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AB STRACT

The purpose  ot  t h i s  p aper  is to documen t  t h i s  r ecen t  emergence of j~- ’~u~r’zLt::e~

as a f u n d a m e n t a l  c o m p u t er — b a s e d  p l a n n i n g  too l  and to demons t r a t e  the

power of t he  ;i s soc ia t ed  m o d e l i n g  and so lu t  ion t echno log ies wh en used in ~~~~~~~

to solve r ea l—wor ld  app l i c a t i o n s .  To accompl i sh  th i s , the paper is divided in to

two parts. Par t  I focuses on how genera l ized  ne tworks  have been and may be used

to model a diverse collection of significant practical problems . First we discuss

(in nontechnical terms) the model structure of a generalized network (GN) and pro-

v ide a brief historical survey of applicat ions which have been modeled as GN prob-

lems. Next we present somewhat newer modeling techniques which draw heavily on

generalized networks as a major component. The pictorial aspect of these tech-

niq ues has proven to be extremely valuable in both communicating and refining

nonlinear and combinatorial relationships.

Part II discusses the design and analysis of large—scale generalized network

computer solution techniques. The central ideas that have brought GN problems

into their own as a fundamental planning tool , by providing an effective method-

ology for computer impleme ntat ions are clearly outlined. Part II further contains

an in—depth computationa l study of solution strategies for GN problems within the

framework of specializat ions of the primal simp lex method. The study identifies

an ef f ic ient solution procedure that der ives f rom an integra ted sys tem of star t ,

p ivot , and degeneracy rules. The resulting method is shown on large problems to

be ~it~ 1~~w t  .‘O times f’ast~~r than the sophisticated state—of—the—art LP system ,

APEX—Ill . Finally, the stud y demons trates that the memory requirements of the
.,

method , as well as its solution t imes, are sufficien tly small to warrant its use

as a ~-~omputcr-hased p lanning too l not only in a batch processing environment , but

also in an in teractive environment.
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Introduct ion

.‘1~I f l dq  ‘me r i t  Science has p r o g r e s se d rap  i d i  v since World War II , creat Ing

a virtual explosion of new knowledge ;ibo~it ways to solve optimization problems in

industry ano gove rnment. The single most importan t factor motivating this explo—

sion of new knowledge has been the parall el growth of the computer industry . The

computer has given management scientists the  capability to record and manipulate

extremely large amounts of data in an efficient manner. Without this capability,

many of the tools of management science would be mere theoretical niceties.

The advent of the computer has given rise to the development of computer —

based planning models. The techniques for building, solving, refining, and

analyzing such models have undergone a steady evolutionary development as computer

hardware has changed . As a result of this evolution , linear programming (LP) has

emerged as one of the most widely used tools of large-scale computer-based plan-

ning . Th is is largely due to the fact that LP models portray many practical ap-

plications and current commercial LP computer packages have been able to solve

problems sufficiently large to meet the requirements of real—world settings.

General linear programming techniques have not proven to be totall y satis-

fac tory , however. The conceptual design , data collection , and compu tational

capab iliti es of such models have o f ten fallen shor t of what is requ ired for a

truly useful decision support tool. As a result , management scientists have in-

tensively studied the struc tu res of LP models and have de termined fundamental

bui l din g blocks which appear in many applications . Network models have long

been recognized as being key building blocks for many problem formulations.

Studies of the structure of LP models from practical applications have underscored

this conclusion . Because of this , mathematical programmers have devised ingenious

solution algorithms for particular types of network problems . The computer age

has spurred the development of computer codes embodying these algorithms which

_ _ _ _ _ _ _ _ _  
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lve ; rov eti in ~~r, j , t io. - to he dr im a t l e a I Iv more et ect ive than gene ra l  LI’ ( ‘odes

fo r  s o l v i n g  t hese  p r ob l e m s  ( 1  , I I , I ~ _ ‘(~~ , .~8 , , ‘18 , ‘42

‘I c i J ~ eq eici1e -e , v a r i o u o  ~oibcl ,‘ e s ’ ~~i’s of network mod els , -ao h as sho r test

pi t h , maximum I low , minimum spanning tree , e~si gnment , transport ation , and trans-

shi pment models , have coot’ to hi’ cons ide r e d as r i g h t  fei l ly  b e l o n g ing  to the c l a s s

ot f u n d a men t a l  co nput t ’r—based  p l an n i ng  t o o l s .  That is to say , a model i s  cus-

tom a r i l y  r ,o~- i r d e d  as a f u n d a menta l computer—based p l a n n i n g  tool if it is capable

o f •i , - c u r a t c l v  dep i c t  i n g  i v a ri et.v of s i g n i  f i c a n t  app i  i c a t i o n s  e i t h e r  d i r e c t l y ,  or

i~~ an i n t e g r a l  c o m p o n e n t .  A d d i t i o n a l l y , i f  the u n d e r ly ing  model  is a spec ia l

c l a s s  of  an LP model  , then large—s ale al g or i  thms and c o m p u t e r  codes mus t  e x i s t

which are at least an order of magnitude faster than state—of—the—art commercial

LP packages fo r  t h i s  mode l  t vp& ’

I’r ev i o u s l v , g e n e r a l i ze d  n e t w o r k  ( ( N )  mode l s  [12 , 14 , ‘30] have not  been con-

sidered to be fundamental c omputer—based p l inning t o o l s .  B r a d l e y  [10] in i 9 7 5

stat ed that CN p r o b l e m s  “ in t he  near  f u t u r e  . . . cou ld  come to be regarded as a

fundamental model. ” The primar y reason this important problem c-lass has not pre-

viousl y achieved this distinction has been the lack . ‘ i ’ efficient large—scale

computer codes. At an earl~ s tage  in t he  evolution of the computer age , research-

ers d e v e l o p e d  ingen ious  spec i a l  purpose  s o l u t i o n  a l go r i  thms fo r  these p rob lems .

Fu r the r , in the 50’ s the  e a r l y p ioneers  of management  s c ien c e  i d e n t i f i e d  i m p o r t a n t

p r o b l e m  classes w h i c h  c o u l d  he modeled  as (‘.N p roblems . [n i o r t u n a t e l y ,  these model

identification efforts did not continue with any ri gor in the 60’s beca use no

effective special purpose computer codes appeared. Thus , such models could only

be solved w i t h  general  purpose  LP codes.

Recentl y, however , the situation has been changing and the somewhat overdue

computer codes for generalized networks are at last appearing. As a consequence ,

_________ 
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mode l ers  have begun to  d e v o t e ’  i t  t e n t  ion  to d ’~ er m in  i ng i f  an I P  model is a CN

p r o b l e m  and , more importantl y , to d e v i s i n g  f o r m u l a t i o n s  i n  w h i c h  g e n e r a l i z e d

n et w o r k s  t l a y  t h e  ro le  of c r i t i c a l  components.

[he purp ose ’  of  t h i s  paper  is to document t h is re cen t  e mer g e n c e  of generalized

n-f  works as a f u n d a m e n t a l  c o m p u t e r — b a s e d  p l a n n i n g  tool  and to demons t r a t e  the

power of t he  a ssoc ia ted  mode l ing  and s o l u t i o n  t echno log ies when used in concert

to solve  r e a l — w o r l d  app l i c a t i o n s .  To accomp l i s h  t h i s , the  paper  is d iv ided  i n t o

two p a r t s .  Pa r t  I focuses  on how g e n e r a l i z e d  n e t w o r k s  have been and may be used

to model a diverse collection of significant pra ctical problems . First we discuss

( i n  n o n t e c h n i c a l  t e r m s ) the  model s t r u c t u r e  of a g e n e r a l i z e d  ne twork  and p rov ide a

b r i e f  h i s t o r i c a l  su rvey  of a p p l ic a t i o n s  w h i c h  have been modeled  as GN problems .

Nex t  we p resen t  somewhat  newe r m o d e l i n g  techniques  w h i c h  draw heavi l y on g e n e r a l i z e d

networks as a major component. This collection of modeling techniques is called

the NETFORN (network formulation) concept or approach. The p ictorial aspect of

this approach has proven to be extremel y valuable in both communicating and re-

fining nonlinear and combinatorial relationshi ps. Additionall y, the NETFO RN concep t

often y ields a formulation that enables the problem to be solved as a sequence of

GN problems with dramatic gains in efficiency over alternat ive approaches. To

prov i de an understanding of this approach and the role of generalized networks

within it , two real—world applications are described which have profited by its

use .  Thus, Par t I ill ust ra tes the manner i n w h i c h  general i zed ne tworks are emerg ing

as fundamental building blocks for modeling, communicating and solving a multitude

of problems .

Part II disc usses the design and analysis of large—scale generalized network

computer solution techni ques. The central ideas that have at last brought GN

problems into their own as a fundamen tal planning tool , by providing an effec tive 



m e t hodo log’’ fo r  compu t e r  i m p l e m e n t  a t  ions , are ~ I earl v out l i n e d .  I ’ ;! r t I I  f u r t h e r

c o n t a in s  an i n — d e p t h  c o m p i i t a t  ional  St  udv of s o l u t  ion s t r a t e g i e s  f o r  GN p r o b l e m s

w i t h i n  t h e  r am ework  of spec ializations of t h e ’  p r i m a l s imp lex  method . The s t u d y

i e i f i e s  an ci  I ic  i e n t  s u l u t  ion  p r o c e d u r e  t h a t  d e r i v e s  f r o m  an i n t e g r a t e d  system

of s t a r t , p i v o t , and d e g e n e r a v v  r u l e s .  ‘ f i l e  r e s u lt i n g  method  is shown on l a r g e

prob lems  to be at  least  50 times f a s t e r  t h a n  t h e  s o p h i s t  i ca t e d  s t a t e — o f — t h e — a r t  LI’

sy s t e m , A 1 ’ E X — l I l .  (Thus , t h e  method  can solve a p rob lem every  week f o r  a year and

consume the  same amount  of compute r  t i m e  r e q u i r e d  to so lve  t h e  p r o b l e m  o n l y  once

with the LP system.) Finally , the study demonstrates tha t t h e  memory r e q u i r e m e n t s

of the method , as well as its solution t imes , arc sufficientl y small to warrant

its use as a computer—based planning tool not onl y in a hatch processing environ-

ment , hut also In an interactive envi ronment.

PART I — (;ENERALIZED NETWORK MODEL

1 .0 PR OBLEM D E F I N I T I O N

The g e n e r a l i z e d  n e t w o r k  p r o b l e m  r e p r e s e nt s  a l ar g e  c l a s s  of  LP p r o b l e m s .

This class includes any II ’ problem whose coefficient matrix , i gnoring simple

uppe r bound constra ints , contains at most two non—zero entries in each column .

A large portion of the literature on LP problems has been devoted to the special

cases of the (;N problem In which the non— zero elements of a column consist of a

I and a —l (either Initiall y or by line ar transformation). This condition iden—

t i f i e s  the problem as a pure network , whose instances Include shortest path ,

maximum flow , assi gnment , transportat ion , and t ranssh i pment problems . The CN pro-

b l e m , by allowing other non—zero doubletons (and singletons) In a column , Is

actuall y the broadest cla ssifhat ion of linear network related problems . Practi-

cal settings in which such GN problems arise include resource allocation , produc—

____________________ _______________________ 
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t ion , dist rib ut ion , sc hed ul i n g ,  c a p i t a l  budget ing, and many o t h e r  problem types

w h i c h  w i l l  he elaborated subsequentl y.

The most e f f e c t ive pro c edur es  f o r  m o d e l i n g  and c o m m u n i c a t i n g  pu re  n e t w o r k

p r o b l e m s  a re based on v i e w i n g  t h e s e  p r o b l e m s  as d i r e c t e d  g r a p hs .  A g e n e r a l i z e d

n e t w o r k  can a l s o  he r e p re s e n t e d  as -i d i r e c t e d  graph  as f o l l o w s .

I’ n d e r  t h e  assumed e x i s t e n c e  of a finite ’ optimum , it is possible to transform

t he  c o e f f i c i e n t  m a t r i x  (b y s c a l i n g  or b y c o m p l e m e n t i n g  a va r i ab l e  r e l a t i v e  to

i t s  uppe r  h o u n d ) ,  so tha t i f  a co lumn has two n o n — z e r o  e n t r i e s , a t  least one of

these is — 1 .  In t h i s  way ,  a d i r e c t e d  arc  is “ fo rmed ” f rom the  node assoc ia ted  w i t h

the —l to t h + ’  node assoc ia ted  w i t h  the  o t h e r  n o n — z e r o  e n t r y . ( I f  b o t h  e n t r i e s  are

-I , the ire may he directed either way.) Columns with single non—zero entries

give r i s e  to a rcs  i n c i d e n t  on o n l y  one node.

There  is an i m p o r t a n t  d i s t i n c t i o n  between arcs in pure ne twork  problems and

arcs in GN problems . An arc of a generalized network has a mult ip l ier associated

with it. This multi plie r is the non—zero coefficient associated with the node at

the head of the arc (i.e., to which the arc is directed). In pure networks , this

multipli e r Is always +1.

Con sider the f ol low ing GN pr ob l e m :

Minim ize lx 12 + 5x 13 + 3x 23  + lx 24 
- 4x

32 
- 9x

34

sub ject to: —lx 12 
— 1x

13  
= —5

2x 12 
— 1x 23 

— 1x 24 + l / 3 x 32 
= 0

l / 2 x 2.3+ 1x 23 
— 1x 32 

— lx 34 
= 0

— I/5x 24 + 3x 34 
= 10
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Ic

O x ‘1 , 1) x < ~~. ~ x ,,~ 6,

( I -  x , < , O ’ - x , < I , O < X , ,  ‘ - 7
— — — — — —

The ne t w o r k  ass ec i at e d  w i t h  t h i s  p r o b l e m  is shown in Figure 1 . As w i t h  pu re

n e t w o r k  p r o b l e m s , e a c h row of the  c o e f f i c i e n t  m a t r i x  i s  a s s o c i a t e d  w i t h  a node

and each c o l u m n  w i t h  an a rc . ( I n  c -e t her  w o r d s , a node cor responds  to  a p r o b l e m

e ’quat  ion  and en ir e  co r responds  to a p r o b l e m  v a r i a b l e . )  The arc  is d i r e c t e d

I r u m t h e  node ,‘lssoc i a t e d  w i t h  the  — l  en t r y  toward  the  node a s soc i a t ed  w i t h  t h e

other non—zero entry. Likewise , each arc has a c o s t , l ower bound , and upper

bound w h i c h  -ire shown in Fi gure 1 within the square and parentheses , respective ly.

The non—zero multiplier associated with an arc is shown in Figure 1 within a

triangle. The constant terms (right hand sides) of the problem equations iden—

t i f v  supp l y and demand requirements attached to the corresponding nodes. A

negative constan t term identifies a supply (which by convention equals the ab-

solute value of this term) , a positive constant term identifies a demand , and a

0 c o n s t a n t  t e rm i d e n t i f i e s  a “conservation condition ” in which the amount of flow

e n t e r i n g  the node must he e x a c t l y m a t c h e d  b y t h e  amount  of  f l o w  leaving the  node .

As flow passes across an arc in a generalized network problem , it is acted

upon b y the  n o n — z e r o  m u l t i p l i e r .  Thus , the amount  s t a r t i n g  out  on an arc  w i l l

not necessarily be the amount arriving at the opposite end. In particular , the

multi p lier indicates that the flow entering the art’ Is multiplied by the value of

the multiplier as tha t flow leaves the arc . For examp l e , if 2 units start on the

arc from node 1 to node 2 in Figure 1 , 4 units will arrive at node 2 since the

multi plier Is 2. Likewise , 10 units starting on the arc from node 2 to node 4

will result in 2 units arriving at node 4 since the multip l ier in this case is 1/5 .

