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SUMMARY

The principal purpose of this study is to derive exact equivalent

network representations for the quasi-static electromechanical behavior of

crystal stacks that are piezoelectrically driven in thickness modes of

vibration . The stacked structure may consist of any number of layers ,

which are considered inf inite In lateral extent , so that all field varia-

tions are with respect to the thickness coord inate only. Each layer

consists of a homogeneous , but arbitrarily anisotropic crystal medium,

whose constitutive equations are linear. No further restrictions are

placed upon the magnitudes of the elastic, piezoelectric , and dielectric

coefficients other than those imposed by energy considerations. Thickness-

or lateral-field excitation may be used to drive one or any combination

of the plates.

The present analysis shows that each layer is represented, in

the bulk, by three acoustic transmission lines , which are physically equal

in length to the thickness of that layer; in general, these lines possess

unequal characteristic imxnittances and propagation wavenwnbers. At the

interface between any two layers , the six transmission lines (three from

each side ) are interconnected by transformer elements . Incorporation of

the piezoe].ectric drive mechanism requires au ad~itio,r al simple network

that is connected only at the transformer terminals , thus providing

further coupling between the transmission lines.

The circuit descriptions obtained here constitute a first

rigorous representation for the canonical cases of thickness- and

• , ~~~~•
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lateral-field excitation of the three thickness modes of vibration of

crystals with arbitrary anisotropy ; furthermore , the network representation

includes the complete development of coupling between these modes due to

the piezoelectric effect and accounts for all mechanical boundary condi-

tions • What has thus been attained is not simply a complete circuit

equivalence that holds port-to-port, but rather a true analog, which is

valid on a point-to-point basis. As the physical processes of the actual

problem are thereby accurately mirr ored in the quantities associated with

the network equivalent , which is spatially distributed to correspond to

the geometry of the structure, it is possible to visualize and trace the

interplay of the waves involved simply by inspectIng the circuit; In

addition , the full effects arising from the couplin g at the boundaries

between adjacent media are made evident in a succinct and readily inter-

pretable manner.

Apart from physical insight , the development of these equivalent

networks has additional significance. The circuits have been realized

In such a fashion that the overall result for a multi-layered structure

is bu ilt up by the simple interconnection of basic blocks of identical

form , with each block account ing for the behavior of one layer. When an

actual structure is to be analyzed , it. is therefore no longer necessary

to perf orm an ab irtitlo mathematical analysis . Instead, the complete

characterizing circuit can be put down by inspection , thus reducing the

problem to one of network theory. Similarly, synthesizing a structure

that realizes given performance specifications reduces , via the circuit 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~



iii

analog, to a problem in the domain of networks. In fact , almost without

exception, the mechanically vibrating, layered system here considered is

itself embedded in a completely electrical circuit, so that having the

mechanical portion cast into electrical form provides a uniformity that

lends itself to optimization of the overall electromechanical system.

The general network description derived in this study yields

a powerful and immediate access to computer—aided circuit design pro-

grams , so that the lead-time between conception of an idea to the working

model can be cut dramatically. As an illustration, a computer simula-

tion is used to generate the filter response function for a simple

two-layer structure composed of quartz plates of varying relative orien-

tation. This example demonstrates the application of these concepts to

the development of actual devices and illustrates the systematic,

efficient and practical aspects of the network characterization developed

in the present work.
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I • INT1W~~~ION

A. GENERAL

1. In this aissertation we derive exact oguivalent circui t repre-

sentations that describe the quasi-static e1ectrc~w~thanical behavior

of crystal stacks driven in thickness nodes of vibration . The structure

may consist of any nunt er of layers ; these are considered infinite

in lateral extent , so that all field variations are with respect

to the thickness coordinate only.  Canprisir~ each stratum is an

hai~~ eneous , but arbitrarily anisotropic crystal , whose constitutive

oguations are linear. No further restrictions are placed upon the

ma nituues of the elastic, piezoelectric , and dielectric coefficients

other than are inçoseu by energy considerations, so that the analysis

incluees materials with high piezoelectric coup ling; such are currently

of great technological interest. ‘inickiicss— or lateral—f ~C]L  c::citatie:

be Usce dv t ,rj v cac cy . 
. ‘ ‘ cer . Ic ef U~ iate5’ .

~~r .u , . t 1 sin ~~ ~
• 

~~~ t ~~~~~~~ r i~ f l :j ~ i - . -: dvi. , in U

.~~~~ L .r ~~ . ~~~.1C Lr~L’ . ~~~~ioi t ~~~~~~ ~ iH  -~~~.a1 h . ic.~-~ L

Le L U .ic. i ~~.a; f U ~at layer , unt  ixt~ , it1 general , un~ kiua character—

i~; tic fl~iaittanees ate  propagation w,ivciu~v hers . Lach interface , hc~~evcr ,

appears as lu.ipeu traxtsfori~~r cleim~nts coupling together the six

transmission lines incident upon that ucunaarv frau the strata on

Lx~U 1 siues . I corporation of t h e  piezoelectric drive n~ chanism is

Iu rt. ,er s~~~ n to roguire an audi t.ior.al simple network and interconnection,

which appears also only at the boundaries , and which proviues further

u. uj ii ;~ between Ute tr an~~ission lir ~ s.

~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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F~ r various cunbinations of layer material and orientation, plus

mechanical interface conditions and electric driving field airection,

the mechanical and piezoelectric interfacial networks simplif y considerably.

Of the crystal vibrator aevices conceived and utilized over the years ,

which fit into the class of structures we describe , virtually all are

of this latter type. In such cases, the equivalent electrical circuits

which result f run specializing our fonnul ation yield the sane mechanical

and electrical port-relations as obtained fran the traditional equivalent

circui ts ; indeed, the circuits are formally identical out for the piezo-

electric transformer placement, a seesdngly minor detail, shown to

be important conceptually.

~~en conaitions al low littl e or no simplification of the boundary

networks , the circuit representations we give here nost distinguish

thes~se1ves. They are the first set covering , with rigor , the canonical

cases of thickness- and lateral-field excitation of the three thickness

nodes of vibration of crystals with arbitrary anisotror~’, including

the ounpiete develop~~nt of coupling between these nodes due to the

pie zoelectric effect and mechanical boundary conditions.

As an example and application of these circui ts and concepts ,

cu~~uter simulation is used to generate the response function of a

simple two-layer configuration composed of quartz plates of varying

relative orientations.

2. Tbe objectives songht in this dissertation go beyond the

aerivaticn and presentation of these new networks . It will appear ,

as the dew1o~xnent proceeds , that what has been attained is not simply

an equivalence which holds port-to-port , but rather a true analog which

- ;;~~-Thi - ,~~~. 
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F is valiQ on a point-to-point basis. That is , the physical processes of

the actual probl~ n are accurately mirrored in the quantities associated

with the circuit equivalent , which is spatially distributed to correspond

to the g~~z~~try of the structure. Because the ne~~~rk and the structure

accoru in this manner , it is possible to visualize and trace the inter-

play of the waves involved simply f run the inspection of the circuit

dj a ram, including the full effects arising fran the coupling at the

bounuaries between adjacent media. It is true that the circuit contains

no information other than is contained in the math~natical stat~ nent of

the probl~ n; however , it is contained in the circuit in a succinct and

readily interpretable form . j
In the nore cunpiex classes of vibrating systans we are discussing ,

it is easy to have the matk~~natics describing these situations obscure

just what is taking place physically. On the other hand , reference to

the analogous electrical equivalent places in evidence, directly , the

physical content of the problan, with the details and intrica cies

individually accounted for in the schanatic. The effects of changes in

physical condition and configuration are readily visualizea, such as a

change fran welded to sliding interface contact; the effect of replacing

a piezoelectric plate with a nonpiezoelectric one, or a ctystal stratun

by a fluid.

We thus present , for a given layer configuration, an equivalent

network which is a pictorial representation as well. Another advantage

of this develcçznent is that the circuits thanselves su gest applications

and devices that are not so readily apparent when consiaerth~ the

.~~~ ~~~~!
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niathui~atics alone . This xiies about because of the similarity the

equivalents bear to others descr ibing the behavior of existing types of

~~ponents whose operation depenus on a different princip le , e .g . ,

microwave filters or electranagnetic delay lines . Not only are new

aevices sL~jgesteu, but their realization anu optimization can be guided

by the techniques developed in connection with the older devices.

i½part fran valuable physical insight , the develo~~ent of these

equivalent circuits serves additional purposes . We stated earlier that

any nuxrber of strata can be acccznnoc~ated . This stuns fran a key feature

of the work, the concept of building blocks. The circuits have been

realizeu in such a fashion that the overall result for a structure is

built up , simp ly, by the interconnection of basic blocks, each block

accounting for the behavior of one layer. All blocks have the same

canonical form, althongh the nurerical values associated with the

el~ nents of each block will, in general , differ, and, as we mentioned

previously, certain particular cases will bring further simplifications.

When a suitable physical structure is to be analyzed , therefore, it is

no longer necessary to perform an ab initio mathunatical analysis, but

merely to put uown the network characterizing it by inspection .

Nunerical par~neters neeu still to be calculated , but this is done for

the individual network blocks separately.

At this point, other advantages becune apparent. Not only is it

unnecessary to analyze each new arrangunent over again , layer by layer,

but such analysis as is necessary is of a particular sort. The

problun is TK~ one of network analysis, a highly develcped subject ,

anu all of the powerful techniques fran this field can be brought to

a
. ~‘~~ - t-
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bear upon the equivalent network to ubtain such measures of performance

as are require d for the intended application.

Carplemanting the analysis problan is that of synthesizing a

structure which realizes given performance specifications. Here also

the proceuures are highly systanatized in network thecry, which may be

used directly . In fact , the mechanically vibrating, layered systun we

here consider is alnost without exception itself anbedded in a cunpletely

electrical circuit , so that having the mechanical portion cast into

electrical form provides a uniformity which lends itself to optimization

of the overal l electrci~~chanical system.

A further advantage of the network description, and one of the

nost important , is that it gives inmediate access to <xznputer-aided

circuit design (CAD) programs currently caning into pranirence , so

that the lead-tine between conception of an idea to the working device

can ue cut uramatically. Worki ng either fran a new idea in terms of

structure or materials , or fran given performance requir anents , the

device is simulated on a cunputer, using a CAD program to arrive at

a physical uesign which then becunes the basis for exper iments .

In this regard , the fact that , subject to rather unrestrictive

ass u~ptions, the analysis is exact , is important , becaus e the simul ated

behavior of a device is also exact. When the results are used to

produce experimental or practical nodels, any deviations fran predicted

results may justly be ascribed solely to unpirica l factors , whereas

otherwise, the question drises whether the divergence is due to the

experirents or to approximations in the analysis.

• A further application of these circuits is to the accurate

- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -



determination of material coefficients. Pr ior uses of stacked

resonators for this purpose have had mixed success because of the

restriction to a single node, and to the absence of an exact analysis.

Oir networks clearly describe the interplay between the three nodes as

experimental conditions are varied. For example , the effect of one

experimental paraneter variation, viz., that of a relative rotation

between two aujacent plates , about the thickness direc tion , is simply

to change turns ratios in the interfacial transformers. This, and

other similar procedures, taken in conjunction with a suitable sequence

of inimittance and frequency neasux~ nents, should permit the determination

of the full array of elastic, piezoelectric and dielectric coefficients

of a substance with high precision and relative ease.

3. Our results arise fran a ca~t~ination of separate ideas; these

are discussed briefly here, and covered in greater detail in Section I B.

We observe, first, that for a given direction , an arbitrary ,

unbounded crystal supports three independent plane acoustic waves .
V 

V This sujgests that three nodes, instead of one , have , in general , to

be incorporated into equivalent circuits describing one-dinensional

thickness vibrations of a crystal.

Secondly, the idea that the physically vibrating system is distributed

in nature is nost graphically conveyed by means of tran~nission-line

schanatics. These carry over the important idea of spatial extension

to the equivalent networks and sujgest an analog which might be valid on

a point—to—point basis.

The next notion concerns the piezoelectric effect. It is often

discussed as a voluretric, distributed, interaction; however, it may

• 
4 . ,- , 
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equally well be considered to arise only at the layer boundaries .

~~o results support this : a. a piezoelectric rod excited by a

microwave cavity field is found to initiate acoustic waves at the end

face ; b. a traction-free crystal plate has its three thickness nodes

piezoelectrically coupled at the free boundaries , whereas they are

otherwise uncoupled.

‘ihe final aspect requiring treatment , when casting the physical

situation into circuit theory terms , is that of the purely mechanical

bounuary wnuitions . In aduition to the piezoelectric effect , these

also couple together the three thickness nodes at the interfaces in

all but the simplest cases . It is apparent that networks which account

for the mechanical boundary condi tions might be placed directly at

the interfaces in the equivalent circui t representat ion, but it is

less obvious how they are associated there with the pie zoelectric

c~ri-ve circuit clei~eiits. ~c slicw that each effect appears in the overall

network as a separate interconnection of ibeal transformers at each

layer interface.

B. IIIS~IORlC1\L

Having mentioned very briefly what has been cone , sar~ of the notiva-

tion for coing it , and the main ideas involved, we turn IXM to a nero

detailed account of the back ground and sources fran which this probl em ,

and its solution , have cune . It is convenient to organize the discussion

into a nunber of overlapp ing categories . The topic of analogs is first

touched on , after which the analogy bet~~en acoustics and elect rariaqrietics

is briefl y reviewed. Network theory as an outgxwth of electr ana inetics

- -~~~~~ • -- - - - ~~~~~~ - - --~~~~~~ - - - - - -~~~—- - - •~~~~~~~~~~~~~~~~~~~~~ --~~~ •~~~~~~~ — — ~~~~~~~•~~~~~~~~~~~-- ~~
-
~~~~~
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-~~~~



8

then follows. Next , past work on acoustic waves in crystals is consiuered ,

followed by the subject of piezoe lectric excitation . The topic of equivalent

electrical circuits growing out of the cunbination of acoust ic waves ,

piezoelectr ic excitation and network theory is then taken up. Finally ,

areas of application are indicated , with general references to all of

the above topics .

1. Networks will be derived in late r chapters which are analogs

of the vibrat ing structures described in I A. above , insofar as regards

thei r electrcinechanjcal behavior. To make clearer our use of the word
“analog ” , and also because the idea of representi ng one physical or

ideal system by another, which is alike it in saie respect , is a can ton

thread in the historical developnent sketched here , we indicate a nurrber
of distinctions. ‘I\~o physical systems are considered true anal ogs if both
are described by the sane mathematical relations everywhere within the

sys tans and at their respective boundaries . Scinetirres , irrespective of
the physical processes interior to two systems , which may rot be analogous,

the relations characterizing the ir behavior at the bounda ry ports , such

as terminal voltages and currents , are identical . In this case the analogy

extends only port-to-port and is a limited and imperfect one , but in many V

practical cases it is still extrarely useful . A true analog corresponds

at the ports and also in the inte rior , so that it is valid , for spatial ly

uistributed systems, on a point-to-point basis ; our networks are of this

latter type. Analogs, and thei r experinental realization , have been applied

to various elastic problems by Nindlin & Salvaderi (1) .

One may talk of analogies in senses other than that understood when

describing trus or limited analogs . Thus , without regard for the

- - 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

- • V - -~~-— - - - —-
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mathematics involved, one can consider physical nodels as analogs insofar

as they may be used to c~ rcnstrate a principle , as Ma~~ell ‘ s mechanical

nedel illustrating the induction of currents (2), or Kelvin ’s string and

spring nodel of an anisotropic solid (3). Yet another form of analog

is that represented by schematic drawings. Here the analogy is of a

subtler sort. We have now a diagrarrrnatic , shorthand , depiction of a

physical situation, wherein the essence of the problem is abstracted

and idealized by means of syntols and topology. Electrical circuit

schematic elements , e.g. , are analogs of certain limiting cases of

electrema netic situations ; the correspondence is one between a physical

system anu a urawing, not between two physical systems. The physical

problems we treat are characterized in this manner , but as the schematic

circuits themselves always correspond to a physical electranagnetic

realization , the correspondence can be considered to exist between

pairs of physical systems , and our representations are , therefore ,

true analogs.

2. The subjects of acoustics and electr anaqnetics are both very

large. We will simply note that because they share the phenanenon

of waves in curiron, the possibility of a xmton , or at least a similar,

explanation or description has always been an intrigu.~ ng one. A general

reference, covering both disciplines , is the cur~ rehensive article

by Truesdell & ‘ibupin (4 ) .

One difficulty in establishi ng a tr ue analogy between acoustics

and electranagnetics is that , in general , acoustic plane waves have

three polari zations whereas electrcxnagne tic waves have only two. Mac

Cullagh (5) did , in fact, force a true mathematical analogy by assunirq

- ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~
--
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an “elastic strain” energy function which involved only the cunp onents

of rotation relative to an absolute frame ; the constitutive equations

then relate stress to rotations , the equations for the “elastic” notion

of light in a vacu~.mi beccxre formally identical to Maxwell ‘ s equations ,

and the longiti.zlinal node is eliminated.

Azother avenue of approach consists rot in suppressing the third

node in an acoustic formulation of electranagnetics , but in generalizi ng

the electranagnetic formulation to provide light with a thirci polar-

ization. Altho~~h of theoretical interest (6), experimental evidence

is lacking (6 , 7) for this app roach , and the analogy cannot be made

nore than a similarity .

The nost recent attempts at displaying the mathematical correspondences

which exist have also been the nost successful. Auld (8) considers

acoustic plane wave prop agation in a piezoelectric rredi urt and shows

that whereas the equations are rot identical to those for electranagnetics ,

the field operators in each case bear certain analogous relations

to each other. Peng (9) uses a transformation which pranotes the electrcznag-

neti c field vectors to second-rank tensors , and obtains equation sets

which are nearly identical , so that a good deal of insight into both

systems is achieved.

An analog in the form of a mechanical rrodel of the ‘ ether” was

proposeu ~y Kelvin (10) , which would require a nunbcr of gyroscopes

in a very xxr~ licated arrangar~ nt . The very canplexity of such a

m odel is an thdicaticn of the artificiality of attempts at a canton

explanation , or even of a crimaron description , in the strict sense ,

of acoustic and electrcxriagnetic ~~enanena .

- 
;::~~~

-
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The crux of the difficulty is that acoustics and electromagnetics

are fundamentally uifferent in nature ; while they have certain cannon ,

or similar trai ts, the differenc es prohi bit an analogy which is complete

in all respects . Fbrtunately, the areas of similari ty do permit a

nuither of true analogs to be formulated , particularly as rogards wave

properties. The analogy which concerns us has to do with the fact

that uniform , plane , waves of both types may be represented by spatially

uistributed circuit schematics in the form of transmission lines .

These will be uiscusseu subsequently in greater detail.

3. As we indicated earlier , electrical network theory is a Jir~iting

form of electranagnetics . ‘II ~ network cxxrponents appearing in the

theory arc both lu~ipeu (11-14) and distributed (1~ ) .  Of particular

inçortancc for us is the transn~ission-line , which is principally the

creation of iieavj side ( 16—17) . It incorporates t~io~c aspects of electro-

magnetic waves roguircu to provide tru e analogs of the acoustic problems

we consider, beyond proviulny analogous systems, the use of network

representations allows us to c~~ loy circuit sch~-natics as visual analogs

to assist in the portrayal of the physical processes involvea ; this is

particular ly helpful for understanding transient operation of layered

devices. Therefore , not only do we carry over the electromagnetic

analogs to our acoustic problems , but we use the schemata for visual

interpretations .

~~iued to this , network theory provides specialized math ematical

techniques anu procedures which have been tailored for the very ends

we wish to achieve , such as realizing specified filter responses .

Gener al references are the texts by Guillemin (18— 19) , Cauer (20)

:~~~~~~~
‘

~~
-
~~~~~~

-
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anc~ Carlin & Giordano (21) . Network theory with specific applications

to filters is uiscussed by Ruston & l3oruoyna (22) , Mason (23) , Youla

(24 ) and 2~verev (25). The subject of crystal filters is dealt with

in Iierzog (26) , Mason (23) and Kosowsky & liurtig (27) , while crystal

oscillators are treated in Groszkowski (28) and Ilafner (29) .

Althoi.z h ileaviside is responsible for almost all of transmission-

line theory in its present form , inclusion of the finite transmission

line as an auditional circui t element for network synthesis began

with Richards (30) , in 1948; since then conventional circui t theory

has been enriched by an increasing use of distributed networks , primari ly

for filters, but also for broad-band transfonrers and delay lines .

The recent articles by Carlin (31) , and. Koga (32) indicate the current

status anu contain auditional references to the literature. As our

circuit results appear in the form of networks crznposed of lunped

and distributed elements , the synthesis procedures now actively being

investigated can be applied , via the analogs, to the realization of

piezoelectric layereu crystal structures having prescribed behavior.

We mention , lastly, conputer—aided circui t design ( CAD) as a means

of inplementinq the results of network theory (33) . This field is

ueve loping rapidly , and CAD prog rams are now becoming available to

handle distributed-element circuits . These programs are a necessity

when consideri ng the anal ysis of many-layereu structures, or even

configurations consisting of only two or three layers except when

the crystal plates possess a great deal of intrinsic synir~etry and

are simply oriented with respect to the cuiton thickness coordinate

and with each other.

- -
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -—- --- - -- ~~~- ---~~~~-- - - --- - - —-~~~~~~~~~~ - - -_-- ---
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4. We take up r~~i the topic of plane acoustic waves propagating in

crystals . The dlscussion is divided into four parts : propagation in

medla which are a.) unbounded and nonpiezoelec tric , b.) unbounded and

piezoelectric, c.) bounded and nonpiezoelectric and d.)  bounded and

piezoelectric.

a.) George Green, in 1839 , gave the fi rst general theory for the

propagation of p lane acoustic waves in aniso tropic media (34) . lie showed

that three types of waves are possible, that they in general have differen t

velocities , and that the directions of particle rrotion are mutually perpen-

dicular. It was he who , in an earlier paper (35 ) , also showed that

twenty-one elastic constants are required for the characterization of an

arbitrary crystal. This was deduced fran the conservation of energy

principle which he was the first  to state . In both of these papers he

was seeking equations governing the behavior of light , so we have here

yet another example of how closely light was associated with mechanical

notion , and how steadfastly analogous explanations were pursued.

In l~ 77 thristoffel published a long article on the s~~~ subject (36) .

lie cast the equations in terms of strain instead of stress , and gave the

formul ation which is still followed today .

Lord Kelvin (37) built upon the work of Green , clarified parts of his

work , and extended it. h ere , again , it appears that the notivation for

these acoustical researches was to obtain a clearer understanding of optical

phenomena, although he did pronounce the topic of elastic waves in a solid

“a fine subject for investigation.”

Nusgrave (38-42) presents very fine discussions of the behavior of

elastic waves in anisotropic subs tances using the projective geometrical

- ~~~~~~~~~~~~ ~~~~
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correspondenees between the velocity , slow ness and wave surfaces , lie

sunuuri zes the situation as it stood after Kelvin ’s work , but spurreu by

the availability of experimental data which was all but absc~it in Kelvin ’s

thm~, he investigates specific features of the elastic surfaces , unu

calculates a zit ~ubcr of t i~~ for various m uterials.

U . )  historically , (X)flSideratioa of xiu ;Lic wave prop ation in

~-i~~zcx lcctri c cr~.’sta l~ ~rcx;L fr ~a~ e: j~~ui~ & m ~L~; uj v ihr ~t i~~ p i Les of

;ua r t z , of .icn ore ~:i1l c~ said c k - .)  &1c~~; f rc~ L~c - t i L i o~~ of

ut  or L icular c~c;e~; , u . vu1vu~~ L.e - i h .~ iT~ 1 c -i ’ ~T f LI O11~ C f

; V - ~ h o ;  u T i L o , -j fj ;~ t c — r~~~~~~~~~ c-f L~c c’

i.. ~~~~~ c ~~~~~ ‘ 1. ~~~~~~~~

~~~ -~c u  ( -  ~ 41 , - m~ Lhe ~- :.t-ac - i~~ - : . ‘ ci e. .Lol i~ IL

of ~O~~~Lj,~~~~f ~ •~~~* ( 4 - ~) ~ vi ~ oa .  ~~~~ ~ K~~~ r ~~~~~~~~~ ~~~

correction to - ~ Lh~ x~~~;h ;t x -~ L . .: vu Lh ~Z ~~~~ Ct ~~~~~ a~~f ruo--

ti~ i ~~~~~L L ~~c~ ~I~e ~~~ C~~~~~t r  ~~~~~~~~~ t u , ‘ - ; i c~ u. :ulv~ c. j  , 1 ut r~ co11’-:

i f f CL. ~-i~c ;t ic ~~~ te~~t .tu~ I -—4 7) , ;.h ~.as i1~ c inLure stee

11. plate vi~ r~i~ ~~~ - ; a V u i -Lu ~,1sL’~~;:~ 1 c m  f L -~~ -u~~ uu propaga-

tion rue iu , i1.ciu~.i o  L. ,~ i fi uct ~~~~ Lh~ i a ~~ K L~~- 1L constants on tthe

:urticl~ ~uLiun~~, ane t i t  L :f fu i i  of an c:-:cit u .  f i ~ - i u  on th. effective

~)1~~~c) 1ucLr1L - cona tant . ur1v~ nc a ~iven t ichness - ~

In 1949, ~~ -a ~ ( - L )  tr ua te . the ~ore oifficu l t ~-ro~ 1~ of wave

- rupu~ution in u~ infinite irediun where both L u  a (x) u.~ t Ic u n .  elOCtiD—

~~j nctic effects are coupled by piezoelectricity . The tJ~ec r’ :ie developed

incorporates t i c  ful l ~laxwell ’s eq aations , one ;irc’dict s five olanc waves ,

th ree uf which L,eca~~ the acoustic nodes , in the ü~~encc of ciczoelcctri—

ci Lv , w~ ~i le the rc~uiding two beconu U ~c- usual electromagnetic waves .
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lie also gives an expression for the cxxnplete Poyntinq vector cuposcd

of both elastic anu electruiujnetic contributions.

Simi lar analyses were carrie d out by Pailloux (49) in l9~ 6 , anu Alda ,

1Iru ~ka & Tich<~ (50) in 1963. 1iru ~ka ( 5 1 — 5 2)  cu~~ared the results obtaineci

by keeping the full ;-~a>~•;ell’ s equations , with those of Lawson ’s method ,

where U ic quasi-static approximation is made . I ie was a~ U. to separate the

effects , anu to show that , whereas a quasi-static piezoelectric correction

to the elastic constants and velocities can anoun t to a uifferencc

micasureu in per cent , the result of Lie quasi-static app rox ination u if f er s
— Ifran the exact electromagnetic calculation by less than 10 percent , and

so is cxiiipletely negligible for our purposes ~cro.

~~~ mention, lastly ,  that Auld ( i )  has ~~riveu reciprocity relations

for the piezoe lectric nudiun in both the exact case ~uiu the quasi-static

~ippiDxnrmaticin.

c.) Now we cxxre to a consideration of acoustic waves in bounded ,

but nonpiezoelectric media. It is appropriate to look first at reflection

and refraction of waves at a single boundary . Knott (53) first gave the

solu tion for isotropic solids in contact , in 1899 . In the intervening

years , additional treatments were given . Musgrave (41-42) gives a recent

account of the case of anisotrop ic bodies in contact , with a practical

example .

Passing on to the situation of an isotropic material bounded by two

paralle l planes , consti tuti ng a plate , one can cb no better than to con-

suit the ccrmprehensive article by Mindlin (54 ) which includes historical

references and develcçinents. We take note of only one fact r~~j , to make

a point later. Althou gh Ray leigh and L~~nb gave the formal solution to
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the traction-free plate probl€~n in 1889 , it was not until 1954 that it was

recognized that the plate waves could be decoii~ osed into pairs of longi-

tudinal and shear waves reflecting fran the boundaries (54).

The history of high frequency waves and vibrations in anisot ropic

plates b~~ ins with the work of Koga (55—56) who solvea the thickness node

probl ~ n for the case of an infinite nonpiezoe lectric plate in which he

independently rediscovered Christoffel’ s method . In applying the theory to

plate resona tors of quartz and touniialine, he recognized the influence of

the piezoelectric effect in altering the effective elastic stiffness , but

his treatment takes the form of an ad hoc addition.

Corresponding to Rayleigh’s (57) solu tion , for the isotropic plate ,

is Eks tein ’s (58) solution for the two—dimensional vibrations of a

nonoclinic plate, which was elaborated on by N~~man & Minulin (59) in

1957 . Since then a great variety of results for bounded crys tal plates

has be xx’~E available, notably through the work of ~-1ind1in and his col—

leagues. They have had considerable success in applyinci nu thcxis of power-

sel-ics c~~~ noiuns in the thickness—coordinate , ori g inall y due to Poisson

& Cauchy , to arrive at approximate , two—db~ �iis ional , plate equations

which may then , very ofte n , be solved exactly .

d .) Inclusion of the piczoelectric effect into the thickness-

vibrations of piate—resonators was carried out by Cady (60) in 1936 who

gave a nore rigorous analysis of its influence for a single node . lie

considcreu the crystal as a lunped mechanical syst~~ in the vicinity of

resonance, and inclu ded the consequences of a fi nite air gap between the

plate and electrodes.

,._ r & - - .
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Ft llowing this , Lawson (43), as mantion ed earlier , gave the correct

quasi—static equations for acoustic plane wave propagation in an infinite

piezoelectric plate , forming the basis of a rigorous th~~xy of piezo-

electric vibratio ns, instead of considering the plate a li.zi~ ed systan , as

had Cacy. h owever , his assu~xi solutions cb not indiviuually satisfy the

proper boundary conditions, except in simple instances, but app lica tion

of the results to the experiments of Atanasoff & Hart (44)  was adequate to

resolve thei r inconsis tencies , largel y tine to neqiect of stiffening. In

1942 Lawson ( 1 )  took up the problan sore fulls’, consiaeririq a driving

electric field oriente d in the thickness airection , and arrived at results

which were believed to be exact, including the influence of an air gap.

The effect of piezoelectrici ty, additional to stiffenir~~, was incorpo-

rated into an “effective thickness , “ di fferent for each of the three noces,

and from the geometrical thickness.

k2cstein (62) , in 1946 , and Mindlin (63 ) , in 1952 , treated the much

mere difficul t problan of the finite crystal plate . Our work concerns

only unbounded plates , so we will pass over the main results of their

papers , except to indicate how they proceeded, and return to than in

connection with equivalent circuits. Lkstein uscu perturbation theory

to investigate forced vibrations. rflle plate problan is first solved

approximately in this manner assuning the piezo-effect is absent

the procedure is then used again to take piezoelectricity into account.

Mindlin’s work treated forced vibrations of no~~ - .linic crystals by

an extension of his approximate two-dimensional plate equations to

include piezoclectricity.

The publications of Lhechnunn (45-47) , already referred to, apply

~
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also to the vibrations of pie zo-plates , but are sore properly considered

in the contex t of equivalent circuits .

Tiers ten (64) in 1963, reconsidered Lawson ‘ s problan (61) , and

discovered that the solution gi~~n cbes not satisfy the proper boundary

conditions • lie solved the problan exactly. Tiersten found that the

three thickness—modes are , in general , coupled at the two traction-

free boundaries , by virtue of the piezoelectric effect . Only ii’. slIlpie

situations will they be uncoupled, in which case the solution recuces

to that of Koga (55). It is upon these resul ts that our construction

of analog circuits is , ii large measure , based ; Li 1( - rusult~ provide

an interpretation for certain network features hic -~ is si~~ — 1~ ~mu

physicall y satis Lying.

