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bounda ry  or t r a n s i t i o n  reg ion  hct s~ e~~n the  h igh  a n t  tow r e s o l u t i o n  so l u t i on s .
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a pragl l l ISt iC’  (Sppr na ( ’h is propnsel l  here w h i c h  over ’ s  p c i  t i e s  t h e
a r t i f i c i a l  la tern l boundar ies  of a i n c — m e s h , I i n l i t e d—ar e ( 1 . i l - s t e l l  r eg i o n i n )
depends upon a high  —order  phase 2011 a m p l i t u d e  i - c i t on ng n t er p o l a t i o n  a long
w i t h  a h igh  —orde r , hut w e a k , sn ooth i r ig  operator  to  l ontro l  no ise  a l l  I n s l i r l -
ye  ci si r o i l  i tu i l e .

I h e  basic problem as we l l  as the  method propose ’ I is I I 1 t l i r 1 ( ~ I ti 5(1 1 1’

detail  in the In t roduct ion.  1 U gh  o i l i e r  a ip l i tu i l e  r e s t o r in g  an l i  It ase and
amp li tude res tor ing in t e rpo l a t i on  operators  are I l e f i n e l and  cons t ruc t ed  in
iTei t ion 2 . In  Section 3, both s tat ic  and dy n a m i c  compar i sons  a l e  made  be-
tween the two types of in te rpola t ion  operators . In the s ta t ic  t es t s , t h e  pha se
and amp li tude res tor ing  in t e r p o l a t i o n  is shown to he super ior  in  ) ‘ i n i r ( I 7 r IL
root mean  square d i f f e r e n c e s  be tween in t e rpo la t ed  va lues  and  ana ly t ic  v a l u e s
of s imp le Four ie r  func t ions .

~ The d y n a m i c  t ests  are  ca r r i ed  out in the f r a m e w o r k  of a r i l u l t i l e v e l
p r i m i t i v e  equat ion model and  show u n e q u i v o c a l l y  t h e  i m p o r t a nc e  of co r r ec t
phase i n f o rm ation for th e  la tera l  boundar ies  of t h e  f i n e - m e s h  region.  The

resu l t s  obtained ind ica t e  that  the  s imp le procedure  proposed here  s h o u l d  y i e l d
sa t i s f a c t o ry  results  in opera t ional  f ine  -m esh , u n i t e d — a r e a  models .
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The Treatment of Lateral Boundary Conditions in
Limited-Area Models: A Pragmatic Approach

1. INTRODUCTION

R outine prediction of a tmospheric behavior , part icular ly the prediction of the

gross features  of the large-scale circulation , is commonly based upon the numeri-

cal solution of som e mathematical  model which is desi gned to incorpo rate the phy-

sics for those atmospheric features of immediate interest. The typical mathemati-

cal model consists of a set of nonlinear partial  d i f fe ren t ia l  equations expressing the

rate of change of momentum and heat (the prognostic equations ) and an appropriate

set of diagnostic equations expressing relationships among the prognostic variables

and other variables which  are required in the numer ica l  solution of the  prognostic

equations .
The system is solved numer ica l l y as an initial  value problem over a network of

grid points in space. The distance between neighboring point s in th i s  network con-

trols the detail that can be resolved in the predicted fields.  However , thoug h

arbitrary to some ext ent , this distance is more or less determined by outside factors

such as the scale size of the phenomena of interest , but especially by the available

computer capacity. The required computer capacity is par t icu lar ly sensitive to  the

grid distance since a halving of the mesh size in a three-space dimensional  model

increases the computer t i m e  by more than a factor  of 10. assuming.  op t imis t i ca l l y,

that the computer  has su f f i c i en t  unused  in te rna l  (hig h speed) storage ca p a c i t y  to

avoid a concomitant  increase  in t he  book-keeping operations .

(Received for publicat ion 18 A pr i l  1977)
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v a r i a t i o n s  ri f t h e  l e t  t n ’ b e t i t  v a r ia b l e s .

I b’ ’anse I f  t h e l i r e  I’  i i i ’  b e t -  l i t  , - e f cc e n il ’es l ’ j t ( ’ ’ l  , E 1 1 I 1 V I ’ , t~~~~~V a i l l  t i n t  b e l i s t c ’ t  t~u t , ’
S t — c  I 3 e f e r e n ic c  I ’ a L ’ e  N I , . t~~, ‘or -  H e f e r e t i ~-ea I t l i c n ic l i  



i n S l i t ’ r f  I t 1 ’  LE h’LE L ! : ( g I ’~ I i  I I r i s  L i l i b i r l  i Ll  I j , a I O l i l  ‘ L i t  e~ I l Ul l ’ , t h e  ‘ I S  u i t  s

b iL e, h~- t ’r i ‘ t ’ n t ’ r - L E I  l v  ‘ l u — a p p o i n t  ( r i p  t ’x -ept in ‘p a t ’— ’  w l te c e  t he  I l r p t ’  — a m p l e  l on i a in

I TI I n o  he sr , o l l t b ’ ‘ i t h  w e a k  pa t i e n t s  (s~~ - I i  a s  L i i  t h e  I i u c r i l ’a r i i -  p r oh l t ’r i i  I ,

V ’ : l - ’I ’  s t L ’ l l l l t l u l l s a  IS l ’ T I H n I ’ t - I l iv t h e  n u r i i e c i ’ : i l  t e e l i n i i lu e  ( su c l t  :15 w i t h  t h e  LISt.’ of

h i ’ n I i L , ’ sp l i t i t - s . ‘ ‘ 1 1w- i n h e r t ’ t i t  l i l I ’i ’n l t v  a t b  t h e  v a ri : i t l i e  n L e s h  L l b r p r o L E ’ I L  a i ’ i s e r

l c l l r t ,  h i  t p t  t h a t  t h e  p h ase  ~ h I l P l l  l i  t h e  W L E V I ’ s  5 3 f t . l i i 1 ’t iO ~ o f t I n e  I i U r i I P t i O r i  l ’r c Oi ’ ,

w h i ( i ’ t r  in  t u r n  pen is upon I b c r - i  El  spac  b ig Is w e l l  a r ~ upo n f l i t , - I on ,  i r i an t  SI Ll I I ’

s i - i l - s  of t h u  i l l !  \ ‘ L I r I L I I I I I - s . \~‘ aves  L I i  t h e  ‘o:I t - Se— tLL I-—L h ‘ l o r i , a i t n  a I l l  ‘l iL l i lpI’ phase

speed w l~~- t i  pass i n g  111th t h e  l m e — i L t I ’ s h  r egion a n !  a i l l i n t e r a c t , p i l L i  i n c  i t i t t - r —

I l - I - L I t -  w i t h  t he  pac t  of t h e  w a v e  t h a t  has t ’ r ’ i t L l j t i e , I  i l l  t l’it ’ (‘ I l L i r ’ S C — t , e s l )  l I l t P i l t, i i ,

,\ s  h i n o ~ ni p I t  31 10 poin t  iii , t l i i - ’ ’’!e i t  I tP ’i L ‘ I ’  P h i l ’ n o l L  ( -non is t I ’  s e n t  r l ’ e a r l le s s

-~ of the  Ii f fer e n l ’e  i ’ e t l i r ~~l i s l i .
I t s e er s  in tu i t ive ly  a p p a r en t  t h a t  ab r u p t  changes  in g i ’ i ’ l  l e n s i t v  w o u l d  b I I ~I i ’ I n c

t a oc e  se r ious  i n t e c a m ’t j llr is t h a n  a gr a d u a l , r h a s t i c an s i t io n ,  \ ev ec t he le s s , in  v o w

of t I p -  ‘a r - e a s e l ,‘ o t i ’ n l c x I t v  i n  P t ’ l i ~~ i L I t l l t L L l t i y ’ L I ’  ‘e s s i t a t e ! by  t h i s  ap p r o a l - l I  O i l  i n

v iew 01 t il’ l i t b i ru~ Ll I\’ ,l L f ages (b i a s -’ n h  i t s  c l i a t i g e s  in g r i d  l e n s i t v  O i dU l 1’ ‘ f l e e t s

- - - ‘ , 11
s i r i t r l a r ’  ‘ o t h ose tlr )’ITl -l’ , l  l iv L I i l r f i I ’ I a l  l a t e r a l  l i o n r i l a r - i t ’s , ‘t a ppeal’s w o t ’ t l n w t i r l e

to  u n v e s l i p , t l l ’  a t h i r d  g e n e r a l  n ’ e t l I I i l .

31 l’he t h i r l  L l l l t l i ’ l ,E ’h entails L ’ p a r ’ L i t l -  , ‘ r ~ a i s e — n m e s l i  and  l i t i e — n esh eal ’i L l , m t L l r t L s .

w i t h  lie ‘i n c_ m e s h  ce gi on  1I a t t l i  w i t h i n  the  ~‘o ar s e — t i t e s h  d o m a i n . T h e  , -I ~ in’ r — e —

mesh  s o l u t i o n  is  l l h t L l i t i e l for’ a ‘ g l ob a l  d om a i n  w i t h o u t  a r t i f i c i a l  l a t e r a l  h o u n l a r i e s

and  s e r v e s  t o  sr m p p l y t h e  I t- ’ e s s a t-v  b o u nda ry  i n I ’Ii n - i t ’ a ( i l i t l  (or a s o l u t i o n  w i t h  ‘i t o t e  —

me sh g n u  o v e r  a l i m i t er !  a rea  ri  t lie globe . T h e  p r i n c i pa l  l i f f i c u l t v  a’ it l i  I I n s  ap-

proach I ’ once rnS  t I l e  ~‘h oj cc if  pr ’oper b oun d a ry  c o n d i t i o n s  ‘ or -  t lie p a r t i  ~-u la c Sy s t t ’

of eq u a t i o n s . This  p c oh l e n i , w h i l e  ser - ious , appea r s  am enab le  to  I r e at t i L en !  a r i d

ti e st t - r ( — d o t i i a i n  approa ch seems  f t i n l a n i e n t a l l v  s i m p l e r  for’ r o u t i n e  a pp l i l -a t i l i r l  t h a n

the  v a r i a b le  — g n u a p p r o a c h .

l’he cho i ce  of o r o h l c r  houn !ai ’v 1- o n l l i t  ions  t’oi’ t h e  n ested l e g  ion has been  e x t e n —

siv e l  v e x a r i i i n e l for’  s i m p le , l i n e a r i z e d  hvpci ’ho l i - sv st  e n s . 
1 _ — i 4  The b o u n d a ry

c on d i t i ons s h o u l d  p t ’ O v u r l l  a w e l l  —poach p r o b l e m .  That  is , t h e  s o l u t i o n  should I t -  —

pcn I c o n t i n u o u s ly  upon  th e  h o u nd a r ’ v  , l a t a  so t h a t  i s m a l l  I ’tian i ,II’ i n  a h o u n l h a c v  - a l  l ie

10 , U t - o w n i ng .  U . ,  K r e i s s . 1! . —0 . ,  and  ( l u ger , ,l . ( 19 7 3 )  M esh  r ’ e f i u r e t i i e n ’it , M a t h .
(‘ On i p .  , 27 :2b — 3 t ’ .
—

11 . K c ei s s , I I .  — 0 . .  and  ( l u ge r , 1 . ( 1 t I 7 3 ’l \II ’tliol!s tot ’ I l l ,  \ L t p c o x l t t L l f e  Sol nt i i t i  i t

Ti t m e  I ) e n e n i r l e n t  I ‘ r - r b i e t t  s, ;, ‘\H P 1 ‘tili . Ser . No . 10 , I0~ pp.

12 . Nn’e i s s , ~~ —0 , ( 1 9 7 0 )  I n i t i a l  houn lat ’v  v a l u e  p r o b l e m s  f or  t i v t i I -r ’ h o l l l ’  s v s t e t t ’ s .
( ‘0mm. Pure an i l  ‘\ pp l. Mat h. , 2 ’,U 2 7 7  _ 2 l i l t .

13 . 1 lts tL l f sslini , Ii , ,  I’l, r e i ss , I I .  — ( 1 , ,  a n t I !  Sunds t röm , .‘\ . ( 1 1 1 7 2 )  s t a h r r l t t v  t l i t ’o r v  of
h l ! f f e r e l r ee a p p r ’ Il x i n t t a t i o n s  ion’ t i l i x e l t  i n i t i a l  h o ut i d a i ’v  v a l u e  il -obiI - ’ s . 11.
M a t h .  ( lUL L ~T. • 2 (~ ( 3 4 9 — 6 8 6 ,

1-I , l ” l v i u s , ‘ I ’ . • m l  Su n m l s t r i ~nt i , \ . ( 1 ° 7 3 )  ( ‘ i l t ’ i ) t i t : l t i ( i ! t L ’i l h v l ’ f l i l i e n t t  s , t n n ~’es a n t
houOhJa cv ‘l i ti ll t i i l i I ~~ l~ r a fine —lii (‘Sb l i i i -  I t t  I p i l ’ i i i  o l d  l i , , I ’ , I I l l i  t Ip ’  s h a l l o w  —

w a t e r  l i 1 i l L l f i o t i s , I ( ‘ h I l l S ,  2 5 : 1 3 2 — 1 5 6 .

I i  
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should  have only an appropr ia te ly  s m a l l  e f f e -t on t h e  s I  it ion. I h o w e -c r , the  non —

\ ‘ l s l ’ O t i s  ha r’ I l l i n i c  r l n ’ i T t  i l i v e  eq u a t i o n s  mppe r  ‘ t b )  hit ’ i l l  —pose I f o r  ari - sp e c i f i c a t i o n

of t h ~ l a t e r a l  h o u n i I a c v  ~o i i dj (j o nS . 15 The ‘ l i i f i c u l t v , a -h i c h  is tue L I!  l eas t  i n  act

I l l  t h e  t v I r I ’l s t L I t i c  l p p r o xi r n l l t i o n , 
16 i a n  l ie  a l l e v i a t e  I , i f  not I v e r ’O t ” ,e , by t h e  c x —

(c l i e n t  I f  i n a n t j f i ’ i I I  i a ’o s i t v , ~ ~\ l ’ l i t i o n a I  h l o n r i  i a m ’ v  i !i f f i c u l t i e s  are i n t r o —

lou -e l i n  s o l v i n l L -  t b ’  f i n u t e  — I I I  b r e n i ’e equa t  l O t L 5  , especi a l l y , w h e n  lot ’  purposes of

ra- ’ I i n c i r i g  (lie t r u t L ’ L l t i o t L  l ’ c r r l r , t h e  l i n i t e — l i f f e r e n i c e  e q ua t i o n s  L 1 r  e i f h i gh e r  o rder

t h i n  t I L t ’  o c i c u t i m I  Ii I ’ T ’ I ’ t I t i I l  1- l u i l t i  in s , t h u s  r e q u i r i n g com p u t a t i o n a l  b o u n d a r y  - o n —

li t  ~~~~ 
1 1 m d  r I i t s l ’l I iu ’ni t  Iv  g i v i t i g  r i s e  to  c on n p i r t a t i o n a l  as w e l l  as ph y s i c a l  s o l u —

liit i o n ’ - .
‘t l t ’ i r i m , ,c l i  i r m i a h l m ’  to  ‘t eve lop  a ‘ I - H e r a ]  t h e o r y  on the  e x i s t e n c e  a t i l u n i q u e n e s s  of

- 1 5  - -  . 1 4
solu t ions  to  n i o n i l r n i t ’ a r  I L \ ’ b i e c h o l r h - s st e i  s , ~‘u r id s tcom and  t ’ , lv ius  and S un d s t r om

dis ’uss su f f i c i e n t  condi t ions  for ‘ b i t ’  w e l l  —pose i lne s s  of t h e  pure  i n i t i a l  v alu e  it -oh  —

l e L j ~ “ ic ~~~ al n a l l oc — w a t e r ’  e q u a t i o n s . ‘o r  ‘ ec t a in  a — l n a s t l ’ c i o n i  b o u n d a r y  c o n d i t i o n s ,

t hit ’ w e l l  — n o s e lt i e s s  a l s o  ap p l i e s  to t h e  h i t i t e l a r — c a  p r - ob l e i ’ t h a t  is , t o  t h e  L t i r t i a l —

1 0 1 1 1 1 ,  i . E  I v  v a l u e  pr o hl e n L  1 . ,\ I t h o u g h i  i t  m i g h t  appea r  r e aso n a b le  to expec t . t i s not

p o s s i h i l  m ’ 1, 1  s ta l e  w i t h  co n f i d e n c e  h a t  lot-  a giv et i  i n i t i a l  s t a t e  t h e  s o l u t i o n  \v~~~’ re —

n i a i m r  m -ont i nu ou s  a n l  Ii f f e r e n t  iahle .

In (he  ‘a se if  th e f i n i t e  —di  f fe  rence equa t ion  for  lhe I in~ it e it  —area  pt -oh I c t

t he re  r e i t a i t i s  even g rea te r  une e r ’t a i n tv . The s t a b i l i ty  of f i n i t e — d i f f e r e n c e  s o l u t i o n s

has hee ni shown fo r  s i r n p l  i f i e u h  l i near ’  sv s t e t t t  S hv t he  use of I ic ene rgy  me thod .  I . 20

h ot ’ (lie g e n e r a l  n o n l i n e a r  l i m i t e d — a r e a  problem Elvius  and Sundstrbm 14 
sugges t

tha t  the  h ounh ia rv  cond i t ions  should be base i t  upon t h e i r  a b i l i t y  to m - o n t n o l  the  growth

iif g r a v i ty  w a v e  d i s t u r b a n c e  r a the r  t h a n  on t h e i r  a c c u r a cy  in d e s c r i b i n g  (he q u a s i —

pe o s t  roph ic  pa r t  if the  mot ion . In th i s  connect ion they  propose that m m l v  t hose

b o u n d a ry  c o n d i t i o n s  t h a t  are r ’e q u in ed  by (lie co r responding  l i nea r i zed  Sv s t e n L  of

m h i f f e r e n t i a l  equa t ions  shou ld  be s p e c i f i er !  a pr ior i , and tha t  the  r e m a in i n g  (con ~p u t a —

t i on a l )  boundary  condi t ions  should he obtained froni the i n t e r io r  (and  boundary )

va lues  of fh e  l i n t i t e i l  ar’ea by some su i t ab le  i n t e r p o l a t i o n  ( ex -t rapo la t ion )  procedures
This is e s sen t i a l ly  t h e  approach that  was f i r s t  mise r !  by Charney  et al , 2 1  however , as

2~was subsequen t ly  shown by P la tzn i an , t hey  used an i n a p p r o p r i a t e  (u n s t a h l e b  e x-tra-

po lat ion  procedure  for the  out f low bound ar’v points . To a v o i i h  the  ins t ab i l i t y  th e~-

aha ni !onel! the  use of t h e  ‘ proper boundary condi t ions  and resor ted to S i mp le l ive r ’-

st e c i f i c a t i o n  wi th  a smoothing procedure . l-’or the p r imi t ive , barotropic  s h a l l o w -

a n f l - c  equa t ions , ( ‘ha rnev ~
3 argued on ( lie basis  of t he  charac te r i s t i c  I luan t i t i es  for

the  one -d imens iona l  proble m t h a t  s imi la r  boundary c o n i t i t i o n i a  ar e  r equ i r ed ;  n a m e ly ,
the  n o r m a l  v e l o c i t y  shou ld  he s pe c i f i e i l  at ~i l 1 bounda ry  POi t l s  ani !  t he  po tent ia l  vo r t i  —

‘ i t v  it  i n f l o w  p o in t s .

I l l el ’a t r s e  of th e  l i  I’ t’( ’ m i t t  I h i I ’ r -  of ’ cc f e r e nm - e s  cited above , i hey w i l l  t in t  he l i s t ed  here.
R e f e r e n c e  I ’age No , i i ’ , f o r  R e f c r n - t i - e a  15 t h r o ugh  23 . 1
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S n ot l  ~tröni 24 
s h ow s , by L L ’t ”a Tls of the  e n m e ’ c c v  n i ’ie thod , t h a t  I t t l -  haro t r op ic-  vor ’t I -

‘ i t ’ , I ’ r l u L m t  ( u n  in a ‘ o n l i n e ’  i r eg ion  is proper l y posed wi th  b u i u r m ’  l a cy  cond i t i ons  of the

( ‘ i L ,  mm c v -  t” i~ i rto f t-v o n  N - m i r ant i ~ type (as wel l  as other n ’nore gen e r a l  boundary con-

, i i t i o t i s l for v a s es  with  opera boundaries  (that is , where  no phy s ica l  boundar ies  exis t

an r I t he  f lu id  f lows  in and out of the  boundary  r eg i c i l L ) . W i t h  such proper boundary

con d i t i o ns , the so lu t ion  is unique anc ’l i -ony e rg en t ;  t h a t  is . a sma l l  per turbat ion on

the  I l c i g i n a l  so lut ion w i l l  r e m a i n  sma l l  and the solution is cont inuous l y dependent

on t h e  bounda ry  conditions and ini t ia l  data as long as ‘ertain der ivat ives  of the

solut ion cel L a i n i  hounded . E lv iu s  and Sundström 14 propose three  “ t h o r  sets of

h oun la rv  condi t ions  for this  problem . In all  t h r e e  they  specif y the t a n g en t i a l  velo-

‘it\ ’ at in f lo w ’  b oundary  point s , so that the  h i s t i n ’ - t i o t ’, among the  t h r e e  cases (‘On-

cerns I bi t ’ speci f ica t ion of an add i t iona l  bounda ry  con h i t i o n  for a l l  b o u n d a r y  points .

