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A BSTRA CT

— A major computational problem that arises in the attempt to solve

generalized network and network-related p roblems is degeneracy.  In

fac t , using pr imal extreme po i nt solution techniques , the number of

degenerate pivots pe rformed frequentl y ranges as high as 90% in large —

scale applications. The purpose of this pape r is to develop a special set

of structural and logical relationships for generalized network problems

that y ields a new primal extreme point algorithm which avoids and/or

exploi ts degeneracy. The major mathematical difference s between this

new algorithm and the simplex method are (1) each basis examined is

restricted to have a snecial topology, (2) the algorithm is finitely

convergent without reliance upon “exter nal ” technique s such as lexicogranhy

or per turbation , and (3) a special screening cr i ter ion for nondegenerate

basis exchanges is available that allows some of these exchanges to be

reco gnized prior to finding the representation of an incoming arc . For

these reasons , this  algorithm has several computational advantages ove r

the simplex-based codes recent ly developed for solving generalized network

problems.

H
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1. INTRODUCTION

A generalized network (GN) is a capacitated or uncapacitated linear pro-

gramming (LP) problem in which the coefficient matrix contains at most two non-

zero entries In each column . Generalized networks encompass a broad range of

important practical problems . Depending upon the non—zero components of the

coeff icien t ma trix , a GN problem can be a shor tes t pa th problem , an assignment

problem , a transpor tation problem , a transsh ipmen t problem , a generalized trans-

por tation problem , or even an optimization problem involving generalized upper

bound (GUB) conditions coupled with a set of disjoint linear constraints. The

procedures presen ted subsequently are general enough to handle any of these

problems . To this extent , a hi gher degree of efficiency may be achieved for the

simpler problems by f ur ther exploiting their special structural characteristics.

The more complex variants of the GN class have received the attention of several

studies [2, 3, 4, 11]. The prevalence of these problems in practical settings

[6 , 7, 8, 9, 10, 12, 17 , 20 , 21] has created a need for new theoretical results

that can provide efficient solution methods.

A major computational problem that arises in the attempt to solve GN and

GN—related problems is degeneracy. In fact , us ing prima l ex treme po in t solut ion

techn iques , which are curren tly the mos t eff icient known for these problems , the

number of degenerate pivot steps is frequently as high as 90% in large—scale

applications. The purpose of this paper is to develop a special set of structural

and log ical rela tionships for GN problems tha t yields a new primal ex treme po int

al gorithm which avoids and/or exploits degeneracy . The ccnceptual foundations

underlying this algorithm may be viewed as an extension of those underlying the

recen tly developed al gorithms of [2, 3, 4, 11] for solving assignmen t , transporta-

tion , and transshipment problems . However , the more complex struc ture of gen—

~~ j L~ 
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eralized networks requires several theoretical departures and advances. One of the

principal features of the new algori thm , shar ed in common wi th  its earlier cousins

for less general problems, is a strong form of convergence tha t limits the number

of degenerate steps in a far more powerful way than achieved by “lexicograph ic

improvemen t” (as used , for example , in customary LP perturbation schemes).

Each basis examined by this algori thm is restricted to have a special

topology . We show that if a GN problem has an optimal solution , then an optimal

solution can be found by considering only bases of this type . The major mathe—

matical differences between this new algorithm and the simplex method are (1) the

rules of the al gori thm au toma tically (without search) ensure that all bases have Ithe special topolog ical struc ture , and bypass all other bases normally given con—

sidera tion by the simplex method; (2) the algorithm is finitely convergent without

reliance upon “external” techniques (such as lexicography or perturbation); and

(3) a special screening criterion for nondegenerate basis exchanges is available

that allows some of these exchanges to be recognized prior to finding the repre-

sentation of an incoming arc . For these reasons , this algorithm has several

computational advantages over the simplex—based codes recently developed for

solving GN problems .

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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2. PROBLEM STATEMENT

The generalized network problem may be defined as follows :

Prima l

Min imize c
Tx (1)

Subject to

A X = b  (2)

O<X<U (3)

Dual

Maximize T
b — Y

T
U (4)

Subject to 
T
A — 1<c

T (5)

It — unres tricted (6)

y>0 (7)

where U > 0 and A is an m x n matrix in which each column contains at most two

nonzero coefficients of opposite sign. We will assume that one coefficient is —l

and the other any positive real number. When a column has only one nonzero coef-

ficien t , we will assume that this coefficient is either 1 or —1. A variable

associated with such a column is called a slack variable if its nonzero coefficient

is 1, and is called a surplus variable if its nonzero coefficient is —1.

The most efficient procedures for solving GN problems [13, 14 , 19, 22 , 24 ]

are based on viewing the problem in a graphical context. These procedures are

adaptations of the simplex algorithm [1 , 7, 12] in which the A matrix and the

basis matrix are stored as graphs using computer list structures. The use of such

structures reduces both the amount of work needed to perform basic simplex opera-

tions and the amount of computer memory required to store essential problem data.

Computation and memory are further reduced if A does not have full row rank , since

such GN problems are equivalen t to a disjoint set of transshipmen t problems [151.

~~~~~~~ . ~~~~~~ ~~~~~~~~ ~~ i.! ‘
— . - -~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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In addi tion , the graphs con tain only the nonzero matrix componen ts which allow

special graph labeling procedures [18, 22 , 24] to eliminate checking and un-

necessary arithmetic operations on zero elements.

The development of the algori thm in this paper demons tra tes an add itional

advan tage of represen ting and solving GN problems graphically . We will show

tha t the graphical represen tation allows one to f ully charac terize the nonzero

elements of the represen tation of any nonbas ic vec tor and the signs of these

elements. We will also show that the representation allows one to explicitly

characterize which dual values change and how these values are altered after

performing a basis exchange step . These mathematical characterizations and

visualizations provide the cornerstones of the development and proof of our

algorithm .

The essential concepts and definitions of elementary graph theory that will

be used in our development are presented and related to the GN problem in the

next section .

3. BACKGROUND

A directed graph G(N , E) is a finite set of nodes N and arcs E connecting

the nodes. Each element of E is an ordered pair (i, j) of distinct elements of

N which represents an arc from the node i to node j. If the arc set E is ex-

panded to contain arcs which have both endpoints incident on the same node , or

multiple arcs connecting the same two nodes , then G(N , E) is called a general

graph .

The GN problem defines a general graph as follows. Each row of A corres—

ponds to a node and each column corresponds to an arc of the graph . The nonzero

en tries in a column will be called the mul tipliers of the corresponding arc . Asso—

~
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ciated with each arc is a variable , an upper bound , an objective function co-

efficient , and the nonzero multipliers. The variable (i.e., the component of X)

associated with the arc is called the flow on the arc . (Or, freq uen tly , the value

of this variable is called the flow.) The row positions of the multipliers in

the column that corresponds to the arc identify the nodes on wh ich the ar c is

incident. The arc is directed from the node associated with the —1 multiplier to

the node associated with the posi tive multiplier.

An arc directed from node i to node j will be denoted (i, j). The positive

multiplier associated with arc (i, j )  will be deno ted a ... (Since there may be

more than one arc (i, j) from i to j, technically a third index should be used;

however , for notational convenience , the third subscript will be omitted . The

me thod as subsequen tly described provides an organization by which multiple arcs

with unique multipliers , costs and capacities , are readily accommodated.) If a

column has only one multiplier (nonzero entry) both endpoints of the arc are h
inc iden t on the same node and the arc is said to form a loop. Such an arc , with

endpoints incident on the same node i, is customarily denoted (i, i) and its

multiplier is denoted a . . .
11

The r ight—hand side vector b for the GN problem associates a node requirement

b
k 

(the k
th 

component of b) with node k of the network . (Each unit of flow on an

arc (i , j) therefore “contributes” —l and a~~•, respectively, to the node require-

ments b . and b ..) In addi tion , each node k has an associa ted dual var iable ~i , H
1 k

called its node potential .

4. BASIS

4.1 Basis Structure

Using the standard bounded variable simp lex algor ithm , a basis B for the GN

problem is a fu l l  row rank matrix composed of a l inearly independen t set of

column vectors of A (or possibly of A augmented by unit vectors corresponding to
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artificial variables). The variables associated with the columns of B are considered

to be basic variables and all others are nonbasic variables. A basic solution

consists of assigning each nonbasic variable a value equal to its lower or upper

bound . Thereupon , a unique value results for each basic variable to satisf y

equation (2).

A basis for a GN problem may be viewed and stored as a graph which contains

only the nonzero components of the matrix B. The characteristics of the graph cor-

respond ing to B have been fully outlined in the literature [1 , 12, 23] when the

graph of A is bipartite. Several authors [18, 22 , 24] have further noted that the

structure of the graph corresponding to B is essentially the same (except for arc

orientations) when the graph of A is not bipartite. For completeness we will

ri gorously characterize the structure for the non—bipartite case.

Clearly, by the correspondence s already ind ica ted , any basis for  the GN

problem may be viewed as a graph . The basis graph contains all of the nodes but

only a subset of the arcs of the graph of A , and , hence is called a spanning

graph . A spanning graph cons ists o f one or more conne cted subgraphs , where a

connected graph (hence subgraph) is a graph in which a path exists between any

two distinct nodes.

Let B . deno te the ~
th 

connected subgraph of B. Then B can be represent ed as

a block diagonal matrix as follows :

B= 

[1 1 

B2 

B]