In 1970, V~u~aua & ~iizJ~i (6a )  recast r j j r~; LL1 , ’ s c-~act solution

into xon~ia1 coordinate for~ , and calculatcu t_~~ - ii~ ut a üt t~ :~~ of

L.~L plate vibrator for t~~ ca~;Ls of tr act i(—u-- fre ( , -
- 

~ :

air—gap boundary conuitious. ~c will retain certain features of thLir

derivation , specifically the normal-coordinate transformation , in

our ana lysis.

e.) i~iu analysis unu networks to be given here will assui~

that thL structures are lossless. This is adepteci as a convenience,

but i~ not really a restriction. In practical situations , the presence

of loss usually has to be considered ; methods for deing this , starting

frun the lossless case , are described in the literature ((~~- - T 2 ) .

f .)  We conclixie our discussion of piezoelectrically driven

crystal p lates with an aspect that is of fundamental irportance for

our uevelopnents; that is the effect of the mechanical boundaries

when two crystals are jux taposed to form a layered st~ icture. 

~~~~~~~~ --- .~~~~~~--
. --- - -~~ - -~~
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From the work on reflection and refraction of acoustic waves, going

back to Green and even earlier , it has been long recognized that the

mechanical boundary conditions provide for iiode coupling, and that,

in general , all ni~x~ s are invelved , even for norm al incidence, corresponding

to the one—dimensional thickness-nodes of interest to us. The usual

case in practice, however, is to use materials and geato tries in layered

configurations which result in a sing le node-type (73-85), althongh

occasionally (86) node coupling is taken into consideration .

Our develo~ r*~nt represents the coupling , a~ ipletely ,  in our circuits ,

in such a way that the phenaionon appears in a readaly interpretable

form to those f~ rii1iar with network schanatics .

5. A basic aspect of the work to be described in succeeding

chapters depenus upon an interpretation of the piezoelectric effect

in teim~s of a force acting at surf aces rathe r than thronghout a volune .

F’br the class of problems ~~ treat , this interpretation turns out

to have a very clear , physical , meaning, when regarded in network

equivalent terms . The usual form ulation of piezoelectric drivir~ as

a voluretri c effect is given by Cady (87); the alternative of surface

forcing gr~~ out of work by Cook (88) , who in 1956 gave an analysis of a

piezo-transducer used for generating transients , and by Slater (89) , and

Arenbe rg (90) , who uescribeci microwave cavity excitation in piezoelectric

crystals. Cook clearly stated the equivalence of the two ways of reg ardi ng

the excitation , and showed that application of a voltage to an ini tially

quiescent transuucer produces two elastic waves that propagate fran the

two plate surfaces inward toward eact’ other. This effect was used by

L3&rnol & bransfeld (91-9 3) to produce hypersonic acoustic waves in quartz

— 

•
t~~ 1 :,
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rods , by introducing one end of the rod into a microwave cavity , there

to intera ct with the cavity field. A simi lar arrang~ rent at the output

allowed the waves to be detected . Experiments and analysis , carried out

in 1960 by Jacobsen (94-95) lea to a more canplete understanding of the

surface-volure equivalence, lie showed, as cia ~ibn~~ l & Dransfeld (93) ,

that acoustic waves are produced at all spatial discontinuities of the

(voli.znetric ) piezoelectric stress , the abrupt discontinuity which occurs

at the end face of a rod or plate being only a special case. Fbr us , it

is a very important one.

Treatments of the case of distributed sources arisi ng fra n dis-

continuities within the piezoelectric i:cciiur~i have been confined to the

case of one node , and are discussed in :-titchell & F~euwood (96-97) , and

Leecbm et al. (98). Variations in the piezo—stress thronghout the specirx~n

is a practical concern with ceramic transducers but much less so with

quartz and substances with small piezoelectric coupling . In fact , the

fri nging field in a microwave cavity produces a continuous Listribution

of acoustic sources within a quart z rod in Jacobsen ’s expcrin~ nts (95),

but he shows their effect to be inconsequential cx~ipared to the

inpulse-like source created at t h e  roe end—face . Transient problems,

wherein the surface forcing effect sha.,s up nost praninently ,  were addi tion-.

ally considered by 1~~dwood (99-100) and Peterson & Ibsen (101) .

E~ plac~ rent of the voluretric piezoelectric driving stress by the

surface forcing equivalent was fruitfully applied by liollana (102-104)

to a variety of ceramic vibrator problems involving ~~ztplex configurations.

lie emphasized the sinpie physical interpretation which could be given

- •:._ 
~‘~~~~~
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to this formulation ; the sane interpretation will arise in our treatment.

The finding, by Tiersten (64) , that the three thi ckness-modes are

coupled , by the piezoelectric effect , at the plate surfaces , is another

manifestation of the part the bound ary discontinuities play . It will be

shown that both Tierst en ’ s boundary coupling, and the initiation of

acoustic waves fran the end face of a piezoelect ric rod in a microwave

cavity , are ‘
~~~~~~~~~ aspects of the sane phenarenon, and both follow fra n a

consideration of the appropriate equivalent circuit.

6a. Circuit theory is conceptually, if not historically,  the offspring

of Maxwell ’s field theory. Sane of the advantages of this idealizat ion

have been pointed out previous ly. In view of them it ’s not surprisi ng

that circuit theory should be used to model physical electromagnetic

systems ; that is , to be used as analog representations for than . This

has been done with great success , beginning principall y in the earl y

1940 ’s in connection with the develo~ rent of radar syst~ iis (105-108) ,

and continues to the present tine to be applied to a large variety

of problems (109—ill) . In fact, it is just the carry-over of network

representations of field problems fran the electrcznaqnetic to acoustic

ck~nains which is beginning to prove so fruitful today , and this carry-

over depends upon the analogous aspects of these fields .

b. The work of Rayleigh (112) contains implicitly the notion

of an acoustic transaission line , but it was the pioneering work of

Mason (113-114) who introduced the concept in connection with crystal

vibrators. lie stated explicitly that , to take into account the wave

notion , the repres entation would have to be a transmission line.

a — •~ ~  
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A fuller account of his work will be given in c., below, but we note

his contribution here in connection with acoustic transmission lines .

Also in this connection, we mention that it was Redwood & Lamb (115)

who first redrew Mason ’s luiped transmission-line network in spatially

uistributeu form. here we have the germ of the network ideas we will

~~velop later.

In the work of Olixier (116—117) and his wllca-jucs (ll~ ) , w~ fj j~~
the first sys tei~~tic aj~plicatiox i of iicrewave iic L’jcr~ cU c.01n

to the representation of acoustic wave reflection and refraction at

a plane boundary ; specifically,  the representation of the pl i s ical

problan in terms of transmission h u e s  coupled together at the boundary
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circuit is shcwn in Fig . 1. It was subsequently verified experimentally

in a series of thorongh investigations (122-126) by Dye in 1926 ,

Van Dyke in 1928 , and Wa tanab e in 1928-1930 . It is still in use today

(127) .

Another path to the same result is via Mincilin ‘ S (63) apprc~dmate

plate equations; it may be shown that when the plate is allowed to

becai~ lateral ly unbounded , the input iiiinittance in the rogion near

the thickness-shear node is also realized by the circui t of Fig . 1.

As long as a vibra ting piezoelectric syst~~ is confined to a

frequency at , or near , an isolatec i resonance , then the input iinpeaance

is aciequetely uescrib eu , for the majority of cases , by this simple

circuit. If it is desired to use the vibrator to couple mechanical

notion , then the device is no longer a one-port , and mechanical terminals

must be audeu . This was done by Mason (128) , who, in 1935 , gave an

equivalent net~~rk , valid near a single resonance ; it consisted of one

electrical anU two mechanical ports , anu is shown in Fig . 2

ii) . We now consider representations which describe a single node ,

but which take into account all of the resonances associated with it.

Butterworth (129) was firs t , here , also . His circui t for the family of

resonances belonging to a single node is given in Fig . 3; it consists of

a single capacit or shunted by an infinite n~.xnber of series RLC canbinations ,

one for each resonance .

In 1939 , Mason (130) gave an exact electr anechanical representation

of a crystal vibrator having one node of notion , driven by an electric

field normal to the direction of pr ep~~ai 1.on of the acx us tic waves . His

uiffereu fran u.iuttexworth ‘s , which is also exact , in that the infinity of
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FIG. I. BUTTERWORTH - VAN DYKE : ONE - PORT,
SINGLE RESONANCE ,EQUIVALENT CIRCUIT.
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FIG. 2. MASON : THREE - PORT, SINGLE RESONANCE ,
EQUIVALENT CIRCUIT. 
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FIG. 3. BUTT ERWORTH -VAN DYKE : ONE PORT,
MULTIPLE RESONANCE , EQUIVAL ENT CIR CUIT.
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resonances , instead of being individually displayed as RLC circuits , are

lunped together into frequency sensitive transcend ental functions . Mason

also mace allowance for the t~~ mechanical ports for the purpose of

mechanical coupling at the bounciaxy faces. Iibr e specialized limiting

forms , such as represent single-resonance operation , and mechanical clamp-

ing of one face , etc., are ueduced fran the exact form . The exact form ,

as Mason gave it , is shown in Fig . 4.

An excellent overall introduc tion to equivalent circuits of Mason ’s

type , for the various types of nodes of notion used in practice today ,

is given LJ~ berlincourt , Curran & Jaf fe (131) .

~cuai tiona l , exact , equivalent repres entations have been given by

~~th (132-133) . These net~~rks also contain lumped circui t elanents

which are transcendentaj . functions of frequency, and provision is mace

for t~~ mechanical ports , but the topoleqy differs fran those of Mason ’s.

Other results are cue to Ekstein (62) , who obtain ed a circui t for the

bounded crysta l plate , correspon ding to his approximate solution , of the

same form as butterworth ’ s (129) .

uech~uiann (134) , in 1940 , considered thickness nocues of plates

excited with an electric field in the thickness direction , anci arrived

at very accurate results for the elanents of butter~~ rth’ s 1915 circuit ,

includi ng the effects of damping anu air--gap . These resul ts hole for a

crystal plate of any orientation , in 1952 he gave a formulati on of the

Qiristoffe l method wherein he showed clearl y how the piezoe lectric

stiffeni r~,j scdifies the eiqenvectors . aziu gave sane auditional consicer-

ations riot ~jiven in L.uiwson (61) ; tOe el~ ~~nt valt~~s of the c.~ uivale iit

circuit (129) were also calcu latee us u ;u an r rox iznatc expression for
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FIG .4 .  MASON : EXACT , THREE-PORT , SINGLE MODE - TYPE ,
EQUIVALENT CIRCUIT. APPLIED FIELD NORMAL TO
WAVE PROPA GATION .
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FIG. 5. REDWOOD & LAMB : TRANSMISSION - LINE SCHEMATIC
OF MASON ’S EXACT, THREE - PORT, SINGLE MODE-TYPE ,
CIRCUIT. APPLIED FIELD PARALLEL TO WAVE PROP-
AGATION .

- - -

~ 

~
_ - _ 

~~~~~ -- - - .~~~~~~~~~~~ _ _ _ _ __ _



29

laterally finite plates . A 1953 adde ndun (46) , treated the case of an

electric driving field at an arbitrary direction to the crysta l, and

the effective pie zoelectric constant , forcing a thickness node , is

given in general .

Holland has applied his Gr een ’ s function techniques (103 , 104) ,

which we referred to in connection with piezoei.ectric surface driving ,

to xinpute general N-port circuits valid near a resonance . he az~~

ler Nisse (135, 136) have also been successful in using variational

proce~ures to achieve the same end.

iii) . Let us r~~~ pick up the threads of two ideas which will

bri ng us , at last , to the heart of the matter of piezoelectric crystal

equivalent circuits as they stand today . The threads are thenselves

entwined , so they will be discussed together . The firs t idea concerns

the transcencental nature of the circui t elements referred to in various

places above , while the second pertains to the direction of the electric

forcing field .

It turns out that , for acoustic plane wave pr opaqation in a

piezoe lectric crystal , the electric field associated with the wave , in

the quasistatic approximation , must be purely longitudinal. This is

shown clearly by Auld (8) . In the general case , when the quasi-static

approximation is rot used , the field may have a transverse c.xinponent

(48) , but this is not of interest for us. This fact , that a longitudinal

electri c field is associated with the acoustic wave , requires a distino-

tion to be made as to the direction of the applied forcing field , or ,

alternately,  as to the electroding arrangement on a plate , and shows

up in the equivalent networks . 1~~ cases are distinguished: electric

field in the plate thickness direction, called here thickness excitation

- _ _  _ _
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of thickness nodes (TJ fl}1) and electric field lateral to the unique ,

thickness direction , called lateral excitation of thickness nodes (LL”i!4).

We described Mason ’s 1939 exact circuit , containing transcendental ,

1ur~ ed, ele~~nts (Fig . 4 ) .  The situation corresponded to the JE1~1 case.

BecIinann’s 1940 analysis (134) covered the Th’Th1 case . Both of then

arrived at trans~~~~~~ta_1 frequency equations of slightly different

form, as befits the two cases of excitation . What these analyses

showed, apart fran the dif ferences between the two canonical types

of excitation , was that the presence of the piezoelectric effect

produces a ron-harionic relationship between the overtones of the nodes .

Furthernore , the effect , for each node type , is contained in a single

constant , the piezoe].ectric coupling coefficient, which is a function

of the node type, the vibrator material , and orientation of the

specimen with respect to the czystallcgra~2iic axes . Gradually, the

fundaental in~ortance of this coeff icient , and of the ireaning to be

attached to the departure of the overtones of a single node fran a

haxnonic ratio, have becxz~~ generally understood (137-143) . This under-

standing was materially aided by Tiersten ’ s 1963 paper (64) which

contains a rigorous analysis of Lawson ’s problan and a clear explanation

of the non-ha.rnonjc effect in the TE’IM case.

Having renarked that the frequencies of natural vibration of

a piezo-resonator are derived fran the ron-hant~~j c roots of a trans-

cendental equation , of slightly different form for the two cases T~1M

and LEIM, we may also recall that Mason ’s 1939 lu~~ed, exact equivalent

network contained transcenc~ ntaj . elements , and further , that he clearly

Stated this was necessary to account for wave transmission in the

mediun. A finite transmission line , by itself , has iinnittance poles

_ _ _  _ _  _
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and zeros which are harnonic , but a length of line with a lut~ ed circuit

elerent attached to one end has a relation for the critical frequencies

which is of the s~~~ form as the piezo—resonator ’ s. When the piezoelectr ic

coupling coefficient vanishes , the plate prcblemn reduces to that of

i~oga (55) , and has the same , hantonj c, freq tiencies as a length of

transmission line with nothi ng attached. This situation begins to

appear very similar to the discussion of the piezo-plate by Lawson

(61) where he introduced an “effective thickness ” due to the piezoelectric

effect . If only one node is present , this would be similar to the

electrical length of the loaded transmission line ju st mentioned.

In terms of Tiersten ’s (64) xx~~1ete analysis , the lur~ed circuit

is a manifestation of the piezo—coupling which takes place at the

boundary . The justification for this line of reason ing and the establish-

ment of the transmission-line analogs for the IEIM and TE’I~ cases

for a single resonator plate , and for any nunber of layers of such

plates , will be given in this dissertation .

The transcendental frequency equations detained in the single-

node case , for both TL’i}1 and IE’fll , have been approximated by a variety

of algebraic formulas (142 , 144 -146) , which hold in the region of

any one resonance. Marutake ‘ s method is to make partial-fractions

expansions of the imittances . In the LL”IM case , (144) this dec~~i~ osition

is shown to be realized by k3utterworth ’s (129) exact circuit.

Once anu Junonji (142) , discuss a large variety of nodes of

ceramic plates, bars , and other configurations, and show that they

can be classified into one or other of the canonic types which we have

called (in the case of thickness nodes of plates) , TE’Thl and IEI’M. 

—~~ -~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~_
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The terminology they have used is “stiffened” and “unstiffened ” respec-

tively; this refers to the effect on the elastic constant due to the

piezoelectric nature of the material . We cb not adept this rxmienclature,

because, as we shall show later , generally all nodes are stiffened,

but there are other sebtie dif ferences which make a distinction between

these two classes of nodes essential. Because we deal only with thickness

nodes of plates we Shall stick with the names TE’IM and LE’1Y4 exclusively.

iv) .  Our discussions have bronght us to the last , and

nost important part of the equivalent network picture as it concerns

us . we have alltx~ed to it here and there in the previous paragra~~s,

and r~~ take it up.

In his works, Mason has always regarded his equivalent circuit

containing transcendental elements as representing the wave transmission

pu perties of the transducer he is characterizi ng. The circuit is

always given in lui~ ed form , however , possib ly because nuserical

calculations are facilitated thereby ; the transcendental ininittance

elements are the only hint at a spatiall y distributed circuit . In

1956 , }~ã~iood & Lamb (115) redrew Mason ’s limped circuit by Using

a piece of transmission lire to rep lace the transcendental a~lponents ,

which they recognized as the tee form of the distributed network,

and they have continued to use the pictorial ly new circuit in succeeding

papers (147 , 99 , 100 , 146) . We present their representation, corresponding

to the T~fl4 case (as indicated by the negative capacitor) , in Fig . 5.

Investing the electrical schemnatic with a physical length was an

important step forwax~1 in the dew].o~inent of a true analog such as we

will give. ~~e of the transmission—line element in schenatic networks

- ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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for crystals is still a very infrequent occurrence, ~~~~ver, aside f ran

the works of Rec~~~od, Lamb, and their colle~~ues, referred to above.

One representation was given by Fra nx (148) . They have also been used

in schanatic form by Leekxn , Krimholtz & Matthaei (98 , 149) .

The latest representations, those of Lee~~~n, Kriinholtz and Matthaei,

in 1970—1971 , stress the desirability of a transmission—l ine schemnatic.

They give three-port circui ts , using transmission lines , having fomi~

quite different fran those of Mason as redrawn by Redwood & Lath . In

these new networks the electrical port is connected to the center of a

purely acoustic transmission line of length equal to the frequency

determining length of the vibrator . Sare of the circuit elesents in the

networks are not constant but are frequency sensitive, and no attar~t is

made to prodtze a true analog, but sinply one which is valid at the

three ports . Ore notivaticn for the development of the circui ts

of Leetha et al. is the fact that a Mason-Redwood & Lath net%~~rk

schematic shows the boundary acoustic forces to be developed , not across

the transmission line alone , but partly across the transmission line

and partly across the pie zoelectric transforn~ r which connects the

transmission line to the electrical port . This is a valid criticism,

and iee&in et al. have succeeded in separating the acoustic and electrical

effects, but at a cost of greater cxmplications elsewhere in the circuits.

The network picture of Redwood & Lamb dees appear to be sanewhat

unphysical in the form they gave it. We will show subsequently that ,

by splitting the transformers representing the piezoelectric coupling,

and resoving themn to the two boundaries of each of our plates , the

Mason-Redwood & Lamb circuit schanatic which results is capable of

a strict analog interpretation. That is , we invest the graphical 
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representation not only with a length , but endow it also with a spatial

coord inate correspondi ng point for point with that of the physical

pzthlemn - we shall have a true analog , and the net~~ rk schematic,

therefore, will take on a significance it has never had before .

One last point remna ins to be made here. In all of the discussions

under c. we have confined our attention to the case of a single node in

the resonant systan . This is simply becz~use , while coupled-node equiv-

alent circuits have been described in the literature (150) , they seemn

all to be concerned only with operation in the vicinity of ~~~ coupled

resonances , rather than a coupling between circuits of Mason’s type

(Fig . 4) .

Fr an what we have described in earlier sections , it is known that

there are three thickness nodes , and they couple mechanically and piezo-

electrically at each boundary. Redwood (100) remnarks that a nimber of

circuits (Fig. 5) would have to be urbired to obtain a truly represen-

tative network for transient conditions . We shall show that three such

elementary circui ts are required , for our prth lem, and will give interface

networks which represent both types of coupling in a i~4~n which is

physically rmeaningful. The transmission lines are conventional , and the

luzped elements are all constant ; the difference between the cases of

W1~M and IE~M is also simply indicated by the presence or absence of a

negative capacitor in just the form usually given (131) in single—node

situations .

7. Same of the practi cal uses to which stacks of plate vibrators

have been put axe described above ( 73-86) . We wish here to indicate a

nimber of references which pertain to the use of acoustic methods for
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‘measurement of material propertie s, either of a single resonator by

itself , or as a stacked cx~rbination. Huntington (151) gives additional

references to the use of “cxmposite oscillator ” measurements for

determination of unkx~~.in material parameters. The paper by Bolef &

Menes (85) gives an example of elastic constant neasux~ nent by measuring

acoustic resonances; the layers are represented by transmission lines .

Cook & Van Valkenburg (152) use resonances to determine the thickness of

a specimen . In McSkixnin (153) is a very good outline of methods used for

measurements, with a generous uibliography of the pertinent literature.

The specific area of crystal vibrator measurements is discussed in the

i~~ Standards (154—155) and in Horton & Boor (156) .

8. General background information relating to various areas we

touch upon in later chapters given in references (157-189) . The

subject of elasticity is covered in (157—163 , 165—167 , 172 , 173 , 178 ,

184 , 187 & 189); propagation of waves in solids may be found in (159 ,

160 , 163 , 165 , 167 , 171—173 , 187 & 189) . The characteri zation of

material properties is described , with data , in (164 , 165 , 179—181 , 186

& 203) , while references (161, 162 , 176 , 177 , 185 & 188) treat practical

vibrating systans and devices; equivalent circuits of devices are given

in (168-170 , 180 & 185) . Normal coordinate transformations may be

found in (158 , 174 , 179 , & 187) , and general history relating to our

subject is found in (159 , 160 , 175 , 182 & 183) .
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II. UNLiOWILD PIE~oELwrR1c MU)IA

In this chapter we consioer the propagation of acoustic plane waves

in a piezoelectric medium. The propagation is shown to be representable

by transmission-line equations. Equivalent transmission-line schem~atics

are then introuuced, anu form the basis for the networks to be described

in subsequent chapters.

A. Acoustic Plane Waves.

Our notation , anu definitions reqarding crystal axial conventions,

orientation , and constitutive relations agree , for the most part , with

the 1949 “Stanuaros on Piezoelectric Crystals ’ (154) . Tensor notation

is useu ai.nx)st exclusively (64) , althoujh we shall have occasion to use

matrices (65) as well. Equation nu~ters will be enclosed in parentheses,

as are references to the Biblicgraphy; hcMiever, equations will be

uescribeu by two numbers separated by a decimal point. The first number

uenotes the chapter number.

In uescribing plane acoustic wave propagation in piezoelectric

crystals, ~~~~)  main approaches are found in the literature. The first

is the traditional Christoffel-Green formulation , perhaps best presented

by Liedinann (43 ,46) , as au nented for inclusion of piezoe lectricity .

In this fornidation, everything is referred to a set of coordinate axes

which coincioe with the crystallographic axes , insofar as this is

gemmietricafly possible . This set of axes is almost invariably useu to

specify cxztponents of the material tensors determined by measurement

(181,186) , since the presence of crystal syniretry elements leads to

L - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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sinplifications in this frame , anci such symmetry is more readily

apparent in an inspection of the term schemes for a given crystal

class (139 , 166 , 179 , 180) .

The direction of wave propagation is generally oblique to this

axial set , ano is specified by its projections. For any assumed propa-

gation direction , one must solve an eigenvalue problem to determine the

three phase velocities and the corresponding particle displaoaient

c~irections. In setting up the prthlemn, the elemrents 1~ , of the

secular equation, called Christoffel’s noduli , are sim~ply determined in

texn~ of the elastic stiffnesses and the known (or assumed) propagation

direction. A similar remark applies to the inclusion of the piezo-effect

into the secular equation. Frcin the presence or absen ce of various tenis ,

~ e can see at a glance whether the different crmponents of motion are

coupled, and whether the coupling is elastic , pie zoelectric , or both .

One also sees immediately if a given mode can be excited for a driving

field parallel to the wave propagation direction, corresponding to Th’IM

for us.

When dealing with our problem, these advantages are offset by the

fact that the plate boundaries are , generally , oblique , and the anal ysis

be~~es less straightforward and clear , hence we shall follow Lawson (61) ,

~yame (t 6) , and Tiersten (64) , and choose , without loss in generality, the

direction of wave propagation as a coordinate axis , which we take to be

the axis . Fbr our purposes row , it is sufficient to prescribe only

that x1 and x2 are chosen to form a right-handed orthogonal system with

x , and that the transformati~~ between our x~ and the crystallographic

X,Y , Z system specified in (154) is krown. Transformations are described 

_ _ __ _ _
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in (J.i~5&l9O) . With the problem set up in the x 1 system one has to

refer all of the require~ material coefficient cx~iiponents to this

syst~ n , ~uiu then set up ti ie secular equation .

because the problem is inherently one-dimensional , witi~ no variations

t~~j .ng place in the plane lateral to th e  wave progression , the eigenvalues

are inuepenuent of a cooruinate rotation about x ~ . Iic~ever , the

orientation of the x1 ~~~ x , axes enters into the expressions for trans—

fonting the niaterial coefficient xr~ onents , anu so , while everything

cones out properly in the x 1 frame, it is haruer to recognize certain

simplifications that are easily noteu in the other formulation. Never-

theless , transforming the problem to the x system presents no conceptual

aifficulties, nor ones it result in any loss of generality . As it

simplifies the analysis , we shall aobpt it here . On the other hand , we

shall give some tables in the Anpenuic~s which are rore readily under-

stoou in the I~,Y ,Z frame , so we have need for both sets of cooruinates

in what follows.

We use the conventions that a subscripteu inoex precedec by a cct~n~a

indicates uifferentiation with respect to the space coordinate having

that subscript , uot notation thuicates tii~~ differentiation, and the

sutination convention for repeated indices is employed .

The pertinent sets of equations which have to be solvec tcxzether arC?

(see (b 4 ,191) )

The stress equations of notion, corresponding to Nowton’ s

equations

= ,~ii. . (2.1 )
‘.1’’ t .1

The equations defining mechanical strain

S~~ = l/2 ( + u~~ ) . (2 . 2 )
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‘I~~ divergence relation f run Ma~~ell ‘ s equations , in the absence

of free charge

0. (2.3)

The electric field-electri c potential relations , in the

quasi-static approximation

— — (2.4 )E~
The linear, piezoelectric constitutive relations , characterizing

the medium (154)

~ ~~~~~~ 
— ek. J E~ (2.5 )

and

= e~~L , S’~ -
~ e~~ E k . (2 .6)

1f~quation (2 .5)  is Hooke’s Law , extended to take into account

piezoelectricity .

In these equations : T1 1 , u 1 , S 
~~ 

, , E~ are the components of

stress , mechanical displacement, strain , electri c displacement, and

electric field , respectively, while and ~~ are the mass-density and

electric potential , respectively. The material parameters

e~,. , and ~~~~ axe the elastic stiffnesses at constant electric field ,,uJ

the piezoelectric stress constants , and dielectric permittivities at

constant strain , respectively. All Latin indices have the range 1,

2 and 3.

Assuming that there are no field variations in the lateral directions ,

x 1 and x , but only along the direction of prcpagation, x 3 , and assuming

a time factor exp (+jQ t )  henceforth emitted, equations (2.1) throujh

(2 .6)  becur e

_ -~~~~~~~~~~~~ - ~~~- -~~~~~~~~~~~~ - “ -~~~- - — - - -~~~~~~~~~~~~~~~~ -~~~~~~~- ..~~~~~~~~~- _
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7
~j 3  = (2 .7)

Z$3~ = ~J~3+~~(3 2  ) (2.8 )

D3 3  o (2 .9)

E 3 — S ’~ (2.10)

= c~~ ~~~~ — e33~ g3 (2.11)

e3~~ ~~ ÷ ~33 E3 (2.12)

All other arponents of the elastic strain vanish, from (2 .2 )  and our

asstxi~ tion of field variation s with x only . Additional stress ~~n-

ponents are generally present , but as they ck~ not play any part in the

problems treated subsequently , we cb not c~x~sider them further. They

may be calculated from (2 .5 )  when the strain and electri c field ~~ n-

ponents are oeterTn ne .

Aulu has shown (8) that there can be no electric field cxliponents,

associated with the wave , transverse to its direction of propagation .

A uniform lateral field may , however , be imposed upon a region by sources

other than the wave ; we will have occasion to consider this in

Chapter IV. Lateral electric disp lacement components may be associated

with plane waves , anci are calculated fran (2 .6 ) ; these also arise in

Chapter IV.

Equations (2 .8 )  and (2.10 ) may be used to eliminate the strain and

electric field f ran (2.11) and (2.12 ) , to give

T3~ = + e,, (f 3 (2.13)

and

1)3 e3k3 ~
1k)3 ~33 ~~ (2.14) 

- ~- - - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — -- .—.-
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Substitution of (2.14) into ( 2 . 9 )  then yields

I
1)33 = e3fr3 L4k,33 — e33 

çt~~ = (2.15)

so that

M (e~ 3 /E33) U k 3 3  . (2.16)

Integration of (2.16) gives

= ( e3k3/ E~~)t~ ÷- + b3 
. (2.17)

When this is insertea into (2.13) there results

T3~ = Z3~~~~~~ (.Lk3 4- ~~33 . L~ 3 (2.18)

where

E
= -

~
- e~~ egk3 /Q 33 (2 .19)

are the ‘piezoelectrical ly stiffened elastic stiffnesses at constant

normal electric displaceient ana constant tangential electri c field .

Insertion of (2.17) into (2.14 ) shows 1)3 to be a spatial constant,

~~ 3 0.~ ~ 
(2 .20 )

that is , the longitudinal airponent of the electric displacunent

canrot vary with x 3
The equations of notion are obtained fran (2. 18) and (2 .7)  as

~C 3j~3 ~~~~~ ÷ () ci aj  0 (2.21)

which shows the motions U to be coupled thro~~h the elastic cx*istants .

Equation set (2.21) may be solved by assuming the U k to ~~

proportional to exp (± j xx 
~) 

which will satisfy (2.21 ) provided

-

~

-

~

- - - -~~~~ -~~~ ~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ - . - --—~~~~~~~ - ~--
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— /C S Q.)f3k. (2.22 )

with

= (2.23 )

and the are the proportionality constants .

To detain a nontrivial solution to (2 .22) requires that

C3JIt3 — C éj k J o (2.24 )

Equation (2.24) is a cubic in c, and gives three real , positive roots

c , f ran which three real waventmters may be detained f ran

(2.23 ) for a specified value of 6) . Each c~~ also dete rmines

a set of ratios among the cxirp onents (3k of the corresponding

eigenwctor ; if the components for each (i) are normalized by

f~~& (
3k ~~ 

) (2.25 )

then the /~k~ 
‘~ are the direction cosines of the particle displa~~~ent

for each of the three nodes (i) . The also have the property

d) (t) • )  ( h,)

~ ~ (
~‘~‘ 

— ) (2.26 )

where 
~ k is the Kronecker delta . In matrix terminology , one would

say that the modal matrix is orthogonal (192-193) , a property which

will prove useful .

At this point we intxo&ce a transformation to normal coordinates

(194 , 65) by defining the quantities :

(3)
= ~~ T3 (2.27 )

• (J)
(2.28 )

= e33L 
(2.29)
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Because the ~3 .~~~~ are orthonormal, the inverse transformations are

T3~ = ~~
. T~ , (2.30)

(t~)

~j ( 2 . 3 1 )

= 
~~~~~ 

( 2 . 3 2 )

In terms of the new quanti ties, (2 .7)  beaxes

T3 J 3  r CO L&~ ~ 
(2.33)

while (2.18) is transforsed as follows. We rewrite (2.22 ) as

C’)
(Z 3J k3 -

~~~~ ~~ 
c~~~~~) ~~ o (2 .34)

to ~ iphasize the node index (i) , (which is not sui*ied here) and then

multiply throngh (2.18) by . Substituting from (2.34) , while

making use of the symmetry of 
~~ j k 3  gives

0 — 
(~

)
T31 = 

~~~ 
= ~~~~~~~ (3~; 14k,3 + (3 e33 (13 (2.35)

T3Z = 

(t~) (1) 
÷ e ~~ & 3 (2.3 6)

o 
~~~~ 

(
~
) 0

= ~~ . ~3. U., ~~
.- e33~ 0..3 (2.37)

o (i:) 0 0

= ~ (A ~~~ + e33, a.3 (2.38 )

which is the requi red form .

S~i stitution of this into (2.33) gives

0 0

L4~~33 * (‘Co ~~ 
= 0 (2.39 )
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so that the motions u j~ are now uncoupled in the differential

equations (2.39) .

Equations (2.33) and (2.38) will be associated below with the

equations of a uniform transmission line (195) .

F~r future reference, we note that

e3~3 1tk = e3
0
~ Uk (2.40)

is invariant under the transformation, because

e-~~ u K ( i ~~ e3~3 ) ( ( 3~
) 
~~~~~

(~
) (me) 

0

= (3~ f~ 
e3~3 ~~

= ct~~ ~~~~ (.L~~

= e3~3 ~~~

°

The equation for the potential (2.17) sixrply be xxnes

0

= (e 3M3 / e33) ak ÷ a3 ’x.-~ -
~
- . 

