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ABSTRACT

The Bloch waves of the one—electron theory of electronic states in

crystals are the eigenfunctions of a family of unbounded selfadjoint

operators H(p) that depend holomorphically on the wave momentum

= (~~~~~‘p~) E R
3 . 11(p) has a discrete spectrum , with corresponding

complete orthonormal sequences of eigenfunctions, and it is customary to

denote such a sequence by {i~5(p)} and speak of “the
” Bloch waves. However,

the elgenfunctions are not unique and a separate choice is required for

each p. The customary definition therefore rests on the axiom of choice

and can provide no information about the p—dependence of the Bloch waves.

Some information is easential for applications. A minimal requirement is

p—measurability. In this paper the operators K(p) = (11(p) + are

shown to form a family of Fredholm integral operators that is holomorphic

for p E C3 , u r n  p 1 < 
~~~~~~ 

The classical theory of Fredhoim minors is then

used to construct families of Bloch waves lPn(p) which are holomorphic on

the complement of a closed nuilset.
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1. INTRODUCTION AND STATEMENT OF RESULTS

The main features of the electronic states of crystalline solids have

been deduced from the one—electron model [26 , Ch. 3]. The principal

operator  of the theory is the one—electron Hamiltonian

(1.1)

where ~ is the Laplace operator in three—dimensional Euclidean space E
3 and

V denotes multiplication by the real—valued crystal potential which has the

periodicity of the crystal lattice. It will be convenient to describe H by

means of a fixed system of lattice coordinates. Thus if ~~~~, a2, a 1 is a

lattice basis in E3 then the position vectors of points in E 3 may be

Identified with the coordinate triples q = (q’,q2,q 3) E R3 defined by

(1.2) ~
i—i

t~ has the representation

a 2
(1.3) ~ gil ( j kj,k~l aq aq

where are the contravariant components of the metric tensor for the

coordinates qi. V is represented by a real—valued function V(q) of the

coordinates and the periodicity condition becomes

(1.4) V(q + in) — V(q) for all q E R3 and iii € 

• ~~~~~~~~~~~~~~ ~~~~~~~~~~ - - —  —_______



-

2

where Z denotes the set of integers. A unit cell in the crystal is described

by the unit cube

(1.5) {q € R3: —1/2 < q ’,q 2 ,q 3 < l/ 2}

in the coordinate space. It is assumed throughout the paper that V(q) E

L 2 (~2) ;  I .e. ,  V(q ) is Lebesgue measurable in ~ and

(1.6) IVU~~~(~) 
= J IV (q)I2 dq < ~

where dq dq 1dq 2dq 3 denotes Lebesgue measure In R3 . The Hamiltonlan H is

Identified with the selfadjoint realization of the differential operator

-.~A + V(q) in L2 (R 3). Its domain D(H) — L~ (R 3) is the Sobolev apace of func-

tions u(q) whose distribution derivatives Dau(q) ~~~~~~~~~~~~~~~~~~~~~

€ L2 (R~) for 0 < ~~ + cz~ + < 2.

H is known to have a continuous band spectrum. Moreover, a spectral

representation of H can be based on the theory of the generalized eigenfunc—

tions known as Bloch waves. The literature contains several proofs of the

completeness of families of Bloch waves tha t fu l f i l l  certain regularity

conditions (usually unspecified) concerning their dependence on the wave

momentum p E R 3 . It is surprising tha t the literature contains no proof of

the existence of such families although their existence has been asserted.

The purpose of the present paper is to close this gap in the theory by

giving an explicit construction of families of Bloch waves that have adequate

regularity properties.

The paper is organized as follows. In the remainder of this section

the Bloch waves are defined and the principal results of the paper are
I

formulated . Section 2 contains a discussion of related literature . Section

3 presents a construction of a holomorphic family K(p) of Fredhoim integral

- .-*_ UI LI — . —
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opera tors in L 2 (~~) whose elgenfunctions are precisely the Bloch waves for H.

In section 4 the Fredholm determinant  of K (p)  is used to const ruct  the

Bloch wave eigenvalues or energy band functions. In section 5 the Fredhoim

minors of K(p)  are used to construct  famil ies  of Bloch waves that are

“almost” holomorphic funct ions  of p; i . e . ,  holomorphic on the comp lement of

a closed nuilset  in R 3 . Section 6 contains proofs  of the lemma s formula ted

in the preceding sections .

The se l fad jo in tness  of the Hamiltonian H fol lows from

Lemma 1.1. D(H) = L~~(R 3 ) C D(V) and there ex i s t s  a constant  C > 0 such

tha t  fo r  all u e D(H)  and r > 1

( 1.7)  IIVuI
~~~(R 3 ) < CI V I ~~~~~~ r h12 (I

~~
uI

~~ (R 3 ) + r D u U L ( R 3 ) )

I t  is ~.~ell known tha t H 0 = —
~~ act ing on the domain D(H 0 ) = L~~(R 3 ) is a

se l fad jo in t  non—negative operator in L 2 (R 3 ) (see e .g .  [ 2 4 ] ) .  Hence Lemma

1.1 and theorems of T. Kato [12 , pp. 287—291 1 imply

Lemma 1.2. H = —
~~ + V = H 0 + V , act ing on the domain D(H) = L~~(R 3 ) ,  is

a selfadjoint operator in L2 (R 3). Moreover, H is bounded below.

Note that a constant potential satisfies (1.4), (1.6). Thus If H > —a

(a > 0) then replacing V(q) by V(q) + a gives a new Hamiltonian tha t

sa t i s f i e s

(1.8) H > 0

In the remainder of the paper it is assumed that H satisfies (1.8).

The Bloch waves for H are the solutions of the equation

(1.9) H~(q) —A~p(q) + V(q)~~(q) — A~p( q ) , q e R 3

that have the form

_ _ _ _ _ _ _ _ _ _  - — - -— -__________ - — -~~ - - • _ _ _ _ _ _  
_ ....~a
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(1.10) 3~(q) = 
2 i r i p q  ql(q) , q € R 3

