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SUMMARY

Problem

The specific problem was to formulate a mathematical approach which
will assist in predicting the aerodynamic loading to which a pilot is
exposed during ejection from a high—performance aircraft. Such aerody-
namic data is intended to serve as input information to the Aerospace
Medical Research Laboratory ’s Articulated Total Body Model (ATBM) , which
is a further development and refinement of the Calspan model . This model ,
sub j ec t ed  to suitably defined aerodynamic loading, can be used effectively
to study injuries which take place as a result of limb—flailing — that is,
the tendency of the arms and legs to swing f reely and out of control due to
windblast forces that exceed musculoskeletal resistance. The results of the
following study will also gu ide in planning significant wind—tunnel experi-
men ts which will  provide important data for the design of high—speed ejec-
tion mechanisms . The mathematical model as developed in this report is
intended to be ultimately correlated with wind—tunnel experiments in order
to provide a theoretical framework from which some physical insight may be
gained into the general problem of limb—flailing .

Approach

The body mc~ el used f or the analysis of windhlast forces in this report 
V

consists of a l5—linka~ a sys tem composed of sp herical , circular—cylindr ical ,
truncated—conical and flat—p late segments attached at a ser ies of arb itrary
joints . Each of the segments can be described geometrically from available
anthropometric data . Its orientation in space can , in turn , be def ined by
specif ying the direc tion cos ines of a coordinate sys tem fixed to the limb ,
relative to an inertial coordinate system fixed in space. To illustrate the
feas ibility of the approach , attention has been focused specifically on the
forces acting on the forearm portion of the right arm. A free stream is
assumed to appr oach the limb a t some angle of attack relative to the fore-
arm centerline. The latter is examined in three specific positions: rest-
ing and pressing against an armrest; resting, but no t pressing aga ins t an

V 
armrest; and not resting at all against any surface. For practical purposes ,
the s tream was cons idered to be incompressible and invisc id , so tha t a stream
function and velocity potential could be defined for each of the three situ-
ations described . In addition , turbulence and three—dimensional effects
have been temporar ily neglected .

Results

Solution of the conservation of mass and momentum equations allowed the
pressure distribution around the forearm to be calculated . For the case of
the forearm not resting against any surface , it was demonstrated that pres-
sure maxima occur symmetrically at the front and back of the limb , corres-
ponding to points of flow stagnation. These maxima decreased with ang le of
attack. It was also found that pressure minima occur symmetrically on the
top and bottom of the forearm when it is at right angles to the inc ident
stream , but the points themselves move leeward with decreasing ang le of

111
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i t  t . J ~~~. ‘it  a r i t e  m i l d l y  d ep e n d e n t  on t h e  hai l — a n g l e  I l l  t h e  t I ’ a r I r  ‘ i  t e d — c n n
t r ~~.i l ’~ ( ‘~ ‘IIl cIi r. I t  Oi l .

Fol’ t h e case ol t h V V t r l r r , V : l r m  r e s t i n g  :I g:l i : t s t  a so] i t ~ s I r t a  , I t  s

d t n t o n s l  r a t e d  t h a t  l I m e s ,  1 1 1 0  i I : I 5 i E i’ l O O L V 0 r  at the p r i n t ’  ( it ‘O n t 0 i ’ t l , t V .h, r , t,, 1  I i t ,
I Ii:ih and t h e  l a t  r e s t ra in i n g  p lat e , and that there Is 1 h i g h  p r o s s l i r  e y ( V ) o  [ f lf l

spanning r r e a l ’ l y  iñ i) d t . . g r t V t s  1 a rc  a lone t h e  l e e r  h a l f  i t t  l i e  c i t - r ’u i a r  c r e ~,s
see t i o n .  ~I t I  r er l v y V r  , t l i t r e  is a r e a t  I ve ly  deep low r r r s s u r c V  l’ e~~ I ( I i )  SpIr l n I ug
near  l v  ~~ )i) de g r e e s  I arc a long the top of t hr fo r ’~~~rni , such  tha t t h e r e
r e s u l  t s  a rat I le r  substari t jal net  t er c e  t h at  a’cs to lit t the cone (or  d i  s—
lod ge t h e  l imb)  from the suriace with which  it is irs i.V i rn tact . I t  was a l so
f o u n d  t h a t  p re s su r e  m i i i  1111 1 o c c u r  nea r  t h e  t o p  el t i .  l imb  and move l e i c ’ ir d
c i  th d e c r e a s i n g  angle ‘ i f  a t  t ack  at  a r a t e  m i l d l y d e p e i i d ’n t  ufl t he  cur i e h a l f -
‘I  og it . . The net f o r c e  t e n d i n g  to c a l l s t  l i m b  d i  sl~ dgeilIerI t was 1 1 0 1 0 l i t  r o d  t C) 0

so me six t inies the  t r e e  st  re in d y n a m i c  p r e s su r e .

Whe n t h e  inviscid analysis  was c o r r r e c t e d  f o r  t h e  e f f e c ts  of ii low s e p i r i -
t i o n , it was possible to argue qualitative ly for t he  es i  s t o n e of a pr r ’ l l  i t o ,
t e r m  or p r e s s u r e  d rag  w h i c h  ac ts  to t h r o w  the r o r e a r n :  o u t w a r d , aw ay  I r em t h e
t } i r t r a s .  The m a g n i t u d e  of t h i s  t e n d e ncy  is y e t  to be q u an t i l  ied , e I i t  i t ,  is in
agreement  w i t h  wind t u n n e l  r e s u l t s  which  have sh~~~n a d i s t i n c t  i Ip s : I r d  and
o u t w a r d  m o t i o n  of the  1~r r c a r m  when s u b j e c t e d  i t t  c ’nd I t i on s  si : : ’ i l.ar  t o  I h ose
s i m u l a t e d  lor e .

Conc lus ions

It has been shown that one can approach t he  g e n e r a l  p r o h i e m  i i  I
tlaiiing during ejection by constructing a sim pl i fied n o d e l  t O O L ;  c ’ O l c t i  t i l e
aerod ynamic forces exerted on an articu! at ed bo d y su b j e c t e d t~ windhlast may
be reasonably estimated . This model has clearl y demonstrated that flow
separation , together cVith the appearance of stagnation points in the fluid
;rrcselI t themselves as first order effects responsible for the generat ion of
limb—d islod ging forces that result in flail injuries. The e r r o r  g ive s  r i se
to a p r e s s i i r y V  gradient tha t tend s to d r r i e  the limb a]ong ~ i t im t h e  a i r  f t c ,
and the latter results in a pressure gradient thnt t l ’ rnl s  to  s c ’ ra r : t te  t h e  1 in t l
I rem a surfat e with w h i c h  it is in ‘enta ct . Both of t h es e  e f f e c t  ; a r ’  fume—
t ions i r E  t h e  s q u ar e  of the veloc itv of the inc ident strt ,V a p : . and so they
become rather si gnificant at speeds near sonic. The model  d l L v e l l r p & ’ d  ) i e i r ~ can
he progressively refined , made more sophist heated , and s I  t I  i e t  t i ed  to  p t  o v i d e
important data for both experimental and u r n e r i c a l  studies or ° human l t e d v
dynamics

E e c  onimori da t ions

in the earl y form developed t h u s  far , the  bod y j o i n t s  t i l e O S t  yes  h a v e
not been defined , and it would be desirable to look into this in greater de-
tail in order to assess the significance of finite length segments , end ef-
fee  ts, three—dimensional contours and i n t e r a c t  ions w h i c h  take p i l l  h o t  i~s t i i
the limbs as a result of their joint c o n n e c t  j o l t s .  Along t h e  s ’ Im V 1 i n o . , t V I

ye l o t  i ty approaching any limb must he v iewed as the  ressi I t o n i  m F a t r i l l er
flow t h a t  has undergone specif Ic interact o~is w i t h  o t h e r  h l r d \V  S (O I V ; V 0 I  I he ’ o r e

iv
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i t  a t u a h l v  i mp i n g e s  upon t h i t .  l i m b , and this is an art. t h a t  l i d s  n e t  v i  t
ll~ (‘0 ( ‘ X j l  I ~r ed.

lit ret i n i u g  t i e  t h e o r y , r i l e  mi g h t  a l s o  b a c k — t r i c k  to e:~: z u : i I l c i: ,~~ro
c l o s e  I v  t h e  c on a r : j u e n i ’ es of ot icr as sump t i n s  ~yrd ~ l it the a m i ai v s i s .  For
rV . l i i lt l  1 e , t ile r u n g  lin t . ,  ss o t  t h e  s u r fa c e  over  c l i i  ch the  I luid flows — — w h i c h
m a y ,  in p a r t , be due  ti) the  t V I ) e  of ’ c l o i h i i n g  be ing worn by t h e  p1 101 —— fli ( I V
le ad t o  c t r t  .1 i n  t y p e s  0 1

0 
t u r b u l e n t  heliav b r  that is not negligible .