- ~~~~ ~~~~~~~~~~~~~~~~~ ~~~~ ~~~T ~~~~ ‘~~ -~~ 

~~~~~~~~~ 
I3ga’~~~ -~ — - -~-



r ~~~
—--

~
-------

7

By the non—singularity of B, each B . is a square n • x n . non—singular matrix and

consequently is a connected graph consisting of n • nodes and n~ arcs. Therefore ,

it follows that the subgraph corresponding to each B . is a quasi—tree [18], i.e.,

a simple tree to which a sing le arc has been added . The additional arc creates

exactly one loop (a circular path) in the quasi—tree. As noted earlier , an arc
/

having both endpoints incident on the same node (i.e. , a slack or surplus variable)

forms a loop henceforth referred to as a self-loop . The basis structure m~iy thus

be simply characterized as follows .
/

Remark 1: By arranging rows and columns , any basis B for a GN probleri~ is a

block diagonal matrix whose blocks are triangular except for rows and columns

corresponding to loop arcs (i.e., arcs belong ing to loops asso
,~
,K~ted with the

blocks) . A block is completely triangular if its loop is a self—loop.

Proof: The proof follows immediately from the fart tha a basis B for a GN

problem consists of one or more disjoint quasi—tree .

An efficient method called the extended - gmented predecessor index (EAPI)

method [181 has been developed for storir and updating the basis graph of the (~N

problem . One of the advantages of e EAP I method is its ability to find tbt

representation of an enterin ector and to determine updated values for dual

va r iabl es by tracing ap~ op r i a t e  segments  ( I t  t h e  q u a s i— t r I S of  t h e  ba s i s  g r a p h .

Theret ore , no cx icit basis inverse is needed , and the u~ tia1 a r i t h m e t i c  o p e rat i o n s

r e q u i r e d  t o  update t he  i nve r se  are e l i m i n a t e d .  ( f t c  a c c u m u l i t i o n  of roundoff errors

is likewise substantiall y reduced or eliminated).

The EAPI method also p lays an import ant role in the statement and develop-

ment of the new extreme point algorithm presented in t h is  paper. Its special up-

dating rules can be convenientl y expressed in terms of a set of operations app l i ed

to Ellis Johnson’s triple label representation for recording and tracing a I rce ,

adapted to accommodate s t r u c t u r a l  p e c u l i a r i t i e s  of a q u a s i — t r e e . The approach

~~- — .~~2-~- ~~~L
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p
assigns three labels to cacti node of a quasi—tree : a predecessor , a successor , and

a brother .  This t r i ple—label scheme is first applied to the portion of each quasi—

tree that results by suppressing all loop arcs of the quasi—tree so that the labeled

portion is a disjoint set of rooted trees. The root of each tree consists of the

node that lies on the loop; that is , the arcs are oriented by the predecessor labels

so that the unique path from any node to the root node of the tree is a directed

path. (In this manner the predecessor labels uniformly orient the tree to create

an arborescence.) Notationally , we let p(i) denote the predecessor of node i.

The triple—label representation may be viewed as inducing an “ancestry rela-

tionship” on a tree , each node carry ing three node indexes , which name the father

(predecessor), the eldest son (“first ” successor), and next younger brother of the

given node . A node is taken to be the father of all its immediate successors , these

latter constituting a set of brothers , arbitrarily sequenced from eldest to youngest.

Thus , the root node is the common ancestor of all nodes in the tree. Nodes at the

extremities of the tree have no immediate successors and the “last” of a set of

successors of a given node has no younger brother. In these extreme cases , a

“dummy ” name which communicates their nonexistence is used .

The EAPI method connects these trees to the remainder of the quasi—trees in

• which they lie by reinstating the loop arcs. Then the root of each tree is as-

signed a predecessor which orients these loop arcs uniformly clockwise or counter-

clockwise . Each node on the loop thus becomes its own ancestor. (A self—loop may

simply be assigned the orienrzltion it receives in the graph of A.) Hence , each

loop node has an equal status as an ancestor of all nodes ir the quasi—tree . This

is called the rooted loop orientation of a quasi—tree [18].

The basis graph illustrated in Figure 1 consists of two quasi—trees . The arcs

are drawn according to their actual direction in the graph of A rather than to the

orientation imparted by the predecessor indexing. The basis matrix B associated
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Figure 1 — Bas is Graph of A Figure 2 — EAPI Basis Graph

NODE PRED SUC BRO FLOW MULT MIRROR

1 2 5 0 0 1/3 0

2 3 1 0 —l 1 1

3 4 2 0 0 1 0

4 1 3 0 8 2 0

5 1 6 4 1/2 1/4 0

6 5 0 7 —2 1 1

7 5 0 0 1/2 2 0

8 8 9 0 1/3 1 0

9 8 10 0 4 1/2 0

10 9 0 0 —2 1 1

Table I — EAPI Representation of a Basis

~



with this graph consists of a linearly independent set of column vectors 1 r c ~l A

(possibly augmented by “artificial” unit vectors). The same basis graph repr~-

sented in EAPI form where each quasi—tree possesses a rooted ioop orientation is

illustrated in Figure 2.

To formulate and derive the results of this paper in the simplest fashion , it

is convenient to introduce the notion of a mirror arc. (This notion , in less

general form , is introduced in the pure network setting in [5]). The mirror of an

arc (i, j), with cost c . ., multiplier a • ., and flow x . satisfy ing u • . > x . . > 0,
13 13 13 13 — 13 —

is an oppositely directed arc (j ,  i) with cost —c .. /a .., multiplier 1/a .., and

flow x . .  satisfying —u . . a . . < x . < 0. The mirror arc is clearly the result of a
3 1  13 13 — 31 —

simple linear transformation by which x . = —x . . ~a . . . Viewed alternatively, the
31 13 13

mirror arc arises by a scaling operation that divides the column of A associated

with the variable x .. by the quantity —a .. . Thus the multiplier a .. that lies in
13 13 13

row j is changed to —1 , indicating that the mirror arc will be directed out of ,

rather than into , node j. Similarly, the —1 in row i becomes 1/a .., identify ing

this to be the multiplier of the new arc . The scaling is app lied correspondingl y

to the appropriate components of the vectors c and u. Note that there is a con-

venient reciprocal relationship between an arc and its mirror. That is , if the

• same type of scaling process is applied a second time , we discover that the mirror

of the mirror is the original arc , or in other words , each arc is the mirr or of the

other. (By further employ ing the linear translation ~~ = —x~ ./a . . + u • .,  both

arcs would be constrained to nonnegative flows . We do not bother with the trans-

lation since it requires an extra step and Is artificial for arcs with infini Le

capacities .)

As a consequence of these remarks , an arc may be rep laced (conceptually or

l iterall y) at any tine l~y its mirror , provided the appropriate relationshi ps a r t