where p € R 3 , p~ q = 

~~~ 
p~qi and q (q) is a non—zero function having the

periodicity of V(q):

(1.11) ~ (q + m) = 4 ( q )  for all q E R3 and m € Z 3

Conditions (1.10) , (1.11) are equivalent to the property

(1.12) i~(q + in) = ~~~~~ 
rn 

~ (q) f o r all q € R 3 and m E  Z 3

Functions that satisfy (1.12) will be said to be p—periodic . This class of

solutions of (1.9) was introduced by F. Bloch [2] in the quantum theory of

elec t rons in crystals. In the theory the parameters Pj  are in terpr eted as

the covariant components of a momentum vector = E~_ 1 p~ ~~ where ~~~~ ~~~~,

a is the basis dual to the crystal lattice basis a 1, a2 ,  a 3 . The two base s

are related by • a~ = 2ff S~~. It is clear from (1.12) tha t the Pj  are

only determined modulo Z and hence p may be restricted to the set ~~~. Th is

is equivalent to restr ict ing to the unit cell of the reci procal l a t t i c e .

Condition (1.12) implies that each Bloch wave is determined by i ts

values at the points q € ~ and its momentum p € ~~ Mo reover , the Bloch

waves corresponding to each fixed p are the eigenfunct ions of a p—dependent

selfadjoint reali zation of H in L 2 (~ ) .  To see how such an operator may be

defi ned note tha t the six faces of the cube ~ 2 have the equations qi = ±1/2

(j — 1,2,3) and (1.12) implies

(1.13) ‘P(q) — ~21TiPj g~(q) fo r j  = 1, 7 , 3
qi~~~ qi_.4

and

_______________ _____ - 
- 

- 
-
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k 2 i r ip .
(1.14) ~~(q)/~q e ~ ~(q) / ~ qk 

. for  j , k = 1, 2 , 3
q1=~ q.] =4

The last condition implies

2ir i p
(1.15) a~~(q) / ~ v = -e ~~ (q )/ ~ v . for  j = 1,2 ,3

q = ~• q = - 4

where ~/~v = V .  V and ~(q) is an exterior unit normal to ~~ (and hence
-p

v (q) . = —~ (q)  . ). Moreover , conditions (l.13)—(1.15) are meaning ful
q3=~ q3=-4

fo r all ~ E L~~(~ ) by the trace theorem [131. It will be shown tha t LI ,

acting on the subset of L~~(~ ) defined by ( 1.13) , (1.15) ,  is a s e l f a d jo i n t

ope rator H(p)  in L 2 (~l ) .  It will be convenient to consider f i r s t  the opera-

tor H0 (p) in L2 (f2) defined by H0 = —
~~ acting on the same domain . Thus

(1.16) D(H0 (p ) )  = L~~(f~) n {ip : ‘p satisfies (1.13) and (1.15)1

(1.17) H0(p)’p = —t~’p for all ‘p E D(H 0 (p ) )

It . i s  easy to ver ify by Fourier anal ysis tha t

2 lT ip q — 2 r i m ~ q
(1.18) ‘p

0 (q , p) = e e , m E Z3

d e f ines a comp lete orthonorma l sequence of e igenfunc t ions  for H~ (p) , w i t h

co rr esponding ei genvalues

(1.19) A~ (p) = 4r 2 1p- m 12 = 4~~
2 

~~~~~~~~ 

gik
j
_ m

j k ~~~~~ ,

and tha t H 0 (p)  — H 0 (p) > 0. The following analogue of Lemma 1.1 is val id

fo r H 0 (p) .

Lemma 1.3. There exists a constant C0 > 0 SUCh t h a t  f or a l l  ‘ p t

all r > 1 and all p E

I

a-_I— 
~~~~~~~~~~~~~~

‘
~~~~~

—--—--- - - 
~~~~~~~~~~~~~~~~~~~~~~~
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(1.20) V,p I 
~~ 

< C0U VI 
L2 ~~ 

r 112 (I H0 (p)~~Il L 2 ~~ 
+ r 21 ~~ L~

Lemma 1.3 and Kato ’s theorem [12 , pp. 287—291] imply

Lemma 1.4. For all p E R 3 the operator H(p) = H0 (p) + V with domain

D(H(p)) = D(H0 (p)) is selfadjoint in L2(~2). Moreover , H(p) is uniformly

bounded below ; H(p) > —a for all p E R 3 .

Adding a to V(q) produces a non—negative operator , as in the case of H;

i.e.,

(1.21) H(p) > 0 for all p C R3

In what follows it is assumed tha t (1.21) holds.

Lemma 1.4 and the compactness of the embedd ing of L~~(f ~) in L2 (f~)

(Rell ich’s selection theorem [16]) imply

Lemma 1.5. The resolvent operator R~ (H(p)) = (H(p) — ç) ’ is compac t

for every p E R 3 and every 
~ 

in the resolvent set of H(p). Hence, In

par ticular , H(p) has a discrete spectrum G(H(p)) for every p e R3 .

The Bloch waves for the operator H and momentum p are by definition the

eigenfunc tions of H(p). The remainder of the paper is devoted to the stud y

of these functions and their eigenvalues . Note that since H(p+m) = H(p)

fo r all p E R 3 and m C it is sufficient to study H(p) for p E f2

= {p: —~~
. 

~ 
p1,p2,p3 ~

The eigenvalues of 11(p), enumerated by magnitude and repeated according

to their finite multiplicities define a sequence { X ~ (p)} such that (recall

(1.8))

( 1.22) 0 < ) L 1(p)  < A 2 (p) < < A (p) <

Moreover, A (p) -‘ ~ for  n -~ ~ . In f a c t , the estimates of Eastham [8 , p.  1011
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p
impl y tha t there exists a constant c > 0 such tha t for every p C R 3

(1.23) A (p) — c n 2~’3 
, n

The continuity of the functions A~~: ~ 
-p R can be derived from perturba t ion

theory [7 , 8, 12]. Moreover , each A (p) is a holomorp hic function of the

individual coordinates p. [12, p. 392]. However , perturbation theory is

inadequate to prove that A (p) is a holomorphic function of all three vari-

ables [12, p. 117]. One goal of this paper is to prove that each A (p) is

holomorph ic for p E ~ — X wher e X is an anal ytic variety of degree <2 In

R 3 . In part icular , X is a cl osed nullse t in R 3 . This result is proved by

showing that the graphs of the A ( p ) are componen ts of a real analytic

varie ty in R ” . More precisely , the following resul t is proved in section 4.

Theorem 1. To each potential V(q) that satisfies (1.4), (1.6) and each

> 0 there corresponds a function D(p,A), ho lomor phic for u r n  p~ < y and

A E C and satisfying D(p+m ,A ) = D(p,A ), such tha t for each p E R 3 the

sequenc e {A (p)} is precisel y the set of zeros of D(p,A ), enumerated by

magnitude and repeated according to their multi plicitles.

The assertion tha t D(p,A) is holomorphic on the  closed set defined by

Im p~ < y means , as usual , tha t it is holomorphic on an open set containing

this set. A construction of a function D(p,X) having the properties listed

in Theorem 1 is given in section 4.

Lemma 1.5 implies that for each p E R 3 there ex ist comp lete orthonorma l

sequences of elgenfunctions of 11(p). In the literature most authors , after

defining H (p), say “i t {‘p (q,p) } be a complete orthonormal sequence of

e i g e n fun L  Lions  of 11(p)” and proceed to talk about ‘ the ” elgenfunc t lotis

This language  and n o t a t i o n  are m i s le a d i n g  because the e i g c n fu n c t  Ions

are  not unique . Indeed , even if  the e igenva lu es  A~~(p)  a re  s i m p l e  fo r  a l l

— -.- -~~—---— - — --—— -- .  • •..—~~---— - -- - -  
- 

r - - - ______
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p C R 3 the phase of each eigenfunc tion can be chosen to be an arbitrary

function of p. If the A (p) are degenerate and their multiplicities vary

with p the range of choices is much wider. The formal basis of the

customary definition of the Bloch waves is evidentl y the ax iom of cho ice

app lied to the uncountable set of all p C R3 . It is clear that this approach

cannot provide any information about the p—dependence of the Bloch waves.

Even the existence of p—measurable families is in doubt. In section 5 of

this paper an explicit construction of families of Bloch waves is given

that implies the following theorem .

Theorem 2. There exist sequences of functions ‘p :  Q x f~ 
-p C and

closed nul i s e t s  Z
n 
C 12 such that p -* ~~~~~~~ C C(~~) is holomorp hic  for

p C ~ — Z and {‘p (,p)} is a complete orthonorma l sequence of elgenfunc t ions

of 11(p) for all p C — Z where Z = J ~ 
Z
n
.

The mapping p -* 
~~~(~~~P) is holomorphic as a func tion of p with values

in the Banach space C(Q) with the maximum norm (see [11] for definitions) .