SIwi  l a r ’  Iv , a t  N a e l i  n u m b e r s  e . scc ed  lug  0.5, c o m p re s s i bl i  i ty  e f f e c t s  should
eL ’ t 0 i Iii t~ be Included and f l o w  s ep a r a t i o n  e f f e ct s  m u s t  he a c c u r a t e l y  q u a n t i—
it ’ d .
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Sl ’, t l  I O N  I

INTRO I )[ D ’l ION

I t  has been est imated (P ay n e , 1975) that nearl y half of all ejections
taking place under combat conditions result in flail injury or death to the
pilot. This is therefore a problem of some magnitude and it must be dealt
with accordingl y. In an effort to do so, t h e Aerospace Medical Research
Laboratory of the Air Force Systems Command is pursuing experimental and
anal y t i c  i nves t iga t ions  into the  dangers  of ejecting a human body into a
high—speed wind stream . Some preliminary experimental work in this area has
a l read y been repor ted  (Hawker  and Eu le r , 1975 , Brinkley and Payne , 1973) and
more wind tunnel tests are being planned .

The anal ytic studies underway at ANRL are utilizing a computerized
Articulated Total Body Mod el (AT BM ) to  de sc r ibe the  dynamics of t h e  human
bod y under a variety of situations. The ATBM has grown out of the origina l
Calspan Model (Fleck , Butler and Vogel , 1974 , Bartz , 1971 , Bartz and Butler ,
1972) altered to include improved joint formulation , improved harness formu-
lation and the addition of aerod”riamnic forces (Fleck and Butler , 1975). The
latter , howev er , have not been clearly defined because little is known about
the aerodynamic loading to which a pilot is exposed during ejection from a
high performance aircraft at near sonic speeds. The work described herein
was undertaken to provide some initial mathematical basis for analyzing and
estimating such loading . The results are intended primarily , and ultimately
to serve as input data  to the  ATBM Program . However , they will  also guide
and be correlated with corresponding wind tunnel experiments to provide a
theoretical framework from which some physical insight may be gained re-
garding certain mechanisms which cause the limbs to swing freely and out of
control , i.e., to “flail” during ejection due to windblast forces that
exceed musculo—skeletal resistance.

SECTION II

THE BODY MODEL USED FOR THE ANALYSIS OF WINDBLAST FORCES

For the purposes of this analysis , the human organism has been modeled
as a 15—linkage system composed of spherical , circular—cy lindrical , trun-
cated—conical and fiat—p late segments attached through a series of arbi-
trary joints (as yet , not specificall y defined) .* A schematic diagram of
this model is shown in Figure 1, wh ere :

* The body model being developed here for the study of windblast forces dif—
fers from the ATBM in the number of segments emp loyed and in their shape.
The ATBM uses ell ipsoids throughout the program for modeling the contact
surfaces of the body and other curved surfaces such as interior surfaces ,
t o t e

1 
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Fi gure  1. 15—linkage  bod y model used fo r  the anal ysis  of w indb las t  f o rces .
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Se g iu t .  i t t  1 Head (Sp Ii t . ~ r e)
2 = N e c k  (Circular Cylinder);

3 , 4 = L p p er  Ar m s  ( D i r e u l  ar Cy l inders)
5 , 6 = Forearms (Truncated Circular Cones);

7 Hand Gripping Seal (Fist , S p h e r e )
8 = Hand , Fingers Extended (Flat Plate) ;
9 = Torso (Circular Cylinder , or Elli p l ir U f lind e r );

10 ,11 = Th i ghs (Truncated Circular Cones);
12 ,13 Shanks (Truncated Circular Cones);
14 ,15 = Feet (Flat Plates).

Geometric description of each of the 15 segments is made possible by e~ —
isting anthropometric data (Garret and Kenned y, 1971 , Clauser , et  r i , 19 7 2 ) .
Its resriective orientat Ion in space , in turn , is defined by specif y ing t l ~~
djrec tjnt n cosines of the axes of a coordinate system fixed to t h e  limb ,
relative to an inertial coordinate system fixed in space. Cct n~~i d r r , for
example , the x—v— z coordinate system fixed to the right f ’o ,.irnt (se5 rcent 5)
as illustrated in Figure 2. The x—axis is chosen to  be the center l i n e  f
the t ru rici t e d circular to rt e ; t h e  y—axis is oriented so that tlo tee stre ~n
a pp r o a ch e s  t h e  limb parallel to the x—y plane , and t h e  z— a x i s  1 ics perpen-
dicular to the x—y plane. The position of the forearm may be d~ fi~ ed at a l l
time , t , by locating a unit vector along the x—axis relative to thu inertial
coordinate system , x ‘—y ‘—x ’ . Thus , if x

1
’ (t) , y

1
’ (t) and z

1
’ (t) represent

the location of the elbow joint , and x
2

’( t ) ,  y
2
’(t) and z

2
’(t) repres ent the

location of the wrist joint at any time , t , in the x ’—y ’—z ’ coordinate sys—
tern, then t h i ~ vector t r o u t  A to B along the x—axis is dci m e d  as f,,V 1 1 c o ~~s:

r
1
(t ) + ‘~~~ = ( 1)

f rom which ,

A B =  i~2
( t )  -

or ,

AB = [x
2
’ ( t )  - x

1
’ (t ~ Ji + [y 2 ’ ( t )  — y

1
’ ( t I Jj  + [22

’ ( 1 )  - Z
1 

(t) J k  ~2)

whiere i, j ,  and k represent unit vectors along the x ’ , y ’ and z ’ dine ct ion s ,
respective ly. Now , the magnitude of the vector AB is the square root of the
SUm of the stli 1re~. of its components , i , e •

~ [x 2 ’ tt) - x
1
’(t)]

2 
+ [y 2

’ t )  — y
1
’ (t)J

2

2 1
+ 2 (t) - z

1
’(t)] } (3)

Thus ,  a un i t  v ec to r alau i5  t h e  x— axis (the l o t e a r m  c i n t t r ’l ~ i i L ’ ~ i a t  l y e  1

3
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Figure 2. Schematic illustration of forearm in relation to incident

stream , including geometric descri ption .
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the inertial coordinate system is ~~ ven simply by equation (2) divided Dv
equation (3), that is, tire vector AB divided by its magnitud e :

AB(t)
A = unit vector from elbow to wrist = = k  (t). (or )

AB (t)I

The components of this unit vector are the direction cosines of t h e angle
that the x—axis makes , respectively ,  wi th the x ’, y~~ a nd z ’ axes .  I n  a
similar manner , one may go on to comp letely describe the spatial position

of any body segment , i, at any time , t , by defining the unit vectors ‘.

(i  = 1 to 15, j = x ,y,z) attached to each limb at a specified joint:

Limb position (general) = A~~
1) (t ) .  ( 5 )

Now, if a free stream approaches the forearm with some constant veloc-
ity,

U = U
1i + U 2j  + U 3k = U A

~ 
(6)

such t h a t :

= = unit vector in the stream direction , ( 7)

then the “angle of attack” between the oncoming stream and the forearm
centerline may be defined to be c~, where:

cos a(t) = A (t).A
u 

(8)

Note , from Figure 2, that by properly orienting the y—axis , the incident

stream can be made to lie in the x—y p lane , having components —u and -v
such that:

Vt a n a j~~ . (9)

U is then the velocity component directed para l le l  to the  l imb c e n t e r l i n e ,
and V is generall y ref erred to as the “cross—flow” ye city component in a
plane perpendicular to the x—axis .

