r > 1 and all p € R?
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(1.20) V2 o < Colvi? e V2 (W (W] oy + T20ul]

L,@) S L, @) L, (@) @)

Lemma 1.3 and Kato's theorem [12, pp. 287-291] imply

Lemma 1.4. For all p € R® the operator H(p) = Hy(p) + V with domain
D(H(p)) = D(H,(p)) is selfadjoint in L,(Q). Moreover, H(p) is uniformly
bounded below; H(p) > -a for all p € RY.

Adding o to V(q) produces a non-negative operator, as in the case of H;

dre 6y
€1.21) H(p) > 0 for all p € R®

In what follows it is assumed that (1.21) holds.

Lemma 1.4 and the compactness of the embedding of L2 () in L, ()
(Rellich's selection theorem [16]) imply

Lemma 1.5. The resolvent operator RC(H(p)) = (H(p) -¢)~! is compact
for every p € R® and every ¢ in the resolvent set of H(p). Hence, in
particular, H(p) has a discrete spectrum o(H(p)) for every p € R

The Bloch waves for the operator H and momentum p are by definition the
eigenfunctions of H(p). The remainder of the paper is devoted to the study
of these functions and their eigenvalues. Note that since H(p+m) = H(p)
for all p€ R?® and m € z® it is sufficient to study H(p) for p € Q
= {p: -3 <pppyupy < 3

The eigenvalues of H(p), enumerated by magnitude and repeated according
to their finite multiplicities define a sequence {An(p)} such that (recall

(1.8))
(1.22) 0 < A(p) A, (p) < e <A (p) & oo

Moreover, An(p) + ® for n + ©, In fact, the estimates of Eastham [8, p. 101]
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imply that there exists a constant ¢ > 0 such that for every p € R?
(1.23) An(p) ~ © n2/3, n >

The continuity of the functions An: Q2 > R can be derived from perturbation
theory [7, 8, 12]. Moreover, each Xn(p) is a holomorphic function of the
individual coordinates p., [12, p. 392]. However, perturbation theory is
inadequate to prove that An(p) is a holomorphic function of all three vari-
ables [12, p. 117]. One goal of this paper is to prove that each An(p) is
holomorphic for p € Q= Xn where Xn is an analytic variety of degree <2 in
RY. In particular, Xn is a closed nullset in R?. This result is proved by
showing that the graphs of the An(p) are components of a real analytic
variety in R*. More precisely, the following result is proved in section 4.

Theorem 1. To each potential V(q) that satisfies (1.4), (1.6) and each
Y > 0 there corresponds a function D(p,A), holomorphic for |Im p| < Yy and
XA € C and satisfying D(p+m,A) = D(p,A), such that for each p € R® the
sequence {An(p)} is precisely the set of zeros of D(p,A), enumerated by
magnitude and repeated according to their multiplicities.

The assertion that D(p,A) is holomorphic on the closed set defined by
]Im p] < Y means, as usual, that it is holomorphic on an open set containing
this set. A construction of a function D(p,A) having the properties listed
in Theorem 1 is given in section 4.

Lemma 1.5 implies that for each p € R® there exist complete orthonormal
sequences of eigenfunctions of H(p). In the literature most authors, after
defining H(p), say "let {wn(q,p)} be a complete orthonormal sequence of
eigenfun&tions of H(p)" and proceed to talk about "the'" eigenfunctions
wn(q,p). -This language and notation are misleading because the eigenfunctions

are not unique. Indeed, even if the eigenvalues An(p) are simple for all
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o= R} the phase of each eigenfunction can be chosen to be an arbitrary
function of p. If the An(p) are degenerate and their multiplicities vary
with p the range of choices is much wider. The formal basis of the

customary definition of the Bloch waves is evidently the axiom of choice
applied to the uncountable set of all p € R®. It is clear that this approach
cannot provide any information about the p-dependence of the Bloch waves.
Even the existence of p-measurable families is in doubt. In section 5 of
this paper an explicit construction of families of Bloch waves is given

that implies the following theorem.

Theorem 2. There exist sequences of functions wn: Q0 xQ ~>cC and
closed nullsets Zn C @ such that B wn(',p) e c(®) is holomorphic for
peE Q - Zn and {wn(',p)} is a complete orthonormal sequence of eigenfunctions
of H(p) for all p € Q0 - Z where Z = L_J :=l Zn'

The mapping p wn(',p) is holomorphic as a function of p with values
in the Banach space C(l) with the maximum norm (see [11] for definitions).
Note that Z is a nullset.

A family {wn(q,p)} with the properties described in Theorem 2 will be
called an "almost holomorphic family" of Bloch waves. The continuity asser-
tion of Theorem 2 is close to the best possible. Indeed, continuous
families of eigenvectors do not exist, in general, even when H(p) is a
holomorphic family of selfadjoint operators on a finite dimensional space,

as may be shown by simple examples.




