
AD—A0’*4 051 ARMY ENGINEER WAT E RWAYS EXPERIMENT STATION VICKSSURG MISS FIG 20114
A NUMERICAL HINOCAST MODEL FOR WAVE SPECTRA ON WATER BODIES WIT— —E TC ( U)
AUG 77 0 ‘ ~~~~~~ C I VINCENT

UMCI..ASSIFIED WEc ‘7 9—t NI.

_ _
_ _

_ ____lit-rn
A ~lJDA_ AI1~_ _ L 1Ui~Di

uI~
.

p /1 1



i 1~ ~ IOtI2_~ I~I2_~_
I.L~ ~ 

-—

____  

2.2
L

ii . 
IIID~

0

HIDE
liFi l ‘ ~ IIIIti~ ~~
MICROCOPY RESOLUTION TEST CHP~RT

NATIONAL BURIAU OF SJAN[ ~P[)~.



c MISCELLANEOUS PAPER H.77-9

A NUMERICAL HINDCAST MODEL FOR
WAVE SPECTRA ON WATER BODiES WiTH

IRREGULAR SHORELINE GEOMETRY
R.port I

TEST OF NONDIMENSIONAL GROWTH RATES
by

Donald T. Resio, C. Linwood Vincent

Hydraulics Laboratory
U. S. Army Engineer Waterways Experiment Station

P. 0. Box 631, Vicksburg, Miss. 39180 0
August 1977 

‘
~~
) 

. -~

R.port I of . S.n.s - \C~~’ .\\

Approved ror Public Release; Distribution Unlimited :
\ .- c .

~~~~~~~~~

4 . ~~~ .v - 
.

— . ~ _..~~~~~~~

C-)

LiJ
Prepared for U. S. Army Engin~~r Division, North C.ntral

Chicago, Illinois 60605

C-,

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _ _ _ _



r T:~~~~~~~~~~-~~~~~~~~~-~~~TT ~~~~~~~~~~~~~~~~~~~~~~

Destroy this report when no longer needed. Do not return
- 

it to the originator.

~~~~~~~~~~~~~~~~~ i_~~__~_~ _ _ _ _



~~-.-- -- -~~~- 

Uncla ssi f ied
SECURITY CLASSIFICATION OF THIS PAGE (W~~•n O.i. Ent.~.d)

DEDADT IILA JTAr InIJ READ INSTRU CTIONS
“ ~~~~~ ‘-“ ‘ ‘“ BEFORE CO MPLETIN G FORM

I REPORT NUMBER 2. GOVT ACCESSION NO. 3. REC IPIENT~S CATALOG NUMBER

~~~— . M i s c e l l a n e o u s  Paper H—77—9
,/~ ~~

— L ~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
--—.-- - — 5- TYPE OF REPORT & PERIOD COVERED

(
~
, A NUMERICAl. II[NI)CAST . MODEL FOR WAVE SPECTRA ON

WATER , BODI E S WITH IRREGULAR , SHOR E LINE GEOMETRY , \ Report 1 of a series
Report 1. TEST OF NONDIMENSIONAL GROWT h RATES \ 6. PERFORMING ORG. REPORT NUMBER

1. AUTHOR(.) B. CONTRACT OR GRANT NUMBER(.)

‘/ ~~~~
/ Donald T./Resio

- 
- C. Linwood/Vincent ~ ____________________________

.L r,.,,. .. ,,, d UR~~A HIZAT ION NAM E AND ADDRESS 10. PROGRAM ELEMENT. PROJECT . TASK

U. S. Army Eng ineer Waterways Experiment  S ta t ion  AR EA & WORK UNIT NUMB ERS

Hy d r a u l i c s  Laboratory -

1’. 0. Box 631 , Vicksburg, Mississippi 39180—’

I I . CONTROLLING OFFICE NAME AND A GORESS I~ ~~~~~~~~~~~~~ fl~~ L~~~~ -

U. S. Army Eng ineer Division , North Central // Aug~~t 1077
536 South Clark Street — 

~~~ NUMeWR-~~ ?-,AGES

Chicago , Illinois 60605 53
IC. MONITORING AG~~NCX NAME C ADDRESS Ld1U.gj,cf Lo~ ,,~on*coJljp~ OWc.) IS. SECURITY CLASS. (of LI,,. r.port)

~~ ~~~~
‘ / 

Unclassified
— 15., DECLASSIFICATION /DOWNGRADING

SCHEDULE

16. DISTRIBUTION STATEMENT (of tJ, f~ R000rl) . -

• (j i T~~/ ~’Approved tor p u h i l L  rc1ea~ L~ d i s t r i b u t i o n  ~~~~imi t ed ~~ ~~J’ —

~~ 7 ‘

/ 
-

~~~ ri~i” -±L> 
T 
/- .? ( -

17. DISTRIBUTION STATEMENT (of if , .  sbmIrocf .ni.r.dln Block 20, If df lf. ,.ni f,o~, R.port)

IS. SUPPLEMENTARY NOTES

lB. KEY WORDS (Co.~ih,u. on :.v.~.. aid. ii n.c. .a.ry a,d identify by block n.rn~b.~)

Mathematical models
Wate r wave generat ion
Ica ter  waves
Water wave spectra

20. A~ 6TR ACT ~~~~~~~~ — ~.c .f~~ ti n.c .w ~ ~~d fdsnaIfr by block nua,b.,~

~~A A numerical model for wave generation in water  bodies of a rb i t r a ry  shape
is described . The new model is a variation of a model previously developed by
Ba rn ett (1968). Important differences are the numerical technique , slightly
modified source terms and the incorporation of a variable equilibrium range of
spec t r a l  d e n s i t y .  Resul ts for idea l , homogeneous generation situations for
growth with nondimensional time and nond i mensional duration are examined and
compared to those from some previous models.

(Continued)

DO ~~~~ ~473 EDITION OF ’ WOV 6S IS OBSOLETE Unclassified
SECURITY CLASSIFICATIO N OF THIS PAGE (Wtts n Data Enre,.d)

~~ ~ ~ ~‘ 
/,-‘; -

~~
S.—.- ., ,~ ..- ,-, 

/ 
I . ...

~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ ~~~~

- —-—