~~~iL• . .,
~~~~~~~~~~~~~~~~~~~~~~~ 
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observed. Thus , for example , a flow increase of 1 unit on arc (I , j) corresponds

to a flow decrease of a~ . units on its mirror arc (j, I)~ and if the flow on arc
13

(1 , j) is y units below its upper bound , then the flow on the mirror arc (j, i) is

ya . .  units above its lower bound. (As noted earlier , we allow the existence of
13

multiple arcs between the same two endpoints , but continue to refer to a gi ven

arc from i to j as simpl y (i , j ) ,  suppressing a third subscript for notational

convenience. [The word “given ” implicitly provides the third subscript.])

The notion of a mirro r arc can be applied to slack and surplus arcs by means

of a refinement of the self—loop concept. A self—loop at a node i is conceived

as joining node i to an implicit copy of I, denoted i#. A surplus arc at node i

(the self—loop that has a —1 in the 1
th 

position of its column) will be designated

as (i, ill), and a slack arc at node i (the self—loop that has a 1 in the 1
th 

posi-

tion of its column) will be designated as (i# , i). The multiplier for both a

slack arc and surplus arc is taken to be 1. Consequently, as a result of this

refinement and the previous definitions , the mirro r of an arc (I, ii’I), with cost

c . .  , and flow x~ . satisfying u . > x .. > 0, is the arc (i#, 1) with cost
11# 11# i i#  — iil/ —

c . • —c .. and flow x~ . satisfying —u . - . < x . . < 0. (The mirror of an arc
i#i  1111 11ff — 1#1 —

(i#, 1) is an arc (i, ill ) characterized in a like fashion.)

The advantage of introducing the notion of a mirror arc is twofold. The mirror

arc concept makes it possible to ensure: (1) all nonbasic arcs have flows equal

to the ir lowe r bounds , and (2) all basic arcs have the same direction as imparted

by the orientation of the predecessor indexing. A nonbasic arc whose flow equals

its upper bound or a basic arc whose direction is contrary to the predecessor

orientation may simply be replaced by its mirror arc , thereby enabling both (1)

and (2) to hold. It may be noted that a slack arc (i#, I) in the basis automati—

cally is direc ted in acc ordance wi th the or ientation of the predecess or index ing ,

while a surplus arc (1 , ill) is directed contrary to this orientation , requiring the
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latter to be replaced by its mirror. (This follows from the natural convention

tha t  the condit ion p ( i )  = I for a self—loop Implicitl y represents the condition

p(i) = 111 .)  This replacement of arcs by their mirrors to give them a desired

orientation or a flow equal to a lower bound , has important conceptual advantages ,

as will become clear in the subsequent development.

Hereaf ter , we will continue to use the term mirror of an arc to refer to an

arc obtained from any given arc (original or otherwise) by the mirror operation ,

but will restrict the term mirror arc to refer to the mirror of an original arc.

From the foregoing, the basis arc (p(i), i), directed to node i from its

predecessor node p(i), is an original arc if the associated basic column of A has

a pos itive coef f ic ient in position i and is a mirror arc , otherwise. The scaled

matrix that results from a basis B in this fashion will be denoted B’. (That is ,

each column of B ’ gives the appropriate representation of the corresponding bas is

arc.)

Some notational simplification is now possible. Since each node i in the

basis g- aph associated with B’ has a unique predecessor , the unique multiplier for

arc (p(fl , i) (which may be either an original arc or a mirror arc) can be asso-

ciated with node i and will , therefore , be den.ted by a~ . In add ition , the unique

variable corresponding to each arc (p(i), I) can be associated with node i b-c re-

order ing the col umns of B ’ so that the 1
th column vec tor in B’ is associated with

arc (p(i), i). Thus the basic variable associated with arc (p(i), i) in the

basis graph will  be demo ted by x 1 . This is illustrated in Figure 2.

Due to this scaling and reordering, the information required to represent a

basis in EAPI form can be organized in an efficient manner as shown in Table I.

Thus , in Table I , the array NODE contains node name - and would not be stored .

Arr ays PRED , SUC , and BRO contain the predecessor , successor , and bro ther labels ,

respec tively, associated with each node name . A zero label is used to indicate the

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ -• ____ d.4lI1d
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nonexistence of a label. Associated with each node I in the arrays FLOW and

MULT is the flow and multi plier , respectively, on the arc (p( i) , i) from the

predecessor of i to i. Also associated with each node i in the MIRROR array is a

value of 1 if the arc (p(i), I) is a mirror arc and 0 if it is an original arc.

This organization is in effect a compact storage scheme for B since B can be

created using the arrays PRED, MULT , and MIRROR .

The conventions described not only facilitate an effective computer programming

implementation , but greatly simplify the notation required to express and prove a

number of our main results. It is important to keep in mind that results derived

graph ically (in terms of arcs of the EAPI basis graph) have a direct algebra ic

analog (in terms of the basis matrix B ’ associated with this graph). Likewise ,

results derived algebraically by reference to B ’ translate immediately to the EAPI

basis graph . We will find it convenient , at various points , to alternate the type

of deriva tion emp loyed , though we will con tinue to rely on the bas is graph as the

chief vehicle for motivating and elucidating our results.

4.2 Exchange Steps and Basis Representations

The procedures of an adjacent extreme point algorithm Identify an incoming

arc (p. q) and an outgoing arc Cr , s ) ,  respec tively , fro m among the nonbas ic and

basic arcs. It should be pointed out that (p. q) can refer to a slack arc (p = q#)
or a surplus arc (q = p#), and (r , s) can refer to a slack arc . (The outgoing arc

canno t refer to a surplus arc while it is in the basis , in order to retain proper

orientaL on , as observed p rev iously.) The addition of (p, q) and the remova l of

Cr , s) from the current basis produces a changed set of quasi—trees , and this opera-

tion constitutes a fundamental step or “basis exchange ” s tep of linear programm ing

methods.

E~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Basis Representation of an Incoming Arc

In any quasi—tree possessing a rooted loop orientation , it is clear that a

sequential trace of predecessors of a given node generates a predecessor path which

contains all arcs on the loop. The arcs of a predecessor path are encountered in

the sequence determined by tracing from descendant to ancestor , rather than from

ancestor to descendant (though the latter trace accords with the orientation of

the basis). For simplicity, we shall suppose that such a path is simple; i.e.,

not traced beyond necessity. Hence , as soon as a node on this path is encountered

a second time , the trace is stopped (which app lies also to the situation p(i) = I,

implicitly representing p(i) = il/). The path itself therefore duplicates no arcs.

Hencefor th , P. will denote the set of arcs in the predecessor path of node I.

We will follow the convention that the predecessor path for a node which is

an implicit copy of another is empty. Thus , in par ticular , if an arc (I, j) is a

self—loop then = 0 if (i, j )  represen ts a slack arc (i = j / / )  and P~ 0 if

(i, j) represents a surplus arc (j = i#). (Note that is never empty for any

node i that is not an implicit copy of another , since the predecessor path

must always end in a loop that contains at least one arc.)

An important aspect of a basis exchange step is to identify the set of arcs

on which flows will change , or more pr ecisely , the se t of ba sic arcs wh ich p rov ide

a linear representation of the nonbasic incoming vector. The column vector cor-

respond ing to the incoming arc (p, q) when (p. q) does not correspon.i to a self—

loop is of the form —E1
~ + apqE~

’~ where E1 denotes the ~th column of the identity

matrix . If the incoming arc (p, q) corresponds to a self—loop, the column vector

correspond ing to this arc is of the f orm ~~ (if p = q#) or —E1
~ (if q = p11). It

is, therefore , convenient to first characterize the representation of any unit

vec tor E1 with respect to the arcs in the basis graph .