Continuing to concentrate , in this initial analysis , on the right fore-
arm , we introduce a cylindrical coordinate system , r , 6, x as shown in
Figure 2 and define the cross—sectional radius of the forearm at any

— 0 
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location x0 measured from the elbow as R . Then i t  is clear that R = R(x)

i t i l , if the forearm is modeled as a truncated right circular cone ,

d R ( x )
tan ~ = = Cone Half—Angle. (10)dx

N o t e  t hat , s ince R ( x )  decreases w i t h  increasing x the way the  coordinate
sy st e m  has been set up in the  l imb , tan ~ as d e f i n e d  by equa t ion  (10) is
n e g at i v e . Similarly , tan a as defined by equation (9) is positive , since V
and U are both assumed to be negative . Finally ,  the angle 0 is considered
positive when measured counterclockwise from the positive y—axis . As men-
tioned previously ,  the pa ramete r s  ~ (cone half—angle), i (total forearm
length front elbow to wrist = A B I ) ,  R ( x )  and o thers  p e r t i n e n t  to the geo—
metric descrip t ion of the limb may be deduced from available anthropometric

data for adult men and women. The free stream velocity, refers specifi-
call y to the velocity approaching the forearm “as the  forearm sees it , ”
i.e., including the effects of the presence of a torso and other wind—de-
flecting disturbances . It is thus intimately coup led with the flow regimes
surro und ing the other bod y segments and its determination must necessarily
involve solving an entire complex system of equations simultaneously. This
matter shall be dealt with in greater detail during a subsequent phase of
this investigation. For the present , we assume onl y the simplest case —

t h a t  is , tha t  U is the resu l t an t  of the  average velocity of the pi lot  wi th
respect to the p lane dur ing the ejec t ion phase p lus the velocity of the
plane with respect to the inertial reference frame (e.g., the ground) :

-~ -~- 4-
U = U .  + U  (11)

pilot/p lane p lane/ground

Sonic additional comments relative to equation (11) shall be made in the
Concluding Remarks (Section VIII).

SECTION III

PRELIMINARY ASSUMPTIONS

In the most general sense , this problem involves the turbulent flow of
a viscous , compressible fluid around a complicated three—dimensional 15—
linkage system of finite bodies of revolution attached at undefined joints.
Obvi ousl y, one must begin modestly by making significant simp lif ying assump-
t ions if any degree of mathematical tractability is to be sought in getting

0 an order of magnitude estimate of the aerodynamic f orces with which we are
Ic~ulin g.

The first assumption which clearly simplifies matters is the neglect
of turbulence , i.e ., the f l ow is consid ered to be laminar excep t , perhaps ,
in a finite region on the downstream side of the bluff body segments where

w s~~~t r a t  ion t~ 1 0 1 . 1 0 5 .  The laminar—flow hypothesis is introduced for the

6
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sake of Convenience. Its val id it y i or c ,°val ua ted 0 , eoni~siring anal yt ic
r e s u l t s  w i t h  e x p e r i m e n t a l  d . i t r  , w h i c h  will l o t ’  done as ~io II dat a h e  ones
ava i l ab le .

The second a s s u m p t i o n  is  c t ’r t a i n l  v mor e  l i i i  r o v o r ~ ial , hut has led to
some surprising ly meaning ful results ellen lj ; ’ h I e l h  t o  analogous h o w  patterns
over slender inclined bodies of r e v o l u t i o n  (See , f o r examp le , Allen and
Perk ins, 1951, Kell y, 1)54 and ~h i1 h o , l9 °

~)) . h) ~ 1t i~~, it shall be assumed
for the monient tha t the e l t e t t s  of Visc o s i t y  in the fluid may be linearl y
super—imposed on t h e  inviseid flow solutions , such that the latter may be
determined as if they were comp letel y independent of any suriace viscous
effects. Looking at the problem in greater detail , one observes that this
assumption is probabl y not as bad as it may sound . in general , during the
earl y stages of flow development around a blunt bod y of revolution , the
vorticity in the fluid is practicall y confined to the boundary layer and to
the  separated wake reg ion behind  t h e  body ( G o l d s t e i n , 1938 , page 61) .  Now
in a very high Reynolds number flow the laminar boundary layer can be ex-
pected to be quite thin , and , during the first few milliseconds of flow
development , thinner still because not much time has elapsed to allow the
boundary layer to grow. It thus seems likely that during this time the
wake region dominates the flow patterns to a much greater extent than do any
effec ts taking place in the grow ing sur face  boundary layer itself. In fact ,
even in f ully—developed flow situations over bluff bodies , the skin—friction
drag is small compared with the form drag, or pre ssur e dr ag, due to f low
separation (Goldstein , 1938 , page 65) . Considering that the problem being
deal t with here is one of very high Reynolds number (nea r sonic velo citie s
of air the Reynolds number is of order 106) ,  and that most flail injuries
take place within the first 3 milliseconds of the ejection process , it
would seem that , for  pra ctical purposes , the flow up to the point of bound-
ary—layer separation may be considered to be inviscid without destroying the
essential physics of the problem .

Going one step fur ther , the pressure drag due to flow separation may he
accounted for by a super—position of inviscid solutions — if the boundary
layer on the surface of the body is neglected following the reasoning of the

0 previous paragraph. Consider , for example, the case of a circular cylinder
0 placed so that its axis is at a right angle to an oncoming stream.

Goldstein (1938, page 60) points out that when the flow is started from
res t , separa tion of the boundar y layer begins a t the rear of the cy linder
after a period of time that is roughly proportional to the radius and in-
versely porportional to the speed of the outer flow . At 600 miles per hour ,
this would correspond to t of order lO~~ seconds f or the cy lindrical seg-
men ts charac ter ist ic of the bod y model dep icted in Figure 1. Thus , f or a l l
intents and purp oses , it may be postulated that separation of the flow takes
place at all limbs almost instantaneously at the start of the ejection pro-
cess near sonic speeds. Moreover , during the first 3 milliseconds of flow
development , the separated wake stays confined to the immediate region of
the cylinder , and consists essentially of two thin vortex—layers , symnietri—
cally situated . It is thus possible to model this situation analyticall y by
simp ly super—imposing stationary vortex filaments upon the linear solution
f or inv isc id flow past a cy linder (see Milne—Thomson , 1960 , pages 367—369
and Mello , 1959). What one obtains is a reasonable estimate of the pressure
distribution along the surface of the cylinder , and pressure forces 

are7
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those of greatest concern during the catapult phase  of  hig h—speed ejections .
Going back to the assumption , then , one must conclude that it is feasible to
beg in this analysis by examining and super—imposing pot ential f l o w  solutions
i c r  t h e  geomet r i e s  shown in F igu res  1 and 2.

The third major assumption which shall be i n h e r e n t  in t h i s  p r e l i m i n a r y
formulation is that the flow is two—dimens ional. That is, end e f f ec t s  and
conditions at the joints of the bod y model will be temporaril y neglected and
the outer flow as it approaches the limb will not be considered to be a
function of x, the coordinate along the limb centerline. As can the assump-
tion that follows , this one may be subsequentl y modified by introducing
“correction factors” to account for three—dimensional effects (see, for
examp le , Goldstein , 1938 , pag e 439 , where he discusses cy linders of finite
span). In any case , the consequences of assuming a relativel y large aspect
ratio (length to average diameter) for the limbs should be to predict some-
what higher drag forces than are actuall y manifest. Effects at the ends
of finite—span elements tend to alter the separated flow patterns in such a
way that prof ile drag is actually decreased .

The fourth , and final major assumption which will be made is that the
flow is incompressible. Like the neglect of turbulence , this assumption is
clearly arbitrary at this point and , considering that the ejection Mach
number is near unity, probably not a very good one . Nevertheless , it may be
possible to include the effects of compressibility through the use of cor-
rection factors based on the results of wind tunnel experiments. There is
some data available which presents various coefficients of drag, lift , etc.
as functions of the mean free—stream Reynolds number and Mach number. Per-
haps such data can be incorporated into this analysis at a later time . For
the present , assuming the flow to be incompressible certainly simplifies the
mathematics.

SECTION IV

THE COAXAL COORDINATE SYSTEM

In the remainder of this report , we shall show the feasibility of
analyzing the aerodynamic forces exerted on an articulated body subjected to
windblast by focusing specific attention on the forearm portion of the right
arm . This body segment was discussed in some detail (Section III) with
ref erence to Figures 1 and 2, ~‘.r~i we now pr opose to exam ine the limb in
three positions :

1) resting and pressing against an arm rest , such that there is a flat
surface of contact between forearm and seat rest (this configuration is
depicted in cross—section in Figure 4 ) ;

2) resting but not pressing against an arm rest , such that the contact
between forearm and seat rest is just a straight line element of both sur—
faces (this configuration is illustrated in Figure 1, and magnified schemat—
ically in Figure 3); and ,

3) not rest ing at all against any surface , such that the forearm
behaves essentially as a slender bod y in a free stream — disregarding, for

8
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Figure 3. Schematic illustration of forearm in relation to upper arm,
torso and surface of contact.
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Figure 4. Coaxal coordinate system .
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the moment , its attachment to the other parts of the bod y (this configura-
tion is illustrated in Figure 2).

The above three positions ,ire representative of some which are typical
during ejection. There are others , but they have not as yet been examined .