Note tha t Z is a nuilset .

A family {‘p (q,p)} with the properties described In Theorem 2 will be

called an “almo st holomorp hic family” of Bloch waves. The continuity asser—

tion of Theorem 2 is close to the best poss ible. Indeed , con tinuous

families of eigenvectors do not exist , In general , even when 11(p) is a

holomorphic family of selfadjoint opera tors on a finite dimensional space ,

as may be shown b y simp le examp les .

~~~~~~~~~ ~~~~~~~~~~~~~~ 
- r -  - -. 

, 
-
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2. A DISCUSSION OF RELATED LITERATURE

Following the publicatio n of F. Bloch’s paper [2] in 1928 the Bloch

waves and their associated energy band functions became the central concepts

in the theory of electronic states in crystals. An introduction to the

large ph ysical literature on these topics can be obtained from the books of

J. M. Ziman [26] and A. P. Cracknell and K. C. Wong [6]. By contrast , the

mathematical theory of Bloch waves has developed much more slowly. The

first results on expansions in Bloch waves are due to I. M . Gelfand [9]. In

this paper , publ ished in 1950 , a proof is outlined of the Parseval relation

3 afor Bloch waves in L2(R ) (and L2 (R ) ) .  In the notation of section 1,

Gelfand’s theorem sta tes tha t for  every f C L 2 (R 3) the limits

(2 .1)  1 (p) = L2(~ )-lim I ‘p (q,p) f(q) dqn j  fl
q j i

exist for n = l ,2,3,~~” and

(2 . 2 )  U f L
~~~(R 3) 

= 

n~ l 
t 1 n

1 L ( ~ )

The book on eigenfunc tior- expansions of E. C. T i t c h m a r s h  [ 2 1 ] ,  publ ished in

1958 , conta ins  a c h a p t e r  on Schr~ dj n g e r  operators with periodic pot en t ial s.

The Parseval r e l a t ion  for  B loch waves in d imensions n > I is not  d lst ’us~ ed in

t h i s  book. However , V.  B. L i dsk i  I sho we d in 1961 tha t Ti tchmarsh ’ s met liods

can be used to der ive  ( 2 . 1 ) ,  ( 2 . 2 ) .  A proo f along these I ines is presciitutl

In the  book of Ea s tham [ 8 ) .  

_ _ _ _
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A more detailed discussion of Bloch waves was published in 1964 by

F. Odeh and J. B. Keller  [15] .  This paper con ta ins  derivations of bo th

the Parseval relation (2.1), (2.2) and the Bloch wave expansion of functions

f C L 2 (R 3). The latter takes the form

N r
(2 .3)  f ( q )  = L 2 (R 3)—lin 

~ J ‘p~ (q ,p) f (p) dp
n= 1 f~

in the notation of section 1. The paper also contains a discussion of the

energy band functions X~ (p) and a deriva tion of the relation

(2 .4 )  o(H ) = U ~
More recently these top ics have been discussed by several other authors. In

1971 Eastham [7] gave another  proof of (2.4), together wi th  t~~ other  char-

acterization of 0(H). In 1973 L. E. Thomas [20] showed that H is spectrally

absolutely con tinuous 112]. The proof was based on his theorem that the

Fermi surfaces = {p C ~l: A (p) = A for some n = l ,2,3,”~~} have Lebesgue

measure zero in R 3 for every A E R.

None of the l itera ture ci ted above contains a cons truc tive d e f i n i tion

of a famil y of Bloch waves. In each case appeal is made, expl icitly or

p 
tacitly, to the “ax iom of choice def ini t ion ” of section 1 which provides no

information about the p—dependence. Hence , the proofs of the expansion

theo rem (2.l)—(2.3) presented in these papers must be regarded as incomp le te,

or valid onl y under additional (unspecified) hypotheses concern ing the

measurability and Integrability properties of the Bloch waves.

The Odeh—Ke llc r paper conta ins a discussion , based on Relli ch’s pertur—

bat ion theo ry ,  of the p—dependence of Bloch eigenfunctions and eigenvalues .

The assertion [15 , p.  1504 , remark  ( i i i ) ]  tha t the ei genfunc t lons ‘p~~( q ,p )

___________________ 
— .—--—~~~~~~~.- — .-—-~~~~~— ___—__0

~~~~ — z.- - — . -
~~~ 
. 4
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have the same anal y t i c i t y  proper t ies  in p as the elgenva lues  is i n cor r e c t .

This  s t a t emen t  is t rue  of the p ro jec t ion  opera to r s  onto  the  t± ige n sp~o e s  1 121

but  i t  is not clear how these can be used to construct families of linearl y

independent eigenvectors  wi th  the same r e g u l a r i t y .  As remarked a t  the end

of section 1, piecewise holomorp h y is the most t h a t  can be proved by

general methods .  This result  could perhaps be proved by p e r t u r b a t i o n  t h e o r y

when the eigenvalues are all simple.  No general c r i t e r i a  fo r  t h i s  case are

known but  i t  is presumabl y rare . I t  is known tha t , fo r  many c lasses  of

c r y s t a l s , the e igenvalues  X n (p )  have “ i n t r i n s i c” degeneracies  f o r  c e r t a i n

values  of p which are imposed by the symmetry group  of the c r y s t a l  and arc

independent of the precise form of the po ten t i a l  w i t h i n  i t s  symmet ry  d iss

[6 , p.  33], .

_______________ - - - ~~~~~~~~~~ ~~~~~ 
- r - 

.~
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3. AN INTEGRAL EQUATION FOR BLOCH WAVES

In this section the Bloch waves are characterized as the eigenfunctions

of a holomorphic fam ily of Fredholm operators K(p) acting in L2 (1l) . Th e

principal steps in the construction of K(p) are formulated here as a series

of lemmas whose proofs are given in section 6. The construction begins with

the  resolvent of H 0 (p)  evaluated at a point —y~ of the resolvent se t .  The

no tat ion

(3.1) R0(p) = (H0 (p)+y~Y
’, Y~ 

> 0, p E  R 3

will be used . R0(p) is an integral operator in L2(~ ) of the form

( 3 .2 )  R 0 (p) f ( q )  = f G0 (q- q ’ ,p)  f ( q ’) dq ’, f C L2 (i~)

where G0(q,p) is a period ic function of p E R3 with the Fourier expansio n

(3.3) G0 (q,p) = 

~~~~~~ 

e~~~~~~ ’~t 
e
2
~~~~~

m 
, q ~

The function G0 (q,p) is needed for q E 2 = {q = 2q ’: q ’ C to define the

d i f f e rence kernel of an operator (3 .2)  in L 2 (l1) . A c t u a l l y ,  the s e r ie s  in

(3 .3)  converges and def ines  G0 ( q ,p )  for  all q E R 3 
- Z 3 and all  complex

p E C 3 such tha t lIm p~ < y 0 / 2 n .  More precisely,  one has

Lemma 3.1. The series in (3 .3 )  converges for  ( q , p )  E (R 3 — Z 3 )

x {p E C 3 : lIm p j < y~ / 2ii } and the convergence is u n i f o r m  on compact

subsets .  Moreover , if G~~( q , p )  is defined by

Ei~~~b.D1NG PAL~~ BLANK-z~OT T1~~
W )

_ _ _ _ _ _ _ _ _ _ _ _ _  - -~~~~~=—~~~~.-- - .-.-~~~~— - - - ---.-.-—— -- -- ~ - —  - ---— - - -— - .  r— ~
— — - -— -  —- -— - — 