( 2 . 4 1 )

It is seen fran (2.41) that the x3 -directed component of electric

field arising fran the particle displacemant due to the passage of a

wave reverses direction when the wave direction reverses .

In the above , have given a short description of plane acoustic

waves traveling in an homogeneous , linear, but arbitrarily anisotropic,

piezoelectric substance. The three nodes which are allowed for any

assused prc9agation direction have motions which are x~~ led by the

elastic constants ; a normal coordinate transformation uncotples thesi,

and provides a set of first order differential equations which axe to

be axpared with the Heaviside equations for a transmission line. This
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will now be dene.

b. Thansmj ssion-Line E~presentation.

heaviside ’s equations for a transmission line are (195 , 110) :

C )  (~
) ( ‘)

V 3 = ~-(. Z~ I ( 2 . 4 2 )

• 
V 

anu

CL) (i) (
~)

J . ~ = ~ V (2.43 )

where anu are the voltage and current, respectively,

associated with node (i) ; and ar e, in J.iice manner the

respective transmission-line characteristic impedance and adnittance,

with

(L~)

= ~ / Y 0  (2.44)

The wavenunber ~c , for each node (i) , which governs propagation

alcog x 3, is defined as

(t)
= (2.45)

when there is no transverse wavenuther xitponent , as in our situation.

In (2.45) , ~~~~~ is the phase velocity along x . The sym~bo1 )C. has

been used in (2.23) in connection with the elastic wave discussion .

Inasnucti as the elastic wave velocity for mode (i) is

(t.) I ~~= V’c I to 
~ 

( 2 . 4 6 )

wtiere is U~~ ~ th root of (2.24) , it follows that we have

implicitly alreauy made this identification between the acoustic

L ___ •V

~~~~~~~~~~~~~

V

~~~~ 

- - - _ • —~~~~~~~~~-- -~~~~~~~~. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • .  _ _
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waves and the equivalent transmission lines . That the velocity is

given by (2.46) follows fran the wave equation (2.21) or (2.39), so

( 2 . 2 3 )  is the s~~~ as (2.45) . We are free to make the corresponding

wavenunbers equal ; it ~iounts to positing three transmission lines

(one for each ( i ) ) ,  each supporting a wave prcpagating with velocity

v~
’
~ fran (2.4 6) . It renains to be seen whether this assu~~tion, and

the pertinent acoustic equations, are then consistent with kieaviside ’ s

equations (2.42) anu (2.43) . We take up this question next.

First we repeat ( 2 . 3 3 )  and (2 .38) here.

3 = _~~~~Ct,
Z

cL~~ ) (2.33 )

0 C’) 0 0

,c. u~3 .
~
-. e13~ ~~ . (2.38 )

Note that the term e 
~ 

a ~~~, ~~~th is piezoelectric in nature , is a

spatial constant. P*part fran this term , the above set of coupled

first-oruer , oruinary aifferential equations is very similar to the

set ( 2 . 4 2 )  , (2.43 ) . Our innoaiate goal is to make this similarity an

iuenti ty , after which the piezoelectric term will be taken up.

To this ena , we separate the stresses T3
° into b~ groups by

~~fining

= ÷ T
~I,; ( 2 . 4 7 )

with

= e~~ o..~ . (2.48)
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£3ecause T3 is a constant,

) ( 2. 4 9 )

so that (2. 33) ar~ (2.38) now can be written

T3L,3 ( 2 . 5 0 )

(1) 0,c 
) (2 .51 )

which set now has a structure the sane as (2.42) , (2 .43) .

In order to arrive at an analeqy , corresponding quantities must

be paired . Formally,  there is quite sane latituoe in doing this , for ,

apart fran the fact that either I or v ( 1 )  can be made analogous to

anu similarly for 
~ , factors of proportionality can be inserted,

( i )  r ’ o  ( i )as between V and 2 ~ , or incorporated into the definition of Z 0
etc . As a practical matter, certain choices appear more natural than

others . J~nother consideration is the desirabilit y of having our result s

accord with past ~~rk.

It is both natural , anu in accordance with results we have described
,~‘0  ( i )  Sin Figures 2 , 4 anu 5 , to choose T proportional to V and u~

(i
proportional to I . We specifically make the following choices of

• analogous quantities:

(~
)

V ) (2.52 )
V 

(‘~ . 0

(2.53 )

is thus the negative of the particle velocity in the transformed

systan. We shall aenote this velocity by v~ ; it should be clearly

- ~~~~~ ~V
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distinguished fran the wave phase velocity v ~~~~~~ As both quantities

take the sate symbol in the current literature , it seans best to retain

it for both uses with the foregoing caveat.

Wi th the choices ( 2 . 5 2 )  and (2.53) , plus (2 .44)  , (2 .45 )  and

(2.46) , the equations become consistent if we make

lv (,)
= A r U  ) (2.54)

as may be verifieu by straightfozwaru substitution.

The factor ~~~ which appears as the proportionality constant in

(2 .52) , ana again in (2.54 ) , shall be taken equal to a portion of area

perpendicular to the phase progression of the waves , i.e., normal to

x . This allows the volta es on the lines to represent forces, ana in

so ooing , makes our representation accoru with usual practice, without

any loss in generality .

A ~~rd shoulci be saici about the minus sign appearing in (2.53) ,

which looks satewhat mysterious at first. It ~~ res about as a result

of the aefiniticms and uwentions regarding pc~~ r flow in acoustics

and electranagrietics, and is at~ ly uiscussea in the literature (8 , 9 ,

48 , 71, 19b-l99) . Taking a simple case , power flows into an elastic

bouy when a positive tensile force is applied , producing a positive,

outwaru-uirecteo particle velocity. ‘fle outward velocity associatea

with the in ward p~~~r flow produces the negative sign . By precisely

the sane ar~unent that leads to the invariance expressed by (2.40) we

have as an invariant

whic*i leads to the invariance of the x -directed power flow.

V V ~~~~~~~~~~~~~~~ ~~~~~~~ - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Another aspect of interest is that of the sy~anetxy properties of

the tran~nission-line variables , in particular , the reflection properties

relating positive-traveling and negative-traveling waves. Ueavisiae ‘s

equations require that b~ waves progressing in opposite directions must

differ in the sign of one, anu only ore , of the variables , voltage or

current. For isotzopic materials, it is snown in (118) that a

ref lection-syuitetxy argtnlent deciaes in favor of a reversal of the

current directions between oppositely directeu image waves, while the

voltages are unchangeu.

When arbitrary anisotropy is present this ax~uient can no longer

ie invokea to ~~~ose between the variables. In fact , the normal

coordinate transformation we have introdi.~~u places both sets of mach-

anical variables on the sane footing , because it at~unts to projecting

the stress and velocity cxi~ponents upon the eigenvector of each mode.

Ite basis of the eigenvectors provides a preferred axial set to which

synwetxy arg~.ztents must be referred.

The important point for us is that Heaviside ’ s equations are obeyed

by the variaules A ~~ and -~~~~ . This , by itself , implies the reversal

of one , but not both , of these quantities for an image wave ; we are free

to choose this, and we make the choice (2 .55 ) , taking U ” to reverse

uirection when the wave is reversea , so that the usual mirror reflection

syitmetry is present on the tran~ nission lines when ~~~sidered in terms

of V anu

Because the sane transformation is app liea to tie piezoelectric

constants to detain e , it also ladc~s, in general , the synlnetry

properties possessea by C

V V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V~~~~~ •V VV V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



We have now established the analogy with the Heavisiae equations

in the form we will use. To recapitulate, we take

(i)
V ) (2.52)

ii.) 0
I- 

J C4~~~ (2 .55)

(‘~) (2 .54 )

. 2 .(c) r ~ i= (° L~~ J )  (2.56)

(~
) (L)

( 2 . 4 4 )

( 2 . 4 5 )

wnich makes (2.50) , (2.51) equivalent to (2.42) , ( 2 . 4 3 ) .

Returning now to tie piezoelect ric term , we have noted that

• it is a constant throu hout space , ax~~ sisply adds everywhere to the
p.0

“wavy portion of the stress T 3 which ore may associate with notion
— on the tran~nission lines. It arises math~natically f ran the integra-

tion of (2.16) , aria is independent of waves propagating in an unboun ded

meuium. Tie int~xxiuction of finite bounuaries into the prthl~ n is a

uifferent matter. To illustrate the effect of boundaries we will

aiscuss a modification of Fig . 5. In so doing we will attain other

objectives , also : it will serve as a preview of Chapter III , will

introduce a uifferent way of dr~ zing trarisnission lines which is more

useful anu illuninating for our purposes , and establish continuity

uetween past werk and the r~~i netwerk results to be presented.

•S 
~~~~~L - . -

V -
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The schematic representation of the transmission line of Fig. 5

s~~gests an iuealizeu version of a coaxial lire (198) , which is sk~ wn

with the outer sheath connected, tnrou h capacitors , to the electrical

terminal aria nechanical datum. P~n alternative schesiatic form is that

of the two—wire line (198) , whim is in current usage (31 , 11, 117) .

A section of line urawn in this manner is shown in Fig . 6. There is no

sheath in this case , aria the only points of entry, or attachnent , are at

tne enas. Figure 7 is a reurawn version of Fig. 5, using the two-wire

format , with the piezoelectric transfom~~r reintroau~~a, as in Fig. 4.

Drawn in this fashion , the equivalent circuit is more snggestive

of tie fact that the piezoelectric excitation may be consicerec to arise

at the enus , insteac of Deing extendea throt~ ndut the volune. It will

appear in Chapters III and IV that this is the case , aria that ( 2 . 4 8 )  is

the driving term which simply adds to the wave stress to produce tie

total necnanical stress at the plate surf ace.

In this chapter we have obtained equations for plane acoustic

waves in an ha~ogeneous , but arbitrarily anisotropic , piezoelectri c

material, in a form that we founa to be representable as elastic

:iotions on acoustic transmission lines . A set of analogous relation-

ships x ’etween the paraneters of tie line and tie acoustic wave was

cetermincu, thus setting the stage for tie considerations of the next

chapters.

~

V V

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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FIG 6. SCHEMATIC OF TWO - WIRE TRANSMISSION LINE .
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FIG.7. TWO -WIRE TRANSMISSION LINE SCHEMATIC OF MASON’S
EXACT , THREE - PORT, SINGLE MODE TYPE , CIRCUIT. APPLIED
FIELD PARALLEL TO WAVE PROPAG ATION •
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ILL .  ‘th1Chi’~~ S bXCITATIU~ OF TIiICh.NL.SS 1~t)L)LS

We oeqin by presenting the analytic solution of the problem

of thickness noces of an electrocea , piezoelectric crystal plate

with traction-free surfaces, uriven uy an electric fielu in the

tnickness airection (4 , b ) ,  afte r which we synthesize exact

network equivalents usinq transmission lines . Then , with a view to

raioving tile restriction to traction—free Dounuaries , the electro—

necnanicai. impecance matrix is ucte rmined in the nermal coordinate

system. ~his matrix is then realizea rigorously ,  in transmission-

line circui t form. when taken together with the network cevelop~~nts

presentea in Lnapter V, the TL’iN problem for a single plate with

alDitraxy L oUXlaaXy-port conditions ucoai~es xx~~1etelv representee

by the overall network , which is a true analog of the physical

situation .

t-~. ~ir~ le-i’late drystaJ. }~esonator, r1~raction Free

Our plate is presun~ a to be laterally unbounded , of thickness

~n , the upper aria lower surfaces at x = +h and —11 , respe ctively,

are f urther presu~xi to be maintained at ~x tentials + (,O, anu -

also respectively, the tine factor e~p ( +j ~ t) ueinq , as usual,

suppressea. m e  electrc~~ s for acaii~plishinj this axe not of

interest x~~~; ict than simply be perfect electrical coneuctors ,

massless, aria without elastic stiffness . A sketch of the situation

is given in Fig . 8. The lateral coordinates are , likewise, of no

interes t now.

At the plate oounaaries , the conditions to be satisficu are
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FIG 8. UNBOUNDED ,TRACTION- FREE , PIEZOELECTRIC PLATE.
THICKN ESS EXCITATION OF THICKNESS MODES.

s ’ X  3
2h

zj ii ~~
) 

n i  
______

( I )
° ~ TL

FIG.9. TRACTION - FREE PLATE. REPRESENTATION OF SINGLE
THICKNESS MODE , ELECTRICAL INPUT CIRCUIT OMITTE D. 
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~1~3j a t  %~ = ±Li , (3.1)

aria

= Q± ±~~. (3.2 )
because the untransfonnea stresses T, vanish at the surfaces , the

transfonnea stresses T ~~. also vanish :

= 0 o~t %~~ 
±i.1~ (3.3)

This is a consequence of (2 .27)  aria the fact that (3~ is ronsinqular ; it

nas a uetenninant equal to unity .

We r~~~ seek a solution to (2 .39 )  which satisfies the bounuaxy

conuitions ( 3.2) anu (3 .3) when inserteu into ( 2 . 4 1 )  aria (2 . 3 8 )
~~~ In

keeping with the synu~ trj of the problem, we select

0 (4)
-
~~ 

1i~ -~~~~ > X.~ (3.4)

wxu.cn sat isfies 
~~

. .  i~i )  , and put it into (2.38) , using (3 .3 ) :

o C~ ) o oT~ ,t u~3 s- e33(~ a~

(4) (~) 0
V I ~C )C LTj CO6 X I, ÷ e33~ ~~

= 0 a.t ~~

hence ,

V. = 
— e 3~ 0~36 

C.ø X~~ 1
(3 .5 )

The quantity a 3 is ~~termined by subs ti tut ion of ( 3 . 4 )  and

(3 .5 )  into (2.41) and using (3 .2) . This also fixes b ~, 
appearing 

_ _ _
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in (2.41 ) . These manipulations result in

6 3 = 0 )

and

a — 
+~~P0 / h

a - 

3 4:

(3 .6 )

where

(
~~((J

) 
2. 

= 

e3 ~~~ (
~~ ~~~

~~33 ‘C (3.7 )

ana k~~ is the piezoelectric coupling coefficient for noce (i)  in

the TL~IM case. because of the synuretry of ti~e , the last ~~~

m ules can ie  interchanged , so the nurre rator of (3 . 7 )  is simply the

square of the appropriate transfonned piezoelectric constant.

Fran the expressions given , one has

0 ( (0
= e35~ ~~ . — ,Cc 1 >( ~~~ ~ ~ ~~~~~~~I. Coi (3.8 )

aria

— e ~~~A~~,x~~ i _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

{
~~~~~~~

(
~~(J)

)
Z 

*o~.k°~)~~}
(3.9)

1~ uatic*~i (2 .20)  is

— (2.20 )

- -- - —  V~ ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V~~~~~~ V~~
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therefore , we get

I
= —~~3 3 c ~./ h

fr-± (~~~~~)1 ~~~~~~~~

(3. 10)

~ow consider a portion of the plate having lateral area A.

This is the s~ine are a intxoducea in (2.52) . The current , 10 , inter-

cepteci L~ ’ this area , is equal to

— — A  D3 , (3.11)

I. = ~~~~~~~~~ A D 3 . (3.12)

The minus sign is a conseq uence of the fact that , at the positive

( upper) electrode , the surface noxmal points in the direction of

minus x within the crystai .

1~oking into the electrical port , one sees an admittance

(TE Tr .t) :i:: • / (.zcP0) 
~ (3.13 )

with I given by (3 . 1.2) .

Lefining the capacitance Co by

C0 = A &3 3 / (z~~) ~ (3.14)

aria using (3.10) , (3 .12) and (3.13) , ~~ arrive at the input

admittance (~~5) :
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Y~~ CTErM ) 3

{~d.-�~ ~~~~~ 
~ t2I~.)C Li~~~

(3.15 )

b. Nets~~rk Synthesis of Y~~ (T~I~4).

1~xpression (3.15) , for the input admittance seen at the

electrical port of the traction—free crystal plate , is a function

of three tangents having , generally , aifferent perious, since all the

wavenurbers will usually be uistinct. I~~~~nberirig what was

saia earlier concerning the three acoustic eigen-nodes satisfying

transmission-line equations , anu also the cascussions in the

Introduction about pie zoelectric coupling of the nodes at boundaries ,

and viewing (3. 15) in this light, we might expect that (3.15 ) could

be reali zed by a generalization of Fig . 7 , involving three trans-

mission lines . Such is indeed the case , aria this simple problem

has been selectea here with just this end in mina. It will introduce

a ti e-transmission-line network with the leas t ~ ount of additional

uetail , so that the increased c lexity will rot obscure the ties

our circu its have with those previously given in the literature .

1b begin the synthesis , recall that Fig . 7 represents a node

uriwn by an a~ç 1ied field parallel to the wave prop agation

direction , which is also tr ue iri our case . Circui ts for the field

roun al to the wave prop agation , on the other hand , are distinguished

in t~~ literatu re (131) by the absence of the negative C ,. With

this hint , we extract fran Y~~ (Th~LN) in (3.15 ) a shunt capacitor

of value C , , , aria then a series capacitor of value minus Ci > . This

fragnent of the Th’1~4 network has been called the “electrical input

-

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~—-- - _ _
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circui t by Schüssi.er (143) ; we will reta in the nane.

When the electrical input circuit , aescribed above , has been

extracted fran Y~~ (Th~1M) , the remainder, 
~T L’ say , is

~ TL ~~~~~~~~ 
c 0 

f ~~~

‘ 

(
(.P)

)
2. •/J~~ )~

r)
j ,

3

This neans that we have the sun of three admittances in parallel , ana

each admittance contains one tangent function .

We next notice that , because of the nechanical bounuarv

conui ties, the surface stresses , both T 
~ 

anu T 
~ 

, vanish ,

while the corresponding displacements are allc~ ed to aevelon freely.

bguations (2.52) aria (2 .~~3) then Suggest as a consequence that the

nechanical ports are siVort circuited .

i~ t us first consider one of the three acznittanes ainprising

T L ’ for if we can foria.ilate an appropriate network for one of the

three teri~~, we have only to aud , in parallel , two others which are
(t~)alike it save for the node inuex nuither. Call this admittance 

~ T L.
With Fig . 7 in mind , we are thus led to Fig . 9 , wherein , to be

consistent with Chapter II, we have used

(L) (1_
.
)

= A~”c r , (2 .54 )

(
~) c )

)~ ) (2 .45 )

which then reguires that the piezoelectri c transforner turns ratios ,

n , becane

= ÷~ A e 3~ / Cz~ ) ) (3.17)

_ _ _  -- - -~~ ~~~ •~~~~~~~~~~~~~~~ V~~~~~~~_ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~
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and the transfouter cbts to be located as given. The fact that the

cz ts are adjacent at one end, and opposite at the other enu is a

manifestation of the polar nature of the piezoelectric effect ; the

circuit is nechanically syimetric.

In drawing Fig . 9 with the transforiters as shc~.zn , we emphasize the

concept of boundary excitation . We have given in the figure a repre-

sentation with the trans forne r primaries in parallel ; one can as well

rearaw it with a single primary windinq , anu two secondary windings

with a umon flux , so that the secondaries are in parallel.

Figure 9 may be verified by reverti ng back to the equivalent tee

circuit for a transmission line , as given , for example , in Fig . 4.

We Shal l cinit uoing it here , and go on instead to the cxznplete network,

since we have accuira.i lated all of the pieces . We require three networks

as in Fig . 9 , in parallel , plus the electrical input circuit , attached

to the electrical port . Figure 10 shows the assembled network.

k~quation (2. 47) tells us that , because the T~ . vanish at the

plate surfaces , the par tial stresses T aria T add to zero there.

According to our discussions in Chapter II , A are the voltage

variables associated with the waves on the transmission lines , while

the A are piezoelectric in nature, since

= A e~~ a3 , (3.18 )

which follows fran (2.48) . We see that Fig . 10 provides just these

interpretations when the A T are identified with the secondary

voltages prod~~ed by the piezo-transfoniers located at the ends of the

transmission lines .

_ _ __ _ _  

::- 
-
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The structure of Fig . 10 also furnishes a simple , visual, inter-

pretaticn to Tiers ten ’s finding (64) that , even in the traction-free

case , all three nodes are coupled , piezoelectrically , at the

boundary. It is clear that , if the electrical port is left open , the

positive and neqative capacitors xznbire to short-circuit the piezo-

transfou~ers , and the three eigen-nodes are then decoupled . In any

other case , where the electrical port is attached to a finite

F ininittance, the three i~ xies are boundary-couplea.

Other insights may be obtained through a stdey of the schematic,

but it is not our intent to be exhaustive about this aspect of the

problem ; we ucsire to derive neti~orks which are rigorously analogous

to the problems stated , aria make a few observations about them. Once

they are understood, and sane facility is obtained in manipulating

than , they speak for themselves .

We will confine ourselves , x~~~ , to the followix~i remarks in regard

to Fig . 10 aria the physical problem it represents .

l quation (3.15 ) is an exact result , and Fig . 10 realizes it

exactly . The figure , therefore, can be used for tine-danain analyses ,

even though it was ueve loped f ran  a fregnency-&znain synthesis . Cons iaer

this aspect briefl y. One can see that a transient excitation applied

to the electrical port produces two waves in each transmission line ,

each wave starting at the surface and propagating irMardly . Lath pair

of waves is of egual strength and the stresses have the sane polari ty ,

so, conseq~~ntly ,  no net nechanical current will flow across the

center Line of the resonator plate .

~(nen ~~o of the three piezoelectric turns ratios n~ are zero ,

__--
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( > 3

only a single transmission line remains coupled to the electrical

input circuit , and , in this simpler case , the tine-danain response

redi~~ s to that given in the literature (88 , 99-101) . If ~~~ n 1 are

zero, and only one node is driven piezoelectrically, (3.15) shows that

the critical frequencies, corresponding to poles aria zeros of Y1 ~ 
(TL’I~4 ) ,

are obtained fran the roots of

tO.41. ) (3 .19)

which gives the ha~ tx)nically-relatea antiresonant frequencies, and

fzr *u the roots of

= (3 .20)

which gives the non-harnonically-relatea resonant frequencies . Since

only one node is r~~ considered , the node superscript is dropped.

Tiersten (64) has given a discussion of the neaning of (3 .20) ; it was

first cerivea by I3ecthmann U341 , in 1940 , for a sirx~1e node.

F~verting back to the case of three nodes , the exact result (3.15)

may be used ~~~n to DC in which limit the effective capacitance

r 
_ _ _ _ _ _ _ _ _ _ _ _ _ _— )r ~L~~ L ~~~ / (3.21)

1’:

whereas, in the abeence of piezoelectricity, the limit would be
(ir)

sis~ 1y C .  The piezo-coupling factors k have the effect, therefore,

of increasing the effective pennittivity. This has been shown , also

by beckinann (200) . because the crystal plate is passive, noreover,

it is necessary that the limiting capacitance at DC be positive,
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which implies the constraint on the coupling factors

i 
( -& ‘

~
“ )

~ ~~~ . 
( 3 . 2 2 )

Additional relations of this sort may be aeriveu fran the

necessity that the stored energy d ensity be positive. This , in turn ,

requires that the overall material constant matrix formea fran (2 .5)

ana (2 .6 )  ue positive definite (164), and leads to a variety of results .

Sane general consic~ rations relating to coupling factors are given in

the paper by L3aerwala (20 1) .

The network of Fig . 10 ongenerates, at DC - into a simple capaci tor

circuit that consists of the TETM electrical input circuit (C , in shunt ,

followed iT y -C 0 in series ) and three capacitors in parallel , one for
2

each transmission line, ea~~ of value C o (k ) .  In the high frequency

limit the input capaci tance aopzoathes C0 ) , the piezoelectrically

inducea notion becaning frozen .”

We now use the synire try of Fig . 10 to simplify it. L3ecause of the

transforner det ar ray , the nechanical ~~ltages produced at the ends

of eacn transmission line nave the sane polarity, as noted earlier ,

and the mia-point of the lines , corresponaing to the plane x 
~~
= 0, of

the crystal plate , is a noon of nechan ical current. We may therefore

bisect the network of three transmission lines at their centers (19) .

The bisection procitx~ s six lines , each of length h , open circuited at

the ends at whi th the bisections wore made. The six lines consist of

three sets of identical twins , which are all connected in parallel

through their piezo-transformers . Each set of twin lines can be further

reauceci to a single line, having twice the characteristic acknittance

of the individual lines . Our manipulations lead us thus to Fig . 11. 

- - --~.- - -- - - - -
~~~~~
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~
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here , the three nodal transmission lines have been connected via a ~~iuton

core transformer , so that the secondaries are in parallel.

Although we have not shown it yet , Fig . 10 is a tr ue analog

representation where the vibrating plate parameters , such as the ais-

places~nts , u , may be uetermined exactly as a f unction of coordinate

x3 , fran a consieeration of the network. Figure 11, on the other hand,

has lost this intimate pnysical meaning , because of the circui t manipu-

lations that have been carried out . The inportant thing to be ~ nr 1~iasized

will vary with the situation , usually ; at firs t , the analogous aspects

of the representations provide insight into the physics, while at a

later stage , after insight has been attained , circuit siinplifications

can be sought to reduce the network configuration to irore tractable

forms for application .

We leave the one-port , traction-free plate now , and pass on to a

nore general treathent of the TL’TM—driven plate which will lead , in

Chapter V , to a curplete seven-port network for handling arbitrary

boundary concutions.

C. The Electrareduanical Network Inpedanc e Matrix.

Our network of Fig . 10 realizes input a~nittance (3 .15)  exactly .

It was obtained by a one-port synthesis , and no other constraints were

imposed other than tha t (3.15 ) be satisfi eu . As we indicated toward

the close of the last section , aria this is significant , the net&ork of

Fig . 10 actuall y is vale on a point—to-point basis , anu not simply

valid only at the electrical port. because this is so , it can be

generalizee to arbitrary boundary conditions , as we shall shortly slow.

The traction-f roe-boundary plate , chosen to introduce our new results

because of its simplicity , led to the inposition of short circuits

_ _ _  —~~~- -~~~~~~~- - ~~ - -
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at the mechani cal ports; in nore general instances the shorts will be

replaced by mechanical boundary networks , coupling the three transmission

lines to each other , aria to the mecha nical impedances , seen at the

boun aaxy , arisi ng fran adj acent strata , lunpea loads , or other mechani cal

influences.

We thus anticipate the nore general network of Fig . 12. The

construction of the mechani cal bounaaxy networks will be given in

Cnapter V. In the figure the negative capacitance , associated with

T~WM , has ucen uisposea synmotrically in the electrical input circuit ,

anu placed nore e~q 1icit1y at the crystal interfaces, whereas the shunt

capacitance is clearly associateu with the crystal in the buJJ~. It is

uneerstood that the shunt capacitor plates coincide with the plate

surfaces for a couplete analog; they are drawn usir~ the conventional

circuit symbol as a convenience. We mention in passing that one may

look upon this static capacitance C~ , as a vestige of the two electro-

magnetic nodes in the quasi-static approximation , so that , additional

to the three acoustic transmission lines , a fourth line exists , repre-

senting these two coalesced noons , the velocity on which line is infinite.

Our object nere is twofold. We must provide a link between the

traction-free case of Fig . 10 and the anticipated picture of Fig . 12

for general mechanical boundary conditions . At the sane time , we must

show these general circuit forn~ to on true analogs , i.e . ,  we must

investigate the correspononnce of the picture with the spatial coordi-

nate, aria treat the network as a seven-port , rather than as a one-port ,

because the three stress and three displacement (or velocity) conponents

at each of the two surfaces are general ly interrelated.

_ _ _  _  -~~~~~~ - - - -~~~ - -~~~~~~~~~~~~
--- -~~- -
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To accxmplish these ends nos t easily, we take the following course.

We will reverse our proceaure of solving the physical problan first aria

then realizing its network, as we did in Sections III A and B above ;

insteaa we provisionally acopt the circui t of Fig . 13 , examine it fran

a network stanapoint , and then carry out the correspo nding operations

on the eguations aescribing the physics.

In Fig. 13, the short circuits of Fig . 10 have been r€~roved , aria

the mechanical boundary networks axe also absent . We shall obtain the

inpeciance matrix for this seven-port , and , after its validity has been

establisheu by recourse to the oguations of the physical problem, use

tne matrix in conjunction with the mechanical networks , established in

like manner, to arrive at an overall realization . This approach leads

to a relatively sirrple analytical form for the inpecance matrix of the

catplete network, aria one which is easy to obtain, whereas inclusion

of the mechanical networks and arbitrary mechanical loads at the outset

greatly coirplicates the analysis .

Consider the positeu Fig . 13. Because it pertains to ror mal

cooruinates, the port-variables are superscripted with the uegree

sign , as snown . The ports are ni.mbereu so that the left side (bottan

of ti~~ crystal ) of the transmission line supporting node (i) leads to

port (i ’ )~ while the right side ( top of the crystal ) of the sane

tran~ nissiori line leaus to port ( ( i  + 3) 0 ) ;  ports (1°) to (6°) are

the mechanical ports , while port (7 °) is the electrical port. We also

cefine ~~~ ana ~~ (~
- = 1, 2 , . .  . .7) as the voltages and currents

appropriate to port nunter (ir °) ,  with conventions as shown in Fig. 13.

At present we ds rot have to match these variables with the stresses

anu displac~~~nts .

L - - ~~~~~~~~~~~~~~~~~~ -_ __ __ _  ~~~~~-
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FIG. 13. SEVEN - PORT, NORMAL- MODE , EQUIVALENT CIRCUIT,

WITHOUT MECHANICAL BOUNDARY NETWORKS AND
LOADS.
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In order to carry out the analysis of the circui t of Fig . 13 , it

is convenient to replace the distributed lines by their equivalent

lunpea tee form. This form is shown in Fig. 14 for a single line ,

and the substitution of three such tees for the lines in Fig . 13

produces the network of Fig . 15.

We seek to aetermine the quantities in the rela tions

V~. = ~:, i; (3.23)

where the Greek indices have the range 1 to 7. Our task is reduced

in size by a ni.irber of considerations . First , as a consequence of the

fact that the network is ~ rnoosea of linear , passive anu bilateral

elements , and because we will choose our loop current definitions to

coincide with our choice of loops for a ;p lication of Kirchhoff ’ s

voltage law , the parameter matrices will ~Jc s~~irc trical (202) . ~e

rotice , also, that the irnpeuances break ~~~~ - into four tyoes , viz . ,

driving-point impedances , which are electrical or mechanical , and

transfer iinpeaances , which connect either two mechanical ports or a

mechanical port to the electrical port . ?part fran the node inuex

nunber , all the urivi ng-ooint mechanical impedances Will be equal , as

will the mutual mechanical impedances between the two ports of a single

transmission line. 1~ ain , mutatis nutanLiis , all of the electrical-

mechanical transfer impedances will be equal . Finally, all of the

mecnanical impedances , whether driving point or transfer becure al.nost

trivially simple to evaluate by virtte of the two capacitances , which

together proauce a shorting of the piezo-transforrners , when port (7°)

is open , ther~~y decoupling the transmission lines fran each other.

_ _
~~~~~

ii1r1_ 
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This last-mentioned consideration has the effect of making vanish

the jj t~ edance matrix elements with the following indices : 12,13,15,16,

23 ,24 ,2b ,34 ,35 ,45 ,46 anc 56 , plus , by syMre try , those with these indices

in reverse order. These correspond to mechanical transfer impedances

between different lines . The mechanical driving-point impedances are

0
= Zz~q = I

*a..i. O~ (3.24)

ti)

o 0 (2) (z)
= 153- Z i  ÷ ~z .