2. A DISCUSSION OF RELATED LITERATURE

Following the publication of F. Bloch's paper [2] in 1928 the Bloch
waves and their associated energy band functions became the central concepts
in the theory of electronic states in crystals. An introduction to the
large physical literature on these topics can be obtained from the books of
J. M. Ziman [26] and A. P. Cracknell and K. C. Wong [6]. By contrast, the
mathematical theory of Bloch waves has develcped much more slowly. The
first results on expansions in Bloch waves are due to I. M. Gelfand [9]. In
this paper, published in 1950, a proof is outlined of the Parseval relation
for Bloch waves in Lz(Ra) (and L2(Rn)). In the notation of section 1,

Gelfand's theorem states that for every f € L,(R?®) the limits

(2.1) %n(p) = L,(2)-1lim J wn(quT f(q) dq
Moo la| <M

exist for n = 1,2,3,*** and

22
ﬂntLz(Q)

&~ 8

€2.2) 1f12 , 4 =
Ly (R7) n=1

The book on eigenfunction expansions of E. C. Titchmarsh [21], published in
1958, contains a chapter on Schrodinger operators with periodic potentials.
The Parseval relation for Bloch waves in dimensions n > 1 is not discussed in
this book. However, V. B. Lidskii showed in 1961 that Titchmarsh's methods
can be used to derive (2.1), (2.2). A proof along these lines s presented

in the book of Eastham [8].
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A more detailed discussion of Bloch waves was published in 1964 by
F. Odeh and J. B. Keller [15]. This paper contains derivations of both
the Parseval relation (2.1), (2.2) and the Bloch wave expansion of functions
e L2(R3). The latter takes the form

N :
(2.3) £(q) = L,(R})-lim } J Volasp) £ (p) dp
1 e

N->c0 n=
in the notation of section 1. The paper also contains a discussion of the

energy band functions Xn(p) and a derivation of the relation
(s ]
(2.4) o(H) = U D)
n
n=1

More recently these topics have been discussed by several other authors. In
1971 Eastham [7] gave another proof of (2.4), together with two other char-
acterization of 0(H). In 1973 L. E. Thomas [20] showed that H is spectrally
absolutely continuous [12]. The proof was based on his theorem that the
Fermi surfaces QA = {p € Q: Xn(p) = A for some n = 1,2,3,+*+} have Lebesgue
measure zero in R® for every A € R.

None of the literature cited above contains a constructive definition
of a family of Bloch waves. In each case appeal is made, explicitly or
tacitly, to the "axiom of choice definition" of section 1 which provides no
information about the p-dependence. Hence, the proofs of the expansion
theorem (2.1)-(2.3) presented in these papers must be regarded as incomplete,
or valid only under additional (unspecified) hypotheses concerning the
measurability and integrability properties of the Bloch waves.

The Odeh-Keller paper contains a discussion, based on Rellich's pertur-
bation theory, of the p-dependence of Bloch eigenfunctions and eigenvalues.

The assertion [15, p. 1504, remark (iii)] that the eigenfunctions wn(q.p)
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have the same analyticity properties in p as the eigenvalues is incorrect.
This statement is true of the projection operators onto the eigenspaces [12]

but it is not clear how these can be used to construct families of linearly

independent eigenvectors with the same regularity. As remarked at the end
of section 1, piecewise holomorphy is the most that can be proved by

general methods. This result could perhaps be prcved by perturbation theory
when the eigenvalues are all simple. No general criteria for this case are
known but it is presumably rare. It is known that, for many classes of

" degeneracies for certain

crystals, the eigenvalues An(p) have "intrinsic
values of p which are imposed by the symmetry group of the crystal and are
independent of the precise form of the potential within its symmetry class

[6, p. 33].

. I —
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3. AN INTEGRAL EQUATION FOR BLOCH WAVES

In this section the Bloch waves are characterized as the eigenfunctions
of a holomorphic family of Fredholm operators K(p) acting in L,({). The
principal steps in the construction of K(p) are formulated here as a series
of lemmas whose proofs are given in section 6. The construction begins with
the resolvent of H,(p) evaluated at a point —yg of the resolvent set. The

notation

(3.1) Ry (p) = (Ho(p)+Y2) ™', ¥g > 0, pe R’

will be used. Ro(p) is an integral operator in L,({2) of the form

(3.2) R (p) f(q) = [' Gy(q-q',p) f(q') dq', f € L,(Q)
8

where G, (q,p) is a periodic function of p € R® with the Fourier expansion

e'YoIQ‘ml

21Tip'm 3
L Tl L

b

(3.3) G,(q,p) =

The function G,(q,p) is needed for q € 20 ={q =2q"': q' € Q} to define the
difference kernel of an operator (3.2) in L, (). Actually, the series in
(3.3) converges and defines Gy (q,p) for all q € R¥- 23 and all complex
p € C* such that |Im p| < y,/2n. More precisely, one has

Lemma 3.1. The series in (3.3) converges for (q,p) € (R®-127%)
x {pe ¢*: |Im p| < yo/2n} and the convergence is uniform on compact

subsets. Moreover, if G;(q,p) is defined by

-
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(3.4) G, (q,p) = Z ['(q-m) eZnip*m

+ G;(Q»P)
meE N

where T'(q) = e—Y°lq|/4nlq| and N = z® n {m: |m| < /3} then GJ(-,p) € C(22)
and the mapping p > G&(’,p) € C(29) is holomorphic for IIm pl < Yo/2m.