It should be noted that the arc ’s cost , l ower bound , and uppe r bound appl y only to

the units of flow entering the arc .
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7

Anoth e r import ant I e a tu r e  of CN pr ob ’ ems i s  t h a t  t o t a l  s u p p ly  may no t  be the

same is I t al demand.  In  p u r e  network p r o b l e m s , t o t a l  supp ly  a l w a y s  e q u a l s  t o t a l

d e m a n d .  However , the  e f f e c t  of m u l t i p l i e r s  is  such t h a t, t o t a l  supp ly  and t o t a l

demand ma x’ , in f ac t , be e n t i r e ly  d i f f e ’ r e n t .  T h i s  can r e s u l t  in  odd s t r u c t u r a l

consequences , such as a b s o r b i n g  and g e n e r a t i n g  cycles. (See [3 , 29 , 30].)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Fi gure 1

General i zed Ne twork
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(I API’LI ( ‘ A l l  (INS C ) !  (
~}- ,NI ,I<,- \ I ,  I ZE l) NETWORKS

;c ne ’ r a l  i z, ’d O c t  wo r k s  ‘ en he ’ used to mock’ I n u m e r - e c ;  pr oblems for whi ch t a c r e -

i S  l ie pure’ network e qu ivalent. There a r e  essent i - e l  I~ ’ two  w ay s  i n  w h i c h  t i e -  m u l —

t i p i  i cr s  on the e e r  -
~ of g c n ’ r a l i z e d  n e t w o r k s  ma y  be i n t e r p r e t e d .  F i r s t , t e e ’ ’ . c a n

he v i e - w e ’ d  as s i m p l y  m o d i t ’ .’i n g  the amount of flow 0 1 p a r t i c u l a r  g o o d s .  I n  t h i s  w e ’ ; ,

gene ralized n e t w o r k s  can r e p r e sen t  such s i t u a t i o n s  as e - v ; e p n r a t  ion , seep ag e ’ , d e t e r i —

r e t  i , r e  , h re - d i n g ,  i n t e r e s t  r a te s , sc-wa ge t re - c  tm en  , pur l f i c -a t  i c n  processe s vi  t ii

v a r y i n g  c~~f i c i e n c i e ’s , machine efficiencies and structural strength desi gn. How-

eve r , it is also possible to interpret the multi plication process as a t r a n s f r r n a —

ion I rum one tYpe c)f good to a n o t h e r .  With this interpreta tion , it is possible

to  mode l  such processes as manufa cturing, p rc)duct ion , fuel to energy convers i ens

b l e n d i n g ,  c r e w  scheduling, manpower to ~oh r e q u i r em e n t s , and currency exchanges.

The l o l i o w i n g  a p p l i c a t i o n s  l end i n s i g h t  i n t o  t h e  p o s s i b l e  uses of g e n e r a l i z e d  net-

w o r k s .

A c omp l e t e  w a t e r  d i s t r i bu t  ion s y s tem  w i t h  losses has  been m o d e l e d  by Bhaumik

H I is a gene ral iz e d  n e t w o r k  p r o b l e m .  l’h i ,s mode l  is p r i m a r i l y concerned  w i t h  t h e

movement  0!  w a t e r  t h r o u g h canal s  to v a r io u s  r e s e r v o i r s .  However , the  mode l  m u s t

a l so  ( ‘( In s i d e r  t h e  r e t e n t i o n  of  water ove r several t ime periods. The multipliers

in t h i s  e Ose ’  r e p r e s e ’n t  t he  loss e f f e c t  due to b o t h  e v a p o r a t i o n  and s e e pa g e ’ .

T u r n e r  and G i l l  ian [ 1 7 ]  have proposed a f i l e ’  r e d u c t  ion model  w h i c h  has the’

f o r m  of a g e n e r a l i z e d  t r an s p o r t a t  ion model w i t h  - i s i n g l e  e x t r a  c o n s t r a i n t .  T h i s

model  is des i gned to f a c i l i t a t e ’  t he  r e d u c t i o n  of extremel y l ar g e  m i c r o d a t a  f i l e -s  to

s m a l l e r , s t a t i s t i c a l l y  r e p r e s e n t a t i ve  f i l e s .  The o b j e c t i v e , i n t h i s  case ’ , is t o

m i n i m i z e  the a m o u n t  of  i n f o r m a t i o n  los t  i n  t he  r e d u c t i o n  p rocess .  The a rcs  repre-

sent  p a t h s  f r o m  the  o r i g in a l records  to t hee  r educed  r ec o r d s .  A n o n — z e r o  I low on

an a rc  i m p l  ies t h a t the  or i g i n a t i n g  r e c o r d  Is to he r ep resen ted  b y the  t e r m i n a l

-~~~ ‘ ‘  — --— — 
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r e c u r ! . I he ’ m u l t i p l i e r s  on the’ cres - e r ’  u~ e’d t o  insure that the reduced f 11 is

t ru I v rep re 0 e n  t at i ye of a 1 1 o f  t h e e  ori g i n a l  r e- c c )  r d s

K i m  I 15 ) has u t i l i z e d  g e ’n e ’r . e l i z e d  networks to T’epre ’~~’n t copper r e f i n i n g  pro-

ce sses .  The e l e c t r o l y t i c - re ’ f i m i r i g p r o c e d u r e , in t h i s  ‘as ’ , i s  m o d e l e d  by i large-

d— c el e ctrical network. The arcs are current paths w i t h  t i le  m u l t i p l i e r s  re ’pr e--

s e n t i n g  the  ap p r o p r i a t e ’  r e s i s t a n c e s .  I n  t h i s  way , K i m  a n a l y z e s  t he  e f f e c t  of  s h o r t

c i r c u i t s  in the  r e f i n i n g  p r o c e s s .

Cicarnes  and Cooper [ 1 2  i den t  i f  y ap p i  h a  ions c~ f ge n e r a l  i zc’d n e t w o r k s  f o r

bot h p l a s t i c — l i m i t  a n a l y s i s  and w a r e h o u se  f i e n d s — f l o w  m o d e l s .  In p l a s t i c — l i m i t

ana ly s i s , t he  n e t w o r k  is g e n e r a t e d  b y fo r m i n g  the  e q u a t i o n s  f o r  h o r i z o n t a l  and ver-

t i c a l  e q u i l i b r i u m  and b y employ ing a c o u p l i n g  t e c h n i que’ . The warehouse  f u n d s — f l o w

model is a c t u a l l y  a multi—tine period model. The arcs are used to represent sales ,

produc t ion , and the inventory holdin g o f  both product s and cash . The multi pliers

I re’ introduced to facilitate the conversions between cash and products.

A cash management problem has been modeled as a gener ahiie ’d network by

Crum (13 ) . This model f o r  the  m u l t i — n a t i o n a l  f i r m  i n c o r p o r a t e s  t r a n s f e r  p r i c i n g ,

receivables and payables , collections , dividend payments , interest payments , royal-

ties , and management fees. The a rcs  r ep re sen t  p o s s i b l e -  cash f l o w  p a t t e r n s  and the

multipliers represent costs , savings , liquidity changes , and exchange rites. Other

~I )p li letio fls include machine loading problems [12 , 14 , 4 - ’e ] ,  blending problems [12 ,

4 ;J , the cater er problem 114 , 44], and scheduling problems such as production and

distribution problems , crew scheduling, aircraft schedulin g , and manpower training

(12 , 14 , 4/)

‘i .O INTEGER GENERALIZED NETW ORKS

The uses of arc multipliers just discussed do not by any means exhaust their

range of application. In fact , upon adding the requirement c i t  d i s c r e t e n e s s , w h i c h



I I I

‘ r e ’” , t i c ,  l w ’ - ‘Ii l - e e r t  i ’ c e l , c r  . i r c s  t o  c c c l i i  i n  i n t e g e r q i i ; e n t  i t  ic s , t i l e ’  ) N

p t  ‘ I c  I e t a  i s  , ‘ 1 .11) 1 e ’ o l  c i ’  I ing an eln ’x p e ’c  t e d  d i v e ’  ra i t  v c i  p rob l ens . h ’o r  e x am p le ’ ,

j t c l  l O c h , i l L ’  cI i s c ’l ’ e ’ tc ’ n es s  into th e ’ I N  mode- I p r - t u e’s a framework f o r  p r o b l ems s t i c -b i

i s  s c I t - c l u l  lag vari abl e - I ’uc ’ t hi t e l e v ision c omme rcials int o t ime ’ s lo t s , a s s i g n i n g

j o b s  1 ’  c~~ ;pcIt c r 5  i n  c o m p u t e r  ne t w o r k s , t-; ’ h i e d u i  in g  p a y m e n t s  on a c c o u n t s  whe rc ’  c o n —

r :e , - t u a l e ’g i ’ e ’c me ’n t s  s p e c i f y  ‘‘ l ur ’g sum ’ p a v t i - e t  s , and designing c o m m un i c a t  ion n e t —

v , c r ~~s w i t h  (‘ ; l p ~~c i t v  cons t r ,- e i n t s .  W h e i l c ’  t I c - s e ’  I r e ’  “d i r e c t ” a p p l i c a t io n s , the u s c ’

01 5)~ C i a i  m o d e l i n g  pr inciple’s , some t Ones a i l e d  N E ’I ’F ORN p r i n c i p l e s . e n a b l  c’ e ’ ve ’ f l

~‘ ‘mew i t mc re c o m p l e x  a p p  I j c , i t  ions  t o  hc ’ m o d e l e d  and so ived  as integer (N p r o b l e m s .

in  I , e c t  • t he N E T F O R M  p r i n c i p le s and t e c h n i ques  make  it p o s s i b l e  to  mode l  a ny  0 — 1

l , h ’  p r c h l e - m is an i n t eg e r GN p r o b l e m  [ 2 3 , 2 7 1  . The se’ r c e ’ c l c i r e ’ s  e x t e n d  q u i t e ’  n a t u r -

a l  1’~’ t el  , l c e c ’ t r l r f l o c l d t e  m i x e d  i n t e g e r 0 — 1  LP p r o b l e m s  w h e r e  t h e  c o nt  i n u o u s  p a r t  of the ’

r ob l ’ ’ra is a t r a n s p c r t a t  ~~~t i  , t r a n s s h i p m e n t  c r  ge’ne’ral i zed n e t w o r k  p r o b l e m  i t s e l f .

Re e r e ’nc c  .3 j  i i  h i s  t r a t e s  t his e X t  e n s  ion and s h c c ws h o w  c o n t e m p o r . ir v  1 Inanc i . e  1

cap j t , c l  a l l o c a t i on  p r o b  1 ems care at’ mode 11 e ’d is i n te g e r  I N  p rob lens . Mmmv ot l ee r

i np r t a n t  r e ’ ,l 1—w o r i d  app  I i - ; c  t i ons  h a v e  such  a ‘‘ m i x e d ’ ’  s t  rice: t or e  , i nc  1 ud [ti p a

v e r i t y  of  c ’ ; l c ’r g v  mode ’l s , p l a n t  location mo d els , ,end p h y s i c - i l  d i s t r i b u t i o n  m o d c ’ l s .

‘l’h€ N!- ’j H ) R ~ re p r e ’ s e ’n t a t  i o n  i s  m a t l i e - r : , e t  i cai  l\  e - q t e i v a l e ’ n t  to any of the  . e l g e ’—

b r i  ic re ; r e s en t a t i on s  t h a t  ca i i  he a r r i v e d  I t  by  c u s t ,on l a rV  m at h e m a t  i c ; i l  p r o g r a m m i n g

e , r m u l ;i t  ion t e c h n i qu e’s . hi  d w e ’ v e ’  r , h~- L ice c r e t  i on  of  t i c ’  ne’ L w o r k— r e l a t e d  s t r u c t u r e s ,

ci i  may o r  ma’; n o t  he im p l  i c  i t  i n  a ny  customary I o r r i u c i  i t  i on , t h e  NE1 ’FORM r e p r e —

- , e n t , e l i c e n  p e r m i t s  t h e  a p p l  h ’ ;e t  I n  ol  spe c h a l  171 ( 1 s c ) I t i t  l o l l  me t h i c) ds , t a i l o r ’ e ’ c l to

e ’ra p l c v , i I I ’ , r i t h m i c ’  ,edv . - i iec ’ e ’s d i s c l o s e d in  P e r t  I I  fe - e r e x p l o i t  i l i g  t h e  g r a p h i c a l  r e—

l e t  i cucs h ci ps c t  n e t w o r k  c o m po n e n t s .  h o  rema i n d e r  of  t h i s  ~~c ’e ’t  i o n  brie ’! l v de s cribes

t i e ’  h as  I ,  p r i n c i p l e s i t  I lit ’ NI ’ I b :O RM i ep p t ’ . e -h  and d i s c u s s e s two  ;epp i  b e i t  i o n s  vii i~~’ii

heave prof it e d  f rom its l iSt ’ .
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F i gur e ’  —
d ii h c i ’ ; t a t ’s d i l l ’  c i  t he’ u se ful model ing d - v i ce’s of t he  NETFORM

‘ e ; - p r c ’ e  I )  tha t I inds i p p h  i c - a t  i o n  i n  a v a r i e t y  e l f  se t  t i n g s .  The co st s , bounds ,

end  m o l t  l i d  i e ’ r s  h e r e  i e p r e ’ s e ’ t i t c d  in t h e -  sortie’ fa shion I S c - e r !  i~ ’r .  In a d d i t i o n ,

t h e ’  a c t ’  F c ; ;  Ofl t h e ’  - i i ’  f r e o n  nod e- I) t o  node’  A i n d i c a t e s  that its flow must he an

i :,- t  - :‘ , e t l l c c u n t  . ( ‘ c d n c e ’q l i e n t  I’,- , in  v i e w  o f  t h e ’  u p p e r  and l owe r bounds  on t h i s  h i r e ,

t h I c ’  onl y c c ~- ; u t  a b l e , t l v  v i i  d i e ’ s  are ’  c ’x ,ec t I v  1) and 1, and the multi plier thus en-

sure ’s t h i e t  e ’ i t a e - r  0 or I u n i t s  c f  f l o w  a r e  t r a n s m i t t e d  to  node A .  F u r t h e r , the’

o n l y  p c e u - c s i h l e ’  w a y  t o  d i s t r i b u t e  3 u n i t s  c c f  f l o w  i n t o  node A i s  to  send e x a c t l y  one

uni t t o  t e c h  o t  the’ n e ’ c h e ’ s  1 , 2 , and 3 s i n c e- c- a c h e  of  t h e  t h r ee ’  arcs l e a v i n g  A has

ii) u log e ’ r b o u n d  c f  I . ‘1 b e us • in sum , thie fol low ing ef fe-ct has been achieved when

!otC On t i ,  c - ’ r em nod e 0 to node A is 0, t h, f l o w  on each of  the three

a r c - ;  out o f  node A is 0; when the ’ f l o w  on th e ’  arc f r om node 0 to A is 1 , the flow

on each - i t  t , 1 i c ’  t , 1c ! ’, - i r e ’s out of node A is 1.