~~~~

-

~~~

‘- . - -



Unclassified
SCCUR ITY CLASSIFICATION OF THIS PAOC(lThw DaSa Zni.t.d)

20. ABSTRACT (Continued).

These results indicate that growth with fetch in the present model is
much closer than those of previous numerical models to the observed in recent
field experiments. The growth with nondimensional time is much more difficult
to assess , but the proposed model appears to give reasonable results for these
situations as well. Report 2 of this series will document an extensive set
of real-time tests of the new model at several gage sites on the Great Lakes.

tJnclassified
SECURITY CLASSIF ICATION OF THIS P A GE(W7,.n Data EnI.,.d)



PREFAC E

A request for the U. S. Army Engineer Waterways Experiment Station

(WES) to conduct an investigation of wave heights on the Great Lakes

was made by the U. S. Army Engineer Division , North Central (NCD), in a
conference held in Chic ago, Illinois , on 22 July 1974. Funds were

authorized by NCD on 30 August 1974. The study was conducted during the

period from September 1974 to October 1976 in the Coastal Branch , Wave
Dynamics Division, Hydraulics Laboratory, WES , under the direction of
Mr. H. B. Simmons, Chief of the Hydraulics Laboratory , and Dr. R. W.
IThalin, Chief of the Wave Dynamics Division.

Drs. D. T. Resio and C. L. Vincent conducted the study and also

prepared the report. Mrs. Rebecca Brooks was especially help ful in

performing analytical and programming tasks.
A special acknowledgement is due to Drs. D. Lee Harris (Coastal

Engineering Research Center), Tim Barnett (Scripps Institution of

Oceanography), and Vincent Cardone (City University of New York) for

their review and constructive comments on the text of this report .

Directors of WES during the conduct of the study and the preparation

of this report were COL G. H. Hilt , CE , and COL J. 1. Cannon , CE.
Technical Director was Mr. F. R. Brown .
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CONVERSION FACTORS , U. S. CUSTOMAR Y TO METRIC ( S I)  AND
METRIC ( S I )  TO U. S. CUSTOMAR Y UNITS OF MEASUR EMEN T

Units of measurement used in this report can be converted as follows :

Multiply By To Obtain

U. S. Customary to Metric (SI)

feet 0.30148 metres

miles (u. S. statute) 1.60931414 kilometres

miles (U. S. nautical) 1.852 kilometres

miles per hour 1.60931414 kilometres per hour

knots (international) 0.511414141414 metres per second

square feet per second 0.092903014 square metres per second

degrees (angle) 0.011145329 radians

Metric (SI) to U. S. Customary

centimetres 0.3937 inches

metres 3.280814 feet

square metres per second 10.7638 square feet per second

Celsius degrees or Kelvins 9/5 Fahrenheit degrees*

* To obtain Fahrenheit (F) temperature readings from Celsius (C) read-
ings , use the following formula: F = 9/5(C) + 32. To obtain Fabreri—
heit readings from Kelvins (K), use: F = 9/ 5(K — 273.15) + 32.
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A NUMERICAL IIINDCAST MODEL FOR WAVE SPECTRA ON WATER
BODIES WITH IRREGULAR SHORELINE GEOMETRY

REPORT 1 : TEST OF NONDIMENS I ONAL GROWTH RATES

PART I: INTRODUCTION

Although many experiments of wave growth have been made under

conditions of simple shoreline geometries under quasi-homogeneous wind

fields, there has been a lack of concerted effort to extend these consider-

ations to situations of wave generation by variable winds in areas

bounded by irregular shorelines. Pragmatic definitions of effective fetch

and effective duration have been used to estimate the effects of variations

in fetch and duration; however , there has been little effort to verify these

estimates.

This paper presents a descr iption of a numerical model which solves
the two-dimensiona l (frequency-propagation direction) radiative transfer

equation. The model is capable of calculating wave growth and decay

within any arbitrarily-shaped body of water, provided that refraction

and diffraction are negligible at the scales of interest. It is

hypothesized that the integration of the two-dimensional source term s
and gradient fields will lead to approximately correct estimates of

wave growth under complex conditions.

This is the first of two reports and will attempt to demonstrate

that the model gives accurate estimates of nondimensional growth character-

istics in regions of simple geometry . The second report will present

an extensive set of comparisons between hindcast wave heights and recorded

wave heights for several sites in the Great Lakes. Since no effort

is m ade to consider only those waves generated along simple fetches
wi th constant winds , the second report provides a good evaluation of
the operational characteristics of the model under diverse fetch geometries

and var iable wind speeds.

Previous numerical models for wave hindcasting have been developed

primarily for open ocean application . Inoue (1967) incorporated into a

model the theoretical works of Miles (1957 , 1960) and Phillips (1957, 1966)
to give a plausible explanation of wave generation. In this model , Inoue

4
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used a spectral form proposed by Pierson and Moskowitz (1964) to limit the
growth of the wave spectra. Cardone (1969) extended this model to inc lude

the effec ts of~ non-neutral stability on wave growth and provided a means
of obtaining objective wind fields over the ocean on an operational basis.

Numer ical models based on the works of Inoue, Cardone , and Pierson
have been programmed at Navy Fleet Numerical Weather Central in

Monterey, California. Comparisons between hindcasts with this model of

wave growth and observed waves have indicated that the model appears to

work well in reproducing wave heights at oceanic sites (Inoue, 1967; Bunting,
1970; Salfi , 1974; Lazanoff and Stevenson , 1975) and in large semi-enclosed
seas (Lazanoff et al., 1973) . In this paper, we shall follow the precedent
of Dexter (1974) and refer to this model as the Inoue-Bunting (I-B)

model.

Although the development of the wave spectrum in the I-B model

appears to be adequate for moderate to strong winds over a large fetch,

the model has not been thoroughly tes ted at short fetches (les s than 100
miles). It is in this region that the magnitude of the Miles-Phillips
growth mechanisms has been questioned by several recent studies. Hasselmann

(1962, 1963a, 1963b), in a ser ies of papers in the 1960’s, presented
• strong theoretical grounds for the role of wave-wave interactions in the

development of a wave spectrum. Much of his theoretical work has been

supported by subsequent field and laboratory studies (Snodgrass et al.,

1965; Barnett and Sutherland, 1968; Sutherland , 1968; Mitsuyasu, l968a;

Hasselmann et al., 1973). A conclusion drawn from careful measurements

of wave spectra taken during the Joint North Sea Wave Project (JONSWAP)

is that the shape of the wave spectrum and the rapid rate of growth of
waves on the steep forward face of the spec trum is primarily due to the
effects of wave-wave interactions (1-lasselmann et al., 1973).

Barnett (1968) formulated a model which included a parameterized
version of the wave-wave interactions derived by Hasselmann . A few

comparisons have been made between hindcasts by the I-B and Barnett

models (Dexter, 1974). However, there have not been sufficient tests

against observed wave heights to conclusively favor either model , at
least in terms of the single parameter , signif icant wave height.

5
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Little has been done to date to establish the reliability of

these models in areas of complex shoreline configurations and short

fetches. Such conditions exist in many coastal areas and inland bodies

of water in the United States. Consequently, there is an acute need for

a model calibrated under these conditions. Considerable field data and

laboratory data (Sutherland, 1968, Mitsuyasu, 1968b, 1973, Ross et a!.,

1970; Schule et al., 1971; Hasselmarin et al., 1973) are now available

which indicate that the development of wave spectra with fetch is in

general accordance with the similarity theory of Kitaigorodskii (1962).

The work of Kitaigorodskii (1962) follows the general pattern between
nondimensional wave and fetch characteristics established by researchers

during World War II , Sverdrup and Munk (1947). As shown in Figure 1,

the nondimensional growth curves estimated from the I-B model and the

Barnett model are not in good agreement with the growth curves expected

on the basis of these field and laboratory studies. The I-B model

tested here uses the form for Phillips resonance as given by Cardone

(1969). This term has since been modified somewhat (Salfi , 1974);

however , since the overall rate of growth with fetch is dominated by the
Miles ’ instability mechanism in this model , the results should be very

similar to those given in Figure 1. The purpose of this paper is to

establish a numerical model which can function in areas of complex shore-

line geometry and is in good agreement with the growth rates determined

by the Mitsuyasu (1968b) and Hasselmann et al. (1973) studies as presented

in Figure 1.

In addition to the I-B and Barnett models , which essentially

simulate the growth and decay of waves with theoretical and empirical

energy exchange process es , Hasselmann et al. (1976) have formulated a
parametric model of wave growth in which the shape of the spectrum is

considered invariant. In this model the spectrum is viewed as containing

a rapidly-responding range of frequencies up to the frequency of the

spectral peak and a slowly progressing, steep forward face. This model
was published after the work in this paper was performed and hence is

omitted from comparisons of source terms and details of the model ; how-

ever, some discussion of the Hasselmann et al. model will be included

6
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- where app ro r i at e .  Sanders ( l97 ( ) -resented a s i m i l ar  model; however ,

on l y  the }!asselmann , et a l .  model w i l l  be d i scussed  in t h i s  paper .
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PAR!’ 11: Th EORETICAL IMi VE LOPMENT

Give n a two- .i i i i en siona l  w ave number spect rum F ~(x , k , t )  at  l o c a t i on
x and t ime t , it f o l l o w s  from the chain rule  for par t ia l  d e r i v a t i v e s

t hat the r ate of ch ange of F~ ca n be expr essed as

DF aI:~ 
. . 3F~ -= -~~-~~- + x. -

~~

-

~~

- + k (1 )

where the dot over the x .  and k. symbolizes differentiation with respect

to time and k is the wave number vector.  The first term on the right

side of Eq. 1 represents local sources and sinks of energy. The second
and th ir d terms rep resen t ad v ection o f wa v e en ergy in x_ space  and k_ space ,
respect ively .

For computational simplicity, let us assume that the slope of

the local bathynetry is everywhere sufficiently small so that the

magnitude of the last term (primarily the effects of shoaling and refrac-

tion) is negligible compared to the first two terms. In a frame of

reference moving along with a wave particle at its group velocity,

Eq. 1 can then be redefined as

= = S(x,k,t) , (2)

where F also is F’ (x,k,t). In the context of this paper , a wave

particle is defined as a unit surface area containing energy density

at a specified frequency and moving along with the propagation of this

energy. S is the sum of all sources and sinks of wave energy and is a

function of location , wave number , and time . A change to a f requency-
direction representation of F can be made by the transformation

F ( f ,O ) = p (k 1, k ,) ( 3 )

g

9
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where k
1 

and k, are orthogonal components of ~ c
g 

is the

group velocity of waves with wave number modulus k given by

1/2

4 k = ( k ~~ + k ~) , (4)

I is t he  frequency of waves with wave number modulus k and 0 is the

direction of propagation defined by

0 = tan~~ (k 2/ k 1) . (5)

Since the group velocity is considered invariant in this case ,

Eq. 1 can be written in integral form as

F(x1 
+ c1,x2 

+ c2,f,0,t + At) = F(x 1,x2
f,0,t)

t+A t
+ I S(x(t),f,0,t) dt , (6)

t

where x1 and x2 
are the orthogonal components of x and where and

£
2 

are given by

t-’-At ~
= I x .  dt = x. At . (7)

1 1 1

For a sufficiently small time increment, At , the source function

may be considered homogeneous over the propagation path and the

integral on the right side of Eq. 6 may be approximated as

10
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t+At t+At

I S(x1,x2,t) dt = I S(x(t),t) dt (8)
t

for any wave particle with propagation direction and wave frequency (f,0).

This same approximation in a fixed frame of reference gives

F(x 1,x2
,t+At) = F(x1,x2,t )  + JS (x 1,x2,t) dt

t+At x . VF (x1,x2,t) dt . (10)

Rearranging Eq. 9 and combining it with Eq. 6. permits an estimate of

the energy variation over a small distance in x_space at time t+At

F(x1x7,t 
+ At ) = F(x

1 
+ £ 1, X

2 
+ c2,t + At)

1
t+At ~ VF(x 1,x2,t) dt . (10)

However, in order for Eq. 10 to be exact, the gradient term must be

constant over a distance equal to at least twice the propagation

distance over time increment At. The degree of approximation involved

in actual applications of Eq. 10 will be discussed in a later section.

The basic concept behind the numerical application of Eqs. 6 and

10 to wave hindcasting is to integrate the source terms along a set

of wave particle paths which terminate at a grid point at the end of a

time step. These separate integrations along the assumed uncoupled

paths produces an estimate at the grid point at this time . Since the

group velocity is specified to be a constant , the particle paths are

constrained to originate somewhere on a circle of radius c
g
At and

. 11
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propagate normal to the circle inward to the grid point . A one-dimen-

sional spectrum is then just the summation of all particles which origi-

nate on such a circle and terminate at the grid point. l’he initial

value of F at the circle must be specified . After that, Eq. 10 may be

used to develop an estimate of F on the circle which is coupled to the

development of F at the grid point and the gradient field.

From Eqs. 6 and 10 with a grid point specified at location

i(=x1 ÷ C

A
) .  j(=x2 

+ £
2
) an approximation to the value of F at

the n + time step for frequency k and propagation direction 9~ can

be written in the following form

n+1 
— Fn .n n r”~~ 

n-lFjjk9, 
- 

ijk~ 
- 

~~i j k~ 
- Fj÷~ j ÷ ó k i  

+ 
i ,j,k,~

At / 2 Ax 6 + Ro (F
~÷A j + A k i  