Lemma 3.2. For each p € C? with |Im p| < y,/27 the kernel
Go(q-q',p) € Lo(@xQ) and (3.2) holds. In particular, R,(p) € B, (L, (2)),
the class of Hilbert-Schmidt operators in L,(R), and p + Ry(p) € B, (L,(Q))
is holomorphic for |Im p| < y,/2m.

In the last statement the Hilbert space topology in B,(L,(2)) defined
by the Hilbert-Schmidt norm is understood [12].

Lemma 3.3. If V(q) € L,(Q) then for all p € C*® with |Im p| < y,/2m
the operator R,(p)V is densely defined and closable as an operator in L,(Q).
Moreover, the closure of Ry(p)V, denoted by Lo(p), is in B,(L,(R)) with

kernel

(3.5) Lo(4,a',p) = Gola-q',p)V(q") € L, (@x Q)

and the mapping p > Lo(p) € B,(L,(R)) is holomorphic for IIm p| < Yo/2m.
Lemma 3.4. To each V(q) € L,(22) and each y > 0 there corresponds a

constant M = M(V,Yy) > 2my such that Y, > M implies
(3.6) ILo (Pl g < 1/2 for |Im p| < ¥y

where I‘IH denotes the Hilbert-Schmidt norm for B,(L,(Q)).

S
Lemma 3.4 implies that

(3.7) A+L N = T DL, [Imp| <y
n=0

and the remainder in the Neumann series tends to zero in B,(L,(R)).

— - Y SN SR . s S Pa———-
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Lemma 3.5. Let V(q) € L,(R2), y > 0 and y, > M(V,y). Then
(3.8) L(p) = (L+L,(p)) ™" Ry(p) € B,(L, (@) for |Im p| <y

and has the representation

(3.9) L(p) = L (-1 Re(p)[V Ro(p)1™ for |Im p| <y
n=0

in the sense of convergence in Bz(Lz(Q)). The mapping p > L(p) € 82(L2(Q))

is holomorphic for |Im pl < Yy and L(p) has the properties

(3.10) L(p+m) = L(p) for |Im pl <Yy and m€ i
and

*
(3.11) L(p) = L(p) for all p € R}

The relationship of L(p) to the Bloch waves is described by
Lemma 3.6. For all p € R? and Yi > M(V,Y), L(p) = (H(p)i—yg)—l. Hence
Y € L,(§) is an eigenfunction of H(p) and H(p)y = Ay if and only if ¢ is an

eigenfunction of L(p) with singular value p = A + Yi; (08 - T
(3.12) uwL(p) p =y

Lemma 3.6 implies that the Bloch waves can be constructed by means of
the Fredholm determinant theory for Hilbert~Schmidt operators as developed
by T. Carleman [4], F. Smithies [19]) and R. Sikorski [17, 18]. However, a
simpler approach is made possible by

Lemma 3.7. Under the hypotheses of Lemma 3.5, the operator K(p) =
L(p)? has the property that its kernel K(q,q',p) € C(i1x ) and the mapping

p » K(q,q"',p) € C(Q2xQ) is holomorphic for | Im pl < Y. Moreover, y € L,(Q)
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is an eigenfunction of H(p) and H(p) Y

function of K(p) with singular value v

(3.13) v K(p)

AY if and only if  is an eigen-

(Ai-yg)z; o6




w. TSR il W BB F— . s -

—— i — it

17

4. A CONSTRUCTION OF THE ENERGY BAND FUNCTIONS

The purpose of this section is to construct the holomorphic function
D(p,A) of Theorem 1 and to use it to derive the basic properties of the
energy band functions An(p). The construction of D(p,A) is based on the
classical Fredholm theory [10, 17] applied to K(p).

The Fredholm determinant of K(p) is the function Do(p,v) defined by the

power series

o]
2
(4.1) De(p-Vv) = J D, ,(p) Vv
9= 0,2
=0
where D0 O(p) = 1 and the remaining coefficients are defined by

L
=1
(4.2) DO,Q(p) 5 ij[g_'JQ i JQ K(ql,"',QQ;Qi,""QE,P)dql"'dqu L>1

where

K(ql’q;'p) LAy K(ql.Qi.P)

(4.3) K(q1"°.:ql;q;,.°.9qi’p) - 7

K(qq,qy5p) *** K(qg,qg,Pp)
Lemma 3.7 implies
Lemma 4.1. For each p € c? with ]Im pl <Yy K(ql’...’ql;q;’°"'qé’p)
(— c(ﬁzz) and p * K(*,***,*,p) € C(ﬁzg) is holomorphic for |Im p| <Y.
It follows that each D0 R(p) is holomorphic for [Im pl < Y. Moreover,

the classical Hadamard inequality applied to (4.3) implies

) 22/2

(4.4) [Dg (P <« /%t for |Im p| <y
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where k = k(V,Y) = Max |K(q,q',p)| and the maximum is taken over the compact
set of q€ {, q" € ii, Re p€ R and |Im p| < y. This implies

Lemma 4.2. The series in (4.1) converges for all p € C® with |Im pl <y
and all v € C. The convergence is uniform on compact subsets and hence
Do (p,Vv) is holomorphic for IIm pl <Y, ve C.