In order to pursue the analysis , it is convenient , at this point , to
introduce a so—called “coaxal” coordinate system (see Mim e—Thomson , 1960 ,
page 171), dep icted in Figure 4. Consider an arbitrary point , P, in the y—z
plane. The location of P in the rectangular coordinate system is given by
the point (y,z ) ,  while in the cyl indr ical coord inate sys tem , it is the point
(r ,0). We now define two points , G(—c ,0) and E(+c,0) on the y—axis as
shown , and locate point P as the intersection of the lines r2 

and r
1 

drawn
respectively through points C and E at the angles 0

2 
and 0l~ 

Let ~ 
= —

€3
2~ 

Then:

sin ~ = sin (0
1 

— 0
2
) = sin O

1
cos 0

2 
— COS O

1
sin 0

2

z y + c y — c z 2zc (12)
r
1 

r
2 r

1 
r2 r

1
r
2

Similarly ,

cos ~ = cos (0
~ 

— 0
2

) = cos 0
1 
cos 0

2 
+ sin O

1
sin 

~‘2

2 2 2y _ c y j c ~~~ z z y  - c  + z  (13)
r
1 

r
2 

r
1 

r
2 

r
1
r
2

Theref ore,

cot ~ = 
cos ~ = 

- c + Z and , y
2 

- c
2 + z 2 

- 2zc(cot ~) = 0. (14)
sin ~ 2zc

If we add and subtract the quantity c2cot2~ to equation (14), it may be put
in the font :

[z — c’(cot ~) ] 2 + y2 = c
2(1 + cot

2
~~) = c2cosec

2
~~. (15)

Equation (15) is precisely that of a circle centered at the point V = 0,
z = c(cot ~) ,  having a radius equal to c(cosec 

~~
) .  The intersection of this

cirCle with the line z = 0 is the chord line GE. In cross—section . then ,
Figure 4 appears to be a suitable representation for case 1 described

11



earlier , i . e . ,  the forearm res t ing and pressing against an arm rest. The
forearm cross—section is defined by the circle ~ = constant and the flat
surface of contac t between forearm and seat rest (z = 0) is defined by the
chord GE , or the points (+c,0), (—c ,0). By varying c , we may change the
extent of contact , GE , while adjusting ~ so that ti r e quantit y c(cosec ~)
stays within physiologic limits.

Note that c(cosec ~) = c (cot ~ ) whe n ~ = 0, 2n , . . .2nir (n 0, 1 , 2,
so that these represent the limiting case of the circle tangent to the

y—axis at the point (0,0). Furthermore , when ~ = 0, c must also be zero to
keep c(c osec ~) finite. This reduces chord GE to the p~ int (0,0) which is
consistent with the fact that the circle becomes tangent to the y—axis.
Thus, ~ = 0 is a convenient way to represent case 2, i.e., the arm resting
but not pressing against an arm rest. Note further that c(cot ~ ) = 0 (f or
finite c) when ~ = (2n + l)~ - (n = 0, 1, 2, ... ) so that ~ ~~

- represents

the limiting case of the circle centered at the point (0,0) of rad ius c. We H
shall show later that this is a convenient way to represent case 3, i.e.,
the forearm not resting against any surface at all.

Le t us now def ine a second quantity, ~ 
= in 
[~~]=

in r
2

_ in r
1
, SO that H

we n-ray write: n — i~ = in r
2 + i02 

— in r
1 

— i0 1 
= in (r

2
e )

iG
— in (r

1e 
1) or ,

i02)

- = ~~ . ( 16)

r1e J

Now, r2
e may be writ ten as (y + c) + iz = (y + iz) + c = x + c , where x

i 0
1is the complex var iable (y + iz). Similarly, r

1
e = r

1
co s O

i

+ r
1
(i sin 0

~
) = (y — c) + iz = x — c. Thus ,

e~ 
— 

= x + c ( 17)x — c

The coordinates ri, F are called Coaxal coordinates. Equation (15) has al—
read y revealed that ~ = constant yields a family of circl es cen tered at the
point y = 0, z = c(cot ~) ,  with radius c(cosec 1 ) ,  c being given . It can be

12
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shown further that r j  = c o n s t a n t  y i e l d s  a f a m i l y of c i r c - l e s  c en t e r e d  at  t h e
point y = c (coth q) , z = 0 , having radii equal to c (cosech rh) . Any point P
may thus be defined in the coaxal coordinate system Is tire intersect ion oh
two circles , ~ and q . The discussion earlier , and tire material wh ich

0 0

fo l lows  i n d i c a t e  t ha t  the  use of coaxa l  c o o r d in a t e s  is c o n v en i e n t  f or  t i l e
problem be ing  cons ide red  h e r e .

To comp lete this section , we d e f i n e  t he  comp lex v a r i a b l e  ~ = ~ + i~~.

From equation (17), then. e ’
~~(~ 

— c) = x + c , from which we get:

= 
e~~ + ~ = i cot (18)

c 
e~~~~ — l  

2

Th us , x = y + iz = re’0 = ic [cot i-]; ~ 
= ~ + ir~. From these relations , one

may invert the process to get y and z as functions of c , ~ and r~; we may

also define the comp lex conjugate functions : x = y — iz = re 1 
=

— ic [cot~~-], ~ = — in , ~ = ~~~~ 0~~, ~ 
=

0 O V •

THE COMPLEX VELOCITY POTENTIAL

For the two—dimensional laminar flow of an incompressible fluid , the
conservation of mass requirement may be identically satisfied by introducing
the concept of a stream function , r~, such that , in a rectangular cartesian
coordinate system ,

u — ~~~ and , v = - ~-~ ( 19)
ay

where :

u = the velocity component parallel to the y—axis , at the point v ,z,
v = the velocity component parallel to the z—axis , at the point y , z ,

and the conservation of Mass (Continuity) equation is given by:

0. (20)
~y ~ Z

If the f l uid is cons idered to be inv isc id as well , then it is possible to
show that there exists a potential function , ~ , such that the velocity

vector , ~~, has components corresponding to the negative gradient of ~~ , i.e.,

S
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u = - -~-~- and , v = — ~~-~- . (21)
ay

Substitution of tire expressions (21) into the Comt i .~uity equation (20)
yields the well—known Laplace equation for t i r e  determination of ~:

( 2 2 )

~y az

Under the assumptions of Section III , therefore , We may introduce r
comp lex velocity potential , w , given by :

w = ,p + i~ = w(x) (2~3)

and

w = — içi = ~(x ) ( 2 - 4 )

such that:

dw~~~ dw . dw— —u + i v  (2i)
dX 3z d~ dy

+ = + + ~~~~~ (—i) = —v + iu , = — u — iv (26)
d~

Thus ,

dw dw 2 2 2+ v  = q  (27)
X d~

where q
2 

is the square of the magnitude of the fluid velocity at any p o i n t .
The complex velocity potential for the cross—flow in this problem may be
deduced from the form of the coaxal coordinate system defined by equation
(18) of Section IV. That is, consider the complex potential:

~~~~= ~~+ i r~ (28)

Expanding this potential , and separating the real and imaginery parts
yields , after some algebra :

tamb (~-)sec
2 (-

~
-)

= V — 

tan2(~-)+ tanh
2
~~) 

(29)

1 -‘r
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M u l t i p l y ing t i r e  top  and b o t t o m  of e q u a t i o n s  ( 2 9 )  and (30) by the quantit y

cos2(~) reveals that ~ remains finite , whereas ~ goes to zero if ~ = 0 ( i i

f i n i t e )  and ~ = n-i- (n ~ 0). Now , the limiting s t r e a m  f u n c t i o n , = 0 de-

f ines  the  g e o m e t r i c  c o n f i g u r a t i o n  of an obstacle disturbing t h e  cros s—fl ow

of velocity V. Thus , consider what this configuration is for ~ = n~~. ~
‘e

have already seen (from equation (15) of section IV) that , for c given , ~ =

constant defines circles that intercept the y—axis at ~hre points -1-c . In

particular , then , ~ = 4 defines such circles for various values of t i r e

parameter n (except n = 0, which must be treated as a special case because ~
and qi as defined by equations (29) and (30) are undefined for this value of
n). Furthermore , the degenerate case , ~ = 0 , n ~ 0 is clearly that portion
of the y—axis lying outside the points ±c , for ~ = 8

~ 
— 0 2 = 0 when 0

1 
8
2
=

0 (positive y—axis to the right of point +c on Figure 4) and ~ = 0
1 

— = 0 
0

when 0
1 

= 8~ = 180° (negative y—axis to the left of point —c).

To summarize , we find that the comp lex velocity potential (28) defines
exactly the cross—flow over a geometric configuration such as ti at depicted
in Figure 4, corresponding to case (1) of the forearm—seat—rest interact i~’ns
being considered here. That is , the limiting streamline qi = 0 d e f i n e s  t h e

arm—rest y—axis outside the points ±c , together with the circular arm L-rter—
secting the y—axis at the points ±c. We may point out furth er that thc sari ’ 0

velocity potential would also define the flow of a fluid p a s t  a confi gri ra--
tion which consisted of that shown -in Figure 4, together with its mirror
image on the other side of the y—axis. In other words , if a second cylinder
were placed on the negative z side of Figure 4, such that it shared a common
base GE with the cylinder shown , then the comp lex velocity potential (28”
would characterize that flow situation as well. This has direct relevance
to the problem of one limb pressing against another , which is merely an ex-
tension of the theory being developed here .

The Special Case n = 0

It was already mentioned in Section III that if we wish to keep c(cosec

~) ,  the radius of the circle shown in Figure 4, finite as ~ 0, then c must
also go to zer o , reducing the chord GE to the point (0,0) and making the
circle tar. ,ent to the y—axis. In the present context , th is means that c

should go to zero as n (and hence , ~ n-i-) does , reducing ti-re poob lem t~~

flow around a cylinder tangent to the y—axis , wi-rich corresponds to the
cross—section of case (2) shown in Figure 3. Note from equation (18) that
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i i  ~ is t o  remain I m i t e  as c goes t o  z e r o , t h e n  tan (~~) sh o u l d  also pi t  to

/ 0 1 0  with c , indicat ing t h a t  ~ , too , becomes very s m a l l  w i t h  n. For sn a i l
c , n and ~~ , we may t h e r e f o r e  w r i t e :

-, cos
I / ( \  I 2 . 1 2ic 2 i e

= lc [cot 
~

-
~
- )] = ic —— -—a ic — = — --- , or , ç = - -—- ( 3 1)

sin 2 2

c c 2 c
c ( cosec  ~ ) = — = — = a = radius of circle (32)

a niT n ’n
sin n-~- —~

2ci ~ 2ic irai .
and so , — = ii ai, — = = , whi ch , substituted into equation (28),

n n xn x
gives:

w = V( i i a i )  cot ~-~
--

~- = ‘rraV cot h ~-~- = ~ + iqi , = y + iz (33)

as tire comp lex velocity potential for cross—flow past a cylinder of radius
a” and axis parallel to x , tangent to the x—y plane . Once again , expanding

equation (33) and separating the real and imaginery parts yields the
velocity potential and stream function for the motion :

~~~ 2 a az
tanh 2 

sec
r r

= aaV (34)
tanh 2 9 + tan 2 

r
2

aaz
tan —

~~~~ sech 
2

r r
= iraV (35)

2 ally 2 aaz
tanh —~ + tan

r r

where : r 2 
= y 2 + zL and the st rei~mline r4i = 0 consists of the boundary z = 0

(the real axis) and the cir cle y
2 + z 2 = 2az centered at z = a and tangent

to the real axis at (0,0). The latter is obtaine~ in analytic form from
€‘j tr a ti on (15), using the approximations (31) and (32).
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E qu a t  ion (35)  has beeu programmed ( A p p e n d i x )  and F i g u r e  5 sho ws a
typ i cal cross-- I low st reami inc pattern f o r  t i r e  arbitrary case of a V = 1
whr j i l t  csserrt I a  1 l v  i r ~~n — dj m e n s  t o n a l  izes t i r e  s t  rean r  f u n i ’t ion . No t e , in
par tiL -u l a o , ti e stagnation point at v = 0, z = 0 and the r e l a t i v e l y h i g h
VL ’ I O L ’l i~~ (proportional to ti re distance between st ri-amlines) at y  = 0,
z = 2. This indicates , as will be shown inure ri go rousl y later on , that t i r e
pr io sir re at  the  base of the cylinder is much h i g h e r ’  t h a n  it is on top of the
cylinder , so ti -rat there is a tendency to ‘l ift ’ it from the surface with
which it Is in contact. Note , also , that the streamline pattern evens out
to a nearly parallel , uniform distribution as we move further and further
away f r o m  the cy linder. In fact , if we take t h e  l i m i t  of equation (33) as
x w , we find ti-rat:

VX (36)

x

which is exac tly the comp lex velocity potential for a unIform stream , moving
from right to left parallel to the real axis. As an interesting side—light ,
we might also mention that the comp lex potential (36) can be deduced from
equations (18) and (28) as the special case for n = 2, so that the latter
represents infinitely unbounded flow parallel to the real plane in the
absence of an obstacle. This has no immediate relevance to the problem it
ha nd , but constitutes an interesting observation.

The Special Case n = 1

For n = 1, the comp lex potentia l (28) reduces to:

cos ~w = 2ciV cot ~ = 2ciV . . ( 37)
sin ~

Making use of the trigonometric identities for the sine and cosine of double
ang les , we may re—write equation (37) as follows :

I 2 ç  . 2
I cos --

~~ 
— sin -

~ r
w = 2c iV i-- - -—____ = VIic (cot -

~
-)  — ic (tan 

~
)

L 2sin~~~ cos -~- L

= V [i c(c ot  
~

) ~ 
c
2 

(38)

L 
ic (cot -i-)
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But  , from eqnat tori (18) , ic (cot 
~~

) = , so equation (38) r~ d ices to:

w = V [~ + 

~
_-] = -~ + i q i  x = y + iz = re~~ (39)

w h i c h  is precisely the comp lex velo c ity potent liii for unif~ rii St  re in , i ng  p a s t
a free cy linder oI radius c oriented with its axis perpendicular t i  the
flow. l’Iri s , then , corresponds to the ctoss— flow at a station x of . ,o~e (I)
wi-rich we are examining and wh ich is depicted in Figure 2 (note that t h e
velocity V is perpendicular to the Cone axis , x). It is iio~ clear t i t , r t  t i l e
coaxal  c o o r d i n a t e  sy s t e m , and the comp lex potential (28) are particul.~r1 y
u s e f u l  f o r  d e s c r i b i n g  the  c r o s s — f l o w  in each of the three rout igur at n tis
under investigation in this study . In tact , the~’ can be used to  d~~sc r i r)c a
var i etc of other configurations as well — for examp le — ore 1 i n t l  fr ont ‘ac t
with another as discussed at the end of the section dealing with th~ ca s.
n — 0.

As has been done in previous sections , we now expand equation (39) and
separate it into its real and imaginery parts to obtain:

r 21

~ = v [r +~~-_j cos 0 (40)

1 2~
= V (r — -~—-j 

sin 0 (41)

At this point , the comp lex velocity potential , stream function and pot ential
function have been deduced for each of the three basic configurations de-
picted iii Figures 2, 3 and 4. They are , respectivel y, equations (28), ~29)
and (30) for Figure 4, corresponding t case 1 (forearm pressing against

~e i t rest handle); equations ( 33 ) ,  (34) and (35) for Figure 3 , corresponding
to case 2 (forearm just touchin g, i.e., tangent to seat rest handle); and ,
equations (39), (40) and (41) for Figure 2 , corresponding to case 3 (forearm
f r e e l y  exposed to oncoming stream). In the section that follows , these
velocity functions shall be used to estimate the pressure distribution
around the forearm in each configuration , and we shall see how the ang le of
atL;r’k , n , and ti re cone  h a l f — a n g le , b , e n te r  into the analysis .

S E C T i O N  V i

[Si ’ INAI laIN OF THE PRESSURE DISTRIBUTION AROEND THE FOglJ~i-r,~l

‘I he st r~ ~i i t  fun ction , -f , and veloc i ty potential , ~- , rave P o t  i t been sh~ wr
to ,at isf y tire conse rvation ot nt.-iss e q u a t i o n  (20) . In ot  n c r  t~ un i qu e  I v  de-
fine ti c fluid mot i r , ~~~~~~~~ v t , w~’ must also sat isfv c o n i — e r  v ,ttiofl

19
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relationships b r  momentum and energy . Ti-re latter two become uncoup led f rom
one another under ti-re assumption of incompressibility, and it thus becomes
possible , for an inviscid fluid , to solve dir e cti y for the pressure distri-
bution once ~ is obtained from equation (22). The procedure involves the
solution 01 an integrated form of the conservation of momentum equation ,
where ti-re integration is performed along a streamline (qi = constant) of t h e
b low . Ti-re result is tire well—known Bernoulli equation , which , neglecting
body fo rces , takes the form:

2
— ~-1~h- + + = Constant , C (42)

~t 2 p o

where:
= the local c ros s—f l ow ve loc i ty  p o t e n t i a l , determined from equation

(22)

t = time ;

q
2 

= the magnitude squared of the local fluid velocity at a specified
point in the flow, as determined by equation (27) utilizing the
complex velocity potential;

p = the pressure  due to c ros s—f low at the same point as that at which
q2 is determined , for a corresponding time , t ;

p = the fluid mass density; and ,

C = a cons tan t , generally determined from known ambient conditions ,
or from conditions at a known point in the flow .

The integrated momentum equation (42) is obviously a form of energy equa-

tion , as evidenced by the appearance of a kinetic energy term , -~- pq 2, a

pressure energy term , p (proportional to molecular kinetic energy per unit
mass of fluid), and so on (potential energy terms also appear if body and
field forces are taken into account in the momentum equation). Thus , the
constant C represents the “total” energy of the flow along a streamline ,

which remains constant in the absence of dissipating viscous effects.

Equation (42) may be used to estimate the pressure distribution for
each of the three configurations shown in Figures 2, 3 and 4. Thus , con-
sider the comp lex velocity po ten tial given by equation (28), together with

— 2ci
its complex conjugate , w = —V———— cot — . From equation (27) we have :

2 d d d d ~~~d d t  ,
~,
2
~~

sin
2

sin
_~

-

~

2

q 
dx d~ 

dc dx d~~ d~
_ 

n
4 

~ . ,~~, .sin sin —
n n
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where the derivatives are obtained from equations (28), (18) and their r - ~-
pect ive conjugates. Expanding , rearranging and simp lif ying equation (4 3)
yields:

2
2 l6V2 cosh ~ 

— cosh , / -q = 
2 n 2rn cosh — — cos
n n

wi-rich is ti-re second term of equation (42). We can also use t i l e  chain rule
of calculus to write:

( ‘i5 )
3t 3c at ac dx dt

From equation (29):

tanh(~-)sec2(-~-)
~~
-
~~~~