It sbic e u lc j he noted t i u , t m i t t  t i p l i e r s  may f u r t h e r  he att ;eche cl to the ;lrcs

Ic - i - i t t  g it  ‘ 5 ’  A , Sc t b iat lie ’ I r f l o w s  may he ’ f u r t  her trans forme d . ‘I’hus , f e  r e x a m p l e ,

I ow on thee ’ crc from node’ 0 to node- A c’ ;i l l  r e ’ p r ese nt  ‘ i i i  i n v e s t m e n t  dec is ion

( i n v e s t  i t  t O w  = I , f c c  not invest if fl e w = 0 ) ,  and  t h e’ f l o w s  cut  h i r e s  o u t  of  A

c i te r~ u ~~ ‘5 , t ) t c om p o n en t s  of t h e  i n v e st m e ’n t  ( e . g .  • part i cul ar stocks in a p or t  f o  I io

t m - c -  t e ’ t  l end in , e  real e ’s t  a t e ’  venture - , item s of equipment in a m a n u f a c t u r i n g

- g e - r e t  i on , e t c  . ) . M eiltl p l i e r s  on t h e  l e t  ter arcs  would thien express the number of

i t e m s  o f  c- c c ii f t l e e - s e ’  i n v e ’s tm e n t  l’oi ipon ent s that are ’  obtained by select ing the

m a i n  i r c v e - s t m n e ’ n t .  (For examp l e , a p a t  ic - c h a r  equi pment investment may be composed

e~ f six mache i n t s  c u t  t y p e  I , c i  g u t  m a c h i  t i e ’ s  of type ’ 2 , and Sc) I o r t i e  . ) The combina-

t i o n  o l  - u t’ m ut tip i i t ’  rs and t he 0 — i  I n t e g e r r e s t r i ct  ion g i v e ’ s  r i s e  to what  i s  c m l  led

an ! n t ’ ’ -; ’ ‘r -, ‘-ne ’r ,, 1 i z 4 nc ‘twork or ci 0—1 1; ic, ‘~~~i I i  zed ne ‘ twork . Tb i s NETFOR M model ing

t c e e e I  I l , e ’ ~ 0 variety ot  i m p o r t a n t  uses , hi s d e m o n s t r ; e t e d  more ’ conc r e t e l y by t h e  f o l —

I c ~~~I i i p  tw o  r c , e l — w u r l d  a p p i  l c ;e t i o n s .

— ‘S. — ,.. . F - ,  ~~~~~~~~~ —S- ~~~~-, t.cr - S a’ — -
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Fi gure’ 2

Ce nt r a l i z e d  Ne t w o r k  w i t h  I n t e g e r  b- ’ l c e w  R e s t r i c t  ions

(0, 1) * _____________________

A i r  forc e’ Course’ ‘~u ’ht’du1in_g

‘h it ’ A i r  Force r e q u i r e s  l’ n d e ’r g r a d u a t e  Fl i ght Trait iing ( I T T )  g r a d u a t e ’ s  t o  t - i k e -

a d v a n c ed f l i g h t  t r a i n i n g  b e f o r e  thee  i r  f i r s t  o p e r a t i o n a l  ass  ignme ’nt  . [‘F’I’ i’radu ,- c t c’s

a ct s t ,i iso t ;,ke’ from one t cc f o u r  survival t r a i n i n g  c o u r s e s .  I- ed t m d i v  i d t che  1 I h ; c c  e

d i  f f e - r e m i t  bac ’k g r o u n d  and t h e r e f o r e  may re ’qu i  re- a di  f t c ’  re -li t m i x  c f  t h e s e  c c c u l r s e ’ ’,

F r i r t  h e - m ore’ , b o t h  t h e  f l i gh t  and the  s u r v i v a l  t r a i n i n g  cour se ’s  -ire o f f e r e d  o n l y  a t

c e r t a i n  times , are sub s e - c t  t e d  e n r o l l m en t  l i m i t s , and g e - n t - r a l l y  h ive p r e - r e ’q u i s  i t e ’s

A set  of  f e - , i s i h l e’ c o u r se  sc h e d u l e ’ s is i ile ’nt f t  ie’d f c u r  ea ch UFT g r a d u a t e , hind  g i v e n

1 c ’c cst rhet ing ’’ by a computer program cml It’d thic’ ITT Pi p i e ’ I  i t e e  S c h e d u l  i n g  ~ c u d e l

E’eas i h i  1 i ty  and cos t  cons !  d e r a t  ions depend c e n  add it lona I t mc t c i r s  such  h i s  ~ct  t en dan c ’

re q u i  r e m e n t s  a t  Comb-c t Cr ew T r a i n i n g  course ’s , v a r i o u s  modes of  t r a n s p o r tat  ion , the’

number of dead days In the pi peline , t h e  o p p o r t u n i t y  for the ’ ~T g r a d u a t e s  to  t a ke

le ’;eve as d e s i r e d , et c.

The objective is to se’lec’ t a partic cel ,er course’ se:hedule’ for each OF’!’ graduate

so t h a t  t he  c o m p l e t e  set of schedules selected will satisfy all cI;e ss enrollment

limits and yield the smallest total cost. ‘le t solve this problem , th e personnel

m a n a g e r  In thee  T r a i n i n g  P i p e l  Inc  Managemen t  I ) i v i s  ion  m a n u a l ly  h e s s i g n s  cacti  gr a d u a t e

to one of h i s  f e a s i b l e ’  scheedu le ’s , tr ying f e c  assure t h a t  e l  I e ’n r o i lm e n t  l i m i t s  w i l l

he s a t i s t  l e d .  C l e a r l y ,  t i e i s  i s -i d i t  I i c e c i t  and t i m e ’ — c e e n s e i m i n g  t a s k  to  do by hand ;

f u r t h e r , the  t u e t a l  e’ost of these manua l his s i gnments may be t a r  f r o m  o p t i m a l .

- - ‘— _e~~~--’ ‘ eW v -~ ~~~~~~~ e ~~~ -~— ‘—.~ -—.— ‘ — ‘ . 7r” -
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l i i  a c c  r e hi c c i  - i he ’ t I ~
- r app r ome h i , t h e  A i r Fe r e - i ’  dc-vt- loped  an i n t e g e r  p r o g r a m —

~ c ng t o m c i  l e t  i on  t or  t h is p rob I em.  Howeve r , t lie’ II’  f e u  rm ei 1 ;et i on  t u r n e d  out  t o  be ’

i l m e u s t  t c ’ t , u  I I v  r e s i s t a n t  t o  s e j u t  i on .  Consequen t  I v , we’ r e f o r m u l a t e d  t h i s  i n t e g e r

pr ’  ‘g r imming p rob I e’ni h i S  ‘i 0 — i  ( N  p o l e m  shown in F i gure’ ‘3

‘ l I c e ’  e ’le ’m e’n t s  o f  t h i s  d i a g r a m  may  be ex p l  ;e i  ned as fed l c c w s  . The node M i

repre sent a t h e  i—t b man and h as a supply of exactly I . Each man node is connected

by arcs t e l  its set ot man/schedule nodes . These connecting man/schedule arcs have

a m u l t i p l i e r  a , - equa l  to the  number  of c l a s s e s  in the  schedu le  and a cost c ,
1 1 11

equa l to  the cost of assigning man i t I c  h i s  j — t h  s c h ed u l e .  The asterisk again indi-

cate’s that f l ow must be integer—valued.

‘the arcs emanating from a man/schedule node in Figure 3 lead to the individual

c lasses  m a k i n g  up t he  schedule ’ . Eac ’h of  t hese  ;crcs has an uppe r  bound of one .

Thius , i f  c c p a r t i c ul ar  s chedu le  is “ se i e ’c t e d , ” then  every  c las s  in the  s chedu le  is

a l s o  a u t o m a t i c a l l y  s e l e c t e d .  The o b j e c t i v e  is t e e p i c k  a schedule  for  each man tha t

w i l l  m i n i m i z e  t h e  va l ue of the assignments on the o v e r a l l  p rogram , s u b j e c t  to the

r i p p e r  and lowe r a t t e n d a n c e  l i m i t s  f u r  e a c h  e ’ l , e s s , expressed as bounds on the  a rcs

I r u n  e’ 1,-cs s nodes to  th e ’  s i n k  ncid es  of - i g i c r e ’  I .  A l l  ar c  cos t s , excep t  fo r  those

h i t  t a t - l ied  to  thie m a n / s c h e d u l e ’ a r c s , e r -  t h us equa l to 0.

Thie ’ t ’F ’ I’ p r o b l e m  t y p i c a l l y  involve ’s  12 ( 1  men , 200 c’ la s se- s , and 460 schedu les ,

r e s u l t i n g  in a 0—1 f o r m u l a t i o n  w i t h  52() c o n s t r a i n t s  and 460 0— 1 va r i ab l e s .  The 0— i

(,~ fc’rnulatlon involves the  same number  of 0— 1 v a r i a b l e s , and i n t r o d u c e s  an add i-

tional 2,200 continuous variables (arcs) and 780 nodes. Wh i le  this might seem to

represent a fair increase in size , v iewed fr om an LP problem con tex t , it actuall y

rc’prese’nts a relative l y small CN problem . ‘l’hls 0—1 t~N problem was solved us ing a

spe cia l i zed branch and bound procedure w it h CN subproblenes. The optima l solution

w;e~ o f t e n  found and verified after only 30 seconds and in some cases only required 
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t c u t , e l  s c e j e i f  i c O i  i rru ’ c c i  11 ) s e c c u f i d s  c u l t  .e (Ill i c I c h I I ) , ‘ l ’} c ic s , t h e- p r c t h le,’m w;es tr ,’en s—

f e u r med I reem cen t ’ t h , c t h a d  b e-c it e x t  rerne’ I v d i  I !  ic - t i l t  to ~ e e i v e -  as - in in t e ’g e ’ r p r o g r a m

t e d d u o , ’  t l~ e t WaS sce I c ,u e ’ ~~1 c - c - ;  I ~ ‘ 05 a N I -  I I d ) I ~~

Re t ut ~-l it 0 ’  N c i c  c ii ’ P e - i t c u r s

c\ m i xt’d ire t c - g e m p r og r a m m i n g pre ch 1, -mr l e e r  de - te’ nut ire i rug I he minimum co s t refute-li ng

schedule’ for nuclear r e a c t o r s , moc h e ’ i e c l  h~’ f e / n e - m ol d y I ~~~ I , this simi larlv benefi ted

by the’ use of  t h e  NETFORM concept . ,-\1 t hotigh t h e  ml xe’d inte ’ge ’ r programming formu—

lat ion bore no a p p a r e n t  connec t  ion t o  ne t w o r k s , os di sc - cr vere’d a w ;cv to express the-

problem by a convenient NETFORM repr e’ac ’nta ticun a f t e r ln te r ;ectin g closely with Dr.

K ; e z m - r s k v . T h i s  r e p r e s e n t a t  ion was  n o t  c u n l v  e’ntc ivalent t o  the original form ul— cti on

hut also succeeded in red cecing tts size’ . ‘,~ e’ w i l l  forego the’ details c f  t he  t r a n s —

forma t ion of the on g i n a l  problem l c d - c 0— 1 CN problem bee’heres - the steps are some-

wha t intric ate and the original formielat ion liv i t s e l f  consumes more than twenty

pages of [‘34 1 . However , we’ we’re able to exp loi t the’ 0 — 1  (“N I c c r ncil; e t ion by deve lop-

ing a brancic and bound solution procedure’ w t t i c h  employed the (N optimization pro-

cedu res d i s ’ ez s s e d  in P a r t  I !  c u f this paper. l h sing this computer system , four ver-

sions of t h i s  p r o b l em  were- so lved  u s i n g  d , i t , i  s t i j c ~u I i e ’ e l  h ’c’ t h e  ‘I’VA . The’ f irst three

vers ions required hal f an hour  to two henirs  t c c  se c 1 ye on an IBM 370/168 using MPSX.

By contrast , these versions were easily solved in 10 tci 20 minutes using the 0—1

GN feurm ul at ion and the spec  j a l  ized s o l u t i o n  a p p r o a c h .  The f o u r t h  versiei n , w h i c h

involved 173 constraInts , 126 zero—one variable s , and 511 continuous variables , was

by far the most difficult. Again , using MI’SX on an IBM 370/168, the ori ginal mixed

integer formulation was run for ei ght hours bind then taken o f f  the machine to avoid

further computer run cost s. The best (minimum cost) solut ion obtained had an ob-

jective function value of $136 ,173 ,440. With a 30 minute t ime limit imposed on