J t_a.*~_ &~ (3 .25 )

and

(3)
o (~) (3)

~~, -
~
- 

~ 
=

J ( 3 . 2 6 )

where we have put

C .
= Zh X. ( 3 . 2 7 )

The mutual mechanical impedances that are rot zero , are

0 Cl)

= = z 2. = _________________ 
(3 .28 )

j  ~~~~~~~ Q I

0 0 (1)
•
~ 15. = Z~~

J — ~
4’

~ 
z

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .
~~~~~~~~~~~~- .
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and

(3)
0

— 
. (3.30)j -~~ e3

With the mechan ical ports (10) to (6° ) open-circuited , the

impedance seen looking into the electrical port is

i
- - )

j~~j) C0
(3.31)

which is consistent with the mechanical port conditions , since we

shall fine that open circui ts at the mechanical ports mean zero
velocities aria UisplacErents , so the crystal is clan~ ed aria the piezo-

electric effect is preventeci fran contributing to the imoedance seen
at port (7°) .

It remains to thtain the electro—niechanjcal transfer impedances .
We pick z~ as representative. Ports (2 0) throtrrh (7 °) are open , so

a short is placed across all piezo-transfo~~~rs , decoupling the three
0 0transmission lines . A current I~ injected into port (1 ) as shown ,

prouu~~5 a current ri I~ on the pr imary siue of the piezoelectric

arive transformer. ~J.his current flows throtigh the positive anu negative
car acj~~y~ anu produces a voltage at port (7 0

) of ~ I~ / (j c o  C0 ) ,

polarizea as shown , hence

=

~~~~~~ C0 (3 .32)

Similarl y one thtains

_____________ —= • ~~~~~
— --

J6) C 0 ( 3 . 3 3 )

—.. —— •. —-- -- - -— —— -
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and

0 
—

_ _ _ _ _ _ _ _  — L.7~~~ .

Co ( 3 . 3 4 )

W ith the syn~retry of the impedance matrix about the main diagonal ,

• this completes the evalua tion of the . The entire array is

given on the next page. If instead of three zodes, only one is

considered, the corresponding three-port impedance matrix is obtained

fran our seven-port matrix by eliminating any two of the firs t three

rows and colui~s , and the same meirbers of the second set of three

rows and columus , then suppressing the noon index n~ nber in what

ranains. With a trivial renunt ering of ports , it will be seen to be

identical with that given by Aulci (8) . 

~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _ _ _
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U. The Th~~1 Plate Electranechanical Impecance Matrix

Having the matrix array for the posited Fig . 13 , we now show that

this same array appears fran the oguations governing the notion of the

crystal plate , thtained in Q-tapter II , when the properly analogous

quantities are paired. Once this has been dens , an appeal to the fact

that the acoustic and transmission-line waves they the s~~~ eguaticns

of notion within the region -h < x < h and have the s~~~ boundary

values , will establish the fact that Fig. 13 constitutes a true analog

to the mechanical boundaries. After the mechanical boundary net-

works have been added, in Chapter V, the analogy for a single plate

wifl be cxirç lete in all respects.

In keeping with (2.52)  and (2.53) we adept the choices

Vrr A 7 ~~~~(-k) 
~ 

(w  ~ i , z~3) (3 .35 )

Vlr = A T~~ (41,) (ir L÷ 3 ~~~~~~~ (3.36 )

= V7 (ir = 7) (3.37)

where T .  ( -  h) refers to the value of ~~~ at the top , resp. , bottan,

of the plate.

Note that the choice here pertains to the total stress T

and not siii~ ly to the “wavy ’ portion , T~
The currents are taken as

—j c . i u~ (—
~~~~, 

( ~= c = i, 2 , 3) , (3.38) 

~‘ - t *

- - - — -~~~~ - - .--
~~~~~~~ -~ -- —--—-- - - .
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7

+ ~~~côuJ +~ )

I ) ( y = 7 ), ( 3 . 4 0 )

where, again , u ( . .  h) refers to the value of u 1 at x , = - h.

The reason for the sign dif ference between (3.38) and (3.39 ) is

this : the transmission-line oguations (2.42 ) , (2.43) have a convention

regarding the variables ; the voltage and current are always measured

in the sate sense , and , as a wave progresses &~ n the line, this sense

dees not change. On the other hand , we have chosen our port currents

i .~
, 

, in Fig . 13 , to be always directed into the port at the terminal

which is considered positive. The mechanical voltages have an unchanged

sense along the transmission lines . Labeling in this manner is con-

ventional for lizi~ed networks , and preserves a nice synuetry between

“ input” and “output , ” but makes inevitable the revers al of signs

elsaihere. It se~ ns to ts leas t undes irable to incorporate then, as

we have c~z~e, in the distinction between (3 .38)  and (3.39 ) .

based ~~on these choices relating circuit variables and physical

quantities, the in~edance matrix elements will depend upon quotients

of str ess a~~~onsnts and ccltponents of disp lacetent , both in the

nonnal-coordinate systan.

By definition , the inpedance elanent is detained fran

= v11~° / r  ) (3.41)

with all currents eguaJ. to zero except for 1 . The physical

significan ce of having six of the seven currents egual to zero is

this : since the first six currents have been taken to be proportional 



to the displacanent cxmponents at the bottom and top faces of the

plate, in the normal coordinates, we see that if is &jual to

seven , referring to the electrical port current, the fact that all

mechanical currents are zero means the plate is aiipletely clasped

at the top ana bottom surfaces , and , since the piezoelectric drive

is located only there , the crystal plate cannot nove. This statatent

parallels our ranarks about the traction-free case where the stresses

vanished in the normal coordinate systan , because they vanished in
(t ~)

the untransforned systan, and is nons ingular . When ~~. is not

egual to seven , then only five of the six mechanical currents are zero,

and only one plate surface is clasped and cannot nove. The other

surface has , in general , all cosponents of xrotion in the untransformed

systan ; ~xMever, these are rot independent , but bear constant ratios

to one another as dictated by the direction cosines of the transforma-

tion , since I~ is oiipounded of untransfonrea cxsponents of notion

in the ratio. of the This bec~~res sore readily apparent when the

inpedance ixxrponents are evaluated , as we rx~~ de.

As one would expect , the same conclusions we came to in the

net~ork case , regarding certain inpeuance cx*iponents being identical

save for change of node index nuster , are valid here . This allows us

to cut c~~ n on the nunt)er of elatents to be evaluated .

1~ ain , four categories of impedances are recognized. The firs t

is the electrical input inçedance ~~ 
~

. 
~ 

; this differs from the

reciprocal of (3.15) because , in that case , the tractions , but not

the displacanents , ~~re forced to be zero . We take U° (i = 1, 2 , 3)

to be identically zero everywhere. This satisfies (2.39 ) .

~~~~~~~~~~~~—--  - - ~~- - -~~~~~~~-- , -~--*~~~~-, ~—- - — -~~ — - - ---



equation (2.41) be~~nes

a3 ~~~~~~ 

.#- b3 • (3.42 )

Application of the boundary conditions (3.2) then gives

b = 0 ,

ana

a 3 = (c /h . ( 3 . 4 3 )

Fran (2.20),(3.12),(3.43) and (3.14) we arrive at

= 
~~~~~~~~~~ 

/ 17
° ) 0  = ±/ c-~ . (3 . 4 4 )

The ranainirg impeuances may be obtained by ass uiiirx~ one of

the ~? to be finite and the other two to be ioentically zero.

because the are uncoupled in the bulk , they satisfy (2 .39 )

separately. A val~~ of zero satisfies ( 2 . 3 9 ) ,  and makes four of

the six mechanical currents vanish . The fifth is maae to vanish by
0

cthosing the finite to be a solution of (2 • 39) in such a manne r

that it is zero at the appropriate surface, and ron-zero at the

other. Choosing

CL~~ ~~~~ k (3 .45 )

accxnplishes this ; the sign being chosen to make vanish at

x = . h , respectively .

For aefini teness, we take

0 0

= ( 3 . 4 6 )

everywhere, a-i i , as a solution to (2.39 ) ,

tA~ = 4.~~i . ( 3. 4 7)  

_~~~~~~~~~~~~~~~~~~~~~ .
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As a cons~~nenoe of the requiranent that , r~~.i ,

0 ,

plus (3.12) , we have

1) 3 = 0;

and , by (2.20 )

~I 3
_ 0~

so that , f ran (2 . 38) , we get

0 ~
) 

~-= ,c u~,3 • (3 .48)

With ( 3 . 4 6)  we obtain

= 0~ (3 .49 )

whicfl leac~s to

V3 V~
° 

0~ ( 3 . 5 0 )

and , hence , the having the subscripts 21 , 31 , 51 and 61 , are

zero . We shall omit x,irxj it , but it is very easily shown by changing

the node index nunber (i)  of the u ° that is chosen to ranain

finite , that the are synitetric, so that impedance elare nts with

sdescript s 12 , 13 , 15 and 16 are also zero . It also then appears that ,

additionally , the following—subscripted elanents vanish , &lonq with their

syrriietrically—xelated partners : 23 , 24 , 26 , 34 , 35 ,45 , 46 and 56.

We r~~ continue to determine the finite impedance cx1T~ onents

starinir~ f ran our choice (3.46 ) , (3 .47 ) . Using (3.48 ) ana ( 3 . 4 ~~

-
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gives

— )~O)
4

) 
C, ~

) c (
~ — (3.51)

so that , by (3.35) , (3.36) , and (3.27 ) ,

(,) O)
V1 = —x ‘C (.~ A ,~~~6, , (3.52)

and

(1) 0)V4 = —
~~~~ c £~ A • ( 3 53)

I~ is thtaj i~~d frau (3.38) and (3.47) :

I: _ j c i  
~~, ) (3.54)

so we have detemnined

= 

‘

~ / (~ ta~,i~ 9i~ ~ (3.55)

plus

= 

I)

/ 0,) ~ (3.56)

and use has been made of (2.45) , (2.54) and (2.56) .

Making other cthoic~s for (i) in (3.45) , and using both the plus

and minus signs therein , for each such cboice, a repetiticr~ of the
ste~s directly above ‘eads to

(I)

~~II
o 

= Z 4q = 

~~ 
(3 57)

(Z)
0 0

~~21 
= = 

. ‘ (3.58)
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• ~~C3)

~33 = = )
~ &a41 

~ 3 (3.59)

whid~i are the sate as (3.24) , (3.25) and (3.26) ; also

o o
= ) (3 60)

o • 
_ _ _ _ _ _ _ _ _ _) (3.61)

Z 14~
l
~ 1~

and
o

9C.~k 93 (3.62)

Th~~e are the saze as (3.28) , (3.29) and (3.30) , while (3.44) is
the saiQ as (3.31) .

• All but the electro-med~anica]. transfer iir~edances have been

thtaii~ d; this calculation foll~~s next .

C~~~ again we use (3.46) , (3.47) , and xz~ ute the ‘voltage

~eve1oped across the open electrical port . For the sane reasons

given follc~ ir~ (3. 47) , a 3 is again zero , while the quantity b

is of no c~~~~ rn because it ~~es not enter the expression for V~~,

whid~ is

V7
0 

= [ ‘P( x.3 = ~I,) — (P(~3 =—~1)J 
~ 

(3.6 3)

k(~
) - U, (-~ )] e313 /~~ ; (3.64)

- _ _ _ _  ___- -

~~~

- .

~~~~~~

-

~~~~~~~~~~~

~.
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this last expressicn follazing frau (2.41) with a 3 = 0 and the

thoices (3.46) , (3.47 ) for the u~ . Sitstitutix~ the particular

fonn for u 1 given by (3.47 ) makes V7 becxire

• 0

V7 — (~ e313 44l %~~Q~ / 633 (3.65)

The current I? is obtained fran (3.54) , so the ii~~edance z is

= e313 ~~~~~~~ (3.66 )

1~~cA11ir ~~ the definitions (3.14) and (3.17) aliows us to put this in

the form

o 
_________________•

~~7I 
= . )

(3.67)

whith is seen to agree with (3 .32) .

Continuinj exactly as we have proceeded above to determine

• z , but with interth ar~ es of index nurbers, one may similarly

sh~ i that

7;, = .= 
. C 

(3.68)
• 0

o • _______________

Z 72. = 

~~~ (3.69)

and

O — — 113— — 
~ c0 (3. 70)

These relations axe identical with (3.32) , (3.33) and (3.34 ) . The

~ 

_________
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s zinetxy of the about the main diagonal makes the determination

cxmplete, and, it is seen that our assigrments (3.35) to (3.40) are,

in every respect, consistent with the posited Fig. 13 and with the

eguations go’vemin the physics of the systau , so that the in~ edanoe

matrices obtained fran the physics and the figure are identical.

The in~ edance matrix is further seen to have the property that all

mechanical ports are on an egual footir~~, the only difference being

the arbitrarily assigned port ntirbers; this property also follows at

once fran Fig. 13.

This section has developed the seven-port iii~ edance matrix

fran the physical eguations governing the pzobl~ n. ~~on cxz~parison

with the matrix of Section C, one sees they are identical. This

justifies not only our thoice of pairings of variables between the

circuit and the problan, but proves that Figure 13 is an exact

representation of the physical problan as seen at the ports ( T r ° ) .

We ranark again that the ainplete prth1~ n involves additional

circuitry , so that the mechanical conditions at the layer surfaces

can be expressed in untransformed variables , instead of those super-

scripted with the degree sign. Within the normal- coordinate frane-

~~rk , however, the representation of Figure 13 is exact . One

additional topic ranains to be considered yet, and this concerns the

piezoelectric drive , to which we devote the next section. We mention

in passing that we have marked out upon our unbounded plate a portion

of area A and have characterized this ; the entire plate is sinply

nore such areas , with all of then in parallel. It will be noticed

that the L~ Th case treated in Chapter IV presents the dual situation 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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of portions of a single plate characterized as being in series

electrically .

E. Piezoelectric Tracti ons.

We noted in Section lB 5. the historical develo~inent of the

concept of piezoeiectric tractions taki ng place at discontinuities.

In this regard , Holland ’s ~~rk (102) deserves special mention as it

pertains to piezo-vibrators and stacks of plates , and he enphasized

the surface-traction aspect in these situations .

We have arri ved , in our ~~rk , at circuit representations which

place jus t such an interp retatio n in evidence. That is , our circuits

portray the piezo-drive effect as a phenanenon that takes place at

the surfaces of the plate , and therefore the schenatic shares this

accord ance with the nature of the physical problen .

This section discusses the drive netha ni~n further and leads up

to a aeionstration that the circu its , such as those of Fig . 10 and

13, are tr us analogs ; they provide realizations not only at the

seven ports , but are valid within the bulk of the layer, as well.

The physical reason for the location of the piezo-drive transformers

at the layer boundaries can be seen as follows . Newton ’s equations

(2.1) , transforired to normal coordinates , are

= 3 3  = j
O U.~ ( 3.71)

where the F° are ~~~ponents of mechanical force density. ~~~
arise fran the differentiation of the stresses , which fran (2.38) , are

C 0

~~ 
t.4,.)1 •+• e33~ a.3 (2 . 3 8

S . ~~~~~~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _
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The quantity a 3 ,  in turn, is a uniform electric field , fran

(2. 41) , which depends for its value upon the boundary condi tions

inçosed (see, e.g., (3.6), (3.43) and above (3.48)) . Differentiation

of (2.38) yields no contribution fran the second term on the right

within the bulk of the crystal, where e~, 0.3 is constant. Hc~ever,
each surface produces a discontinuity , so the differentiation yields
a delta-function of force density, located at the surface. This will,

in general , result in all three ai~çonents of F,° being produced

there. In the event that the material cxm~ rising the plate is not

piezoelectrically hc&i~geneous , additional contributions to F,° will

be produced because the term a3 e~~3 is then not always zero . We do

not consider this further, but it may be treated by the znetbod set

forth in Chapter VI.

The delta-functions of piezoelectric force density are represented

by our transformers, which are located at the surface and exert finite

forces, but have no spatial extensions .

The mechanical. variables, represented by (3.35) , (3.36) , (3.38)

and (3.39) as port voltages V and port currents I~ occur at the

surfaces x 3 = th , as do the piezoelectric drive tenne discussed above .

Therefore, making use of (2.47) and (2.52) ,

V ’(~~~.f rtt Czr ’)) ~ (V ~° A 1~° 
• (3.72)

Also, fran (2.53) and ( �.38) , (~~.39) ,

(r= I ) 2,3) J 
(3. 7 3~

S .. 
-

- -
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and

cL) • o

I (Qtf.~t (7T’))  = ~~~ = ~ C3U~.)  (r~~1~~~). (3.74)
Since ~~ and I are the transmission-line variables , these are then
expressed directly in tenre of known values at the surface. The
boundary values at the transmission-line ends, expressed by (3.72) ,
( 3.73) and (3.74) , are the sane as those a~çearing at the plate surface
in the physical problan. This , plus the fact that the ne~~~rk and
the acoustic problen obey the sane transmission-line equations within
the bulk , as skx~ n in Chapter II , guarantees that the net~~rk is a
true analog, and that corresponding quantities are matched on a
point-for-point basis along the spatial coordinate fran -h to +h.

In the results of Chapter V we shal l obtain suitable mechanical
boundary neb~~rks to be attached to Fig . 13, which will then be~~ re
cui~ lete.
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IV. Lateral k~xcitatjon of Thickness t&de s

Lateral excitation is the second canonical form of excitation

of thickness modes . It has been the subject of recent interest

(20 7-215) , althou h use was made of it by Atanasoff & Hart (44) ,

referenced in Caciy’s book (160) . Also , excitation by an electric field

lateral to the wave propagation airection is often used with vibrators

in the form of bars . We have chosen the name given in the chapter

title, (abbreviatea as Lk~ 4) to characterize this type of

excitation . As much confusion arises fran other names that abound

in the literature, it seens to us least airbiguous in this form.

In this chapter we will parallel the trea~ nent qiven the T~IM

case in the last chapter , considerir~ first a traction-free plate

analytically , then obtaining a network that realizes the electrical

port ininittance. After this , the seven-port aãnittance matrix for the

normal coordinate systan is aerivea , analytically, and realized as a

network, which is shcMn to be a true analcx of the acoustic problan.

Our efforts are aided by similarities that this problen shares

with the firs t (Th’IM) canonical form , so that certain of the properties

will be recognizea by inspection , such as the symetry of the aãnittance

matrix, and the possibility of obtaining additional matrix coefficients

by permuting the mode index nuiber. These features will therefore be

discussed briefly only.

Concerning the analytical portion , there seens not to be any

published material relating directly to the derivation as we shall give

it. Scki~,e~~e (215) consideres ~~ nodes driven by LE’1?4, but limits the

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~
--

~~~~~~~
— -
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aiscussion to ceramics , (class 6mm) , while the other publications

treat of only one node , or of a nunber of nodes each of which is

unco~.çled to the others at the boundaries , in the manner of Lawson ’s

Th~~ paper (61) . What we shall give for the traction-free plate is

patternea after Tiers ten ’s treat~ent (216a ,b ) .

A. Single-Plate Crystal i~ salatór, Traction-Free.

1. The plate under consideration is presu~~a to be laterall y

unbounde d ana of thickness 2h; the upper and lcMer surfaces at x 3 =

and -h , respectively , are further presuned to have no mechanical sur face-

tractions applied. A uniform electric field is applied in a direction

perpendicular to the thickness coord inate . Wi thout loss in gener ality ,

we take the field direction as the negative x 1 axis . This specif ication

of a lateral field na.i requires the lateral coordinates to be distin-

guished , and the matter tensor s specifying the phenanenological elastic ,

piezoelectric and aielectri c pr operties have to be referred fran the

X ,Y ,Z systøn to the new x 1 systan , xx~, established . In the Th1~4 case,

only such cxxi~onents as were referred to x 3 were required.

The mechanism for establishing the impressed electri c field is not

of interest to us; we suppose it to be set up by an electrode arrax~ e-

inent sufficientl y far ratoved fran the section of plate we focus our

attention 4)Ofl that any effects other than those arising fran an

assuned uniform lateral field , are negligible. The time factor ,

exp (j  o) t ) ,  is suppressed . Figure 16 shads a section of the plate .

At the plate boundaries , the conditions to be satisfiea are

T3. 0~~ at 
~~ 

= t~~ ) (3. 1)
and

D 3 0~ at X 3 ~~ (4.1) 

— - S- .- .- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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The mechanical condition (3.1) is the sate as in the T1~1N case , and

we also have, as a consequence,

r3~ o ~ t 7.~3 — ± 
~~

~he condition (4.1) replaces (3.2 ) . D 3 must still be a constant

thronghout the plate , and , because of (4.1) , that constant must be

zero , t~~ever , it cannot be sh~~n fran (2.20) because we shall find that

the applied electric field modifies this expression . The assus~ tion , in

thapter II , of no lateral field vari ations was valid both in Qiapter III

and here because 1~ (applied) is uniform. This implies a laterally varying

potential , hcMever , which we take as

(e 3~ / E3~) u~ + 43 )d 3 ÷ ~~ ~~ ., + b3 (4.2 )

using (2.17 ) as a guide ; (4 .2 ) satisfies the canpietely general (2.16) .

If we take the applied field to point in the negative x1 directio n ,

as the applied TL’lN field pointed in the negative x3 direction , it

follc~ s that a is positive in value. Fran (2.4 ) , the positive-directed

electric field in the x 1 direction is called E 1 and ( 4 .2 )  gives its

value as

— 0.1 — — E (o.~.~ &~4) (4 .3)

This added term must be inc1tx~ed when (2.5 )  is wri tten out . We will

take 1~ as a given value which is fixed for the problan . It is seen

that 
~~

. by itself satisfies the electrical boundary condition that the

tangential cunponent of the field shall be continuous across the

boundari es , so the field in the x 1 direction , external to the crys tal ,

_ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _
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is likewise equal to E 1

when (2.5) is written out, we get , instead of (2.13) ,

T3~ ~C3,jk3 Uk )3 + e33~ (P)3 — e 13~ E , 
~ (4.4)

ano, similarly , (2.6) x~~ gives

:D~ = e3~3 ~~~ — €33 ~~ 
-
~
- G3, E 1 •~ (4.5)

I
insteaa of (2.14). In the quantities e I3~ and ~~ we have the first

appearance of canponents of the material tensors refer ring to a lateral

axis .

Fran (4.2) we have

~P 3 =. ( e3~ / E~~ ) U~ ,3 + a3 (4.6)

anu when this is inserted into (4.5), D
3 
becates

.5
.

~ €33 0.3 + € 3, 
~~~ (4.7)

but, as (4.1) makes D
3 equal to zero , arising fran the fact that no

current can n~~ fj ~ q in the x 
~ 

direction , we are able to evaluate a 3

‘5
,

0.3 = + ( Q~i I ~~ E1 (4 .8)

Substitution of (4.6) ana ( 4 .8 )  into ( 4 .4 )  gives

3) = 
~~3Jk 3 ~~~~~~ ~ i~J E 1 (4.9)

where

iC 3~~3 = -1~
- e33~ e~,3 (2.19)

- -- -~~~~~~~~~~~~~~~~~~~— ~— - .-. -~~~~~-
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are the sane piezoelectric a.lly stiff ened elastic stiffnesses

encountered in Chapter II.

The quantities 
~~~‘~~

• are given by

— — (E~~/€~~) ~~33j (4.10)

We will need in oraer to determine the current and admittance

of this configuration. We use (2.6 ) to obtain

= e.~ 3 t4k,3 — 
~~l3 S~3 + ~~ (4.11)

where (2.4) has also been used. When (4.6) and (4.8 )  are put into

(4.11), we arrive at

D 1 = ~~~~ ~~~ + &u Ej . (4.12 )

In this expression 
~ ~ 

equals the fol1a~iing

~
- Is’

= e ( Q31 / ~ 33) e3~ , (4.13)

and ~~j j  is
~ g ~g

— € I~~ ~~3I /~~33 (4.14)

t~ecause of the synuetry of to an interchange of the last ~~~

inaices, ana because are likewise syn~retric , (4.13) is the sane

as (4.10) , and (4.14) can be written

— — ( 
~~~ 3 ) / ~~33 (4.15)

2 • We r~~q transform to normal coordinates to uncouple the

motions . In the transfouted systan we have

a (‘) 0
— 

~~~~~ ) (4.16)

_ _ _ _ _ _ _ _ _
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and

ZD 1 
~~~~~~~ 

Lk~~~ 1- E,1 ~~ . (4.17)

I~ uation (4.16) is obtained as in (2.35 )— (2 .38 ) , and (4.17) cates fran

(4 .12) and (2.40) , where

0 0 S % o

e ,3L = e,3L — ( €~~~, / €~~) e33~ (4.18)

and ~~ii is given by (4.15) .

The wave equation (2.39 ) must, of course , additionally be

satisfied by any solution that satisfies (4.16) and (3.3) . Regard-

ing the syn’uetry of the traction-free plate, we take the sane solution

as for the TEIN case :

C . (t
•
)

9% )( 
~~3 ~ (3.4 )

which satisfied (2.39) , and use it with (4 .16) and (3.3) :

T3L = 3 — ....~~~~~ E , (4.16)

~ ) (~) 6

~ tY~ co~x ~~— e ,3~ E 1

Q*

hence

•TJ. = 
+

I. 
~ (~) (~)

IC X #C6t~ X h (4. 19)

Therefore,

0
= 

~~~S3. E1 — %~
~ J (4.20)

which is the sane form as (3.8 ) for the TE’fl4 case , while

_ _ _ _ _ _  - - -- _ —-
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0

= ~~i3L E1 .44-n.X ~~.3

1d~ ~~ 
~~~~~ ~~~~~ (4.2 1)

which is to be cunpared with the corresponding (3.9) for TL1~M.

Nc~ we can evaluate D
1 

by putting (4.21) into (4.17) , yielding

0

= ~~ ~~~l3L ~~~S( . 3 ~Cb~ x 
~~~~ 

‘

~ g

(4.22 )

so that is a function of x 3 ,  instead of being a constant , as is

D 3 . To obtain the X directed current, we xut integrate . We take

a portion of area normal to x 1 of width 2~r ,

A L (4.23 )

and find the current which it intercepts fran

_j~~(z~ ) f D 1 ~~~3

(4.24)

wher e the negative sign arises in the sane manner as in the TE’IM case .

With fran (4.22) inserted into (4.24) , and the integration carried

out , one finds, for 1
L

~ 
~~~~~~~~~~ 

e 1~3
= -~~~~~~ 

(~~ r)~~ 1 €j I 1-E
~; 

) •ta4l.)~ 1~J
(4.25)

L~fining ~~~~ 
the Lk~LT4 cot~~ling factor for mode (i) , by

(L) 2. 
0~~ 0

( I_  •% — ~~ l3~ ~~~ii3\~~~~~ J — ) (limi .~~i~.s.) (4.26)

L _ _ _ _ _  _ _ _ _ _ _
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allcMs (4.25) to be express ed as
(‘)

t~L = f~ 
(z ur) ( l k)  E, ~ j ’ i~ + 

‘
~~

I 1~(4.27)

We x~~ have an expression for the x 1 —directed current arisi ng as a

result of the plate vibrations respondi ng to the tiite-harm onic impressed

electric field E In order to arrive at an equivalent ne~~~rk represen-

tation , we arrange our definition of admittance to take into account an

elanental portion of the plate. This was &ine in the TE’IM case , where

a portion of area of size A was selectea and the current intercepted

by it was found . For the Th’1~4 unbounded plate as a whole , the total

current would itself be unboun ded, so the calculation is a form of normal-

ization , arxi the whole problan then appears as a sun of elanental plate

portions aU connected electrically in parallel. For the IEI!4 case

we again make a normalization, but this time it is more a~~ztpriat e

to consider the elatental sections as being electrically in series.