—
~~~~~

—- 
~~~~~~~~~~ 

\n  n (4 6)— 
ac ~ tan2(-~) 

+ tanh
2(-fl-
)

Also , by definition :

= — U = —U cos a = the stream velocity parallel to the x—a xis .

The quantity ~~
-
~~

- defines the surface of contact between the forearm and the

seat rest. It is finite when the forearm configuration is taken to be a
truncated cone , and its value depends upon ~ , the cone half—angle , and n ,
which determines the “degree” or extent of pressing (i.e., contact) between

dc dc dn d c -forearm and arm rest. In fact , we may write: = — — , where — = (n)dx dn dx dn
indicates how the chord line GE (Figure 4) varies with n — hence the extent

of contact — and ~,a = f(s) indicates how the chord line GE varies with x —

hence the half—ang le of the forearm truncated cone configuration . Specifi-
cation of these quantities , tcgether with 

~~~ 
the angle of attack , -a , and

equation (46) allow equation (45) to be evaluated , which then determines the
first term of equation (42). Adding appropriate ambient information allows
C to be computed. Thus , combining equations (44), (45) and (42) with C

known , we may solve f or p, the pressure distribution on the su r f a ce  of the
forearm as a function of several variables — which include forearm geometry,
degree of forearm/seat rest contact , free—stream conditions and the manner
in which ti-re stream approaches the limb . Obv iousl y, the soluti on pr i est-i
becomes quickly complicated and computer methods must be employed t o  handl e
the mathematics in a convenient fashion. For illustrative purposes.

2 1



however , we m ay go d i r e c t l y  to  two specific cases in order to show the
l e a s i b i lj t \ -  of t i r e  approach and continue the analytic development.

The Special Case n = 1

The easiest cas e to examine first is case 3 (n = 1) of Figure 2, where
t i t e  f o r e a r m is d e p i c t e d  as a free , tapered slender body at an ang le of

~r t t a c k  to an oncoming streanr . Thus , consider the comp lex velocity potential
r 2

given by equation (39), together with its comp lex conjugate , w = V L X +
- xl’rom equation (27), we have:

q
2 

= = V~ l — 

~~~~] 

V~ l - , or , expanding and rearranging

q
2 

= v2 
[(1 

- 
~2 

)

2 

cos
2
0 + (i + c

2

) 
2] (47)

Equation (45) now becomes , .since c = R(x) in Figure 2:

(48)
at 3c at 3R dx dt

t r am equation (40):

= v[-~-~] 
cos 0 = -

~
-
~~ , since c = R in case 3.

Also , from Figure 2:

= tan ~ (a negative quantity),

A r id , by d e f i n i t i o n :

= — U= —U eQS a = the stream velocity parallel to the x—axls.

n i l  1 - 1  t i  ~ i n ~ orm t ion into equation (48), we get:



= (cos 0 ) ( — t a n  8)(-ti cos a)

= U sin a(~
-
~--) cos 0 tan i& U cos a

2 / R \
= U I— I  COS 0 tan ~ sin 2a ( s9 )

o ~r/

Note in equation (49) that two negative quantities exist , but their sign is
inherent , so that we need concern ourselves only with their absolute values.
That is , the comp lex potential ‘~ defined by equation (40) is for a str i,. nnn
nroving with velocity V in the negative—y direction , and t I e  fact that R(x)
decrea ses  with x has been accounted for in the tirst step above by putting a
minus  s ign in f r o n t  of tan $.  Should the circumstances ot Figure 2 change
from those indicated , care must be taken to make the appropriate sign
changes where necessary . Essentially, equation (49) postulates an ana1og~
between the variation of cross—flow with x on a truncated cone configura-
tion , and the variation of cross—flow with t on a circular cy l i n d e r  config-
uration started impulsively from rest in a stationary , unbounded fluid (for e
further discussion of this point , see Allen and Perkins , 1951).

Now , if we let V = U sin a in equation (47) and substitute (47) and

(49) into (42), we get:

‘
~~

- U
2 

sin
2 
a ft — 

R
2

)

Z 
cos2 0 + (1 + R

2

)

2 
sin

2

— u 2(-~) cos 0 tan 8 sin 2a + = C (50)

As r - * =, p approaches some free stream pressure , p ,  so ti -rat:

1 2
C = — + — U sin a (51)

- o p 2 0

Equation (50), with C defined by equation (51) can he used to cal culate thL

pressure , p anywhere in the flow field. We are most int~’rested , howe v er , in
wi-rat happens on tire surface of the cone. Thus , let r = R to get:

~ U
2 

sin
2 

a (4sin2 0) — V 2 cos 0 tan  ~ sin 2~ = + ~ ~~~2 
s i n ~ (S2)
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At this point , it is convenient to define a dimensionless surface pres—
I) — P

sure  c o e f f i c i e n t , C = 
~~ 

- - - - -~ . Then , f ron t  e q u a t  ion ( 5 2 ) :
- LII
2 o

c = s in 2 
[i - 4 s i n  @ 1  + 2 cos 0 t a n  B sin 2-r (53)

Note , in equation (53) that C = 0 (i.e. , p = p ) if a = Q
0

, that is , if the
p o

stream approaches the l imb parallel to its centerline , the x—axis . In fact ,
this is ~trictl y true only if B = 00 as well , i.e., if the limb configura-
tion is a perfect right circular cylinder. If B ~ 0, such that the limb
configuration is ti -rat of a truncated cone facing a stream coming along
parallel to the x-axis , then the surface pressure at any station , desig—
mated p 0, will differ slightly from the static pressure , p ,  for small F.

The discrepancy in equation (53) stems from the fact that the derivation of
this equation for C has concerned itself 

~a~i 
with the effects due to a 

4

cross—flow , V , coming at the limb . Account has not been taken of the pres-
sure distribution generated on the inclined conical surface as a result of
the axial—flow component , U . In the work of Allen and Perkins (1951), an
argument is presented for considering that this latter pressure distribu-
tion remains constant with - r , adds linearly to C for small f. and reduces to

zero for B = 0. Thus , we may simp ly add an arbitrary correction factor to
equation (53), in the form of a pressure coefficient designating the effects
on the surface due to U:

/
C = sin 2 a [1 — 4 sin

2 
0] + 2 cos 0 tan B sin 2a + C (54)

p

where it is assumed t h a t  C does not vary much with .n (for small 6) and

goes to zero with B. For the time being, this latter pressure coefficient
needs to be determined empirically, and we shall neg lect it temporaril y . In
fact , it turns out that the contribution of C to total cross—force cal—

culations is not important because its integral around the surface vanishes
in this direction (Allen and Perkins , 1951).