thee 0—1 GN solution effort , a solution was obtained tha t was more than $10,000 ,000

- ~~~~~~~~~~~~~ ~~~~~ - :~~~~~~~
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L ’h ie - c p c ’  I , w i t  hi - e n  oh ~e’e’t i ye’ f t ene t ion vii l i c e ’  i $1 25 , I 7~ , 72 7 . ( : c e t i ’~e qu e ’ nt  ly , t Iii s

ap~u I i e ’~et i o n  shows tb e i e t pr e h i l c m s  t e e d  ‘omp le’x i c e  Is ’ soive ’d opt im~i I  l y  (wi  thin p r b e c —

i c - c l  t i m e -  I imits) cv si ;ind ;erd approac he s may be huel p c ’d stchst ;ent j ail v h~’ t bce

NI -  ‘I I-’( t RM ; c p p r c c i e ’ l c

-‘..O lMrJ ,I C A l l  ONS FOR ‘rU E ~s~-; 1) 1” ( ; N  MODELS

The’ 1 c e r e ’ g d u  i ng de v e l o p m e n t  I)~~OV ide ’ s two p o w e r f u l  i n c e n t i v e s  f u r  a d o p t i n g  a

[N f o m m u l ~et  i c ) n  where’ a p p r o p r i a t e .  One is t h e  ~e h i I  i t v  to ce)re c e’ptual ize a [N f o r —

m e c l a t  i on  graphicall y rathier than algebraicall y. This p i c t o r i a l  aspee’ t has h i g h l y

beneficial effe’e’ts for teaching people how to  formulate their problems and for

communicating mathematie -hi l models to nonscientific users. ‘I’he other major incen-

tive ’ is thee ability to solve [N problems——bind by extension , a variety of problems

with [N cemponents——with a remarkable degre e’ of efficiency. Part II establishes

t h e  underlying support for this second incentive . Namel y , it presents an in—depth

computati ienal analysis of algorithmic ’ rules bind computer implementation proce’dures

w h i c h  ar e  capable’ of solving harge—s e- ;i l e’ GN proble ’nts well above an o rder  of magni-

t u d e  f a s t e ’ r t han  s t a t e  of t h e’ a r t  LP c o d e s .

I~ART II — h )ES IGN AN I) ANALYS IS OF LAR (;E—ScALE

(;h -;NI-;RALIZED N ETWORK COMPUTER PROCh-;DURES

I . 0 I )V ERVI EW

This part presents an extensive computer anal ysis of algorithmic rules for

GN probl ems . Computational studies of pu re network solution procedures have done

much t o  advance the state— of--the-—~emt. Exc ellent te ’sting has been performed on

tran speemt ;ct ion [18 , 20 , 28 , 16, ‘39 , ~c4 I ;end transshi pment [4 , S , 11 , 19 , 26 , 33 ,

‘37 , 42 1  c o m p u te ’r  codes.  The se’ s t u d  it ’s  have provid ed e’r it i e ’;e l Insights into the

best methods for solving su ’h problems as we ’ll as providing benchmark data for 
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~ 
.,,__,

~~
,,_,_,t_p _ - — — — — ‘ 

—



h /

I u l t c r e  Sec I c i t  ion  p r c e u ’ e ’ d u i r c - s  .

I i  ‘o v e r  • t l u & ’ r e  heav e ’  h s ’e ’n  no i n — d e p t  h e - ; r  u id  i c ’ s  l c d  d a t e ’  c u ll  em i n g  t h e  m u c h

b r e e d e r  c l a s s  u f  [N p r e e b l e m s .  T h i s  is h ot  te e say t h at ccemput e’ r c-odes do not

e X j s t  l e e r  S u e  l v i  ng sue h e p rob I e’ms . Code dc-ye I o p men t  i c  s be’e’n repo r ted by I- Is e ’ h l , ; i  nri

[ 3 5 ] ,  M~e u r r a s  [ -~0I, [lov er , Klingm an , and ~t utz 1 2 5 1 ,  Bhatcmik and Jensen [9],

[angle-v I ‘18] , ;ind Bala’hcand ran [2] , among others . M e ’ ot  of these papers  r epo r t

f i n d i n g s  f o r  o n l y  c e r ta i n  e- l , ’csse -’s of [N p r o b l e m s  and a l l  of them are  l i m i t e d  in

the  S c c u ’e ce’ of t h e  c o m p u t a t  i o n a l  a n a ly s i s .  Thus , an i m p o r t a n t  h u e d y  of empi  r i c a l

rese,crche is la’ king in the network literature ’ .

The c’ode NET G reported by Clover , Klingman , and S t u t z [25] was selected to

f orm the ’ bhlsi s for the comp ettat ionbe l testing c u f  t h e l s  s t u d y .  This  code is an

implementation of the highl y efficient e’xtended augmented predecessor index (EAP1)

procedure [18 , 24], ;cnd embodies many of the latest advances in solutjocc methodolo gy

f u r generalized network problems . In addition , the code is written entirel y in

FOR’t RA N , has been thoroug lel y debugged and tested during more’ than three years of

devel cciimt -nta l work , and is organized to allow parameter manipulations and sub-

routine Ins ertions to he carried out c o n v e n i e n t ly .  These features are extremely

important to  an empiric-c l stud y of strategic imp l ementation possibilities.

In an’~- computer imp lementation , there are numeroecs steps that can be performed

in alt ernative ’ ways. Experience from previous studies e f  pure network problems has

shown that thee ’ de te ’rm ination of an effective set of decision rules to handle such

alternatives can have an enormous lmpa’t on the efficiency of the implemented

solution method . Consequently, a primar y objective of this study is to investigate

decision rules for the (;N problem and establish their relative merits. The rules

determined to he best have been integrated to produce a code which has been tested

against the highly efficient linear programming system , APEX—I ll . The results of

-r - ‘ —‘--- .,-- — —~w p - d es’ s~, ‘ ___________________________
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t h i s  ce ’emp iri sc e n cud l e ’ , I t e - t l c , i t  t hi t ’ spe c ’ i; e l p c i r p d u s e -  [N code’ is at least ~() time’s

f;e c -ite ’r the ~eri A h’h - X— l II d e li l c r ~- e - [N pre e b lc- nu ; .

2 . )) I’ROllI ,I M STc\’I i- 1’lIN

- rn cv  fn r m ;i  I i b~e’ t h i t’  I I  I e c s t  m a t  i o n s  u c i  b ’ ,- c r t I liv de’ fin h ng ;e  - jP fl er3 ii zed network

p reel, 1 t’m , e s foil ows

M i n i m ize -  c
1

x ( 1 )

suhi ] e ’ct  t e e :
Cx = b (2)

0 x u , ( ‘3 )

whe re e’,ich column of the- e e c ’  I f ic ient matrix C cont,c ins ;it most two non—zero

e n t r i e s .  It will be assumed thici t u is f i n i t e ’  (e.g., usin g “re ’gularization ” 1 1 21

i f  n e c e s s a r y ) .  The p r o b l e m  his stated m i y  he c o n c e p t u a l i z e d  as a graph contain ing

vertices and non— dir e-c tt’ d edges. However , we’ will further assume that if a column

ei f C has  two n o n — z e r o  e n t r i e s , then at I e ’ h e s t  c u t e ’  of tlce’o - is negative and liv

appropr i ete scaling has a value of — 1. This allows the’ problem to be interpreted

in a di re-cted graph (digr~ep h) sett ing , as noted in Part I

Each column of C is associated with a dire c ted edge’ (arc) of the digrap h and

e- ,ce’ h row is associated with a vertex ( no d e) .  An arc runs from the tail node , asso-

ciated with the — l c o e f f i c i e n t , to the head node , associated with the other non-

zero entry. In the case ci f a single non— zerec entry in the e-ee lumn of G , the asso-

c iated arc is called a se-if-loop and Is Inc ide’nt on a single’ node . The flow on the

arc is defined to he thee value assigned to the corres ponding component of x (i.e.,

to thee variable whose column of  C g ive s rise’ t’J the arc). Thus , by this association

between ,crcs .-end variables , esie’h arc’ has an assoe’iated cost per unit flow (the

cccrr esp ond lng component of c) and an upper bound on the flow (the corresponding

component of u) . ‘l ice e’oef  f i c l en t  in thee ’  c o l u m n  of C associated with the head of

the c rc h e  called the arc - multi plier.

-

~ 
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th e ’  r i g l u t  — b e n c h  s jehe v ,iI lie’ ( cc emp ien e ’ull e e l  1’ ; i S ’ , c d c  j e t  e e l wit hi - i  part ice d e r

fl ’ c l t  e le ’ t e ’ r m i  e u - S  wh ie ?th ie’ r I d u O  w i l l  he i i c c e - r t e ’d or  re’niove’d I reem t he ’ network ct

t [ , i t  node’ . If t h e  right—h ;ind side ’ va l ue’ i s  ne ’g,et i v e ’ , I le e w i s  i n s e r t e d  and th i e

flode ’ is c,ill e’ d a s oir ee’ l tc d dc. L I k e ’ w i , ’ ; e ’ , i t  t h e ’  m i c ’ l u t — l e a r c c h  s id e ’  v a l u e  is pe e v i t i v e ’  ,

I t -  node is c c l  it’d c sink node and flow - ; cc’move’d ;it t h a t  p o i n t .  I f  a particular

node cs bot h are s heading inte i it as well ~e -c out of  i t , then it is called a

transn,h ci jurnent n e e d e .  A l l  cthe r nodes will be e-ith ie r pure’ sources or pure- sinks .

Sin ce- thee compute’r code’ Nb-T [, on which this stud\ is based , e m p l o y s  i

s I e e ’ c i , i l j i a t i d ) h i  o f  t he’ prim ;c l simplex method , -c b r i e f  d i s c u s s i o n  of t h i s  s p e c i a l i —

,,ct i c c i i  j s  j~i , c ~~’d , - ~~ . ~ e ’ c c )  i n  by e’x;imin ing the has is structure for this spec ial i—

Z i(tiofl .

It may be ’ assume d without loss e f  g e n e  r a l i t v  that C has rank m , where m is the

number euf rows in C. e)therwise , the pnob le -m is equiv alent t c u a set of disjoint

mci  a i mum test I l c c w  l t e - t ’*’ ’ e r ~< s  (se-c’ 121 1) . Any b a s i s  I e cr the p rcdb lem , then , oil 1 be

composed e e l  m I j n e ’ , c r l y  i n d e p e n d e n t  c o l u m n  v e c t o r s  s e l e c t e d  f r o m  C. G r a p h i c a l l y , a

wo r k i n g  b a s i s  c u t  thee ’ s i mp lex me t hod is a -be t c c i  flu h i r e s  i n c i d e n t  on the  m nodes of

t h e  p rob l em . I t  has be-crc  shown 1 1 6 , 24 , 38 , 40 ]  t h i i t  the— grap h of a ba s i s  w i l l  he

compo se d 01 .1 sc ’t  of d i s j e e i n t  q u a s i — t r e e ’ s .  Ea c h qw i s i — t r e e  is a s imple  t r ee  to

whi ch -i  ‘ i n gle ’ hire i s  e d d e d .  ‘l’he add i  t iona l arc  forms e x a c t l y  one cy~ le , w h i c h  is

a un i qc i e ’  se ’r  it ’ s o f  ;c r c s  l e a c h i n g  f r o m  a node ’ hack  to  t h a t  node .  By convent  ion , to

cil  low t h i s  c h e i r e c  t € - r l z a t  Ion  t e  a p p ly  to t h e  c i s c -  in  w h i c h  thee  a d d i t i o n a l  arc is a

se’ l f — I e e e p ,  - c sd f — l o o p  i s  regarded  as e e v e  I c .

The e ’  EAP I m et h o d , on w l e i c h e  NETC is based , is spe ’c’ j f i c a l l y  desi gned to s tore  the

I c , i ~~e’s of gen e raliz e d network problems In the g rap h i c a l  q u a s i — t r e e  form . Al l  of the

p r i m a l s i m p l e x  o p e r a t i o n s  ‘ire carried e e c ~~ by work ing with the basis grap hs whi c h

hi re’ ,s t u u r e ’ e I  u s i n g  l i n k e d  l i s t  p r o ced u r e s .  The inherent advantages of this method

‘~ l II bce-  ful lv des rlhed subs equentl y.
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-\ )e’ne’nal iz’d ne’t wuurk problem is sirn l ’e l v a t vpe- 01 I P  p r o b l e m  end can t h u s

Ice se Ive ’e I  us ing any st;e nd ;er el 11 e so lcu t io fl t e ’c h i n i q c i e .  I m p r c u v u ’ n ; c ’n t s  i n  i n v e r s i u d r t

,cnd r e ’ i n v er s i e e u c  p r ocesse s , data cofl cpa cti fi e ’it i on , and d i v o t  s e l e c t i o n  s t r a t e g i e s

c , e v e -  p r o v i d e d d r a m a t i c ’ increase’s in  t h c e ’  ( ‘ f t  I c  i e n e -v of  p r i m a l s i m p l e x  c o m p u t e r

c c c d t ’s i n  re e ’ e ’n t  ve e r s .  In  many Ob es e ’ S , spe c i ; c l  s t r u c t u r e  such as embodied  in the-

ge ’ne ’rb c l i z ed  n e t w o r k  p r o b l e m  is detected by tile- se ’ codes. This information is then

used ted r e duce ’  st or b e g e  r c q u i  re ’m ent s  and t e d  5 imp l i t  v ope ,’r a t i e d t l s . However , none of

thee curre- n t, [P systems is capable of  f u l l y  e x p l o i t i n g  t h i e  s t r u c L u r e  of g e n e r a l i z e d

network problems .

Un,’ C e f the coiis i~ cuo cs 1 y ex p 1 o it i i b l e ’ I e b c t u r e ’s  d u  f ge ne ra l ized network prob i em s

is thee s l e b e rsit v of the cc ’ee ,’f I Ic le n t  m a t r i x , and c u r r e n t  LP codes are e e l  c o u r s e

de ’si gu ee’ d t o  take ’ a d c - ; i t c t a g c ’  of spb cr s ity to store- d ;ct ,c e conomically. If the’ problem

h ihis been trans formed to di graph form , howeve r , storage’ may he Itcrt her reduced. By