We detezn re the admittance on this basis . To cb this we first consider

that the imposed field arises fran a potential difference in the

lateral direction equal to (-E 1 (2 t ) ) ,  where 2L is an arbitrary length

in the x 1 
direction . See Fig . 16. Then the input admittance Y~ (IE’!1~4)

would be , in the sate manner as (3.13) ,

Y,~ (LET!~1) — I L /(Z~~~~) • (4.28)

The capacitance be~~een two plates of area A
L~ 

separated by distance 2~~,



99

in a meai un of ~enni ttivity 
~~1l’ is

~~u A L 1(22)
(4.29)

so (4.28) can be put into the form

~L 
(‘)

‘~4~,1 
(LEY ~l) = ÷

~~~~~~ c0 ~~ + Z (
~. ) t a ) (  h

L

(4. 30)

It will be seen that the entire plate appears as an assenbly of elanental

areas in series such as we have considered . In the final result , (4.30) ,

the tranverse length (22 ) cbes not appear , but appears instead in the

tranverse capacitance Co.

B. Network Synth esis of Y~~ (IZfl ’l).

1. The task of performing a one-port synthesis of (4.30) is greatly

simplified by the work of Chapter III for the TE~1M case , and by the

simpler nature of (4.30) , ocupare d with (3.15) . We see , first of all ,

that Y. (LEI’M) consists of four admittances in parallel , one of which

is simply realized by a capacitor of vale Co. ~~at then ranains is

nothing more than 1TL fran (3.16) , with a sui table sobstituti on of
(i )  ( i )

Co for Co and k for k . But we kiu~ that Y TLin (3.16) is realized

by the parallel carb inati on of thre e networks of the form of Fig . 9 ,

so we are led iiimediately to the circui t of Fig . 17.

It is to be atçhasized that the appearing in (3.15) and (4.30)

are identical ; both cane fran solving the sate wave eguatic n, ( 2.39) ,

where the c are the sane for both , caning fran (2.19) in each case.

That is to say , the sane stiffened elastic cazstants determi ne the wave



- _ 
_- .-----—._-_--_-_-V_ __ V 

~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~

100

I I

W I i w I ~~‘
~~LLi~ ~~~‘ ‘

z~ 
)~~~I I >-° 1z4

~~~ ~~f - I
CRYSTAL 

~~1

_ _ _ _  ____
I

~~~~~

I

~~

I~~*~~ ~ 2h •

~~~ 
y0(I)~~( I )  

~ty~~~~~~~J r~~~~~ I
S • I

C y0(2) K (2
~ 

-
°

0 -C
= n2  = fl

fY.~~~~ ..
• I • I

C j0(3) , K (3) 
-o

.~_&_&j— 0 0 LIJ... ~= fl .2 = n
• I • I

+Co

N
ft

Y~ (LETM )

FIG. 17. EQUIVALENT NETWORK ANALO G REPRESENTATION
OF TRACTION - FREE PLATE , LETM. 



propagation velocities on the transmission lines in both the TE~IM and

Lk’DA cases , and these velocities are the sane as for the case of an

unbcundeu neciiun. The differences that exist cane fran the presence

or absence of the negative capacitance, and , of course, the fact that

Co refers to a capacitor whose plates are normal to x 3 while the plates

of Co are normal to the x 1 axis . The pie~~electric traflsforn~ r turns

ratios are different in the two cases and this is an important fact,

because here lies the key to the misunderstanding about ‘ stiffered

nodes and unstiffered nodes” which prevails in the literature. It

should also be noted that the piezo-transfo~~ers have been located

at the boundary , as with the TE’IN case • It cannot be sha~n fran a

one-port synthesis that this is indeed where they belong, but this

will be shcwn subseqently, as was done in Chapter III.

In Fig . 17, as in our previous work , we have used

C’)
V = j / ( A r~~

r ) )
431

C’) c~i
= C..) I L?’ ) (2.45 )

wherei~ on the piezoelectric transfonner turns ratios , n 1 becane

~~~~~ ~~I3L
(4.32)

with the transformer dots as shcMn. Notice that the area factor in

(4.31) refers to the plane normal to x 3 , while the factor in (4.32)

has a normal in the direction of x
1 

. This is because Y~ refers

~ 

~~~~~~~~~~~~~~~~
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to the transmission lines whidi extend along x 
~

, , whereas the transformer

turns ratios depend ~~on the cross sectional area which intercepts

the current f 1CM in either the TE’IN or LEIM case. Rr  the Tl~1M case,

the area factor in (3.17) is just A, whose norma]. is alon~ x 3 ,  the

direction of the current, while for W1~1, the current is along x so

(4.32) contains the quantity A L , defined in (4.23 ) , with normal alcrx

x l .

2. We XXM make sane runarks with reference to the literatu re

in particular , we review sane past work in the light of our general

results , so far , for the I~ Th plate .

The presen~~ or absen ce of the i~~ ative capacitor is the first

indication of the type of excitation ; the IZLM electrical input circui t

consists of only a single shunt capacitor . This separation of the

input circui t fra n the portion representing the vibration was mentioned

in connection with Scth~ss1er ’ s paper (143) .

In Sthweppe’s paper (215) he derives the equivalent of (4.30)

for two nodes in a cerami c plate . He shc~s that by neans of a variation

in the angle which the applied field makes in the lateral plane , which

is the sane as rotating the crystallographic XYZ axes about our

with respect to our x 1 axis , the at~ litt~ es of the nodes which

he treats can be altered with respect to each other . Such a device

could be used to red~~ the nutber of rescmators in a filter ; the idea

has been applied to the shear and quasi-shear nodes in a rotated Y-

cut quartz plate (2l4a,b).

The case of ore node being excited by a lateral field was first

treated by Mason (130) in 1939, where the notion of a bar was analyzed.

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _  _ _ _ _  
~~~~~~~~~~~~~~~~~~~~~~~~
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he obtained the resonance I z~~uencies fran the harmonically-related

roots of

~ (4 33)

ana the non-ha.uionica.Uy-related antiresonant frequencies fran the

zoots of

— 
~
, 

(4.34 )

~~~ can see that the Th’Tt.i antiresonances coincide with the LE’IM

resonances. F~r the situation where only one node of either is driven,

the str~~tion for finding the roots is given nicely by Schüssler
(143) ; Tiersten (64) first gave the ThTM construction, anci the other

fo1k~s fran it.

Fran the differences between the roots of (3.19), (3.20) and (4.33) ,

(4.34) the electzanedianjcal coupling factors may be determinea (141).
The differences which arise fran the types of excitation , TLTM and

1.k.”IM, can also be used to explain the finding of Beclinann (208, 210)

that a produc tion version of a high precision quartz Th~4 vibrator,

when converted to LE’l}l operation , had its fundamental resonance frequency

shifted ~~ iard slightly . Viewed as a consequence of the change in

conditions fran (3.20) to (4.33 ) , it is seen to be an effect due

V 
the coupling coefficient , which may be found fran his data .

Just as with the TE’Dl case , the solution (4.30) is exact , and

the reali zation of Fig . 17 also exactly realizes (4.30 ) so the neb~ rk

is valid for transient sttxlies , and can addi tional ly be used down

to DC. At DC the network da~enerates to a simple para llel cxinbination

of Co and three capacitors of value Co (k~ 
1)

) 
2 

• Notice that we

V

~

V_ - - -~~ A
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cannot say anything like (3.22) n~~ , since the input capaci tance

of such a circui t is always positive for real values k~~ . If , 1~~qever,

we wish to make a ccztparison between the two cases Th~~1 and JZI1M

in the ~)C limit , supposing that Co = Co, then we would have identical

input capaci tances in each case providi ng

j  3 2.

~t ÷ Z c ~
)

— �~ (-&“~~~~ 

— ) (4.35 )

or in the case only one node of each type ,

2.

— (4.36 )

which leads ininediate ly to

.3.
Z 4

j  — 42. (4.37)

or , alternatively

2AA = —
(4.38)

An identical relati onship, (4 . 36 )-( 4.38 ) , is found by l3echmann (137) ,

between one-dimensional coupling factors , fran an entirel y different

point of view.

Caning back to (4.34), the quantity ( 1-k 2 ) /k2 can be replaced

simply by the LEThI coupling factor fran (4.37), so that (4.34)

and (3.20) differ r~ q only by the sign of Xh.

In the single-node case, we noted in thapter I, in connection

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _  - - -~~~- - - --~ -~~~~~~~~
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with Mason ’s exact 1939 U~I!4 network (130), that it was equivalent

to Butterworth ‘s circuit (129). It is instructive to think of these

two alternates in connection with the normal-coordinate transformation

we introdixed in thapter II. We saw that this transformation in

the physical prth].~ n a1l~~ed us to put the ne~xrk results into

tran~nission-1ine form , that is, the tran&nission lines represent

the three normal nodes of the systa~.

Gui U~nin (217) discusses normal- coordinate transformations

applied to circuits and shc~ s that such a transformation leads to

ne~~~rk realizations as Foster forms . ±~uttexworth ‘s 1915 circuit ,

which incidentally, predates Foster ’s work (217) is just one Foster

form , wherein the normal coordinates are placea in evidence , and the

method for ~~ing this , starting fran the transnission lire , is the

partial-fractions expansion , as was used by Marutake (144 ,145) .

3. Having worked both traction-free problans , we are nc~ in a

position to consider the “stiff ened’1 and “unstiffenea” questicn.

A aistinction has gra~in up in the literature ~etween the Th’IM

case (also the corresponding case for a bar or rod) , and the IE~ 4

case (similarly for bar or rod) , where a node of the former is called

a “stiffened noce ,” while a node of the latter is referred to as an

“unstiffened node . ” That there is a distinction to be made is

certainly true; the terminology , lia~’ever , is unfortunate , and this

is not merely a cavil.

The origin for the terms doubtlessly lies in the fact that for

most of the popularly used substances and cuts , it arises that the

ThTh situation produces a uriven node whose phase velocity depends

upon stiffened elastic constants , (see (2 . 1 9 ) ) ,  while the

~

--. - - - - - -~~~-- —.-- -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - V V - -
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IEIM situation produces a ariven node whose phase velocity depends

only upon the unstiffered values

Our general results permit the follewing observations. The TE’Th

ana LL”IM cases are distinguished by the presence or absence of a

negative capacitor , by the difference in orientation of Co and Co anc.

by the quantities which enter the piezo-trans former turns ratios . The

transmission lines are iaentj caj . for both cases . This means that , in

general, both mm aria Lã~’fl ~1 will drive a “stiffened mode.”

As we shall shcM a TL’1!~1-arjven mode must be a ‘ stiffened mode ”

ana a ‘stiffened node must be ¶1~ fl~4-drivab1e, whereas a IZI~4-ariven

flOde may be a “stiffened node ’ or not , and a ‘stiffened node ” may or

not be drivable by LE’1~1; likewise , an ‘unstiffened node” may or may

not be £J~~4-drivab1e.

This is seen as folla~is. The criterion of whether a nooe can be

ariven or not , is w~’ether the corresponding piezo trans forme r ,

connected to that nodal transmission line, has a finite or zero turns

ratio . This is c*etennined by the proper transfonred piezoelectric
0constant; fran (3.17) , this constant is e33~ for m~Thi and , fran

(4.32 ) , e~~ for LED4 .

Tbe effective stiffness aetermining the velocity aria wavenunber

for transmission line (i) is c ~~~~ We may relate this to

as follews : starting fran (2.19) , which is

= ,C. j,, k3 + e 331 e,~3 /6)3 (2.19)

multiply through by aria apply (2.34) and (2.29) to get

(L) ( )  (~) 0

IC ~
‘k.j  f~ 

= ~~~~~~~~~~ + e~~ e~3 / 633 
(4.39)

-— —-———._ -. -
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L”4ew multiply through by and apply (2.26) and (2 .29 ) which

gives
(‘)

‘C = f3j /C.~3J~~3 (
~ 

+ e,3~ e~ 3 / ~~ (4.40 )

by the use of (3.7 ) , this can be written in other ~~uivalent forms ,

such as

(~) E (t) (t~
= i’~ 

c 3~I~3 (
~ 

/( 1 (4 12.) 
(4 ;41)

It is enough for us to see, fran (4 .40) , that the eigevalue c

uepenus upon e~ for its piezoelectric stiffening , and this is the

quantity that aetennines the turns ratios for the ‘I~’1~4 case . This

proves that a mm-driven mode must be a “stiffened mode ” and

converse ly.

In the case of LE’fl”l, it is obvious that e~ may be fini te while

e~~ is zero because they are independent of each othe r. This would
(t’)make the secona term on the right hand side of (4 .4 0)  zero and c

E
woula be aeteirnined by the it

3~~ 3 only, without any piezoelectri c

stiffening; hence, in this instance, the LE’IM-driven mode is an
0

“unstiffened node. ’ but if ~~~ is finite, then c must have a

piezoelectri c stif fening term ; so, by (4.18), if furthenrore e
ano/or E~ are /is also finite, then this “stiffened mode ” is

£E1?’4-drivable , in contradiction to the usual notions prevai ling in

the literature . The general circunstances under which a node is

excitable or not are given in Fig . 18.

4 . Let us go on new to the simplificati on of Fig . 17. The

sane arglznen ts we gave in Section III b hold good here . Briefly ,

the synmetri cal excitation of the tran smission lines guarantees

that the cente rs thereof are noaes of displacanent, which is 

~~~~~~~~~~~~ - -~~ ~~- ‘~~ .--~~- - --~~~~~~~~~~~~~~~~~~
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to say , of mechanical current . The sane thing is , of course, to

be seen fran (3 .4 )  as well. Therefore the tran~ nission lines

may be openea at this point . Ite two lines , each new of length

h , belonging to rroae C i) , are then in parallel and may be rep laced

by one line of twice the characteristic adnittance.

There thus results three lines on a bisected basis. In the

res ul ting figure, Fig. 19, one has a circuit very much like that

of Fig. 11, save for the absence of the negative capacitor , the

replac~ rent of Co by Co and the substitution of (4.32)  for (3.17)

in the turns ratios .

The establishment of the seven-port electromechanical ac~nittance

matrix will concern us next .

C. Tne LL IN Plate blectranechanjcal Ahmittance Matrix.

We shall r~~ continne in the fashion of Cha pter III to estab lish

the seven-port uiunittance matrix appr opriate to the IEIM problan.

It will turn out that WThi and Th’IM are very nearly duals of

one another , and that , jus t as the negative capacitor found

to be present in the Th’Th case made it acAvanta~eous to work with

the impedance matrix then , it will prove to our advantaqe to use

the acinitta nce formula tion r~~~.

It will be recalled that evaluat ion of the isr~ euance matrix

elanents invo lved placing open circuits at all ports , and this

had the result , in the mm situation, that when port ( 7 )  was

Opened , the negative capac it ance , added to the positive , produced

a short across the piezo-transformers which oecoup led the transmiss ion

flies . Tnis rendered the impedances easy to determi ne, whereas

the aanittance matrix elanents , which involve short circuits at

_ _ _ _ _  -.
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all ports , would have had the effect of placing the negative Co across

the transformers , and the transmission lines would have r~nained

coupleci.

In the present instance, where the negative capacitance is absent,

a short at port (7 ~ reflects directly upon the transformers to produce

the .Esireu uecoupling. h ence , we use the ac~nittance formulation to

e~q ress the Lè..I~A results.

This tine we will start with the plate equations , after which the

network realization will be obtained .

1. We again choose , for our ~~fini tions of nort voltaaes ana

currents , equations (3. 35 )- ( 3 .40 ) . by definition , the acxnittance
0elecnent y is detainee frun7r~

= 

0

/ 4 (4.42 )

with all voit~ges equal to zero but V~ . This means pè~iysical1y

that the plate will be cunpietely traction-free when y~ 7 is cetezinined

and have only ore cx~nponent of transfoimea stress applied , and that

to only one side when the other admittance el~nents are deteunirieci.

Thus the conditions requirea to detain y 0

77 we have already

net when the traction-free plate was analyzed in Section IVA, and

y is recxxgnized as being equal to I . (LE’fl4) , which is given in

(4.30). It recnains for us to detain the cxinponents of self and mutual

mechanical acinittance, and mutual electranechanical a~nittance.

The sane argunent that led to thosing (3.45 ) is aoplicable here ,

except, as we wish to force with a single non-zero voltage , rather

than with a current, we take instead

= 4. ~~~~~~~~~~~~~ 

)
(~ ±~~~) . (4.43 )

__________
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When the self and mutual mechanical admittances are to be aetermired ,

the electri cal port must be shorted . This leads to setting E equal

to zero in (4.16) , which then reads

0

T. =~~~~~~~~~~.53 (4 .44)

With the assuied form of T~ in (4.43) , the transformed disp1ac~nents

becune

£fr~

(1) C~~)

~ X (4.45 )

the constant of integ rati on , anounting to a rigid body translation ,

is aiscardsd because it dees not satisfy (2 .39) .

Fr au our choices of voltage and current variables and our definition

(4.42 ) , we can use (4.43)  and (4 .45 ) to obtain the self and mutual

mechanical ter~ns.

Straightforward calculat ion for i = 1 gives

V,
0 

A 6~ ~~~~ -“.- 

( 4.46)

0 / (I) (1)

I = -dco 4, ’~~~~O i /(’ ~ )~ (4 .47)

so that

Cs)•1’o
t~~~, 6, ~~~ (4.48 )

with the usual definitions. The sane axguien ts we used in the TE~IM

case xu~ can be used to arrive at

~ 

— — - -
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Cs)O 0
(2 — I~a 10ZJII — j q q  —

(4.49 )

(~)
0 0 Ye

~~ ta4~~9z
(4.50 )

and
0 0 Y0

— = 

j ~~a . n O3 
- ,

(4.51)

which crznpletes the determi nation of the main diagonal terms.

2. Fran (4.44) we see that only mechanical off-diagonal matrix

elements determined by the same node index nunber (i) are ncn-zero,

which means that , according to (3.35) , (3.36 ) arid (3.38 ) , (3.39) ,

thos e whose port nunbers differ by three.

F~r exa~~1e, with (4.46) for V’
~~, only I~ is finite (apart frau

4) , deviously; but this leads to the main diagonal term y~~1 
).

I°~ we obtain,

o 0) (I)
14 ~ ~ (4.52 )

leading to
(I)

0 
_ _ _ _

— 
~444t (4 53)

/~gain we use the Th1!4 argunents , about permiting nodal inciex nixnbers ,

etc. , to deduce

~

—- - - - ---- --

~ 
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C,)
I 0 

— (4.54 )
~j g~ — —

— J .44-v~. ~~I

(a4
0 0~~~~~~~~~ Ye

~g2 — . ) (4.55)

and

(3)
o ye

• • (4.56 )—J ~~~

Similarly we find that cur~~nents with the followinq indices

are zero: 12 ,13,15,16 , 23,24 , 26 , 34 , 35 ,45 , 46 anci 56 , plus, of course,

those on the other side of the diagonal , with the digits in reversea

orcer. This follows fran (4.44) , as we ranarked in the ‘niscussion

between (4.51) and (4.52) .

One set of elanents ranains to be determined , the electraiedianjcal
0mutual terms . These are found by application of V7 ana measuring

0 0the I~ (~ = 1 to 6) .  Now we take all T3~ to be zero at the surfaces

of the plate , a condition which we encountered in Section A , above .

In fact , we can borrow those results , because we know that an applied

field b 1 prociuces the disp1a~~nents u~’ given by (4.21) . We saici ,

in the discussion after (4.27) , that could be looked tz on as arising

Iran a potential difference (-L1 (2 1.) ) .  If this is our V~ , appropriate

to a portion of the plate of length 21. along x 1 , then , by the use

of (4 .2 1), (4.23) and (4.32 ) , along with (3.38 ) , (3.39) , we can dete rmine

y;7

After a simple calculation , and applying our usual methods of

- - - . - V ~~~~~~~~~~~~~~~~
- ---—~~~~~~ - - -~~~~~~—~-
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synlnetxy , etc. , we detain

(~)I 0 
~~~~~ Ye

~Irp = 
~~7á~ 

(0~/z) ~ (4.57 )

(2)

• • ~~~~~~~~ 
‘r.

ana 

= = 
~~~~~~~ (0~/z) ‘~ (4.58 )

(3)
0 • It 3 Y.

~~ 
= 

~~~
‘h1 

= = 

c~t (O~/z) (4.59 )

This artpletes the determination of the admittance matrix , which is

written out fully on the next page, the e1~ nent y.~ . being given

by (4.30) .

- . -
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L . The lilectxunedianical Network A~ nittance Matrix.

having obtainea the admittance matrix fran the math~natical stat~ nent

of the ~~ysical probl en, we wish here to synthesize a tran smission-line

network that reali zes this sate matrix exactl y, and , further , one

that can be shown to be a tr uc analo g of the vibrati n~ plate , in the

normal coordinate systan . The results of the next chanter will then

provide the necessary additional circui try to cxznplete the developisent

of trt ~ analogs for a single plate , anc, at the same time, lead nat ural ly ,

in thapter VI, to generalizations of our results wherein any number

of layers may be acc~~~todate d by our representations .

1. We may shorten the procedure of finding an appro priate ne’~~ork

by considering our past results , particularly Fig . 13 and Fig . 17.

Taken togethe r , they stro ngly s~xiqest that a circui t identica l to

that of Fig . 13 , but lacking the negative capacitor , will neet the

re~~ssaxy conditions . And so, we consider, provisionally , the network

of Fig . 20 , which has those characteris tics we have repeatedly stressed :

three nodal transmission lines and boundary-forcing , piezoelectric

transformers .

One might go to riore elaborate lengths to show why the acnni ttance

matrix leads to this figure, but it will save space to turn the process

aro und, ana simply analyze the conjectured configuration shown .

To this end, we replace each transmission line by its eguivalent

1u~pea circuit ; shown in Fig . 21, this nas been taken in the pi form ,

which is proper to an admittance determination. The cxiiplete seven-

port , 1um~ ed , neb~ rk is given in Fig . 22. The port voltage and

current conventions are identical with those of Fig . 15. El~ nent

_ _ _ _ _ _ _ _ _ _  ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~ -—~~~~~--
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values for the m~~~ers of the pi circuits are to be taken fran Fig .

21, with the necessary sub- or superscripts , relatir~ to the node

number , added.

What remains of our task is simplified , as it was in Section

C , by the decoupling effect of the short circuit applied to port

(7 0
) Using eles~ ntary circuit analysis , and the inherent syirinetries

present , we may write dcwn the elements aln~ st by inspection . They

are:

o (I) 0)
— 

~~I”t 
= Yl + Y z = - 

— )

i ~~ (4.60)

(1)
0 (a) (2) yY, + ‘T~. =

~ &a..,t &~ (4.61)

• (3) (3)

j 33~~ ‘j” = Y, 4- •i~ La.~ 93 (4 .62 )

To finu the te rm y~ 7 , fran the circuit given, it is easies t

to resort to a bisection , as was cbne to obtain Fig . 19. The situation

is the sane , because ports (10) to (60) are now shorted , as in the

former case. As no current flows through the three series arms ,

ceroted as y in the figure , because of symetry , they are bisected

with an open circuit , and the result is three pairs of aãnittances

in parallel , that are seen on the pr imary sides of the transformers

as a total ~~nittance of value 
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I 2 z

.3 .,

2 ‘~t.j~ Y1 . (4 .63)

When the admittance of Co is added to this , and we use , fran Fig.

21 ,

( (L)

~ Y. t~~ (O L /2. ) ) (4 .64)

we get

z
= + 

~~~ z ~ Y0 ~~ (e~ /z) .
(4.65)

by using the definitions of Co , 
~~~~~~ 

and &~ , t1~iis m a y  be put

into the form ( 4 .30 ) , the reauired result.

The fini te mechanical mutual terms are simply the neoative of

the series arm of the proper pi , so that we have

0)
0 (I)

Ii U t o
— — 

‘~~. - . )
- 

- 

~~~~~~ ~~
i (4.66 )

(2) (2)
0 ..,,.. 

___________________

!j 25 = 
. )

• (4 .6 7)

3)

~~3 ~~~2

~~~
-
~~~~“ ~ 3 (4 .68 )

whi le it is seen , by inspect ion , that the terms subscripted 12 ,13 , 15 ,

16 , 23 ,24 , 26 , 34 , 35 , 45 , 46 , and 56 , are zero , as are the corresponding

terms below the diagonal . -

_ _ _ _ _ _  _ _ _  _ _ _ _ _ _ __ _ _ _ _
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The remaining category is that of the electrcztechanical mutual

terms ; these are found by forcing with V 7 . Syninetrv was used to

get y.~7 , and it is useful here also. We use the same bisection

as previously, but reason that the full ~~ltage appears across each

transformer , so that secondary ~~ltages of n~ V~ serve as the sources

in each of six simple loops , each consisting only of prod ucing

currents of ~ ~~( i )  circulating, in every case , in the direction

counter to the particular port current I~ thus the aclnittance

elements are equal to

( m l )  
- 

(m)

= 

d ,c.t (
~~/z)

(4.69)

In particul ar
(I)

— u t
= — 

- )

~ ,C..V (~~~, /z) (4.70)

(2.)

0 
— 

‘) IZ ‘T’o
~ 27 — 

- 
)

(4.71)

(3)
o V)J

~37 — 
I’

~ .Ca t (~~3I Z )  (4.72)

which , with the synunetry = cx~~~1etes the evaluation.

we see the results are in accordance with what we obtained fran the

equations of the plate , so the network of Fiq . 20 represents the

physics of the problem, insofar as may be seen fran the seven ports (ir°) .

2. ‘Ihat the network of Fig - 20 actually ~~es nore than represent

the ~~ysical situation at the seven ports may be shown by following the

- - - - ~~ -~--.-~--- - —- -  -- - - -  -
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argunent as we gave it in Section III E. The stresses are given by

(4. 16) instead of (2 .38 ) , with - eUL E , suf fering a Uiscontinuity

at the surface instead of e;~ C~. ~ , but the conclusion remains

unal tered : the placing of the piezo—trans formers at the bounuaries

has this uefinite significance , as explained. The discussion reg ardi ng

the identification of the transmission line variables with the plate

mechanical ‘~.vltages and currents is likewise unchanqeu , and therefore ,

quite simply, we have establisheu that Fin. 20 is a tr ue analog of

the physica l problem of the LL’IN-driven crystal plate , i.nn to the

boundaries .

A consideration of the situation at the boundaries is the subject

for aiscussion in the next chapter. There we will obtai n additional

circui try to place at the normal coorcinate ports (7r °) to cxiriplete

the physical and network pictures .
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V. Cauplete I~ presentations of a Plate with Arbitrary Loads

Chapters III and IV have revealed that the thickness nodes of

vibration of arbitrarily anisotropic plates may be represented by net-

works that axe true analogs ; these represent exactly the physical state

of affairs as a function of the thickness coordinate. Because the

probleit~ nave been transformed to normal coordinates, and the networks

cescribed in these te~~~ , one is left at the bounding surfaces of the

plate with port variables in the transformed system.

in this cnapter we provice the additional circuitry necessary to

a~~lete the conversion to port variab les which exactly correspond to

the actual quantities entering the physical boundary concition s, namely,

the true stress and uisp1ac~ nent (or velocity) ctznoonents, anu we also

find the overall in~nittance matrices for the cxi~~lete networks thus

formeu.

- 
- When the seven-port networks have been crinpieted in this way , the

ana logs will also oe cunpiete ana exact in every respect , and the net-

works can substitute for the electrcinechanical plates in any and all

circunstances .

A. ~~thanical l3oundax y Network

1. In nost of the calculations of this chapter it will sui t our

purposes to use matrix notation, along with , or in place of , tensor

notation. Our attention will be largel y confined to the physical ana

electrical port quanti ties in the tra nsformed anu untransformed sys tans ,

and to the nodal matrix .

As we have kne  previousl y , the c~ qree sign is used to denote a

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  -~~~~~~~~~-
-
~~

-
~~~~~~~~

. -~~~~~~~~~~~~ - -
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transformed variable or coefficient . The quantities T3 , T~
° 

, u~ ,

ana v~
° are taken as three-by-one coluin matrices , ana written ‘1, T , u ,

u , v ana v , respectively . Similarl y, the S/if , ~~~ , I,~. ana I t,. are

taken as seven-by--one coluun matrices, respectively written V, V , I and
C

I .
(m l)

The nodal matrix is written ; a transpos e is indi cated by a

subscript t , thus , [
~ 

is

According to these definitions , and (3 .35 ) - ( 3 .40) , we can write

v = L A ~
° —~~A~

°(* kJ v;] (5.1)

and

= ~~~~~~ (-h) ~ (5~(+h) 17]  • (5 .2)

ft r the work of this section we require a relation between the

mach anica l port ~vlta~es and the- currents apoearing on a single side of

the plate . That is , we wish to pair the matrices AT (-h) anc —v (-h) ,
0 o

and also AT (-s-h ) ana +v (-s-h) .

It will make the notation si.xnpler , and , incicentally , prevent V

fran being confused with a ‘volta ge, to introdu ce the at~ reviations

A T c -~ ) L (5.3 )

A T °(-4-~-,) N-i° (5.4 )

— LT (—. h) =

and
+ -

~~ K ° 
.> ( 5 k ,)

an~ similarly for the corresponding untransfout~ d matrices . 

— - — - - -- - -———- ‘-- --- ----- - -—-- ----- -- - —--—- --—-—-- -i—----— -~~~~~~ -— .- - ~ ,- -- 
____

~
______ _ __.4__~

_ _~
__
~
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Our inTtediate deject is r~~ to see ha~ these quanti ties are inter-

related, and to isples~nt the relations by a network . Fran (2.27 ) , (2.28 ) ,

(2. 30) and (2.31) there follaii

L. = ) (5.7 )

M = (5.8)

T = (5.9)

and

K 1
3 K  (5.10)

At the surface x = -h , the physical boundary conoitions which have

to be met are those of continuity of each stress and velocity (or dis-

p1a~~~~nt) cunponent. This requires the specification of the quan-

tities i~ and ~J , the three mechanical port ~~ltages and currents , res-

pectively. Similarly , at the upper surface x = +h , continui ty of

H ana K are aemanded.

We require one network at each surface, that converts our mechanical
0 0 S 0

port variables fran L and J to L and J , and fran N and K to M and K.

Fran Section II A , the matrix relati ng the tr ansfozn~d and untra ns-

formea variables , is orthogonal , that is ,

• (
~ 

— . (5.11)

A multi—winding, ideal transformer interconnection which realizes this

transformation, which is discussed by Car lin & Giorda no (218) , is sha.m

in Fig . 23 , for the case of a three by three arr ay , as is the case for

(3 . The figure may be reversed, with the pr imaries labeled with

the superscripted variables, upon interchanging sub- and super-scripts

on the cxxnponents of ~~~~~, i.e., by s~~stitu ting the corresponding cunponents

L 

of (3t for the transfomier turns ratios . This ability will lead

-- — — -- — - -~~~~~~~~~~- - ~~~~~— -- - --.--- - _ _ ____s ~~~~~~~~~~~~~~ - — -  ---- - - - - -— - -



—---- -

~~~~~~~

- -

128

J
i

o

• 

•~

L i t
_J

~~~~
2
~~~ 

-

I:

L
24
_ _ _ _  

_ _ _  

: _ _ _

J3 $ 
_ _ _ _

L
3t 

_____

i: ~ L3
°

J = f 3 J °

L° /3~ 
L

FIG. 23 IDEAL TRANSFORMER REALIZATION
OF AN ORTHOGONAL TRA NSFORMATION :
THE MECHANICAL INTERFACE NETWORK.
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to simplifications when two strata are cx~ nected mechanically together ,

as is cone in Chapter VI.

When mechanical interface networks of the type given in Fig . 23
9 0 0  0 0

are attached to the ports ( i T ) ,  (7r ) = (1 ,2 , 3) and (4 ,5 ,6 ) ,  the quantities

which then appear at the new ports (~r)  are those required by the plate

boundary conditions. We sha~, in Fig . 24 , the cu~~1ete ~~il4 network

for a single plate. The electrical port ddes not require a trans-

formation , ana is labeled (7 ) for notational consistency. Fran

Fig . 24 , the ILTM neb~ork follatzs upon skorting the negative capacitors ,
replacing C 0 by C0 ,  and using (4 .32) , instead of (3.17) for the turns

ratios. The orientation of Co must also be changed so that the normal

to the electrodes points along x 1
2. At firs t sight the network of Fig . 24 a~~ears sai~ what intricate ,

but upon closer exanination , one may see that the individual features

are all separated fran one another, and the entire structure is built

up by the simple addition of all the parts . We shall see , in the next

chapter , hcw practi cal boundary condi tions very often lead to considerable

simplifications of this network. Taking it as a whole , zu~, we see

that the three plane acoustic waves in the piezoelectric crystal are

accounted for by the three transmission lines . The appliea electric

field , which is imposed by a potential at port (7) , appears in the

shunt capacitance C0 . These are the only features that we attribute

to the bulk of the crystal ; what ranains is cescribed in terms of inter -

facial ne~~~rks of two types . The first is dne to the pie zoelectric

effect . This effect is expressed in our circuits by the presence

of piezo-transfo~iers , located only at the two boundaries , and connected

into each of the three transmission lines in a simple manner. The
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manner of connection is this: fran the electrical iriout network

(shunt ~~ for J.~Th , shunt C0 ana series -C0 for T1~~4) the six transfornEr

primaries are in parallel. The six secondaries are siit~ ly placed

in series with the enas of the three nodal transmission lines, with

cots in accordance with the polar nature of the excitation .

• ‘the third cxxupcnent is the mechanical boundary network, which

also consists only of ideal transformers . Two such are ra-~uireu ,

one for each plate surface. As drawn in the figure, (which could

be turned arounu by transposing the turns ratios) , the three ports

connecting the mechanical transformer secondaries together lead to

the three modal transmission-line ends , where they are placed in series

with the piezo-transformars. That the pie zo-drive and the mechanical

transformers are placed in series at the input to the transmission lines

is a consequence, and a very important one , of (2.47) , WhiCh can be

written

= . (5.12)

The interpretation attached to this result was given in III E. It a~~unts

to the fact that the mechanical and piezoelectric sources are in series

and subtract to produce a resultant that propa ates alozx~ the appropriate

transmission line.

The mechanical transfo rme r circui t itself accut~~lishes the trans-

formation fran the normal coordinate systan of the transmission lines

to the coordinate sys tan established by the reference axes that describe

the crystal orientation. In this way , the stresses and displacanents

(or velocities ) that a~~ear in the normal coord inates , and that are

L.. - — - — - — - — • - - - — - — — ~~~~~• -.
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there axrçounded of cxmponents of the sane quantities in the untrans-

formed (reference) coordinates , are reapportioned by the circuit con-

figuration and turns ratios , so that the separate cx mponents of the

reference systan appear at the nechanical ports.