- ~~~~~~~~~~~~~~~~~~~ Ax (11)

p
4 

+ I: S
v= 1

with 43 = cS(2,)

A = X (~~)
=

To maintain convenience of notation here and to be consistent with

previous notations by others , k is used in this paper to denote

either a wave number or a frequency counter. The distinction between

the two uses can be easily obtained from their context. In Eq. 11

superscripts denote the time step and subscripts denote the location

of the have particle in space (i , j ) ,  its associated frequency (k)

and its direction of propagation (9,). The terms with Ax characterize

12



the grid spacing; and the role of the additional subscri pts related to

~,X and A is to add or subtract from the i ,j coordinate in order to

locate reference values for F. ‘I’he function R is used to provide an

interpolation between grid points and the S terms represent sources and

sink s of wave energy .

The first term of the right hand side of Eq. 11 is the energy

density associated with the particle located at grid point (i , j )  in

x-space and point (k,9,) in k-space. As seen in Eq. 10, the estimation

of the initial value of F at a distance c At back into the direction
g

of propagation requires that the gradient term be subtracted from the

value at (i ,j). Since the form of the gradient term is an integral

through time , the initial value (fl_1 th time step) and final value

(n
th time step) are averaged . The subscript ó on the Ax al lows the

gradient to be computed either along an axis or a diagonal. If  the ang l e

increment A0 is smaller  than 7T/4 or not a multiple of 1T/4, then the

third term , R A is required to account for the gradient  of F 9, normal to

the direction of propagation. The value of R can be approximated for

computational purposes in the following manner. First , as shown in

Figure 2, the grid cell in which the wave particle originates is determined.

The gradient between those corners of the grid cell not on the diagonal

drawn through point (i ,j) can be linearized and used to provide an adjust-

ment to the value of F for  wave par t ic les  not on an axis or a d iagonal .

From Eq. 11 , the value of F at time step n+l is a function of

the source terms and previous values of F as given in time steps n

and n-l. Using the source terms defined by Barnett (1968) with minor

modifications (Resio and Vincent , 1976) the rate of change along the

propagation path is given by

= ~ + r ÷ (B - - ~)F ~ (12)

where a and B represent sources of energy input from the winds similar

to those proposed by Philli ps (1957 , 1966) and Miles (1957, 1960), respec-

tively; r and -r represent the effects of wave-wave interactions as

13
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Figure 2 . Ex ample of a particle position not along a diagonal or
an axis at the start of a time step
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parameterized by Barnett; and ~ represents the loss of energy due to

interaction with the sea-bottom .