thu d - use of s imp le ord ered lists to capture the d i grap bt s t r u c t u r e - , Nh - : TC is des igned

t e d  s t o re ’  c m l  y t bi t ’ c e e s t  cU e’ f f  ic  l e n t , t h e’ n c ) n — ’,’,e ’mo rem i t ip i icr , bind t lie upper bound

t o r  c’ , e i - h  c o l u m n  e e l  the ’ coe’f f i c i e n t  m ; c t r l x .  In this way , i -roblem dat e can often be

r e ’ s i c i e ’n t  in l a s t  m a i n  memc)rv even fcur e’xt re-me -ly l,erge prohle’m s .

A5 to uted in se- c t i cn  2, base’s f o r  ),e’n e ’r il ized network pro hil ems have a ~‘emv

speciol structure. Wit b c d e d s o i b l e  reorde’ring of the ’ rows and columns , tb -ic h,csis

matrix forms a block diagonal matrix. Each ee f the blocks is either triangular or

Tt e ’; ir —t r u a n g u l a r  and (‘an he repre sented as hi q u i cs l—t r e -c ’ . ,J ohn son [31 , 32] ori ginall y

proposed c linked list procedure for storing simp le trees and suggested its use for

the more ’ complex qu;cs !—tre ’es. l-ff e ’c t ive labeling pmeuc e’dures for restructuring

(updat ing) quas I—t re-c ’s b y r ’ f e r e r i c e  to s u c h  I i s ts  i r e  the’ core of the EAPI method

developed by Clover , K l l n g m a n , and S t o t z  [ 2 4 ] .

-- ,_,, ,— — - ___~~~ - , - ~~~ ‘ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘ 
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I h c ~- ‘r i g i n b c l p r o b lem d c l i  (compactly st u u r e ,’d) a n d  t h e ’  Iu ,e s ls m a trix (stored V i e

1 ink ed I le ts) -ire’ the eeci l~ ’ d a t e  e ’ l e ’m e ’ n t s  t b u e t _  a-ed t e d  he- ke’p t 1ev ii s p e c ’  j a l i z e d

,u cIc ee l ,  b e  c s N h - l b .  ‘lIc e; m a i n  t , ue ’ Leu r bee ’rc - i s that u I , i si s inverse nc_ ed not be

i;,i i i i  l.a j u t e - u i  . I live- r se -C ge-ne ’ m i l l  y re ’ ; u i t ’ ’ u ; c u l t s  i d c  r ; c h  I e ’ arno ecu t ~ c c l  s t e d  r - c g e ’  b ind in-

v o lv e - n c c m er o u s  ( e ’ r r e e r — l u r o d u c i n b )  ;ir i th em e - I ic c u p e - r a t  i o n s  tee utilize and m a int ;ui c ’u thee-rn.

I n s t e e i d , t he’ ope c i i i  i z e ’d h a b u e l  trig rule’ s c u t  them EAb ’ I r n e t b e c d c l  ( c j u e ’ r ; i t e ’  on l i e u ’  b a s i s

gr ip e in  i manner  tha t obviate _ s t h e  use’ c c l  ‘ i  h i — i s  i n v e r s e’ .

l i c e ’  [APi m e t l t e d [ 2 - i  I o r i e n t s  each  q u a s i — t r e e ’  so t h a t  t h e  cy c l e  is conce ’p—

tua l l y l o c at e d  i t  t h e  L o p ,  w i t h  a t t i c b c e d  t r e e’s hang ing d o w n w a r d .  This  o r i e n t a t i o n

is called ;i r e i e t e d  c y c l e ’ . The linked lists and hahe ’ling pr c cu ’edures provide t h e’

mea ns e e f  t n a v t - r s i i i g  t h e  t re- c’ in both upward and dccw itw ;urd directions.

t%’ i t h c e u t  d e t a i l i n g  m i n u t e l y t h e  r u j l u ’ ,—c and p roce ’sse ’s e e l  t h e s e  p r o c e ’du re ’ s , i t

is use ’f ~il to s k e t c h  t h e i r  main  f u n c t i o n s  in o v e r v i e w .  In p a r t i c u l a r , thk ’ two

typ e’s c u t  q u a s i — t r e e ’  t r a v e r s a l  a c c o m m o d a t e d  by the  p r o c e d u r e s  h - i r e  used to c h i r r v

out  has is  e x c h a n g e  s t e p s .  The’ f i r s t , u p w ar d  I m , e v e ’ r - c , i l  , i s  assoc  i b - i t e d  w i t h  ope ra—

t ions n o r m a l l y  r e q u i r i n g  p r e — m u l  t i p i  l e ’ b c t  ion l iv  t h e ’ i n v e r se , sc cc iu as c b e ’ t e r m i n i n g

the -  r e - p r e - - e t - a t a t  ion  01 an e n t e r i n g  v e c t o r  ( e  r c )  . ‘I ’hc i  s o l d e r - i t  i on  i s  p e ’ r f  om me’d l iv

nave ’rs  i n g  t h e ’  u n i q u e p at h s f r o m  s e l e c t  c - u i  vcrt I c e ’S up to  t h e i r  assoc i~ c t e d  e v e ’ I t ( s )

S i m u l t , c e u e ’ c c i - ~ly , the e q u i v a l e n t  t r i e n g u l e e r s ys t e m  o f  e e j c t u t i c c e c s  i s  s o lved , in  e ’ f f e ’ c t ,

b y l u , c c k s u hs t i t u t  i u u n .  A d i r e c t e d  t rbcce ’  c d i  t h e -  c y c l e ( s )  using t h e ’  cyc le f a c t o r ( s )

I 22 , 24 1 comp I c- t i’s t h e  u e p e r e  t i o n .  ‘lice ’  p r c d c e ’ s s  c u t  de’ t e’ r m i n  in g  t l ie r e p re s e n t a t  ion

c u t  , c v e c t d c r  r e ’q u i r u ’ s  t r a v e — m s  i ng  at most  t , w c e  (j u a s i — t  re t ’s  ;ind e e n l v  g e n e r e t e s  t h e

n o n — z e r o  e n t r  it ’ s of  t h i s  r ep r e ’s e ’n t  b i t  Ion .

Downward quas  1— t r e t ’  t r h i v e r s e l  1 i s  i n c  I ogous t e e  l e s t — m u !  t i p  1 i c , l t  ion by the  in-

v e r s e ’ . ‘l’h is ope- ra t l i e n  is ecsed t e l  C - i  l C U l e i t t ’  iipd~i t c ’t i  dua l v a r i a b l e ’  v a l u e s . In  a n e t —

wo r k  in t e r p r t t~ c i on , t l i t re Is a dua l v i i ’  i e h l e  h i s s e s ’  j e t  e e l  w i t  hi e’ , c c ’hi o f  t h e  nodes i r e
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t h 1 ’ ~~, ‘b > l e  I c .  i c e - C h u ’ i r e ’ of Ic -ct m u ’ l c - r r e ’d t e d  I i  t Ile I . t ’ - r ’ ,- u t u i r’ c b 15 n o d e ’  p o t e n t  i , e l s .

, \ (  e , e , ’h i t - - r e t  l u ; i , c u e - c ,  d u e l  v b i l e l e ’e - ; h e s s d u c i , i t e ’ dl  w i t h  - e  s r I h ; - b u ’ I  c u t  t h e e  n o d e s  in

S i t t , b l e ’  ‘ b u ~~ I ‘-t l e e  c o s t  h e ’ &be ’ l  ‘ r ; ” I f l e ’ u ]  , .\ s i n g l e ’  v;e l c c c ’  ; u s o c u c - i a t e ’ c i  w i t h  c n o d e , - c O  t he ’

c y c l e  m~e~’ a -  d e t e ’ r m i e i c c i  u s i n g  t h e ’ c y c l e  I , c c t c u r  12 2 , 2 4 . T b t e ’  r e ’ s c c l  ting svst c - I ’  0 1

e ’ q c i i t i c u nS i s  t r ~~ i n g c c 1 ~ i r , :ind m ay he ,’ S e t h  V e ,’d l iv t r a v ( ’ r ’ - I i n g d c c w n w a m d  t h r o u g h u a’

dl c l ; c s i — t  re - c ’ , a g c i n  e -rrc ~d l e e \ ’ i r i g  b u i c k  s cc h st  i t t u t  i n ,  T h i s  p r o c - s o  e e n l v  i n v u i l v e ’ s  t ho s e ’

d c i c e l  ~ a l  cii ’ s t h e a t  c it in g e ’  d u r i n g  i b a s i s  c x c  h : c r t g e ’ .

T hi e ret c r c ’ , t h e  spe c i a 1 i ze’d i u  r o - e ’d c i re ’ s r e d u c e’ ho th e  da t  be 5 t o r e i p u ’  r e q u  i r e_- me n Is

end : l r i t i c c ; e e - t  I c ’ e d g e, r - c t  i c e s  r e q u i r e d  t e u  c z c r ’ r ’’  o t i t  h e s i s  d x c  l c - e n g c ’  s t e p s .  Howeve r ,

t h e e ’  r c r c ’ ~e V e ’  r u ,c i t  ~
- r n , e  t ive  m e t h o d s  f o r  imp I u - r i C e - i t t  i ng  t h e ’ g r a p h processing c-c t e ’~~~

t h u ~~t u t i c a - r i ’ ,’ t h e s e ’  ; c r e e c ’ e d e i r e ,, ’s . The- pr - i m ; c r ’ , ’ p u i r ; c c ’ e e  e c f  t h u s s t u d y  is to d e t e r m i n e ’

o l e  i e ’hi  ‘ c f t I c c  ‘- - m g i t ’me ’let - c t  i on  me _’t  h e e d s  a r ’ ’ t he ’  me at  c - f t ’ i e  ie n t

, . U h - , ’, b ’ i ’ , i ~ I ~‘ I b , N  I ‘c i ,  d b , N  I e N

b l u e ’ c - om ; c c l t e ’ r  - cede’ Nh - ,’I ’~ - is c o de d  e’n t  i r e - I ’ ,’ i n  — 1 and ,erd h”OR’l’RAN I V .  l ee ; ( i m - - u , ’ , ’~~

ri c e d  h u i t u e ’  d e _ ’ p e ’ n d e ’ nt  ‘; ‘ e - r c t  i o n s  i s  t e _ u t , c I  lv av o i d e d i n  c i r c l e r t e d  c isc ’  l i c e ’  t r u t s i t  ion

t e e ‘,‘, u r i c ce is I e r ; c ; c c c t e ’m s .  Ih ue we ’v c ’ r , t h i s  t a c t  a l s o  l en d s  c r c - c h a l i c e ’ t c u tbie ’ re’sul ts eel,—

t h c i r e e d  t r o m  d i  I t e ’ r e ’ c i t  c ! e j c c c t e r ’r s , s ~f l c ’ e’ none ’  h i c e ~ , c p h e r t  i c - t i l e r  c - c u d  i ng a d v h c r t t a g e . l i c e ’

p r c ’~ ram was m i t  l i i  l y c e e d e ,’d , ( l c ’ b d e i C ’ g e ’ e l  , ari d te ’: c t e’d , eis Ir a’ t c c ’  E l - N  comp i ler on e

Cb(. ( u h l J I )  e’ ’r; c ;- c t t ~-r ~ i t h e  , u  ric e Xicl ce ifl e m c i i i  me,c r n e e r v  u i  I c i e s t  b e e n  e e l  130 , 000 wo rds. The

d d r i c h c ( ’ t e ’  C , c 1 e , i c ’ I L , i t e ’ d  a l g e r i t h c n c  Oc c u p i e s  “~N 4- ‘c A + 8~~00 w o r d s  c u t  e ’~’n tnal mc ’ nc c c l ’v ,

where- N is them numh eer d d t  r i eu c le ’ s  ~it i d A i s  t h e e ’  nuinbu ’r o l  h i r e ’s in the spe c I I i c  problem

being sue lv ed.

S i n c e ’  most  of  t h e e ’  t ( ‘I -c t  ing Pt’ rfuerme ’d is of c c e em p u i t  i v e ’ O bi  l u r e , I t  was de-

s i r a b l e ’  t e e  o b i ai n  , e set of  p r o b l e m s  t h c b e t m e t  c e r t a i n  sp e ’ e ’ i  I I c a t i o n s  and t h a t  co u l d

be re ced e’ availabl e ’ on hi  r e p e a t e d  b a s i s .  b e e r  t h i s  r e ’ . u e c d n , 1 gene ’r ~u 1  i z e ,’d ne tweirk

pr obl em g e n e r i i t e e r  w~es d e ’ v e ’ I  d e e d .  ‘l ii i s u ’ c d e l e ’  i s  II Ice g ic - e l e x t  c o l I c  i c e n  of thee’ Nh’ ,I’ (h’ ,N 
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1 ]  p~~ e h u i u ’ m  , ‘ c ’ I h i ’r , i t e c l ’ I c i r  e c i r e ’  c~ c - t w c r k  ‘ r u c h c l c ’ n c s .  N I - l e e  Ic  u i - c ’ ; ’  , i  r a n d e e m  n u m b e r

i ’, e ’ i c e ’ r , i t ’ i  f , e  , r e ’ b i t e  ‘ r ’ b I e ’ e :  tha t e’c i f l f e ) t eic t u )  c c - m t - u n s t r u c t u r a l  e ’ h i b c r a c t e ’ r i ’ - c t c c ’ s

S u i l d i e l e e l  I u ~,’ t i e ’ ‘ I - c  . The e - u s e r ‘ i t t  e ’ e u o t r , ’ I  tile, ’ numbe r e e l  c u u e e i u ’ s , S e c e t r c c s , s i n ~~- ,

t r , i c c ; s h u i ,  ~e c t  r i u e e l u - ~~ , c ud h i t ’  5 a s ’ ~i~- I I  e s  t h e e ’  c’ c ’ - ; t  r e t i e d ’ , t h u e ’  t - ’ t , -i h s upp ly , ~cn d t h ~

, i p . e e  I I \‘ I ‘ S t  r i t  i e d f l~~ . l u  ~~ c ’~~ 
, e u d e ’ , N NI , bia s I h ue b e d d ed f e — b i t  l i r e ’  I I e ee t I tee ’ u s e r

in sld e, c i t ”  . 1  i , u  , ‘ ‘ ci! V , i h e c e ’ ’ - r u e r i t  w l u i e ’be  t h e e  C r - c ’ m u c h  t i b c l i c ’ r v a l u e _ s  a r e  c l a u s e _ - r i .

l’ s jog N h _ I i - b N c  . l i c e  p r  ‘ l e n  ~~. t i n  I d c l , ’ I u,,’ , u _ ~ - c ’ t c u - t ’ i t e d  l e e r  l i i i ’  ; e c e r b c c e s c ’  c u t ’

‘ h i d  l e n - i l  l e t  l u g .  I S e  i n f l c e m r ; i , i t  e n  - ; c ’ wi i  i s  t h e e ’ i n p e i t  — c p e ’ c i f i c e u t i c d f l  f o r

NI h - I N c . It ~ b t c ’ e i h d  he b u e u s a j h i e  1 , ’ rec- r e ’ i t c -  t h i s  clect ,c I - c t  c x i  t h y  c - in  v i r t e c ~c l l v  an~’

0- , : i c c ; c e  t o  l z i r o e -  s c u l  c ’ ci; c b ’ L l t c i ’ . I cc’ s t a t e d  p r o h l c ’r n s we - r e  sp e ’e ’ i f i e ’al  I v  chosen  s u e

t t i , i t  t h e ’ e l I e ’ c t o  c c !  c r - t e l - nI h i r’e c e t t c u ’ ’ e c n  s e t l u t l e i n  t i n e -  c e u u l d  he m n c u t e - d .  ‘li c e ’ ; c r e c —

blat; ” c c i ’ . ’ 10 s i , n e ’  Ir e ne 2 c ) u )  t c e u d c ’ s  ~‘end  I ‘
~u 1 ) ( )  ar e ’ s up I c c  1 000 n e u u l e - s  and  7000 h i r e ’s .

‘Flue ’ .1 ( 1cc , I c i e t , , e e C l , - cu d  1 000 e els’ pr cl ’ le ms e ’ c u n s j s t  c u t  d i t  f e r u - n t  t y l c e S  o l  c i p e i ’ i t ; i t e d

and  C l O d  , e i c a  i t  c t  c - e l  , ‘, u - t t e - t  c i i  0 - c l  t r . c r l e ; u c u r !  i t  i c c  c ru d  t r h c t e s s i e i ; c t l l e ’ n t  p r~t I c l e m m s .

‘e~’i tbi t h e e ’  p r  - - I c - n i  - u - I  comp l e t e ’ , t h u  p r - e e c - s e  0 !  s e l e c t i n g  d e c i s i c u n  mu l e’s began .

I t u e’ t’c’ I e  c s ’  I d c ’ ’ is ion rule’s I ‘ ; , t e ’ e l  i u i  I c i c l e  s t - i t t ; ‘ m c c c ’ e ’ e l e i r c ’ s  , p i v e c t  ~ e ’ I c ,’ c ’t  ion te’ e hi—

r i x q u e c ’ s , n s ’ t i i c eds I i ’  e ’ e ’ : ; c I o i l i i t g  d e - c e ’ c c c  r - , c ’ V , ‘ - I c r - i n ,  e l e v e l s , h h i g—M y , i l e t e ’s , i nch