~~~~, introducing these boundary networks we have allcx~ied the processes

appearing in the interior of the crystal plate to be presented in a

very simple and lucid manner, i.e., a single transmission line for each

fl~~XE, and a simple capacitor to represent the dielectric behavior of

the crystal with respect to an applied electric field. The price of

such simplicity within the plate is the coordinate-tran~foxming networks

required at each bounda ry . It is a small price when one considers

hcw explicit each of the interactions is mace and h~~ gra~~ically they

are reproduced in the topology of the schenatic. baCh and every detail

has been a~~~u-~ted for , and the interplay of the various effects may

be traced thxo~zjh the scthanatic.

kNen within the crystal , and it is this key feature that makes

the equivalent network also an analog , the vali~s of the ithysicai. variables

may be ascertained fran the circuit , without returning to the elastic

equations. All of the contents of the equations with which we started

have been built into the circuit representation, that exactly , anu truly,

mirrors the ~~ysical situation , including its distributed nature.

a. The Cc~çiLete Inmu ttance Matrices

1. In U~~)ter III we cI tained the impedance matrix for the Th”fl4

plate vibrator in the sys tan of normal coordinates. In thapter IV the

a liutt-ance matr ix f or the LJ~1?4 plate was derived, also in normal

coordinates. For 00th cases , we r~~ botain fran these matrices

-~~~~ -~~~~~
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the cxmplete ininittance matrix with the mechanical ports referred to

the laboratory coordinate systan. These matrices describe the behavior

of the ¶L~1~4 and LI~Th1M plates i.n~ er all circutstances of electrical or

mechanical forcing or loading .

Because we treated the two canonical prthlans separately, it has

not been necessa ry to provide distinctive notation, and so only the

synbols z ° and y ° were used , without special subscripts . We shal l treat

both together here, but the Th~~ plate will always be describea in impedan ce

texns , and the LE’IN in admittance terme , so that no confusion should

arise.

Using (5.1) , (5 .3)  and ( 5 . 4 ) , we have

{ L° M V7 J ~ • (5.13)

If Vt is ~~fined to be the corresponding matrix when L , M and V7 are

replaced with thei r unst~ erscripted counterparts , then we find by means

of (5.7)  and (5.8) the matrix relating V and V to be

v 
~~~~ 

(5. 14)

with

~~~~0 o

S = o . (5.15)

0 0  ~~.

Thus B is a sewn-by-sewn array, which we have partitic*~ed, as shcMn,

into r~~s and cohims having three , three, and one n~~nbers , respectively.

~~ien (5.2) is used with (5.5) and (5.6) , we have

= L T ° K° i;}
~ ~ 

(5.16)

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - —~~~~~~~~ - - -~~~~~



1 3 4

and if I ,~ is defined to be the corresponding matrix when J °
, K ana I ;

are replaced by thei r unsuperscriptea counterparts , we find ,by using

(5.9) and (5.10) in exactly the sate manner as for V, that

= B 1°, (5.17)

where B is ajain given in (5.15) .

Ncw that all our quantities are defined , the actual operations

involved in arriving at the overall ininittances are easily performed.

What we aesire is a relationship between the untransfo rmed voltages

and currents ,i.e. , we we wish to find, for the ~~~~~~~~ case , the matrix

z in the relation

V ~ I. (5 .18)

We already have z° in the relation

V 0 
= z 0 

1° , (5.19)

which was d tained in III C. First we recognize that , because is

orthcgona.l, ~ is also orthogonal (219) . Then the foll~~ing steps foll~~
at once

V = B V ° (5.14)

B (5.20 )

~ z°(6~i) ~ (5 .21)

Z I (5 .22)

where

z = B ~~O
5~

; (5.23 )

= 6 Z
0 

~ (5.24) 

-- -~~~~~~~~ -~~~~-
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It will be seen, because (5.14) and (5.17) are the saite relations with

one variable written for the other, that an identical series of opera-

tions lea is to the sane result in the LEIrI case , using y ° 
. Thus we

are lea to the relations

o —I

= 6  Z S (5.24 )

for Th~ 1, and
0 — t

= 5 ~,
, B 

~ 
(5.25 )

for LFTh’ M. ~~~ overal l inmittance is related to the normal coordinate

iirmittance by a similari ty transformation .

2. By partitioning z and y in exactly the sane fashion as we

cia for ~3, in (5.15) , we may go into itore detai l in the determination

of the elanents of the overall matrices. To effect the partition we

shall renane the elanents of z in the fo1lc~~ing manner:

ZI ~~ Zs

Z ~ ) 
(5.26)

2

~ ct
with a similar ntxnbering for the part.itioned elements of y,  z and y

A~~lication of (5.24 ) , using the t~ and z° matrices in their three-

by-three partitioned form then gives

~~~~~~~~~~~~~~~~ ~ ~
(5 .27)

1 
~~~~~~~~~

~

- — --~~~~~~~ - ~~~~~~~- —.-~~~~~~~~~~~~~~~~~~~~~ -~~~--~~~~~ .- - - -~~~~~~~- - - -~~
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The z ° matrix in Section III C. s1~~~s us that

(5.28)

• (5 .29)

FurthentK re z ° is syrmetric , so we have only to determine the elanents

z~ , z 3 ,  z~ and z6 ,  since, because of the form of B , if z is syneetric ,

z is also symmetr ic; furthenrore , z 1 will ogual z~ and z q will equal

z ~~~. By a~ç)lying the relation , (5 .2 7 ) ,  we get

f~ ~~~~~~~~~
‘5.30)

Hence we obtain for the elaments (z ) nri , of the three-by-three matrix

z 1 , the fo11~~ing

(.p) ~
,r) (-‘p.)

(Z 1) = ~~ 
-

~~~~~~~~~ (5.31)

In like fashion , the other quantities to be determined axe

(~~~~~~~) 
= ~i_ /(JA) C0) , 

(5.32)

(~‘p)

( Zq) = . 
(5 .33)

1,=,

ano
(i’) ($ (-p)

~~~~ �1 (
~ ‘ 

~~~

° - ) (5. 34)
4t p J4~~ i9
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which cxinpletes the determination of all elements of the TEfl~1 overall

impecance matrix.

For the determination of the corresponding quantities in the LIEL~M
0case, we can start fran (5 .27)  with the substitution of y for z , y for

z ~~~~
. The aif fezence cones in when the elements for tie various sub-

0

matrices are obtained fran the y matrix , given in Section IV C. Once

this is obne , aria the manipulations carried out , we find

(f) (f) ci’)

~~~ 

0 (
~ ~ 15.35 )

j

(~) (j?)

( ‘ j r)4,, = 

~~~~ 

~ 
(5.36 )

(~~~~~~~~ ) 
= ~J7 7 = .y71 = Y~~~ 

(1_ E TM ) (5 37)

ana

(Sr) (
~

) (
~

(
~‘ L~ (5. 38)

which conpletes the c~etermination of all elements of the U~’1’M overall

admittance matrix.

We have n~ i cx~p1eteci our treatment of single crystal plate. In

this chapter the necessary circuitry was added to the networks already

derivea to proviae a cxxrplete and exact analog characteri zation of both a

Th”IM- and LEIM- ciriven crys tal layer , for ~~rpletely arbitrary

mechanical and electrical boundary conditions.
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Expressions were obtained, for both canonic forms of excitation,

for the overall imnittance matrix elesents, describing the behavior

of the physical system and of the analogous networks.

_ _ _ _  _ _  ~~~~- -~~~~~~~~-~~~~~~ -~~~~~ - - - -- ~~~~~~~~~~ - - -~~~~~~~~. ~~-— -~~~~— - .
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Vi.  Multilayer Stacks of Plates

The results we obtained for one plate will rx~ be geriera lizea to

encxxnpass a description of tx~~ Denavior of a stackea assemnbly of

plates . It wi ll oe possible to criaracterize stacks without ii~~osing

any restrictions upon the ntmt er of layers , their relative thicknesses,

type of crystal fran layer to layer , or orientation of one with

respect to the other . The general result is arriv eci at fran a con-

sicierat ion of a stack of the simplest kir ia , consistin of only two

strata . After the general result is establishea , we look at a nunber

of speci al cases of interfac ial contact and give the ir peulvalent

network representations. A section is cevotea to general inpedanc e

~ounoary conuitions , after which the chapter conc1t~ es with a section

cievotec to tue proulan of sizi~ie-enaea ana ciistributeci sources of

piezoeiectric excitation .

A. ~Lne iwo-A.~ayer Stack.

I . we seek to categori ze a simpie stack consistir~ of only two

layers of arbitrary thickness . Fran our uiscussion it will a ear

that , once this nas been cene , the result may be ex tendeci , without

further difficulty , to a stack consisting of an arbitrary nunber

of strata .

in the multi-plate confiquration , we make the sane restriction

as formerly in that no lateral variations are permitted . fliis means

a Limitation to unbounded plates for which our networks describe a

section of area A.

Unbounded plates may sean to be an idealization wholly divorced

~ 
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fran practicality , but as may be seen in (72) , a lateral extent less

than one huzK~rea thicknesses may be considered, for many purposes , to

be unbounced ; when plates are stacked , the presence of the layeri ng

acts acioitionally to suppres s the effects of the lateral boun earies

(~ 4 ) .  This assut~ tion , then, is not unrealistic , but is actually

approacheci readily in practice .

before going on to the two-layer stack prpper , we deal with one

other side isst~~, and that pertains to the nethoci whereby the individual

layers are excited . Our desire is to make the anal ysis as general as

possible , but to indicate hc~ close to pract icality are such idealiza-

tions as we will make .

If we permit ourselves to use the idealizations of perfect electric

and perfect magnetic conductors (198) , then it is possible to have

ntjq~~usT~~l- aria Lã~1M-driwn plates, or IEfl~4-driven plates without

coli.irear electric fields . In this way we achieve a a ziplete f reecon

in choosing h M  any layer is to ne exciteci, and every layer can be

treated separately, as regards the electrical port .

This is a useful artifice, and we shall adopt it; but is should

also be borne in mind that , while a perfect magnetic conductor may not

be realizable, aria so one may not physically be able to force the

desired boundary conditions in this manner , these sane boundary con-

ai. tions may be closely approximated in practice by other means. ftr

exan~ 1e, a Th’IM plate may be in juxtaposit ion to a L1~1N plate if the

latter has “wrap-around” electrodes and is overlaid at the interface

by a thin films of high permittivity dielectric. This configuration may

be approximated by having a T~i1}t plate, coated with perfect electric 

-- - - -~~-----—- ----~~-
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conductors on the two bounding surfaces, mate with a U~1M plate similarly

coated with perfect magnetic conductors.

We may employ similar means to approximate two LL~’1N plates with

the lateral fields not cvllinear , a,4/or of unequal strength; the

cxiiu~n boundary would be idealized by a perfect magnetic conductor

at the interface.

The idealizations we have described are , therefore, not without

practical counterpart, so we employ than without a real sacrifice

in the applicability of our results.

2 • Let us z~~ consider two plates joined together at the crzmui

surface . The mechanical boundary condi tions to be satisfied are ,

in general , the continuity of the three stress and three aisplacanent

(or velocity) canpozents . This is sin~ ly achieved in our analog net-

work of Fig . 24 , or the corresponding W1~1 network , by a direct con-

nection of the three ports (1) , (2) , & (3) of the top plate to the

ports (4) , (5) aria (6) of the bottan plate . We represent each plate

by the analog in Fig . 24 , or the correspondi ng IEIM analog , adding

suitable identifi cations to the quantities appearing thereon to distin-

guish between the two plates .

This connection presupposes that in the physical problem the

two crystal plates have been referred to the sane coordinate system,

of course . In our treatitents of a single plate of the LEIM varie ty

we have chosen the electric field always to be in the x 1 direction.

This choice ones not result in any loss of generality in the two

layer case , but a certain caution must be exercised , as discussed below.

_ _  ~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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When both crystals have been referred to the sane coordinate system,

the connection of three mechanical ports of each , as detailed above ,

coirpletes this aspect of the problem of joining two plates.

When the crystals have been referred to different x , , x

coordinates , as , for exanple, when two L1E’IM plates are to be joined

with the lateral driving fields not parallel but with each field

defining the x axis in its own crystal , then an additional step

must be taken. In this case we take one system (say the coord inates

of the bottan crystal) as the reference, laboratory , frame. We then

convert the mechanical cxinponents at each surface of the upper plate

into the laboratory coordinate frane by means of a network of the

form of Fig. 23 , placed at each of the ~~~ sets of mechanical ports .

As the x3 axis has always been assuned the thickness coordinate,

this cxznponent ~~es not have to be transformed, and the network at

each surface of the upper crystal degenerates into a direct feed-

throngh for the longitixlinal crirponents of stress aria displaoanent ,

plus a four-port interconnection . The turns ratios of th is trans-

former four-port are given by the matrix specifying a two-di.~nensional

rotation of axes • In any event , this additional network in the

form of the circui t of Fig . 23 , can be canbined with the original

into a network again of the sane form , but with transformed turns

ratios , given by the matrix product of the two transformations.

Notice that we cb not have to transform any othe r part of the

network representing the upper layer ; these retain the values the,

have , referred to the coordinates of that layer. This means , also,

that we re tain for our definition of the electrical port of this
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upper stratun , an association with the lateral area , A L’  whose normal

then makes an angle with respect to the Laboratory frane .

The foregoi ng considerations resolve the problem of lateral

fields at an angle to the laboratory x 1 axis , and preserve the generality

of our results without having to go back and reconsider the LF’I~

case for the superposition of two fields , one along x 1 and the other

along x~~.

3. Connecti ng ports (1) , (2) , (3) of the upoer plate to ports

(4) , (5) , (b) , resp ectively , of the l~~~r plate, cx~rpletely satisf ies

the mechanical bounda ry conditions at the interface of contact 1 for

the connection guarant ees that the three stress cxznponents, referred

to the sane coordinate system, and the corresponding displa~~nent

(or velocity) canponents , are contiinous. The only other condi tion

to be satisfied re lates to the electric field. As cescribed above,

use of perfect electri c and magnetic conductors, as required for

the particular type of excitation desired, allows the electrical

port (port 7) of each layer , to be considered separately of any neigh -

boring layer. In practice , this means that the electri cal connections

for each layer in the stack would be established , in general , by

separate metallic tabs brotzjht out to the edge of the stack, so that

each electrode is externa lly available for whatever interconnections

there are to be made

Let us consider a nunb er of types of connections that would be

expected to oocur frequently in practice . One of the siirplest types

consists of a two-layer stack driven in Thill by a single pair of
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electrodes on the outer surfaces of each plate. 1~ere the displac~nent

con~orent 1)3 has a ~~iiion value in both plate s; any electric conductor

present at the ~~ii~on interface may be r~~~ved. Another sinple

two-layer configuration again consists of Th’IM plates , but cperated as

an electrical two-port , with ore layer being the input and the other the

output , or else ore port consisting of the electrode connections, top

and bottan , of one plate, and the other port taken as the upper and

lower electrodes of the stack. In this situation the stack requires

three electrodes , the one at the interface of the two layers actually

consists of ore electrode fran each plate united at the boundary . This

internal electrode takes part in the driving scheme and cannot be

ratoved as in the first case .

At the join of two plates , at least one of which is LEThI-driven,

a thin dielectric layer would be required practically , and f lanking

this, two metallic electrodes would be brought out fran what would be

considered a single interface (neglecting the influence of the dielectric

layer).

All of these cases may be similarly understood with respect to the

equivalent network of Fig. 24 for the Ti~1’M plate, anc the corresponding

£kfl~4 circuit. With reference to Fig . 24 , the t~~ er terminal in port (7)

represents the electrode on the upper surface of the stratun , and

carries the total electric current to the crystal . A portion of this is

displac~ nent current which flows through Co, while the remainder flows

through the interconnections joining the upper and lower sets of piezo-

transfozTners in parallel. The total electric current then flows to the

lower terminal of port (7) whence it leaves the crystal . The current

flowing through the two interconnections is the piezoelectric polariza-
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tion current ; the proportions flowing in the two interconnect ing wires

will not be equal , in general , unless the structure is syimetricafl y

loadea.

If two T~fl4 plates are joined , the union is accounted for electri-

cally, in the circuit schematic, si.uply by connecting the upper terminal

of port (7) of the lower plate to the lower terminal of port (7) of the

upper plate. The node at which the connection is made may be left

accessible for the external connection of sources or loads if iesired,

or it may be suppressed, as would be the case of an interface without

an electrode .

Similar considerations apply to a t~~ -layer configuration consisting

of two L~1’M layers, or a stack consisting of one T~1~4 and one Li~’l~4

layer. In all cases , the electrical connections are mace via the two

terminals cu~~rising port (7) for each layer in a manner which exactly

corresponds to the ~~ysical situation.

Fran our discussions of two—layer stack we may conclode that the

operations to be carried out on the two ne~~~rks , one repres enti ng

each layer , in orde r to characterize the proces s of joini ng the two

plates , consist of a) joini ng together the three mechanical ports and

b .) connecti ng the electrical terminals of port (7) , in each network , as

callea for by the stat ement of the physical problem. By the nature

of the steps taken to form the rxznposite analog network fran the

networks of the two cunponent layers , it is clear that the building-up

of a general It. - layer stack simply at~ unts to a repetition of these

sate steps for each layer added. The network of each strat txn is

the cuiplete analog of that strat tzn , and at each cycle of the build-up

the boundary conditions on all layers are accounted for , so a cascade

- ;~~~ ,- .
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of such single-layer analog networks yields a cutposite network which

remains a true , ana exact analog of the cuxplete ~~. 
- layered structure.

Bxatples of multi layer stacks have been discussed in the literature,

(7 3-86) , already cited. Cady (220) treats the subject of a cxxTlposite

resonator, but his analysis, as in alnr st all of the others , is limited

to a sinole nue-tyoe ; the necessity of keeoinq track of all the

equations in even this relatively sirrple case rather obscures the

physical picture. By means of the building-block approach applied to

our schematic analogs , we retain the content of the mathematics , and

gain a method of cescription which lends itsel f to physical insight.

The paper by Sittig (80) treats Th~ 4-driven transducers for delay

lire applications . He shows vario us types of electrical connections

between the different plates: series , parallel , and grouped series-

parallel cunbinations, all of which may be used with our networks .

As we are able to accutiiodate all three nxxles in our description , the

way is now open to expand the capabilities of such stacked devices by

making use of the interpla y between the various nxx3.es that is made so

evident by the circui t aescription . One such application is to the

coding of information (82) ; another relates to filterin g. In this

latter category , a stack of crystal plates wherein two or three of the

in each layer are used could result in an integrated crystal

filter having an excellent shape factor acath ined with ~nall size , and

increased ruggedness due to its n~nolith ic cutpcsition.

B. Specializations of the Mechanical Interfacial Neb~ rk.

In Section A. it was shown that the electrical port of each layer

could be treated separately fran the mechanical ports when ~~~~~~~ layers

were brought together to form a sinple stack . The contig~~us mechanical
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ports had , ha~,ever, to be conrectea at the interfa ce to satisfy the

mechanical boundary conditions .

We wish, in this section , to lock at a single interface , in

network teii~~, ana to see what sin~ lifications cute about in certain

limiting cases , that axe, very often , inportant practical ly. Because

of the independence of the electrical port, and the oartic,.zlar way

the pie7~electric transfonters are attached to the rest of the circuitry ,

as seen, for exai~ le , in Fig. 24 , we may accut~ lish our objectives in

this section with the greatest clarity by ratovinq the piezoelectric

coupling fran our considerations. This is dene with the understanding

that our results in no way imply this restriction , and with the realiza-

tion that we may reintroduce the piezo-drive into such schemati cs

as with which we will ru’i deal , simply by placing a piezo-transfo rne r

secondary in series with each tran~nission-line end . With this under —

standing, we may focus our attention solely upon the mechanical inter-

face porti on of the overall network .

1. Figure 24 gives the network for a single plate . When two

plates are j uxtaposed , continuity of the stress and displac~~rent

cur~a~ nts , for rigid (welded) contact, requires the mechanical inter ’-

facia l networks of both plates to be connected as we have described

in Section A. This connection is given in Fig . 25. A circulating

current flows in each of the three loops fonied by the back-to-back

att acth~nent of the pr imaries of the six ports . These currents are

a~~al to the actual particle velocity cunponents V . As these six

ports becune inaa essible after the plates are joined , the three

loops may be s~~~ressed, and the inter*xrirections of the six transmission

lines incident upon the boundary may be exactly represented by the
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dia~ran shown in Fig . 26.

Figure 26 represents the nost involved situation that may occur.

1~ven with the piezoelectric drive circuitry anitted for simplicity , the

mechanical conditions require eighteen windings to account for the

intricacies of the coupling. Ore sees that the net~’xr k structure is

cut~pletely sys~ietrical, and that in this general case each tr ansmission

line is coupled to every other , so that a disturbance prcpaqati ng ck~~n

one line toward the interface will produce , in addi tion to a reflected

wave in that same line , outgoi ng waves in each of the other five lines .

The ratios of the amplitudes will be governed by the tr ans footer turns

rati os, which are the cu~x nents of the nt~dal matrix , in each layer ,

referred to the same laboratory coordinate system.

Price & Huntington (86) refer to the mechani cal coupling which

takes place in crystals at an interf ace , at normal incidence , and treat

the case where two noaes fran each median are so counled. We shall give

a network later which showØ their case schematically , as well as a

niz±er of other limiting forms of interest.

2. The network representing welded, ( rigid ) , contact , has been

given in Fig. 26. It obeys the bounda ry conditions requiring ‘1~ and

to be ccntini~~us at the interface . If we require that only T33 and U
3

be contintr tE , and make T 31 & ~~~ vanish at the junction , with U
1 

&

allowed to develop freely, this corresponds to transverse, or lateral ,

~~~~ (221) . The diagram of Fig . 26 is nodified in this instance by

first going back to Fig . 25 and shorting the two pr imary loops across

which are aeveloped the voltages i~r~ & AT~~ . wing this has the effect

of shorting the secondaries on both sides, so those twelve winc.ings are
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rep laced by short circuits. After a slight redrawirr~, the result for

transverse slip is shown in Fig . 27. Ore sees that the six transmission

lines are still coupled to one another , a.lthongh the co~xlirx~ circui try

ass .rres a simpler form , with only the connection between ports (3)  ana

(b) r~ naining .

‘1~o sub-cateqories of lateral , or transverse , slip of interest

are the solid-fluid interface , and the interface between two fluids.

We shall give both network descriptions . The solid-f lui ci interface is

important because transducers are often used to operate into fluids , as

in sonar, ultrasonic cleaning and level nonitoring apparatus . It also

describes a loss mechanism which occurs when resanators are operated

in imperfectly evacuated enclosures . A fluid is distin~uithed fran a

solid , for our purposes , by the fact that it cannot suprort shear

stresses , (nor can it be piezoe lectric ) ; only cxznpressional waves are

allowea. Therefore the fluid is represented by one transmission line

only, while the solid re tains the three lines interconnectea as shown

in either half of Fig . 27. The result , for the solid-fluid confiqura-

tion is given as Fig . 28. If the ~~nsity of the fluid tencis toward

zero , so will the characteristic impedance of the transmission line

that represents it , by (2 .54) ; in the limit of zero c~nsity, a short

appe ars across the pr imary of the tr ans footer in Fiq . 28 , uncoupling

the three tran smission lines of the solid , each of which becunes

shorted . This limit corresponds to the solid-vacu ~.m interfac e. F~r

the fluid-fluid interface , a single tran smission line on each side

suffices; the trans former consists of only a two-wincing unit with one-

to-one turns ratios , so it can be rep laced by a direct connection , as

has been core in Fig . 29 , (cf . ( 1 1 8 ) ) .
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3. Boundary conditions requiring T3~ to vanish , and the continuity

of the cx~ponents T51 , Ts~~, U
1 

and uL lead to the ai~~ressional 
~~~~~~

interface (221) . This is a general ization of the locally reacti ng

surface condition of brekhovskikh (222) . Here the vanishing of the T33

stress cxx~~orent shorts the interconnections between ports (3) and (6),

but two interconnections ranain. Figure 30 gives a schenatic of the

bounaaxy representation, that follows fran Fig . 26 in the sase way

that the circuit of Fig . 27 was derived.

4. A diff erent variety of boundary condition is that of blodcage

(221) , where one or nore cxr~onents of disp1a~~~~nt is/are zero . We

give in Fig . 31 the equivalent circuit for transverse or lateral

blockage, where and U
3 

are continuous, while u 1 and u~ are zero .

Longitudinal blockage, requiring continuity of T31 , T3 2 ,  u 1 and u~~,

and the vanishi ng of u ~ , is representea in Fig. 32.

When all displa~~tents are forced to be zero , then it follows fran
0 0

(5.9) and (5.10) that, since J and K vanish , so cb J and K. Hence,

all six transmission lines incident upon the interface are open cir-

cuited. They are mechanically uncoupled, and, because of the open

circuits , cannot be driven piezoelectrically ; the crystals are ~~ x~ le-

tely cl~~~,ed , and can only ne excited by an internally applied zrethani-

cal force, which would appear as a voltage source on the transmission

lines .

5. The foregoing situations arise fran the particular boundary

conaitions sti~xilated at the interface between the media that.. are

joined, other particularizations of the general network of Fiq . 26

aine about because of the form taken by the nodal matrix (
~ 

in each

ned.iun. We take two cases to exesplify this . The first shown in Fig . 33,
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portrays the experimental conditions of Price & Hunti ngton (86) .

An x-cut quartz crystal , (class 32) , is in welded contact with a

rotatea x- or y- cut crystal of ADP , (class 4�n) , so the anpro priate

mechanical ports are joined as shown . The quartz plate is Th”li’l-driven.

Its piezoelectric constants are such that only the node indicated can

be excited ; the piezo-trans footer is located in series with the

mechanical winding as marked . The driven irode turns out to be a
displa~~Tent

pure noc~e along x3 , i .e . ,  the eigenvector describing the particle 7

for this noce is along the x 3 axis , which is the thickness direction.

because of this pure noce , the turns ratio at port (6) is unity , and

no coupling to the two othe r nodal transmission lines is present. A

similar situation occurs in the rotated ADP crystal , except the pure

node is a shear , and not an extensional node .

The resulting network is the refore sirp lified not because of the

bounda ry conditions , but because of the plane wave ei~2~ vectors in each

material . IJespite the sinplifications , all nodes r~nain counled, and

the precise paths of the coupling mechani sms are clearl y traced in

our network schanatization . In reference (86) is is further shown

that the coupling between ports (4) and (5) is small , and can be

neglected for their purposes , so that the representation is further

smiplifieci to a consideration of coupling takinq place only at ports

(2) , (3) , (5) ana (6). We arrive at their final result by sett ing

equal to zero. This makes equal to unity , because of the rormali -
(t)

zation of the eigenvectors, fran (2.26 ) ; this in turn r~~uires 1
g,, to

0)
zero ana (3,, to be unity for the sane reason. The network shows

the situation which results in a very clear manner. Ports (4) and

(1) can be connected by a direct feedthro~x~h , are uncoupled to any

- - -~ - - 



1 6 1

other nodes , and undriven. Port (5) is connected, via port (2) ,

to the second and third nodal transmission lines in the second mediun ,

and thence coupled to the line at port (6) , which supplies the piezo-

drive.

The ne~~~rk form of the pr thl~n sui~ up all of the ~~ysics of

the pr cbl~n in a pictorial representation wherein all of the intricacies

may be traced with relative ease.

The second case of a particularization of Fig . 26 we wish to

aescribe is given in Fig . 34. Here is shown a welded contact between

a general triclinic st~ stance , to the ri ght , and a material having

noroclinic synitetry , on the left. I~ present ing the triclin ic crystal

is a mechanical interface network in its most general form , as given in

either half of the network of Fig . 26. The left hana side of the

interface network of Fig . 34 may be identified, for exaro le , with a

• rotated Y-cut quartz plate (154) . The rotation destroys the class 32

syn~netry , and makes the plate appear , with respect to coordinate axes

rotated around the original two-fold axis , as a crystal in class 2. We

take our x 1 along the two-fold axis , and x , as usual , along the

plate thickness. Then node (1) is a pure shear node , and is the only

mode piezoe.Lectrically dri ven in T1~II4.

If we take the triclinic crys tal to be arbitrary , then we would

have to attach the piezoelectric transformers to all tran smission lines

on the right side of the figure . C~ the other hand , a rotated 1-cut

quartz crystal which has been further rotated about the x 3 ( thickz~~ s)

axis with respect to the laboratory frame , appears to be tricli nic

elastical ly,  but only node (1) may be driven piezoelectr icafly in Th’IM.

~
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The network of Fig . 34 thus represents the situation where two

rotated 1-cut quartz plates have been joined , with the laborato ry frai~e

coinciding with the x~ set of the left crystal , and the x axis of the

righ t crystal at an angle to the x 1 axis of the other.

Such a two-layer stack can be usea as a filter elesent by utilizing

the two electrical ports as input and output , and arranging the plate

thicknesses and the orientation angles properl y.  Three angles are

disposable . bath crys tal has the rotational symbol (YX.t )9 , the

angle e ciescribing the rotation about the crystallog ra phic X axis .

The values of 9 may be chosen independently , and also the rotation

angle about the thicknes s , of the one crystal with respect to the

other may ue freely chosen .

For certain ran ges of 9 the ç~ase velocities of no~~s (1) and

(2) are close to each other and four of the transmission lines may be

eeployed in the frequency’ selection process . The overall circui t for

such a filter element is shown in Fig . 35. The mechanical interface

network is taken fran Fig . 34.

Although we shal l rot illustrate it , a sizroler case , havina

attract ive practical possibilities , is the case of a purely longitixiinal

node in each of the two juxtaposed crys tals , with the t~~ shear nodes

in each coupled oy the boundaries . In crystal classes 6 (class ntmbe r

21) and ôin2 (class number 26 ) it can be arra nged that only one nocal

(shear) transmission line in each crystal is Th~1M-driven. The aegree of

coupling can be adjus ted by a relative rotation of the plates about the

~~ri~on thickness coordinate .

Practical aesiqns staioing fran considerati ons such as these is a

f ruitful area of investigation using CAD techniques. The availability

_ _
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of the circuit formulation of the ç~ysical prde1~ n gives imrreaiate

entree to these techniques and is one of the main motivations of this

work.

C. General Infnittance boundary Conditions.

In the last section , examples of various interfacia l networks were

• describea and discussed. These circuits exactly ren resented the

physical conditions existing at the surface of contact between two

ad jacent strata .

We wish row to change our Point of view sliqntly , and investigate

a single surface that is loaded with an arbitrary boundary uumittance.

Of course , this immittance might arise as the result of juxtaposing

a stack at the surface of interes t , or it might ~~~e about 1w placing

a load that is spatially lump ed , unon the surface. A thin , rnassv ,

electrode woula oe an example of the latter that occurs very froguently

in practice .

Our viewpoint , then , is rot to req ard the second medium in any

fashion other than as it appears , at the sur face of interest , to present

to the first medium a set of in~rittance boundary conditions: that is ,

it couples the stress and velocity boundary conditions at ports (4) , (5)

ana ( ) .

1. Let us consider the upoer surface of a crystal plate as the

boundary ~~on which the iirnittance conditions are to be imposea . This
0 0

means , by ( 5 . 4 )  and (5.6) , that we deal with M , K and M, K. ~~ fix

ideas , we will choose an inpedance condition; the same aruim~ nt can

be given on the basis of admittances. At the ports ( i r ) ,  where ir = 4 ,

_  

j
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5 ana 6 , we posit the general ixi~ edance relation

fri = —~~~ i ç .  (6.1)

The minus sign cares about because of the conventions we have aaopted

for the ‘voltages and currents , (see (5.1) and ( 5 . 2 ) ) .  Zeta is a

syniTetric, three—by-three matrix whose elesients may be ccn~ lex.

because of the relations ( 5 .8 )  and (5.10) we can write

= = —
~~~~< ~~~~~~~~~~~~ K~ (6.2)

so that
0 o

M = —
~~ K ) (6 .3)

where

‘
~~.
°
::: (3 ~~~(

3 ) ( 6 . 4 )

thus the impedances ~ seen at ports ( r r ) are related to the

impedances ~ by a similarity transformation. In general , ~5 will

be realized by sate network, J (( ~ç) , that is then attached to ports

( ‘Tr ) ,  so the overall interface consists of the mechanical inter-

face network of Fig . 23 , plus the attached )
~~) circuit. The piezo-

electric transformers would , as usual , be attached in thei r normal

locations also. Carlin & Giordano (218) shcw that ~ may be diagonal-

izea by b~ congruence transformations, each of which is realized

by a circui t having the form of that in Fig . 23 , so .N ”( 
~
) is rea lizea

as two such circui ts , in series . These circuits are connected , on

one side, to ports (w ) , and on the other side to three reactances,

and three resistances. Thus the general boun dary network consists

of only an interconnec tion of ideal transformers , plus three
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reactances and three resistances.