~~~~~~ ~~~~~~~~~~~ ~~~~~ ~~~~~~~~~~~~~ ~~~~~~~~ ~~~~~~~. 

~~~~~~~~~—~~~‘*~~ t ’  . 
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Remark 2: The basic arcs (vectors) that have a nonzero coefficient in the repre—

sentation of a unit vector E
1 
are contained in P .

1

Instead of proving this remark in its present form , we w ill s ta te  and construc-

tively prove a more encompassing result that illustrates several useful principles.

To lay the fou ndation for  this result , we suppose the cardinal i ty  of is m.

Then P~ is a set of m at-cs which connect m distinct nodes. We renumber these

nodes so that i = 1 and the predecessor of node k is k+l for k = 1, • • . , m—l.

(This corresponds to reordering the rows of the matrix B’ associated with the

basis graph.) For the renumbered nodes let node w (w > 1) denote the f i r s t  loop

node encountered in a sequential trace of the predecessors from node i. (Note that

m > w and the predecessor of m is the duplicate node encountered in the predecessor

path from node 1 and thus is node w.) Figure 3 graphically illustrates subject

to this node numbering. We also suppose tha t  the a rcs in P . are numbered cor-

responding ly, so that the k th a rc is (p(k) , k) for k = 1, . . . , m. Using the

notation established in the previous section , the mul t i p liers and columns of B’

associa ted wi th these arc s are a
1
, • . . , a and B ’

1
, . . . , B ’ , respec tively ,

thwhere B k demotes the k column of B

Remark 2 asserts that there exists a solution to the equation

B ’ Y  + B ’ Y + . . . . B’Y = E
1 (8)

1 1  2 2  m m

For our purposes , however , we will go beyond establishing the existence of such

a solution and identif y its form exactly.

For a self—loop , where m = w , equation (8) represents the following

t riangular system :

~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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a) P . con tains a ioop which b) P . contains a self—loop

is not a self—loop

Figure 3. Illustration of

iii ~ 4_~~~~~~~~~
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/— 1 H = (9)

—l a 1 
— —

-l aw ~w

L loo . 
I

por t ion

Whe re a = 1 (since the mul t ip l ie r  of a self—loop is always 1).

For other than a self—loop , equation (8) represents the following which is

identical to the preceding in the first w—l components, but which differs over

the “loop por t ion: ”

a1 y 1
—l a

2 ~2

-i a~~~ 
~w-l = 0 (10)

— 1 ~a —l y f
i w

a +l ~~~~ 
0

I 
_ l a i i k ; / 

H

loop por tion ]
Let Sk = the set of the f i rs t k arcs encountered by a trace of the predecesso r

path from node 1 (Sk = {(p(i), i), I = 1 . . . , k }) and let L the set of arcs on

the loop of the p redecessor path from node 1 (L = {(p(i), i), i = w , . . . , m } ) .

In general , for any set of arcs S , we define

0(S) = l/ ( t he  produc t of the multipliers of the arcs in S).

~~~~~~~~ - . - -:-- - 4P
~~~~~~~

?
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Thus , in particular

O(S k
) = l/ a 1a2 . . . ak

0(L) = 1/a . . . aw m

The quan t i t y  0(L)  is called the loop factor of the loop L. (By convention , we

define 0 ( 0)  = 1 , where 0 is the empty se t . )

Remark 3: The solution to (9) is given by

= O(S k ) fo r k = 1, . . . , w

and the solution to (10) is given by

0(S~ ) for  k 1, . . . , w—l

= 0(S k ) / ( l  — 0(L) ) for  k = w , . . . , m

Proof: The solution to the triangular system (9) is clearly

y
1 

= 1/a 1 = 0(S
1
)

= yk_ l tak = O(S k ) fo r k = 2, . . . , w

Simila rl y ,  the solution to the t riangular portion of (10) is the same as for  (9)

for k = 1, . . . , w—l , and it is only req uired to show 
~k 

= 0(S k ) / ( l  — 0 ( L ) )  fo r

k = w , • . . , m. The first equation of the loop portion of (10) yields

= 
~
‘w—l 

+

and subsequent equations yield

= Yk_1 i’a
k 

= 
~~~~~~~~~~ 

+ y )/a . . . a
k 

for  k = w+l , . . . , m

Hence in pa r t icular ,

y = (y + y )/ a  . . . a = (0 ( S  ) + y ) 0 (L))
m w—l m w m w—l m

0(S
1
) 0(L) + y O(L) = 6(S ) + y O(L)

Solv ing f or 
~
‘m 

gives

= 0(S ) / ( l~ 8( L ) )
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The remark then fo l lows from the f ac t  tha t  O (S k ) = O (Sk 1~
1
~
’k 

and = Y k_1~
a
k

In terms of the EAP I graph , the solution identified in Remark 3 can be

viewed as the determination of flows on the arcs of P . to satisfy a requirement of

1 at node i. The val ues 
~k’ 

k = 1, . . . , m , identify these arc flows. Further ,

the wa y in which the value of 
~k 

is obtained from the value of 
~k—l Over the

triangular portion of the system can be viewed as the transmission of the require-

ment at node i to successi ve nodes of P . as a consequence of assigning flow values

along the path. Thus , in particular , the graphical interpretation applied to the

triangular por tion of the system can be expressed in gener al as follows :

The assignment of a flow value of to the (k_l)
5t 

arc of the path transmits

a requirement equal to 
~k l  to the k

th 
node of the path. In turn , this require-

ment of 
~k—1 

at the k
th 

node of the path determines the unique flow value of

~k 
= yk l /a

k 
(hence = 1/ a

1 
. . - ak = 0(S k)) for th~ k th arc of the path. The

solution for the 1oop portion of the system (in the non—triangular case) can be

viewed similarly . The assignment of f lows to the non—loop port ion of the system

transm its a req uiremen t of y~~~ = 0( S
1
) to node w (equation w) and this must be

satisfied by assigning flows to the arcs (values to the variables) associated with

the loop . Specifically, as shown in the proof of Remark 3, this yields a flow of

= O(S )/(l —0(L)) on the first arc of the loop , whereupon the remaining flows

and transm itt ed requiremen ts are iden tif i ed exac t ly as in the triang ular case ,

i.e., 
~k 

= Yk_l /a
k 

for  k = w+l , . . . , m .

The flows thus determined provide the representation for the unit vector E
1

relative to B’. These must be re—scaled to obtain the representation relative to

the basis matrix B. Thus the k
th 

element of the re—scaled solution equals

l_~~__ .~~~~~~~~~~~~~~dIh~~ -~~~~~~~
- _~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ -- -
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if the k
th 

arc is an or ig inal  arc , and equals

a
kYk 

if the k
th 

arc is a mirror arc

for k = 1, . . . , m.

Remark 4: The predecessor paths P and P , for two distinct nodes p and q,

contain all basic arcs wi th  a nonzero c o e f f i c i e n t  in the basis representation of

arc (p. q), where arc (p. q) represents any one of the possible mul t ip le arcs

connecting node p to node q.

Proof: This remark follows directly from Remark 2 since finding the representa-

tion of arc (p, q) is equivalent to finding —E~ ÷ a E ~’ if (p, q) does not corres-

pond to a self—loop . Otherwise , the representation is equivalent to finding ~~ if

p = q# and to finding —E~ if q = p11 .