Unlike the representation of the source terms by Barnett , there

is no limiting term present in Eq. 12. Field and laboratory studies

(Sutherland , 1968; Barnett and Wilkerson , 1967; Barnett and Sutherland ,

1968; Mitsuyasu , 1969; and Hasselmann Ct al., 1973) document a tendency

fo r wav e energy to “overshoot” its equilibrium value by a substantial
amount before it stabilizes into a small oscillation about its equilibrium

value , rather than a tendency to taper off into a slow approach to

equilibrium from the low side. On the other hand , Shule et al., (1971)

offers evidence that the “overshoot effect” may be an artifact created by

the difference between the observed one-dimensional wave spectra and

actual two-dimensional wave number spectra. In any case, there is no

real agreement as to the nature and form of the limiting function as a

spectral component approaches its equilibrium value. Figure 3 contrasts

the results expected from models with a limiting term , a simp le cutoff

at equilibrium , and an “overshoot effect”. For the purposes of the

model presen ted here , the simple cutoff is adopted .
Eq. 12 can be expanded in a Taylor series so that the energy

‘5 
‘ of a given particle at the end of a time step , At , is related to the

energy at the start of the time step by

r q-l
F~~~9, = F0 

+ 
q~~l~~

8

~~~’~~~ 
[a + r + (B - T - 4 ~) F ]  At~ , (13)

where F is given by the right hand side of Eq. 11 without the source

terms . A simple cutoff to the growth predicted by Eq. 13 is given by

the constraint on the energy density in a one-dimensional spectrum as

proposed by Phillips (1958) on dimensional grounds

-4 ~ -5Ema (f) = (2ir ) a g f , (14)

where Emax is the maximum attainable energy density for a frequency f,

g is g r a v i t y ,  and a is  taken to he a u n i v e r s a l  cons tan t .  In order to

15
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apply  Eq. 1.1 to the problem of wave generation , the two-dimensional

spectrum at each grid point is integrated to obtain the one-dimensional

SPectrum.

If E. - .~ li (f) then the energy density of the individua l wave
i _jk max

particle is normalized as follows:

E
- max

1 ijk~ 
— 1 ijk~ Lijk 

)

Up to this point , in spite of the differences in limiting functions , the

model described in this paper gives results that are very similar to

those of Barnett (1968). As shown in Figure 1 , this does not provide

a close fit to observed growth rates of wave height with fetch .

It appears that much of the discrepancy orig inates in the assumption

that “a” in Eq. 14 is a constant. Studies by Mitsuyasu (l968b) and

Flasselmann et al., (1973) have offered considerable evidence that the mag-

nitude of “a” varies with nondimensional fetch , defined by Kitaigorodskii

(1962) as

(16)

where I) is the fetch and u,,, is the friction velocity of the wind .

Figure 4 shows that this variation is quite systematic and certainl y

not negligible over a wide range of non-dimensional fetches. The value

of “a” used in both the FNWC and Barnett model is 0.0081 which as seen

in Figure 4 is representative of relatively long ~etches such as might

be typical of open ocean conditions .

Hasselmann et al., (1973) suggests that the variation in Philli ps ’

“equilibrium constant” is an effect of the adjustment of the spectrum to

a level at which the energy input by the wind can be largely removed

by the nonlinear energy transfer to shorte? 1:aves . The behavior of “a”

is thus linked to the development of the spectrum along a fetch . As

shown in Fi gure 1 , there also is a relatively well-defined variation in

nondimensiona l wave height with fetch , where the nondimensiona l wave

height is defined as

17
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= , ( 17)

with I~ being the total energy within the spectrum .  By combin ing  the

relationshi ps among nondiiuensiona l fetch , “a” and nondimens ional wave

height , it is possible to paralfleterjze the variation in “a” in terms of

nondiniensional wave height

—

a = b 1 ii , (18)

where 1)
1 and b2 are arbitrary coefficients to be determined from empir-

ical evidence. Two major difficulties are avoided by this reparameter-

ization . First , in complex geometries , the definition of fetch is not

a simple procedure . ‘I’his is particularly true for cases in which the

wind direction is shifting significantl y during the time that the waves

are generated . The use of parameterization for “a” based on local

wave height and local wind speed permits a relatively simple evaluation

of “a” even under circumstances such as these. Second , although often the

largest (and consequently most important in terms of structure design)

waves are fetch limited , there are many cases in which duration rather

than fetch is the limiting factor and other cases in which the low

frequency portion of the spectrum is fetch-limited while the high

frequency portion is still duration-limited. In using nondimensional

wave height to parameterize “a,” any unrealistic assumptions regarding

an “effective fetch” for such cases can be avoided.

The above discussion indicates that variations in “a” can be

related in a more general sense and with less ambiguity to non-

dimensional wave height rather than to nondimensional fetch . However ,

since all of the previous studies of systematic variations in “a” hav e
compared the values of “a” to nondimensional fetch , there is no a priori

evidence that a similar relationship exists between “a” and non-

dimensional wave hei ght , other than in the case where both are known

functions of nondimensional fetch .

19
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In am attemp t to determine whether or not nondimensiomu l wave height

provides a suitable scaling parameter for “a” severa l sources of published

wave data were reviewed . Data from air-sea interaction experiments in

the open ocean by 1)eieonibus and Simpson (l~ 72j and 1)eLeonihus et al .,

11974) provided an ideal set of data with which to test this hypothesis.

The study by Deieonibus and Simpson (1972) do c ume n ts a case stud >’ of

duration-limited wave spectra at the Argus Island tower (Figure 5). The

study by DeLeonibus et ul., (1974) documents several sets of observations

at the Argus Island tower over a variety of weather conditions . In neither

study should the spectra be fetch-limited; and in both , the estimates of

“a” are provided directly, as are direct measurements of wind speed

at several levels.

Published data by Liu (1971) provided another source of

information which could be used to derive simultaneous values of “a”

and nondimensional wave height. As a final source of data , wave spectra

provided by the Canadian Department of the Environment were processed to

obtain estimates of “a”. These final two sources of wave information

are taken from the Great Lakes and each samp le was screened to insure

that the waves were not fetch- limited at the time the observation was

made . The wind data from the Liu study were taken from wind velociti es

recordci at a tower located in Lake Michigan , near Muskegon , Michigan.

The friction velocity was estimated from this wind measurement , under the

assumption of neutral stability, using a technique adapted from Cardone

(1969). The wind data for the Canadian wave spectra cane from measure-

ments made during the International Field Year on the Great Lakes (IFYGL)

program . These were converted to estimates of friction velocity in a

manner similar to the Liu data. Figure 6 presents some of the normali zed

Canadian wave spectra , indicating their tendency to reach a constant

value in the equilibrium range . The valut of “a” was estimated over the

range of frequencies 0.25 < f < 0.3.

Fi gure 7 shows calculated values of “a” from the Canadian wave

spectra and values of “a” from published data p lotted against ~ , where

= There is strong indication of a systdnlat ic variation i n t he  v a l u e

20
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of “ a” related to d i f f e r en t  nondim ensiona l  wave hei gh t s .  The cons tan ts
in Eq. 18 which give the best f i t  to these data  are h

1 
= .03 7 and

b.5 = -0.46. ‘I’hc rela tionshi p between nondimensional wave hei gh t and

4 non din i ens ion al  fe tch  as es t ima ted  by II assel inann et a l .  , (1973)

i i = 1.27 x io 2 00.50 (19)

can be combined wi th  Eq. 18 and these values of b 1 an d b 2 to g ive

-0.23
a = 0.27 15’ . (20)

This  r e l a t i o n s h ip compares reasonably well with  the formulas  derived by

Hasselmann et al. (1973)

— -0 2~’a = 0.31 0 (21)

Liu (1971) 
-0.25

a = 0.4() ; (22)

and Mitsuyasu (1973)
_ -0.31

a = 0.59 1) . (23)

Whether or not the nondimensional  wave  height is a more general

scaling parameter than nondimensiona l fe tch cannot he answered on the
basis of the small sample shown in Fi gure 7. However , the re is good

indication that nondimensiona l  wave hei ght  can pr ovi de a reaso n ab l e

f i r s t  approximation to the scal ing of “ a” in a numerical  model .  Hence ,
the general form of the total energy at a grid point at the end of a
time step can he expressed as

2n f
E = f ~~ I F ( f ,0) dt’d~ + f f

h 
a ( 2 ~~ )

4
g 2f  ~ df ( 2 4 )

where 
~~ 

represents the  frequency at which the spectrum reaches the
e q u i l i b r ium range and f 1 is s imply a hi gh frequency cu to f f , somewhere

23
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above the Kitaigorodskii range , as defined by Pierson and Stacy (1973) .

Substituting t h e values b1 
and b

2 into Eq. 18 gives

-0.46
19 = 0.37 II (25)

Eqs . 24 and 25 can be solved using an iterative technique to provide

estimates of E a and f
0 c
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PAR 1 111: TEST O F N U MER ICAL MODEL

the numerical procedure described in the previous sect ion was

programmed on a CDC 7600 computer . The set up of the program requi res

a grid of b a t h y m e t r i c  data , a s ingle  va lue  denot ing  gr id  spacing,  des i red

frequencies  for spectral  ca lcula t ions, and wind speeds and d i r ec t ions .

Si nce t he model out pu t is to be compared to r e s u l t s  of s tud ies  in deep-

water bordered by a straight shoreline , a deep rectangular lake was chosen

for  t e s t i ng  (F i gure 8 ) .  The grid point spacing is 10 m i l e s  an d the

dimension of the lake is 220 mi l e s  by 120 m i l e s .  A 15-minute  t ime step
was chosen to meet the constra int  tha t  no energy propagated over 10 m i l e s

during a s ingle  t ime step.  The depth was set to a constant  1000 m e t e r s .

Wi nds of 10- , 20- , and 30-mps , b lowing  pa r a l l e l  to the short  sides

of the lake , were input into the computer progran.  Figure 9 gives  the

results of computations for points along the cen te r l i ne  of the lake.
The agreement w ith the f i e ld  data i s good ac ross the en t ir e range o f

nondimensional fetches.

The growth of wave heights with time for different wind speeds can

be compared by graphing nondimensional wave height against nondimensional

time , defined as

-

t = u~ (26)

Figure 10 shows the resul ts  of this comparison and ind ica tes  tha t  the

growth rates for different wind speeds are quite s i m i l a r . .-\ l so show n in
Fi gure 10 are nond inlensional wave hei gh t s  as a f u n c t i o n of n on dime n s io n a

t ime f rom the I -B  model , M i t s u yas u a n d Ri k i i sh i  ( 1 9 7 5 ) ,  and h l a s s e lm a m n
et al. (1976).

‘Ihe data shown in Figure  10 for the numer ica l  model presented in
t h i s  paper are taken from earl >- po r t ions  of the genera t ion  sequences in

the rec tangular  lake , where the e f f ec t s  of fe tch  l i m i t a t i o n  are not yet
s ign i f i can t .  The r e s u l t s  of the 1-B model are taken f rom r u h l i sh e d

26
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curves by Inoue (1967) . The results of Mitsuyasu and Rikiishi (1975)

are based on extrapolations from their laboratory results ,

1.21
II  = 1.17 x 10~~ t . (27)

As seen in Figure 10, Equation 27 predicts extremely large wave heights

at moderate nondimensional times (1 to 10 hours with wind speeds from

10 to 20 m/sec). For example , using the relationshi p given in Eq. 27,

one obtains an estimate of 6.7 meters for a 10 n/ sec windspeed and a

duration of 1 hour . This is much too high for rates of growth observed

at scales larger than those encountered in the laboratory study. Th e

results shown in Figure 10 for Ilasselmann et al. (19 76) are bas ed on the

solution to a parametric radiative transfer equation. If a substitution

of u~ = 0.0316 u is made into their parametric equation one obtains

0.714
II = 1.90 x l0~~ ~ , (28)

which deviates remarkably from the laboratory growth rates , but does

come fairly close to the growth rates of the numerical models.

In Figure 10 the lines from the I-B model and the model proposed in

this paper are d i s jo in t . This indicates that  the wave growths with time

do not follow a similarity law in either of these models , in spite of the

fact that the model presented in this paper does follow a similarity law

for wave growth wi th  fetch . I t  should be emphasized here tha t  there is

a fundamental difference between the uses of stochastic analyses in the

fetch-limited and time-limited cases. In the former situation the sequence

of water surface elevations at a given location can be regarded as a

s ta t ionary random function . In the la ter  s i tua t ion , t h i s  is not t ru e s ince

the random process is non-s ta t ionary . An argument can be made that  the

process will still follow a similarity law in its development if one assumes

that the process can be broken into sufficiently small increments such

that the process is stationary over each increment. [however , this hypoth-

esis needs to be proven on the b a s i s  of considerable laboratory and prototype

29

1

~

T .  ;~~
_ T__~~~~’ ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~



—

0’ ~~~~~~~~~~~~~~~~~~~~~
- - - j - - - - - - - — -

- MIT S UYASU AND RI~~!)SHI 9975)

02 

HAS5ELMANN el a I (1 976 ) - - - -~

NONDIMENSIONA L T ’ M  , 
- 

~~.

Fi gure 10. Comparison of rel ationships between nondimensional wave height
and nondimensional  t ime from numerical  models  and laboratory and prototype-
scale observations

30

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~. ~~~~~~~I



— -—- .-.--‘-— 

~~

--
~~~~~~~~~~~