The function D(p,A) may now be defined by
(4.5) D(p,A) = Dy (p, A+7Y3)?)

and one has the following lemmas.

Lemma 4.3. D(p,\) is holomorphic for |Im pI <y and A € C. Moreover,
D(p,\) is real-valued for p € R}, Y € R and is a periodic function of p;
D(p+m,A) = D(p,A) for |Im pl <N IS z3 and X € C.

Lemma 4.4. For all p € R?, A € o(H(p)) 1if and only if D(p,A) = O.
Moreover, the multiplicity of A as an eigenvalue of H(p) equals its multi-
plicity as a zero of D(p,A). Hence, the sequence {An(p)} defined in section
1 is precisely the sequence of zeros of D(p,A), arranged by magnitude and
repeated according to multiplicity.

Lemma 4.4 implies that the variation with p € R? of the energy band

functions An(p) is described by the set
(4.6) E = {(p,\) € R*: D(p,A) = 0}

E is a real C-analytic variety in R" [5]; i.e., the real part of a complex
analytic variety. It is known that E = E' U E" where E', the set of regular
points of E, is a real C-analytic manifold of dimension 3 and E", the set

of singular points of E, is a real C-analytic variety of dimension <2 [5,
23). A different decomposition of E will be used to discuss the properties

of the functions An(p). It is based on the observation that for each
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(posAy) € E there exists an integer m = m(py,Ay) > 1 with the property that
there is a neighborhood N(p,,A,) of (py,A,) in R* such that
4.7 33p(p, M) /30 = 0 in E 0 N(pyLAg)

for j = 0,1,***,m-1 but there is no neighborhood N(po,ko) such that (4.7)

holds with j = m. This suggests the definition
(4.8) ES = E 0 {(pg,rg): 3™(pyrho) A" # 0, m = m(pg,ho)}

Its utility is based on

Lemma 4.5. E = EF¥ U E® where E¥ CE' and E° = E" u (E'- Er). Moreover,

E' is a real C-analytic manifold of dimension 3 and E® is a real C-analytic

subvariety of E of dimension <2.

E is unbounded in the positive A-direction because An(p) +> ®© when n + «,

It will be convenient to define the compact subsets
n —_—

(4.9) E, - U {p2g(P)): p€ G} CB, n= 1,2,
=1

and the sets

(4.10) EfF =E nEY, ES=E_n ES
n n n
and
(4.11) x ={pel: (p,0)e€ Ef; for some A} C Q

With this notation one has

Lemma 4.6. For each n = 1,2,*** the set Xn is a real C-analytic var-

ety in Q2 of dimension <2. 1In particular, Xn is a closed nullset. Moreover,

the relatively open set Q- xn has a finite number of topological

components; say
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(4.12) 0 - X =0 U R U e uQ N = N(n)

n,l n,?2 ,N’

Lemma 4.7. For £ = 1,2,***,n each of the functions Xl(p) is holomorphic

on Q - Xn and has constant multiplicity m = m(n,j,%) on the component Qn i’

’

j=1,2,**+,N(n). Moreover, (p,Al(p)) € E: for p Qn i 2 =1,2,+*+,n and

m(n,j,2) = m(p,A (p)) is the integer of the definition (4.8) of .,
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5. A CONSTRUCTION OF ALMOST HOLOMORPHIC FAMILIES OF BLOCH WAVES

The purpose of this section is to prove Theorem 2 by giving a construc-
tion of the closed nullsets Zn and Bloch waves wn(q,p). The construction is
based on the classical theory of Fredholm minors applied to the operator
K(p).

The Fredholm minor of K(p) of order k > 1 is the function

Dk(ql’...’qk;q;’.'.’q&’p’v) defined by the power series

00

)
(5.1)  D(d;,°*,q,3955°**»qysPsV) = 220 Dy, g ()" " y3a) """, PIV

where Dk’o(q,,---,qk;q;,"',qi,p) = K(q,,°**,9,:4;,°"",q;,P) is defined by

(4.3) and for £ > 1

Dk,l(ql,°*’,qk;q;,"',qi,p)
(5-2)

= 2'! JQ “e e JQ K(ql’.."qk'rl’...’rl;q;’.‘.’ql'(’rl’...’rﬂl’}))drl...drz

Lemma 3.7 implies

Lemma 5.1. For each p € c? with IIm pl < 7Y, the coefficients defined
by (5.2) are in C(ﬁzk) and p > D (q,5°°*,q.39 »***,q.,p) € C(ﬁqk) is

¥ P k,l 1° 99, » Gy
holomorphic for |Im pI <.