p i v o t t i c ’  ‘ t c r e ’ , c k i n e ’ ru d e’s . I t o , e s  e c u e r u , e t n l e  e l  l - ~- j u t . - csihle ’ te e  c e ’ r fo r - m; , t e St s on i l l

p1)55 i c  I c ’  c c enr c b c  j flee t j e c i e c ’  e e l  dc-c i s  i r e  r u l e ’s c u r e ‘ ‘ - n  I ‘ t e ’ - I e e c  I c  rule- d u n  , c 1 1 o t h u e ’

g e n e - i  i t  ed p r e e b l e n e s  . l e e r  t h e  i s  r e e s e - l u , i t  ‘
~

‘ i - - i i ; e b c a r , ct iv ’ ’ t e e  d e s i g n  L ice t e st s  t e e

,‘ i ~ - i d  usef u l  int e l V b c h i d  r e  ‘~ c e 1 t s w h i l e ’ m i n i m i z i n g ,  c c u i t e p e i t i t  l a n d t i m e ,’ . An u c u t l i n i ’

u t  e, c c l i C e ’  c C  r s g, ye,’ n u u  t t i e ’  c e  , ‘- c ’  t L u  cii
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- . 0  Comj ’ie u t i  ‘ii i I l’~i csc u l t s

l Ice ’  t e s t  i n g  c c l  c c l  t e r t i c i t  l y e -  clu e ’ i s i , , cn r u l e ’ s  w ;cs  p e r !o m m e ’ d c e n t  a CI )C 661) 0 c’ecirt—

; e i i t e ’r  I ‘c i t e d  ~i t  t h e :  l ’ t u i ’ ,’ e r ’ ’- i t v  e u f  I e ’ x , i ~~ i t  e\ e e ’ c h t i n .  I r e  e ’ ; t e hc  e e l  t h e ’  comparative

- t ’ . , co u t  t e m p t w e - c  r t u , c e l e ’ t e e  e x e c u t e ,’ t e u e ’ c ’ , e d e - ’ c ,  i n v o l v e d  d e r r i n g  ‘ om p ar ;e b l e ’  t i m e ’

p e r  e e u d s .  H e e w e ’ v e ’ r , i t  s h c c i e n l d  ‘a ’ n e t e d  t l u h e t m i n o r  d i f t  c - m e t - i c e s  be ’t wc ’e ’n  two  c - ’ a c l cj t  i e d n

t l I ce - s  S h e d d e e l d  h~ s t a t  i — c t i c - i d l y  ip ,n e c r e’d .  h u m  t h i s  r e - b i s e ct , m a ny  t e s t s  were  r u n  on

l a r g e ’  - r u b l e - t i e s  SeC t ht - it m u g  v , e r i a t i c e n s  h e e ’ cu rn - l e ’ ss si g n i f i c e e n i t . !- ach  code ’

‘,‘e ’ r - s i c u n  ; i e , u k a s  c i s c ’  e e l  ci r e a l — t i m e ’  c l o c k  m t e e i t  m e ’  s up p i  l e d  by  ( 1)g .  Tb is r o u t i n e  can

he e’m p Icuve’ d e n s  lug a I - ’ I e R ’r R A N  su b r e i ut  inc c c i i  I a r i d  i s  ge n e r a l  l v  a c c u r a t e  I c c  two d e c i m a l

p i c a - . .

N t  a r t  I’ r - u  e ’

l i c e I’ j r - s t  p h as e  c u t  t a m - i t ing involve’ s a com p a r i s o n  cf t h r ee  d i f f e r e n t  s t a r t  p r o —

c e d u n r e ’ ’ — - A l  1 c i t  t lie ’ s t a r t s  te ’sted h i r e ’  h i m -ce ’d  on t e e — i-i n iqca - ’a t b e t  have  p roved  em f t  e ’c—

t ive’ ti er ; e e i r c -  n c ’ t w d c r k  p r e e b  1 e m s . ‘the ’ f i r ’ . t c u t  these’ I s t lie ’ a rtificial start p reuce’—

d nire’ . it , u t t e i c ’ h i e ’ s arc a r t i f i c i a l  h - i r e  ( s u ’ l f — ’ I e u c u p )  t e d  e v e r -v node  i n  t h e  p r oh l e ’n ~. Ti-i c-se

j r - t i !  ~~‘l , cl .urcs are’ then c m-i ’-e o g c t e ’ c I  extremel y large ’ (Bi ,g—M) e c u s t  c u e ’ I  I i c i e ’ n t s .  The

r I  i h e m  I a  1 mc’ t icc d i s  t h e’ I ac-c It ’s t St  ar t  p r ocedure’ to e -xe ’c u t e  , bci t it does not y i c  Id

~I FI  , u c i v i t i c  c - c l  ini tial b a s i s .

l I c e  s e e  ‘ c u e d  m e t h o d  t e , ’ s t e ’e l  is t h e  se ’ c l nce ’ ie t h e e l  s c e u r c e ’  m i n i m u m  ( S S M )  p m e e c e d u r e

‘l ie is rne’ t h o d  s e q u e n t  i c i  ly  exam liii’s e’, c c l u  node i n  t h e e ’  p rob h e m .  I t  t h e  node h eas asso-

ciated supply, h ew I s c c c s i gned to t h e e  ar c  h a v i n g  L i c e ’ l e a s t  cos t  t h a t  leads  to a

t i u c o j e ’  wi  t i e pos i t i ve demand , o r , if i t c u l t e ’  c x i  st , s , t e e  a node wli hc zero  d e m a n d .  The flow

i s  Sc  - t eq ual  t o  the e ’ ml I c I m u m  e e l  t l i e ’  s u p pi  V , t h e e ’  uppe ’ r bound cmi the ci me ’ , or t I - ic  de—

neared ( I f  n e e n — z e  r u e )  . I f  t h u e ’  f l o w  on an arc i s  set  e d u c e  I t o  the s u p p l y or  the  de mand ,

thee cissue ’ lot ed node ’ is e’ 1 inn I n a t  ed I r e m  I c u r t  bie r c d c n l a  i d e ’  r;i t t e e n .  F lue ’  number  C) t passe’s

made t h e  r e tu g h i t i n e  node ’ s i c  c t  t hee  di se  re 1 h o m e  c c  I t h ee  ens  e r .  I t  t b c e ’  p r Oe ’ c - so  i s  term i n —

___________ _______________ 
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, i t e - . t  ‘ a l e r t  l i t i I i l l l V  ‘ d c c c l  d c  r ec i ted ie, -R’ e ’ b e e - l i  e ’ m - . t e , e n n , S t c - ’ J , t ) u e ’ u - e r t  i t  ie - i ai a r e -s c r c ’

c p t ’ e ’ t t c h e ’ c l .  I cr  t h e’ pe 1 t ’ b e e ’~ e ’ ’ ~ e e l  t c ’ , t  i r e - , ’ , I c c c -  d i e e r e e l e a r ’  u e l  ( u I m c e ’s W b c s  s e - I  t e e  I , ~~,

~, ‘ , -end e ’xhe , eens t iv ’ - .

l i c e ’ I - e ’ - t  s t a r t  t r c c - I l u u d t e s t e d  i’.e t h i e ’  e - : ’ c h e , i u , i st i ’ -,’ e -  c e e ’ e b e ’  su p p b v . The is  t~e c ’ t  lu c i d  i s

S it m u i ) , c i ’  I ’ - t h e ,’ se ’ ’ d i e - n t  i i i  I , e e e t r d ’ c ’ m i n i m u m  l i i  t I n e ’  W a ’ ,’ i t  , i s c - c i ’ ,’fls t i o w  to  c r - c ’ s .

b cccw e ’ c ,’c ’r , t I c e ’  p 1’ ’ , e ’dn c re ’  c o n t i n u e’ s t e e  c i s s i glu t l o w  ot t  c i !  a p a r t  i u ’u i a r  node u n t  ii t h t e ’

s e e l u p l v  i t  t t c , i t c e o c k ’  i s  e xhausted d i r u n t i l  ne d f u r t l u e ’ r  d r -c s  e x i s t .  At  t h a t  p o u n t ~

t u e  i ’i e ’xt  n ode’ w i t  ii ~~‘PI ~ l v  i s  ( ‘ c u l t s l e ’  m c d .  l p c u f l  ce ) f l u l )  I c t  j o u r - i , re m a i n i n g  supp l y and

demand ccre ’ Ieee t cv a p p e n d i n g  c u r t  i f  i 0 ’ icc 1 a r e - c c .

h , h e c l e  c ’ f  M e t ’  s t ar t  me ’thod s  e l e ’ s c r i b c c ’ d  c ih e ev e  w a - c  t e ’st e ’d  u s i n g  two d i s t  I f l e  t ~~j V Ot

s e l e c t  i e e r u  c r - i t t - r i - i .  ‘ l i c e - s e , ’  a re  the ’  nod e I i r st  n eg ei t i c e ’ and t h e  node most  u e ’g e i t  ive

c r i b - n e .  h e e t h  t n e ’t he oc l s  , i r e ’  b a s e d  dcci  e - x c c m i n i n u g  t i c e ’  n o n — b a s i c  a r c s  l e a d i n g  out e e l  ,I

c iy e ’ t e t i i c c i u ’ . ‘ l i n e ’  t i e c e h e ’  I i rm ; t c e e ’c . , c t  iv e ’ me t h o d  s e l e c t s  t h c ’ I jr-st enccjcnntered pivo t

e’l I ~e ib ,I e c u r e ’  l e e r  t b 0  basi s e xchange’ . ‘the - nod e, ’ mos t  n a g u t  l y e ’  me t  hod , on t h e ’ 01 o r

i h i n d , ‘~e ’ 1e ’c t s  t r u e ’  b e - s t  1 d i v e d t  c-I i g i b l u -  a r e ’ ( i n  t e r m s  01 t h e  m a g n i t a d e ’  c u t  t h e ’ h e i s t e d

C o st  du e t I i c c e ’ u t )  f r - c m  the , ’ a r e ’s out of  th€ ’ t t e e d e ’ . AI . 1 other c c c l i ’  p , u r a m e t e ’ r s  W e I r - e ’

c e - i d  e - acm— t a r -n t i l l  . c  I I  o i l  t l u e ’  t o - s t  S . FIt .’ re-c - i cc I Is c i t  1 c m - ,  1 i t i c ’  on t h e e ’ I I n - i  I I -c t a — i t

1 c r c  u lens ‘ cml be’ I ocnn d in  ‘l i i i )  I c ’s T I  b ind  I [ I  . Re g a r d  I c’s . e l  I’ l V c ‘I  e ’ r i t e ’ n c  , t h e e ’

c ’xh aus  I i  y e ’ pa ss NS~’1 p r - d e e ’ e ’ d c e  ru i s  p r e d o m i n b c  t c ’ I v t l e e -  be ’ s t s t a r t  me’ t leod i_ ni I c r - t i e S c c l

rem sul m , i t i t  I c e t c i l  sol Ut ion time ’ . It prov iehe’ s ~c r e ’ c u r - c e u n c u l ’ I e ’  t r , u e h u ’ — e f f  b et w e e n  t h e  t i m e ’

- l e e - l i t  ‘ e l e c t  i n g  an m i t  l a l  h e , c s  is  and t I d e ’  t i me’ re’ceuve’red I root a reduced number of

p i V e c t s .  As e c e n e p c c r e ’ o I  t u u  the , ’  a r t  I I  I c i a l  S t ei n- I p r c u e - e ’d c n r u ’ , t h e m e ’ ar e ’ ‘ i l - he ’ S  in  whi e ’ i t

t h e e ’  e x h a u s t i v e ’  oc iss  SSM i n t - r h e o d  r e d e n c e ’ s  t c u t , ’il p i v o t s  liv - c m - -  mu e ’ie ‘is  61 ~
‘ and t e e t c i l

so l e nt Ion t i rnee’ by hiS muc h as ‘ )
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P I v e e t  S e l e c t i o n  ( ‘ r i t e - r i c e

‘lahic ’s II m e d  I l l  c- d c  c u e-u t be,’ uns c ’ d L u  p e’ r -le erm in m i t  i d  c e i t c i l y s i s  of p ivo t

se ’ I e ’ c t c e ’re crit e ’r j, c. It should be e’ n o t e d  t h n c i t t h e e ’  t c c t a l  s e , l u t i c e n  t i m e s  in  ‘l , c b l e ’  I I I

s t r j e’ t l v  domunce te’ t l u c u c - c e ’  i n  T a b l e  11. The , u b e v j e e e n s  i n d j e ’ , u t j c u n  i s  t h a t  i t  i s  w o r t i e —

w b i  i h e te e s pi c e d  t i m e  se a r c h  ire g to r t h e m  cubes t p i v o t e l i g i b l e  i r e ’ . Select lug  t h e ’

‘‘her s t ‘‘  c e c n t  e e l  h e s i n g le  recede , as t h e e  mos t  ne ’gcc I I ye m e t b e e e d  d c u e ’ s , can r educe  t o t e d

so lu t  ion t i m e ’  b y as nu t -h - i  c c - i  4 e ~ 
‘
~ . For -  t h i s  re ’ ,c son , h i d d i l  i e e n c u I  t e s t i n g  was c o n d u c t e d

to t ry  to  l i n e d  t h e m  best pivot sele ’ction i cr - i t e’ri b i .

An o i ) vj o e n s  c h o i c e’ I c u r -  cc pivo t se lect ion strategy is thee ’  c an d i d a t e ’ l i s t  method.

An S—R candidate list preecedur e enn p I eec ’ s an c c r r . i - ~’ o f  l e n g t h  8. This  l i s t  c o n t a  ins

lice peeinters to p i v u c t  eel igible’ a r c s  se’ 1~ ’ , t e ’ d 1ev us lu g  t h e e  nuede  most  n e g a t i v e  pro-

cedu re  R successive times. A lt e r e,-ie ’tu c c l  ,N p h  n’c c t ,  , t l e e ’  b e s t  are :  t h a t  is S t i l l  p i v c ’t

e l i g ibl e in t h e-  list is se’l e’e -ted te) ent er t h .,’ b - i sis. I f  t e u e -re ’  a re ’  no e l i g i b l e’  a r c s

ccii l i c e  l i s t  or  if thee list hiss been used S tim€ ’o , the e list is re f i l l e d  by calling

t h e’ rec e de’ moe -it negative proce’dure’ R ttcc cr c t ime’s.

e\ numbe r c e f  v a r i a t i o n s  01  this m e t h o d  have been conttputationa l lv te’sted. The

j r - i t , h i , e m p l o y s  a 1—1 c : e en d i d a t e  l i s t .  ‘ l ’hu i s  is e ’qu i v a l e n t  to thee node mo -it

Iieg ct ive preecedure and is in - i c 1 uded as a e - cd n l u l e d c r d i t  j  ye d e v i c e ’ . (12 initially uses an

8—16 list. Howeve r , if tide list cannot be filled , ti -ic sizer 01’ the list is set to

t d i e ’  number fe)Ufld , and S is set equal tee l/2R . G3 is simil ar te e (~2 except t ie ~it i l

thee list c anno t be tilled , it is reduced in size’ tee ci i—I list. The fourt le version

seci rc - Iue ’s thuroug h a maximum of 100 nodes to fill an 8— 16 list. If the list canno t

be filled , R is set to thee ’ number fecund and S = 1/28. CS is the same ,cs G4 excep t

that 200 nodes ore searched before the l i s t,  s i z e  is a l t e r e d .

‘Fhce’sc f ive codes were tested using thu ’ 1000 node problems (15—18). A 2—pass

sequential source minimum start was used and cu ll other parameters were hue -i d constant.

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  S - -~~~~~~~~~~ - --- —~~ - -- 
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be I

i’h i e ’ I c ’ s e e h  15  e r - c  s h i c e w n e  u t  I , e h l e ’  IV . I t  i s  u ’ v n e j e ’ n t  t h e a t  ( ; ~ t e c h hI cle ’ ,c r l v  eI c mir e cu te ’

t I n e c e t l e e ’ n ‘ ‘ ‘ d c ’s , w i t h  (~~‘ h i v i n g  c s I  f i l e t  e ’ u l ~ ’ e ’  e e c - c - n  ( ,‘3 . N e e t e ’  t h c n t  by  emp l e c v i t t g  a

c ’ , c n e c h  i c l _ i  i c  I i - c t , t c u t  , e  I -;, ‘ I  m i t  1cm 1 I me’ was  r e ’ c l e n u  c’ , l i c c  , u s  c— e c u  h e c u - i  ‘c 07 over , u s i m p l e

n t u e de’ t d e ’ g c t i ’ : e ’ c ’ r i n c ’ r ’ e , - u .  ‘ I b i s  t e ’s t  i n d i e ’ c c t e ’ s  t l e a t  c , c n d i d c c t e ’  l i s t — c  s h e o u l d  I ’ e ’  ois e’ cI ,