--

data. To date there has been no evidence presented w h i c h  confirms this

hypothesis. In fact , just the opposite appears to he the case from the

results of Mitsuyasu and Rikiishi (1975) who co n c lude  that , even w i t h i n
the narrow range of nondimensional times in their experiment , the

s imi l a r i t y  of the one-dimensional spectrum was not sa t i s f i ed  for dura t ion-
limited waves.

As seen in Figure 10 the recent parametric mode l developed by
llasselmann et al .  (1976) does fo l low a s imi la r ity  law;  however , th eir model

is not based on an extensive calibration with duration -limited waves , but

ra ther  on the assumption that spectral shape is cons tant .  This assumption
is not supported by the data of Mitsuyasu and R i k i i s h i  (1975).  Figure  11
gives the spectra of Mitsuyasu and Rik i ish i  for f e t ch - l im i t ed  and duration-
l imi ted  conditions normalized in the forms

E (f)  
~m * f

E =E(.r) , (29)

and

E ( f )  ~~~~ 
= E (

~~
—

~ , (30)

where Ii and E are funct ions of re la t ive frequency.  The close s i m i l a r i t y
among the fetch-limited spectra is not duplicated among the duration-

limited spectra. Not only are the duration-limited spectra quite dis-

similar among themselves , but they also differ substantially from the form

of the fetch-limited spectra. The duration-limited spectra are consistentl y

less peaked than the fetch-limited spectra . This same tendency for a

decrease in the peakedness of the spectrum is supported by the r e l a t i o n s h i p ,
based on data from several field studies , between the Ilasselmann et al .

(1976) peak enhancement parameter and nondimensional peak frequency

defi ned as

u~f (31)
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where f
1~ 

is the frequency of the spectral peak. The Ilassclmann et al .

(1976) res u l t s  i ndi cat e a s i g n i f i c a n t  dec rease in sp e c t i a l  peakedness  as

rn dec reases . Since nondi inensiona l  f requency is an inverse function of

nondimensional time , this again indicates a broadening of the spectrum

as nondimensional time increases.

It is difficult to reconcile these differences among the

models and laboratory evidence. It is possible that , if the dura t ion-

l imited spectra are d iss imi la r , the range of nondimensional times used

in calibrating a similarity growth law will affect the exponents  used in

the relationship. If the spectrum trul y broadens wi th  increased non-

dimensional time , the related reduction in magnitude and displacement

in frequency of the nonlinear wave-wave interaction source term migh t

explain the tendency to grow only to a “ ful ly-developed” spectral  form

as hypothesized by Pierson and Moskowitz ( 1964). The possible differences

between several available open-ocean models , all of which incorporate

some concept of a full y-developed spectrum , and the growth rates of

Eqs . 27 and 28 are shown in Figure 12. It  would appear that  the M itsuyasu
and Rik i i sh i  (1975) re la t ionshi p fits the growth rate in the early
stages of wave generation , whereas the llasselmann et a l .  (1976) re la t ion-

shi p f i t s  the growth rate in the intermediate stages of wave generation .