, 
- 

.4
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(3.4) G0 (q,p) = ~ r(~~—~~) e
2
~~~

p m  + G~~( q , p )
mE N

where r(q) = e 10I ~~ l ,41r~~q~ and N = Z3 fl {m: m l  < ~I~ } then G~(~ ,p) E C(2f1 )

and the mapping p -p G~(•,p) E C(2i~) is holomorphic for tIm ~t < y0/27r .

Lemma 3 .2 .  For each p C C3 with tIm ~l < y0/2tr the kernel

G0 (q— q ’,p) E L2 (fl x ll) and (3.2) holds. In particular , R 0 (p) E B2(L2(~l ) ) ,

the class of Hilbert—Schmidt operators in L~~(fl), and p 
-p R0(p) ~

is holomorphic for t Im ~t < Yo /2h1 .

In the last statement the Hilbert space topology in 52 (L2(i~)) defined

by the Hilbert—Schaidt norm is understood [121.

Lemma 3.3. If V(q) E L2 (fl) then for all p E C 3 with tIm Pt <

the opera tor R0 (p)V is densely defined and closable as an operator in L2 (c2).

Moreover , the closure of R0 (p)V , denoted by L0(p), is in B2 (L 2(~i ) )  wi th

kernel

(3.5) L0 (q,q ’,p) = G 0 (q—q ’,p)V(q’)E L2 (fl x cl)

and the mapping p -p L0 (p) E B2 (L 2 (il)) is holomorphic for tIm p~ <

Lemma 3.4. To each V(q)  E L2(11) and each I > 0 the re cor r esponds a

cons tan t M = M(V ,y) > 2-try such that  lo > M implies

(3.6) IL O ( p ) I HS < 1/2 for tIm ~t ~
where denotes the Hilbert— Schmid t norm for

Lemma 3.4 implies  tha t

( 3.7) ( l + L 0 (p ) ) ’ 
n~ O 

( 1 ) n L 0 (p) m , t Im  Pt I

and the remainder in the Neumann series tends to zero in 82 (L 2 (~1 )) .

______ 
a

~
_____ —____ .-._. _.J.J — .— .———— 

~~~

- __g___t— — -‘-— — 
— 

— .—
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Lemma 3. 5. Let V(q)  E L 2 (l l) ,  y > 0 and lo > M(V,y). Then

(3.8) L(p) = (l+L 0 (p) )~~ R0 (p) C 82 (L 2 (il)) for tIm p~ <

and has the represen ta tion

(3 .9)  L (p )  = 

n~0 
(_ 1) n R 0 ( p ) [ V  R 0 (P) l

n f o r  t I m  ~l <

in the sense of convergence in B 2 (L 2 (Q ) ) .  The mapp ing p -
~ L ( p )  C 82 (L 2 (c2 ) )

is holomorphic for tIm ~l < y and L ( p )  has the propert ies

(3.10) L(p+m) L(p) for t I m  ~l < 
~ 

and m C Z3

and

(3.11) L ( p ) * 
= L(p )  for  all p e R 3

The re la t ionship of L (p )  to the Bloch waves is described by

Lemma 3 .6 .  For all  p E R 3 and ~~2 
> M(V,y), L(p) = (H(p)+y ~)~~~. lien e

‘p € L~~(i~) is an eigenfunction of H(p) and H(p)’p = A’p if and only  if ‘p is an

eig e n f u n c t i o n  of L(p) with singular value p = A + y
~~; i . e . ,

(3.12) p L ( p )  ‘p ‘p

Lemma 3.6 implies that the Bloch waves can be constructed by means of

the Fredholm determinant theory for  Hu be r t—Schmid t  opera tors as developed

by T. Carleman 14), F. Smithies [19] and R. Slkorskl [17, 18]. However , a

simpler approach is made possible by

Lemma 3 .7 .  Under the hypotheses of Lemma 3.5 , the opera tor K ( p )

L ( p ) 2 has the p roper ty  tha t i ts kernel  K ( q , q ’ ,p)  € C(il x~~ ) and the mapping

p ~p K(q,q ’,p) C C(l2 x~ 2) is holomorphic for  t I m  p~ < y .  Moreover , ‘p L 2 (~ )

________________________ — -. ..— - — -—  . ~~~~~~~~~~~.
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is an e igenfunc t ion  of 11(p) and H ( p )  ‘p = A’p if and only  if ‘p is an elgen—

f u n c t i o n  of K(p)  w i t h  s ingular  value  V = (A+I~)
2 ; i.e.

(3.13) V K(p) ‘p = ‘p

___________ —- - --—--- - - r~ -
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4. A CONSTRUCTION OF THE ENERGY BAND FUNCTIONS

The purpose of this sec tion is to cons truct the holomorphic function

D ( p , A) of Theorem 1 and to use it to derive the basic properties of the

energy band functions A~ (p). The construction of D(p,A) is based on the

classical Fredholm theory [10, 17] applied to K(p).