Note further , that , when ~ = 0 [C = 0, t an  B = 0] and a = 900

(sin
2

-a = 1, sin 2a = O)equation (54) reduces to the classical equation for
the pressure distribution on a right circular cylinder oriented with its

axis normal to a stream coming at it with velocity V (tan a = ‘- , U = 0) : 

_~i_ ~~ _~~~~_ 
~~~
-.- .-‘~~‘ - -~~~~~~~~~~~~~~~~ 
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C = 1 — 4 sin 0 (55)
p

For the problem under consideration , large values of ii are n o t  u n l i k e ly  be-
cause the p r e s e n c e  of a t o r so  (Figure 3) defle ct ing an oncoming stream of
fluid would cause that fluid to approach tile forearnr at a rather large ang le
of attack.

Equation (53) is shown p lotted in Figures 6 and 7 for two values of 6,
with a acting as a parameter. These two figures , together with equations
(47), (52) and (53) may be used to illustrate several important points.
First , we observe in equation (47) that stagnation points (q = 0) exist on
the surface (r = c = R) of the limb at 0 = 00 and 180°. TI-re stagnat i rl
po int at 00 is undoubtedly correct , whereas the one at  180° must he viewed
more carefully in terms of the separated flow patterns on the l€- e side of
bluff bodies. For 0 = 00 , equation (53) becomes:

C = sin2 a + 2 tan B sin 2x (56)
p

and we see that C = 1 for a = 90° (p = p + ~- pU 2 = maximum) , C = 0 for
p o 2 o p

ci = 0° (p = p). Thus , 0 C < 1 for 00 < a < 90° with 0 = 0 0 (or 180°),

wh ich is sh own clearly in Figures 6 and 7.

Second , if we differentiate equation (52) with respect to 6 and set the
result equal to zero , this yields:

= 

[
~~~

2 i 2
(8

. U cos o)(l) + U 
2
(sin0)tan B sin 2~

] 
= 0 (57)

from which:

tan B 1
c o s 0 = —  — (58)

tan ci 2

Observe , then , that , for B finite (not equal to zero) . cos 0 varies as the
inverse of tan a. Substituting equation (58) into (53) gives:

c = sin 2 
~Fl - 4(1 - ! tan 2 B]~~ + 2 [  1 tan Bi tan F sin 2~-r

p I t 4 2 / 1  I 2 t a n a i
L tan a ’j  L j

= sin
2 
a~ l + tan

2 
B ::~ : - 4] - t a n

2 F ( 2 s in  a cos

- - 

— 
-‘ 
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- 2 2 2
C = — 3 s i n  a — cos cx t an  1$p

2 2 - 2 -
= sin -~ [ t a n  B — 3] — t an  B (~~9)

Thr r s , t i r e  p o i n t  a long t i r e  l i m b  ( i . e . ,  t i n e  ang i e -  0)  a t  w h i c h  t i r e -  p r e s s u r e , p .
is mi nin itrun varies w i t h  hoth t h e  angle ~ f a t t a c k , ci , and t i r e -  c on e  h a l f — a n g l e ,
~ . F i t h  t- fixed , C is most  n e g a t i v e  ( i . e . ,  p has i t s  m i n i m u m  v a l u e  based

on t ire - d e f i n i t i o n  of C )  wi -rem i = 90 0 , at  wh ich  p o i n t  C = —3 (c . f . , equa-

t i o n  Y-) ) and F i g u r e s  6 and 7 ) .  In f a c t , we see ( f r o n t  e q u a t i o n  ( 5 9 ) )  t h a t
t h i s  i- i  t rue  f o r  r = 90° r e g ar d less of t h e  v a l u e  of B ,  and e q u a t i o n  (58)
sho ws t i - r a t  in t h i s  case eQs B = 0 , so t h a t  0 = 90 0 . Now , f o r  t l n ~ a n g l e  of
a t t a c k  dec rea sing f r o m  90° , the value  of t an  a decreases , causing cos B to

more  n c g a t  ive  in e — i u a t i o n  (58) and t h u s  f o r c i n g  0 to i n c r e a s e  F rom
90 ° . Phys  i c a l  l v , t i n s means t h a t  t i r e  p o i n t  of m i n i m u m  p re s su re -  m oves  more
l ee—ward  ( i . e . ,  towards  the  r ea r  of the  cone f a c i n g  the  f l o w )  as t h e  ang le
of a t t a c k  d e c r e a s e s .  S ince  the  f low t e n d s  to s epa ra t e  o f f  of a b l u f f  bod y
n e a r  the p o i n t  of m i n i m u m  p r e s s u r e , i t  f o l low s  t h a t  t he  p o i n t  o f  f l o w
separation moves lee-—ward with decreasing u f o r  the  g e o m e t r i c  c o i r f i g i n r i t i o n
depicted in Figure 2. Such motion depends weakly on the  a n g le F. ( f o r
small) in occord arn ce with equations (58) and (59) above , amid it is illus-
trated in Figures 6 and 7. Here- the  m i n i n r u m  va lue  of the  c u r v e s  shown is
sec- n to  be drifting slowly to the ri ght (increasing 0) as a decreases  ir ons
90°. N o t e  also in these figures that the pressure minimum increases with
Je-creasing angles of attack , such that there is less pressure to he
recovered on the back side of ti-te limb as its axis comes more in line with
the  i n c i d e n t  f l o w .  ln the l i m i t  of a - - 0 , t h e r s -  is no pressure loss at all
as tire fluid traverses U . T h a t  is , C = 0 as previously d i scussed  w i t h  re-

spect to equation (53). However , recall t h a t  this is strictl y true only i f
we can neglect C , which  we have done t em p o r ar i l~’ in the  p r e s en t  i n v es t  i —

a 0
got  io n. Finally , observe t h a t  t h e  curves shown in F i g u r e -s 6 and 7 f o r  ~ =

90 ° are e x a c t l y those  of e q u a t i o n  (5 5) , w h i c h  is the  s t a n d a r d  r i g l i t — c i r c u —
lar—cy lirrder solu tion .

To b r i e f l y s u m m a r i z e , then , t h e - a n a l y t i c  results of this section
reveal:

1) that pressure maxima occur at 0 = 0°, corresponding to poin t s of flow
s t a g n a t i o n  f r  a ~~ 0 0 —— and t h a t  t hese  m a x i m a  l i e  h i - t w i t -n p and p

+ f pU 2
, depending on t in e ang le of a t t a c k ;

2) that pressure m i n i m a  occur ic - t w i t - r i  B = 90° and 0 = 180 ° , d e p e n d i n g  on a ,
and correspond roughl y t i  p o i n t s  nea r  where  the flow will se -p a r n t e - I O U

~ 0° . The pre ssure at t h e s e  points li e - s bet we e n p and 
~~ 

— ~~ ~~~ 2
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and t i r e  p o i n t s  t i r e n r s e l v e - s  mov e Ie- e i- r d incre nsing j )  w i t h  d c - i  re -;is ir rg ~
at a r i t e  n n i i d l v  d ep e n d e n t  on h ( ( o r  F small).

Tire S p e c i - n I  Case n = 0

We irrov e on , ni ow , to e- x a r l n i n r e -  t h e  e r s ~ - of t i n e -  f o r c e r .  r e - s t  i n g ,  b u t  f l i r t
pre ssing against an at-n i re - s t  ( c a s t -  2 , F i g e r r i - 3 , n = U ) .  Thus , c nii _ - n 1 , - r  t i n e
co nrp le’x v e l o c i t y  p o t e n t  j r  1 g i v e n  b y e q r n ; r  I ion (33) , t g e t  her w I t h  i t s  corp ic;

c o n j u g a t e , w = ray coth ~~~ . Fro m e q u a t i o n  ( 2 7 ) ,  c e  have- :

x

- 
— 4 4 2  -2 dw dw a ri V 2 an 2 ;eiq = = —~

-—-
~
- cosech — cosech  — (hU)

X d~ ~~~~ j
w h i c h , upo n expand ing  in accordance  w i t h  t h e -  d e f i n i t i o n  of  y ,  y , and pe r—
f o r m i n g  some al g e b r a i c  s i m p l i f i  c i t  l o r i s , h e c on n e s

2
/ I - >

2 a~ n 4 V 2q = 
~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ (61)

r 4 
cos li ) cOS -~~~~~

whe re: r
2 

= y 2 + z 2 . On the s u r f a c e  of the  limb , r
2 

= 2 c rz ( f r o m  e q u a t i o n s
( 15) and (32)), so t h a t  e q u a t i o n  (61) b c c e m e - s :

1 4 -)