This scr ota l b o u n d a ry  condit ion ‘ l e t e r - i - i i L c s  the  m a n n e r  in w h i c h  the  c’r a v n t v  wave

solu t ions  wi l l  in te rac t  wi th  the  boundary .  If  t h e  n orn mal  v e l o c i t y  is p resc r ibed  at

the h o u r m ’ l a r v , gravi ty waves are e s s e n t i a l ly  t r apped  and r e f l e c t e d  hack in to  the

I i m i , i t e l a rea .  If a c ombina t ion  of the  normal  v e l o c - i t v  and the g e r l t i o t e r L ’PLOl , corres-

tl(it l~ riL ’ t o  t h r -  i n g o i ti g  cha rac t e r i s t i c  for  the u r a \ ’u t v  waves , is spec if ie ’I  t m Len  a

gr a v i t y  wave app roach ing  the l-m m~’ l a r - v  w i l l  pass I, Ln t of the region wi thout  r e f l e c t i o n

and a’ i l l  he h a r m l e s s . If on the  other hand the , leri m m o t e n t i a l  i t s e l f  is s p er i f i e t fo r

the se ’ i ’ i m ’ l  boundary  condi t ion , th i s , l ike  the f i r s t  p si - , pro du”es  r e f l e c t i o n  if

r i - a v i t v waves . But w h i l e  s t a b l e , thoug h n o isy . h i t ’ b ’c’r en ’e s c h e m es have bi- ,’n de-

v i s ed for t t p - fi r s t  case , no stable d i f f e r e n c e  scheme is known for  he t h l l c r i  ‘ m s e ,

The n u m b e r  of ad clit ionii I I ‘rim p utat i o n al  I t , I u LitL , I I  i-v  ‘ o n ’ h i t  I rate’  he v ot E I p 1 5 0

ap c a ’ i f i e ’ I  a p t - i i r i  t ‘I c - p e n is on t h e  order  of t h u  !i l 1 e i - c n cm’ , ’ ’’, , ~ i t u o t i s . The  iii r l  t ’I I i t i P l

‘on’ hj u ions  shou lr t  r m ot he sp ec i f i ed , hut should  he I t - t e n ’ m L ’  i n c  I n u i t t  t h e  h o u m i , I L i r v  and

t L t e n i o r  ‘, al o e s  of t h e  l i L : i t e b area 1iy a L ’  i t l u l l  1 b l r g is bot h a c c u r a t e  a n d  s t L l t t h b ’ .

In I b t e  f i na l  ~ n a h v s i s  h ’ 1 v i u s  a nu l  5nt’LLl strom a s r  c’rt t ha t  t h e r e  i s  t in c ’as ~’ , I m r  ‘

w P , ’ of I o t e l - l t L i n i t t m J  t he  t~i b i i i t v  t ’ r r I I ’cl ( l ’s of t a o —  and t b l c e e — r I m I ’ e n s t r t t L I l  t i f f e r —

e m , ,
~- ~~~~~~~~~~~ f o r  m i t e  I L I m E nPI))iletr ’S . The ‘~ , l ’ r gv  r , I ’ t b L i I  has b een  mise r !  on ly

for  t h e  ‘ase  with  b o un d a ry  ‘on Id ion s  that  a re  r ip e n  for eyt  er ’t ’u l  L’ tPiv i ¶ 
~

- waves . h r -c

o t b u i - r  ‘ \ ‘ t l ea of boundary  c t i n , h i t t c r t L s  a ~t t b , i u l ‘i f  s t a b i l i t y  a n i a h v s i s  for i n i t i a l  — b r i m  (L I

- , 25 - 13
v a l u e  r ’o h l e l ’s has been l e v e b o n i l ’ - ’ i  h ’  la r e i ss  u n i t app l i e  I l u ’ ’ u ;u st ’ I t s s o t ~ “I al ,

hu t  ‘n~lv  for  f b I ’  one — d i m e n s i o n a l  i so . C ‘on se ~: o i i t l y , f on’ ( l iv  ‘ ‘a l  I S !  IC t i c ’  l b - l I  t L

we are “ r e  I t o  i -e l y  on ‘o t n p nt r ’ c t ’ ’ L t i e c i t l en( at ion i . In m a t  such  e xt I r i t ’  I - n t ! — ,

I’ v i u i s  and Sund str~ m 1 I 
hav e Il h i t , t n e m t  L ’ ep sol L i t ’ l l  r e s u l t s  w i t h  bo th  t h e  m n - s t  and

se -Pi l l ty p e s  of h o ut i l :mc v  ‘ o t i r h i t i  o ’ ’ ’, t h a t  is , w h e r e  the  t a n g e n t i a l  v e l l l ’ : t v  i s  s n t a - m  —

fit ’’ ! t I i n f l o w  t ’( I i n t i .’ L i l t  I w h t ’ c ’ t ’ i t  I i i  t he n m o c n i t a l  y l ’ b o , ’t f  v i c 3 ‘ r l i ) l u t m L i t  i on  of n i or ’n i ah

‘:e loci tv  an r l  : l ’ i m l l o t e o t i L h l  i t-i r- pt ’ ’ i t ’ i t ’ ’ I  L I t  , u , t h r i i i ’  p o i n t s , l l ow ev or . i n  t ho se  , ‘ x t i e m - m I - ’ t ’ t m t s

, 1 , S m i t l l S t c ’ I t L ’ . \ ( p ’ q ’ ) S t ,ll r , l i t v  d e l i ct s for i i i ’  t r ,l c ’o i r E ’  \‘ r 1 , , ’ , ! ’ , I ’ ; o  l t l I ’l n L ,
\ i o n i .  \ t h - a .  l i v .  , i l i i ,  I

2 5 . K n e e l s . ~~~ ~( b , ( l ’ ’7 I )  b r I n y i t i r r o < i ’ t  L I!  ions f o r  t ’ t — p ’ ’ I  , t t L i i i i l h o u n ’ l , I r ’y
‘1110” n I ’ ’ ’ b I ~ ’ t t  s , ‘ I - r i ,  , II I ’, .  “ I l l ’ , i n -  I ’ l L , ‘— e m  ,•\ . ,

k ,~~~~~~~ 
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where the init ial  data contains short as well  as long waves , the resu l t s  l e n m !e m !  to he

noisy. l ’he pr imi t ive  barotropic system of (shal low w a t e r >  equations is a s imp le

• hyperbolic system which , by the use of the energy  method , can easi ly  be shown to

be wel l -posed with such boundary  conditions . h owever , the more  r ea l i s t i c  p r i m i t i v e

system of equations , w h i c h  describes a ha roc l in i c . inv i sc id , ‘ I cy ,  adiabatic a n r h

hydros ta t ic  f lu id , does not form a s imple  hyperbol ic  set of equa t ions . A l t h o u g h  the

ene rgy  t r ans fe r’ equation has not been obtained for  the l in e a r ize il  d i s tu rbance  equa-

t ions  corresponding to th is  system , it has been obtained for a s i m p l i f i ed  sy st e n u  for

which  it u -an  be shown that  the pure in i t ia l  va lue  m c n h l e m t ,  is we l l  poseil in  that  a

smal l  change in the in i t ia l  conditions wi l l  r emain  small  for  a l l  t i m e  as m easured by
15a RI I.IS norm .

‘1 For the f i n i t e - d i f f e r e n c e  fo rmu la t i on  any di f f e rence  between the  prescribed

boundary condit ions and the correct  boundary conditions w i l l  genera te  g r a v i t y  waves

and , although the errors may remain bounde d , the solutions wi l l  he incorrect .  If

the  u l i f f e r ences  between the prescr ibed and c’orrect hounu iary  condi t ions  are  large ,

nonl inear  effects may generate real d is turbances  w h i c h  could grow rap id ly .  A

correct set of boundary condi t ions  should  speci f y the normal  ve loc i ty  and tena i pera-

t u r e  in such a way that the outward propagating components are riot h indered  in

passing out of the region. While it mig ht be practicable to do this  h y us ing  the phase

speed of a single principal  component in a Sommer fe ld  radiat ion boundary  condi t ion

(as suggested by P ear ,son26 ) , it is not p rac t icab le  for a mul t i l eve l  model possessine

several  ei genfunct ions . To overcome this  d i f f i c u l t y  Or l anski 27 suggests a modif ica-

t ion of the Sommerfe ld  radiation cond ition in wh ich  ra the r  than  a s ing le constant

phase velocity,  a separate phase velocit y is obtained for each va r iab le  frona the  gr in!

point values in the vicinity of the boundary. This approach , which involves a (-er-

ta m amount of inheren t  smoothing has not been adequately tested . Ins tead  Sundstr ~ nui 15

proposes to compromise the correctness of the boundary  con di t ions  for  the  m u l t i l e v e l

model by using boundary conditions tha t  are appropriate  for t h e  sha l low wa te r  equa-

tion , that is , to prescr ibe the tangent ia l  ve loci ty  at in f low points and conaiput e it at
outflow points by a suitable extrapolat ion from the  i n t e r io r .  In addi t io n , th e m ’omhina-

t ion of the  normal  velocity and t empera tu re  corresponding to  the  f i r s t  i n w a r d  I s  -

te rna l  gravity wave is prescribed everywhere  and the combinat ion corresponding to

the first outward external gr avity wave is compu ted  by ex t rapola t ion . These are

approximately the harotropic parts of the no rm a l  velocit y and t e mp er a t u r~ . F i n a l l y
the remaining baroclinir part of the normal  velocity and t e m p e r a t u r e  is spec i f i ed  if
all boundary points . These ronditions are admi t ted ly  an l ive r spec i f i ca t i on  w h i c h

per mits the propagation and ref lec t ion  of internal g rav i ty -wave  listu rh ances in to
26 . Pearson , R. A . ( 19 7 4 )  Cons i s ten t  b o u n d a r y  ( -ondi t io n s  for n i u n n e r b - a l  n i o i l e l s  of

s v s t e n i i s  that  adm it dispersive waves , 1. Atnios .  Sri .  , 31 :148 1-14 89 .
27 , Orlan ski , 1. ( 1976 1 A s i m p le boundary  condi t ion  10r nznhoun ded hyperbo l i c  f lows ,

1. Cot-n p. Phys ., 21 :251 -269 .
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the region. Sundström 15 
satisfies himself with the hope that the d i f f icu l t i es

created by the internal gravit y waves will be much less than those which could be
generated by external gravity waves and that their effect can be diminished further
by adding a diffusion term to the equat ion near the boundary zone.

It is apparent that , even if it wer e  possible to define the “ correct ” boundary
conditions for a realist ic haroclinic l imited-area problem , in practice the boundary
conditions would at the very least contain truncation error s inasmuch as they
would be determined not from continu ous fields but from a small number of point
values,  However , in realit y the boundary errors will be more severe in th e f ini te-
difference solution since the proper boundar y conditions cannot he defined for realis-
tic problems and at les t  one can apply bounda ry  condi t ions  wh ich  are appropriate
for much simpler problems. Neverth eless , even for the simp ler shallow-water
problem , obtaining the proper boundary condi tions is l ike l y to involve computa-
tional and programming complexities. In this connection , Wi l l i amson  and Brown-
ing 28 use a relatively s imple set of lateral boundar y conditions for the N C A R
l imited-area model. Following the ap proach of Shapiro and O’ Brien 29 who worked
with the nondivergent barotropic vort ici ty equation , W i l l i a m s o n  and Brown ing 28

specif y u , v , and t on points determin ed as inflow point s from the global model
solution. At outflow points they determine these parameters by interp olat ion from
the fine-mesh solution , by determinin g the interior point which would have been the
starting point of a parcel following a trajectory determined from the coars e-mesh
flow field. As would he expected thei r results show appreciable t w o - g r i d - i n t e r v a l
noise , but the noise does not appear to interfere with the def ini t ion of the lar ge-
scale f ields.  Nevertheless , they find it expedient to app ly additional smoothing in
a band of several grid intervals around the boundary of the limited area .

- 30 , 31 - - -I) av ies makes use of the energy method to establish cri ter ia  of uniqueness .
which he then uses to determine boun dary conditions for the barotropic sha llow wat e r

equations as well as for the baroc lin ic primitive equat ons. However , these condi-
tions have been c r i t i c i zed  for overspe cification by DeRivas 32 as wel l  as by
Sundström. 15 R ecent l y , l) r i vies 33 has proposed a different procedure. St a rt i n g

28. Wi l l i amson , D . I . , , i n d  Browning, C. I. . ( 1974 )  Fo rmula t ions  of the la t e r a l
boundary  condi t ions  for  the N ( ’ A h i  l imi ted-a rea  model , .1. A pp l. Meteor. ,
1 3 : 8 — 1 6 .

29 . Shapiro , \l . A . , and O ’B r i e n , 1. 1 . ( 1 9 7 0 )  Boundar y condi t ions for f ine -mesh
l i m i t e d - L I  re a fo recas t s , 1. ‘\ pp l. Meteor. ,  ~~: 3 4 5 - 3 4 9 .

30 . Davies , I I .  C . ( 1 9 7 3 L I )  On the l at e r a l  boundary  conditions for the p r imi t i ve
equat ions , .1 , , \ t m n o s .  rh - i .  , 3 0 : 1 4 7 — 1 5 0 .

3 1 .  l ) L l v i s , 11. ( ‘. ( l ° 7 T h >  On the i n i t i L l l - h i o u n d a r v  va lue  problem of some geophysical
fluid flows , . t. (‘omp. h’b i vs .  , 1 3 : 3 9 8 - 4 4 2 .

32. l) eRivas , F. K. ( 19 7 4 )  Comment s “ Or th e  lat  ‘ -h  bound a r y condi t ions for the
p r i m i t i v e  e q ( I L l t  ions , ” , l, \ t m os .  Sr i .  , 31:5 - Il .

13. l) av i e s , I I .  ( ‘ . ( 1 9 7 6 )  ‘i l a t e r a l  b ou n d ary  f o r m u la t i o n  for m u l t i — l e v e l  prediction
models , Quar t .  .1. b y .  M et. Soc., 102 4 0 5 - 4 18 ,

15
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f r o m  the  pos i t i on  t h a t  mi i l  l I m i t  ‘ L I I  t i pp l i c : it i on i s  ( i r a  t h n e  I i l l .’ — W L v i t u t i ’ t ’ ’ o ’ t  on

l i m i t e d  a r e a  p r ’ o l l l l - I L L t  f l i t ’  , r ~n o l  h I t ’  l ioun i i l : in ’ ’,’ 1 t a  i’ ’ i l l  i ’ o i i t  o t i  i n l i t t r e n i t  l ’ i ’ co n ’ s , lie

pr - ’i j i o s r’s  n i  -x p t ’  l i t ’  ‘t n n e t l n o i l  i m i v i l~ ’ i r r g  f l i t -  r ’ e l , l x L , t i o n i  of h i t ’  i i d ’r’ i r ) t ’  f l o w  i n  t h e

~‘ i c i m r i t ~ i l l ’ t he b o n n n l L i r u ’  to t i n t ’  t.-x t c ’ n ’ t n , i l  f n l l ~ , t ’ ,’si ’- r ’ i l i t ’ r I  f l ay , ’ . ‘I ‘I I -  t i , e t hi i r b  I l ’r I rL I ’es

t h e  S t ” nsLt n\ t t ’ , it do ’ ‘ r , v ctin ig It(j r l L l t io n s t I  l ’ ’ I ’ r Sj i t ,’ ( ’ i t i ( ’ L r t i o t i s  of t h e  ! r o t i I i ’ I L rv L I L t ,

nd , r i ’ b m t - v e - ,’ a i’ e t u i c t i ’ i ni  i i i  t i l l ’  n r o i , ~ (’ g t ’ ! L e n ’ r t i o n  t t h e  1 t t - u ’  1 hioimndart c’r ’, ! \  m e L t is

‘i t  ti , t ’ t i i i c i ~ i l  L L , (i t i ! E ( ’  ‘ t n i t i  ,)f t i l l -  cu quatnot i~~. 
‘l ’he t L i o I I i I i ( ’ I t ‘ ‘ i i i  c o n s i s t s  of a

\ e~u f n i n ’ ~n m — t v p c  , u h (  s t i t i i - i u t  t t ’ t ’na ~Oth r  ,i n ’ e l , , x Lt ioni u o I ’ l m i c i e i 1 ‘chose s pat e  I l ej I - t L —

“h e n c e  is st n ’ l i  : i is  to i n -ce  f l i t ’  i n t e r io r  l i e - h I \ ‘ L r l u i e , — , f r i  , ppr’o ’ ’h f l i t ’  - p I ’ i ’ i f L i  ‘‘ I  hound~ i’”

u’~~h i t c - s  in i i  snuano t h  f , e ’ln i n n .  ‘l ie n i i ’ t bivn h I L l S  t l u ’  ~‘ i r t i i e  of s i m p l i c i ty  i i i  5 1 ( 1 0 5  to

l i i ’  e f f e c ti v e  f i n ’  t h i i ” s ingle t i - s t  cas t ’s  s b i o w t i ~ (nO\- , ’ r ’ ’ i ’ i ’  , i t is iii! ,t ~~ ’ j o i i s  to e l i  ,t

p1i~’5n ( ‘ L I I  p r o b l e m  f l i t ’  r , I n l f t - t ’ , t e r l e q u ’ i t i o t ’ i s  ~i pp l v .  \f b i le  it is :Epp L r’e n it  t I

n m e t h n o d  i n d m r c e s  i i  u - e r ’ t :o n  a n i i o u t n t  of ’ S t ’i L , ’ l O t h L L  t i i , ~ t u e t u u  I ’ I ’ t i  t he  s p e c i f i e d  b o i n n u l : ’ i i -v i l u e s

‘ n t  t I m e  i n t e r i o r ’  f i n e — t i L e s t n  ~, l t , i ’ ~ t h e  to ta l  sn i oo t l i i n g  f un c t i on  tI les r io t  hav e ’  a ~~i r i g l i -

n i i p l i t t i r l e  re a p a n s i -  fu n c t i o n  l l r I - c , I , i L — ~I - of the  s}) , t i : l t  \ - L ! n - i a t i o n  in  the  reF ) • t i o t i

‘‘i t’fic’jent) arid t h i t ’ n ’ i ’ f o m ’ e  i t  i — t i l t  possi t i l . ’ t o  L e ’s l -s s  t h e  ( ‘ x t i ’ t L !  ml  t h e  sn a o o t h i n n i g

i n v i l v e r l .
‘ l ’h ‘ t S O L t u l ’  ocm i~ S t i i 0 r i t b i i t i I , r r n i , i h i t  I i ’  n i e l ’ I ’ s s L i r y  (P i n  i t ’  i n f e r  n-i” 1 f r o m  the  re-

cent u ’ ’ iLuin Lt’ ni ts of I h ’ t i t i . ’ t t  , l Ie 5 5 ( 1 1 5  t h a t  s i L i t L l b l e  opera  b o u n d a ry  conditions it

t he  o u t f l o w  n i o i n u t s  it ’ l i m i t e d  , ‘e ‘ I t h i , i t  i i i , b o n n i l : rv c o n d i t i o n s  w h i c h  l o l l t n ’ L r n ’ i —

p i ng  c o n i p u t L i t i o n i l  n o i sc  in t I n e  l i i t ’ i t e i l  f m m ’ i ’cLIs t a n v 1 ‘ ir e  p o s s i t r l i -  on i l ’ ,’ f o r  a n L i l l

4 ‘ i n i p l i t ude , “ l i o n ’ !  ‘,v~~~e l e m i v ’ t h i . l ir ot r o p i c  ‘ ‘ L i v  i ’5~ I } L L , t  ‘‘ noise p r o b l e ms  a m ’ i ’  t n i , ’,’ , l i ’ l —

t i l e  i n  pl m i e t i r ’,v or b,a c o e h i n r c  ‘,i m i ’  t o  r i - c ’ ’,st ~~.