The Fredholm determinant of K(p) is the function D0 (p,v) def ined by the

power ser ies

(4.1) D0 (p~V) = 
~ D~ ~(p) \)~

where D0 0 (p) 1 and the remaining coeff ic ients  are defined by

( 4 . 2 )  D0 g (P) = 
~~~~~~~~ J ... J K(q j,•..,q~ ;q~ ,• • • ,qj,p)d q 1~~•~~dq g, ~ ~ 1

whe re

K ( q 1, q ,p) ... K (q 1,q ~ ,p)

(4 .3)  K(q 11 ’. ,q~~; q , .. ,q~~,p) =

K(q~ ,q ,p) ... K(q ~~,q~~,p)

Lemma 3.7 implies

Lemma 4.1. For each p € C 3 with t Im ~t < i,

€ C(il
2
~~) and p -p K ( , ” , .,p)  E C(i~~ ’) is holomorphic for t im ~t < y .

I t  follows tha t each D0 & (P) is holomo r phic fo r t I m  p 1 < y .  Moreover ,

the classical Hadamard inequality applied to (4.3) implies

(4 .4)  t D 0,~~(p)~ ~ K~~ ~
2
~~
2
/t! for tIm ~I ~ 

_________________ -4
______________________ - -— — — —~~~~~ -— -—- flr ~~~. ._ _ .. ~~~. . -, -— — -. ,— . —.-— -



18

where = ~(V ,y) = Max K ( q , q ’ ,p ) t and the  maximum Is taken over the compact

set of q € ~~ , q ’ € ~~ , Re p e ~.l and tIm ~t < y. This implies

Lemma 4.2. The series in (4 .1 )  converges for  a l l  p C C3 wi th t i m  ~t ~ I
and a l l  v C C.  The convergen ce is u n i f o r m  on compac t subsets and hence

D 0 ( p , v) is ho lomorphic  for  t I m  p 1  < 1,  V €  C.

The func t ion  D ( p , A) may now be def ined  by

( 4 . 5 )  D ( p , A) D 0 ( p , ( A + y ~ ) 2 )

and one has the fo l lowing  lemmas.

Lemma 4 . 3 .  D (p , A) is holomorphic for  t I m  ~t < y and A € C. Moreover ,

D ( p , A) is real—valued for  p C R3 , Y € R and is a periodic func t ion of p;

D ( p + m , A) = D ( p, A) for tIm ~t < y, m € Z 3 and A C C.

Lemma 4 . 4 .  For all p € R 3 , A E a ( H ( p ) )  if and only if D(p , A)  = 0.

Mor eover , the multipl ic i ty  of A as an eigenvalue of 11(p) equals its multi-

plicity as a zero of D(p,A). Hence , the sequence {A~ (p)} defined in section

1 is precisely the sequence of zeros of D(p,X), arranged by magnitude and

repeated according to mul t i pl i c i t y .

Lemma 4.4 implies that the variation with p € R 3 of the energy band

func t ions  A~~(p) is described by the set

( 4 . 6 )  E — {(p, A ) E R k : D(p , A) = o}

F. is a real C—analytic variety in R 4 [5 ] ;  i . e . ,  the real part  of a comp lex

anal y t i c  v a r i e t y .  I t  is known tha t E E ’ U E ” where E ’ , the set of regular

points  of E , is a real C—anal y t i c  man i fo ld  of dimension 3 and li’ , the set

of s ingula r  points  of E , is a real C — a n a l y t i c  v a r i e t y  of d imension <2 15 ,

2 3 ] .  A d i f f e r e n t decomposition of E wi l l  be used to discuss the p r o p e r ti e s

of the f u n c t i o n s  A ( p ) .  It is based on the observation tha t for  each

- - .T ~~~~~ - - - - . - - -—- . .— --- -.-.—-- 
-‘ —
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(p0 ,A 0) C E there exists an integer m = m (p0,A 0) > 1 with the proper ty  tha t

there is a neighborhood N (p0 ,A 0) of (p0 ,A 0 ) in R’ such tha t

(4.7) ~~D(p, A )/aA~ 0 in E (~ N (p0 ,X 0)

fo r  j = O , l , ” , m—l but there is no neighborhood N(p0,A 0) such that (4.7)

holds w i t h  j  = m .  This suggests the de f in i t i o n

(4 .8)  E r 
= E fl {(p 0, A 0 ) :  amD(p 0, A o) ,~Am # 0 , m = m ( p 0 , A 0 ) )

I t s  u t i l i t y  is based on

r S r , S ,, , rLemma 4 . 5 .  E = E U E where E C E  and E = E U (E - E  ) .  Moreove r ,

E r is a real C—anal y t i c  mani fo ld  of d imension 3 and E 5 is a real C—anal y t ic

subvariety of E of dimension <2.

E is unbounded in the positive A—direct io n because A~~(p) -p when n -p

it will  be convenient to def ine the compac t subsets

( 4 .9 )  E = {(p,A~ (p)): p € Q} C E , n 1, 2 , ’”

and the sets

(4.10) Er 
= E () Er , E S 

= E fl E S
n n n n

and

(4.11) Xn 
= {p E ~ : (p, A) € E5 for some A) C ~~

W ith this notation one has

Lemma 4.6. For each n — 1,2,”’ the set X is a real C—anal ytic var-

iety in f~ of dimension <2. In particular , Xn 
is a closed nu li sci. Moreover ,

the relativel y open set 12 — X~ has a finite numbe r of topological

components; say

- - ••1

~ 

- —- -
- 

----- —— ——---—. 
- - —~~~~- - - 

-

~~- -
—

- 
, —
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(4.12) Q — X  = 1 2  U12 U U 1 2  N N(n)n fl , l n ,~ n , N

Lemma 4 . 7 .  For 9~ = l , 2 ,~~” ,n each of the func t ions  A~~(p) is holomorphic

on ~l - X and has constan t mul t ipl i c i t y  m = m(n , j , i) on the component

j = 1, 2 , ’” ,N ( n ) . Moreover , (p , A~~( p) )  € E’ for p € 12 ., ~ = l , 2 , •” ,n and

m ( n , j ,.~) = m ( p~ A Q ( p) )  is the integer of the d e f i n i t i o n  (4.8)  of Er .

____________________ - - .-.-~-—— .. - - -.  u- 
~~ 

— , 
- —
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5. A CONSTRUCTION OF ALMOST HOLOMORPHIC FAMILIES OF BLOCH WAVES

The purpose of this section is to prove Theorem 2 by giving a construc-

tion of the closed nuilsets  Z and Bloch waves ‘p (q,p). The construction is

based on the classical theory of Fredhoim minors a p p l i e d  to the o p e r a t o r

K(p).

The Fredholm minor of K(p) of order k > 1 is the func t ion

,q~ ,p,V) defined by the power series

(5.1) ~~~~~~~~~~~~~~~~~~~~~~~~~~~ = ~ ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~
2.=0

where D~ 0(q1, ’ ~~~~~~~~~~~~~~~~ 
= K(q 1~ ~~~~~~~~~~~~~~~ is defined by

(4.3) and for 9. > 1

~~~~~~~~~~~~~~~~~~~~~~~~~~~

( 5 . 2 )

Lemma 3.7 implies

Lemma 5.1. For each p E C3 with  t I m  ~t < y ,  the coe f f i c i en ts de f ined

by ( 5 . 2 )  are in C (112k ) and 
~ 

-* 
~~~~~~~~~~~~~~~~~~~~~~~~~~~ € C(l~

2k
) is

holomorphic for tIm ~t ~
Moreover , Hadamard ’s inequality implies

(5.3) tD~,9.
(q1 , , q ~ ; q I .q ~ ,P)t < K

k+9.( k + g ) (k Q) / 2 /Zi for tim ~t ~~
y

and all (q 1, ... ,q~ ) ~ 122k This imp lies

— - - - — r — - - - - - — - -  - - - - _ _ _ _
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Lemma 5.2. The series in (5.1) converges for all (q1 ,~~•~~,q~) C

all p € C 3 with jIm ~t < y and all V C C. The convergence is uniform on

compact subsets and hence (p, v) 
~ ~~~~~~~~~~~~~~~ 

C C(12~
k) is holomorp hic

for tIm ~t < y ,  v C C.

The results of section 4 imply that the singular values of K(p) are the

roots V of D0(p,v) and the sequence defined by

(5.4) v
9.(p) = (A

9.
(p) + ~~~~~~~ p € R3 , 9. =

is an enumeration of these singular values arranged in increasing order and

repeated according to their multiplicities. Moreover , the eigenspace of

K(p) for V
9.
(p) coincides with the eigenspace of H(p) for A

9.
(p ) . Th e

construction of a basis for this space will be based on the classica l result

of Fredholm tha t, for each fixed p and singular value V
9.

(p ) , there is an

integer m > 1 such that the minors of orders k < in — 1 are iden ti call y zero

as functions of (q1, ”~~,q~) C 
~2k while the minor of order k = m is not

identi cally zero . With this choice of m there exist points (a1, ”.,a ’)  ~.

such that D (a 1, ”,a’,p,V9.
(p)) # 0 and then

‘p1 (q,p) =

(5 .5 )  < ~2 ( q , p )  = D ( a 1,q,~~~’,a;a ,~~•~~,a ’,p,v
9.(p))

~~~( q , p )  =

is a basis f l inearly Independent eigenfunctions for V~ (p). A corresponding

orthoni rma l set can then he constructed by the Gram—Schmidt me thod . Of

course , in and (a 1 , “‘, i ’ ) will vary with p. Theorem 2 Is proved h~ lo w by

choosing m and (a 1, .” , a ’) to be s u i t a b l e  f unc t ions of p 12.

- 
- . - r — . 

- -
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The e igenva lues  v9.(p)  (9. = l,2,” ,n) are holomorphic and have cons tant

multip licities m(n ,j,9.) on the components 12
n 

of 12 — X , by Lemma 4.7.