Moreover, Hadamard's inequality implies

)(k+Q)/2

+
(5.3) D, g(a st e0,qu5q),00 a0 P) | € e g /! for |Im p| <y

and all (q,,°**,q}) € %%, This implies
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Lemma 5.2. The series in (5.1) converges for all (ql,°--,qi) o QZk,
all p € c? with IIm pl <y and all v € C. The convergence is uniform on
compact subsets and hence (p,v) Dk(',"',',p,v) € C(§2k) is holomorphic
for {Im p’ S %y VE C.

The results of section 4 imply that the singular values of K(p) are the

roots v of D (p,v) and the sequence defined by
(5.4) ve®) = (g(p) + Y2, pE R, L = 1,2,0¢¢

is an enumeration of these singular values arranged in increasing order and
repeated according to their multiplicities. Moreover, the eigenspace of

K(p) for vl(p) coincides with the eigenspace of H(p) for Az(p). The
construction of a basis for this space will be based on the classical result
of Fredholm that, for each fixed p and singular value vz(p), there is an
integer m > 1 such that the minors of orders k < m - 1 are identically zero
as functions of (q,,'°-,q£) = ﬁik while the minor of order k = m is not

—2m

identically zero. With this choice of m there exist points (a1,°",a;) € Q

such that Dm(al,"',aé,p,vl(p)) # 0 and then

i

il(q,p)

D, (q,a,,°**,a sa;,°**,a ,p,v(p))

(5.5) < lpz(q,p) = Dm(al’q’...’am;al"..’al;l’p'vl(p))

@m(q.p) =D (a; a5, ,q5a0,°,a,p, v, (p))

is a basis of linearly independent eigenfunctions for vl(p). A corresponding
orthoncrmal set can then be constructed by the Gram-Schmidt method. Of
course, m and (u,,"',a;) will vary with p. Theorem 2 is proved below by

choosing m and (al,°°-,a$) to be suitable functions of p € (.
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The eigenvalues vl(p) (& = 1,2,*++,n) are holomorphic and have constant

multiplicities m(n,j,%) on the components Qn j of O - Xn’ by Lemma 4.7.

Moreover, the integer m of (5.5) is the dimension of the eigenspace for

vl(p) and hence coincides with m(n,j,%) for p € Qn o It follows that for

b

fixed (al,°",aé) the functions (5.5) are holomorphic for p € un 3’ More-
9

i ce e ' = ¢ ~ i i
over, if Dm(al, ,am,p,vg(p)) # 0 for p Ps € un ; then by continuity the

’

inequality holds in a neighborhood B(p,,r,) = {p: Ip-pol < ro} and hence
(5.5) defines a basis for the eigenspace for Al(p) fox all p € B(p,,T;)-

Note that if n, = Min m(L, 1) 2 1othen by (4.9 E, =E, = ¢ = En
] 1

g E ,,- Similarly, there is a sequence of integers {nk} such that 1 < n
1

<m, ¢, < s and for k= 1,2,3, %%+

(5'6) e = Enk ; Enk+l = eee = En (; En £ = eese

It will be convenient to define the almost holomorphic Bloch waves wi(q,p)

in groups, starting with wl,"°,wn .
1

Definition of wl’...’wnl' Consider the components Qn
1)

(3 = 1,2,*++,N(n;)). On each of them the multiplicity m(1,j,1) = m(nl,j,ni)

- om j is constant and > n;. Thus for each p € Qn 3 there exist neighbor-
L JF 1°»

hoods B(p,,r,) C Un j and points (al,°~°,a% ) € i TN such that (5.5)
il 1,3
with m = mo defines a holomorphic basis for the eigenspace for A, (p) = **-

= Am (p) in B(p,,r,). The Gram-Schmidt algorithm then gives a holomorphic
l,j
orthonormal basis y,(q,p),***,¥ (q,p) in B(pysry)-
1,]
To every p € Qn . there correspond neighborhoods B(po,ro) and holo-
5

m

morphic orthonormal bases of eigenfunctions. Almost holomorphic orthonormal

bases Y, (q,p),***,y (q,p) in Hn j may now be constructed by a procedure
l’

m
2y
defined in [25, pp. 17-18]. The exceptional set Z(n,,J) C un i on which
l“
wl(°,p),"°,wm (*,p) are discontinuous is a union of portions of spheres
B

T ——————- —- — ——
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T % B {p: |p- pol = r,} whose limit points all lie in the compact set
an. Hence, Z(n,,j) U Xn is a closed nullset. Finally, the definition of
wl(q‘p)'...,wnl(q,p) for p € @ is completed by setting wj(q,p) = 0 for
q € Q2 and PG Zj where

N(n,) )
(547) Z, =cr =2 =X y t~J Z(n,, 1)

is a closed nullset.

Definition of y Consider the components Qn

n1+l’...’wn2' o
(j =1,2,++*,N(n;)) and let m(n1+1,j,nl+1) = m(nz,j,nz) = mz,j' To define
wj for j = n,+1,°**,n, note that 1f L > n, then m B g, V“z(p) - (p)
on an,j (= in,j' for some j') and hence wj and Z(n,,j) = Z(nl,j') have
already been defined. If ml’j = n, then vnz(p) > an(p) and wn1+1’.."wn2

can be defined by the procedure explained in the preceding paragraph.
The definition of Y SO can be completed by induction on k.
nk+1 nk+1
The basic inductive step is the construction described above. It is clear

from the construction that the resulting sequence {wn(q,p)} has the

properties stated in Theorem 2.
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6. PROOFS OF THE LEMMAS

This section contains proofs of the lemmas that were formulated in the
preceding sections. For brevity the proofs are based as directly as possible
on results in the literature.