I Ir ~ the  , t s s u mp t in n  th at  f o r ’  m ’ i ’ , i l i s t i c .  t h i t ’ e v — ’ h i u n t - t n i s i o m i , r l  ; l m ’ ’ l I ’ t e i l i —  a r , ‘ ‘‘t t i

i n ioun t  of h i i j L i i i , l l E r \  e r r o r ’  i , s  i t o - i  t I t l e  ( n ’ej, ’ rdh le s”  01! t h e  u ’ l l O i r ’e of m i i i !; m l  c~~’ r ’ h i —

t i ons  u n i t !  t h e  n i et h iod used t m  ‘i t ’ !  i n  t h i ’ m m h a h i g h— or - I t - n -  i m i t ’r ’pr d ’ t i o i t  l t ’ O I ’ I ’ I u L t ’ ( ’  5 , 5

proposed fa t’ S L I 1 l u l ’  i t i t ’ t i n i e — d ep en i l e n t  b ou n ’i , irv u’ , l n i ’ a  in  ii  h i t i l ’ ” ’ L L I’s!i l i t L L i t I ” l

L I  t ’t ’L model .  ‘l’he in te rpo l  d i o m i  ‘v ia p er - f i ’i ’’ nu c ’t ! on a ‘ g lo b a l ’  , ‘o , n - -e’ — i t t - s i ’  s , ’ i l ; t i o m u

L( ’ h i i ( ’ h  W L E 5  d m 1  — o n i , ’ i i n ’r ’en i t lv  u v i t h i , h u t  i n d e p e nde n t  i i , t i u t ’  l i m i t - —  n i ~~i —hi sol id ‘ i t t .  l ’he

‘ l i i i  of t h i s  t ’xp t ’n ’ i n m a e n t  ‘ v S  t m  ‘ t i - t . ” t ’ n u i i u i e  v, i i e f h i e r  t he  u i-n - ‘i f L i  h m i g h — n r r h . ’ r  - L b - n ’

t i u l : i t i o n  t i g h t  p o i m i t s  m a  one  d i n i l , t i s m r i n L , w h i c h  w a s  i l i ’~ g u t - I to n _ _ r i  n ’ i - ’ ’ c’’, t f ‘ r t b , ’ ’ u h t y

I l i t ’  I n ip l i t u d e s  ot II  1 1 1 c r - s  I ’ xc l ’ t i t  I l i  \ ‘ .‘ t ’v s ho r t  e r ’, ’ I ’~ ’ , 
(6 

‘,“ o i t l t t  m o n  t : i ’ , ’ ’i ~~ t t L O , i t l i

t c , t i — i t i o t i  t u i ’P , v ~ ’, ’n f l ue - i j I e ( ’ i f i t ’ r l  l r ’ i u i t i r t ’ r r ’, ’  ‘,‘ , i l ’ i i ’ s  n i l  t h e  ( ‘ L i l e t n l a t e ’ l . n n n t e c t r l t ’  f i n e —

m u --n h v a l u e s .  \ r i m n c r ’ i (  I s i m t i u i l  ‘ t i o r n  r - x j l e ” i i t L l ’ t i t s  ‘ I ’ l l ’  i” ; r r ’ r i t ’ i h  l i i ’ i n  a ne st ei l
:11. Tlenrv ’tt , \ . I . I I 17 h 1  i ~ ,r , ’ t i  I h _ l i n m t i l , I t ’ r  i r o i r h i t i r i t i s  I i i ’  f l i t ’  J , ~ n ’ i u i h t ’ d  , \ m a ’ , I ‘i ’ ’’ ”

e s t l t t t ’  I ‘ “ r l r l , ’ t ; r ,  h~~’ t r ~’r~~~, , 2 , T T L ~~~~P~~~~~~~~’ , n n m ~~e on N L : u i ~~~~~u n t  -
T ’~~T~~n ’ m n u e n f ’ f u i m r , ‘\ . I I  d e n t , ‘ ‘‘ 1 . ,  lj  1 1 - 1 — 1 1 5

“ I ’ , “-hiapir o . I t .  I I ’ 1 ’’ 3 i  I I I l i t  i V Ii  r l n m t l ’ m ’ m l l l h a t r e n l  ‘i ’ l l ’ i ’ i t i t ’ I ’ t ’ ’ t ’  1 s m m  I L t i i ’ — \ I l

l , i t ’ u i ’ u ’  I - \ r ” , i  \ lo h e l s .  iT~, ” , S’~T Hes .  Pan ” , ,  \ ‘ ‘  ~~~~~~~ \ l ’ C R l , ~~~T3~~7i
- -_____

I I . ‘ - h i p i ’’ r i . I I .  1 1 1 7 2 1  ln fo r ’ n i i t i t i o n  lo in”  m i n d  l ’ , i t t u m l f ’ t i ’ t L ’ ; o ’ t  u t  l i i i , ’  E l ’  l f l t , ’ I - p I l l  t m ’ ’ ; ,

I ‘ ‘ I L  I ’ I •’ , . , , 1 (i l ,  1
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region with ; i g r i d  spac ing  o n e - f i f t h  the s i z e  of the coarse  gr id  length w i t h i n  the
fr n t nm ewo rk of n i e i g h t - l e ve l , dry , m ci -n - id , p r im i t i v e — e q nr t t t i o n  model .  Bou n d a r y

i n f o r m a t i o n  was  su p p l i e r l  f rom the  c o a r s e- m e s h  solut ion by i n t e r p o l a t i o n  for  a l l

p r o g n o s t i c  v i r n a b l e s  f o r  t i l l  of t i r e f i n e - m e s h  h oundar i  po in ts , r egard le s s  of

w h e t h e r  t i r e  f low W L i S  in  or omit  of th re  l i m i t e d  i re . This  is o b v i ou s ly  In  o v e r —  - —
s p e c i f i c a t i o n  of the b o u n d a r y  condi t ions . but ,  L E S  shown t ic  ( ‘hen mind M i v r i k o d a , .1

such overspec i f i c :i t i on  has  the L L i h \ - L l r u t L u g e  of s i m p l i c i t y  and w i t h  s m o o t hin g  g ive s
results comparab le  to those obtained wi th  p r e s u m a b ly  we l l -posed  b o u n d a r y  condi-

t ions .
35T 1 the above-mentioned stud y :t c o m par i s o n  wa s  made between two methods

of interpolation f rom the coarse-mesh  so lut ion , a l inear  and :i h i g h - o r d e r  in te rpo lml -

t ion . The high-order interpolation procedure is strongl y damping for two- and

three -grid i n t e r v a l  w a v e s , hut bare ly  has m a y  effect on waves longer th a n about six

grid lengths even af t e r  m a r ry  app l ica t ions  of the operator.  The l i n e ar  in terp ola-

t ion is at least is s t rongly  damp ing for short  w; ves  as the h i g h - o r d e r  i n t e r p o l a t i o n ,

butt  n-ore impor tant ly , the l i n e a r  interpolat ion is strong ly d a m p i n g  for  even moder-

I tch’  long W P V C S .

The solut ions obta ined wi th  the use of h ig h-order  in te rpola t ion , : i l t ho r ng h  by no
means noise-f ree , were no t iceab l y  smoother than those obtained with l i n e a r  inter-

polation . The la tter solutions were seriousl y contamin a ted with  noise.  ‘dnce the re
was  no v i scous  d i s s i p a t i o n  in  the model , a w e a k  smoothing  opera t ion  w a s  app l ied

to the coa rse -mesh solu t ion every ten t ime  steps (ever’.’ 200 m i nI . T h i s  sL i m e

smoothing was ‘ 15-0 app lied to each f ine-n -mesh solut ion every 200 mm b ’v t - n \  50 t i m e
steps) . In v i ew of the weakness  of the smoothing operat ion , the  re l at ive  smoothness
of the solution wi th  h i g h - o r d e r  in te rpo lat ion  SPiS s t r i k i n g .  It was  fe l t  t h a t  t he  re-

ma in ing  roug hness of these solut ions could be control led by a c o m b i n a t i o n  of more
frequent smoothing and by using tin in te rpola t ion  procedure  eh i c h  riot only i s  e f f i c r e n t
in restoring wave  amp l i tudes  damped by l i n e a r  in te rpo la t ion , bit t  a lso m i n i m i z e s

phase error . The present study describes an attempt to remove t he  r e n a t m i n i n g

roughness by such means , us ing the  same basic model f ramework  and m a i n t a i n i n g

the same simp le over spec if ied boundary condit ions.

A modif ica t ion  of the  h i g h - o r d e r  in t e rpo la t ion  procedure  used in the en r l i er

stud y was made which , while still n ia int a ining the ampl i tude-res tor ing  properties ,

min imizes  the phase error arising from interpolat ion . A new series of f i n e - me s h

l imited-area solu t ions  is carried out in which comparisons mire made among  th ree

methods of interpolating the coa rse-n iesh solution onto the l i m i t e m l - a t ’ e , i  h o r u n la r i e s

l i n e a r  interpolation , h igh - order  amplitude restoring interpol a tion , and h igh-order

phase and amp li tude  restoring interpolat ion.  In addi t ion , solutions i n ’  n h t L i i t n e l i

w i t h  d i f f e r i n g  f r equenc ies  of smoothing in order to test the r e l a t i v e  import a nce of
37 . Chen , , t . i i .  , a nd M i v ’ i k n m l ; i , l-~. ( 1 1174) ,‘\ nested g r id  compu tat i on  f u r  f l i t -  bar n—

t rop ic  f ree  sur face  a tmosp here , M on. Wea. 11ev. , 102:1111 -  190 .
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t he  s m u u o i t l u n i g  t m n m i  in i t e rpo l : i t ion  m j L e r ’  t i o n s . ‘I ’he m i n i  of t h e - n m -  t - x ~ i * - n ’ i n m e u i t ”  i s  the

I m ’ ’ , ’ r - I m j r m :  , ‘ u i t  of m i s i m ple , p r a c t i c a l  mn ’ o ’ , ’ u l t L t ’ I ’ for ‘uoI~ ’ m n g  :i t i t i i l t i l l ’ ’ : m ’ l  i t ’ i L : L i f i \ ’ (-

equ n a t i o t t  m n m ~n h , ’ l  over  ‘ m l i m i t e d  t i r e,  i m ’ i t h i  f i t u , ’ e i s a  r i - ,sm d i n t i c i n i  ‘, v i t l n r ’ ’ L t  t I me t reed ~ ir’

so lv ing  t ine  glo l l t u t i l t - l  i ’ , i t b i  a fmnui’ — ntm , ’s l t ~‘ n ’ i ’ l , V i e  t L L I ’ r ’ e ! , m n ’ I ’  j t ’ Oj i l~~ I ’  1,1  “ j i , - m ’ i f ’,’

i l l  p r ogn o s t i c  ‘ . ‘ : i d i  t r i m - s  I t  l I  l m o r i n r d m i r v  p o t n n t 5 - . ~\ t ”  t ’ L ’ - ’ t i f \  t I o ~~ u ’ ’ e m ’ s p . ’ ’ i H r ’ ‘ I t o h

if ’ t h e h o u n i h _ m r ’ ’ , ’  1’ o m u ; ! u t i r u n — i  (iii f i l l ’  1 si s  t l u , , t L

(~~l ‘ l b  p m ’ m r ’ u ’  I r , u i t n i , I , , i ’ y  m ’ , m u i r h i t i m m i v  c i i  f e  s L iol i r n on ly  for s t  i u ’ , j i l i f i e ’ m ‘ m i t - I t’

‘i, - . -( t e t ’i’, s .
2 1 I \‘ i ’ i u  if ‘ , ‘ , i -  k n i t - ’,’, t I r e  p t ’ o j r e m ’  h u ( l t u u i r l ; I m ’ y  c - o n u I r t i - ’ i ’ i ”  fu r’ i l ’  , i r ~~t ’, , , t h a n ’ s — —

‘ t i m n u t t u i s i , . m i , l n o m i l i t . ’  r m n I t r l t ’ n t  -,, ‘v i ’  ‘m i i i h r y e  ~~‘i 5N’ 0 ’. 1 1 u 1 ’ e  m u  d i , ’  ! m ’ u u n u l L l r v

‘ r e  t i t i ’ t L ’ — i n  t i n ’  fi ~ i ’ I ’ - —  I d l ’t ’ r ’ - ’  a’ , ’ s o l u t i o n  f m - a m  t h e  o u t ’ - u i r h i ’  r’ ,’ 1’ L , u u i , s h i e r , —  ,t !’, ’s f

t I n -  v : l t i e s ‘ i r e  k n o w n  f , ’~~-n cc ui n ’ : i te l ’, .  ( o u i s t ’ ( j i n e n t l \ . l u o t u r u n l  I i ’ i ’ m - r ui n-i L r r ’ e  i n —

(‘‘ ‘ i t  , I ’ l , ’  t n t  r n  ‘ ‘ I i i  I ’ .

( I I  “ u i  ( ‘ I ’ ’ ,\ i’ , I o ’ ’ , , m t k i u i i ’ ,’, l i i ’ ’  pr o p e r  h o u in i h : t  t’v ‘ u L t r ! i t i o t u r ’ n  m i i i ’ !  r I n t u i t  l b  ‘ t L i I ’i L l t I’

I , ’ i , i n i I m c  e r ’ r o n m  E ’ i i : L j m j , ’ * I ’ I v , - n ’ i I L ’ t  k i n l  i i f  m i r ’ t i ’ L , ’ L  1 s l i L o u i t f n l t i t ’  is  t i ( ’ I’I - s  s n ’ , .

i t  u v u * - ’ , m of t I , 1~ v , i r i , h m i l i t v r u f  s i r n i p i t ’  ar i d  n i g h l v e f f i - ’ t i ’ , ’ e s t t : n ~i ’u t h L t u i t  m i i i

f i l t e r i n g  p r o c e . l t in t - s ‘I. L i ( ’h  c mu l e t  r h t - s i g m m e ’ l  to I u . -  I S s c : i l e — d e p e n d e n n t  as h - s i  c m ’ ’!, 
l l h , 19

End  in ‘ , ‘ i m ’i ’,  I f  tb .  n m ’s’ u lt s  uf ( ‘li en and , \ I i y , k o d L l 3 wi t !n  o ’.’erspecified ii , ti uu t :in” , con—

h i t  m m m v , it is fe lt ii I’m t ’ th ’s’.’h r l t ’  to . v o i u h  the c o r ’ma p l e x i t i e t -  of r t t e n a p t n n g  to : , r l p r ’ c m x i  ma te

prope r- t ’ o m m n i ’ I : m n ’ v  I ’ O t i ’ l i t i l ’ i t i S  t m r ~~I I ‘ lit t ine s i m p le  e ’ x p e ’ l i . - t i t  i f  o v e r ’st n ’ ’ i d i ’ , u t i i t i  and

f i l t e  c l u n g .

2, I \‘I’I’ I(I’OI, ~‘l IO~

I’h e p i ’ I ’ i u ’ l - s5- ‘i f  i n t e r ’p o l mt i on  is  w i de ly  ru s ed  to o b t a i n  es t  n i :m f e s  of pan’  In l e ters

i t c s - n t  in  p o u ’ u t s  i n  1 i ’ t i e  or sp ac e  f r o m  k n o w n  or t t L e : I s r m r - ,’ ’ i  v a l u m e s  w h i ch  : t r e  ‘ m a i l —

t I 1 ’  o n ly  i t  etht ’r  g i m l e t s . I t  i s  ~, I m ’ j t l ’ , m ’ is s n n a eu l , when  i r s i ng  i n t e rp o l : mt i o n , t h a t  t In -

p t i r : mn i e t e r ’  hnrs ’m v d ire m it  t Ine  p o i n t  in  i u u ~i ’ s t i i ’ i n . It i s  Iso ; i s v m i r i a e d  t h n , m t  I t , . -  v ‘ l i n e  ‘i f

t h u . ’  p i n -  ‘ t i l l - t e n - t i re , ’ I i  s i  r’ed po i n t  i u a a c  be e s t i m a t e d  fr ona  s on t e  fu r n c t i o n  of t i m e

k m u o e n  01’ L i i  cnn ‘, ‘ a l i r~~mu of t he a n ’ : i u t ’ , ’ t i ’ t ’ . In ,‘5 1’ei ’t , i t  is  m5 -~~i t u u e ’ !  t h t l t  t I n e  s a m ple

of ‘l i e  k n a m ’, mm - i t - f  at ’ ~‘ r l n r e s  i s  t’ i ’ n m n ’ , ’ s , ’n i t . t i v e  ui f  t l ~~ i - m i t  i n ’ ,’ ‘ h e i r ! , If e m ”  - i : k , ’  exp l i c i t

w t i  . t i s  u i s l i , r l l v  i t t  p l i c i t  i n ti ny u ’ t m ’ n i t , m i t a c t ’  f~ u 0 t im e  w i t ’  , : t , , ’h ’ n ’  i s  r ’ I ’ i m i t i n u i o u m s  o v e r

t h e  b u t t  L n , ‘v m :I\  j o’ k of d ’u  l” o r n r ’ i e r  ‘ j ” ’ ’ t  u ’ ’ L n i u .  i n n  p ,n’ I t c u m l : m t ’ . we i-i m n i - n i ’ b t ’ n ’  t h e

‘ I i s, ’ n ’ - t , - , ‘ h u L u t t -  l ’ Ii u Lna ’r u’ .’j ’ n l’  s i - n t  1 u i - u  I i ’ I I ’ -’ l i i i ’ !  w h i c h  i s  , ‘ I ’ t , m m u i - r l  i n a p t  t I m e  set  of

l i t ’-  0 k r i r , ’ ,m rm j i - ~~i t -n  t , m ‘ i i !  i n  11 of t i m ’  t v : r u l  ‘ l . -  i n f o ” ’ ’ ’ , t n ’ i t i  u ’ ’ ’u ’e r t : ’ r i g  t h e ’  f r e t

o i l  f l i t ~l i e  r i - ’ n t  i — — f i n i t e  if  t i r e  \ ‘ ‘ I b L I -  ‘~~ t he p i n ’  ‘ t ee ! , ‘r ’ ’it ’ l t i ’  p i n t  m i  q n ’ ’  ‘ l u a u :  i s

tF  t ~‘}u i ’ l m  5- t I ’ ! ’ i ’ , I !  !‘r’ i ’ i u u t  t h i s  I m u l t I  , ‘ n ’ u - ’  ‘ u - ’ ‘ ‘ i t  f u n ’’  i t  ‘ l i i ’  b i t  i i ’ ’ , ’ ’, t i l l , I 5 i t t f ’

L I . “— I n ,  l i i i ’ ’ . I I .  ( 1 1 ( 1 1  “— n r i ’ i ’ i t ’ t  i r rg ,  t’L t i - n ’ : t t g  , n i h  I l L ’  t I P1’ e ’h ’ ’t S , I ’  ,e , r 
,

,

n t  ‘— j r  u ,- I ‘ t u ’ ,’s . , L I  ‘flt~ — ‘
~ 27

I I , “I i  i l i i t ’ r ) , II ’ , I 1 1 7 d I t i . ’  I d  f n 1 l , ’ r ’ u I i m ~ . \ l  f b i . ( l e g , .  2 1’i : I O E u . I _ l O b ’ . 
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t h is  n i me a su  u t ’ of li t -s t  e s t imate , the :mut h i or 36 proposed mini i n t e n ’ p o l m c t i o n  oper ator

w h i c h  comp et i s t i tes  for t t u t ’  l ’ o u r i e r  :r mp l i t r t de  t r u n c a t i o n  produce d liv t w o — p o i n t

l inea r ’  i n t e rpo lat ion .  The ainu  of t h i s  report is to gene ra l i ze  the  ope ra to r  tm nd to

propose m c s p e c i a l i z e d  p rocedure  which  m i n i m n i z e s  phase mis well as i mia pl i t u d e  t r i m -

cation.

2, I \IIi I)I ituel e’ R est oral iou,

l-’ol lowing the procedurre  adopted ear l i e r , let f ix )  r e p r e s en t  soni c f m m n c t i o n  of

t i m e  or space in one ‘Ii r - u i - r m s i o m n , integ n’ n b l e  in  the f i n i t e  domai n  — I ’) < x < I ) , and  let

= f.  fo r  d i sc re te  values  of x such t h u t i t  x . = i~~x . where i i s  t in i n t ege r  mind

~~x > 0 is such  th : i t  2 1) ‘~~x is ni i n t eg e r . T w o — p o i t n t  l i n e a r  i n t e r p o l : !  ion : t  t ime point

r.~ x , s’here 0 ~ r ~ I , is m l e f i n i e m h by

f~
°1 

= rf , • ( 1 - rt  f ,  , i l li+r r 4 l

w h e r e  t h u . -  i n t e r v a l  - I) . DI h as been scaled so th at ‘~ x = 1 .
T lien f.  can i c  t’xp c-i ’ ss ed in te r’t’n s of mm sm ina of I c i u m r ’ i c ’ n ’  corn ponent  vm~’ the

gene ra l  form “n s i n n  ( cmx . + where  A is t h e  m m n n p l i t u i ! . -  of t l ae iv y e  con : tp o nn en t

w i t h  w a v e  nitmb e ’ r n (n 2 mm / \ , where  i is the  w t i v e l e n g t l m  of t h e  m ’ i u i L p ’ i u i ’ n u l  r , and

is the  phas e ‘if th u e  component ;  f . , t h e  ‘ , ‘a lm ne  ,af t h e  fu n c t i o n  c t th i e  p c ’ i u t L i  - r < ‘ t E n

he s i m i l m i r ly  represented by t t  sum of comp onents of t ) ne  for mat  ‘
~ n si n [mi x r’~~x)

t m n u d  the corresponding interpolated y l i e , ~ r li v coniaponmenits at  f l u e  f r  r u t ,

(0 )  , r 1, \ s i n  I n ( x ,  + m’~~x) 4 c~’ d t , wh ere
L L n i nj

0 _ [ l _ 4  n ’ ( I  - r) s i m i 2
~~~~~~

J 

1/ 2  
2 1

and where

— 
, - 1 ( I - r b  sin  n mT ’ .~ x - t’ s i t ,  r i ( t - n l , ~ x1

d n
_ t an  fT~~0 ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ri~’ - n-L~ x”~

( 0 )  (01
, \~~ ~~ e x p m - .’r - ’ e ’ s  t I n e  ‘ : ‘ j r l t t t i  I c  d . c t i t p i n u g ,  n i l  1 ‘ lu , ’  p l m : m s e  —n tm u i f t , p m - un i t I n  I

h~’ t w o — po i nt l i m i t -  ‘ r -  t n i t i ’ u ’ t i n u l , t i , m m i .  I t  i t - a g  p , n m ’ i ’ ’ i t  t I m 0 two— point l i m i e r t ’u ! ’ ’rp o l c l r o n

‘ 1 m m  in !  m a l i c e i ’ mnn s ruie ’n ’ , t ’l’ - damping m m f  , m u , i t t i u i , t . ’  m ind  s } t u ”h m m m g  c u t ’  j i l t  ‘ ‘ ‘ . ‘ r. ’ - i l l ’ . ’

for the  hig her ii i t ’  nr ,m l  . - r  c c m t l n j u i n i . ’ n m t e .  I o n ’  ii c c  n m , m n ’ i t f~~’ m ’ ~ g i ’ m ’ , t . ’ t’  t e r m  t ’ , ’ m ’ n u

u r l r t u i t t i  r i g  the i ’ , 5 . - ’- w b n e r e  r 0 or t f i r  w h i c h  f 1
~~~ = f 4 1, b I 9 , i u u l m ’  0 r ‘ 9. 5. I f

i S  a lso pp ‘ r e i t t  f n ’ a n t m  ( 2 )  f I t  ‘ f  d ( r )  = — ci ( I  —
L ’h e  ‘, ‘ l i m e  of u ’ c a n’ I — r - t  t a n ’  ‘,~ I m i r t i  I l L ,  ma ’ i,’ t t i t t i , ’  of  1 ‘i me u , x u m m , t m t i ,  is me f u r ’ t  t i n i nu

a! n and can . - : t s i l v  ho ’ h ’ ! , ’ n - n i m i m i e d  f r o n n  ( 2 1 . I i c  r i  , ‘, ‘e s i ” q n i : m I  f ,  on’  i n l t u m ’i ’ t !l ~ ‘ i t  2 cl n ’, d

i n t , ’ n ’ v , m l s , t h is  ‘,‘ : I m m , ’  i f  r ’ irs m u i r 0 , h2 . it  ‘ . ‘ ‘ I t ’ u ’ ’ ~ f n ’ i m u t  0 , I 4 I I f L  f or ’  i — c t ’ i ’ i  initen’ vm rl