Moreover , the integer in of (5.5) is the dimension of the eigenspace for

v
9.
(p) and hence coincides with m(n,j,9.) for p C 12n • • ~~ follows that for

fixed (a 1, ”~~,a ’) the func tions (5.5) are holomorphic for p E 
~ 

. . More-

over , if D (a1 , ”~~,a ’,p,v9.
(p)) ~ 0 for p = p 0 C 12 . then by continuity the

inequality holds in a neighborhood B (p0 ,r0) = {p: p — p 0 < r0} and hence

(5.5) defInes a basis for the eigenspace for A 9.(p) for all p C B(p0, r0).

Note tha t if n 1 = Mm m(l,j,l) > 1 then by (4 .9) E 1 = E 2 = =

~ E +i . Similarly, there is a sequence of integers 
~~~~ 

such that I <

< n2 < n 3 < and for k = l,2,3,~~”

(5 .6 )  = E E = = E ~ E
+ 

=

It will be convenient to define the almost holomorphic Blocli waves ‘p. (q,p)

in groups , starting with

Definition of 
~~~~~~~~~~~~~~~ . Consider the components 

~

(j = l ,2,”~~,N(n 1 )). On each of them the multi plicity m(l ,j,l) m (n 1 , j,n.)

- - m - is cons tan t  and > n 1 . Thus fo r  each p 0 E ~ . there exist neighbo r-

hoods B(p0, r0) C and points (a 1, ••.,a ’ c ~Y~~’’1 such that (5.5)

wi th m = m
1~~ 

d e f i nes a holomorphic basis for the eigenspace for A 1 (p)  =

= A
m (p) in B(p0, r 0). The Gram—Schmidt algorithm then gives a holomorphic

I ,j
orthonormal basis ‘p 1 (q,p) ,”~~,’p~ (q,p) in B (p0, r0).

1 ,j
To every p C 12

n 1,j 
there correspond neighborhoods B(p0, r0) and holo—

morp hic orthonormal bases of elgenfunctions. Almost holomorphic urthono rmal

bases ‘p 1 (q,p) ,
... ,’p (q,p) in 12 . may now be constructed by a procedure

i ,j
defIned in [25 , pp. 17—18]. The exceptiona l set Z(n 1,j) ~ 12 on wh ic h

~ 
(•  , p) , . . , ‘p (

~ , p) ire dlscont inuotis is a un ion of portions of sphere-s
1 ,j

_________ 
_____ -— a
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S(n0 ,r0) {p : p— p0 j = r0} whose limit points all lie in the compac t set

X .  Hence , Z(n1,j) U X~ is a closed nuilset. Finally, the definition of

‘p 1 (q,p), ”,’p (q,p) for p E 12 is completed by setting ‘p.(q,p) = 0 for

q C 12 and p C where

N(n1) 1

(5.7 )  Z1 = = Z = X u U Z(ni~~J)j
j =1

is a closed nullset.

Def inition of ‘p ,...,‘p . Consider the components 12
ni +1 n2,j

(j = l,2,’.~~,N(n2)) and let m (n1+l ,j,n 1+1) = m (n2,j,n2 ) m
2~~~

. To define

‘p. for  j n 1+1,”-~,n2 note that if m 1 ~ 
> n 1 them m > n2, Vn 

(p) = v
n ~~

2 1

on ~ . ( 
~ 

., for some j’) and hence ‘p~ and Z(n2 ,j )  = Z(n 3 ,]’) have
2 ’ -’

already been defined. If in
3 

. = n 1 then V (p) > V (p) and ‘p
‘3 fl2 ~

_h
l ~ l 2

can be def ined by the procedure explained in the preceding paragraph.

The definition of ‘p +1
,...,lp can be comple ted by induction on k.

n
k

The basic inductive step is the construction described above . It is clear

from the construction that the resulting sequence {‘p~ (q,p)} has the

properties sta ted in Theorem 2.

________________________________________ a
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6 . PROOFS OF THE LEMMA S

This section contains proofs of the lemmas tha t were formulated in the

preceding sections. For brevity the proofs are based as directl y as possible

on results in the literature .

Proof of Lemma 1.1. The starting point is an inequality of S. L.

Sobolev and S. Agmon [I, p. 32] which states tha t for each domain C C R 3

that has the ord inary cone property [1, p. 11] there is a constant y = y(G)

such tha t for all u € L~~(C), q € G and r 
> 1

(6.1) tu(q) 1 2 < ~ 2 r hh’2 ( H u l l 2 G + r
2 ll uO

ü~~
)

where H ull
2 G 

is the norm in L~ (C) and ll uH 0~~ 
Is the norm in L 2 (G) .

Appl ying this to the domain = {q = q ’ + m: q ’ C 12}, whe re- in C Z 1 , then

multiply ing by V(q)j2 and integrating ove r 
~ 

gives (since II VH 0 1  
= HV

UN O~~

b y ( 1 . 4 ) )

(6. 2 ) H Vul ~ ~ 2 IIVU ~~~ r ”2 ( U ul 12 + r2 l ull

Then summing over in € z 3 gives , for  all u € L~~(R 3),

(6.3) IV uU
~~~R3 < ~

2 aV~~~12 r~~
’2 (H ull~ R 3 + r

2 II uH O R 3)

This proves tha t L~ (R 3 ) C D(V). To prove (1.7) one may use the elementary

inequality [24, Lemma 3.31

(6.4) I u H
~~~R 3 ~ i~ ( I A u l

~~~R 3 + Iu l~~~R 3) fo r a l l  u € L~~(R 3)

Comb Ining (6 .3 )  and (6 .4 )  gives (1.7)  w i t h  a su i t ab le  choice of C.

_ _ _ _  _ _ _ _ _ _  _ _ _ _  _ _ _ _  _ _ _ _  - -  _ _ _  _ _ _ _ _ _  a



26

Proo f of Lemma 1.3. The proof is similar to the preced ing one. The

analogue of (6.4) for 1i 0 (p)  is

(6.5) IuU 2 
< y

~ (IH 0 (p)uU~~ 12 + H uI~ ) f or a l l  ci t- D (H 0(p))

where is independent of p. (6.5) cam be proved by Fourie r analysis.

CombIning it with the Sobolev—A gmon resul t (6.1) for C = ~ gives (1.20), as

in the proof of Lemma 1.1.

Proof of Lemma 3.1. Let K C R 3 be compac t and let N(K) = Z3 K , a

finite set. Let p = Max {j q l : q € K) so that (q — m j  ~~ t m l — p for a ll

q C K and m E Z 3 . It will be shown tha t

(6.6) r(~~—~~)
mCZ -N(K)

converges uni formly  for q € K, tIm ~t < I < y
~ /

21T . Note tha t

2it In p . m + 10 q — m j  
~ 
(y~ — 2ii jim P t )t m t  — 1o~’

(6.7)

> (i~ — 2ir~’) jm j —

whence

(6.8)  jr (q-m) e2 p m 1  < ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

for all q € K and m C — N (K ) . The uniform convergence of (6.6) for

q € K , tIm ~I < I < y~ I2iT follows . A ppl y ing this  wi th  K = ~~~ gives

(6.9)  G~ (q ,p)  
— 

r (q—m) e2~~~~~
in

mE z3-N(212)

• and the uniform convergence implies tha t G~ (~~,p) e C(2~) and tha t

p -, G~ (~~,p) € C(212 ) is ho lomorphic for t Im  ~t < y
~ / 21l .

Proof of Lemma 3.2. Note that r(q — q ’ — m) C L 2 (12 x12) and G~ (q— q ’,p)

€ CWx~ 2) C L 2 (IZxD). Hence (3.4) implies G0 (q— q
’,p) E L2 (12 x 11) for each 

—..--—- — —— ~~~~~~~~~~~ 
— .-

—- - 
— - - —----—-—— - -- —~~~

-
. 4
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p such tha t lm p j < y0/2r . To prove (3.2) note tha t (—A + ~ 2) r (q— m)

= ä (q—m) . Moreover , (6.8) implies that (3.3) can be differentiated term—

wise and (—A + y~
) C0(q— q ’,p) ó(q— q ’) all q , q ’ C 12. Note that to prove

(3.2) it suffices to verify it for f C C (11). For such func tions the

d i f f e r e n tial equ at ion for  G0 impl ies tha t (—A + 
~~
‘
~~~