Proof of Lemma 1.1. The starting point is an inequality of S. L.

Sobolev and S. Agmon [1, p. 32] which states that for each domain G ¢ R’
that has the ordinary cone property [1l, p. 11] there is a constant y = Y(G)

such that for all u € Lg(G), qE€ Gand r > 1

(6.1) lulq¥|* = ¥* x 2 (al, o+ r? fuly )

,G

5 2
where Huﬂz’c is the norm in LZ(G) and "u“O,G is the norm in LZ(G).
Applying this to the domain Qm ={q=q' +m: q' €}, where m € z%, then
multiplying by |V(q)|? and integrating over “m gives (since HVHO g = "vu"U'z
’m y

by (1.4))

(6.2) vald o < yravid o o au? oo+ x?

0,0 0,0 2,9 Q)
m m m

Then summing over m € 2% gives, for all u € L:(Ra),

(6.3) I Vull 2

0,R? S Y2z _ V2 (iuI: g t r? Huﬂa g
’ ’

0,8

This proves that L;(Ra) C D(V). To prove (1.7) one may use the elementary

inequality [24, Lemma 3.3]
2 2 2 2 X 373
(6.4) lulz,Rg £ Y (|Au'0,R3 + lulO,Ra) for all u € L;(R7)

Combining (6.3) and (6.4) gives (1.7) with a suitable choice of C.
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Proof of Lemma 1.3. The proof is similar to the preceding one. The

analogue of (6.4) for H (p) is

(6.5) bul? <y} (I (Pul] o + Tul} () for all u € D(H,(p))

=Y 0,8

where Y, is independent of p. (6.5) can be proved by Fourier analysis.
Combining it with the Sobolev-Agmon result (6.1) for G = { gives (1.20), as
in the proof of Lemma 1.1.

Proof of Lemma 3.1. Let K C R? be compact and let N(K) = 2*n K, a

finite set. Let u = Max {|q|: q € K} so that [q-m| > |m| - u for all

q € Kand m€ z°. It will be shown that

(6.6) ’X r(q_m) e21rip-m
meEZ’-N(K)

converges uniformly for q € K, |Im p| =0 YO/ZN. Note that

2n Imprm+7Y, [q-m| > (yo-21 |Im p|)[m| - y,u

(6.7)

> (Yy - 2mY) [m| - ygu
whence
(6.8) “"(q_ m) eznip'ml < eYOU e-(Yo—ZW)lml/loﬂ’lq-ml

for all q € K and m € 2® - N(K). The uniform convergence of (6.6) for

q € K, |Im p| <y < y,/2m follows. Applying this with K = 20 gives

(6.9) Gl (a,p) = I  Plg-n) o0 pE
me Z3-N(2Q)

and the uniform convergence implies that G;(-,p) € C(202) and that

p > G;(',p) € C(20) is holomorphic for |Im p| < Y°/2n.

Proof of Lemma 3.2. Note that I'(q-q'-m) € L,(xQ) and Gy(q-q',p)

€ C(@xQ) C L,(2xQ). Hence (3.4) implies G (q-q',p) € L,(2xQ) for each

wm- oo A o R R ST . s - > - -
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p such that |1m pl < Yo/Zﬂ. To prove (3.2) note that (-A + Y;) I'(q- m)

= 8(q-m). Moreover, (6.8) implies that (3.3) can be differentiated term-
wise and (-4 + Yg) Co(q- q',p) = 8(q-q'") all q, q' € {{. Note that to prove
(3.2) it suffices to verify it for f € C:(Q). For such functions the
differential equation for G, implies that (-A + Yg) Ro(P) f(q) = f(q) for
all q € 8. Finally the form of the series in (3.3) implies that R (p) f

€ D(Hy(p)) which completes the proof of (3.2). The holomorphy of

P> R,(p) € B,(L,(R)) is equivalent to that of p - Go(q-q',p) € L,(Q2xR)
which follows from Lemma 3.1.

Proof of Lemma 3.3. A simple geometric argument implies that

(6.10) J |Go(q-q',p)|? dq < j lGo(q,p)|2 dq for all q' € @
Q 20

This result and Fubini's theorem imply that G (q-q',p) V(q') € L, (0 x )
for |Im p| < y,/2n. Moreover, for all f € D(V) = D(R,(p)V)
(6.11) R, (p) V f(q) =J Go(q-q',p) V(q') f(q') dq'

S
by Lemma 3.2. This implies that Ry(p)V is densely defined and closable
with closure in B,(L,()) whose kernel is (3.5). The holomorphy of
p > L,(p) € Bz(Lz(Q)) follows from Lemma 3.1.