‘, l’ I ’ , ’ i ’ ’~ to 0 . 2 1 1 : 1  for m n ’ i f i u u i f , ’ I~ l a m p -  iv v e ’~~. 1 on -  t h e  2 — g r ’ r I i t i + e ’ t i  1 ii . , I i ; .

n,sI , ’t- s to 1 = mm r , eXi ’ , ’ j u t  for -  r (I , I ‘ ‘ ‘ , an  1 , f u r  s ’bn i ch  ‘ I  I) , 1 1th -i , ‘
- i , ’  t I ’ ,

I ~r 4
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2-grid interval wave , there is a d iscont in u i t y  in d it r = 0. 5. I i i ’  t i ll longer e ve’s ,

d is continuous.
It has been shown 36 that  the inverse  of ~ (0) for al l  v m t l t m e s  of t t mr t b L i  (except  f m r
9 Ii

s in  mm = 1 for which there is no inverse ) is  g iven  liv the in f in i t e  s , ’ n m e ’ ~

[ (0~1 — l  t - 2 1 . 3  2 - 4 1. 3 . 5 3 Ii
[P ~ 

= 1 + sin a + ‘
~
‘:-

~
‘ ~ sin a ~ 2 . 4 . 6 Si t I  L i

1.3. 5 (2h — 1 )  h - 2 h n
+ • + 2. 4 .6 .  . . . (2h) ~ Sin  4 • (4 ”

where  t = 4r ( I  - r) mend mm = n~~x / 2 . ‘rhen t s in e a = I occurs  on ly for  t I r e 2~~x wL ’,-e-

length with r = 0. 5. This  wavelength , the shortest l- ’ o r m r i e r  n onmp on en i t  t hn m t c m i  I r e ’

resolved with the given data , is completely e l imina ted  liy t w o - p o i n n t  l i n e a r  interpo l :i-

tion when r = 0. 5 .
The series (4) is a monotonic allv increasing fr tnct ion of hi. If we op er ’ : ite on

w ith an oper ator  represent ing a t runcat i on of the series (4 1 , we ca n ( w i t h  the

exception noted above) restore the amp litudes of the various f - ’o n m r i e r  component s
‘1

which had been damped by two-point  l inear  interpolat ion.  We note thm m t s in  t m i s  t he

1- ’ourier  representation of the operator (_ 6 2 / 4 )  where 61 1. = 1 1 /2  
- 

~~~- I T
Tha t  is , oper at ing on any function with (_ 6 2 / 4 ,  is equivalent to mu lt ip ly ing  time amnp l i -

tude of the component with wave number  n by s i n  a.

1 - = ( 1. -2 ( ) .  + ( 1 , - ( 5 )
1 4 1  I i - I

Thus , the series (4 1 can he represented m is the operator:

[

(01

- I  

= ( - t ~~~2 )  ~~3 
(
~~t n 2 ) 2  

~W ::: ~~~ ~~
)

4 . . . . ( 6 )

It is mipp a rent t hm m e t  the  cape r t e t o r  m ie f in e d  l v  ( h I  oper ettng on f~
O) 

is linear I :rm ii1 ~t nv , ’ 1 . in

tha t  each te rm of time s en - re ’ s  c l i m E  r st - i  of me centered s v m n i e t  r m e L , l  opera t ion  m I  ‘ lv in g

two grid points t i c b I r t i i n m , l l  to t b ~~’ tnext  l i ~ ,‘r ordered t e r m . Thu s , the in te rpo la t ion

operator of 2 (h ~ I I point -s  n m ’  i r e ’  h r  n m t e ’ n m s i m i n i  consists if  t ime opert itor  def ined  liv ic e

series (6 )  t runcated met t ime  h th  t p m u m  • c ,~ i t -  n- c t  i nr g m i pom u f~~~ . Th i s  operator  d i f fe r s  f roni

the opet ’t e t or m h i s n u t s m r t ’ d  in Shap i r o  ~~~‘ w h i c h  is n u r i l t i p l i m ’ n t i ’ , ’ t -  t end less e f f i c i e n t ,  it is

appar ent t h m r t  t l n r  s operator , w h i c h  we c, nu w r - t t ~ is

f~~~~= [
I 4 l / 2  ( -t o 2 )  * L 3 ( ~~ t s 2 )  :~~ ::: (~~h~~l( 

(
~~t n

2 ) ]

20



h r ’ s cmi t i m u u p l i t mnuii ’ respon se i v h m i c l m . in the l i m i t  as In t cppro rm ches  i n f i n i t y ,  approaches
-l~ 2 ° 11°(I — t s i u  : i (  ( I  — t s i u i  u I  = 1. I ” u n n - t b m m ’ m - : r t o n - e , we st u ,i l l show , for LE nn y value

c f  h i , t hi n ’ L i m i i p l i t n m h e  n’espoum sc is a natm x ina unt a.

I” or ’ ni l  l i - v t - I  of r e s to r :mt  ion In , and t i n y  f u n c t i o n  ~~~,, f~~~I ’ , is tm l i n e a r  coni h inm i -
3 3

t m a m m  of (2h  + I h k~ 
k 1, , i ± I , . . . ,  ± Ii , g iven  l iv

= I -  1)
h ~h ) ~~ + l ) ~ (

~~h i )  
[~

- 
( h - k b  4 I j - ( h - k~~

~vbi ere (
n 1 , u  n -c the hin m onmitil coefficients. Thus (6) truncated c t  t he  level F m , m L m v  be
ni -

written ms an opertitor on I ,

R
(imb ( I . ( F 4  1 9 ~~~ t 

~~~~~~~~~~~~~~~ I-’ + F , 1 4
I T u-i l i— I J

~$ 
~ )

2 

[
6I’~~~ 4 ( ~~~~~ 

I~~~ ) l’~~ 2~~ I” 1 9 1]

~~ ~ )

3 

[ 
-201” 16 ( ‘~~~~~~ F

1~~ ) -6 (1” j42~ “ j -2) 
+

‘ j 43~~~ 
F

l-3]  + ... ::: ~2h-l ) ( -
~ )

h 
[(Ilh ( 

211

) Fl

hi -I 2h

~ 11 k ( k ) (i- ’l+ (h k) ~ 
1’ j- (h-k) 

)] 
‘ (8)

- (0) (ii) - (h)If I t ’epr esent s t w o - p o m n n t  l inear  in t e rpo la t ion , 1’
i+r ’ then R ft = 

~i ’,- r is te n

interpoLation operator which , mtt the level m f  restoration, In , maximizes the nestor ,1 -

tio nm of amp l i tud e damped liv f(O~ • That is, the interpolation operator defin ed by (8”

ope rm~timig on ~~~ is ideal in the sense that for an~’ linear operator involving 2(h + I I

points it maximizes the restoration of amplitude damped by two-point linear inter-

pol at ion.
The property of n iaxinaum restoration d u n  be demonstrated by ind u ction. Using

Eqs. (2 1 and ( 4 ) , we wr i t e  the amp litude response function for the hth level of

restormition m i s :

(hI (o) r t , 2  3 2 , 4
p = p I I + — s in  a + ~ t sin u 4 . . . +n n 2 o

I .  1 . 5 (2h - 1) h , 2h
~ 2 . 4 . 6 . • . .  (2 h )  t ~~~ -i

Then we W r m t e  t i n i p l i t u m d e  respom mse fu n ction for the (h 11th level of r e sto r : tt ion  as

2 1
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(h+ 1) (0) 1 t , 2 1. 3 , ( 2 l i — I )  h i , 2h
p = p 1 + -~ sin a 4 . . + 2 . 4 . 6. . . • (2  in) t s in  mr +

h-i- I - 2(h -i- I )
-i- -‘\t sin

( h i + l )  ( h + I )V ie solve for ~‘m under  the condi t ion that  dp / d hm = 0 m m li  1t
n 

i - i  a m m t x l m u m
m ind f ind that

— 1. 3. 5 .  ... ( 2 h +  1)
— 2. 4 .6 .  ... ( 2 h +  2)

wh ich  is the coefficient of ~~~ 
I sin 2

~~~ ~ t i in the series (4 ) .
Inasmuch  as the general  t e rm in (8)

1 . 3 . 5 .  ... (2h - 1) 
— 

( 2 1 i )
° 4 6  ~9h) —

[2 11 . ( 2h — 2 ) . . . . 6 . 4 . 2 ]

( 2 h )  - I 2h

2~~~( h ’  (8 
- ‘~1T hi

e-ith the aid of ( 7 1 , (8 )  can he expressed ir ’i compact f o r m

E1~~~ ( I ’~~ = 
~~~ 

~~ 41h 2h 2 
JL’ , + ~~ fl ( t / 4 )  (~

) ~- I 
11k ( 2 h )

h=0 2 Th ii 
2~~~

1 
k =0 k

[I’
-
~+ ( h _ k )  4 I ’ H}) k)l  • I I ) )

Similar l y , the t m rnp li tude response function corresponding to the mi mn pl i t u de- n’e s tor ing

interpolation operator (9) is

~ (h) 
= R

U)) h 

(~~~~)
t / 4 ~~ sin 2h mu

where is  the anaplit ur de response function corresponding to the operator I” . in

( 9 ) .  In all app licat ions in th is  pmrper F ,  represent s two—point  I i m ie am’ in ten ’ polmmti o m ’r
- . (h I .1 (h I , -m it the point 3 = m + r. rhn t s , 11 (F

1
) 

~~~~ 
in mu n v app l i cat ion .

I” igure  1 demonst ra tes  the e t l i c t en c v  of (9) as t i n  an ip l i t m m d e  res toring i muterp ola-

t ion  operator for  v a r i o u s  values  of Ii for  t h e  r i s e  where  r 0. 5 . for  w h i c h  t I me t raip li-

tude error  is tm m a x i m u m  for t i n n y  g iven ii. TIne va lnn es  of hi r ange f rom 0 . wh ich cor-

responds to two-point  l inea r in t e rpo l a t i on , to 8, w h i c h  corresponds to an 18-point

interpolation operator. The amp li tude response of each operator , represented as

in I” igure  I , is shown as a func t ion  of \v ,,ve numbe r d e t e r m i n e d  froni  72 e q r n a l l v

spaced gr id  points.  Wave number  36 , the re fore , cor responds  to a wmive l en gth  of

2Ax , twice  the g r id  d is tance .  Sin ce tIme t w o — g r i d  i nm terva l  w t m v c  is e l i m i n a t e d  l iv

two—p oin t  l i nea r  in t e rpo la t ion  wh e r m r = 0. 5 . the a n m p l i f u n n i e  of t h i s  wav e  rem ains zen-a

f o r  mil l  h. ‘Flu e o r d i n m e t e  scale in I ” i g u n r e  I i ts  l i n e r n ’ f roni  0. 0 to  0. 9 i n u m l  l o g t t r i t l m n u i i c

‘u - i
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ihu ove 0. 1~ Since fr ictional wave numbers have no meaning , the curves  con ’un ectim ig

tIme points for cacti operator have been dra wn to assist  in the interpretat ion of tire

f igu  cc. ‘ru e r uin - v u ’ s a t ’e riot (oined for’ poi n uts on opposite sides of t Ire  0. I i d i  ~‘n dn ng

l ine to emphas ize  time change of scale .

1 , - ,- ,‘ ‘ ,‘ ,‘ - - , -  I ‘ 
‘
~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘ ‘ — i ” . ’ ’ ~~~ ~~~~~~~~~~~

—

i ’ igure  1. F lu e ‘\ nip l it uncl e l iesponse of t ime .\ m ai p l i t ude  l l e s t o r ’ i m m g  I m i t e  n-p al t m t i o n i
Operator’ , Eq. ( I i ) , is a I” u m n m c t i o n  of \\‘ mi~- e N i u n i h e r ’  in  a 7 2 — l ’ o i n n t  i’ e m ’ i o n l i i ’
Domain .  The op er :mton’  i s  represented m s 1’h wh ere In m m l i  < ‘tuf t ’ s  t I n e  orde n’ of
res torm it io m m.  Time on ’m l i n m a t e  s c t m l e  is l i n ear  f rom 0. 0 to 0. 9 m m m d  l a g : m  n n t l u m i i i c
for hig her v m l m m c s

It  is m r ppm m ren m t  froni I” i g n n r e  I t l n t r t  t he re  is r l n u i c ”r s t c o m p l e t e  r ’ e st or r t  i o n m  of t h u e

anu p li t ude s of time longer w i v e s  even Ion ’ r ’ e l L r t i v e l v  low i - d r i e s  of hr . I o n  i’ L mIm ue s at ’

h 2 , t h e r e  is ve ry  l i t t l e  d a m p i n g  of w t m u ’ t ’ s  l c u m i ~ r ’r’ t l m t m n m  2 — g n ’ i d  i nmt e n’v i l s  (ii i i ’ .’ n m i n n u i u e n ’

2 1) . E” or examp le , time e n u p l i t u n d e  of t I m e  1 — g n ’ i c l —  i n t e r v m , l  wav e  f an ’  i n = 4 n s  0 , 11 02 , irs

conmp: i re r l  w i th  i t s  y c l r n e  for ’ in = 0 of 0. 500 , and f i r  t i re  4 — g r i d — i n t e r v t r l  w av e  (w i l t ’

n u mber I P1 , tIne c o m p r n ’ r l i le  vmnlue g in ’ , -  0. 990 e m i l 0. 70 ’ . S i m m c e  f l u e 1 t u u m r ~ u i n u p  u s

m m ,x i n n u m  for  n ’ = 0. 5 , t I r e  r e s t o r a t io n i  of m ma ip l i t n m de foi’ r u m - ,’ h is s c u m m t m ’  ii b i t  r t i u m ’ i ’

comp lete fon’ other’ v t r l r n e ~ of m - t l n t i m m  t h u mr t  s imo w mi  m m  I p u  n i -  1. I i t ’  ,~ m m i ’  m l i v , ’ n n  r ’ , t I m e ’

23
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m - i - s t a  n i t  ion  of , i  t O I ’l l m f t m  I , -  i s  t t f m u n r c t i o r m  c a n d y  of In . 1  m i n I  u~, , c V e -  u m i t u t i l u , ’  n c - c u n m s i - u 1  ‘ i i ’ t i t  ‘,‘ • I I . ’
r u r i i s t  s u m t m m l u l e  l e v i - I  of r’ t - s t a r , i t r o n n  ( ‘an he s i ” I m ’ c - f , - r I  fo r’ mc i ’ m ’ I m l ’ m i l t l n ’  a n r n r b m c n 1 u n O i . l Ioi ’, -

ever t h i n -  c l n c l m f v  of n t L  i n u t e n p o h  t h o u  r i t u , ’ m ’ ; L f c u n  f r i  i m u i i r n i x i t : l ’ i t e  a m,i L , ’ i t t  f n m n i c t m c m r r  ‘ I e : r t ’ - i , l s

u n p o m m  p h s m ’  t ’m ’t ’ <i t ’ S i ’ ’ II  I S  , m n : m h u l m t r n < I i ’  e ’ ’u ’ ’ m r .  I ’ l u t ’ - n ’ - n r r u ’ m - lvi ’ s t u ; c l l  i ’ n u m L — i i ’ h m ’ m ’  I r t e ’

r u r i ’ n m t S  cat ‘ 1 ni i t u t m ; ’ : n n n i ‘ t m m i t u  a p u ’ m ’ : t i i m ’  “,‘, b i i ~ - h i u ; j r u u r ; L j , ’ m ’ s  u n i t t u 1 , 1 , 1  ~ i . ’ t E l L ’ !

2 ,~ I ’ti ,t ’,, - I *’ r ’ — i ’ . I  _ m i

S ‘‘‘ n’ ‘ ‘ i ’ n . ’~~ ’ , ‘ V 0 —  1 ) 1  rut l i  - n i  i t m  ‘ n ’u ~ n i t  ‘~~ u c O i  ‘ L i i i  r O L l  \‘~~~t ’ t ’ ’, r 5  f L , a :‘- p h i t ’ ’ I t ’

a t ’ i’ cli  I or i ’ ’ L i O ’  i’ O t ’ ’ ’ Ii’ 0 ’’ ’ I ’ L l  c l — e u . i i i  t O t  c- r i , s l i I s  i t ~~~, 
~u l  L i s t ’  a:’ ‘‘ ‘ < “ t n  c r r : r p a ’ i m ’ : L t _

I ’ r c’ u m m ’ i ’  2 ShiciO ’S t I r e  n ! i , m s i ’  c i u t ’ l’t — m ’ e r u i ’ r ’ , 1 , I c m.  ( “ 1( 1 i n n  r I m e ’ s  r~~’ 0i ’ ’ i ’  4 , ,  n i t  r , I s

w e l l  as — ‘ I  c~ c I’i ei ’’ ion nit ( 1 — u’ i n n  p ; ‘
~ i ’ ’ . ’ ’ , ‘O i l  ‘ , ‘ ‘ l , i r ’ ’ . a ’ r ’  ‘ I L u i

I u ,t i’ n’ v. l-i . I m u ,u mL lv i N c  i n  an n  to t i l i n ” -c ~ ! L r ”~ i i i p  i c c  i n s  e l m  ,‘- m °t’ ‘‘ ‘ e’r r ’ i 1 ‘ ira  l u a i n m t

is m i d w ay lct ’t ’ ,v i ’ m ’ n i  f l u , ’  tw o  1 i } u m u i t m ’~~; ~; m , i t  m - ~, ‘i ’ l L . ’ : ;  r ’ i t , n , ! l m i s ’ m ’ .1 m u m  a t  ‘ w i —

uc i i : m t  h um , ’ I n ’  i r t i ’ n ’ t i , r b ( m o n a  t o n ’  m— 0 , 2 n i n e  i t — i  t h t ,  ‘ F m - I  L i i  l i l t  ,u f  ,c  s i ’ m - m ’ i ; l  r r u t  ‘ ‘ ‘p m I n t  a r m

pro ’. ‘ n i t ;  n , i ’ i n  t i m e -  - r sm a I i ’  u’ ’ t i ’ r i t m  a at ’ i b  i n n i n E ’ ’  ‘ n  1 ‘md l i - - r i ’ t :  to  t h n i ’  I ’ n t  1 ‘ .1 i ’ m —
r o b  I I L , i ’ ’  t ’r u l  l i ’ i ~~ ’ ! I n  i s c n o ’,l ’ (’ u’ of

i’

- - 

c ,  

~, ,

* 0

F ’  - ‘ , ,  -
‘ ‘

. 1 , ‘ ,

I ’ i p ’ m n ’ i ’  2 . I ’ l i e  I ’ b n , i s i -  l u L ’ t  e i~ i ’ : L i ’ i ’ , c I .u r ( — i i ” , i n n  b i ; c r l i , n u m s  (‘c u r  ‘ I’ n r i ~~ I n , m r r I
n u t ” I n ’  m u t e ’  n ’pm ul t i  i i i  cs  -a I , i u  i , ’I L h O  i f  , i V e m n ‘ m l I n  i mu Ii n i ’  I h t m l  ‘ i ’ ’ ,’ ; i - i  l i t ’

; c n r c u r : s  \ I l i u m -c i i i ’ n or- (I—n t

It ’ ii i ’  t ~u ; u l  V t V ,  i - t i c i i  t t In • i~~’ ; n  n ‘ r u t . ’  m ’pal c l i m i n i I q .  ) I l l  a t + ‘  n 0. 5 ‘ ‘t no L i l  I t  c i ’  u l  ! ! t i ’

h i  t i e  i i i , ‘. 1, ’  1) 1’! m u  i i i ; , ’  s~~~( f I r  ‘ 4 i L r n ’ L ’ t ’i’ ’er  ‘ i ’i at ’ h ~~~~‘ n ’ 1 .’ ~ c ui ; L I  S comm i s t i r  p
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a y ’ u V L n m , i I  n I ; I t ; c  p o i n m t r s  timid in t e r ’polt i t ed  d c l ,  p o i n t s  s i t m t a t e d  n n i r l w : m v  Iue t e ’e emu t ine  o n ’ m g m m i ; c l

i n i L i L t V . ~ n m u , -, ’ nm o p hi s i ’  shm ,’f Irtc s huee mm int ro ihm r cu- d l iv t h i s  i mm t e r p o l i t i o n  p r ’o re dunr ’e . a , ’

u n i v  < ‘a n n t ’ c  t for’ t h e  , i u n n i l i t u i l e  t r n m m m c t r t j o n m  l iv  m l p p l v i n g  t Ime  h i g h  a r i h e r e n i  min ’ui p l i t m i u h e

n ’ , - ’ -- t i t ’ r l i g ‘i r a n’ ‘ t r i m ’  ( I d  , + — i c i r u t ’  s t t m t , , b n i , ’  l ev e l  of t r u n r c a t m o t m , s t u v  lu = q. \ t ’ t i ’ n ’  L cp i iI\ ’ —

n i p  ( I i i ‘ I i i ’  ‘a t  c ’ t  a m - r p m n u , cl  me nmd i nr t e rpo l m t e i h  r I ; j f t m  t i cs \‘ i m ’ t t i , I i i \ ’  t ime s ; i m i r e  r . p ec ’ tr t c l

n ’, r n i , ’ n ’ l u , ’ s  is l m . h t m L i i i  L c t , i  m’ ’ ,’m ’i ut i m u n I i i  h i s t m p m u e t i m ’ ; c r i i ’ i ’ of t l t l ’  2 — p n ’ i i — i u m l m ’ u ’ \ ’ L E I

“ F m  S t u n c , - n i t , -  ‘ ‘ t i m ’  :t~~ x e’ i v m -  u s  Ii ki -Iv I i  lit ’ n m < u r r n l y  ‘ m m m i ’ ’- m ’ t i t . ’ ’ h  i n  he ‘ n i p —

1 i , c ‘ ,i ,i m m I n ‘ n r U l ’  I i ’  —‘ n i t ’ ’ , ,’ n h  , i i ’  :L i u u t  ml  i m u m m r - c  h ’i t c ’t <u rs e i t  is n n~
’( i - m i St n n  i n L~~’ b y n ‘ mu m t t  r l t  or  cm i- I

Ii ’ ’ r n , m~~. ’ . I i s ’ -’ .’ r m . ’ t r t l v , h v , c m i t a , , ’ r i u m s  to  . ‘ i m m n ; h m r a t e  i t  I m ’ r u m ’ ’  t h e  i i m ’ n , ’ i m i ; m I  I t m t ; m _ ‘ I ’ t m t ’ n ’ u - —

- n ’ . , ‘ l i e ’ ‘, n n m u m i n ’ .-~ i = m i l n L  it ’ r I c e -  2~~x a I i m -  i s  t h m ’ s r r a b l u ’  m m m l t t i l v m m n t a p € — o u s  ri ” t t tu im ’ t , - i i ~ f i t ’

.‘ r — u iu ~ l ; i t m i n n  ‘ ‘ n a t O  i n ’ , ‘ i t t . ’ s , ’h of , ‘ r i r t ’ l u i n i e i l  I c m ’ n r u n i t  ‘ I L ’c t ; i  L i m i t i na t er p o l at - I I ; m I ; m  C’ L I  ii

I L c n r  I l i u m Ii ’ r ;  t v  I n ’  r r m n m s i , h i r e c i  as a mew set n i l  } L n i t i  n I L ’n ’ n m < ’ o u m s  1 1 ,1  w i t h  i ’ t i l m n e s

t n n , c t  p n i c l  ‘ n u t m ’ m v , m l s  .~~x ‘~ I ’ l r . ’  ‘ c h u r i y t ’ - : , m ’ n i , ’ t ’ ’ l m i n u -  < ‘an mi le’ he- ne -p c -a t e -  1 , t o  I u b ’ l t t u i n i

i n  t u n r ’ n , n i l ! ’ .’ i ’  V , ’ t s  r ) t  t m n l t t ’ I i r,r, ’mmi ’ou s h a I t i  w i l  I L i ’ a l i n - s  mit p m ’ i I l  n n i t e n v t t l s  .~~\ 4 , ~~X ’ L ,

I l m n s  L r t ’ r l , ’ m ’ s s  c a l L  be m ’ x r u n t ’ s s . ’  I t I i n ’ u t , n i b - , -  as b m u i h i u w s

I’m e c l e f i n n e  Li v a r ’ c ; l t u b  i ’  r n n r ~~ i t  ‘ i n  u u o i m r t  a and  an t m u t m - u ’ i u u  p r - i ’ h  t i ’ i n - i - i l  ~~~‘; ~ m n ’I n u I n ta t

ca ’=  m - 
~~~~ 2 ! 1 m e l  ~~~~ = ~~~~~~~ w i u e n ’ e  r i m  0 , 1 , 2 , , , ,  ~i I  an c I w i i u i ~ r u