Neither relationship agrees with the growth rates of the models for late

stages of wave generation .

As a final check of the consistency of the model estimates and

estimates from Eqs. 27 and 28 w i t h  some pr o to ty pescal e da ta , t he observa-

tions from the duration-limited study by 1)eLeo nibu s  and Simpson (1972)

w ere comp ar ed to p r ed ic t ed  wav e he ig h ts  (F i gure 13). For the period

reported in the 1) eLeonibu s and Simpson stud y ,  the windspeed at  10 meters
wa s approx ima t e ly  cons tan t  at 10 to 11 m— s e c~~ for 15 hours . Dur ing

tha t  t ime , the  s i gn i  f i c a u t  ~% a v c  h c i i~h t  g rew from 1.0 meter  to 2. 7 mete rs.

Al though  loca l  va~ l a t  ions  i n  t h e  I i i  r -sea t empera tu re  d i f f e r e n c e  created
v a r i a t i o n s  in  t he  c o e f f i c i e n t  of d r a g ,  a nd hence , i n the  est imated f r i c t i o n
v e l o c i t y ,  t he  lvt - r,i~~- / 1  chardson Numher may h a v e  been r e l a t i v e l y  cons t an t
when aver aged over I I L .  Cut I t C  9 e - .~ ion of W aV e  generat  ion.  Consequent  1 v ,
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a value of 0.41 n-sec ’ was taken to be representative of the  friction

v e l o c i t y  for the 15-hour period.  This value  was used in e s t i m a t i n g  the

n ondim ensio nal wa ve height s and no nd in l ens iona l  t ime for the data  f rom

the I)eLeo nibus and Simpson s tud y as 1,lotted in Fi gure 13. Ih e re is good
ag reement between the growth  ra te  from the model for a 10 in-sec 1 wi nd-
speed and the observed growth rate , exce p t for  the  ear l i e s t poin t shown

in the DeLeonibus and Simpson stud y. This e a r l y dev ia t ion i s  poss ib l y due

to contamination by a one-half to one-meter background wave height ~~~~~~
at the s tar t  of the generat ion sequence.
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PAR r I V :  I) ISCIJ SS ION

In a t t e m p t i n g  to per for m th e  ~a 1 L U !  at ions  i nvolved in the rectangular—

lake test , some computationa l d i t t i c t i l t i c s  emerged . As pointed out pi~-

viously, the assumption of a homogeneous gradient is strictl y valid for

a l inear energ y g rad ient ov er a distance 2c
g
Lt . For cons tant  v a l u e s  of

U ,~~,F ,T and p , the  s o l u t i on along a wa’.e particle path with no limiting

term can be represented as

(a + [ + 1) CX!) (t~t~~) -  ~ + F , (32)

where F1 
and F~ are the energy densities at the beginning and end of the

t ime step,  respectively , A t is the  t ime required to travel from one grid

poin t to the nex t , and ~~ is g iven by

= - -i - . (33)

It  is c lea r f rom E q. 32 that  when the spectrum is approaching its

fetch-limited form , the gradient can become highly nonlinear . The effect

of this nonlinearity is to underestimate the gradient at a grid point.

Consequen t ly, the energy is allowed to exceed the actua l fetch-limited

amount. Next to a solid boundary, this introduces a small excess of

energy wh i ch then can propagate across the en t i re  fe tch , c rea t i ng a s low

energy source that eventually can dominate the  entire estimate of growth

ac ross a fetch . This problem can be handled if  t he  energy at a gr id
point is always limited to that estimated in Lq. 52.  This only i n f l u e n c e s
the solution when the spectrum approaches its fetch—iimited form and does

not require much add i t iona l  t ime for computa t ion .

A nother pr oble m en counte r ed du r in g the prog r am test ing w as the

range of convergence for Eq. 13. Practical considerations limi t the

number of ‘ e rn l s in t h i s  equat ion ; thus a reasonab le  c r i t e r ion  of

convergence i 5 g iven  by
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< 1 , ( 3 4)

where At is the size of the time step in the model. i is usually

very small in the f r eque n cies unde rgoi n g rap id g rowth and can be iseg-
lected in considerations of convergence . As indicated by lnouc (1967)

and I l asselmann et al., (1973) the s-term can be wr i t t en  in the form

u~~n2
= n

1(—) ‘ 10 f , (35)

where c is the phase velocity and n
1 

and n , are con s t a n t s .  For the
range of in teres t  in wave generat ion , ~ can he approx imated  for a
s el f - s i n il a r  spectrum as (l lasse lmann et al .  , 1973)

1 .33u* 3
6(—) ‘ l0 ‘ f , (36)