In many practical cases , where the plate is a transducer radiating

pager , as in sonar applications , ~ may be almost purely real; in

other instances , for examole , mass loading effects due to electrode

fi lms , ~ is nearly purely reactive . We have seen ha~ to represent

the general case where ~ is cai~ lex. When ~ is real or imaginary

only, then the cascade of the two networks , Jf(~ ) plus the mechanical

interface network, is the same as a single network of the sarte form as

the nea’~anical interface network having turns ratios given by the matrix

product of the two transformations . Thus the overall circui t is simpli-

fiea ana appears as in Fig . 23 , with three lumped el~~ents attached

to the three primaries , and the three other ports attached to the modal

transmission lines representing the acoustic waves in the plate .

~e will lod at the case of limped boundary conaitions arising

f ran mass loading the surface . Af ter we touch on the general case we

will find several specific cases where ( 7
•4 )  leads to simplified

networks .

If in is the mass per unit area placed at the boundary x3 =

then the bounda ry condi t ions are

1~j -‘~~~~ = _j 4) ’~f l ( J J , ( 6 . 5 )

or

M = -~~c~’,,t4 K ) ~~ 
4• L1

) (6 .6)

and , fran (6 .1) , the impedance matrix is

= +~~~o (‘~~A) ~i) (6.7 )

where i is the unit matrix.

In this instance ‘~~ is diagonal and is realizea by three inductances ,

_ _ _ _ _ _ _ _ __ _ _ _ _ _ _  _ _
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each of value m1~. ~~re generally , we can take the boundary

conaitions as

T3~ = — ‘n’. . . L4~~ . ( 6 . 8 )

The matrix ‘
!~ 

is rot rx~~ diagonal , but consists of elements

= 
( 6 .9 )

where ~~~ may be realized by three inductors plus a network of the

form shown in Fig. 23. This situation corresnonds to an anisotropy of

inertia (223) . When this general ~ is inserted into (6.4) it is seen

that the three transmission lines remain coupled at the boundary by

the mass on the surface.

Inserting (€ . 7) into (6.4 ) , however, shows that ~ ° here is

ulagonal , so that when the inertial effect is isotropic , the three

transmission lines becane uncoupled mechanically fran one another, ana

each appears with an ixxiuctance

= (6.10)

in series with the piezoelectric transf ormers , as prev ious ly discussed .

These piezoelectric transformers still provide couplir~ among the lines .

we rote several limiting cases of interest. If , in (6. d) , rn ,1 ana

rn~~ are allowed to increase without bound , while in 33 remains finite , we

approach in the limit the case of transverse block~~e , while if in

becx~mes unbounded ana m ~ plus m2~ remain finite , the condition of

longitucinal niockage apnears .

Also , as would be expected , when m vanishes we care back to the

solid-vacuum inter face considered earlier. In fact , reverting back ~~~
to a cuiplete plate , rather than a single surface thereof , we gave exact

e~uivalenth in Figs . 10 and 17 , for TE’IM- and L~ 1~4- driven plates

that are traction-free . If in these figures the bounda ry short-circuits 
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are rep laced with inductances of value m~ , we have exact representations
of the isotropically mass-loaded plate. This follows fran (6.4)

which yields a diagonal S° .

When both plate surfaces are coated with an isotropic mass , but

the coatings are different on the two sides , e.g., on account of dif ferent

electrode materials , and/or different electrode thicknesses , then each

surface would be simply represented, mechanically , by three inductors ,

one attached to each transmission line at that surface . The inductance

values for the two surfaces would however differ.

The foregoing is a simple example of the manner in which our

net~~ rks may be utilized to describe various conditions without resorting

to a new calculation every time the circumstances to be accurirodated

change .

If the circuit of Fi~ . 10 is redrawn with inductors of value

mA replacing thc short circuits at the surfaces, corres ondina to

equal masses on 00th ~~rtaces, mechanical syiwetrv is restored, and

the ne~~~rk may oe aisectea. The result follows irrineaiately fran

Fig . 11 when an inauctance of value mW2 is placed in series with

eaam noaal transmission line at the end that is attached to the piezo-

transformer secondary . wing either Fig . 10 , or Fig . 11, with the

inductors in place , the input admittance will be seen to acree exactly

with that given by Yaniada & Niizek i (65) .

Mindlin & Lee (224) have treated mass loaded boundaries in connection

with the solution of two dimensional plate equations for partially

electrodea crystal plates . Their main resul ts ~~ rot concern us here ,

but they give the equation for the freq uencies of the pure shear node

in a rotate d Y-cut quartz plate equally coated on the two boundi ng

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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surfaces with massy electrodes , anitting , for clarity , the piezo-

electric contribution. One may readil y show that thei r frequency

equation corresponds to that of a tran smission line of ler~ th equal

to h , one half the plate thickness , characteristic impedance Z0/2 , and

wavenmznber )~ , that is open circuited at one end and loadec by an

inductance of value mA/2 at the other end . Instead of this bisected

version one can arrive at the sane result considering a line of length

2h te~ ninated at each end by an inductance of value mA. The presence

of the mass loading has the effect of changing the effective length

of the transmissi on line.

Similar remarks hold for the piezoelectric bounda ry loading , except

that the effect can be made to work either to lei~m then or shorten the

effective transmission line length , dependizr~ upon whether ThTh - or

~~IM- plates are used. This effect was incorporated into Lawson ’s

oescripti on (61) of the ‘ effective thickness” of a oiezoelectric plate.

2. The foregoing has examined various bounoaxy conditions that

couple together the meonanical port variables . Here we wish to look at

the case of a Th~~ plate excited by electrodes which are rot contigmx)us

to the plate surfaces . This arises in practice with the use of air

gaps . For us, it will show the changes bro nght about by a different

electrical bouncaary condition.

We taJce a traction-free , single plate resonator , as in Section III A,

between electrodes at potentials ± S’~ , but the electrodes have now a

total sc’narat jon of 2 (h+d) instead of 2h. The plate may be located any-

where in the gap , parallel to the electrodes .

If the total gap is separated by the placement of the plate into

~ .
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two portions of values a 1 and d ~~~, then

~~~ 
0(

2 
zd .  ~•ta.~ 5O.~~. (6.11)

The bounda ry conditions are

r3,~. a~± X 3 = (3.1)

€~ E . 
~ ~~~ 

‘)C~~~ = ± (6.12)

= ± ~~ ~~ ~3 (+k+~
,) ,( —A) . (6.13)

The quantity k~ is the val ue of E~~~ in the vacuum~ region between the

plates . In addition to the plate formulas we gave in Chapter III , we

have the relation for the elect.ric field

= ( P + ~ ’~ ~P — h ’~) — Q c~. E0 . (6.14)

Using (2.20 ) with ( 6 ~~ 12) permits the elimination of E 0 in favor of

Then , (3 .4)  and (3.  5) are used in (2.41 ) , which , in turn is put into

(
6 .14) with the result that b3 cancels . As a result , 

~ 
is found

to be the same as (3 .6 )  but that the factor of unity in the denaTenator

is rep laced by

h E. 1 
(6.15)

because a3 enters into the expression for Y~~ (TE’J!~.1) , the replacesent, in

(3 .15) , of the factor of unity by the quantity (6.15) gives the desire i

result .

_ _ _ _ _ _ _ _ _ _  _ _ _
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This may be put into precisel y the same form as the orig inal by

recefining the static capacitance and coupling coefficients in (3.15) .

Each of these is divided by (6.15 ) to arrive at the effective value

caused by the presence of the gap . We see , by these manit .i~ ~.dtions ,

that the equivalent circui t of Fig . 10 still realizes ~~~ (mm) under

these circunstances , but that the values of C0 anu nL must be changed.

The change in the turns ratios takes place because n~ is proportional
C’)to k which is altered by the presence of the gap . These results

accord cxinpletely with those of Yanada & Niizeki (65) who derived an

expression for the input admittance of a plate in an air gap .

1). Sirqle-k ~ded and Contin~~us Sources of J~xcitation.

In previous chapte rs we have obta ined a network that

describes the behavior of a piezoelect ric crystal plate that is

unbounded and subject to a uniform driving field , either along , or

late ral to, the thickness direction . We have , in various places ,

also mentioned the similarity our problems have with the microwave

cavi ty excitation of acoustic waves in a piezoe lectric solid , wherein

the excitation takes place largely at a single end-face of the crystal

specu~~n.

In this section we will indicate how the single-ended excitation

that takes place in a crystal located in a microwave cavity may be repre-

sented by a modification of our circui ts . In so doing we will give a

furt her c~~monstration of the versatility of the equivalent network ideas

presented here, and tie in additional results fran the current literature .

1. uur previous networks have associated with them electrical ports

across which a potential is placed. We arra nged this in the LE’I~4 case 
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by tak ing a length elesent (2~t )  in the lateral direction , and con-

sidered the port (7) potential as this length mulitplied by the

applied lateral field. In the ThIN case the potential aro se in a

sore natural way , being directly applied to the drivinc electrodes .

To treat the case of excitation taki ng place at a single end it

is appropriate to recefinL the electri cal port in such a fashion that

.~n electric field appears in place of potential as the drivinc force .

This cures about because potential ciif ference is rot a property of

a point , anci we aesire to examine an excitation which takes place at

a single surface , bavinq no reference to the distance that senarates

it f ran the other plate surface.

Sections ~ o~ C of this chapter dealt with a single surface in the

context of mechanical conaitions ; the oiezoelectric effect may be

grafted on to t~~se networks by the procedure describea there . This

procedure involves an atta chment of the electrical port , which takes

into account both plate surfa ces . In other worus , while we concentra-

ted our attention upon a single sur face, as far as the mechanical

properties were concerned, the electri cal properties always involvea

both surfaces.

To recast our networks for single-enclea excitation the second

surface is anitted fran consideration by disregarting those features

that ~~pend upon it , such as the electrical input circui t and the

interconnections between the piezo transfoni~er primaries runni ng along

the thickness coordinate . The geanetry of the cavity will determ ine

the capacitances associated with it , but we take no notice of this

aspect of the problem , desiring to relate the piezoelectric excita-

tion to the appliec electric field existing within the cavity ,

~ 

.~~~~..
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a quantity that is determi ned by separate ueasuranent or calculation .

We take the drivi ng field lateral to the surface of the crystal

to begin the discussion . To arrive at an equivalent circui t we

simply notice that in the L~1N configuration, the applied voltage

(2L E 1 ) appeare d airectly across the piezo-transfo nier pr imaries , in

accord with the fact that the applied lateral field is contin ix us

across the interface . By virtue of the pie zoelectric effect , this led

to the production of a mechani cal force across the piezo-trans foiiner

secondaries of

.Z.~ E, ii~ = A ~~~~~ E 1 (6.16 )

where we have used (4.32 ) and (4.23 ) . 1~ ferring to (2.38 ) , (2.47 ) ,

(2.48 ) arid (4 .16) , we see that ~~~ E 1 is to be associated with the

xu~~avy portion of the stress , as was e~~ o~ in the case of

ThI N. Thus we write

~~tE1 ‘}
~ Z A T3 . (6.17)

Since we desire to put the network on the bas is of field strength

instea c of voltage, this can be odne by choosing a new set of turns

ratios , n 1~ , where

0

= A ~~ I3~ (6.18)

this is to be canpared to (4 .32 ) . Now the piezoelectric force is

given uy

A ‘t ~~~~ E 1 (6.19)

so that the appearance of the field strength E 1 at the electrical 

~
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port of our new circuit produces the necessary result across the

piezoelectri c transfornEr secondary. Figure 36 shows the equivalent

network for a traction-free piezoelectri c plate sub jected to an

applied field ~ later al to the surface . Because the tangential

cai~onent of the electric field is continuous across the interface ,

the drivi ng field is of strength E 1 both within ana without the

crystal . Short circu its at the mechani cal ports indicate the traction-

free nature of the mechanical bounda ry conditions.

Having a representat ion for the case of an applied field in the x 1
direction ininediately allows the case of an impressed field in the x

direction to be inferred . ~~r this case (t .18) is replacec by

= A ~~~~ (6.20)

where is formed f ran (4.18) by replaci ng all ‘1” subscripts by 2” .

Our preceding discussions about breaki ng up the total stress into “wavy

and norMavy portions supplied the answer to the quostion of how the

superposition of an x~ - and an x2- directed electri c field is to be

represented. quite simply , both contributions are to be placed in series

with the mechani cal portion at the end of each transmission line.

The problem we are analyzing fran the stan dpoint of our networks has

been treated by Lamb & Richter (225 , 226) . Thei r res ults are in exact

agrees~nt with ours ; they show that the total piezoelectrica lly induced

force at the surface , cue to an appliea electric field having an

arbitrary orientati on can be broken up into canponents considered to be

ariving each of the three eigen-sodes, and for each node , the cat~onents

uriving it ar ise, in turn , as the sum of three contributions, one for
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each cxxnçonent of the impr essea fiela. The effective piezoelectr ic
0 o

constants for the two lateral fields , that we have called anu ~~~~
agree cunpletely with their forxtulas .

¶i~o points remain; the firs t is that of the field conponent

S 3 , while the second is the case of mechanical bounaarv conditions other

than traction -fr ee conditions . This last point is settled by prior

aiscussion , which leads us to open the short circuits at the mechanical

ports ana connect thereto a mechanical interface network of the form

in Fig . 23. The other point , regarding an apoliec E 3 field , corresponding

to the TE’IN excitation , is coitplicateo by the fact that the acoustic soacs

themselves generate an L 3 caiponent , but not lateral caroonents . This

is the distinction between ThTN and LE’1N and shows up in the presence of

the negative capacitor in our ThTM s~uivalent networks.

1~ ference to any of our Lk .Th networks will show that the full voltage

appearing at the electrical port appears also across the piezo-transfoni~ r

primaries . F~ r the ThiN plate , the correspondim networks aisclose that

the piezo-tr ansforne r primaries have imoressed unon than a voltaqe which

stands to the electrical port voltnge in the ratio Y ~~ (~fl~iN) /1 0 Co.

Fran (3.15) , this ratio is

Y~~(TErM)/ ~~~Ce = 

(6.21)

If h is allowed to increase , so that becane very large , then it

will be seen that the ratio in (6.21 ) approaches unity athost everywhere.

The presence of the tangent function is due to the double-ended excita-

tion of the ThIN plate . Large enough values for allow , for all intents

_ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -- --~~~~~~~~~~~~ ~~~~~- -~~~~~~~-~~~~~~~~~~~~~~~~
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and purposes , the presence of the negative capacitor to be neglectea,

and the ratio to be considered unity .

L~~ing this permits us to write down the formula for the effective

turns ratios of the piezo-trarisfornErs for an inpressea E.~ afliost by

inspection . We have only to recognize that , because 1)3 must be con-

tinuous , the ispressed field 5
3 external to the crystal will produce

an internal field E 
~ 

(inside) of value

~~3 ~~~~~~~~~ = E3 €o / E33 . (6 .22)

Now we aetermine the turns ratios n 3~ so that the piezoelectric force

is related to the external field S , since this is what is know n

experimantally. This relation has the form

A T3~ = ‘~L~~ E3 = A e33~ g~3 (4fl4~~~~.) (6 .23 )

so that , using (6 .22)

0

A e 33~ E O / E 33
(6 .24)

This also is in agre~~~nt with the results of Lamb & Richter , who make

the assuiption that the electric fields generated by the acoustic waves

nay be neglectea in canparison with 53 impressed . We may interpret these

results , arri~ved at fran our networks, and analytically by Lamb &

Richter , by the carplete eauivalent network of Fib. 37. Here , all three

field carp onents yield piezoe lectri c forces that are in series in each

rto dal transmission line end , anu in series with the mechanical inter face

network . The interpretation of the series connection of the mechanical

anu piezoelectric carc~onents follows fran (2 .47) , while the breakck.~m

of the piezoelectric contributions follows at once fran the results of
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Latrb & Richter for an inpressed electric field at an arbitrary direction

to the crystal surface.

F~run this vantage point , it is ixt  difficult to oonjecture the

network representing a plate eguipped with an electrode arrangat~nt

that all~ qs a ~~ifoxm field to be im pressed at an angle to the plate.

Fbr this case , in which the excitation is neither ‘JEIM ncr IEIM, the

network will look like Fig. 37 at each end , but with turns ratios n

referring to potential rather than field strength, and with the three

electrical ports attached to the electrical input circuit appropriate

to that excitation . Thus , the ports marked with E 1 and liz would

lead off the input circuits consisting of shunt capacitors , while

that marked E3 would attach to an input circuit containing a negative

capacitor as well. Mutual capacitances between the various electrodes

would a&iitionally have to be connected between the three electrical

ports as shcwn by Mason & Sykes (150) . This network provides an

answer to 1~ dwood ’s question (99) concerning a circuit representing

excitation by a caxposite field .

2. The foregoing leads naturally to a ntznber of other oonclueions.

Suppose that a single crystalline nediun is sat~ hc~ divided into two

portions by a plane surface ncmnal to x3 , and across which the inpressed

field strength abruptly tha r~es value. This is the situation depicted

by Fig. 38 for one caiponent of the field . ihe network representation

follcMs fran Fig . 37 , for one crystal surface , by attaching to the

interface a second such network . If the crystal so attached is of

the sane material and orientation as the original , the nethanical

interfacial networks will sinplify to three direct feedthrot~ hs , as a

• a r
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conseguence of (2.26) , and the circuit of Fig . 38 r~nains . Obvio~~ly

the three cxnponents of the im pressed field could be represented ,

as they are in Fig . 37 , but this is nct necessary for our discussion .

Figure 38 shcws that the net excitation at the interface is obtained ,

for each cxxnponent of impressed field , and for each nodal transmi ssion

line , by taking the difference between the field strengths as the

effective source field strength. When the fields are of egual stre ngth ,

nc net piezo -excitation is present .

lixactly the sane considerations apply to the situation where

the impressed field r~nains constant across the bounda ry , but where

the effective piezoelectric constant changes abruptly. This is a

practical situation with regard to stacks of ceramics , where alternate

layers are oppositely poled, or alternate between poled and unnolea.

The elastic behavior , to a first approximation , is unchanged, so that

1~ and ~ runain fixea, and the nethanical transforners reduce to

feedthroughs.

The turns ratios of the contigirius transforners are negatives of

one ancther when oppositely poled ceramics are used ; this changes the

acts on the transfo~~~rs , so that the sai~ field inpressea at the

electrical ports produces twice the piezoelectric force at the junctions

of the transmission lines . The sane thing is , of course, true of the

junction between b~~ plates made of the sane crystal and having the

sane orientation except that one layer is reversed along x3. 1~ versing

this axis has the result of changing the sign of the pertinent trans-
0

forned piezoelectric constant or e~ , which is the sane as

changing the dot cawention of the piezo-transforners .

.
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~~re genera]. than a change in the im~~ressed electric field or in

the piezoelectric constants is a change in the product of the two, as

this prodnct detei~nines the force due to the change (Cf . (2.38) and

the discuesion in Section III E) .  Our Fig. 38 takes this into a~~~unt ,

in the case of an abrupt change, by making the turns ratios on the

left different from those on the right, to take care of the changed

piezoelectric constants , and by sh~ zing the different iitpressed fields

applied to the proper port .

This problem is trea ted fran another point of view, and for a

single node , by Mitchell & E~dwood (83 ,96 ,97) . Stacks of ceram ics

alternating in their poling direction occur in the papers by Sitt ig (80 )

and Stuetzer (82) . Additional treat nents of aistributed sour ces are

given by holland (103,104 ,136) and by i~ecbn , et al. (98 , 149) .

Having given the representation of Fig . 38 for an abrupt change

in the piezcelectric excitation , we r~~ indicate ha~ the problem of

continuons changes in excitation may be approached fran our networks.

We do this in the manner of Once & Okada (227) , who applied the idea

of a cascade of incruiental transmission lines of slightly differing

Y~ and ~~. to analyze the thickness-twist dispersion relations of a

crystal plate having a varying thickness dimension . Their single

nodal transmission line segnents nlist be replaced by three in our case,

and the piezoelectr ic effect nnmst be incorporated as we have discussed

many times above . In Fig . 39 we give the desired result . The piezo-

electric and nechanicaj . interface networks have been further redu ced

in the schenatization to boxes ; it is clear fra n what we have presented

in connection with Fig. 24 & 25 , et seq., what the boxes contain .

In Fig. 39 the interface networks occupy rc spatial extent, whereas 

- — ---~~~~~.-~~--- - . - —~-—--~—-.--- - - --~ --~ -
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the transmission line segnents are of incremental length. Practically

speaking , this circuit would be inplemented on a ~~rputer , with the

physical problem ncdeled approximately by partitioning it into a

niz~ter of segnents each represented by a segnent of the ne~~~rk shojn.

The fineness of the subdivisions dictates the nuster of segnents

r~~uired, which, in turn, depends upon the aocuracv requirea in a
given practical instance.

This chapter has applied the results of pr ior chapters to the

characterization of multilayer stacks of plates , arbitrary in nurber

and craiposition. Various special for~~ of the interfacia l networks

were sh~ m. The piezoelectric excitation of acoustic waves at a single

surface was also characterized in network fonu , as was excitation by

distributed sources .

-

- -
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vii. ~pplicaUon to L~ vices & Canputer Simulation

Rigorous network analogs flave been obtained for configurations

of stacke .i crystal plates excited piezoelectrically . At various places

in the text , a n~ iter of app lications of these configurations has been

indicated. Realization and optimization of practical aevions based

upon these iaeas , hc~iever , can best pro coea by introduci ng a step inter-

neaiate between a circui t ana the ~~ysica1 device it represents . This

step consists in uti lizing the network to simulate the icieal behavior of

the ~~vice using CAD pr ograms . In this way changes can be ma de easily

without naving to resort to a breadboard nooci each tine it is uesirea

to kncw the effect of sate alteration in structure or ccitposition .

~inoe the networks are exact , they will faithfully reflect the oenav or

of the uevices , sub ject only to the mild restrictions under which they

were oeriveu.

It is to a brief uerron stration of these iceas that the present chapter

is ue~~thu . here we will consider two of the sinpest structures whose

operation is basec.i upon the ideas we have presented . Our object is to

ino.icate n~~ the structures can ~e expected to operate , and what avennes

of future work are likely to be r~~~t fruitful in the reduction of our

general results to practi ce .

Devices such as uelay lines and pulse and coae generators are best

characteri zed in the tine aana in , while resonators ana filters are best

treated in the frequency uanain. Our networks are valid ana apt for

i. oth uescripti ons, out here we shall focus our attention upon filters to

illustrate the iueas of this uissertation . Applicati ons to the other areas

4 •
. -
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indicatea, as well as to related topics , such as frequency discriminators ,

is reiative ly stra.igntforwara.

A. Double-Resonance Filter Crystals.

The first structure we will uiscuss is perhaps the sinplest of its

kinu. This is the kUIM-driven , traction-f ree resonator possessing two

excitable inocies havi ng frequencies close to one another . The configuration

consists of a single plate and it is used as a one-port aevice . A filter

woulci be c.onstructe u fr~~i two of these el~ nents , arranqec i, for exat~ le ,

as a half- lattice (23 ,25 , 2~ ) .  In this arranqertcnt the passbanu consists

of those regions where the reactan ces of the two arms are onnosite in

sign . Nason & Sykes (150) aescribe lattice filters cx~poseu of more than

one crystal in each ann ; in our case each single plate is equivalent to

two conventional filter crystals because of the use here of two of the

three thickness modes in the plate . One can make use of this effect to

reauce the nuiiber of crystals required, or to increase the filter per-

forrnance oy irnprovinq the shape factor or in-band rip ple . Alternatively,

it can be useu to increase the bandwidth bevona what could be accxin-

plisnea with a resonator havi ng a single resonance of the same strength.

This last application is pr anising with the use of crystals having high

piezoelectri c coupling factors , such as the refracto ry oxices r~~ being

investigatec (181 ,186) .

Altnoi~ijh quart z odes rot possess high piezoe lectri c couplir~~, so

that wiae band quartz filters are rot achievable without additional

circui t elatents , its physical properties are well knc~ n. ft r this reason

we will use it to illustrate the ~~uble-resonance filter application; the

discussion is readi ly applieu to any other suitable substance . In quartz ,

the shear anu quasi-shear frequencies approach one another for rotatea

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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Y-cuts (YXL ) 9 , where 9 is approximately —24 . P lates of substantially

this orientation may ue uriven in i~ IN in such a way that the two nodes

of interest are of equal stre ngth (214) . The quasi-lo ngitudinal mode

is also uriven, but is about 18% higher in frequen cy and can be neglected

for our purposes .

A plate with electrodes at tachea for applying the lateral field is

shcwn in Fig . 40. The angle ~~ neasures the field airection with respect

to the axis . by changing ~~~~~, the effective coupling factors of the two

nodes may be altered according to the graph of Fig . 41, which shows the
a C

two coefficients to be equal when i~1~ = 34 for a plate cut to 9 -23 50.

Given on the righ t of Fiq . 40 is the bisected form of the equivalent

network of the plate , which follows fran our general results , almost

by inspection . The ~~ iplete , bisectea network of Fig . 19 nas been nere

reaucea ~y making one of the turns ratios equal to zero . In orde r to

take into account the neglected third node , the value of Co may be aug-

itented by the capacitance value presented to the input by the third trans-

mission line at the frequencies of interest, which are near the ncininal

filter center frequency. This capaciti ve effect is negligible for the

present case, uut might rot oe for a substance with a hinh counling

coefficient for the third nocte . In cesigning the filte r , it is usually

easiest to think in terms of the u~uivalent network parameters, and

then to interpret these further in terms of the underlying physics .

For exa~~le, the lattice filter itentioneci above miqht be designed

as follows . Since the passband consists of the region where the react-

ances or susceptances of the two arms w.ffer in sign , the crystal

el~ tents can be made so that they each possess equally spaced poles and

zeros , the first zero of one crystal plate coincidiz~i with the firs t
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pole of the other. To arrange the equal spacing of the poles anu

zeros of each plate requires , for a given total fractional bandwidth ,

that the input reactance or susceptance function detenninea fran the

network of Fig . 40 be solved for the three values ~~~~ k~~ anu (v ~~~ /v~~)

that simultaneausly acoc.~plish this . It is almost mandatory that this

be Lone by ct~puter. The resulting values may or may rot be achievable

with the substance chosen ; this is uetermined by reference to curves

such as those in Fig . 41 ana the corresponding set for the velocities .

unce the velocity ratio is known, the angle 9 can be chosen , anu when

this has been picked , a value of can also be chosen. A limitation of

the technique is that k~
’
~ and k~

2
~ canrot be chosen indepen uently.

After a normalized cesiqn has been arriveu at , the absolute fre-

quency is fixed by the choice of the plate thickness 2h. Fiqure 42

sh~~-s a graph of the cxr~puter—generateu reactance function for rotated

Y—cut quartz , (YX .e ) _ 2J 0
50~ using “4’ = 34. The reactance has been

normalized to the reactance of Co at the frequency of the lower shear

lieGe ; this frequency is used to normalize the abscissa scale also. In

this case the pole-zero spacings are nearl y eaual when the two coupling

facto rs axe equal . The total fraction al banciwiuth is only about 0. 2~

acre , which is a facto r of four smaller than can be attained by the use

of A~L’—cuts of quartz alone , but is serves as an illustration of the

princip les involved for more practical aesiqns baseu upon strongly piezo-

electric materials . The requirements inoosed by the filter nc~~~ rk are

reauu ly interpreteu cy reference to the crystal equivalent circui t para-

meters , which are then uethrmined fran material cons tants anu dimensions . 

j- - —— - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ——-—- - - - -
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b. Two-Layer integral Crystal Filters

This section is uevotect to a structure that is sanewhat more ~~n-

plicateu than the couble-L~sonance crystal just considered. It has ,

ncwever , possibly much greater potential for pr actica l device rea lization .

ril1~ is structure consists of a two-layer stack of plates in welcieu contact ,

uriven in Th’U 1. We nave mentioned this configuration in Section VI i~

in connection with the interface networks shown in Fiq . 25 f 1, anu will

make use of sax~ of that uiscussion in the example we shall give below.

In contras t to Secti on A , we r~~’z nave two plates , instead of one , and

will consider six noces instead of two the uevice will be operate a as a

two-port , anu will ue ~L~~-1- uriven. With thes e increasea a~nolexities

it woulu uc nar ci to cerive much benefit from any Dut a most extended

aiscussion , so we shal l introduce a few crnnensating sirre lifications to

enab le us to see the outlines , at least , of the worki ngs of this class

of cevices.

nefore any sbnplifications are made , we will aiscuss the prc~~l~n

oriefl y in general . ~ sketch of the plate arranq~~~nt is given in

Fig . 43. Where the field orientation provided a degree of freeuan in

the exarp le of the fi rst section , the relative rotation of the plates

about the ~~ riron x 3 axis simi larl y provides a means of investigati ng

the effects of changes in the mechanical interface transformer turns

rati os in the present case . The angle 
~4’ is now taken to measure the

relative rotation of the two plates fran sare fixea origin. The TE’IM

uriving arrangement consists of three electrodes , one at each of the

traction-fre e surfaces , and one at the welded interface. The input and

output can be taken in a nunber of ways ; we shall consider the central

electroue as c~ tiion to both input and output .

_ _ _ _ _ _ _  - --~~~~~~~~~~~~~~~~~~ - -~~~~~~~~~ -“- - ~~~~~~~~~~~~~ --~_
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In this configuration we have a frequency selective uevice cxxnoosea

of two strata wherein the three nodes of each layer are permittea to

interact with each other via the mechanical bounda ry conditions. Mutual

shie lding or packagi ng is rot required. The eevice is inherentl y robust

uccause of its integral construction , and also lends itself readi ly to

miniaturization. In fact there is no reason why integral crystal

filters of this type , with two or more layers , could not be made ~~n—

pletely ainpat ible with inteqrat eu circui t technology .

Our illustrative example consists of c~~pute r siriulatec attenuation

response curves of a two-layer integrated filter device. liaviro the

overall impedance matrices for each layer , as given in thanter V, it is

not uif ficult to cotain the two-port impedance matrix between the electri-

cal ports of the two—layer stack . The top anu bottom faces of the plates

are traction-free , so that the trans mission lines representi ng the plates

are short ea nere , while the three internal mechanical ports of each plate

are connected together , leaving only the electrical ports unconnectea.

Matrix methods pertinent to the interconnection of networks may be founa

in (18 at 21) ; we co not consider these ueta ils nere but pass on to the

attenuation function , i~(clb) .

Once the interconnected networks have been characte ri zed by a two-

port impedance matrix 2 , the attenuation may be eetermined provided

the sourc e and load impedance are known . Our firs t simplifying assurption

is that these axe of equal value , and are purely real :

Z = Z  = R .source load

Then , using the equations found , e .g. ,  in Zver ev (25) , the attenuation,

in uecibels , is

A ( 4~.B) = ~1oL~ ,0 { E~~~II F ~21f+udd~~
)/ R.~

.1-RJ 1—2o.1~,~ )zz ,j ’

L - -  - -
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uecause our circuit iinpeaances are all purel y reactive , A(db ) is given

by the sane expression with reactance written for i.rnpecance, anu the sign

of det Z changed.

We are rx~~ reaay to chcose the materials to be usea for the layers .

i~gain , because of the xxnpleteness with which its material constants are

known, and because it preserves so many connections with currently usea

devices, we pick quartz. Specifically , both plates are chosen to have
0

precisel y the same orientation, that of the AT-cut : (YXi)8 , 6 = +35 15.

This nas four major consequences. First , the behavior of single plates

of this cut is universally known , so that our filters can be contrastea

with known results for quartz filters of standard construction. Second ,

the selection of the same cut makes the eigenvalues of both plates equal ,

so that the critical frequencies of each plate , taken separatel y, are in

the s~~~ ratios . ‘Ihi bo , the lower shear node is a pure node , so that the

interface network is si.rnplifieu. Finally , only the pure shear node in

each plate is Th~1N- urivable • so the piezoe lectri c interconnections are

simplifiea.

We mentioned in Section VI i~ when describi ng Fig . 34 , that it could

• be used to represent the mechanical interface transformer network

between two rotated 1-cut plates of quartz. The entire uiscussion given

there is pertinent to our application rx~~, since the i~T—cut is a n~~nber

of this fami ly. Figure 34 describes the mechanical network we consider

here , with the piezoelectric connecticz~s made only at ports (1) anu (4)

of the interface anu at the traction-free plate surfaces . i3ecause both

plates have the sane orientation angle 9 , the oDrresponaing transmission

lines on each side of the figure are identical . When the relative rota—

ticii angle ~f1 is zero , the device becomes identica l with a single plate
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of quartz , except for the central electro de . The mechanical network

then uegenerates into a set of three direct feea-throuqhs . When ~P$’ 0
0
,

the network of Fig . 34 is appropriate and the noaal matrix cx~~ oncnts

governi ng the tr ansfo reer ratios on the right hanu sioe are then functions

of ‘* if the x~ axes of the crystal on the left hanu siae is chosen as

the reference set.

The f inal siniplifications are that the plates are of equal thickness ,

C~~/2.7r = i oo  MHi ,

anu

= i/ C~ O1 Ce) = so  oit~~~’,

where is the angular frequency at which the reference plate , taken

alone , has its first actnittance zero . The capacitance Co refers to the

shunt capacitance of a single plate .

The effect of makinj the plates to be of equal thickness is to

force the frequencies of both plates to be the sane , so that only three ,

anu rot six nodes have to be considered. This restriction is the firs t

which should be lifted in a continuation of the work oescrib ed here ;

two plates whose thickness differ by a few percent can be expected to

exhibit a narrow-band filter characteristic.

Using all of the above-nentionea sn~plifying ass~inptions we are

left with res ults that are easily describeu anu analyzed. The ~~ iputer-

generate d output is plotted in Fig . 44. F’requencv rorm alizea to a~ is
0

usea as the abscissa. Curves are presented for the thre e angles ~‘4’ = 0
0 0 0

4 and ~~. When~ f’ = 0 , the stack appears as an asynvetrically driven

single plate of thickness 4h , and because of the lack of svni~ietry , the

stack possesses resaiances at inte~er values of £1. The only driven

node is the lower shear mode which is a pure node. Hence th is node is