• ~~ ‘\i 1) _ I l  it i s  t m n u r i m n - c u m t  t i n - a t  ‘m r ’ ep n ’ e s en i t s  1 s u m , ’ I ’ n L m l  ‘ l a s s  of ‘ , r ~~u t i r ’r r L

p o i n t S  i n~v h m ” t m v e.’n i an d  r ‘ I w !u i ’ t - e  n’ ’; _ i s s  r m n r u t ’s o m a l v  t i n e  v a I n ’s c u f  1 2 t r I m ’  m u ’ ’

I / - I  arid 3 / 4  ( f o m ’  n - n  = I t : I I I , 2 ’ b m , 5 / I t , a m i d  7/11 l a i r  n u n  2b t m m m d  so ‘ ‘ ‘ I ’ ? ’ , ‘ ‘ i s  m i s o

i m i h m m n e n i l  t h a t  t h u s  u m i m a s e  < m i n I  t i n :  p l i t m u t i- i - c s t o n ’ u ip  h m i t e r p o l a t i o m u  e u u e n ’ a t o r  un iv  I ’ - ’ - ’ N —
pi -e s sei t  m u  t e r r o r s  c u t  t i n e  L m n n i f l u i t m i , l e  n~e st i ’i n i r i p i r l i e m - L i t a n  ( l i b , is ,

f
( In , q b 

1~
(h )  11 , (q (

~ 11
(h )  

[ 

it 2 (f~~~~~~ - t ( l i l t

m t m , q ) 
s th u s  s e e n u o c ’ o n s m s t  , iI ’ ani ,m n r r t u h i t r u i h e  ‘ ‘t ’ s t ou’ u rrt ’ ipt n’L l t m n i lr i t  l e v i - I in -ml r h e  , r n i c - n ’ , i —(a) 

( I  I
t o n ’ I’ ’ ‘1 

~ Imi el i  i n  ‘ u n r ’ m u  , u a m i , s i st s  ‘ i f  a ‘ w u —n i c i u m u t  ‘ u n m e t m m ’  ‘ri tt ’n t i o b ; i t t n c t L  r u m (me m e l t -II at(a) 
“ ‘ ‘ I

t i m e r o i n i t  ou ’ h u i c l t  ‘s m u u i n h w t m v h e t w e e n m  t h e  i n t e n i m u ;  e m n ’ i i l  i u j u m t s  ~~ o i l  a , The
1 1 105 151 of h it’ m i n ’ i p i m u a i  gr id  point  v a l ue s  at ’ t he  I’r mnm m ’titin I t ’ .. I 1 is a .‘ I I  isu r u m

i m n t e r p m i l m u t c i h  v tmlu i es obta inued  m a n n ’  pn’eviouts i t u l i b d i ’ ; i t  !onus <i f (101 w i t l m  i n u r h u b  mtun ’ he t’e—

s t o m m i l i i u n t  ml t he leve l  q. To the ex ten t  t luat t Ime  u n’e b n on i ’ nr ~ u - n u . ’ - n i u m s , t h e r ’ i ’ c- il l he
nun ihiase < ‘m on i n n  t h e  ( tn , q ) 5i  t h e  ~~~~ c ’ I u t i s i s t  u t ’ h u , i t i t or i p ina l  min I m i t e r ’ —

F pol ;m te I pr’id im u i li t ‘aIties of ‘ I x ) , I l i t - i ’  d ’a n mn ci t lie c ’i u m m ; p c t m ’i v m l r m n ’ n i L e n u , - n i m m s . l imit  t h e

l * ’ p n ’ e - t ’  of I i i i n i ; o p i — n i e i t v  c l ep e m i m l s  u r n  t ime level  at’ u ’ e s l n i m ’ mt  m n i t n  ( 1  m m n m m h  n s  t i n e - r e - f o r ’.- h i  ,i

I , m m ’~ ’i ’  - x t e n u t  ~‘orutn’iull ahle , Aftt’ r t’in m a l mipphu i -mi t c an m of ( 1 ( 11 , v,u i ’tii on \ b , o r i p i n n a l  p t ’ I n h

p o i n t  v alu e s  of t h e  f u n c t i o n  1(x ) , or m n i t m - n m l l u i t i t m’ , I  m l i i i ’ s  w i t h  ‘ n i t - r i ’ ‘ I i ’  I i i i u s t ’ and

a m t p i i t u c l e , are  a v a i l a b l e  at a l l  p o in t s  i . s ‘ 2 ~~ 
I w h i e n ’ ,’ s - 1 , 2 , 2 , , , , , (2

\1 I _ I )

‘ l i m e ’  g r o w t h u  of ( h u t ’  s i z e  of n b a e  s t , n < — i I  l i t  i c u m , ’ n ’ m m h m u n ’  I l O b , b , - n i , ’ m i , k  t r , r i  n ’ u , l y  m i ni h i m m m l

q hut  m l  s i r  on tn t  < n i l  p. ‘l Iens , w i n e - n  ti m 0 , ( l 0 (  n, ’ h m n m ’es t i  ‘ t i ’ ,r u -  it m l i i  I. - t’ m ’ s lanmti n ’

L 

o t u , — n ’ t i l a m -  Ii) , a n m i  t he  n m u i n i u h e r  of i m m t _ m  p o i n r t S j rt i ’ n it \ .‘ I i n  t h e  — m h i ’ - u , ’ u l  - , n i n - m s e i m n l , , l  l i v
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( l i i i , 5 2 lb - l I t w l i m o r u  I , 1 ’  I 1 Fm L I ’  m i t ’  I r  i t ’  i s’ 2  — Ii I i  I n n ’ y i , m u i n ut is ‘ t I m —_ i t  t n

on’ p m ’ t ” a t < ’ n ’  m h m i n i  2 , ‘l i t ’  m u m u ’  I i~~n ’ c t  h e - m r s  , c h s m a  ‘ i m ’ m l , ’ m m ’ h s  m m m i i  ~ i Li ii li -I

po s n t i i r m i  i~ a h e tw . — e n u  l im e n u m u i u t t ~ I ; m n i , I  i I ,  i o n  m ’ ’ L i ; t  t b . ’ , i s i - a n  I , ’  ‘ m e t ’  n o n ’
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i l l i l e -  I .  Coeff ic i ent s of the I nte r po l m mt i on S tenc i l s  for Amp l i tude  and Phase
Restora t ion  in T e r m s  of the Original Grid Point Values for Various Values
of on , r , and h (where q is taken equal to h) (Con t )
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1, —

‘\ r-i h inc r em i se s , t h e  n u n m b e m r  of t e r m s  inn t i m . ’  s f e m m m ’ i l s  n i l - m e n s e s  n ’ , - p ’ m et l ess of

the  value of m or p~ hut for  Fm “ 3 the m ur ’l d i t i o n r ; c I  t e r ’ n r u s ’ ’ n m ’  p snaa i l l  ( i n  b u t  ; m , i n i t  r i , - , ‘I’Inmms .

it tippem tr s t lmm i t as fat- Is pO ise and amp l i t < m d -  e u - m ’ I u n ’ S  mi t ’ ,’ coni ce r n i e n l . t h u m  i l l  h u n t t he

nmh ro r te s t u u ’ ; i v e l e r m p t l i — m , th ere is l i t t l e  ; o l v , , n t ci , r’ i ’  iii u n s m m mg i u r ’ ’ i , ’ r ’ ’r n u t ’  ‘ t i t a n’ 1 i i i  h u i p l u i - n ’

t h a n  h = 3 or ‘1 ,

I ” ig u r e  3 simows the  phnc r ’ i e em ’n’or  f o r  l i i i -  r i p e n ’  t o n ’  ( 101  m rs  a f m m m m u ’ l i l i t i  of 1+-’ c1 ,if

r e s t o r m m t i o n  ( I I  in  the f i g r m  n - i l  u n m r h  a ; c i x - l e ’ u u ,t t I ;  m i  t m u m i t s  of t Ine  o r i g i n n i l  i’ n ’ i ’ I  l . ’ i t ’~ Ii b~~ x l .

The phase i i i  l i e - t x - m i n t -  is  shown fo r n 0 . 25 , f o r  ‘,vl n i c h  t I n e  p hi i S~~’ em ’n ’o n u s  close to i t

n i m x i r n m u m n r  i’ , I h i i e  for i l  w a  t - i i - m m m j t l i s . I - o n -  hr r 0 , ‘ r , -  p u r s e  e - r r ’on ’ i s  g u ’ * - ; c f . ’ n -  t h u  mm

I0~~ r ’ ; i u b f ’ r n s  I’c u r  W ; l y ( ’ S  i t t )  t r m  i l i a d  15 t n  I t r  ‘ n  i i i  1 , r i m r t h L r ~’ , I or hr I . l In e  m ’ r u n ’ u ’ .’e-

~u ui m ’ I n n g  e r r o r -  0 m m  i n n ’ s  fo r  ‘,u , -, , ‘~ 8 ( a  I t  c m i i i  b e u i m t c— . I i n ’  hr  ‘~ ( ( i t  t I i~~t ’’~l u , i h r l  i s

-— - S ‘ - - ‘‘
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n’ , ’, a ’ I i c ’ r I  ‘ 9, - ;m--i of 6 to ‘,‘ g r t d  l eng ths  m i r ~~1 I m u r’ In  = ; , l ( ’ ~e- F m i t ’ t ’ ~~ 1 i l l  is  n u n ~ I u ’  ; d l l m n u i t

5 n n c l l , ’ n i ~~t i , ” , h t ’ ~( for h = 6 , it ‘ i ( < ’ n e c s , ’ r~ h i n d ’, sh m p hn t hi to  1 p m m l i . ’ ’ d t i ;~~~, I

m n r p l r t i m i l e -  , — n ’ n ’ I u r ’ f o r  ( 1 0 1  w t t h i  q = In is e s s t - u m t n t r l l y  I V ,. s ‘ n , ,  n e s (~~~, I of t 1 L e  u , m i d t

i ’ , ’ s t c u r ’ i u m ~ i ’ ’ i , ’ u’ t i n ’  ( 0 1  wi r i c lu  5 j I l n t - i t r ’  I t c h i n  I - p i n ’ , ’  I for’ r ‘ i i , I’m , ‘c ‘ r i , wi s i- i ’

h r .  ‘ . m ’ x i ’ . - p t  for ’ s h u t -I t- , ‘ c u e ’ s , J m t t l t ’  ( L b _ t i c !  ; m t u r n ’ I r ’ , i c  r ’, ’’— t r u n ’  t n mj rn ‘ kp i-c p 1 n I t ’  for
ii p n’ , (e m ’ ( I i  ‘ n 3 it ’  4,

I ‘ mp u nre  3 . Time  Phase E n n ’ o u ’ . m m
I i  n b i ; n u i s  for n’ = 0. 25 (‘r u n ’  ( f m ’

- ‘ - i i~m ’~ Se ;lnc i  \ nu p l i t m u r t , -  b les to r i n g
I m m t i ,- n - x ’ii i t em I ) pe r ; m t o n -  ( 1 0 1  m s me
I” r r i c ’ l m i u m i  i i  I , ,-\‘c ’ I n i t  b ’ O ’ s t r u u ’  ‘t m n u m r

- I I  ‘ni l \\ ‘ t r v e le ng t h .  n i . ’  I I  = 0
m ’ ’ m n v e  i - c’i n m - , - s p c i m m ’ I -  b I n  ( V i m ’  0. 25

- 
c m n r v e  i n  I- ’ig n n r e  :t

I ” or mpp l i c t m t r o m u , —’ v b u t - n e  some m l t i r u a p i n p  of f b i , ’  i . t n p l i t r i n l . ’  Oh  ~~ I I  s t i l i nt  ‘,i’ ’ n \  i ’ — i~
to l e n ’ , i r l e  or  n i t ’ s m n ’  1 1111- , t h e n , ’  pp (-;Im’s to I r e ’  no ‘ i i  , u u t L n c r i -  m n  ‘ x l  m I l i r l i c u  i .  . 1 -  of

r e sto r tmt ion  m x u m ’ n h i - s p o u i r h i m m e  (it In 3 r u n  4 . It  s h r o m i l d  l ie  u m c i l . ’ h , i n  v i e w  cut ’ th e ’  f ; c c ’t ( I ;  1

time m ; c g n i t < m u l e  of hio tbu t Ime l u t i st ;r nml mm m i n p l i t ’ i n b m ’  er ’r’o r t . ’ n t ’ u i n k  m i lan  t I n e  .sition of t O t

in t e m ’ i u c i l  t i m r u m  p e imi t  mV r e t a  i n c - u i  t i m e  g n i m l  i r u i m i t ’_ m - m I  n ~ I . t I n I t  a n n , ’  n u u  i v  w i s h  1 c m  (l I ’ s i < t u i

a n iu ile ’n’p’ il ‘ (mliii pr ’o c ed rm r’ e  tn  w ’ I n i < - h m  ( I i . ’  I i ’ i o - l s  c m l  m’ ,” s t u a r ; c ( r a n  in Imid q mu m’ .’ ‘ n l l u u i i ’ e ’ n i  t h i

v ‘ I  r ’v w m t b n  pos t i on  sr i  mi s to  c o m p e n s a t e  for ( I t  I S  t i  c t  i m i ! i .

‘I ’here is co tas ider ’ ml i l e  f l e x i b i l i t y  m i  t i r e ’  m a n n e r -  in  w h u i c l n  n i i ’ i e ’ i ’ , i h a t ’  (10) n u m m v  be
n u s,- ’ I , c l e p e n n d i n g  t tpor r  tIn e ’  i l i u m - i -  of t h e  i p p l i c a t i o m r . ‘i i i , -  ( m l u l \  t i  < ‘on’m ’e i ’t  fo r’ p h , i s , ’

s i m i f t  I n u r l  m ria pl i t ur ie  t r - m m n c t i t i o n  n u iv f i n d  mm w i d e  v . mr ’ i e t v  of L l p p h r m ’ . I t r c u u 0 4 . h in t  t h e

m p p l i i ’  i t i c i n m fat ’  w l u r , - h  t h e  p resen t  l u m ’ a m ’ , ’ i i i r ’ .- u s  p t l t ’ t m m - u m l ’ l n i \  ip~’m r ’ o p r ’ i t r t e  ins cmi’ w h i c h

m ’ i u m m m ’ t - n ’ n n r ’ i  t h e  c n l < ’ m i l ; l t i m i u u  at ’ fi n i t e — u h m t ’fe n’ i - m u m ’ , ’ s  u i ’n vc ’i l v i n u g lio thn i m u t e ’ t ’ b u l u l  c l , ’ h t i m i d  i u m ’ r m n u u ; l
n I , m t , m  p o i m u t s .  l i n e pb 1 S t ’  m n  .m rn pl m t u i d m ’  e ’ n ’ n ’ l u n - n s  p r o u I l i c e u l  l i v  i m n t . ’ n - p I i l  i t  u n u u u  i n n t  n ’ l m n i u m c t ’

m m m n l ’ i i t r c , m u  I I  er ’ror in t In , ’  h’i n n i t e  d i f f e n ’ , ’ m m m - .’’-i . It t m m ; m v  Ii,’ h ii’ tiefn ci II to ic - i mi n u ; m  ‘i’  smmr h i
eT’ r ’< mr’s 1 u ’  t I re  ti’s ,’ of m n n m 1 u m’ i ’r u n - m  i t , ’  h i r p b i — I u n ’ r I , - t ’ p Int ,- amid ; r n m ’ u i i t u m n l t ’  n’ m ’ ’ .i f n u m’i tm n m n u t . ’ n ’ —

P0l I t  i o n  m n p e  r t m t o  r.

- n i l
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1, ( 0 ~ lI’~~R I S ( ) \  (ti ’ I’l l ~r -I ~“< I) ~\ ll ’l ,I’ l ’( 1)1. ~6~’ I I’ ll I’ll ~‘-~l
KF:STORI M; I \ ‘ I’F:Ki’ i. ~‘l’ lo\

\\ b ile phase ’ tmn d , n u i j i l m t u m n h , -  n u - s t m i r i n g  i u i t i ’ n ’ p r m i ’ c l m a u i  ( 1 0) is hu , u~~e r t  u pon t Ine  s im p ler

amplitude res to r ing  i n i t , ’ m ’ ; i c a I P a r c  ( I l l , i t  i s  . t  thc , - s ’ cm t r e -  ( r u n , , - more  t ’ , ’n ’ s  t i l e t m n u l

i ’nc -un ’t ’ li nmu ite ni in  scope. ln t e r ’po l1m t ion i  w i t h  ( 10 1  r s  ‘ 1 , - h i  c - t b  a u m l ’ c fo r’ t h i r m ” t ’  p o i n t s

mY = 1 + n ’ I u ~ ’tiu e’~ ’ m i  t h e  iut ’ip m m m c l  LI n ’ l r b  p o i~~ f , I~~~~~ j + 1 such  t O t  r I r k e ,s omn t in t ’ ( i t S

cre t e  v l i m e - s  0 !2
\ l

~ 
I 

= 1 , ~~, 2 ~., \ i c  I 
— 11 . On th i t ’ l i t  ( n c r L n ‘ n I , m m n t e r —

1 m u i l ; i t i o m u  w i t h  (91  is r l e f i n u m ’ h l f o r  t ill po in t s  r h m e t w e e n  i I n c h  i ‘ 1 . I r i m — h  b i t ’  n m - i ’  ii’,- , m r~ 
if)

as hr m n c r - (’ ,I se s . t ine  s i z e  of t i n e  s t i u m n c i l  r m i m - m ’ e ; c s e s  i m n i f o r n m l v  m m i i i  t i m e  n c m p l i t i . ’ It ’  n t ’ —

sp onse ’  n a m o n o t o m i i c mu f l v  ;m p p r o t m c h n e s  m n m u i t v  f c u r  mul l  w t u v e l e m m p ~I is except t i L t -  I I’, ’ — m m r i  —

inten ’vmu l wt m ve leng th n .  \‘m ’ i th  ( 10) , hnow c-v -r , altlnoug h phase  is  i m c  r t ’ ; , s i  ng lv  un eser ’ved

as h and q increase  fo r  s t enc i l s  of t Ine  same size , (9 1 is more  e f f i c i e n t  i n  ‘ m t n ~ h i t t m d , -

p reservat ion.  Because of t h e i r  d i f f e r i n g  c in t u r a c t e r i s t i c s  d i r ec t  con ; ’i I n i s m u n u s  we re

ni m u l e  be tweenr  opera tors  (f1 ) nil ( 1 0 )  inn both a s t a t i c  rind a dy n a m i c  f ra  mework .