) R0 (p) 1(q) = f(q) for

all q C 12. Finally the form of the series in (3.3) implies tha t R0 (p )  f

C D ( H 0 (p)) which completes the proof of (3.2). The holomorphy o f

p -~ R0 (p) C 82 (L 2 (12)) is equivalent to tha t of p -p G0 (q—q
’,p) C L2 (~~~~~)

which follows from Lemma 3.1.

Proof of Lemma 3.3. A simple geometric argument implies tha t

(6.10) J tC o (q_ q ’,p )t2 d q < J t G 0(q,p)j2 dq for all q ’ C 12
12 212

Th is resul t and Fubini ’s theorem imply that G0 (q—q ’,p) V(q ’) C L 2 C~ x i ~)

for jIm p j < Yo /2 hT . Mor eover , fo r all f € D(V ) = D (R 0 (p)V)

(6.11) R0 (p) V f ( q )  = J G 0 (q- q ’,p) V (q ’) f ( q ’) d q ’

by Lemma 3.2. This impl ies that R0(p)V is densely def ined and closable

with closure in 82 (L2(12)) whose kernel is ( 3 . 5 ) .  The holomorphy of

p -p L 0 (p) E 82 (L 2(12)) follows from Lemma 3.1.

Proof of Lemma 3.4. Note that (6.10) implies

A L 0 (p)I~~5 J V (q ’)t 2 J jG 0 (q— q ’,p )t 2 dq dq ’

(6 .12 )

< IV I~~~~~ J tG 0 (q,p) j2 dq

Hence it is enough to show that the last Integra l tend s to 0 when lo

un i f o r m l y  for t i m  p t  < y. Moreover , for any f ixed m

________________________________________ - - .  ~-- - ----.- -— . —- - 
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(6.13) J tF (q - m)~~
2dq = J {e

_b 0 t~~_m h ,4~~t q _ m t 2 )  dq 0 when

by Lebesgue ’s dominated convergence theorem . Thus it is enough to prove

that G~ (q ,p )  -p 
~~ when -p 

~~~, un iforml y for q € 2~ and t Im Pt  < y. To show

this note that j q — m j  > nj — jqj , t q t ~ ñ for  q C 2f~ and j m j  > 2 for

m E  Z3 — N(2f2). Thus if c, 10 satisf y 0 < c <  1 —  /~/2 , 10 > (2iry+1)/c

and In ~t < I then

2Tr In p .m+y 0tq ...-mj > (y ~~ 
— 2-ny ) m t —

= tm t + (1~ 
- 2-iry -1) t m t — ñ y o

(6.14)

~ mt + (cy 0 — 2ny — l )tm t + ((l—c)tmt-/3)y 0

~ tm l + tS1~

where 6 = 2 ( 1 — c )  — > 0. It follows from (6 .9)  and (6.14) tha t for  all

q € 212 and tIm Pt  ~ I

( 6 . 1 5 )  j G~~~ ( q, p) t 
< 

~~ 0
_27r Im P m_1o I~~_m t /4~~jq_~~ < C

t m l ~~2

where C is a finite constant. This completes the proof.

Proof of Lemma 3.5. (3.8) follows fro m (3.6) , the Neumann series for

(1 + L 0 (p) Y ’ and the completeness of the Hu bert space 82 (L 2 ( 12)) .  Moreover

the range of R0(p) is D(110 (p))  C D(V) and hence for in =

(6.16) L0(p)in R0 (p) = (R 0 (p) V) ’1 R0 (p )  = R0 (p) (V R 0 ( p ) ) in

which proves (3.9 ) . The un i form convergence of the series in (3 .9)  on

compac t subsets of In p j  < Y implies that p L(p) E 82 (L 2(12)) is

__________  ______ _______  -- -— i--- — - - 
_~~~

._ 
S
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holomorphic there . Finally, (3.10) follows from R0 (p+m) = R0 (p) and (3.11)

follows from the selfadjointness of R0 (p)[V R0(P)]
m for  all p C R 3 .

Proof of Lemma 3.6. Note that u = (H( p) + f if and only if

u € D (H (p) ) = D (H 0 ( p ) )  and ( 11(p) + y~ )u f. Since 11(p) H0 (p) + V this

may be w r i t t e n  (H 0 (p)  + y~ )u = f — Vu or u = R
0

(p) f — R0 (p) Vu or

(1 + R 0 (p) V)u R0 (p) f. Thus finally u = L(p) f by Lemmas 3.3—3.5.

Proof of Lemma 3.7.  If A C  ~2 (L 2 U2 ) )  the corresponding ke rnel in

L2(12x~~) will be denoted by A(q,q ’). Similarly, if A (p) € 82 (L 2 ( 12)) f or

j im p~ 
< I then A(q,q ’ ,p) € L 2(12 X 12) for t im Pt  ~ I . The no tation A (p) 0

will be used to mean that A(q,q ’,p)  € C ( f ? X Q )  and p -p A ( q , q ’,p) € C(f~x i~)

is holomorphic for tIm Pt  < y. Thus Lemma 3.7 states that K(p) = L(p)2 — 0.

The notation A(p) B(p), meaning A(p) — B(p) 0, will also be used . It

is an equivalence relation.

By Lemma 3.5

( 6.17) L(p)  = ~ (_1)n Ln(p) in B2 (L2 ( 12))
n 0

where

(6.18) L0 (p) = R 0 (p) , Ln (P) = R0(p)VL ,(p) , n = 1,2,•••

Mo reove r , by Lemma 3.1

(6.19) L 0(p)  R0 (p) — 
~ ~ ~~~~~~~

m€ N

whe re I’ has ke rnel f’(q — q ’ — m). It will be shown first tha t

(6 .2 0) L 1(p) ~ 
v rm , e2~~~~~~~~

1’)

nr+-In ’E N

To prove th is it is enough to show tha t R~ ( p ) V R ~ (p)  0, f V R ~ (p) - 0,

R
~
(p)vr

~ 
0 and rm vr m , - 0 for m + m ’ ~ N. Now R~ (p)VR , (p )  has ke rnel

- — 

- 

. -

- 

-- 

- - 
.

- - . - 
- - 

—
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(6. 21) J G~ (q - q”, p) V(q ”) G~ (q” - q ’ ,p) dq ”

The resul t R~ (p)VR~ (p) — 0 follows from the observation that

q ’ ~ V (q ”) G~ (q” — q ’,p) ~ L 2 (Q) is continuo us fo r q ’ € 12 and

p -
~ V(q ”) G~ (q ” — q ’,p) € C(11,L 2 (12)) is holomorphic for t I m  p j  < I. The

remaining terms may be treated similarly.

Next it will be shown that r vr ,(q,q’) is continuous for q — q ’ # m+m ’

and

(6.22) r v r ,(q,q ’) = O ( j q ~~ q ’ . - m — m ’ I ”2 ) ,  q -p q ’ + m + in ’

To show this note that

(6.23) r V r ,(q,q ’) = r (q- q” -m)V (q ”) r(q” -q ’ -m ’) dq”
m in

If q— q ’ # m+m ’ then the singularities of the integrand at q” = q —  m and

q ” q + m’ are dislinc i and the continuity can be proved by the argume n t

of the preceding paragraph. The result (6.22) is proved by applying

Schwa r z ’s inequal i ty  to (6. 23) :

(6.24) t r~ v r ~ i (q,q ’)t2 < ~~~~~~~~ 112 tr (q- q ” -m)  r(q” - q ’ -m ’)t2 dq”

and estimating the singularity of the last integral at q = q ’+ m + m ’ by a

me thod of classical potential theory [14, p. 59].

Passing to L 2(p), the method of the preceding paragraph can be used

to prove

(6.25) L2(p) — r v r ,vr ,, e2 (1 4Th
~~~