The foregoing procedures make it possible to determine the representation

of a nonbasic arc (p, q) graphically as follows : Find appropriate flows on the

arcs in P (if  p # qll) which satisfy a node requirement at node p of —1. Likewise ,

f ind appr opr ia te flows on arcs in P
q 

(if q # p11) which satisfy a node req ui remen t

at node q of a
pq . Assign zero flows to all other basic arcs. Add the resulting

sets of flows to yield the coefficients which provide the representation of a non—

basic arc (p, q) with respect to the arcs in the basis graph . The calculation can

be accelerated by tracing predecessor paths to their intersection , or to loop nodes

(if the intersection occurs on a loop), and performing a single aggregated calcu-

lation (rather than a sum) from the point of intersection. (If desired , one may

re— scale arcs in P and P that are mirror arcs to obtain the representation co-p q

e f f i c ien ts in terms of the ori ginal arcs. However , this is unnecessary in the

execution of the extreme point algorithm.)

~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
. -
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4 . 3 Up dating and Maintainin~ the EAPI Basis Structure

To develop the special rules and relationshi ps underlying the complete

basis exchange operation , subject to maintaining the EAPI orientation , we w ill

make use o f the fol low ing definitions. From Remark 4, the basic arcs with a

nonzero coefficient in the representation of a nonbasic arc (p, q) are contained

in P and P . These arc s can be separa ted into three mutually exhaustive setsp q

at least one of which is nonempty :

(1) P
p flPq

(2) P — Pp q

(3) P — P
q p

If i is some nod e in the pr edecessor pa th of node j ,  we define P .. to be the set

of arcs in the- predecessor path from node j  to node i. If i = j  or

i is not an ancestor of j ,  P .. = 0. Then , by the previous definition of 0(S)

( = 1/product of the multipliers of the arcs in set S)), we have 0(P ..) = l/(the

prod uct of the multipliers of the arcs in P~ and not in P.). (Recall by the

convention 0(0) = 1, that 0(P..) = 1 if I = j or i is not an ancestor of j.)

We may further elaborate the properties of the function 0 (to facilitate

subsequent derivations involving sets of arcs on path segments , such as P 1 , P ..,

etc.) as follows .

Remark 5: If R
1
, . - . , R is any partition of a set of arcs R , then

= 0 ( R
1
)e(R

2
) - 0(R).

In par ticular , if k is a node on the predecessor path of node j ,  and I is a node

on the predecessor path of node k, so that = P
ik U~~kj ’ then O(P~~ ) =

(We may allow k = i or k = j ,  in which case 
~~~~~~ 

or °
~~

k•
~ 

= 1

and the relation still holds.)

—



,) 
~1

Remark 6: If R* is the set of mirror arcs of the arcs in R , then 0(R*) = 1 /0 ( R ) .

(Hence In particular 0(P..*) = 1/ 0(P ) .

We will continue to use the asterisk to indicate a “mirror set” in the

following . Also , for comp leteness , it is useful to define 0* = 0 (hence B(S) =

0(S*) = 1 if S = 0) .  However , to avoid cluttered notation such as 0({(i, j ) } )

and 0({(i, j ) }*) , we will let (I, j) represent both a specified arc from I to i

and the set consisting of this arc .

The representation of an incoming arc (p, q) is by definition a weighted

linear combination of the arcs in an EAPI basis graph. By means of this repre-

sentation , any flow change in (p, q) induces a “correspond ing” flow change in

each arc of its representation. Thus , in particular , if i~ is the flow change in

(p, q), and y is the coefficient of a given arc , then —Ai is the flow change on the

basic arc . This means that the flow change on the basic arc will have the same

sign as the flow change on (p. q) if the coefficient of the basic arc is negative ,

and will have a f l ow change of the opposi te sign if the coefficient of the basic

arc is positive . An arc whose flow is among those first driven to an upper or

lower bound by an attempted change of the value of (p, q) (away from the bound

it currently equals) is called a blocking arc . (By our convention of employ ing

mirr or arcs , (p , q), being nonbasic , always equals its lower bound prior to the

at tempted flow change . It should be noted that (p. q) can be a blocking arc.)

In the case of a degenerate pivot , the flow on a blocking arc currently

equals one of its bounds and would violate that bound with any change in the flow

of the incoming arc (p, q). To maintain primal feasibility, the outgoing arc

must always be one of the blocking arcs .

We consolidate these and several earl ier observations by defining:
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Q = the set of basic arcs with positive representation coefficients for (p. q)

P = the set of basic arcs with negative representation coefficients for (p, q)

(where , as will be seen , Q is associated with node q and P is associated with n cle

p).

Rema rk 7:  Q is the set of arcs whose f lows are decreased and 
~ U (p ,  q) is t h e

set of arcs whose flows are increased when the flow of the incoming arc (p, q) is

increased. Further , PUQCP UP -p q

Remark 8: The outgoing arc (r, s) satisfies:

(r , s)cQ if (r , s) is blocking at its lower bound.

(r, s)tPU (p, q) if (r, s) Is blocking at its upper bound .

We are now in a position to state the major result of [181 which reduces a

diverse collection of basis updating configurations to two simple cases and

identifies the appropriate reorientation required to maintain the EAPI basis

structure .

Theorem 1 [l8:~~ For a basis exchange involving the incoming arc (p, q) and the

outgoing arc (r, s), the EAPI rooted loop orientation is maintained as follows :

Reverse the orientation of the arcs of P U(p~ 
q) if (r, s)~ PU(p, q)

Reverse the orientation of the arcs of P if (r, s)EQ .

It may be noted that reversing the orientation of a set of arcs S corre~ ponds

to replacing S by its mirror set S*. To translate and extend the implications

of this important result still more fully to the mirror arc setting, and set the

stage for further developments , we define for the situation in which P
pflFq ~ 

0

x = the unique node on the predecessor path of node p such that

P = P  — Pxp p q
y = the unique node in the predecessor path of node q such that

P = P  — P
yq q p

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_ _ _ _ _
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z = the first intersection node of P and P , i.e., the unique node ol
sp sq

these paths such that P flP = P , or equivalentl y P fl~ = 0sp sq sz zp zq

and P U~ ~ U~ 
— ( P  fl~ )

zq zp sq sp sq Sj)

Figures 4 and 5 illustrate these definitions.

Note that when x = y ,  node z = node x = node y.

Ix if (r, s)~~P( yxW h e n x ,~~y, z =  i
~.. y if (r, s)tPxy

Remark 9: If P
pflPq ~ 

0, P = P
XP
UPO 

and Q = P
yqUQO 

for some P , Q ,  possibly

empty and contained in P
p flPq

The significance of the identification of node z is demonstrated by the

following consequence of Theorem 1 which refines the specification of the sets P

and Q as follows :

Corol lary 1: A new loop is created by adding the incoming arc (p. q) and dropp ing

the outgoing arc (r, s) if and only if (r , S)EP
pflPq 

and the composition of the

new loop in the EAPI basis is given by

(p, q)*~~ P * ~~ P if (r , S)t(P
p flPq

)flP

(p, q)UP~ pUP~ q
* if (r, S)E(P

p
flP

q
)flQ

Note that the composition of the loop when (r, s)eP is exactly the mirror of its

composition when (r, s) cQ .

5. THE NEW ALGORITHM

The preceding development consolidates many of the fundamental results for

GN pr oblems that can be fo und piecemeal in a variety of re erences [1 , 7, 12 , 16 ,

18 , 22, 24]. By means of the genetalized mirror arc concept , several useful inter-

relat ionships have been made visible that are not exp licit in the literature . Our

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~
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primary motivation for this development , however , is not simply to bring together

scattered concepts in a unified format , but to lay a foundation for character—

izing the special structural attributes and convergence properties of the new

algorithm. The following sections are devoted to this end.

5.1 Fundamental Definitions

An arc has lower leeway if its flow Is s t r i c t l y  greater  than i ts lower bound ,

and has upper leeway if its flow is s t r i c t ly less than i ts upper bound . An arc

which has both lower and upper leeway will be called a double leeway arc. It

follows that an arc has lower leeway if and only if its mir ror  has upper leeway ,

and vice versa. Consequently, if an arc is a mirror arc , then it has lower or

upper leeway according to whethe r the ori g inal a rc has the opposite type of

leeway -

A basis B is defined to be a strong ly  convergent (SC) basis if and only if

the EAPI basis graph satisfies each of the following conditions :

(1) Every arc has lower leeway .

(2)  The loop factor 0(L) of each loop L of the basis graph other than a

self—loop satisfies 0(L)<l.

5.2 SC Bas is Eq uivalence

Consider the basis shown in Figure 2. At least one of the arcs w i t h  0 f low

is an ori g inal arc , thus this is not an SC basis since not a l l  arcs have lowe r

leeway . In general , it is clear that  many bases for generalized networks will

not be SC bases.

A necessary condition for a basis to be equivalent to an SC basis is that all

nonloop arcs satisfy Condition 1 of the SC basis definition. A sufficient condi-

tion for equivalence is given by the following remark.

~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ :. ~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~



28

Remark 10: A basis that satisfies Condition 1 of the SC basis definition can

be r eo r i en ted  to crea te an SC bas is if and onl y if the arcs of each loop L w i t h

0(L)>l are double leeway arcs.

Proof: If 0(L) = 1 and L is not a self—loop , the vectors associated with the

arcs In L form a linearl y dependent set as a direct consequence of the solution

identif led in Remark 3, which is undetermined when 0(L) = 1. Consequently such

an L cannot be in the basis. Thus, we need onl y consider the case where 0(L)>l.

When L is oriented in the reverse direction , L is r ep laced by its mir ror set L*

and 0(L*) = (l/0(L))<l by Remark 6. Since the mirror of an arc has lower leeway

if and only if the arc has upper leeway , the conclusion follows at once.

By the same reason ing , if the only arcs without lower leeway are ioop arcs ,

the bas is can be reorien ted to crea te an SC basis if and only if every bas is loop

L that contains such an arc sat isf ies  0(L )> 1 and consists ent irely of arcs with

upper leeway .

It should be pointed out , however , that it is always possible to find an

init ial feasible SC basis (wh ich may involve ar tif icial vec tors for a GN pro-

blem). The following remark establishes this statement.

Remark 11: A basis that consists of pos it ive and nega tive un it vectors E1 and

—E
1
, where E1 represents the 1th column of the identity matrix , is an SC basis

provided E
1 
is bas ic if b . > 0 and —E

1 is bas ic if b . < 0 (where b
1 

is the ~
th

componen t of the right—hand vector b of (3)).

Proof: The proof follows immediately from the definition of an SC basis and the

comments regarding the EAPI or ienta t ion of surp lus arcs.

5.3 Special Properties of an SC Basis and the SC Al gori thm

In this  section , we will show that  eve ry SC basis exhibi ts  two fundamental

p ropert ies:
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( 1) The si gns of the nonze ro c o e f f i c i e n t s  in  the represen ta t ion  of a

flonbasic arc with respect to an SC basis can be determined prior to actually

find ing the representation (by mean s of a comp lete characterization of P and

Q) •

(2)  There exis ts a uni que arc in the EAPI basis graph which must be chosen

to leave the basis at each basis exchange step if the SC basis s t ruc ture  is to

be maintained.

These properties have important implications for the computational efficiency

of the new algorithm founded on the SC bases (hereafter called tha SC algorithm) .

A fu r ther useful  property that is immedia tely available from the definition

of an SC basis and the preceding results follows .

Remark 12: A basis exchange step executed relative to an SC basis will be non—

degenera te if the ou tgoing arc (r , s)c(p, q)UQ.

We now characterize the composition of P and Q for an SC basis .

Theorem 2: In an SC basis , if P
pflPq 

= 0, P = P~ and Q = P
q 

Otherwise , P

consists of consecutive arcs in the predecessor path of node p and Q consists of

consecutive arcs in the predecessor path of node q, such that

P = P  U~xp 0

= P
yq UQo

where ,

P Ø o r P  or P flPo yx p q

Q Ø o r P or P flPo xy p q

r

~

i

~ 

~:if . f. 1T . -.i . iiI .~.i. ii~T .:~tI: ~~~~~~~ 
:.- _____  .
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Fur ther , for  x y

C P i f and only if a 0(P ) <0(P )
‘ c~~° pq yq

xy (
~Q if and only If  a 0(P ) >0(P )

0 pq yq yp

(P if and only if a 0(P )<0(P )
~ ~~j °  pq xq xp

)‘X “
~ Q if and onl y if a 0 (P ) >0(P )

pq xq xp

and f o r x = y

if and only if a 0 (P )< 0 (P )
p flP = .~~ ° 

pq yq yp
q 

Q if and onl y if a 0 (P ) > 0 (P )
pq yq yp

Proof: The essential content of the theorem not oreviously established , is the

iden t i f i ca t ion  of the fo rm of P and Q for  the SC basis when P f lP # 0. Let L
0 0 P q

denote thc uni que loop contained in P p flP q All owing ei ther or bo th of P
1, 
and

P
yq 

to be empty ( i . e . ,  for x = p or y = q ,  in which case °
~~~~~XP~~ 