based on scaling laws of the frequency of the s p ec t r a l  peak and the

de v elopment of the spectrum with fetch . Even a conservative approxi-

mation l imi ts the magni tude of ~ to at mos t

~~~~~~~~~~ .f  . (37)

For neg leg ib le  bottom interaction , Eqs. 37 and 40 can he combined
to give

At < 10 3/ f  . (38)

Th is c r i t e r ion  was met in the rec tangular  lake test s ince  the t ime  step
was 900 seco nds and the  frequency range of interest  went UI) o n ly  to
0.4 hz. Althoug h the m agn i tude of ~ was not investi gated in this test
of a dee p lake , it is f e l t  tha t  convergence should not be a major  prob l em
in depths grea ter  than 10 mete rs , f or the ra n ge o f wave f re que n cies

ty p i ca l l y impor tan t  i n  such depths .
Another  p o t e n t i a l  p ro b lem in the solution of the radiative trans-

fer equat ion is the uncoupled , ho mogeneous for ln of the pa r a lne te r i  :ed
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l~dve-wave interaction terms . These ternis are dep en de n t on the  t o t a l

energy in the spectruili and the shape of the spect r um both of wh i ch cha nge

w i t h  p o s i t i o n  a long  a p a r t i c l e  path. By evaluating these parameters at

t he mid-point  of the pa th , the p os s ib l e  error is m i n i m i z e d . However , the

t ime rate of change of the spectrum at the mid-po in t  must  s t i l l  be con-

sidered as is required in E q. 8. This  can he accomplished by calculating

a time- averaged value for the non l inea r  terms over a time step with

an explici t formulation of the type

n+1/2 ~ ~n - ~
n -l

F F + —  , and

n+1/2 n T
n 

- T 
(39)

T T +

n+ l / 2  n + 1 / 2  - . -The va l ues of F a nd T ar e those t ake n to be used in Eq. l~ .

Th is formu la t i on i s q ui te stable  s in ce th e rate of chan ge of the to ta l

energy ( F and -r in Barne t t ’ s pa ram ete r iza t ion  is proportional to the

total en ergy cubed and squared , r espect ive ly~ is much less than the rate

of cha nge of individua l spectral components.

There is no direct limit on the size of the grid spacing other than

that
C
g 

At < A x  (40)
max

where C
g 

i s  the group ve loc i ty  of lowest frequency included i n  the

calcula tTg~is. Anywhere beyond this limit, it is essentially a matter of

reso lu t ion  which must be determined . In areas of complex geometry, of ten

the dominant factor to consider is the largest size of the grid cells

which is s t i l l  adequate to represent the major features of the wa te r l and

bou ndaries.  However , the core storage and run t ime required by the  program

must also be considered when de t e rmin ing  t h i s  grid s ize . For the model
used in the rec tangular  lake c a l c u l a t i o n s , 20 f requencies  and 12 d i r e c t i o n s

of propagati on were used to c h a r a c t e r i z e  the wave genera t ion . S in ce t h e r e

were 210 grid po in t s  in t h i s  lake , the  two basic working matrices in the

model required 58 , 400 pos i t ions  of core storage ap iece. The run t i m e  on
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the  CDC 7600 computer was approximate ly  1.2 second s per hour of prototype
calculations.

this paper thus far has been concentrated on problems encountered in

Setting up the  numerical model and a solution has been presented which

app ea r s to g ive an adequate representa t ion  of wave growth.  A d i f f e r e n t
but equal ly  relevant  top ic is the cor rect n ess o f the  sour ce te rms  u sed

in the model .  I l asse lmann ( 1968) discusses at great length  the theorcct ica .l
and emp irical support for various source ter m s; however , s in ce it is

impossible , at present , to measure these ternis separately, it is difficult

to estimate their relative magnitudes. Even wi th  th i s  lack of precise
i n fo rm a t ion  on wave generation , there are some known deficiencies in the
source terms used in the model which should be pointed out at this  t ime .
The B arne tt form for ~ was taken from Snyder and Cox ’s (1965) work in
which  the s-term was used to explain a l l  of the  non l i nea r  growth of the
wave spectrum . The term is too large since it includes effects of the

wave-wave interaction terms in its empirical evaluation. However , the

m agn i t ude of ~F becomes equal to F on ly  as F approaches its
equi l ib r ium value; therefore , the e f fec t  of the overestimate of ~ is

not too severe, particularly since the value of E is rap idl y attained

and the growth is stopped .

The effec t  of the system of equations given by Eqs. 11 , 24 and 25

is to produce a numerical model which is very similar in behavior to

the parametric model of Hasselmann et al. (1976). There is a rap id
adjustment to the saturation energy for frequencies higher than the

f requency of the spectral peak; and there is a slow migra t ion  of the
spectral  peak toward lower frequencies.  I t  is reassuring to note that

the  ra te of cha nge of the spect ral pea k app ea rs to be re l a t i vel y co rr ect

si nce it f i t s  the same emp irical relationships (Fi gure 1) as the Hassellnann
et al .  model , even though the model was not e x p l i c i t l y deri ved to f i t
t hese data .  This imp lies a f a i r ly  good approximation to the rate of energy

and f requency  d i s t r i b u t i o n  of energy input into the spectrum for  the

model p re sen ted  in t h i s  paper. Consequent ly ,  for r e l a t i v e l y  s i m p l e  wave
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generat ion s i tua t ions , the model presented here w i l l  give very s i m i l a r

r e s u l t s  to the [Iasse lmann et a l .  model .

U n l i k e  the It asse lmamn et al .  model , there is no assumpt ion  in the

model presented in this paper regarding the instantaneous equilibrium of

the wave components with frequencies higher than the frequency of the

spectral maximum. In areas of complex shorel ine geometry and rap idly

varying wind directions and velocities , transient terms can develop

which create significant deviations from an expected local equilibrium .

In areas such as these, the solution of the complete radiative transfer

equation is c lear ly  preferred to the use of a one-parameter model.
A second problem in the Barnett parameter izat ion of the source

terms is the assumption of a “fully developed” Neumann spectrum (pro-
portional to f~

6 at high frequencies) for the spectral shape when the

nonlinear transfer of energy due to wave-wave interactions were calculated.

Although the general rate of transfer is not too affected by this , the

peakedness of the distribution of transfer rates between the parameter-

ized source term and the complete integral form is not duplicated well.

Uowever the transfer rates are qualitatively realistic and should approach

those of the full integral form for most spectra.

Since the I-B model does not contain any source terms due to

nonlinear wave-wave interactions, there is expected to be a marked

difference in the two models;  however , to some extent , the empir ica l
evaluation of the s-term in the I-B model compensates for this difference ,

at least in relatively simple wave generation situations. However , the

Barnett model does not require an emp irical limit to wave growth on the

forward face of the spectrum . Its source terms permit  reach ing  a “ quas i -
equil ibrium” in th i s  range of frequencies without  any a rb i t ra ry  l i m i t i n g
factors.  On the other hand , the I - B  source terms would permit  wave growth
at low frequencies well beyond the values of the Pierson-Moskowit : “fully-

developed” spectrum , if wave growth were not constrained to s t ay  at tha t
l evel. This suggests that the I-B model does not represent the actua l

transfer mechanisms with i t s  source terms , but rather , represents a time-
fe tch  sca l ing  r e l a t i o n s h i p between zero energy and the f u l l y - d e v e l op e d
spe c t rum . This is not n e c e s s a r i l y  a p rob lem in open-ocean a p p l i c a t i o n s ,
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but certainl y limits its usage in smaller areas with irregular shaped

boundaries.

Although the bottom interact ion term appears t h e o r e t i c a l l y  j u s t i f i a b l e
(Uasse lmann and Col l ins , 1968) and has been tested somewhat in f i e l d  s tudies
(Barnett 1969; Collins and Wier, 1971), there has been no single study

which has truly demonstrated its validity, at least in terms of absolute

magni tude .  The coef f i c ien t  of drag impl ic i t  in th is  term is u s u a l l y  taken
to be about 0.01; however , the Hasselmann et al , (1973) study found t ha t
the present mechanism did not expla in  a l l  of the phenomena observed ,
particularly in regards to the lack of modulation by tidal currents.

Perhaps the least understood process in wave generat ion is tha t
of wave breaking . In this study, the role of wave breaking is ass umed to

be that of establishing an equilibrium range in which f 5 d i s t r i b u t i o n

of energy densi ty  exis ts .  The effect  of d i f f e r en t  angular  distributions
of energy, the mechanism of the overshoot phenomena , and the reason for
the variation in the equilibrium “ constant” , “a” , with nond imens iona l
fetch (or nondimensional wave height) have not been investigated .

Ilasselmann et al. (1973) suggests that the variation of “a” is an effect

of the adjus tment  of the spectrum to the level at which the energy input
from the wind in the central portion of the spec trum is balanced by the
transport  of energy by nonl inear  wave-wave in terac t ions  to lower and

higher frequencies. On the other hand , the theoretical and experimental

work of Phillips and Banner (1971) has indica ted that increased energy

in waves of low frequencies tends to reduce the energy in the equilibrium

range . Either phenomenon might qualitatively explain the observed

variation in “a”. The important point , relative to the pr~rpose of the

numerical model , is that the funct ional  re la t ionshi ps i n the  variation

of “a” are reproduced in the model regardless of whether  wave-wav e
interaction or wave breaking is responsible  for  this  var ia t ion .

A possible alternative for the numerical wave model would be to

adopt a representation of wave breaking s imi la r  to that  g iven by

Elasselmann (1974)
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S B = -constant . f
2 E ( f )  , (11)

where S
B is an energy sink due to w h i t e  capping.  Since the form of

this equation contains Ii to the first power , S
B 

could be included

in an expansion series by using an approximation to the angular distri-

bution of energy over a t ime step,  i .e.

(42)

where p represents the energy loss along a particular propagation

direction due to wave breaking .

In spite of all these uncertainties in the mechanics of wave

generation and dissipation, open-ocean models for wave prediction and

hindcasting have proven to be reasonably reliable , with possibly the

major limiting factor that of obtaining accurate wind-fields over the

water . This paper has extended the concepts applied in these open-ocean

models to a more general form appropriate for complex shoreline geometries
and large ranges in nondimensional fetch. Since, as seen in Figure 8,

wave generation in the open-ocean almost always results in comparable

magnitudes of nondimensional wave heights IT , the effect  of var ia t ions  in
the P h i l l i ps coefficient “a” are not too apparent in open-ocean hindcasts .
h owever , neglect of th is  variat ion in areas where fetches are limited can

lead to serious mis-estimation of the wave energy in the spectrum .
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PART V : CONCLU SIONS

Previous studies have concentrated their efforts on numerically

modeling wave generation in the open ocean . This paper has attempted

to generalize this approach to obtain a functiona l model in areas of

complex shoreline geometries. The numerical technique presented provides

a solution for any set of source terms which are expansible in a series

wi th  a sm al l  number of terms. The approximations involving homogeneous ,

linearized forms of the nonlinear source terms appear to provide an

adequate representation for wave growth , without creating prob lems with

the stability of the solution.

The nondimensional growth rates with nondimensional fetch estimated

by this model are in good agreement with results from recent laboratory

and field experiments; and the growth rates with time seem consistent with

field data. A major revision in the Barnett source terms necessary to

obtain this agreement is the inclusion of a dependence of the P h i l l i p s
equilibrium parameter on nondimensional wave height. This modification

leads to a model which for simple wind- wave f ields gives growth rates and
spectral shapes very similar to the recent parametric model of Hasselnmann

et al. (1976) , for wave growth along a fetch , bu t di f fe r s  markedly in the
duration- limited growth characteristics. It would appear that considerably

more f ie ld  data w i l l  be needed to provide more conclusive resul t s  for
duration- l imited wave growth.

The I-B source terms performed very poorl y in reproducing the
JON SWAP growth rates with fetch . It would appear that the  I -B  model

functions more as an approximate time- fetch scaling parameter than as

an analogue to the wave-growth process. For this  reason the modi f i ed

Barnett source-terms are chosen for app lication of the numerical model

in complex wave generation s i tua t ions , even though there are some
known deficiencies in the source terms as formulated by Barnett (l)~~ ).

A first step toward removing these would be to parameteri:e the wave-

wave interaction in a more generalized fashion and then to recali b rate

the el-term with the growth due to the wave-wave interactions subtracted .

Also , additional research , particularl y regarding the bottom interaction
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and role of wave breaking, is needed to provide an improved representation
in very shallow areas. However , the present forms of all these processes
are probably adequate for a first estimate , at least up to the point

that depth- induced wave breaking becomes significant. lt should be

emphasized that the present form of the model does not include the effects

of refraction and diffraction; consequently, the model is limited to areas

in which the assumption regarding the smallness of the bottom slope is

valid .

A final point , relative to the use of a complex model in attempts

to generate an estimate of a wave climate , involves the interaction

between error terms in the wind field and the wave model. It is sometimes

accepted in operational applications that the error in the estimation of

winds over the water is so large as to preclud e the need for a sophisticated

wave model. The argument implies that , since the m s  error in a wind

estimate is, say , of the order of 10 knots , the wave model need only produce
results with an m s  error of All , where All is the range of wave hei ghts

possible with  a 10- kno t error. If  the wave model contained only random

error and zero bias , this might be a reasonable contention . However , some

of the results of this paper clearly indicate that the models tested do

not exhibit only random differences . Significant biases can arise in

fetch-limited (and possibly time-limited) wave growth situations , if the

proper growth relationships are not maintained. This error does not cancel

out with the wind error, but rather it can introduce considerable bias

into the wave es t imates .  The magnitude of th i s  bias  must be evaluated

and the effect  on the es t imat ion of a wave c l ima te  considered before one

can argue that the simp ler model is adequate .  Thus , a l l  s i m p l i f y ing

assumptions and model selection must be carefull y evaluated in order to

determine the magnitud e of bias that they can introd .ce in climatic

estimates. This magnitude should be roughly independent of the magnitude

of wind error, if nonlinear effects due to the convolution of the two

error distributions can be neglected. In a si m i l ar fash ion , the  l) ias

in wind estimates should be isolated and evaluated . I~it h  four parameters
(b ias  in wind est imates , bias in wave e s t i m a t e s , random error i n  wind

estimates , random error in wave estimates) and the assumption that the

-15
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errors are normally distributed , one can then compute the approximate

inaccuracies  due to using a wave hindcast model to obtain a wave c l i m a t e .
A simple comparison of the magnitude of random errors in wind estimates

and the  wave model alone cannot provide this information .
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NO I AT iON

a !‘h i 11 i ps ‘ equ l  I i b r i i u n  co e ftic ient

b 1 , b~ C o e f f i c i e n t s  r e l : m t  lug l’hil li ps ’ ‘‘ e q u i l i b r i u m  c o n s t a n t ’’ t o
nond i mim ens iorial wave hei ght

c Fh a s e  v e l o c i t

c Group ve loc it~ of waves w i th w ave number modul us k

c Group velocit y of lowest frequency included in  the ca l c u l at ions
1’ma x

I ’ I - e t ch

1) Nondimensiona 1 fetch

F 
M axim um attainable energy density for a frequency f in ti-m e

m a x  equi l ibrium range

— 

F Total energy ic i t h i n  t h e  spec t rum

F , I: No ilna Ii :ed funct ions of relative frcquenc~

f F requency

F ( f , 0) Frequency—direct ion represent it ion of spectra l energy density

, k,) IVae~ n u m b e r  representat ion of spect m’al energy densit y

- kt  ~~ m -~ v dens i ty a ~so~ I ~ t I ~ i t h t h e w a v e  pa r t i c l e  loca ted a t
g r i d  p oint ( i , j  i n  x- ~pa c and  poin t I F , ~) in k — s p a c e .

1: 1, 1: I .iu- r g~ d en si t m es i t  t h e  beg inning and end of the time step,
— respect i v e l v

~c 
l: re j u e T i c y  it  wh i ch t he ~p~ct rum r eaches  t h e  equ i l h r i t m n i  r ange

I i i  gh f r L  I m cncv L : 1  t t in m u m m e r  i cal  model

f F r equ~- i~~. u t  t he s i~ec t ra 1 
~~~~~~~ 