e e l  it l e e ’S n e e e t  s h u c i w  t h e ’  b e s t  i n i t i a l  l i s t  s i z e ’ . ‘r Id s d e - t e ’ r - m i n a t  i n n  w i l l  be-  made ’

sc n h sc ’ c :  c e n t  Iv.

F l o w ‘p e b s t e ’  ‘ r - e e ’ e’d u n r e ’s

‘line’ I ni t ici l c c ’  r -s 10) 1-i ot l i c e ’  c o m p u t e r-  code’ , ( 1 , o f t e n  p e r f e e r m s  w a st e d  uupe r c f l  ions

in thee process of uj ) d c c t  u n g  thee flows omi basic ’ arcs. Firs t , it has no check rout ines

I c ’ r i d e ’t t  t i lv i n ig  a deg e’ m u &’ rate p i v o t durin g the ccclc ccl at i on of hi  r e p r e s en t ie  l i o n .

Thus , u n n e e  e - s s , i r - ,’ r e p re s en t  ation c c i m p c e n e n t m - e  ‘ i r e ’  f o u n d  a n d  t lows are modified by a

c~e ’ r e ’  -‘u m o unt  . (h wce c-c d e s i g n e d  to ci i m u n c c t e ’  thi s problem. It ident I lies a degerte’r—

c i t e ’  p 1 ve~ t a nd  t o  t , c  I l v  s k i p s  the ’  f l o w  up d;e t e ’ p m c c e ’ e ’ d e u  re’s wnene ’ve r p o s s i b l e ’ . A r - i o u  t i - i c -  r

c~a rs t e e n  , L7 , was  created te) a I low l e e r  storing the’ repre sent c t  c c c i i  vec t c u r  . B o t h  (~~~~
‘

cunel hI  re e a 1 emulate’ the’ re -p r e - s e - i t t  i t  i ore d u i r  i ng f l o w up dates . G7 mci m I en ins an e x t r a

cr rev to s I d e  r e  t i c  i s  in  f o e  r e c e n t  l c e l l .

A compa r I s e e n  cc f ( 2  , , cend (~7 cen t h e  i h e l O  node p r o b l em s  i s  g ive n in  Table’ V.

A l l  t b c r e e  vt r - s I  c e n e s  used ci 2 — p e e s s  s e q uen t  fe e l seojre’ c-  n h l n u n n r n r n  s t  ar t  an 8—16 cand i u a t~-

l i s t  , end  a l l  e e t h e ’r  p;er cumne t e ’r s  we re, h e l d  e - e e n e m - ,  t a n t  . I t i s  c ch v  i e l l i s  I v a d v e e n t  h c g e ’ c i e,ns to

ch ec l~ l e e r  d e m g e ’ n o ’ r m t e  p i v o t s  ces F-h d e c e s  . A l  t h o u g h  l i c e ’  t ’ ’t  al n i t i m b e r  of  p i v o t e -  is not

ru c’c -es s e r l  l v  reduced , t h e e ’  t o t a l  solution t i m e ’  e c u  lee- re - due - e d by ~e s much cs 2 5% .  N o t e

that the neember c i t  p i v o t s  dif lers due t e e  l Ice ’  l , c c t  t h u c e t  t o l e ~rc u r r c e s  f o r -  7C r - e l  va l ues

are used. Thus , C6 selects the first ‘ x e - r e d ” c r c  to leave t h e e ’  hcis is while C2 p i cks

the “minimum ze ro” ar c  t e e  1 e ’em ve’ the ’ beis is. Howeve r , t he’ tests on G7 m d  Icate that

I t is no _c t advantageous to go oneS step further m d  k , ’u ’ lu cm representation array. A p-

parently tine’ overhead of maintaining this e x t r u  lnf o rm ,u t lem n Is not offset b y a

reduction In  other calculations .
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‘I I

I ‘ , c t t e h j e l e c t  e ’ I - i ‘, I’ , e m ’ , i r ,c e -  t e r -c -,

. \ u i  i m p e u r t , u n t  e’ce t :ejd e- r’,it ion t i u c u t  w e ’ . m m c c l r c - ’ c c ’ I  ve’ d b y  thee ’  p iw c t  c r i t e r ia  se c t Lore

n e-c t - - - e h e ’ t i ,- m i i i n e , m t  f e e l - i  e e l  t h e e ’  p r e e l e e ’  r e ’ ,un d i c l i  t e’ I -~t phi m d c c c ’ t c ’r N , ‘ti c i -c invo l yes ‘-L e t  —

t i t e g - - t I e  t h e e ’  s i , ’ e’  c c l  t i l e ’  list end t i c ’ -  u e i l : c ! e e ’ r -  e e l  t i m e’s  t h e e ’  list is to be nnse ’ d be —

b e rt ’ r e t  i h l i m i g i t .  C , u t e c l r d , i t e ’ l i - i t  s i z e - s e e l  I — I , ‘- i — i F-i , 8 — i F - , and  I ’ — 2 5  h i a ve a l l

h e ’e , ’ i t  t e s t e d  c d l i  t h e ’  1000 n i c e e i e ’ p r c c h l c ’ n cs u s i ng  t h e ’  F - Ic  e ’ c e d e ’ . A f i v e ’  ~~~~~ SSM s t a r t

w ,i s  e’m~u I - v e - d , w h i l e I d , e r , c n u e ’ t , e ’ r - s othe’r than list size we’r e- bee’ld c c c m ’cs tant. A lis t

s i z e ’  e l  ‘~— I 0  can h)e ’ s e ’ e ’ n e  i l - i  Tcehl e ’ VI I c e  d o m i n e m ’ ‘ c u l l  e u t i e e ’r s t r c c t e g ies . It is in-

t e r e s t  i n g  t e ’  note’ Ihu , i t ,i l a r g e r 1 I St  s i/ c ’  d ices  n o t  guarant c- c a reduction in the

t e e t a l  n u m b e r  of  p i v o t s.

P i vcc 1 ‘1’ ‘ 1 e r , i l u c ’ e’

‘l e l e r a n e l e, J e ’v e ’l s  are ’ used i n  co mp u t e ’z’ p r og r am m i n g  to  e v e  I d thee  p rob lems  e e c i ed

by r - ec n n n e l — o f  f e r r o r .  ‘I b a se ’  I c c  h e r , m n e c e e s  g i ve’ r a n ge ’ s  , c b e c i n t  va I tics w i t h i n  w h i c h  c - q u a i l  ty

i s , e: - c c-, u,i mic e - d .  Suc ie  t e e i e ’ r c i m e c e ,’s m us t  ice used i n  t l e e ’  t e , s t  i n g  o t  u iu d a t e d  cos t  COt ’ f f  1—

c ’ i e ’ n t c - , . Ne g a t iv e ’  c o o - f f i c ’ i e ’ n t c c  i n d i c a t e ’  p i v o t e l i g i b l e -  ,i r , ’s ; h n c c w e ’ v e r , ve r y  s m a l l

ne g , c t i v e ’  n u m ber s  m a y  c c e ’ t u a ll v he e q u i v a l e nt  to  ze ro .

In  c e r d e r  I c e  t m  the ’ be ’st t c e l e ’r a n ’e’ leve l , v a l  l i e - s  e e l  0.00000 1 , 0 .01 , 0 . 5 , and

1.0 we’ re t e ’sted.  These’ r e s u l t s  c a n  be f o u r - i d  i r e  ‘l a b  I c  V I I  . The Ide code was u se’d ,

emp l o y i n g  cc ‘ —l O candidate list and an exhaust ive~ p c e s s  SSM start procedure. I t  is

ex t remely  i u t e ’r e ’st  u n g  t e e  n e e t e  t he  v a r y i n g  c ’ l ’ f c ’ ’ t s  t h a t  t h e - s e ’  t o l e r a n c e  l e v e l s  have

upon solution times. Yet cmli e e l  these’ code’s ,crnived bit solutions with the scene’

optimum objective function valune - . The value’ of the to le- r a n e ’e’ dramaticall y changes

the c h o i c e ’ s  of p i v o t eli gible c u r e ’ s .  E x tr em e ly small va l ee e ’ e-i force the code to per—

to rime a se’ r I e’s of dl s cmdv cm n tageous pivots . Ore th ee c ut Item r becind , I hi rge 11) 1 C’ ranc es b i ll ow

t hee~ c-od e I c ,  1n t Ia! I y overlo ok adv ant .egc’ c e u s  p 1 v u e t  sd e u ’ t i e u m c s  . The best st r~m t e g y  i s

to se- i e u  I .c mode-rate’ tole’ rcune ’e’ value ccl 0.01 -

‘ ‘ ~~~~~~~ ‘ ‘ -
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el - ye e c~ c e ci j nip I c rc - i -cc t -
‘ , u  c - i ‘-. e  - I — P h a s e ’ I I e c- c c ’ , ‘ci m r - c ’  - Th e’ c c ’ c r c ’ , hem ) e’ x, c c  - I va 1 eu ’~- o t

B - , - — !-
~ m u n s  I l e e ’  - -c c ’ i c e  t ‘ e l  , A l  1 ‘ -  I t l i e ’  t e s t  p r e e b l  c c-es c c ,  v u ’  c o s t  run ge ’s of 1 — 1 0 0  . I - x —

p e r - n e - n  em w i t h e  p l u m e ’ n e t c e ’ , ’r k  ( - o m p I , c t c r  cc cd e ’ e-c m d  I ct us t i c , i t  B l p — M  sh o u l d  be S e t  ci s

sm a l l  Is po ssibl e ’ (still insuring fe’ ,isih j l i t~’)  . l I e u  B i p — M  v a l u e s  were  t e e c t e ’ d u s i n~ ’,

t h e ’  c , , ‘ c c l e ’ , wi th i c e  e x ha u s t i v e ’  p~u s s  S~~M s t a r t , ci 5 — 1 0  c c i n d i c i a t e  l i s t , and  ci p ivo t

t , ’ l e ’r e c n c e ’ c c l  I I . U I I I ) O ( I l  - ‘thee t e s t  r e s u l t s  i r ~ - sh e iw n  i n  ‘t ab l e’ V I I I .  V a l u e s  0 1

10000 , 2 0 ( 1 1 ) , 1000 , )00 , 250 , 150 , and 100 w e ’re  c c l i  t e- ’e te’d. Il 100 is eliminated

i c e ’ c , u u n e , e ’  ee l rc’’-cc n lt. ’int in t e ’ ; e s l h i l l t i e ,’s , - i  v - i l e ~e- ee l  150 cle ’ ,e r l v domina tes all ottt e ’rs

I n  I c r e - c s  cit I C )  t e e  I Sc) I c c l i  on t i mli e . N e ’  t e ’  t h a t  i n  p r -o h  1 e’m 1 Ic , them total sol u t  I e ’n  I ime’

w e - - r c ’ d e n c ’ed by crc-e r- -~~~~~ - s i m p ly by e ’t i.’l f l ( ’ L e tp  t h e -  B i p — M  va l ue’ I r om 10000 t e l  15 )) ,

Rr&- akHe~ Pivo t Ti c ’ s

I c e ’  l , c s t  d e ’ e ’ i s i , e m c  r u l e ’  I c e  he t e s t e d  was  the ,’ ‘ti e ’ I c r  m e ’ s e u l v e n g  l i e ’s i n  t h e’ t e s t

l e e r  a t i u i n d m t c m  r a t  i c e , l i c e ’  p r e v i o u s l y dt’s - r i h ed  c ’ e u d e ’ s  heccve s imp ly s e l e c t e e )  t h e ’  f l e e - s t

C u t c v e  - cc i c - l i t ( ‘ ‘ I  t c - m e  t I n e ’  I i r s t e r i c - o u r )  t e’re’d ) nil mi ine enm r i  t i c  . ,\ t e e  -w e eed e  v e r s i o n , G8 , h as

e e ’ e ’ I e  e t c ’ v c - I c ’ l c e ’ eI t e ’  t e s t  ci h i e ’ u i r i s t i c  r u l e ’  I I -  l e r e , u k i r ’ C’ p i v e e t  t i e ’ s . Thie ru d e’ c ’ c 1 ’ e ’ c I l n e ’ ~

I l i s t t ic- r g t  t e e  w i t  hi  t i r e ’  I ci rges I dc- rea m i t i c  leer be’ ~ e ’1c -’~’ t e ’ cI I re -ni ill nc t lee se t  n t  t i ed

r~u t  i c e s .  !-~e ’ t e  t h a t  t cc,’ re ’s u l t c i n t  code c a n m t e u t  t a k e ’  - i d ’ , ’ , u m u t , c c c , c c l  d e ’ g e ’ t t e ’ r c e ’v . e n d ,

luc r e-I e r-c’ , ccc .1 imeodi f Ic ’,c t ion cif Cl c i t e e l  Was t e ’~~ 1e ’d . c c - , c i r e s t  Cl .

Th ee’ r ’ s c n l  Is 01 t e s t  i r m g  (;8 ‘me a l l  c c l  t h o ’  g e r e e ’ r n t  c d  p c - e l ’ l i—ms c r - c ’ s h e c uwie  i r e  ‘!, i b l e

I X .  I n c  t hue ’ fli bc lor d ty c u t  c -c isc ’ s , (8 r e ’ e l u n ,  e e l  I h u e ’ t o t  c l  n u m b e r- e e l  p i v o t s  ‘ c r 1  e ’r mc d .  He iw —

e ver , t h e  i s  r e - cl ue t lien w e ’ , not. e ’ m u c u u n g lc  I e~ c u t  I s e t  t Ice ’  I m u ,  c - c i s c - e l  m ee nmb e ’ r’ of  op c ’ra t  ions

I nvolv e d v i  t i n  t h e e  1c j ‘,‘ e , t se l e e  I l i e n .
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2 . n ( ,e ‘ u l e ’ I c  ‘tI e1’, ii’ n scu m

I t  cc d i  I I i e ’u 1 1 t e u  I u I  1 ~‘ , lC- t se ,’Cc s tine- c - I  I Lu  i e ’ m i u ’ y  o I cc m e t h o d  u n i  e’ss I h e c c  t n r e t h e e d

i s  p l c , c c l  ir e c ’ eet fl pci ri seeml c c ’ i t i c  , e (  h c e ’r w i d e l y  d c  ‘ eie ted ml n e ’t b C ,e d s. Feer t b n i s re-ce-e m , NI- ’H~,

.u 1 ‘ r u g  w i t h ’  L b n e ’  p r e ’ c - -  I , u c u c -, 1 u, de ’t e ’r - trt i nee d d e n  cc i’m r i r l e s , was ’ cr c -p c red w e  thu ci n u m b e r  ccl

we 1 l— r ,n t c e wm i 1 i e u e ’ e c r  p r - o g r c i n m n u i m e g  c o m p u t e r  c - c e d e ’ s . The se’ co d e ’s b i , i ’, ’~ ’ ,e ’cn d i v i d e - d m d c c

t w c e  c u t e - c - - i ’  ie ’ S 1) s p e c i a l i z e d  n e t w o r k  ceude ’ s , and 2) st ,ea d ,c r e l I i n c - c r  ~urograrnmin g

s tep  c u t e  r Iu~i c - K .ii’ , c’5

Hit’  1 1S t  ce cmp c l r i s e e c e  was ccgh i i llst ,st - v e ’ r , i l  sp c ’ c i e u l  e’c-d c t  - - - c - -  i c - e s  r -  r c c c i  ‘.‘lrug c r c

C u e tw -’ r k ~c r - c e b l~ ’t rc’-. . P u re ’ n e - t w e e r k  p r ob l e m s  c u r e ’  s pe c i , c l i z c u t i e u m e c c  r e t  p ,~~ . c l  i C c - ,l  t i c - I —

wC rj , ’- iii w hic h 1 e 1 o l  t h e e ’ c u r e , m u l t i p l ie r s  h I r e ’  1. ‘l ice  i c c e r e -  n e m t w C e r ’F C- dc’s er ’ - - ill

e ’ d b c i l i , - c ’ .! to t , c k ~ ’ ad c ,e , u i t t , u g e  c u t  t hee ’  s i m p 1 i f i c ~u I i e c r i s  t h a t  , u r i s e ’  I r - c e m t c c e m  c - c o il : t c c u l t  i —

p1 i c r  . ~~l i ‘ , on e e c ’ ‘ ‘ t h u r  h and , c o u t c u i n s  t Ile - cumber c - , , u ne e ’ c - C c ’ , e d i c t  j c c f l c - c  l e e r -  i c c m n d l  l o g

n c c m e — u n i t  m u l t i p l i e rs ccn d , l l t . c c - c i — t r e e  s t r u c t u r e’s .  T h u - c  e c crri ~~ c r - I ’- . u c t u , t h e r e ’ I e ’r e - , m d i —

C h u t e - s  t h e e  r e- l c u t j v e  ‘‘ c - e ’ S t ’’ ccl these add it iue m c ; c l me ’chcenisms .

‘Hue ~)ee ’cia1 l i e d  e:odes used in the’ c e e n e ; e e l r i s o r i  were A R C— I I [~ 1, b ’NI -T- 1 [ 1 9 ] ,

I / C )  h ’~~l ’ i  I [ I I I ,  Bennington [ 7 ] ,  R ece’ b n g , G e n e r a l  M o t i e r s , S H A R E  [ 4 1 ] ,  and SU P E R K