3.1 SIcel I. (~~)III~ )~IrI~~~II5

Ina the s t ; m t i c  tests f ( x )  is represented in tm t rn  hv c s ing le  per iod ic  I” o m m r i e r  com-

ponent v m r r ’ v i u a p f roni  r v ; c y e  rnunuber  I throuui h w a v e  niuni ih er  35 in the in t erva l  0 to

2 mm , f l i scre te  v ; i lues  of f (x )  are sampled at un i fo rm sub in te rva l s  Ax = 2 m m / 7 2 . Th ese

discrete  yalues serve mi S r I c t t m  points from whi c h in terpo l m l ted  values i re  o l i t ; c i  m i t t - I

w i t h in each subinterval at specif ic  values of r = 0. 125 , 0 . 25 , 0. 17 2 , a n m d  0. 5. The

root mean square e r ro r  is then obtained for  each wave n a um naher  and for each v ; c l m u e

of n’ ln i’ compar i ng in terpola ted  ‘t i lues wi th  the func t iona l  va lues .  The re smn l t s  , c n e

shown in I” igur’e s 4 t hroug h Ii .

In these f igures , time o r d i n a m m t e  R.\ 10I1 is the root mean squa re err ’or ’ for  e i t h e r

t ine  amp l i t ude  or phase mind mirnpl i tude r e sto r i m ng  interpol a t ion , de f ined  as ,

71  ‘i I ’ ’’
= 

~~ ~~~~~~~ 
[i ~~~ 

- 
u’R]

wbaere ~~• 
‘ R is I lie f unu c ’t i on m a l  v a lue  of f ( x b  at the point P- R he twee mu n m m m c i  r I cml fT ,

is t i m e ’  I ‘ i m n - m - t ’ s p o n n l b c m i t u  i n t e r p o l a t er i  v a l u e . ‘I ’Iie u r ’< l S I :  curves for’ t i t u r p l i t i m u l e  restorinp

inn t erpo la t ion  t i n t -  i n d i c a t e - n h  in  t h e  fi p’u r ci s h i -  iU~1S 11 b I b s e l  by  a S i mi c , t l , -  pair of

l i i  n ’ . ’ m m (  V t , ’ s e ~~. The mi m n nmhe ’ r  in  t I n e  iua ren thes es  i nm m hi l ’ m ’ i t e s  t Ine  n a u n n u h e r  <‘if t e r n ni us in t h e

i n t e r p o l a t i o n  s t e n m m ’ u l . ‘l’he m u m - y es for  t h e  i t m a s t -  m u n c h  a n i m p l i t u i l e  r . ’ s t  n i m ’ m m m L i  i u r t i ’ n ’ u r u u i t m  —

h i r o u  m ire  j n u l h i l - at e d  l m v  11 ~IS1- f o l l o w e r t  liv t w r i  m u l m u r’ s r u t ’  l i a r ’ m ’ m i t i i m ’ s t ’ s . ‘I ’ b n e n m u m t  l i e - n ’ s  ni n

t I m e  fi rs t  pair’ of u t r n t ’ u m t i i . ’ s i ’ s  L t m n h m u ’ ; i t e  ( l i t -  l i m Ier  m m 1  t h e  i n n t t l n ’ b n u i l a t i o m r  l u ; u , ’ n ’ ; l b n ’ u ’  l b . q l

m u m ’  I n i n e  u r m m m t  ‘ l i t - n  in  t he  ‘04 ’< ’oni c I pci n ’ oh ’ m u m  n ’ t ’ n u t  l i t — s t — s  m u ,  I m ‘ i t  c — S  I hi m ’ rui n ’  h r . ’ n’ c i ’ t , ’ u ’ n t ’ ’ s m m m

t ime  i n n t e r p n l a t h o n  s t t ’ n m m ’ i l . l’ ’ r u m  e’ac bm w a v e  n r u r r u r h u e r  n ’ l~~l . t m n n h l i i . , m t  fnn ’e  c R ’  ~ ‘ ‘ m i n I —

p Iete l ~’ u l e t e r m n i i n e m i  hI ’ the  p l m ise m m l i i i t ; ~u I i t n it’ r u t ’  line w m ’ i ’ . For’ c ; i L r w i - ,’, ’ l i ne ‘ n c - p l c —

l i m I t ’  was t a k e n  ‘ r n-i 1 m i n I  t i n t -  t r h m ’ s e  s i ”  ( ; d l u . ’ m i  ms  — k A s / 2  w b m e ’n ’ e  k us  s’ ;ive n i u t n i h u . - m ’ .

0

I
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In l- ’igure -1 . w i t h  r = R r 0. 5, 51 = 0 and therefore the a m p litude restor ing

initerpolation operator ( V I I  is ide ntical t i m  the phase a nd am p l i tud e m ’ n ’ s t ’ i n m n c  ope ra to r ’

(10). The RIIISI- is shown for f~0~ 
~ 

( the  2 -point operatorl , throug h f~~~ ~ 
( t ine

10-point operator ) . F r ’  any wave nuna iber , RMSE n a r o n o t o n i c a l l y  mi er r eaSe s  as the

order of the operator in creases . However , the decrease in RM SI1 Is  I t m n t , t t , and

s ign i f i can t  for the lower -  wave numbers and va n ishing ly snual l for the b a n L l e s t  w av e

nuru ibers . If one c onsiders the spectral ernergv h e - mis it-, ’ d i s t r ibu t ion  of r eSt t r ee -

ph ys ica l  ilata , rc uo s t  of the variance is in the lower wave numbers and  L est of t h e

, io ise  is in t he  h i g hest wave number s . There fore , for gel’m p l i v s i i ’ a l  app li ca t ions ,

t i n t ’  n i i s t r ibut ion  of RJ \I1 -~ I with wave nur aiber is I’r iglaly a m l v a m a t a e e m ’uu s , m ’ S n ) e I ’ i a h  lv  for

t h e  h igher  ormiered operator’s .

F n gu r e  4 Root 51<  i l L  square I r ror
- ‘ 

- 
. 

‘ : . ‘ bRu ISE ) for Anip li tu rhe R e s t o r i n g

- 
‘ : ‘ 

- 

‘ Interpolat ion and Phase I n u ’  I A n ’  n i l  i t u ’l e -

- 
‘ -~~ ‘ Res to r ing  In terpola t ion  t o n -  Var ious

- - , 
‘ 

, ~~ Wave Numbers  in a 7 2 — i  l m ’ i h — l n i t e r v a l
- ‘ ‘ ‘ D o n m a i n . The a m n r l i l c t u ’ I m ’  of each

- , c -  wave is 1. 0 cegari l less  of m t ’ s  wave
niumber.  Number s  in  s ingle
parentheses indicate tbae size of the

- ‘ 
‘ 

interpolat ion s tenic i l .  W h e n  th ai ’
- ‘ ‘ ‘ i nterpolation point H = 0. 5, in c - phi-

- c- i n  tun e and p h ase and anm p l i t u n l e
restoring interpolat ion are i d e n t ic a l

In l” igure 5 , r = 0 . 125 , there is a clear dist inction b etw e emr t h e  a t m , p l u t m m ’ I i ’  u t ’ -

s t o n i n n u  <uperator s  and tin e phase and ampl i tude  r - e sto r in g  open ’atnars . ‘b ’h i e u pper ’ !  r i - I

curve  in the f igu r e  corresponds ho f~
0)  

, , (lie 2-point a n i p l i t u m l e  m ’ e s ( m i n m u i ,
r 0. 125 ( 1 )  ( ‘1 1

m’ i n e m t m t i u r . The neuct curve below th i s  contains the superposition of i~ 0. 125’ 1n 0 . 1 2 1 ” ’
and ~~~~ 125 ’  It is apparent  that  a lm ost  a l l  of m i m e  m n u p n u~’ e u -  e rmt i n n  Rlti Si’

t b n a t , ’an he prom luced  li v a r n r p l i t ude  res tora t ion alone is e ffec’ t e d  by the  4 -p m ni t

r m t i e n r i ( nn . 125 ’ Fu r t h er  improvement  in  R I I I S E  can he ob ta ined  h~’ c - o r r e c t t n g

for p has e- - rror  i t  t he  s t n u u ~ e t in e that  amp li tude re s to r at ionu  is a h m m i u f  p l ace , I lua t  i s ,

h r v  nm i -u j n g  I m i i , ’ n : t t o n  ( 1 0 )  r - a t im er  t h a n  ohierator ( O f , ‘I’her e’ is a - c l e a n l y  ‘h e - c  m e a n s , ’  inn t i c , ’

si zi ’ of I ( l i l f-’I .  w i t h  I ne c n m s e  of (10 1 tn t-i the order  (uf t h e  operator increases  ‘ m i n t ,

3 1
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l” n g r m n , -  5 . S a m n i e  as I- ’ i g u m r e  4 w i t h
- H r 0 . 12( 1 . ‘l ine m r r u l e r  i b m , q )  of

h i 
, - 

‘ 
, 

, 
‘ 

m m i m i s e  m m i i a m u i p l i t u i l e  m’es t r ’i r ’ i m L ’
- ‘ , ‘ , - , n m t , - t ’ l m i i l : m t i o n r  I S i n a m l i c a t e u l  by i h . ’

- ‘ - ~ , 
‘ 

nr r r n n u h e  n ’s inn  t int ’ hi  ‘‘st p a i r  of
,i

i
’ 

, ‘ 
- m a r en t i c t - s e s  for  tho se  curves

- 
,. , i < i e n n t i f i e i l i v  t w o  u r m u c r s  if ~c-urena —

- ‘ ,, - ‘ h i r e se s , ‘t he m n n n n a u h e r  inn t he  st - c -e mi l
pair of I n a r e n c t t n e s e s  i mm ci i  r a t e s  t I n e

- .  ‘ , s i ze  of t i m e  i m m t e r p o l a t i o n n  r ” t t ’nac i l

i i i
l 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ‘ ‘ “ I

in i i  r 1 tb n rough  in q 4. In fact , (h e -  S — poi mnt mupera to r ’  m a h t a i n m m ’ , I w i t l r  t ine - use m l
( 10) , w i t h  h q = 1, provides a R r ~.lSE u h i s t r i b u n t i o n r  wI’ci cla is superior to that mi risin my

fro imm the use of tIne 10—point  operator ~~~ ~~~~ 
S i n m u i b a r , t h o u c h n  riot i d e r n t i c a l  n- c —

suits , are obtained at other values of r as man he seen fromm m l- ’bg nres 6 mmmi 7 wh ich

show the  R M SE  distributions for r - 0, 25 atari 0.375, respectively. lrn t h n e s e  cases ,
R MSI- :  (1 , 1) is superior to HS1SI” (10) only fo r  t u e  lower’ wave nirtnm ubers , hut R(ulSl’

(2 , 2 )  is clearl y superior .

: ~~

‘

- 

~ ~-‘~~~~ e- 6 . O m u t r t -  as l”igrtre 5

- , b, w i t h  U ‘ 0. 25

/

‘ . 5
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‘ ‘ - ~~~ Figure 7 . Same as Figure 5

- ‘ 
‘ 

‘ ‘ ‘ w i t h  fl = 0. 375

In 1-’igure 8, for r 0. 25 , a sampling of results is shown for operator (10)  wi th
in ~ q. A lthough , in general , the results with h ~ q are inferior to t h o s e  wi th  h r q,
even wh ere the stencil sizes are comparable , these resul ts  i l lus t ra te  one of the
versa ti le features of t he phase and an a plitude restoring in te rpola t ion;  nanmel y , the
size of the stencil  can be tailored to fit changing circurn i s tances .

r

- 
c- , Fi gure 8. Same as Figure 5

- , : ‘ 
‘I with II = 0 . 2 5

i i  - - ‘ ‘ ‘
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3,2 ~vItan iit’ (‘~oaIpartson~

I ) y n a t n i i c  tests wet-c m a r r ied  (rut in  a s i n n u p l e  s y s t e n m i  t i t a t  a p p m - o x i m i r a t e ’ S  t i n e ’  t oni —

plexi ty of operational . m n u e t l t i l e v e l , p r i n n i t i v e  t - i l u mi t i on i  n u m o m l e l s . ‘I lie t u  tu b u t  — l e v e l

pritia itive —equat ion  < ‘b na m nnn e l  n u model  is f u l l y  l t ’ s r r i h e m l  r n  mi ni e a r l i e r  s tmr uh v, 
- - It wtis

used to m’onmpare am’mnplitude n’estoring inuterpolation h o  t w o — p o i n t  I in ue ’m u r m u u t . - r ’ u m , r l m t  u m u n u ,

with u ’ t ’su lts w h ir - in  t i n ’ ,’ outlin e-m i in n the Inntro du< ’tionu . ‘I ’ bn e s a u t e h a s n c  f t ’ a n i ’ . ’u v ian ’k us

used in t he  present stud with sonic d i f f e r ’ e l m I ’e s i n n  I l e - t e i i ,  m e - l e s s  l i l t - n h  n m n n n n ’ a c i b v  in

order to m , nc con a n n ni oc la t e  tes ts  with phase and mini p 1 i t u m i e  i mute r ’ pol at iomn . I lets , inn  t i ne

lin ’esent stu dy , t he f i rne  — t i m e - s i n  gr’ i ci size is I ‘ 1 t I m e ’  s i ze  m ’nf t I r e  ‘l i m i t - s e - m u  i t _ s i n  i’ m

( 5 5 5 / 4  kr n m ) n ’ather th a n  1 / 5 ms inn t he  ea r l i e r  stud y . ‘ I ’lne a n n u i u h i t  n i l  he r e s t u i m ’ n  mum , ’ m u ter’  —

po lat ion in t he  present s t m n , l v  n n m a k e s  use of t ime  m nmore  e f f i t - j e n u t  n n m - er se  ope r a t o r  (6 )

rather t m a n  t lie nm u l t i p l i c a t ive  operator ’ des m ”r i be ml  b~- t ine  mr rn t hmmi r , ,1 6 1 m m t i c l ,  l it  ion , t im e

snuoothing operators r m n s e m l  inn t i ne  Tin ’es eni t  s t m r , l v  t i n e -  riot italy mu o re  e f f n c i e n n t , hut

are applied in a s l ight l y  m h i f fe ren t  f m t s h i io r m . I- ’in a h lv , in uri i er  t i m  p e n ’ n u ’  i t  an u n b i a s ed

basis for j udging tine ’ m n n e r i t s  of each lest solut ion , a t i ne m a m e s h  vmnl iula tioti ( l”'IIIV

solution was obta inied.

A ll  test solutions , in ic lud ing  1”MV , start  w i th  the  sa n u e  sn noo t b n  c o a i ’ s e—nn e s in

solution at t ime step 6000 (83 .33 days)  as in i t i a l  d ata . iN 1”lulV , l i nt ’ ,-oa rse - m i r t ’ s h i

initial fields of v e l o c i t y  and ter n u perature were i nterpo late il t l i r ou gh omt t  t he  emnti  cc

coarse—mesh d onm nain using the h igh—order  phase and a m p l i t ude  n e s t i m t ’ I n i y  imn te r -

polation operator (10) , w i t h  In q = 3 wherever  possible , and r e u l u c i u m m , ’ t h e  r i n ’ h . m of

the operator onl y in approachning t h e  n o r th e r n  or southern boundary .  I ” I \ I V  so lu t ions

were obtaineml throughout the et i t i re  donmain wi t in  the f ine  — m a m e s l n  s o l u t t i o n n  in n s l u t i c t ’

(138 .75 knun 1 and t i nme  (5 m n u i n ) .  for 1600 ti me steps . These s m u l n t t i m m m i s  t l n e n  serve us

validation solutions for’ t h e  f ine -nu esh nested solutions s ince t h ie s- are o b t a i n n e m i

without any ar t i f ic ia l  i n t e rna l  hounnc iar ies  and except for the  i n i t i a l  i n m t e r p o l a t i o t n  it

83. 33 days , without army fu r ther  interpolat ion.

Three separate series of I t - s t  so lu t ions  inn t he  nn e ’ s tem l  f i ne  — n m e s t n  c l o t n m a i n a  were

carried out Ire ne t h e  same m ’oa r se—mni e sh  i n i t i a l  com in i i t ions  and w i t i n  inn ’e c is t ’ i ,v t h e

sa n nne  conditions in all  respects except for the type  m it ’  i t u t e r p o i a t i o m n  mnsed to , u h t a i m n

t h e  i n i t i a l  i r n fo rnmi  mu ti oti arid ceinti t aui ng hounda cv in f o r n i a t i o m u .

h— e r ie - s  A , a n m n p l i tu u l e  r ’eston ’ationi , n imakes  use of 12 1. (t o  w ith ii 3 . ~ t -n ’ies  11,

phase ant i annp l i t < t c l e  res tora t io m r , n m nm u kes  m i S c ’  of I ’ l l .  ( 10 ) , w i t l n  ii — q . 3 - m l  a l l  po i nn t S

where it is possible to u lo so . Sinnce  t he  n or t bm ernn houncl ar  of t ine  f i r me  — n n r e s h  c l o n t m m r u m

is s i t u n t i t  i’ I a t  17 , 5 i le-g N , t m ere are u m m m l v  t lire-c r ’oa n’ se — n m n e s h  u n - i l l  T io inn t s  n r e m n ’ t  In of

t h i s  h o u r n m l a r y .  A f t e r  t ine  i r m i t i ; m l i z t r h i o n  for  t h e  f i n n e — m m m e s h  t - x l i e r i n m n e m n t s m n m t e r p n l a t i o n r

is p e r f o r n n e c l  cmlv  one c l innn  ens ional ly  Ir’on m n t h e  u ‘o m at i  n r u i n u g  ‘ ‘ i i  n se  — m u l e ’ s  I i  sol <it io rm s

onto t he  f i n e — n m n e ’ n - n h r  h o u r m mj a r i e s , S inr e  t I n e  c,rtr n’St’ m i u e ’ s h  i h u m m u m n i n n  is Iuen i . ’ im l i m ’  nn  l i r e

east —west  m j i r e i ’ t i , u m r , t i n e - r e  is  m u m .  m l i f f i c ’r t l t v  in n m m s i m m m ,  I ’ l l ,  ( 1 0 1 , wh Im In — q :1 mini  t i n e

‘ ( ‘ I
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n n o r t h e r n  mind southern f ine-mesh boundmtries. i lowever . it is neces s r lr ~ to g r a d u t i l l y
d e c r e a s e  tine order  of imnte rpo l r mt i on  on tine emi stern timid western boundaries for some

of the  gt ’id points  near  time nor thern  boundm n rv .
‘l’he g r id  s p m m c i n g  is u t n i f o r n n u  inn the e n m st — w e s t  ( x i  a n t  m n o r t l n — s o u n t h n  d i r e c t i o n s  t imid

is 555 km in the com m n’ u -m e—mesh  and 138 . 75 km in t ine t i n e — n a e s h  c o n f i g r m r ’ t m t i o m m .  The

v e r t i c a l  spacing is 125 nib in hotin mesh svstenm s .  Tine n or t lne n’ rn  and  s o u n t i m e r n

bound a ries t i re  b ocm t ted  ct 32. 5 (leg N and 32 ,  5 deg S in  t I r e  l m m r g e - s c m e l e  model , m i n I

ct 17. 5 deg N t tnd  2. 5 deg N in the f i n e - n i e s b r  nnodei (nice b” m g m m n t ’  0) . Th e c ’ : ist -wes t

c h o m n m i n  extends over  20 gr id  i n t e r - t r l s  ( 1 1 , 100 k m)  mind is per’ iod ic in tIne com erse-
mesh donimi in . Inn the f i n e - m e sh  nested m ’egion n tIn e e , , st - w e s t  d o n a m m i n  c o n t t i i n s  16 g r id

in t e r v n m l s  ( 2 2 2 0  k m)  mind is not pe r iod ic .  ‘l Ine  n o r t h - s o u t h  d o m a i n  con tmnins  1:1 g r id
c n n t e r ’ m i l s  in the c o a r s e — m e s h  region ( 7 2 1 5  k n i t  tm nd 12 g r i d  i n t e r v t m b s  1 1665  kn a t inn
the f i n e — m a c s i n  rne sted region.  Tints , if i t imid  j represent  er i s t - t o - w e s t  un i t  south-to-

nort in grid po i nt i n d e x  m le s ign t i t i on mi , i v r r ’ies f r - cumin  I th ro <ng hn 17 and j ,  f r o m  I t h nn ’ oi m g h

1:3 in the f i n e — n i e s i n  nueste mi n’egionn. Th ins , it  j = t i , no r t l n—sout h n  im i t e r po b . ~t con on t I n e
et r stern  mind western ho o tnn i l tmr ies  n’n i t m k e s  r ise of a l o w e r — o r d e r  fo rm of Eq. ( 1 0 )  w i t h

in = 2 r ind  q = 3. At j ‘~~, on the e t c s t e m ’ m m  r ind wes te rn  f i n e— mes ln  b o m t m u d m m  m i e n s  then ’e is

rio need for  in i t e r ’po bm mt ionn  Since t inese points  corn ’ens pond to c o t m r ’ e - n i n e s l n  po in ts .  ‘I ’ I n i s

is :ilso t r r t e  n it  j =  13 , .‘\t j =  l O w e  use Eq. ( l O t  w i t i r  h m =  3 t i n u ’h q = 2 min d n i t  ) =  12,

w ith h = q = 2. \ t  = 11 , the i miterpolmit ion point ~ lies nu . i l l w : l y  be tween  tI n e u ’ i u : c  n Se—

mesh  poinits  r i nd so Eq.  ( 1 0 ) , w i t l n  in ‘ p 3 , m’e , Iured  ho l” q. ( h i  I , w i t h  In 3 ,

In tine Ser ies  (‘ t e s t s . only t w o — p o n n t  l i n e a r  i n n t e r p o l m i t i o n  is m mcd .
To r e c n n p i t m m l t i t e . the  foilowimng pr’ocedumre w,c s ho l lowed  i n n  tIre yr .  n ’Fmnns I t ’ -ct

( I t  ~ t . n m ’ t i n i g  fn ’ m n n n u  mm s t , l t j < n n r , l t - v  i t i m > t i o n m  f i t — l i , w i t l n  mnt m h m c . n ’ i z c e m i t , n l  t e m n i p e t ’ . i I u m m ’ ~’

u l i f f e r e n r ’e s  m ind a v er t i r , ul t e n a m p e r t m t r n t ’ e  ,h s t  n ’ m i i m m t i o m m  tmpp m ’opn ’ m , u t e  f o r  t ine  t r o p i cs , tIn e’

hne:rting f m m n n c t i o m u  i s  t nmr ’ned  omn inn  t Ime  l a r g e —  sc’ b e c b o m n a t m i n  t imid m i r c u t i o m i  h ’ec ins  l,i d e v e l o p .