or O(Pyq
) = 1) ,

the representa t ion c o e f f i c i e n t  y fo r  any arc (I , ~ )tP pf lP q
) can be cha racter ized

from Remarks 3 and 4, as follows :

= a
pqe(Piq

) — 0(P .) if (i, j)~ L (wh ich can occur only if x = y) or i f

(i, j) is the slack arc of a self—loop.

= ((apq
O ( P

jq) 
— 

~~~~~~~~ 
— 0 ( L ) )  i f (I , j)r L and L is not a self—loop .

Because 0(L)<l for the SC basis , ~ 
can be wr itten ~‘c i~ (a pqo(Piq

)_O (P
jp

) )

where ~ -O , in both instances. If x = y, the results follow immediately since

~~) = = 0 and ( 2 ) the  si gn of the coe f f i c i en t s  on all the arcs in

I~p q ~~
1)
~~ 1~y

) correspond to the sign of the transmitted requirement to node x = y

which is a
pqe(Pxq

)_O (P
xp ) = apq

O( P yq )_O (Pyp). If x y, first suppose (i, 
~~~~~~ 

~~~~~~~~~~~ 
-~~~~~~~~~~~ I 

- - 4
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Then we can write P . = P. UP and P = ~~~ U~ - Hence
iq ty  yq ‘p IY YP

y = ~0(P . ) 0(P )-0(P )iy yq yp
from which it follows that  the sign of ‘

~ 
depends only on the sign of the

quantity in br aces , and is independent of the choice of arc (i, i)  itself , as

long as (I, j)tP . Hence 
~xyC~ o 

or P
~~
CQ0 

according to the inequality

st ipulated in the theo rem.

Next , if (i , j ) CP  , we can wr i te  ~~~~ = ~~~~ U~ 
and P . ~~~~ .yx iq ix xq ip ix xp

Consequently ,

I = ~0(P . ) 0(P )-0(P )1ix xq xpj

and by corresp ond ing reasoning we conclude 
~~~~~~~ 

or 
~~~~~~~ 

by the inequalities

specified in the theorem.

Finally , it is necessary to show that P and Q (hence P and Q) are indeed

sets of consecutive arcs in predecessor paths , i.e.,

P Ø o r P o r P f l P  an d Q O o r P or P flP -

o yx p q o xy p q

This asser tion is equ ivalen t to showing P ~ P and Q ~ P (on the basis of
0 xy 0 yx

the foregoing results and the fact tha t P f l Q  = 0) .  To do this , we multipl y

the expression for y when (I, j)cP by 0(P ). Noting that

0(P )0 (P  ) = 0(P ) 0 ( P  ) 0 ( P  ) = 0 ( L ) 0 ( P  ) ,  and
yx xq yx xy yq yq

0(P ) 0 ( P  ) = 0(P ) ,  we obtain
yx xp yp

0(P )y = aO (P . ) ra 0(P )0(L)-0(P )
yx ix yq

Thus the sign of y for  (i , j)cP depends on the quantity in the braces in this

latter expression. Comparing this quantity to the quantity in the braces in the

expression for y when (I , j)cP , and noting 0(L)<1 , it follows that y>O for

~~ 
~~~