~~~~~~~~~~~~~~ -- - - -~~~~—
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cx~pletely uncoupled f roi~i the others , so that any resonances uue to thara
~.o not appear in the attenuation j unction. In both cases where ~~‘ ~~ 0 ,

the attenuation has noles at IL. 1.000 , 1.142 anu 2.10 5, corresponuin.j
1 3

to noual velocities v , of 3.32 k , 3.000 and 7.007 xlO neters/seconu.

i~ the plate thicknesses na~ rot ueen n auc equal this corres ponuen ce

woulu nave been cestroyca . and an important check coulu not be made.

~n easy way to explain the presence of the poles is to recogni ze that

every tine a transmission line be~~ies one half waveleix~th long , the

short circui t at the traction-free bouncary appears acros s the othe r

enu of the line and uncouples the two plates .

~‘~otice that althoujh the poles are fixea , the shape of the curves

nay ue cnangeu by varying ‘\f’ , so that one has a simple means of obtain-

ing different tilter responses . Although the pur oses of our illustra-

tion are to inaicate now devices based on these princi ples might operate

anu to provicic an example that is still qui te simmle , anu readil y inter-
0

preteci, the resulting curves for 111 = 4 anu 0 are already reasonab le

wiue banu filter responses in the reqion just below JL = 2. i~~noving

the restriction to equal plate thicknesses will also permit narrow bana

filters to be uesignea as integral fi lters .

rft~e possible filter res ponses avai lab le for even the sinnlest

two—layer structure are very laxt~e. ~ven if the plates are restricteu

to a single material , each plate cut is specified by two angles anu the

mutual rotation angle between the plates makes five disposable para-

meters to which must be added the ratio of the plate thicknesses . A

large area for investigation is present here . bxtensions to structures

.xitgposeu of more than two plates , anu the use of different materials for

-. ~~~~~~~~ .~~~~~~~~~~~~~~~~~~~~~~
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eacn of the plates furthe r widens the possibilities of these devices for

freqi ezicy selection and control . 
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PQpendix A

The resul ts we obtained in Chapter III are valid for Th”lM-driven

plates of any piezoelectric crys tal . It is aesirab le to go a litt le

more into specific cases , because this perm its us to see where sii~pli-

fications may arise , aria to cietermine certain similarities atong

classes of crystals . Fbr a general background to the subject of

crystal classes, and how crystal synzre try appears in the term sch~~es

for the material constants , references (203-206) may be consultea;

a~~itional pertinent references are (158—lb o , 166 , 179 & 180) . For

xieasure& values of these constants , see (181 & 1t~6) .

~e nentionea in Chapter II that tables would be given in the

x Y Z f rame; this referred to this appendix and to I~ppenaix b.

~J t the thi rty-two crystal loqrap hic point groups , or crystal

classes , twenty are piezoelectric . These are listed in Table A-l.

All of the piezoelectric term sch~ res for these classes are c- i. fferent ,

with the exJ~eptions that the following classes share the same sche~ies :

9 & 21; 12 & 24; 13 & 25; and 28 & 31. It might se~ii that all of

these cu~binat ions woulu leau to a great aeal of varie ty in the

possibilities for piezoelectrica lly uriving various nodes , ana in the

coupling which exists between the different notions, and , indeed,

there is variety enough , however , it is not overly difficult to sort

it out in simple cases .

This is where it is much more advantageous to use the thr istoffel

proceaure that was aescribea earlier. We nave uscu it in Tab le A-2 ,

where a break~~ ’in is given of the behavior of the different crystal

- ~~~~~~~~~~~~~~~~~~~~~ - - 
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classes for plates cut with the thickness direction along either the

X, I or �. axis ana ariven by ~~~~~~~~ The tab1~ is orr~ani zeu accoraing

to which r~ is , or which I~ ~~ are , uriven by the thickness fiala ,

anu what type of coupling occurs . ~1hcn displacements are co~~led by

elastic constants, and only one off—diagona l tj~ is involveu , it is

given in parentheses . It is seen that whatever ~ )t)UflS to an X—cut of

a certain crysta l class , also happens to a I—cut of tnat class , while

a a-cut m a y  or zray rot b similarl y placcu in the table. Thc sole

occupant of the “Piczo” colunr~ was roteu Lw Uechi nann (45) .

In Tables A-i to A-22 are given nore uctailcu inforLation regaruing

piezoelectric excitation of various cuts of eacn of the twenty r)icZO-

electric classes . i:xe quantities ~~ are essentially thc factors whicn

cete rmine whicn (~~ is uriven . These are qiven for unrotateu

I— , and ~L— cuts ; also for ro tathu Y- anu rotateu ~~
- cuts , an.  fur a

1- cut rotateu about the ~ axis ; finally , they are Tiven for b~

yeneral , counly rotat ea cut. ~ finite vale is inuicateu ~iv a c~c ci~

~uri~.

i3y tue use of these taeles it is possible to see at a lancu what
* crystal cuts of a given class may be excited uy fL’I~~, ar~ whidi P~

is uriven. ~~ncerning th is last point , it turns out that in the majority

of cases ( i~one colunwi of Table ~—2 ) , the 1~ are the normal mroc~ s

directly. ~.ht~ii coupling is present , this is ‘o lonczer tr e , but it is

frequently the case that the coupling is not very lart ~e , and the ~~
are “nearly the normal noues , and therefore one raa’ - loosely s’-c i~. of

t. AQ u~~inj separately uriven.

-_- -  ~ ~~ _ _ _ _ _ _ _
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CRY STA L HERMANN- CRYSTA L HERMANN-
C LAS S M A U G U I N CLAS S MA UG U I N

_ _ _ _ _ _ _ _ _ _  

SYMBOL SYMBOL

I 16 3
3 2 IS 32
4 rn 9 3m
6 222 21 6
7 mm2 22 6
9 4 24 622
10 25 6mm
12 422 26 6m2
13 4mm 28 23
14 42in 3 1 43m

TABLE A — I
THE PIEZOELECTR IC CRYSTA L CLASSES
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TETM T Y P E  OF COUPLING
DRIV EN _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _

N O N E  PI EZO ELA STI C BOTH

6W , IOZ ,
12W , 14W ,

NONE 18 Z , 22 Z ,
24W , 26Z,

_ _ _ _ _ _ _ _ _  

28W , 31 W , 
_ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _

r~i 26 X I8x (r ’ 23)

r22 3W ( FI3~)

7W , 9Z , 
-

r33 3W , I 6 Z , g x ( r 12 )
I9Z , 2 1 W , Iox ( rI 2 )

__________ 

25W , 
__________ ___________ ___________

r 11ar 22 22X ( F121

F228 F33 19X(r ’ 23)

4W (1~I3*)

1W
r 11, r22ar ~ l 6X

W INDICATES X , Y , AND Z -CUTS
X INDICATES X- , AND V CUTS
Z INDICATES Z-CUT

* REFERS TO IEEE AXIAL CONVENTION
FOR MONOCLINIC SYSTEM

TABLE A-2
COUPLING IN PIEZOELECTRIC CRYSTAL CLASSES

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _  A
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CRYSTAL CLASS I TA BLE A—3

\pu~ x z (YX/) 8 (XY I)6 (YXW)# YXiiJ*9

~ ‘ J  ~/ J ~/ J ~/ J

I I I / I

E 3 ~~~~/ ~/ J 1 1 1 1

CRYSTAL CLASS 3 TABLE 4— 4

X Y Z (YX!)9 (XYI)6 (YXw)# (YXwi )4~

~~ i O  0 0 1 0 1 1

~~~~I J  i7 i i i

0 0 1 0 1 1

CRYSTAL CLASS 4 TABLE 4— 5

X Y Z (vxI)8 (xyi.~8 (YXw) 4i YXwI)4~

~~ ‘ J  I I I I !  I

0 0 1 0 1 1

I I / I I

~ 

• -



2

CRYSTAL CLASS 6 TABLE A — 6

\çu~ x V Z (YXJ) 9 cx~1j 8 (YX w)# - YXWJ*9

~~ i O  o o 1 o o I

0 0 0 I 0 1

~~3 O  0 0 0 0 1 1

CRYSTA L CLASS 7 TABLE A—?

y (Yx/)9 (XYJ ) t9 (YXw) 4’ (YX~.J)4i~

~~‘ o  o o o ~i
’ 0 1

o o I a a I

~~~~ I I I I I I

CRYSTAL CLASS 9 TABLE 4— 8

\CUT
X V Z (YXJ)8 (XY ,L~9 (YXw )# YXwI)4a1

~~ I O  0 0 I 1 0 1

o o I I o I

~ 3 I  I 1 1 1 1 I

- - 

~

, 
~ 

-- - -—

~~

-

~~~~~~~~~~~ —j -- - - - ~~~~~~~ — — - - - - -
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CRYSTAL CLASS 10 TABLE 4-9

X V Z (YX/) 8 (XY I)9 (YXw )4~ YXwi)~~

~~‘ o  o a I .1 o 1

~~~~~~~o o  0 I 1 a I

~~3 1  1 o I I 1 /

CRYSTAL CLASS 12 
— 

TABLE A- t O

X Y Z (VX/)9 (XYI) 8 (‘fXw)4’ VX~uJ)4~

~~‘ o  a o I 0 0 1

~~~z o  o o o /  o l

* 

~~~~~~ 0 0 0 0 0 0

CRYSTA L CLASS 13 TABLE A — I l

X 

- 

V Z (YXl)9 cxyL~8 (YX W )# YXw l)~ 1

~~~~~ o o I 0 1

~~~~~2 O  0 o 1 a o I

E 3 /  1 1 I I I I

. -
~~

- 
p 

- — - - — - - - ——-— — - - — 

—--- --
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CRYSTAL CLASS 14 TABLE 4-12

• 
x V Z (YX.!) 9 (XV!) 9 (YXw)# YXvJ) Ø

~~‘ o  o o 1 o o I

~~~~~ o o  o o l  0 /

a 0 0 0 / 1

CRYSTA L CLASS 16 TABLE 4— 13

X V Z (YX1)0 (XVI) 8 (YXw)4~ (YXwi)~ 6

~~~~J J o  1 1 11

~~~~ I J o  / 1 1 1

~~3 J  1 1 1 1 11

CRYSTAL CLASS 18 TABLE 4-14

CUT
X V Z (VX/ )9 cxv1.~8 (VXW )# VXwl)4~

~~~I 1 o II I I

w E 2 0 0 0 0 1 1 1

~~3 0  0 0 0 0 0 0 

~~~--- -~~~~~~~~~---- -~~~ -U-- -
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CRYSTAL CLASS 19 TABLE 4-15

V Z 

— 

(YX.!) .9 (XYI )B (YXw)# YXt1J *9

0 0 0 I 1 1
__  _ __

~~~3 /  / 1 1 1 1 1

CRYSTAL CLASS 21 TABLE A -16

CUT
X V Z (Yxl)8 (XY I) 8 (Vxw)4 :vx~J)~

~~~~ o 0 o 1 1 0 1

~~~2 o  0 o I I 0 /

~~3 J  I I I I I I

CRYSTAL CLASS 22 TABLE 4— 17

\CUT
X V Z (YXI)9 (XYL~8 (YXw )~ YXw! )~ 6

~~‘ /  / o 11  1 /

1 o I 1 I I

~~: - O  0 0 0 0 0 0

_____ ~~~~~~~~~~~~~~~~~~~~~~~ • —~~-~~~~~~~~~~ •-



r
2 1 0

CRYSTAL CLASS 24 TABLE 4— 18

X V Z (YXi)9 (XY/) 8 (YXw)~ YXw/)~

~~~~o 0 o I o  0 I

o 0 0 I 0 1

E 0  0 0 0 0 0 0

CRYSTAL CLASS 25 TA BLE 4-19

\CUT X V Z (Yx1)8 (xV1)9 (YXw )4 VXJ)~

~~‘ o  o o a I o I

~~~~~~2 Q  0 0 1 0 0 1

~~~II  1 1 1 1 1

CRYSTAL CLASS 26 - TABLE 4—20

X V Z VX/ )8 (xyL~8 (YXw) # YXw~)�~1

~~~I 1 o I I  II

0 0 0 0 / /

E 3 0  0 0 0 0 0 0

- -

~

-- - -—--—---—-— ----

~ 

-— - - -~~~• - -  I
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2 1 1

CRYSTAL CLASS 28 TABLE A - 2 1

~~~~~ x z (YX.l)8 (XY I)9 (YXW )# YX~tI98

~~‘ o  o 0 1 0  0 1

~~~~2 O  a a o I 0 1

~~~~o 0 0 0 0 I I

CRYSTA L CLASS 31 TABLE A- 22

\CUT
X V Z (YxI)8 (XYI) 9 (YXW)# YX~J) 4~

~~ i O  c’ 0 1 ~ 0 1

o o l o l

o 0 0 0 o I I

CRYSTAL CLASS

CUT
V Z YXI)9 (xyJ49 (YXW )# yxwl)~

W .~~ 2
I-

- • ~~~~~~~~~~~~~~~~~~~~ - -~~_ _~~~~~~~ • - -  -~ ~~~~~~ 
J
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Appendix B

The contents of this appendix are intended to supplai~ent

Chapter IV , as Appendix A supplemants Chapter III .

F~r each of the piezoelectric crystal classes given in Table A-l,

we present the excitation coefficients I i , appearir~ in the Chris toffel

formulation , which are responsible for LJ~I~4- drivir~j a given node.

These coefficients are given in Tables B-i throt~~h B-20 .

As the lateral azimuth provides an extra degree of freeck~n , not

present for TLTM, the tables are sai~what sore involved than the TFJIII

counterparts . The sa~~ variety of cuts is represented , sha~n in the

top r~~ of each table . - Along the bottan are two r~~s , which give the

direction cosines i,,~ and f~
, of the plate and of the impressec electri c

field , respectively,  that are finite in each ins tance.

Thus , for exa~~le , the rotated I-cut , designated (yxj ) 9 has m~
and m3 finite, and there are three separate choices , within this

heading, for the direction cosines , f~ 
, of the lateral field : f 1

finite, with f .~ and f 3 zero; and f3 finite , with f , zero ;

finally,  all three f,~ may be finite. The ~~ . may be zero or finite

depending upon the particular choice. A finite value is represented

by a checkmark .

4 * — -  - 

~~~~~~~ - - - -~~~ - - -
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2 1 3

CRYSTAL CLASS I — TAB L E B- I

X V Z Yx! )9 (XY/)6 (YXw )4 YXwI*9

~~‘ I J J~~~~ ’111~~, II

J~~3I1 I/~iivIIsi~iiII
2 3 2 3 3 1 3 I 2 12 I 2, 12 2 I3~2~ 3 1~ 2 12 12,

rnj ml m2 m3 m2 ,m3 m31m1 ,nI ,m2 mI,m2,m3

CRYSTAL_CLASS 3_ TABLE 8—2

\cu i
X V Z YxI)e (XY!)8 (YXw)# YXw I*8

~~~~~~~~~~~~~~~~~~~~~~~~~~
~~~~~~2 )  / /0 0 0~~O~ ~~~~~~~~~ i I I

• ~~~~~~~~~~~~~~~~~~~~~~~ 11
f 1 2 3 2 3 I 3 13 I 2 1 2 I 12 2 13 123 3 13 2. 1 2 1 2 3
m 1 mf m2 m3 m2,m3 m3,mI mJ,m2 mI,m2,m3

• cRYsTAL_CLASS
_ _
4 TABLE B— 3

\CUT
X V Z y~J,&I(xy1)8 (YX~~~ \ X~ /)+~

~~~~~~~~~~~~~~~~~~~~~ ~0J~~~~1 1

~~30 f , 0 0 0  1o ,’ ~~~~~~~~~~~~ I I
2 3 2~ 3 1~ I 2 I~ I 23 123 2 1~ *33 3 t~ *~ l2 * 2 3

m 1 ml m2 - m3 
— 

rn2 ,m3 in3~mI rnI,vn2 ~~m2,m3
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CRYSTA L CLASS 6 TABLE 8—4

X V Z YX1)9 (xV/)9 (YXw )4 YXwJ )#9

) O 0 0 // ) / i )
~~~~ ’O~/~~~),II

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
f 2 3 2 ,  I 3 1~ I 2 12 I 23 2 2 1 3 2~~ 

3 1 2 12 12 ~~~

m~ ml m2 m3 m2 ,m3 m3 ,mI mI,m2 mI,m2,m3

CRYS TAL CLASS 7 TABLE 8—5

\.CUT
X V Z YXI)6 (XYi)6 (VXw)# YXWh~O

) O O O ~~ O ’ Q ~~O~~~~ / Q ~~II

~~~~ 2 Q O Q ) Q Q / Q J ~~~O~ I I

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
f 1 2 3 2~ 3 ‘a I 2 12 I 23 *2. 2 la 12~ 3 13 ~ 1 2 12~
rn mI m2 m3 rn2,m3 rn3,mI mI,m2 mI,m2,m3

CRYSTAL CLASS 9 TABLE B-6

\CUT
X V Z YX !)8¼XY I)6 (YXv ~~ YX vd) +O

~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
2 3 23 I 3 13 I 2 1 2 I 23 123 2 1 3 123 3 ‘ 2 ’2 13 * 2~

m , ml m2 m3 m2,m3 m3,mI mI,m2 nI,mZ,,n3

S 
-t • - - 

-- - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - 
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CRYSTAL CLAS S 10 TABLE 8—7

X Y Z YXI)6 (XY/)6 (YXw ) q ~‘XwI)#9

4’ o / ~ / J~ -1~ /~ ~ ~ 0 I I 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
2 3 23 I 3 t~ I 2 ‘~ I 23 2 2 l~ 12, 3 ~2 2 12 ‘ 2~

mj ml m2 m3 m2 ,m3 m3 ,mI mI ,m2 ,nI,m2,m3

CRYSTAL_CLASS 1 2_ TABLE B—8

\.CU T
X V Z YXI)8 (XYI)6 (YXw)4 ’ YXw L)+8

~~ ‘ O O O ) O O O ~,~/O~~ j . ,O J ) O O J J

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
fj  2 3 2 3 1 3 1 3 1 2 1 2 I 23 123 2 1 3 12, 3~ 2 2  12~~~2~
m~ ml m2 m3 rn2,m3 rn3,mI .n~ m2 mI,m2,mO

CRYSTA L CLASS 13 TABLE B— 9

\CUT
X V Z YxI)OkxyI)6 (YXw) *~ VXw/) #9

~~IQ ~,~ ,O Q )  ~~~~~~~~~~~~~~~~~~~ I
I

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
~~~3 ) O O 0 0 O O ) 0 O , ~~,,OJ ~jo ~~ ,iJ  J

2 3 ~s I 3 1~ I 2 1 2 I 23 12~ 2 1 3 * 33 3 1~ 12 12 ~~~
m 1 ml m2 m3 m2 ,m3 m3,mI mI,m2 nI,m2,rn3

_ _  • - - - - -  ~~~~~~ - - -~~~~~~~ - -
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CRYSTAL CLASS 14 TABL E B-b

X Y Z YXI)6 (XY/)9 (YXw )4 YXwj) 4~9

~~~~I Q  ) )Q /~/0~’v10 v ~ / O  J~’ O i  I I

~~3/ 0 0~/ 0 00~ J 0 , / 0 J O , ,j J

2 3 2 3 I 3 l~ I 2 ~2 I 2 3 2  2 * 3 12, 3 1 2 2 * 2 ~~~
mj ml m2 m3 m2 ,m3 m3 ,mI m I,m2 ml,m2,m3

CRYSTAL_CLASS_ 16_ TABLE B —I l
;\.CUT

X V Z YXI)6 (XYI)6 (YXw)# YXwJ ~~9

~~I / ~~,, CJ , 1/ ~~~1, J IJ , , IJ

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

-
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
f 1 2 3 ~~ I 3 ~ I 2 1 2 I 23 12, 2 1~ ~~ 3 1 2 2 ~2 ~~~
m 1 ml m2 m3 m2,m3 m3,mI mI,m 2 mI,rn2,m3

CRYSTAL CLASS (8 TABLE B- 12

X V Z yX/)Ol~XY/) 6 (YXv~~ \ X wI) 4~

~~~~~~ :~;;.: ;~ z~~ ~~
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ I

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
2 3 2~ I 3 ~ I 2 1 2 I 23 13~ 2 13 123 3 1 2 12 12 l2~

m 1 m l m2 m3 vn2,m3 ,n3,mI m~ m2 mI,m2,m3 

-- — - - - — -~~-~~~~~ -- .~~ -- -- -- - -_ - -~~~~~ _ - -  -
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CRYSTA L CLASS (9 TABLE 8— 13

X Y Z YXJ )9 (XY/ )8 (YXw )4 YXwJ )+9

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

E 3 0 0 O 0 0 O O 0 O O ,~~OJ ~/0~~~~II
2 3 2 3 I 3 1 3 I 2 ‘ 2 I 2 ,2  2 I3 12~ 3 1 2 12 12 ~~~

mj ml m2 m3 m2 ,m3 m3 ,mI mI,m2 mI,m2,m3

CRYSTA L_CLASS
__

21 TABLE B—l 4

\.CUT
X V Z VX/)6 (XYl )6 (YXw)+ YXw l)~ 8

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 11

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~3/ 0 O~ i 0OO ~~~~~~j J J O~~~ I 1
f~ 2 3 2~ I 3 13 I 2 12 I 23 ~2 2 1~ ~~ 3 1 3 ~
m 1 ml m2 m3 m2,m3 m3,mI  mI ,m 2 ,nI,m2,m3

CRYSTAL _CLASS
__

22 TABLE B - b 5

\CUT
X V Z yx/)91(xyl)6 (YXw ) + \ x *I) 4~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

E 3 0 ) 0 0 0 0 0 0 0 ) O 0 ) 0 0 ) 0 0 0 0

f~ 2 3 2~ I 3 ‘~1’ 2 
~2 2~ l2~ 2 13 ~2 3 3 ~2 ~~ 1 2 ‘ 2 3

m 1 m l m2 ~~~~ m2 ,m3 rn3,mi fml,m2 mI,m2,m3

~ 
p 

- - -

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - • ~~~~~~~~~~~~~~~~~~~ •- -~~~~ -- ~~~~~ -~~~~~-— .- - -~~~~~~~~~~~~~ --



CRYSTAL CLASS 24 TABLE 8—1 6

X Y Z YXJ )6 (XY! )6 (YXw )4 YXwI)+9

•=•• I 0 0 0 O 0 0O v~~~0~~ v~~~)~~~O 0 OI /

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
2 3 23 I 3 1 3 I 2 12 I 2~ ~ 2 13 12~ 3 1~ ~ 1 2 12~

mj m l m2 m3 m2 ,m3 m3~m I  m I ,m2 mI,m2,rn3

CRYSTA L_CL.~SS
__

25_ TABL E 8— 17

\CU I
X V Z vx / )6 (XYL)6 (YXw)+ YXw !)4 9

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~3 0 0 0 O 0 0 0 0a0~~~~0J J O~~ ,JJ
_ _ _  

2 ~~~3 I 2 1 2 23 123 2 ~~ 12~~ 3 1 ~~~ 1 2 1 2 3
m 1 m l m2 m3 rn2,m3 m3 ,mI rnI,m2 mI,m2,m3

CRYSTAL CLASS 26 TABLE B- l 8

X V Z Yx/ )& I~xy/)6 (YXw~~ YXwJ )4 8

~~ IQ ~~Q a Q O Q Q Q O ~~~~QIJO~~~~JI

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~_ 3 Q Q Q Q Q Q  000 0 0 0 0 0 0  )O 0  0 0
2 3 2~ I 3 I~ I 2 1 2 I 2 3 12~ 2 1 3 12 3 3 1 7 12 12 12 3

rn m l m 2 m3 rn2 ,m3 rn3,mI rnI ,mZ mI,rn2,m3

—- • - - - - ---- - - ~~- - -~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~ -~~~---~-— _ _
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2 1  ~

CRYSTA L CLASS 28 TABLE B— 19

X V Z yXJ )6 (XY/)6 (YXw) 4 YXWJ )#9

0 000  ~ ~‘ 0 ~ ~/ 0 ~ ~ 0 ~ ~i o~ I I

~~3J 0~, / o / 0a 0~io ~~j o J a~~,J J
f 2 3 2 3 I 3 1 3 I 2 1 2 2~ 2~~2 13 ~~ 3 1 2 2 

~2 12 3
m 1 ml m2 m3 

- 
m2 ,m3 m3 , m I  m I ,m2 mI,m2,m3

CRYSTA L_CLASS_ 3l_ TA BLE 8-20

x V Z YX/ )6 (XYE )6 (YXw)# YXw I)4,8

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ I I

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
f~ 2 3 2 3 I 3 13 I 2 1 2 I 23 123 2 13 12~ 3 12 ~2 ~2 1 2 3
m 1 m l  rn 2 rn 3 m2,m3 m 3,mI mI ,m2 mI,m2,m3

CRYSTAL CLASS

x y z 
— 

yx! )~~xy I)9 (YXw)~ YX*J)#9

I— —
~j-J

3

2 3 2~ I 3 I, I 2 1 2 I 23 123 2 13 123 3 1 2 12 ~2 ~2 3
nit m l m2 m3 rn2 ,m3 m3,mI mI ,m2 m~m2,m3

_ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _
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