2) ‘l ’lm e i-c i n - s e ’ — nne s l n  r u n  i s  c o n t i m n r r e - u i  h u e vo m nd 11400 I i  r i m e  st e p s  of 2 0 — m u m  inn  m i u r r a t i o n r

fo r tm t o t t i l  c-I r m l m r ’ u e u l  t i n ine  of r l bo n mt  itO d r r v s .

( 3) t ’ t b rm n ’ t m n u g  t t u n i c  step 3000 we p er fo rna ie u i  o c c m i s i m m u n r u l  n u u o m u t i m r  ‘ c g  w i t h  a I n i g I n—
3 t u

o rde r , m m r mnp l i t n m d e  r e s to r ing  oper t i t or ’  ot t  t b te  pr edict e i l  I’ie ld  of i r or ’n  n ’ o m n t . c  I v e l oc i ty

t cn nd t er ’np c-r ’mmt nt t ’ e .  The t n _ p o i n t  sn i m o o t i n i m i g  cmpe n - t mt o r , s lm ownm i n n  ‘I’ ‘ huh, ’ 2 w i t h  ni 3 , a m o s

n n sed  inn  both t ine  e a s t — w e s t  timid n n o r t l r — s o n m t i u  di re -u I i n i t i s n  w I n e - n e - y e n ’  i t  w : m s  p o ’ c s i h u h m ’  t o  ho

so. I -o r  th ose p o inn t s  s i t  t m , , t e r l  fortr grid p c m n n i t s  or l e ss  f r o n a t  t I n e  m u o n - t h e r m  c m -  s o u r 0 b u , ’ n u i

t r , u u m u i r I r m n - ~’ 7 — , 5— , amid 3— ~i u u i n t  opcrnnto r ’s  we re  u s e - u I  m s tm p p r c m p t ’ i t m t e  m u m  l i o t h m t I r e  m ’ -ct

uves t  mind n o r t h —  sorr tb i  d i  r’ , ’ c t m o n m s . ‘ I l ne se -  opt n t t u n ’ s  t i r e  ,dsuu s i m o w n i  inn ‘I’ , m h i l,’ 2 w u t l u

p = 2 , 1 , on - 0, n’e i ’mpe <’t r v , ’ l - , . ‘I ii i r s , r m l t l r o m i g h i  t I r e  s nm uoo t ln  i nn g w is  pt ’ n’f o m mm i cm l o m n l v

o e c— m i s i o n m e l l v , t ine h u o m t n d m i r v  r’ t-g i m u n m s  if  t I n e  m l o n n n , i r n  a e ’re nm n o r e  s t t ’ o i u m , - l v  n s n m u c u m b l n e - m l
i n m r s m u c h n  mis l o w e r — o r d e r  u . p t ’ r ’ . t c i r s  \ta ’n ’e m i m e - c l  ii.’ n’ t I m e ’  b o nmu int r n i , ’ s , ‘Fine s n n u o u u t t m m n r g

was p er formed m m m l v  t” e m ’ ’ 1000 t i m in e  ct  ,‘ps l n e t w t ’ , ’ t m  t i  nine ‘c l t ’ 1i ’c  (000 , i m n u i  SOOt r , l i m i t

therm t i r e freqntemncv of snnoothtinig a r c s  n n c r e , l  c t ’  b t i m  , ‘ v , ’ m v  10 I t ru e ’ c t  , - 1 i t ,  f m ’ o nn i  st ,~ u 50 ) 10

tbmn ’ough t step 6000. This  p r o i l n m c ’ t ’ u l  . n m i i i m u t h m e ’ I ~n m ’ i ’ h ~ for t i r e  r n u i t m , m l  i i  m i ens  for ’  Fit ’ n ’ , m n i o u m r c

h e- -c t r u in s .

5’ - .— ‘ I -- ’
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Table 2 . Stencils for f~~~” ~ for  Va r ious  V m m l u e s  of p