1’yx impl ies y >0 f or ( i , j)tP , and this together with its contrapositive

____

~~~~~~~~~~ ~~~~~~~~~~~~~ ~~~~~~~ -- -
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leads to the conclusion of the theorem.

The preceding characterizations make it possible to state the SC algorithm

and prove its speelal properties. For this purpose , we suppose the arcs of P

and Q are indexed in a scend ing  order , in  the  same sequence as they are encoun te red

by a trace of the predecessor indexing, starting at nodes p and q. (Thus , if P is

not empty, (p(p), p) is the first arc of P, and if Q is not empty, (p(q), q) is the

first arc of Q.) In addition , we will augment the set P by the addition of arc

(p, q), to give the set (p, q)UP , and treat arc (p, q) as the first arc of the

augmented set (whereupon the first arc of P is the second arc of this set , etc .).

The complete form of the SC algorithm may be described as follows . (The

spec ifications for determining and updating node potentials in this description

can be implemented efficiently by reference to the procedures described in [16 ,

18].)

The SC Al go rithm

1. Begin with an SC Basis (Remark 11) and determine node potentials 
~k 

f or each

node k, so that reduced cost a. .Tr .—T r .—c .. = 0 for each basic arc (I , j).
13 3 1 13

2. Select the incoming arc (p, q) to be any nonbasic arc whose reduced cost

a It —It —c is profitable (i.e. , positive). If no such arc exists (and all
p q q  

~ 
pq

a r t i f i c i a l  arcs have ze ro f low) , the problem is solved and the current arc flows

are opt i mal.

3. Select the outgoing arc (r , s) to be :

( 1) the last blocking a rc in Q if any blocking arc is a member of that set.

(2) the first blocking arc of (p. q)~~ P i f there is no blocking arc in Q.

4. Execute a basis exchange step, reorien ting the basis by Theorem 1 and

dete rmining the updated flows and node po ten t ia l s .  Then re turn  to instruc t ion 2. 

L. _______ -
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Recall that the incoming and outgoing arcs can be self—loops (i.e., (r, s) carl

be a slack arc and (p, q) can be either a slack or a surplus arc). By convention ,

for these cases, we define 7t .
~~ 

= 0 and = 0 (for slack and surplus arcs ,

respectively). This yields correct reduced cost expressions for self—loops.

Theorem 3: The SC algorithm maintains the SC basis structure at each basis ex—

change step. Moreover , any other choice of (r, c) destroys this structure.

Proof: First , we show that all arcs of (p. q)c 
~~~
UQ (the only arcs whose flows

change ) will have lower leeway after the exchange step if and only if (r, s) is

selected from this set as specified . If (r, s)cQ , the flow change is nonde—

generate by Remark 12. None of the arcs in Q indexed higher than (r, s) are

blocking arcs . Hence these arcs retain their lower leeway and further are not

reoriented by the basis exchange step . If a blocking arc existed that did have a

higher index than (r , s), it would not have lower leeway after the p ivot and

would also not be reoriented , thereby violating the SC structure . The arcs of

~sq ’ which are reoriented (Theorem 1) must have upper leeway before reorientation

due to the fact that P
5q
CQ and the flow change is nondegenerate. Consequently,

after reorientation they have lower leeway . Final ly ,  arcs in (p, q)€ P, which

are not reoriented , have lower leeway becaus e the ir flows are incre ased . If

(r , s)t (p, q)JP, then none of the arcs in (p, q)tJP indexed lower than (r, s)

ar e block ing , and hence must have upper leeway . These are precisely the arcs

that are reoriented (Theorem 1) and hence have lower leeway after reorientation .

If any arc indexed lower than (r, s) had been blocking, then after reorientation

such an arc would have had no lower leeway , thereby violating the SC structure .

No arcs in Q are blocking, and hence reta in lower leeway , and arcs in P not re—

oriented have lower leeway since their flows are only increased or remain the

same.

Now , we must establish that 0(L)<l for any loop L created by the basis cx—
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change step , other than a self—loop . By Corn ! larv I , we need only consider the

case whe re (r, s)c(P flP )fl p and (r, S)C(P
p flPq

)flI)~ From Section 4.3 , i~

x = y, z = x = y. If x y, z = x i f (r , s)CP and z = y if (r , s)cP
yx

Assuming that (r, s)cP , the new loop L formed is (p, q)*~~ P~~~~~ P

If x = y, by Theorem 2 and the substitution of z, a 0(P )<0(P ) which imp lies
pq zq zp

0(L)<l. If x y, by Theorem 2 , we need only consider the case (r, s) E P . By

Theorem 2 and the substitution of z, a 0(P ) <0(P ) wh ich ag ain , implies
pq zq zp

0(L)<l. Similar reasoning applies when (r, s)tQ.

5.3 Convergence Properties of the SC Algorithm

Having established the way to create and maintain an SC basis , and having

characterized the sufficiency condition by which a pivot in this basis is non-

degenera te , we will now show that the SC algorithm is finitely convergent without

any relianc c upon “external” techniques such as perturbation. Moreover , we will

show that  the convergence through a succ ession of degenera te pivots is of a much

stronger form than that established by reference to “perturbation ” by showing

tha t  the dual variables (node potentials) which change after a basis exchange

s tep  change in a uniform direction throughout any sequence of degenerate pivots.

Removing the outgoing arc (r, s) before adding the incoming arc (p, q)

always creates a unique tree in the EAPI basis graph. (This tree will contain all

nodes of a former quasi—tree if the outgoing arc is a loop arc. The tree may

also consist of only a single node . )  We let T denote the set of nodes in th is

tree . The onl y node potentials which change in the new basis are those associated

with the nodes in T. A change in the node potential of any particular node of I

induces a change in the node potentials of all its successor nodes. This change

is characterized as follows .

Remark 13: In order to maintain complementary slackness (reduced arc costs of 0),

a change of a in the mode potential of node i in T induces a change of ~~~~~~~ in

the node potential of any successor node in T.

.

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - --— . ..
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P r o o f :  Assume that the nodes in the predecessor path from node j to node i

are numbered beginning at node i as I, i+l , . . . , j. Let Tk denote the current

node potential and U
k denote the change in this node potential for node k. In

order for complementary slackness to hold ,

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
= 0 (11)

whe re Ck k+l denotes the cost attached to the arc (k,k+l) , k = I, . . . , j — l .

The current node potentials also satisfy complementary slackness:

_It
k
+ak+lItk+l

_c
k k+l = 0 (12)

for each arc (k ,k+l ) ,  k = i, . . . , j—l .

Combining (11) and (12) we obtain

acxk+l =
ak+l

The remark follows at once.

Remark 14: A change in the node potential of node i induces a change of the

same s ign in the node potentials of all its successors in T if the conditions of

complementary slackness are maintained .

Proof: A direct consequence of Remark 13.

[— ~ing the above remarks , we will now prove that the SC algorithm is finitel y

c~invergent and this convergence has a particularly strong character. Let

denote the vector of node potentials. An extreme point method is said to he

uniformly converging if every component of 7r that changes must strictl y increase

as a result of a degenerate pivot. Clearly this form of “uniform ” convergence is

substantially stronger than the usual lexi cographic convergence ” in which only

the least indexed component of It which changes must increase.

-.~~ ~~~~~~~~~~~~~ •:;:~--~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Theorem 4: Every pivot of the SC algorithm causes the potentials of the nodes in I

to change in the following ways:

( 1) If  (r , s)cQ, the potentials of the nodes in T decrease.

(2)  I f ( r , s)CP, the potentials of the nodes in T increase.

Further , the SC algorithm is uniformly converging through every sequence of de-

generate pivots.