Fm —

- 

N u i i d I ~R I I  i ona  I si~~L t ra I peak frequencyIn -

g (‘, r a v i t \

H Rang- _ of wa ve heights possibl e with a 10—knot rms error

I I  Nond m iens  ona l  w a v e  h e i g h t
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i , j  L o c a t i o n  i nd ices  of the wave p a r t i c l e  ( i n  x - s p a c e )

K have number  vector

k .  ~
th component of k

k 1, k~ Orthogo n al com ponents  of K

k Wave frequency index associated with the wave  particle (when
used as subsc r i p t )

Direction index of propagation of wave I~~rti cle

n T i m e  step index

~ I 1 ) Linperica l c o n s t a n t s  for form of B source term

R F u n c t i o n  used to p r o v i d e  an off-diagonal interpolation
between grid points

S Sum of a l l  sources  am - m d s i n k s  of wave energy

SB Ene rgy s ink due to wi - mi te  capp ing

t Time in a t w o — d i m e n s i o n a l  wave  number  s p e c t ru m

t Nondimensiona l time

At Time increment

At Time increment  required  for  wave  particle to travel from one
grid point to another

u Wind velocity at some reference level

u~ Friction velocity - of the wind

x Spat i a l  location of wave spectrum

thx .  1 component of x

x 1, x 2 Or thogo n al  com po ne n t s of x

Ax Grid spacing

a, B Sources of energy’ i n p u t  from ti - me winds  ( P 1 - m i l l  ips and M i  les
mecha n is ms , res p e c t i v e l y)

r , ~ Wa v e—save  i n t e r a c t  i on source terms

ó , ‘ , X S u b s c r i pts  used to l oca t e  r e f e r e n c e  v a l u e s  of F in w a v e
g rowth -decay  equa t io n
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0 I) i rec t ion of wave p r o pa g a t  ion

~m Energy lass due to wa v e bre ak in g

-~ Loss of energy due to i n t e r a c t  iou  w ith bottom

Sum of exponent ia I source terms in r a d i a t i v e  t r an s f e r equat ion
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