_______ - 
~~~~ 

1i ± 3  ~~± 4  1i ± 5  i 1 6  ~1±7 ~~± 8  1i ± t m  1i ± I 0

0 1 / 2
2 (2  1)

I l / 2 ~ ( 1 0 4 — I i

2 l ! 2~ 144 15 -6 I ’ m

3 1/ 2 8 (1811 511 — 2 8  8 - 1 )

4 I ; 2 ~~ ( 7 7 2  210 - 1 2 0  45 - 1 0  1)

5 1/ 2 ~~ (3172 792 -495 220 -66 12 -1 )

6 1 / 2 14 ( 12 9 5 2  3003 -2002  100 1 -3 114 91 - 14 1)

7 1 ,2 16 (52666 11440 -8008 4368 -1820 560 -120 16 -1)

8 1/2 18 (213524 4 3 7 5 8  — 3 1 8 2 4  18564 —8568  3060 —816 153 -18 1)

9 1/ 2 20 (863820 167960 -125970 77520 -38760 15504 -4845 1140 _ 19O
1 
20) -1 )

(4) For the principal series of experiments, s tar t ing f rom day 83. 33 , b ot h  (he
coarse-mesh solutions (which were used to sup ply boundar y information for tine
nested, fine-mesh so l u t ions)  and the var ious  f i n e - m e s h  solut ions I i n c l u d i n n g  I-’ \ l \ )
were smoothed at 2000-mm intervals (every 100 coarse-mesh t i m e  steps or every
400 fine-mesh time steps). This is a deptn r ture  f rom the e a r l i e r  sturiv 1

~ in w h i c h
the smoothing interval  was onl y 200 m m .  h owever , other tests in t Ire present stud s’
were car r ied  omit w i th  more f requent  smoothing;  namely , at intervals of 250 mm and

50 mm in order to separate the effects of smooth ing  from those of i n n t e r p o l t m t i o m n .
The results of the various test solutions and compnmrisonns a’i tln the h ”\lV solm,tt ions

mire shown for two separat e t imes;  namely, mit 800 fine-naesh t i m e  steps (da~’ 86. 11)

and at fine-mesh time step 1600 (day 88. 89) . ‘\s in t h e  e a r l i e r  stnnd y ,  ~~~ t lne east-
west component of the velocity (u) is used to i l l u s t r m m t e  t b n e -  r e l r i t i v e  nien ’i ts  of t h e
various test runs. The results mire shown both grmi p h i c a h l v  in  severa l  f i g u r e s  mind
in Tables 3 and 4. which show the correlations between I”\IV mind t ine v t u r i o < m s  test

solutions as well -as the root mean s q u m r r e  d i f f e r en c e s  between t ine -mn.
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Tt u h le 3 . Root ~m l e ; m n Square I ) i f fe r ence s  ( R \ I S I ) )  of tIre  /,onal \V m u ini l ’ m el m i nn i  m u  s t -c
Between l” ine \ l e sh i  \‘;ilidmntion Snmoothed Even’\ 2000 nn : rn (I’ \m \ ’ ‘P1001 mm m d  i r t t i , ’ r

~1odel Solutions ,‘\ fter t I m , 5 — t u r i n  T i m e  n s t e - p s 1 ,v  11 , 11) n i l  m; oO I’m ne- -t en i s
(d a\’ 88. 89) . Resu l t s  t ipp i’,’ on ly  to tine l i r n m i t e u l — t i  m ’ c’ , c h c i n n i c  c u t

l e v el l ) r e v  9(1 . I I
_ _  _ _ _  _ _ _  _ _ _  __ -- ____

AS2 000 1152000 (‘52000 A5 2 50  ltu ~2 50 (“ — ‘250 A S S O  ‘—H O (“ -SI) l”51\’250

2 25 . 3  24 . 4 :11. 7 I m , 4 1 m 3  12 , 8 5 . 5 5 , 5 ‘~~~ ‘~ 0 . 3

4 12 .8  12 , 4 1 1 . 6  11 . 9 t i n  i o ’t u . S 8 .5  10. 2 0 ,4

6 7, 1 6 . 8 7. 1 5 . 5 5 . 5 ml , 0 5 . 8  5 , 8 1 . tu I .  0

8 4 . 3 4 . 1 4. 2 ~. 7 2 , 7 3. 0 2 . 5 2 . 6  3. I 0. 5

10 4 . 7 4 , 7 4. 6 4. 1 4. 1 ‘1 . t i 1 , 9 ‘1 , ¶1 3. 8 1.0
12 4 . !  4, 1 ‘1 . 9 :1 . 2  3. 3 ‘2 , 9 3 ,0  3 .0  2 , 9 0 ,4

14 7. 9 T , 6 8 . 8 4, 8 4 , 8 6 , 2 5 . 9 5 . Ii 7, (1 0. 4

16 5 .6  5. 5 6. 0 4. 3 4 .  3 4 .8  4. 8 4. 8 5 . 6  0. 3

l)miv I’l l , 89

2 36 . hi ‘15 , 8 41 . 8 1 3 . 1  12. 9 1 1 ,6 7.7 7.7 10. 1 0.7

4 16 . 0 15 . 6 19 . 1 10. 6 10. 5 11. 8 10 . ’) 1 0. 3  11. 8 0 . 6

6 15 . 8 15 . 4  15 . 1 111 . 3 13 . 2 1:1 , 1  12. 8 1 2 , 7  12 .8  2 , 0

8 11. 6 6~ 5 6 , 5 5. 6 5 . 7 5 . 5 5.0  5. 0 5 . 4 1. :1

10 10.7 10. 7 10. 5 10. 0 9.9 ‘1 .8 10. 0 10. 0 10. 0 1.5

12 8.1 8.0 t t . tu 7 1 7. 1 6.8 11 .9 6.8 6 , 8  0. 9

14 9.01 I , 5 10. t m 6 . 5 6.5 6.7 7. 0 6. 9 7. Ii 0.7

16 6.7 6.6 7.6 :1.8 3.8 4.4 4. 3 1,3 
__~_J 

(L5

1” ic ,r u m r ’ e  iO sh ows tIne di strih rmtion of zontm i velocity inn I” ,”ti \ ‘ ct  d r c v  116 . 11 lot’ t w o

u ’mppem levels (level 6, 312.5 nih; level Il , 437 .5 nnh) and two lower levels  ( h e - v t - I  12 .
687 . 5 mi ii ; level 14 , 8 1 2 . 5 nib) , hut  onl y for  the area occ m npied  1w the n e s t e d  region .
F i g u r r e s  i i  through i  13 show tine compar m ib i le  res m n l t s  for Series  A , I ) , mind  C. h- lows

from west to east t i re  ind ic t at ed  by solid l ines mi nd flows f rom t- , m s t  to uvest buy dmmshed
i i  m e ’ s .  In l- ’igures 10 thu r ough  13 , smoothing is perfornaed m ’ver’ v 400 t i m e  steps ,

t h u  i f  i - c , m a n l y  t w i c e  f rom tine i n i t i m e l  t i m e  (mm mv 83 , 33) < nn a t i l  m l t m v  110 1 . 11. Iti spi te  of tine
m n s i g n n i f i  c n u t  m e mo u nmi t  of sn maoot hning  t i re  I” 51 \ resu l t s , Ion’ t h e  m a cs t e - u t  r e g n o u n . ml re

~‘ n m” , , i c m t l c  u t  all levels.  I however , t ine  resul ts  sh own for  Ser ies  ,\ , I ) , tn n i nl (‘  . i  m m ’  mnot

IS n ’ o m n , - n m t u t t - n m t l v  snaoothn , T hn e r e  is l i t t l e  d i f f e r ence  among tim e th ree  s e r i e s  ut t I ne
t~~ ’ 1~ u pper I t -ve l s , mind each slnow~ qui te  good agreement  w i t h  ~‘ 5 l\  • c l  l ea s t  m m  f mi m-

‘ ins  the la rger  su i t ’  f e a t u res i n - c  comncermi e d . Tine m ino r  d i f f e r e n c e s  thm , t  n - c’ pl i: i m ’ —

c n m t t ennong  the  tbnree  ser ies  are  in t ime direction , mnot nn n ex p e ct e d l v , of i n c m - e ’ r c s m n m g

m n u m m m i t l m n r e - s n s  , c m n u i  v e r s i m u l i t i r d e  (wi t i n  m - e u ’ r i  rd to I” Si V) in proceeding f r o m  P t - n - r e - s  ‘
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‘I’ , ul ule 4 , 1 , i m m m ’, c n ’ ( ‘ or m’e I , c t i o n  Co e f f i c i e n t s  l l e tweemn the  1- si \ ‘ 2000 Z onm el W i n d  h ” i e l d
;m n d  t i n e  / , m u m n r m l  W i n d  l- ’ie h c is  fon’ 0 I t h n en -  \ l odeh So lu t i o n n s  ( ‘ t m l c i t l r c t t ’ n I  f or the  I , i r n i t e u l —
, \ n - c - r u  D omt i i nn

c’ ~~~~ i ) r m v  86. 11

,\ 52000 1)52000 C52000 ,\ 52 50  135250 ( ‘62 50 ,-\ 650  11550 (‘550 F S I V 2 S O

2 - h t m l . ‘ i n 2  , t c I i I I  , 9t~ t m , 999 . 999 1 , 000 1 .000 1. 000 1 . 000

4 , m t u i t  . 992  . 990  . 998 . 998 . 9 t i 9  . 998 . 998 . 999 1, 000

6 1 .14  , t m 4 ’ i  .937 .969  .969 .957 • 95t1 059 (145 . 991

8 . t m 4 I l . 951 . 947 . t m O l  . 982 . 9 7 9  . 9 86 . 98 5 . t l R O , t i h,1 t1

10 , 111Pm . 1191 . 885 . 9 1 2  . 909 . 92 9 , m 2 ti . 92to , tu 38  . 995

12 .ui52 . 95 1 . 994 . 97 0 . 968 . 9 7 5  . 976 . 975 . 978 . 999

14 . 983 . 1) 114 . 1179 . 994 . 994 ( 194 , 995 . 993 . 995 1.000

16 .974 t n 7 5  (174 .1184 .984 .987 . 986 .985 . 988 1.000

D y  88 . 89

2 . 1178 .9 7 9  . 970 . 998 . 998 . 998 . t i t n t i  . P 9t i  999 1 .000

4 . 982 . 984 . 983 . 996 . 9 9 6  . 997 . 9 9 6  . t ’u t n 6  . 996 1.000

6 . 685 . 7 0 2  . 7 0 4  . 77 1 . 7 7 2  . 7 7 3  . 783 . 78 5 . 780 . 995

8 . 8 6 6  . 869 . 874 . 9 19 . 9 1 5  . 928 .9 3 3  . 93 2 . 927 . 996

10 . 557 .554  . 574 . 6 3 1  . 6 3 1  . 64 7  . 6 2 3  . 62 1  . 0 ) 2  , 1 c 1 4

12 . 8 1 0  . 8 1 7  .773 .8611 .869 .860 .1(66 .866 .6015 .998

14 . 9 6 8  . 969 . 961 . 984 . 983 . 9 87 0~)4 c c u ~ 5 o~ 7 1. 0 0 0

16 . 965 . 966 . 958 . 988 . 988 . 9 9 1  . 1189 I i u ~~~ ‘ l I l t  1. 000

to Series ,\ to Ser ies  13. St the lower’ levels , however , t h e r e  t i r e  si  ? . n l n l t -  m ind ev ident

boundary effects in the ( ‘ ser ie s  t w o - p o i n t  i n t e r p o l at i o n 0 , h u n t  rei ,ctrv e - I y m i n o r
boundary effects in the A mind B s e n ’ m e s , On t h e otbuer hand , t i ne  re su t l t s  f r o na  t he  \

and B series t i re  v i r t u ;n l l y  i d e n n t i c , r I .  Inn sp n t e  of t ine c i h u v m o u m s  h o m i m n d m i r v  e f f e c t s  in
S e r i e s  C mt the lower levels , time l a n c e - n ’  ~~ , i t ’  f t ’ , n t u m r , ’ s  of al l  t ln r e e  s e r i e s  closely

resemble tine l ” S i V  r e s u l t s .
The r i b i o v e  conclrtsion is ,m i s mu c-v m l , - ’ ‘ f r , u n n u  ‘l i l Ies  3 mind 4 s imowing  the  root mean

square  d i f f e rences  ( 1)5151 ) 1  m m d  l inn em i r c c r r , ’ i  n t u l u t i  c oe f f i c i en t s , level  for level , be-

tween h - ’\l V mi nd em nch of t h e -  three st- n - r e ’ s ,  Inn T u n ic’s 3 end 4 ,  t ine  se r ies  of so lr n t i on s

• B , C)  m s well  is the  tin ’n e i n n t e r v m r l s  bue tw e en i  s nni o oth t m i g  m i r e  i nd i ca t ed  by tine

column imemudin g s.  i ’imm n s , AS2000 n n i m h n c r c t e ’ n s  “- , ‘ r m e ’ s  S w i t h  sn i oo t t min ig  e v e ry  2000 n’ni n—

mi te - s .
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it i s rcpp ’ I n-c-nit  t i nni t  t i ne -re  is l i t t l e  di f t ’e r m ’ m u c , -  m c r u u o n g  tin t- su mlu it mo - i t ” \‘ -2000 , i)1-n2 0 00 ,

arid ( ‘62000 both w i t h  n - I-I ,’ , n - n h to ( b u t ’  r oot ru e- I n  s q m n r c  r t ’ ’ i m f f  , - m ’ m - n m m ’ , ’ s  m i s  wel l  as w m t h

regard to the corre lmmtion (‘oc ,’ I fi ( ’ it .’um ts . it  is r c l s o  , I t l t i , , m ’ c’ti t . m i s  f r c m ’ as t I m e  h i ’ -c N i )  s

m ind corn’e lm ut i on  coe f f i c i en t s  cu e  conucerne mi , b I t  0 i t  is t ine  1, n - c e - —  s c r ip  f e a t  i n n - c - s  I t i t n t

conta in most of the v ;cr iuincc mi nd t im e - r e - fo r e -  d o m i n r c t c  t / u , ’  r e su l t s .

In the ear l ie r  ~t u u l v , ha  w lnere  1/ 5  me -sIn  s i ze  w r u s  used  in exper iments  c o m p m m r —

able to Series A and Series (‘, there  were  f a r  more  pronounce d  b o u n d u i r  e- f fec t s

e s p e c i t c l l v  where t w o- p o i n t  i n t e r p o l t i t i o n  u t ’ s  m u s e - b . Tine more e v i d e n t  h o u n d , n t ’v

effects occurred in the et i r l ien’ s t i m d v  in spi te  of much  nm ore  f r e q u n e n t  s m o o t h i n g

( evem - ~’ 200 mm ru -s comptcn ’ed with every 2000 mm in  the present  st~ u n l ’ , 1 , Thi s  re-

sult points up the p rominen t  role p layed by p hnr se  e r ror  in  t ine b o nn nd mi rv i n n f o r m t c t i o n

since wi th  1/5  m e -s In  s izc ’  t I n e -r e  is apprec iab le  ph ;cse e r ro r  at : 1 1  i r u t e r p o l t m t e d  po in t s ,

whereas  wi th  1 /4  mesh s ize  t ine -re  is no phm ms e error t u t  t Ine  c e n t r t m l  i n t e rpo l at ed  poin t

even in Series 5 annd Sen- i i’~ ( ‘ . \ e v e r - t b u i - I e t ’u s , i t  is t r p p t m rent f r o m  b ” i g u r e  12 f l i t

correct ing for  both phase mind t m n u p l i t u m d e  e r ror  in tine i n t e r p o l a t e -n i  hound n’~ i n f o r m t c -

t ion  is not s u f f i c i e n t  by i t se l f  (a avoid h o m n n d a r v  e f f ec t s . T h i s  c o n c l m n s i o n i  is  m ’~ ’ e - m m

more appmrren t  f r o m  time r e s u l t s  of the  so lu t ion  af t e r  1600 t i n u e  st e -p s  / d t c v  88 . 8 11 / .

h ” igures  14 t hnr o m ng ha 17 in’ e  c o r n p m i r m u h l e  to i- ’i gu r e s  10 t i n r o u r g h i  12 but i i i  u s t  u t , ’  f b i , ’

r e sm u l t s  for day 88. l i i i , The Ser ies  A and B r e su l t s  a rt ’  sonnewh m mt  ‘‘ n o i S i e t ’  ‘ t b u , n m u  t t i t ~~,

we re  on u i r u v  h 16 . 11 , pa r t i cu l a r ly  it the upper  two leve ls .  Ser ies  ( ‘ , I 9 m m - c -  17 , b ro w -

ever, is sign i f ican t ly  nois ier , at all levels  on d r m v  88. 89 as compared  w i t h  t ine  n t - s t i l t

on day 86. I l .  h owever , in all three ser ies  the l a rge-sca le  d i s t r i b u t i o n  h u t m s  mint

changed mupprec i ; cb ly .  The “ \ i \ ’ resul ts  on ii: ’,’ 88 . 89 r e m a i n  srnoot iu , hint  sPew m m

new smal ler-scale  v a r i a t i o n n  in tine m n o r t h - s o m m t h n  u l i r e c t i o m n  w h i c h  was not i - v i l e - n i t  on

dmi v 86 . 11. None of the  th ree test ser ies  5 , 13 , or C) show r c n v  ev idence  of t h i s

s m a l l e r — s c a l e  va r i a t ion , al though tine i r l m ’ p e n - - s er c i e  f ea tures  of e r i c h  c o t a t i u i u u e -  to

resemble the l r m m ’ g e n ’ - s c ’ r u l e  f ea tu res  of F\I V on ( i t m y  811. 11~~. Th i s  con t in u ne u l  res t -n a -

h l , c n c e  of the l m m rge r - — m . m c r c l t ’  f emrtu n -c s is r e - l I e u - f e - i l  in  T t m h l e s  3 mind  4 l iv  the  s t i l l  re I n —

t ivel y small RSI SD ’ s mind r e - l r m t i v t ’ l v  large c o r r e lm n t i o n s  between e i c h n  of t in t ’  s e t ’ m e m  t imid

I SIS’ on day 88 . 89 . Tine - re is some growth of IO~l 6 I )  and sonic s m m n l l  de cr -t ’r se in

corre la t ion between d t m v s  86 . I l  m d  88 . 89 , e - s p e c i r m l l v  ct t I n e m i d - l e v e l s  w h e r e  t ime

flow changes f rom p r e d o m i n a n t l y  e - . c s t e r l v  to p r e d o n i m i m u  I n m t l v ’.v cs t e - r l v . h owever , in

spi te  of ti - me grom%’tin of noise  in the  t i n t - c e  t t ’’. t ‘- c t - i ’ m  m ’s , i t  u s  ~ip p  n r m ’ u u t  t b n r m t  t ine  I ) \ l 5 I ) ’  s

mind correlat ions t i n — C  d o m i n m m t e d  by the v r c t ’ i r c t l n - , ’  m ’ u ’i u m b r m m u e ’ n l  i n t h u  I t u r g e — s c n i l e -  f m - d u n - i ’ s ,

I shm mll  r e tu rn  s u 1 n s e q m n en t l ~’ to tine ques t ion  of t i n e  s n m r c l l e t ’ — m m ’  n i P  f e ’ n c h m i  n e - c  in  I” Si \ in

irm v 811. 89 which me re rno t e m i p t m n r e r l  Ii ’, ’ :m n \ ’  of l i t -  h r - s t  se r u e ’ s . 
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It is  appa u n i t  m d — n m  t i l t ’  ‘c- su its ~I j  ~t r m u i n n r m i ’ ,’ u n n u  ~ 1 s t  c - n - n - a r —  inn t u t u  l , o u m u m n h ’ , n ’’ ,

m m i f e n ’ n n i t u t i o n u  t s e - ’ t  to  n i h n t , n m n  t i m e  l m m n u i t e ’ n l  c u t ’ , 5h u i u i t i I u m i ~ i s  c M n r i m i u u u S , t i t t c ~~m , m ’ m ’ t  i n  m n n n , i u m -

f t c i n i m m i ~ r e m r s d m n u  n i n i c  d c  u’ c ’ t ’ ’ n r t - u m t  l i t - t n t ’ t ’ t i  t t i e ’  t c ’ st  s , m i n m t m o m n  t imid ( S c ’  \ ‘ r l i m ’ l  ‘i on  ~ n u l n i t I n u n .

h I , n ,~~e~~ i - c , u f  i s  i s a  a m p  t ’ : i t . m s  h u m u s  b ’ t ’ t ’ u i  m t ’ n t ’ i e l m ’ ’ ! , ‘ u n I t  t ’ t ’ m , ‘  i s  mu i n  -‘ ‘ m m i i,’

‘ m ’ n m m o h ! t  of i n c ’i u r u u d l a r v  ~‘ i ’  I c r  h i ’ !  n o i s e  mn s t ine sol J m i n u s  m m m c ’  m ’ , n r r i t ’ ’ l  m m m v rd u r n  t i n  m ’ ,

p n n - t r - n m l t i c l v  ni t i m e  ~t ’r i es  I sal t t i n - , mu H u t .’ m ’ ‘ H e r  -tO , ‘, . , w i t u , r , i , , _  ‘ ‘‘ - u ,  - t I  I ’ i ’ i I , ’

1 3 ~~~ i a  u r s e - — m u n m ’ s b r  sp a t e .  s n a n u m i t t l u n n i , ’ of ~ a f n c ’ b  I s  iv’ s ‘ n r u ’ n ’ ’ u n ’  n n u u m ’ i i  n m i m ’nr’e-

‘ i ’ u ’ q ’ n v ’ t I t i ’  m m m c v  21)0 mini 0 i i i  ‘ m l , t ime ‘ c ’  n l l —  ‘ i c c ’  ‘ m u t t ’ ’1 t o , , n i ’ , ’ ’ 2

‘ t’i tm nt l iv hoin n n cb mi ‘ “ L I ’  M m ’  n ’  n o ’ ! m o m  se. Inn l i i i e n ’  I n  u - P ‘ n m n r  - ‘ ‘,i’ ) t c - ~ a ’  m’ n i h  n— c - ‘ c ’  , ‘ c - n m ’

sni , u i t i In’ m u,t of t ! m u ’  p r e — m u ’ n t  s o l n i f i o n i s ’ ’,v u u i r l  I t I E ’  c ’ l i l ’ ’ ’ t i  a ’  m t  i t - n ’ - , s l u m ,  E l i , 5  m i i i — - ’ , t , o u i

! ‘ i m t i i ’m n i, i - eta ~i /  m ’, i i t t m n i ’ i S  l e n t ’  P i t  h u t ’ ! w i t !  t t u m ’  ‘- c r i e s  5 , i n , ‘ c c ’ !  I m a i l  ! l ’ i n ’ -

i n c- ,ch c r d s t 1  t I r e  t i c - n i  t . ” c - t ’ i e ~ N . I t , , dm n d  ( S u i i n i t l l i ! i s  b e n t -  u t  l i l t  m u m  mi ’ e- m’u sm ’ lm - h I ’ , ’

—u t u n’n e m ru n t- u ri s t I e ’  —m r ’ i g i n n r n l  s t ’ n ’ I t n s  m ’ x u ’ t ’ l i t  fo r’ ‘ i a  ‘ t ’ ’ r n r t ’ n u l ’\’ ‘ m l 5 ! m  I b ’ ’ n i ’ Lu . mm ‘ n u t ’

~~,‘t t h e  ~ n n i I i o t t m i n g  \v - iS pe n ’ I h i r m u i t ’ n l  ‘‘ m r’ 2 50 m m m i  : ‘ i ’ i  m u  ~! ,  . u  c ‘ ‘ , m m c m ” - ‘u / i  m m m i - , .

Time h ) \ i S I ) s  m in d co u - u ’ , -  I , c t i o n s  P m - n’ee nn t ! n m ’ — m ’  — m ’ t s  a t  - n - i  n ’ m , n u n n —  n m i t  0 ’ t  ‘i r ’ i i ,’ i ’ u , n i  I’

—m o lu t io m n ti m - c ’ l u m P  t m - n t  in I h i m ’s :t , n i m u b  .1 , m m  t n ’  c a i n r n n i u u _ n  I 1 n t ’ ~~u ’  I “ 2 ’ i) t~~ ’ 5I1 . I I ,

‘z i u n r c l  w i n d  f i c ’h i ! ~ n t l ev els 6 , n , 12 . : n m n ul  14 n I n e  t mac , o ’ r t o m ’  t m  \~~_ / i i n n , I a  I S ,

t ’62 5 0 fa n’ ch . I \ ’  S m ; . I I  I1 - ’ m p m n n ’ e s  1$ t i u rc m m rg h 2 i ) i  m m m d  P c  r n , 9 ui 1 i j ’  - - -  2 1 ‘ ‘ , n ’ c i u m ’ S 2 1 / ,

I” u~~u u m ’ v ’ s 24 thu n’ougbi 2/i  n i  i i u / m m r c ’ s  27 t lm m ’ I’— im( ’ t m  29 H im ’ , H a  l ’ I u n r n p  i n ’  1 i~ - m ’ e ’ ~ i t s  - i m ’

N , I! , m i - b  H w i t h  t ’n nu oo t hn in g  e v e n ’ \ 3( 1 o l in  t ! u  n I  u s , ‘‘ ‘ , m u’ ’ . ‘ - ‘ m m m n , , ’

I t is  i : u m n u i m ’ I n . n t c ’ I v  , m p n, ’ u ’ e m u t  f r ’om the fi ~~ n i m ’ ,c t !~ ‘ 4  t t i t  , l n h , b m l m l u m m 1 -a  i1n d n m n ,. . I , ‘ ‘ n
i f  i m n t c ’ u ’ v n i l s  of 230 mm , is s u f f i c i e n t  to sn ino ot in  au n t  tIn e ’ m n m m - i l i r  ( ‘ C u !1 I n ’ . i m u ’ !  m e !  m r —

n ’e-e- u u i n u r i f i , ’ s  in  mi l l  t l m m ’ , ’ m ’  s t - r i m - s  n t  t ime t o  u m p n e u ’  l e v e l — , I n n’ t !u m u ’’’ am’ , ’ , f 1 i t’ t i ,  m u m ’

m n ’ m ’ e p m m l ’ n r m t n t .’s m m  t t m t ’  ( ‘ - t ( ’ m - i c ’ s - I r e  t u l s a  s u m m o o t ! m m ” I  ount  mnt f l - c -  t m v l u  l o n e - n ’  i m ’ \ m ’ I s . l mn

‘ !‘ !i t u n u m i , t he  m m ml-n’m’’ ’~i -nI t n ’ u ’ cm’it’n mc ’ , of  ,-l m i m m u l u t t n u u m m !  inmrs  t ine  t ’ t ! c ’ I ’ /  of , ‘ ‘, n s O  ‘ n m t n m m l l v  ‘ t I n ’

ing Him l)’\ISI)’ s mind i ’ m c u ’ m ’ . — m i n n g  l i l t ’  l i n e - n m ’  cancel t i n i m i  h n I ’ b ’ , ’ ’ c ’ t ’ ’ ’  I I  ‘ s m u t ’  — t ’ n ’ i e m  u m m ’ l

I” ’\ I \ ’ . C’ oni l~n u i ’ c - n I  ii ( u  ! m , ”  ‘ u - l i e - n ’  ~ t u i n h m  u n  u - in nc h  m na ootbrin e mu ’ I s  Om t’ n l , ’ m n I t ’ u i  I ’ l l ’’

2/11) m m m m , t l mt’ i n u i u i n ’ nu v m’n m m c ’nu / inn i l  t t i m ’ i - c ’- s c - m ip s ,  w i t h  s u m u a m i t l u u n n u m  m ’ ~ ( - n ’ ’ 2 ” O  m m m i , i n

r m ’ n l n m l ’ u n g  i u o m u u i ’ h , c m ’ v  i n n d m n m ’e I c m ’ m ’ c ’ m m ’ u i l i n ’ i t i e s , h e - i n c  s i n c e  t i n e -  size ’ in ! ’ i)5I~~i~
’ s t mnd mmi —

c n’ .’ n u n i p  t h e  con -n -e l  P i i i  i n m ’ t \ \ m’ c ’n the- mer ’i es  and l- ’ \ t \  is a m u l e t ’ ’ ! m—m ’ m t m n ’ k , i l i l e  r u n u P

ru e  c in ’ i  fu ’i c ’u s c ’  , / t I’! ~ti onn on t i m e  i n ’n i x n r t r n m n t  ‘ I i  f ! ’ m ’ i ’ m ’ u i i ’ c ’  ( n c - t n t - m u m  mn i / S  ru e-sin s c / i ’  m ind  ( t i m ’

I / I  m e - s i n  su m’ u r f  ( I t t ’  p r e - ’- l ’ u m b  ~ f a i m ’ . ‘t i n e  d i f f e m ’ t ’nc” , ’  l u t ’ t n ’ c e - t m  t i n t -  f o r m e r  1 / 5  c f l P  ( I t ’ ’

‘ n m ’  - c - u n ,~ I I I m u - s i n  S i  / t i  u s  t ine m m n m l m ’  i u m m p o r t m m m i t  i i  t ’ f , ’ u ’ m ’ n u n  i l n e t i u  c - e l i  t n t ’ ’  t i  rl mc’ m ’ nm nuu l t I m ’

u u r m ’ ’ - m ’ m i t  s t n m i l m m -  r u m  f a r  I S  ‘‘ m ’ m - i ’s 552 50 - n n u n i  (‘5230 I n n n ’ n p i i t u m n i e  r c ’ ” o t h s n ’ I ! m p  , n n u n l  t \ v , _ m n a j u u (

i n H ’ u ’~ ia i  u / - n m 1 h u m ’  i ’ a i m m ’ i ’ n ’ u m i ’ c i .
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Jud ging f rom the f igures  as well as f rom Tm ibl e s  3 mind 4 , miJi three ser H- s

general ly  show some improvement with  smoothing eve / c m ’ 50 m m as compm l red wi th

those obtained with smoothing every 250 m m .  h owever , the d i f f e r e n c e s  are rath er

ins ign i f i can t  except in tine cmmse  of the  h l \ 1 6 i ) ’ s ct level 2. The results for the H

Series mire generall y su perior to those of th e A nd C -Series . bur t  he -re -  too , the

differences are s mm m l l .  I t is  conceivable , wit h different initinm i -onditions especiall y

where a greater  f r a c t i o n  of the var i mm nce is c om n tm mine - d  inn sma l l e r - s ca l e  fea t imr e s , that

there mig ht hm cve been a l m m r g e r  d i f fe rence  between the resul ts  w i t h  smooth ing  every

250 mm mind every 50 mm or among the resu l t s  for  Series A , 11, ru nn n l  C , However ,

the results of tine present s tudy in conjunct ion wi th  t h ose of t i re  e a r l i e r  studs ’ show

( 1)  that it is of vi ta l  importance to control mind m i n i m i z e  t ine  phase -  e r ror  that

ar ises f rom interpolation in obta ining boundary in format ion  in a f i n e - m esh , l imited-

mnrea solution;

(2 )  that if the phase e r ror  is controlled , a re la t ive ly  s m m m l l  am o u n t  of s n i a o t l m i n 1m

is suff icient  to yield reasonably smooth rund m iccura te  r e su l t s;

(3 1 tha t  the amount  of smoothing necessary to y ield ymooth and r c c e m m r m i t e  m e - -

suits depends direct ly  on tine care taken  to control phase error  on the bounda r i e s ;
( 4 )  that , therefore , it is preferable to control phase error on tine houndm m ries

by using a f i n e- me s h  gr id  size that ma in ta ins  a ratio of (l/2)~ of the coarse -mesh

grid in conjun ct ion with a rel atively simple imnterpo l a t ion  scheme such as w m ~s used

in Series A .

4 , . ~ I) I)I’ I’IU ’tc , t I - it I-;s~’ i , ’rs

It had been noted t i n mmt by day 88 . 89 , t i e  P \ I \ ’  s o lu t i o n  develops a s m al l - s i ’- n n i e -

v m m r i a t i o n  tb ~n i t  does not develop in an\’ of the test solutions (Series  .‘\ . H . or (1 or

for thmm t mm ntter , in the coarse-mesh solution that is imsed to supp ly t ine -  i n o mm n d arv

i n f o r m m u t i o n  for t ine test solutions. A lthough the F S i \  so lunt ion r e m m u i n s  smooth on

day 88. 89 , it is possible tha t  the s m mu l l - s c r i i e  f e a t n m r e  is mm n n r m e r i c n m l i v  genera ted

artifact rather than the result of m m phy sica l  process tb i mmt iie-connes nnm m n i fe - st inn 1”\l\’

only hecm cuse of the increased resolution.  To ine l p resolve - t h i s  m n m n c e r t t c i n i t v  tin addi-

tionmu l experinuent was performed. ‘u new 1 111 solution wrc s o i ntmmimned w i / i n  s n u u o o t lm -

i ng every 250 m m .  A comparison between tine new i”\i\ 215 0 m i d  t h e  o r i g i m i t m l  Sly

2000 is shown in T m m hl es  3 mind 4 under tin e col ummn lie - ti d in g l Ily 250. It is mnpp m rent

from the smal l  i i S b S J ) s mind the large corre la t ion  - o e f f i c i e m n t s  t h i m m t  t ine  s o l u m t  o n u s  t i r e

v i r t u m m l l y  i den t i cm ml .  It is also m n p p m m r e n t  f rom i ” i g u r e s  30 r m n m b  31 , u u h i c i n  show t ine

I ’ \ I V  250 results that are comparable to the l ” \ i V  2000 re sm rlt s  of i ’ i g u u i - e s  10 rmn ui

14 , that  there  is s c m m r c e l m -  m y  no t icemnh le  d i f f e r e n c e  be -twe e - mn  tine s o iu mt i o m ns . It t l i m m m ~

seems highl y unlikel y thnmt  tine sm ’n i , m l l — s c n u i e ’ u  m- tm r i r m t i o n n  in  i ” \ l \ ’  omi da~’ l/ t ! . 89 is 1

nn imeri ctm l artifact , since stmch mmrtifm m ct s t a p i m ’ n m h l v  develop f i r s t  nm t ine  shuom - tes t  wr iv e -

lengths which  would h m e v e  he -en severely  drm n iped  liv t ine  more f re q u e n t  s n u o a t h i m n g ,
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15- (1)\ ( I I , !  SU)\s

‘[In c simple , p r i ~~ i n m n i t u u -  procedure proposed here, namely, overspecification
of tine a r t n f i c u m c l  l m n t e r m m l  h o m n n d m i r j e s  of the lim ’rnited -murea dommmin , in conjunctiomn wit hn
( I I  cmmr e to emns unr- e t h u  ‘t : Ipp r ox inn ’ I t e l v  co r rec t  p l u n d s e  i n f o r n n m m t i o n  is supp l ied  to the
! u d n m m n i / l , c ru ’s , I n m l l  / 2 1 n i weak humt inigh— order smoothinuL ’ operation , mm p pe - r d n s  to v i e - I d
~. c t u  st  I d ’ t , m n ’ m  I i  n i p —  m u i e s h u  l i m i t e d —  c r e-ri solut i ons m n mm nested T - eg i onn h not i n  in  t e r m s  of

m ’ n u t m ’ o l l u m u g  i o i s i ’  n u b  n d t f l ’n r d h i n [ m ’ e r u s m m j l i t m m ’ I m ’  m n  I f i m a - — n u m e ’ s l u  m a l i / I l / j a n  s o l n n t i o n .
Ilecairse ‘it ’ the s m n u p l r i - i t v  of time - procedure - it nd ppe ’ I as to have  app l ic ab ili tv to
I i p e r t u t i o n m m l , r i m u e - - m n n c ’ s !m , l n m i t € - d — , c u - c ’ , m  n ’ m m I m ’ I c ’ l s . ! i l i ’ , ’, ’ c - ’, ’e ’ r , the -  re s u l t s  m i l s o  i n d i ( ’ r l t ( ’
I l u  t un le s s  n m m c n r ’ e -  u u i l ’o r u m r  I t , i l i n u  i s  ‘ a u n t  m i u c - i b  i n n  t i m e -  m u m i / i t m i  ‘ i  of t I m e  l i r n i t e m ’ h a r m - ’ , I~ u , mu

is c m ’ m c u l a l ’ mle sm ’mli ’ l - , ~u ’ a n n m  t u e  I I  r u e — s c  i c ’ , com m r s c - -  r : c ’ s h u u i m l ) l l c ’ I , t i ne -  f i n n e — m e s h  sob m m —
I c on  is m t  I m k i - - l ’ ;  t I n  m l i t ’I ’ c - l  a p p r  e c m n I l I I \  fm - on- . ‘vi; 1 mv o m n l d  t i n / v p  I ’ - ’ ( - n m  l ’i ! l l m d u u i c H  f ro m  the
u ’m’ ) n u  r se  r m n e ’ s t n  i l onne .
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