Proof of Lemma 3.4. Note that (6.10) implies

ILo(p)IﬁS = J

[v(q")|? J |GyCa=q",p)[? dq dq'
Q Q

(6.12)

2 2
s IV'LZ(Q) sz |Go (a,p) |? dq

Hence it 1s enough to show that the last integral tends to 0 when y, -+ «,

uniformly for |Im p| < y. Moreover, for any fixed m ¢ 2°
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{ ~Yola-m]|
(6.13) J ]I‘(q—m)lqu=J le 0 /4n|q-m|?] dq > O when y =
20 p.9

by Lebesgue's dominated convergence theorem. Thus it is enough to prove
that C;(q,p) + 0 when Y, > «, uniformly for ¢ € 20 and |Im pl < Y. To show
this note that |q-m| > |m| - lql, lq] < /3 for q € 20 and |m] > 2 for

me 2z} - N(2Q). Thus if €, Y, satisfy 0 < e <1 - V3/2, Yo * (Iny+1)/e

and |Im p| < y then

21 Im p* m+Yy|q-m| Cry = 2%Y) |m| - V3 ¥e

v

Im| + (v, - 2my - 1) |m|-V3 ¥,
(6.14)

v

|m| + {ey, - 2wy - D|m| + (Q-€)|m|- /i)Yo

v

|ml + GYO
where § = 2(1-€) - VY3 > 0. It follows from (6.9) and (6.14) that for all
q€ 20 and |Im p]| <y

(6.15) lG;(q,p)l < e-znlhlp.m—Y°|q-m‘/4ﬂ|q-m| <cC e-6Y°

al22

where C is a finite constant. This completes the proof.

Proof of Lemma 3.5. (3.8) follows from (3.6), the Neumann series for

CL + Lo(p))_l and the completeness of the Hilbert space B,(L,(R)). Moreover

the range of Ry(p) is D(H,(p)) C D(V) and hence for n = 1,2,***
(6.16) Lo (P™ Ry(p) = (Re(p) M Ro(p) = Ry(p) (V Ry(p))"

which proves (3.9). The uniform convergence of the series in (3.9) on

compact subsets of |Im p| < y implies that p » L(p) € B,(L,(R)) is
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holomorphic there. Finally, (3.10) follows from R,(p+m) = R,(p) and (3.11)

follows from the selfadjointness of R, (p)[V Ro(p)]n for all p € R3.

Proof of Lemma 3.6. Note that u = (H(p) + Yg).l

f if and only if

u € D(H(p)) = D(Ho(p)) and (H(p) + Y2)u = f. Since H(p) = Hy(p) + V this
may be written (H,(p) + Yi)u = f - Yuor u=R,(p)f - Ry(p) VYu or
(1 + Ry(p) V)u = Re(p) f. Thus finally u = L(p) f by Lemmas 3.3-3.5.

Proof of Lemma 3.7. If A€ B,(L,(2)) the corresponding kernel in

L, (2 x{) will be denoted by A(q,q'). Similarly, if A(p) € B,(L,(?)) for

| Im p| < Y then A(q,q',p) € L,(1xQ) for IIm pl <Y . The notation A(p) ~ 0
will be used to mean that A(q,q',p) € C(2x®) and p + A(q,q',p) € C(2x )

is holomorphic for IIm p| €Y. Thus Lemma 3.7 states that K(p) = L(p)? ~ O.
The notation A(p) ~ B(p), meaning A(p) - B(p) ~ 0, will also be used. It

is an equivalence relation.

By Lemma 3.5

@

(6.17) L) = [ (DL (p) in B, (1L, ()
n=0
where
(6.18) L(,(P) = Ro(p)9 Ln(P) = Ro(P)VLn_I(P), Rl i -
Moreover, by Lemma 3.1
2mipem
(6.19) Lo(P) = Ry(p) ~ ] T e

me N

where Fm has kernel I'(q- q'-m). It will be shown first that

2ni pe (mrm'
(6.20) L~ oyl P (mtm")

mtm' € N
To prove this it is enough to show that Rg(p) VRy(p) ~ O, Fm\IRS(p) o

R;(p)VI‘m ~ 0 and I‘mV Fm' ~ 0 for m+m' ¢ N. Now R;(p)VR;(p) has kernel
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(6.21) JQ Gi(a-q",p) V(") Gi(q"-q',p) dq"

The result Rj(p) VR (p) ~ 0 follows from the observation that
q" > Vv(q") G;(q"-q',p) € L,(Q) is continuous for q' € Q2 and
p > V(q") 6)(q"-q',p) € C(@,L,(R)) is holomorphic for |Im p| < y. The
remaining terms may be treated similarly.
Next it will be shown that I‘mv I‘m.(q,q') is continuous for q-q' # m+m'

and

(6.22) FmV Fm,(q,q') =0(|q- q'—m—m'lnl/2 ), > q' +m+m'
To show this note that

(6.23) PVl (a,q") = JQ I'(q-q"-m)V(q") T'(q"-q'-m") dq"