4 j . i ce ’ H o e i n g  a m i d  ( em n e -  ra 1 Mo I c c  r s i e ’ c t e ,-e - c We ’ r e ’ derve ’ lecpe d by I hue ’ resp€ ’c t i ye Ce) rpee r—

I t ,  e c c e e s  , A l l  01 th ee - c e’ p r o gr a n t s  ,c r - e ’  coded i n  s t a n d a r d  l- ’O B ) ’ R A N —  I V .  The t e ’s t s  were

p e r t  ‘ i c - c c , )  using lice RGN com pile r on a PI )C 6600 c o m p u t e r - .  F c i c h u  c-cf these’ programs ,

w i t  b n t h e -  e ’xn t .-p t  ion  c c l  1/0 I’NL’F- I , ma m c i  ii u c a l l  i n s t  rue ’  t ions and d a t a  i n  cen t  ra l

memory . I / i )  b ’ N h - ’l —  I e l se’s  p r o b l e m  d a ta  I ron e x t e r n a l  d i s k  st or c c g e ’  and is , the re- f o r e ,

~c I c c d i e  I c ’  r e t  S ce l ving much I a r g e ’ r- I e r c ) h I  ems I iran tide ee l hee’r code’s.

l ’ N E l  - I , f rom wh Ich 1/0 l ’Nb- , ’ I — i  w e c s  lc e r n i e ’d , Ic - c one’ ccl thee fastest known special

purpose primal simplex c ’ csle,’s. It em~~i c e y s  - c  l i s t  s t r u c t u r i m e g  p r o c e d u r e  w h i c h  is

more’ advanced th an thee’ eerie’ used by Nl ,’I G ( ‘,ec -  ‘i  J ) , A R C — I l  , which Is faster th an

P N E T —  I , ‘uses sop h i s t I c i t e d  p r i m a l  l a b e l  m e g  te ’c ’hfl l e l e n e ’ s  1~ ] . SU PERK , Boeing , Genera l

Motors , and SHARE a re cl 1 V a r - I  at Ions of t I R -  emi t — e e l — k i l t  t’ r ci i gor I thm .
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- n  c i i i e’nce ‘ e l  l e e r -  t l e e ’ e ’ c e m p h c r  u seen con s i-cc Is ‘‘ I ‘IS p u r e -  ut e’ t w o r k  p r e c h l e n s

~‘e c e , ’ r , i t c ’<I l ’\ ’  \ I i c , h - N 3 1 1 .  ‘ l i n e ’  inpe it sjie ’c ’I I i n S t  i u c m r s  f u e m  t i e e ’ ’ ,e’ i e r - e e h l c - r r e e - c  c i n  be , -

I - e t c ,  i n  1!]  — ‘ c - e t h i c - l I e S  I — 5  c u re’ 1 01) x I 00 I r - ;ur esp ce r - t  cu t  I on p r - c u b  I e’trn s ; p n- c u ) ’  I ems

c c — I t )  c r c  I ‘e l i  x I i l l  t r - u r i c - e~u~er t a t  i c e n  I ) r - ,~h l unes p r u b l e ’ m s  I l — i  S i r e ’  2 e ) ( )  c.~~,>00 as si gn —

n e - n t  c r’ c e b l e ’ n e s ; ari d p r o b l e m s  I h — ’35 i r e ’  4 00— I 500 node c - ; n j c ec ~ ’ i t  c t  c d  and u n c c e ; u u ’ i t , i t e ’d

r i n s e - d c l ; e c - c e - r e t  p r - h  l e n s .

I h u e  r e ’ s u n l  t cc c c l  l i c e ’  t e ’ s  t s  a re  shown in ‘Fei bi I c  X.  I I  ccen he s e e n  tha t NET G i s

c c p p r e x i m c c t e ’ l v  tb i re’e- t i m e s  c u - c  s l ow buS  A R C — l I  vii i c - b r  is by f a r -  t h e  I cu s t e s t  of t h e ’

g r o u p . ‘f l e i s  r e ’se i l  t g i v e s  some i m i d i e - a t i o n  c c l  the a d d i t i o n a l  c a l c u l a t i o n s  r e q u i r e d

by a ge-l ie ’  r a l  ized  n e t w o r k  e ’ , c c i e’ ove’ r ci p u r e  n e t w o r k  c o d e .  An i n t e r e s t  ing  r e s u l t  is

t h a t  t h e  NI - ’l ’G t i m e s cure ’  r o u g h ly  c o m p a rab l e  w i t h - c t he  S U P E R K  t i m e s .  T lu i s  is i m p o r —

t , u n t  b e -e ’ , u e n s e ’  SU P E R K  is e’cne of t h e  f a s  t e s t  o u t — c c  f — k i  I Ic’ r i m p ) c- m e n t a l  i o n s .

The second p iecuse  of c om p c ur l s o n  i n v o l v e d  NETC and a S t e e l e ’ of  t he  a r t 1 ine , ir

p r - o g r ;u n u m i n i g  n ude’  c -a l  led  A P E X — I I I  • A P E X — I  I I  is r n c c i n t a i r i e - d b y COC and i s  ope ’r at  i c ’n a l

on a l l  ( :I)(; 6001) s e r i e s  and  C Y B E R — 7 0  5 Cr - i c ’s  c e c m r t p r n t e ’ r s  • The p u r p o s e ’  of t h e  is  les t  was

t e ’  m i d  i c a t e ’  t h e e  a d v a n t a g e s  t hat  spec: i ;i l  ized p r e c c e ’ c l u n r e - c c  h e c e v e ’ ,c ve’ r- s t a n d a r d  approac hes.

H oweve r- , i t  s h o u l d  he n c e t e d  t h a t  APEX — I I I  e ’mp I ,c’’s it i g h e l  v ~ e p I c i s t  i cat e d  t e ch n i q u e s .

‘Th e’ t w u c  e c ~~Ie’ s We re ’ I c - s l ed  u n s i n g  se’vl ’nl p r e u h i e n s  g e n e r a t e d  by NET CENC. NET CENC

is  e ’e i p c u h  1€ ’ o f  r andoml y g e-m it ’  r a t i n g  ge ne’ r ci  I izc ’ d n e t w o r k  p r o b l e m s  of virtuall y any size .

The i n p u t  spec i  flcat ions le , r  the  se ’l e ’e’ tcd pr oh l e ’ns  can  he f o u n d  in Table XI. They

range in size from a 50 x 50 general i-zed tran sport ct ion problem to a 1000 node

general i zed t r am es s i e l pme nt  p r o b l e m .

To perform tiu e- comiea rison between NF,’I’C and  APEX— i l l  * a Cl)C C Y B E R — 7 4  c o m p u t e r

was used and NE TC was e- ce m l c  Ii i’d u s i n g  t h e  COC FTN comp m l  e r. The result s can he

found In Ui, i t -  X I I .  The t e , c s  i s  of  compa r i  son leer these’ tests was a quantity called

bi n SBU. Each procedure’ incurs SBU ’s based ore the amoun t of CPU seconds used , 1/0

~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~, - - - - ‘~~~~~~ -~~~~~~~~ —-



I I

I e l , Ic’ X

Se i l u t  i c e l t  ‘l i ne r s  ( i n  ‘- ce ’u ’ e ’r e ds

P r o b l e m s  Nh - : m e ;  A R C — I l  lit ) PNET- I PNE’i-I BENN SUPERI< GM SHARE Boeing

2 ,11 .78 1.75 1.1 7  2 , 0 . 2 5  5.68 46.25 17.76 30.25
2 2 . 6 1 .89 1. 96 1.35 2 - 5 . 3 6  6.47 63.30 21.34 2 1 . 5 9
‘3 3. 34 1.01 2.13 1 . 7 4  3 4 . 5 6  6 . 8 7  10 5 . 7 2  2 6 . 1 6  31.47

3. 52 .05 2.35 1.47 31. 45 6 .57 70.74 25.13 36.47
5 3.51 1.25 2.92 1.73 52.10 6.77 90.10 30.97 47.73
6 5.67 2.11 4.50 3.06 61.00 11.05 92.32 46,411 46.64
7 7.17 2.23 5.20 ‘3.57 1)NR 12.86 157.31 65.92 113.12
8 8.87 2.99 7.18 4.20 DNR 13.69 160.71 81.00 175.10

8.46 2.99 6.76 4.35 I)NR 1 3 . 4 0  158.01 8 1 . 2 1  186.99
10 8.72 4.02 7.37 5.57 I )NR 14 .13  197 .82  84 . 2 4  1 8 4 . 7 5
11 7.31 1.92 3.71 3.12 17.44 6.44 35.67 19.93 30.39
12 8.32 2.36 7.75 4.48 20.31 6.47 28.43 21.17 22.08
13 7.67 3.13 8,58 4.91 24.92 7.25 31.39 25.81 20.02
14 9.55 2.96 8.46 5.56 27.40 6.95 18.62 24.95 23.11
15 10.97 3.12 8.60 5.91 I)NR 7.56 23.48 27.05 21.08
16 3.71 1.38 2.60 2.15 11.77 5.27 60.27 21.51 15.05
17 7.49 1.87 3.65 2,90 20.10 8.36 96.66 32/40 64.64
18 4. 44 1.26 2.65 1.70 11.31 5.13 61.54 20.06 18.31
19 5 .98 1.72 3.61 2.40 20.62 8.49 l)NR 31.75 61.07
20 5.12 1.28 2.47 2.47 10.38 4 .69 i)NR 18.11 2 5 . 7 2
21 7.23 1.83 4.19 2.46 20.35 7.96 DNR 32.uS() 61.39

22 4. 61 1.26 2.60 2.01 9.97 4.60 01-JR 17.91 24 .84
2 ’ ) 7.12 1.67 4.08 2.74 19.81 7.91 DNR 32.66 67.96
24 6.12 1 .52 3.60 2.91 11.71 5.59 DNR 25.27 21.57
25 6.90 1.83 5.49 3.96 18.27 8.37 I)NR 33.19 48.40
26 4.99 1.08 2.66 4.15 11.38 5.51  DNR 25.05 19.34
27 f,.88 1 .62 4.03 4.31 16.37 7.50 DNR 30. 45 41.98

28 15.11 4,40 10.34 5.67 I)NR 13.91 DNR 53.87 83.98
29 18.72 4.87 12.51 6.55 1)1-JR 14 .51 DNR 52.55 117.83
30 17.77 4.88 15.32 8.10 DNR 16.00 DNR 61.33 152.21
31 18.26 5.68 13.45 8.48 DNR 17.05 DNR 61.33 135.73
32 29 .77 7.42 20.33 13.59 DNR 22.88 l)NR 78.63 553.93
33 26.64 7.82 20.17 17.65 I)NR 25.89 DNR 101.92 210.14

34 32. 24 8.21 19.42 14.86 I)NR 25.42 i)NR 92.25 248.16
35 37.47 8.81 26.16 17.13 DNR 29.96 DNR DNR DNR

NA - Code and data would not fit in 104 ,000 words of memory .

I)NR — l)id not run .
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Table ’ xrr

1 5 [ ) ( ,  vs. AP [’/—I II

A P C X — i  I I
Prob l em SBUt sa 1 c05t

L 58U ’s Cost

I 7.51 $1 .35 6 2 . 65  $ 11 .28

2 7 ., ’ $ 1 . 3 1  80 .93 ~ ‘ 14.57

3 ~~~~ $1.75 9 4 . 72 ~ 17 .05

4 i c ~ .s5 $3.00 - 153.0:? $ 8 1 . 5 4

5 4 .74 $2 ,f~ - 742.61 $133.67

6 22 .55  $4 .06 h h 44 . 3 T

7 50.22 $9 .04 1633.64 $294 .06d

~CYBE R~ 74 System B i l l i n g  Uni t .

C1, , r y c p u l  e ’ - J  at $0. 18 leer SBU .

C,
1 ed - if tor 10 ,000 i f e rat i ‘ms .

Obj e ’cl i vo F’un~ t ion V a lu e = 25 ,337 ,282.
Optima l Ob jective [unction V- c lue = 3 ,354 ,927 .

dStoppe d after 0,000 iterations.
OI~~J ’ C , t I V O  I cinc tion Value = 1 ,340,958,349.
e’) l e

-
t mal 01, c e c - t~~ yE’ Function Value = 3,964,490.

.1

- - - C,, ’ — - , ‘C’~~ — —, ,,t.e~ .a -‘ ‘—‘ — ——-—— ————— — 
- a
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‘pc’ rat i ,e res pe’rfeerme d * and cen t r a l  memory  u sed .  I r e  t h i s  w a y ,  SR I) ’ s ma y h)e u sed  t o

comput e’ ,u te e t al  e’ees t for tine’ ~ob . ( o s  t i i genre’ s leave’ lc ’e’ne m u ’ 1  ude’d 
* 
based c e o  t i n e ’

I ~~~~~~ ( l)( pr ic~ ’ ~ ‘r- Shl ’ * $0.  18.

The’ r e ’sul Is i r e  q u i t e ’  r e n r c u r k ;u b l e  * c - s p e c i a l l y wle en t i n e ’  d o l  lee r cha rges  c u r e ’

c e c m p u r e d .  N E TC is in some cases more  t h a o  5 ’) t imes  more e l f  i c i e n t  t h a n  A I ’ l - X — l  11

P r o b l e ms 6 and 7 had to be p r e m a t u r e l y  t e r m i n a t e d  on A P E X — I l l  ( a f t e r  10 , 000

i t e - r e e t i on s )  due t o  the  e x h o r b i t a n t  p roce s s ing  cos t s  invol  ved .
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Th e - purpose  of t h i s  pape r is to d oc u m e n t  t h i s  r ec e nt  c ’n i e r g e t c e - c -  of gen e ra I l 7 e d
ne t w o r k s  as a f u n d a m e n t a l  c o m p u t e r - ba s e d  p l a n n i n g  tool an t i  C c e l t ’m o n s t r a t e  t h e ’
power  of th e  a s soc ia t ed  mode l ing  and so lu t i on  t e c h n o l og ie s  w hen  used i n  c o n e c ’ er t  to
e - o l c . ’ e -  r e a l - w o r ld app l i ca t ions .  .~ To accomp l ish  t h i s , the  pape r i s  d i v i d e d  in to  t w o  C

p a r t s .  - P ar t  I f ocuses  on how gener ali zed networks have- ie t’e n and may be us ed  to
model  a d i v e - r ’ s e ’  c o l l e c t i o n  of s ig n i f i c a n t  p r a c t i c a l  p r o b l e m s .  I ” i r s t  we d i s c -u s s  ( in
n o n t e c h n i c a l  t e r m s )  the  model  s t r u c t u r e  of a generalized n (’tw (’rk (GN )  and provide a H
b r i e t  h i s t o r ica l  s u r vey  of applications whic h have bee n n i o t h ’ lc - e i  as (~~R pro b lems .
N e x t  we p res e nt somewhat newer  modeling techniques w h i c h  d r a w  heavily on
genera l i zed  n e t w o r k s  as a ma jo r  component . The p i c t o r i a l  aspect  of these t echn iques
has proven to be ex t remely valuable  in both co m m u n i c a t i n g  and r c ’ f i n i n g  nonl inear
and combina to r i a l  re la t ionships .

I’ar t  II  disc ’ usses the des ign and anal ys i s  of la rge-sc ’a le  gene ra l i zed  ne twork
compu te r  solution t echn iques . The cen t ra l  ideas tha t  have  brought  GN prob lems
into t h e i r  own as a f u n d a m e n t a l  p l ann ing  tool , by p rov id ing  an e ffe ’t i ve  methodology
for computer  im p l e m e n t a t io n s  are  c lea r l y ou t l i n ed .~~ Part 11 f u r t h e r  conta ins  an i n -
depth  c o m p u t a t i o n a l  s tud y of so lu t ion  s t ra teg ies  for  ~~~4 p rob lems  w i t h i n  the
f r a m e w o r k  of spec ia l i za t ions  of the p r i m a l  s imp lex  m~ thod . The s tudy  i den t i f i e s
an e f f i c i e nt so lu t ion  p rocedure  that  de r ives  f rom an integrated sy s tem of start ,
pi vot, anc ’I degen e r a cy  rule s, The re s u l t i n g  m ethod  is shown on la rge  p rob lems
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13 . ,- \h s t  r u e - I  ( C o n t i n t n ’d  I

10 h e - at l eas t  50 t i m e ’s  fa ste r’ I han  t he ’ s r u p h u  -1 I c  at e ’d  s t a t e  — o f — t h e  —art I JP system ,
:\ P E N — I l l .  F i n a l ly , t h e ’  s t u d y  du’ r n o n st  rat e ’s I h a t  t h e ’  n i em o r v  requirements of the
method , as we l l  as i t s  so lu t i o n  t i m e ’ s , at ’ ’ ’  e - c m e i f i c ’ ’ i e ’ n t l v  s ma l l  t o  warrant its use
as c-i c o m p u t e r — b a s e d  p l a n n i n g  tool not only in a leatch p r o c e s s i n g  enviro nment ,
i c ~j t  a l so  it t  an int e  r ’act i \‘c ’  I ’ f lV j  r n n m c ’n t  
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