1 )

m+m ’+in”€ N

Mo reover , I’ V r , V I ’ , , (q ,q ’) is continuous for  q — q ’ # m + m ’ + m ” and

— —-—-.———---— =~~ ———~~~~~ 
- — ~~~~~~~~~~~ ~~..- - - -—- - --

~~- - - —
~~~~--

--—— —,--~~.--—-  -

~~ 
j
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(6.26) F V F ,V F ,,(q,q’) =O(kn j q _ q ~ _ m _ r n I _ m ~~~h/2 )

Final ly , the same arguments imply that L~ (p) — 0 for n = 3,4,5,’•• and

L(p) - L0 (p) - L 1 (p) + L2 (p)

— ~ r e
21
~

J p
~
m 

— ~ r v r , e
2

~~
1 (h1

~~~~
’)

mCN 
m ,n-iin ’ € N  

m iii

(6.27)

+ r yr ,v r  ,, e
2 (h1

~~~
’+m”)

in+tn’+in”€ N

The last sum is a trigonometric polynomial in p. Hence , to complete the

proof of L(p)2 — 0 it is su f f ic ien t to show tha t the prod uc t of any pa i r o f

the operators F , 1’ V I’ , and F V F , V I’ ,, has a kernel in C(12X 12). This

follows from r (q,q ’) 
~~~~~~~~~~~~~~~~~~~~~~~~~~ 

(6.22) and (6.26) by the

argumen t following (6.21) (continuity of q -p F (q,q ’) € L2 ( 12), etc.).

Proof of Lemma 4.3. The holomorphy follows from Lemma 4.2. To see

that D(p,A) € R for p € R 3 , A E  R note that G0(q,p) C R for p C  R by (3.3).

Hence (3.9) implies that L(p) has a real—valued kernel , because V is real—

valued , and the refore K ( q , q ’ ,p) E R for p € R3 . Thus (4.1) — (4.4) imply

tha t D(p , A) € R. The property D(p+m ,A) = D(p,A) follows from (3.10).

Proof of Lemma 4.4. By Lemma 3.7 , A C cy(H(p)) if and only if

v = (A+y ~)
2 is a singular value of K(p) . Hence Lemma 4.4 follows from

classical Fredholm theory [10, 17]. In the general theory the multip lic ity

of an eigenvalue can be less than the multiplicity of the corresponding zero

of D0(p,v). However , for selfadjoint opera tors the t~~ mult ip li cit ics

coi nc ide .

Proof of Lenuna 4.5. Let (p0,A 0) E E
r
. Then the re is an m m (p0, A 0)

and a neighborhood N(p0,A 0) C R” such that

r -
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F(p,A) ~i n L  D(P,X)/~ Am l  = 0 for (p,A) C E fl N(p0,A 0)

(6.28) <

aF(p,A)/3A E ~
mD(p,A)/aAm ~ 0 for (p,A) € E n N(p 0, A 0)

It follows by the implicit function theorem for analytic functions [3] that

E fl N (p0 ,A 0) C E’. In particular , Er C E’ is a real C—analytic manifold of

dimension 3. Next consider a point (p0 ,A 0) e = E — Er. The definition

of Er implies that there is an integer m = m(p 0,A 0) > 1 and a neighborhood

N(p0 ,A0) C R’ such tha t

F(p,A) ~
m—l D (P ,A)/~ A~~

l = 0 for (p,A) C E 1~ N (p0,A 0)

(6.29) < G(p,A) E 3m D(P,A)/~Am ~ 0 for (p,A) e E fl N(p0,A 0)

G(p0,A 0) = 0

Thus (p0, A0) C E fl {(p,A) : G(p, A) 0), a variety of dimension < 2.

Proof of Lemma 4.6. The set E
5 
C R’ is a real C—analytic variety of

dimension < 2. Hence X,~, its projection onto the hyperplane A = 0 has the

same property. The important property that 12 — Xn has a finite number of

topological components was proved by H. Whitney [22, 23].

Proof of Lemma 4.7. Let p0 C 12 — X and le t 1 < ~. < n. Then

(po ,A&(po)) € E
r C Er and hence there exists a neighborhood N(p0) in which

A t(p) is the unique holomorphic solution of F(p,A) — 0 guaranteed by ( 6 . 2 8 ) .

To show tha t A
t(p) has constant multiplicity on each component of 12 

- Xn~
let r0 € 12n ,j  have multiplicity m0 m (p0,A~(p0)) (notation of (4.8)). Then

A~ (p) has multiplicity ni0 throughout a neighborhood of p0 , by the definition

of Er and continuity of 3~ D(p,A)/~ AmO . Thus the set — {pE

A~(p) has multiplicity in
0 ) is open and not empty in 12n,j Moreover, if

l u ,.. rL ,

~

*%

~

k

~ 

: - 

- 

- - —  

- . . —
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Pi € 12
n j  

is a limit point of then m(p 1, A~~(p1)) m0 because m(p,A~~( p) )

is constant in a neighborhood of Thus is both open and closed in

12 and therefore 120 . = 12 because 12 . is connected.
n,j n,j n,j n,j

_ _ _ _ _ _ _ _ _ _  _ _ _ _  - .- — a J
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I t  A N S T R A C T

The Bloch waves of the one—electron theory of electronic states in
crystals are the eigenfunctions of a family of unbounded selfadjoint
operators H(p) tha t depend holomorphically on the wave momentum
p = (p1,p ,p3 ) E R 3 

. 11(p) has a discrete spectrum , with corresponding
comp lete orthonormal~ sequences of eigenfunctions , and it is customary to
denote such a sequen~e by ( t j  (p)} and speak of ~“the”~Bloch- waves. h ow-
ever , the eigenfunctions are Rot unique and a separate choice is required
f or each p . The customary definition therefore rests on the axiom of
choice and can provide no info mation about the p—dependence of the Bloch
waves. Some information is es- -ential for app lications. A minima l re-
quirement is p—measurability. In th is paper the operators
K(p) = (H(p) ÷ y2) 2 are show o IlI rm a fami ly ut Fredholm integra l
operators that is holomorph i c or p C 3

, u r n  ~I ~o 
The classic al

theory of Fredholm minors is then used to construct families of R iuchi
waves ~~ (p) wh ich are holomorphic on the complement ut a closed null—
set.
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