Proof: The incoming arc (p, q) is eligible to enter the basis if its reduced cost

is positive , i .e.,

—It + a ‘IF — c = a >0 (13)
p p q q  pq

First suppose (r, s)~ P f l P  . By Theorem 1, the tree associated with T will be

rooted after re—orientation at node q (node p) if the outgoing arc belongs to

P
q 

— P~ (P~ — P
q
)~ If node q becomes the root (hence (r, s)EQ by Theorem 1) the

potential of q must change by cS to maintain complementary slackness , where

—It + a (it + ~)—c 
= 0 (14)p pq q pq

Rewriting (13) using (14) we obtain

= < 0.
apq

Hence by Remark 14 , the potentials of all node~ in T decrease. If node p becomes

the root (hence (r, s)cP), similar reasoning discloses the potentials of nodes in

T increase.

Next suppose (r, s)CPflP . Both node p and node q are then in T and thus  both

node potentials will change . Let 6 represent the change in It and t~ represent the

change in It
q 

To maintain complementary slackness in the updated basis:

— ( ‘it  
~6)+a (It +A)—c = 0 (15)p pq q pq

~~
_
~t_ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

—
-~~~~ ~—
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Ii ,r , s)cQ, the arcs in 1’ are reoriented in the updated basis such tha t node p
5

is a successor of node q (before adding arc (p, q), w h i c h  also makes q a successor

a t  p). Thus from Remark 13 , a change of A or node q transmits a change of

Ati (P
qp
) to node 

~ 
for the predecessor path that connects node p and node q alter

rt’erlenting. However , from (13), we obtain 6 = A which implies a+a Apq pq

~~(P ) .
qp

Solving for A ,

A = c t l(O ( P  ) — a ) ( 1 6 )
qp pq

By Corollary 1, the composition of P
qp 

in terms of the basis arcs before re—

orienting is 
~zPU~~Zq* 

so that (16) becomes upon rearrang ing terms

A = -
~~ B(P )/ui (P )—a 0(P ) .

zq zp pq zq

Using the appropriate substitution for z when (r, S)EP
pI~1Pq~ 

x = ~‘; ( r , s)tP ;

and (r , s)EP , we obtain from Theorem 2 A<O .yx

Since node q is a ioop node in the updated basis , all nodes whose potentials

change are successors o~ node q. Thus by Remark 14 , all node potentials which

change will decrease .

If (r , s)cP ,

- ‘ = 
i-a E~(P )pq pq

Using the same reasoning as above , it follows that ~->0 when (r, S)EPpflPq~ 
x

when (r , s)cP ; and when (r, s)EP and thus all node potentials which change willxy yx
increase. Finally , since in a degenerate 1~ivot (r, s)CP , the un i formly converg ing

property is established and the theorem is proved.

~~~~~~~~~~~~~~~~~~~~~~ ~~~ . . . 
~~~~~~~~~~~~ ,,. -
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6.0 Computational Advantages

In the SC algorithm , the number of possible degenerate pivots is reduced

since the special struc ture of the basis eliminates many of the alternative

basis representations for extreme points normally examined by other algorithms .

This combined with the strong convergence properties of the algorithm should re-

sult in fewer total pivots. Further , since no computational testing is re-

quired to ensure that only bases with the SC structure are examined , there w ill

be no accompany ing increase in execution time per pivot.

Hultz , et al [211 showed that by incorporating degeneracy checks into a

CN code , solution times were substantially decreased. In this code , degeneracy

checks are applied to each arc traversed . When executing the SC algorithm ,

degeneracy can occur only in a portion of the basis graph (i.e., the set P).

Thus, degeneracy checks need only be applied to the arcs in P. Further by the

pivot rules of the algorithm , the first arc encountered in P which will cause a

degenerate pivot is also the outgoing arc ; thus no further tree traversal or

additional degeneracy checks are required once degeneracy is detected .

For these reasons , the SC algorithm when implemented should result in

several computational advantages over currently available codes [19, 22 , 2 4 ]

for solving GN problems .

7.0 Limits of Generality

As noted earlier , methods with the uniform convergence property have pre-

viously been developed in the pure network setting for assignment , transportation

and transshipment problems [2 , 3, 4, 11]. There is a major leap from the generalit y

of the pure network setting to that of the generalized network setting which , suc—

cc�ssfu ily accomplished by the preced ing development , raises th e question of

whether it is possible to discover a prima l ext r r,i~ point a1~~or ithm with the

~~~~~~~~~~~~
---

~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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uniform convergence property for the still more general case where both ends of

a generalized arc may have multi pl iers (i.e., nonzero entries in the associated

column of A) of the same sign . In fact , our results make it possible to con-

clusive ly answe r this question in the negative , establishing the precise limits

to the level of problem generality for which such a method exists , and identif y-

ing the SC algorithm as the method tha t attains that level (relative to linear

programming problems with at most two entries in each column of A).

To demonstrate this , consider first of all the required change in the defini-

tion of 0(S) for a set of arcs S when some arcs may have multipliers of the same

sign . Retracing the proof of Remark 3, which motivates this definition (to give

the form of the representation coefficients), it is clear that S must specificall y

refer to a set of arcs with an implied orientation , as induced by the predecessor

indexing. Hence , if S consists of k arcs , with multipliers a~~ u for j = 1, . .
1 :i

k, where a~ is the multip lier at the successor node and u. is the multiplier at the

predecessor node under the implied orientation (hence u. occupies the role of the

— l multiplier in the preceding development) then the appropriat~ definition is

P 
if S = 0

0(S) ~~~~ 1/a
1 

jfk = 1

Lu/a 1 1I~~~
(_ u 2 / a 3 ) . . . (-u k_i /ak 

) if k > 1

In addition , however , the loop factor must be redefined to be 0(L) instead a:

0(L), where

0(L) = (_u
l

/al
) . . . (_u

k
/a
k
)

r L composed of the arcs specified above to be in S (hence , in general , (~-(S ) =

—u
1 

. . uk l O(S)). By these conventions , rep lacing 0(L) by 0(L), the statement

of Remark 3 is valid for arcs with arbitrary multi pliers.

: ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ — ~ —- -~~~~~~--
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Note that when all of the u
k 

are — i , as earlier , then 0(5) = 0(5). Also ,

for a self—loop L, 0(L) = 0(L) = 1 by these definitions. Finally ,  by an obv iou s

adaptation of the mirror arc concept to arcs whose multi pliers have the same

sign , it can be assured that U

k 

—1 for all basic arcs , and the previous ex-

pressions recover their validity.

The chief consequence of these observations is that representation coefficients

for the unit vector E
1 
may have both positive and negative signs on the arcs of

the predecessor path of node i. Further , the representation coefficient of a

particular arc on this path can change its sign simply by shifting the location of

node i on the path. Thus , the composition of P and Q, whose special form is

essential to Theorems 3 and 4, can no longer be characterized in relation to the

sets P~, and P
q 

Finally, after a basis exchange , the change in the node poten-

tial of node j induced by a change of a in the potential of an ancestor , node i ,

becomes 0. 0(P ..) (Remark 13), which may or may not have the same sign as a , and

consequently it is impossible for the node potentials to change in any uniformly

specif iable manner as requi red by Theorem 4 .

Still more simply (though at a less rigorous level) it is possible to argue

that a single arc whose multipliers are of the same sign can prevent the uniform

convergenc e proper ty from being established. If such an arc is nonbasic and be-

comes the incoming arc (p. q), then both P and P belong either to P or Q, and

the proo f of Theorem 3, which establishes the uniqueness of the outgoing arc

(r , s), discloses that there may in this case be irreconcilable competing choices

for (r , s) in both P — P and P — P . Regardless of the choice of (r, s),p q q p

the lower leeway requirement is no longer satisfied by all bas ic arcs , and a sub-

sequent step can therefore yield a degenerate p ivot when (r , s)cQ, invalidating

the requirement needed to establish Theorem 4.

k z ~~~~~~
_
~ 4 -

~~~
- .• 
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