If q- q' # m+m' then the singularities of the integrand at q" = q- m and
q" = q'+m' are distinct and the continuity can be proved by the argument

of the preceding paragraph. The result (6.22) is proved by applying

Schwarz's inequality to (6.23):
(6.24) lI'mV I'm,(q,q')l2 < IVIEz(Q) fg IT(qg-q"-m) T'(q"-q'-m")|? dq"

and estimating the singularity of the last integral at q = q"+m+m' by a
method of classical potential theory [l4, p. 59].
Passing to L,(p), the method of the preceding paragraph can be used

to prove

¥ 1y n
(6.25) L,(p) ~ ) EVNE R E et immta)
< mm'4m" e N m m m

Moreover, I‘mv Tm,V I‘m..(q,q') is continuous for q-q' # m+m' +m" and
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(6.26) rmv ﬂn,v Fm"(q,q') = O(IIn lq— q'-m- m'-tﬁ'l|v2)
Finally, the same arguments imply that Ln(p) ~ 0 for n = 3,4,5,*++ and

L(p) ~ Lo(p) - Ly(p) + L,(p)

. i . !
~ ¥ rm eZnip m z rmv Fm' Q2mip (m+m')
m€E N mtm' € N

(6.27)

- o
+ ) E#P  wD, o R emiieC)
m m m

mtm'+m'"' € N
The last sum is a trigonometric polynomial in p. Hence, to complete the
proof of L(p)2 ~ 0 it is sufficient to show that the product of any pair of
the operators I' , T VI , and T VT ,VT , has a kernel in c(xQ). This
m’> m m m m m

= |q_q'_m| '
follows from Fm(q,q') =e '0 /4m|q-q'-m|, (6.22) and (6.26) by the
argument following (6.21) (continuity of q - Tm(q,q') € LZ(Q), etc.)s

Proof of Lemma 4.3. The holomorphy follows from Lemma 4.2. To see

that D(p,A) € R for p € R?, X € R note that Gy(q,p) € R for p € R® by (3.3).
Hence (3.9) implies that L(p) has a real-valued kernel, because V is real-
valued, and therefore K(q,q',p) € R for p € R®. Thus (4.1) - (4.4) imply
that D(p,A) € R. The property D(p+m,A) = D(p,A) follows from (3.10).

Proof of Lemma 4.4. By Lemma 3.7, XA € o(H(p)) if and only if

Vv = (A#—Yg)z is a singular value of K(p). Hence Lemma 4.4 follows from
classical Fredholm theory [10, 17]. 1In the general theory the multiplicity
of an eigenvalue can be less than the multiplicity of the corresponding zero
of Do(p,v). However, for selfadjoint operators the two multiplicities
coincide.

Proof of Lemma 4.5. Let (p,,A,) € E'. Then there is an m = m(pysAy) 2 1

and a neighborhood N(py,A,) C R* such that
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F(p,A) = 3" ' D(p, /A" =0  for (p,A) € E N N(py,\,)
(6.28) <

AF(p,A\) /X = 3™(p,A)/aA™ £ 0 for (p,A) € E 0 N(p,,A,)

It follows by the implicit function theorem for analytic functions [3] that
E N N(py,A,) C E'. 1In particular, Ef C E' is a real C-analytic manifold of
dimension 3. Next consider a point (po,Ao) € EF = E - E'. The definition
of EF implies that there is an integer m = m(p,,A,) > 1 and a neighborhood

N(pgsAg) C R" such that

F(p,N) = 3™ 'D(p,1)/0A™ ! = 0 for (p,A) € E N N(pg,A,)

(6.29) < G(p,A) = 3" D(p,A)/3A™ £ 0 for (p,A) € E N N(py,A,)

~
"
(=}

G(po ’Ao

Thus (py,Ae) € E N {(p,A): G(p,A) = 0}, a variety of dimension < 2.

Proof of Lemma 4.6. The set E: C R* is a real C-analytic variety of

dimension < 2. Hence Xn’ its projection onto the hyperplane A = 0 has the
same property. The important property that Q- Xn has a finite number of
topological components was proved by H. Whitney [22, 23].

Proof of Lemma 4.7. Let p, € - X and let 1 < & < n. Then

(po,Al(po)) € E: c E' and hence there exists a neighborhood N(p,) in which
Az(p) is the unique holomorphic solution of F(p,A) = 0 guaranteed by (6.28).
To show that Al(p) has constant multiplicity on each component of Q - X,

let p,y € Qn have multiplicity my = m(po,AQ(po)) (notation of (4.8)). Then

)]
Ak(p) has multiplicity m, throughout a neighborhood of Py» by the definition

of E¥ and continuity of 3™ D(p,A)/9A™. Thus the set Q; " e {pe Q. j
’ »

Az(p) has multiplicity my} is open and not empty in Qn Moreover, if

*

ﬂ
i

AP R BN e Y S— R—
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0
n,j

is constant in a neighborhood of p,. Thus Qg

Py € Rn,j is a limit point of Q then m(pl,Ag(pl)) = m, because m(p,AQ(p))

is both open and closed in

> ]

2 and therefore Qx , =0 because {i ., is connected.

n,j

] n, j n,j
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