2 ;r~ s ~~ 4q = —
~~~~~~~~~ s e c h  . ( 6 2 )

2 — z4z

F iii i i  - i r ly , on the-  p lane  to  w h i c h  the  ee rie  is I a n g e - n i  t , z = 0, so t n i t  c -n oc r—
t i o n  (h l )  r educes  t o :

- 4 4 _ 22 -- 4 a~ -q = —-— ~~~— c~ sec h . ( 6 3 )
y

i- e r  t i e  c a se  n = 0 , e ; e l l t  ion ( 45) b e - i n c - s .

~( ± ~ ~~~~~a hj da dx 
(n ~~)— la  t — ca dx d t

w h e r e -  i~ given  bc e q e r r t  ion  ( 34 )  and “ ci ” is t h e r i e l n u s  e f  t i r e  f i r r e a r n s
(e q n a t  i n  ( 3 2 ) ) ,  w h i c h  v c i t i e s  t r n  t i l e -  w r i s t  to  t i r e  e 1 h -~ (along x )  as
shown in F i g u r e -  3. i - r e i n s  e q ’ n r t  i o n  ( 3 4 ) :
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~r r z
T I  see

r~ [ W V  2 a n s i  / - - e  \~~ - i  -~ /
= — t a n h  n-re - c -j  j — 

(st ~r -i n ~ )1 t ;icrh r 
~ 

1
- 2 - r l - ~ 2 c r i r z !  ! L r r J  \ n / L  r

tcinh 
~ 

+ t cmi  -

r

+ t a n  + 
r 

~t a n h
2 

~~~ - t an 2 
rj ]  (65)

A go in , we ni n ay t sr i t e

= Lao t ( r  n e g a t i v e  q u a n t i t y ) ,  ( ( e L )

ant i ,

dx
= — U cos c i .  (h7)

d t  o

To s imp l i f y the m a t h e m a t i c s , recal l  tha t  we are most  i n t e r e s t i - d  i n  wh a t

happens on t u e surface of the limb . Thus , substituti n g r
2 

= 2az I n t o  equa-
t ion  (65)  and p u t t i n g  t h a t , t o g e t h e r  w i t h  the  e x p r e s s i o n s  ( r - e b )  a nd (67)  i n to
(64), yields.

= r(L sin C) [t  1nh + ~ cech~ (—t ni F) (-U c is ~) (68)

We comment  here  t h a t  e q u a t i o n  (65)  needs to be multiplied by cos
4 
~~~ on top

and bo t  tom in order that its limit as r~ 2az may be det err -l i tre - el . Fo r t  hc -r --

mo r e , a ne-c it iv e s ign h as again been inserted be-fore the te r m in e q u a t i o n

(68) in order to accoun t  f o r  t t re- f a c t  t h a t  t an  F is a n e g a t i v e  q u a n t i ty  as
discussed i r e  iousl y. Finally , it is a r e l a t i v e ly  s t r a i g h t f e e r v i r d  m a t t e r  t e ~
sh ow t h a t  t h e - limit of equation (65) as r is zero , and that of equati on

(61)  is V2. Thris , from Bernoulli ’s equation app lied a t  infinit y , we again
arrive at thi -  ccrnclus ion that:

1 2 2C = — + — U sin - i  (e el)
o 2 o

and  l i n t - r e t  o r e  , 1 - q i r c i t  i n n  ( 4 2 ) ,  w r i t t e - r r  f o r  t h e  s u r f a c e -  of the forearm usir ;g
e q i rsr t ions ( 6 2 )  , ( 6 8 )  and (69)  , b e m e c n n r e - -i

30

—— - -—  ~~- --- - -- — r n

——— - - —. -— - —- ~~~~ ‘ - - -~~~~~— - - - - -—- --— -



~~~~~~~~~~~~~~~~~~ ~~ai-~~~~~ ~~~~~~~~

- -1 - )

~n u I sir- r 
- -

se - c m
4 

~ — ~~( s i r - r  2 - r ) U  tLmr n lr ~ 
- sec ir s~~- I ( t ; r n  ~ )

2 2z 2 o L 2 :-n ‘ JzJ
Sz

p 1 -) 2
+ = —s + — Li ‘ s in  a (70 )

p 2 o

or , in t i n e  for irn of LI-re non—dimenslonalized surlac e pressure coe f fici ent ,

- 

- 2 F a 2
rr

4 4 iv] ‘
. I

C = = s i n  ci I 1 — ~~~~~~~~
- s e - e l m  -

~~~ I + i r s in  Z e  t an  ~ t a n h
p 

-
~~ i~~U 

2 L , 2 2z J L 2z
2 o

+ ~~ sech~ ( 7 1)

w h e r e  = cot 0 (see Fi gure - 4) , r 2 
= 2az and we are s t i l l  ni eg l e c t i n e c  th~

c o n t r i b u t i o n  f rom the axial  f low component , F , in the fo rm ot C as we d idp o=U
before. That is , note again in e q u a t i o n  (71) t h a t  C = 0 , 1. e . ,  p = p whe n

ci = 0~~. Now , f rom Fi gure 4 , i t  is poss ib le  to w r i t e :

2 2. 2 z z z 2 2 . 4
sin 0 —  = — = — , so t h a t :  z = 4a sin 0 ( 7 = )

2 2az 2ar

S u b s t i t u t i n g  e q u a t i o n  ( 7 2 )  i n to  e q u a t i o n  (71) , we may w r i t e :

- I ~
4 seci~~(~~ceet 

~) 
I

C = sin a 1 — - - --— - - - - — -— -—- + ns i n 2 c c t an  B I  t an h ( -~~ e n t  ~)L i e l s i n4 0 L

+ ~~ot 0 sech
2 

(~~~c e T t  ~)] ( 7 3 \

which is an expression analogous ten e -q ua t  i n n  ( 5 3 ) ,  g i v i n g  1 cr c a f u n ct  ion ’

of a , B,  and s .

When B ~~e O 0 [C 0 , t - r n P O ami d a 9O ° ( s i n i 2 , = 1 , s i n 2 x 0)
L ‘~-~=o -

c - q u i t  ion (73) reduces t o :

~~~~~~~~~
e
~~~~~~~~~~~~~~~flrflFU T~~~::i~~~~- - - - -
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4 41-ri
It s e t h ( ~ e a t  0

F = 1 — — - - ( 7 4 )
p 

l6sin~ Li

w l r  i c h r  i s  t h e  e q u i v a l e n t  of e - q e r r t  i o n  (55) w r i t t e n  I or a I re-c- rig irt circular
cvi inder . It  is m t  e r a n; t ing  to compare the r es n  Its obtained I F e r n -  e - q u a t  i i n n s

(33) and (74). For e x c m r r n p l e , i t  t i n e -  t o p  of  t h e  cy l i n d e r  (o = e q u a t i o n

(3) gives C = —3 , w i n e -r c a s  equ cr t i o n  ( 7 4 )  y i e l d s  C = — 5 .  Thus , the pr e s-

s u re  e e e c t  f i~ ic -ni t in I he 1 c m  t ter c ;m sc- is s onnne -  672 l o w e r  t h a n  i t  is f e e r  t i c e -
fre e cy l i n d e r , indi cating that the presence of ti-re flat sm nrf cr ce cause- s t I n e

press ure c i t  the  top c r1  t i -re cylinder to be greatl y reduced compared w i t h t h e
corr esponding case winere the- surfa ce of cenitc n e t is absent. More-ove r , fo r  B

1 4/-ni \ 0 . 4 4
small , cot 0 , sec h i6e , and s in  0 0 , so that equation ( 7 4 )

be comes:

2 O ~
C 1 —

~~
-
~
-—-

~~
--—— (7 5)

p ( 0 2
~~

the limit of which , as B -* 0 is 1. At the bottom of the cy linder , where it
is ir. contact with the flat surface , we therefore have a stagnation point
(q = 0) at which C 1 for a = 90° . The p r e s s u r e  at this point is much

h i g h e r  t han  it is at the bottom of a cy linder sitting free in an unbounded

f low , where equation (55) reveals that C = —3 when 0 = — -
~~

-. The effect of

the flat surface , then , is to distort the symmetric pressure distribution
around ti-re cy linder , such that the pressure is higher at the bottom (8 = 0 0

in Figure 4) than it is at the top (0 = 90°). In fact , it is higher by an
amoun t:

— C 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

p 0=0 p 6=90 1 2 
— 

L 16
2

p
o

2 4

= 

~b o t to m  
— 

~ top 
= 

p I n  
( 7 6 )

l i n e - r e -  i s  thus a t e n d e n cy  f o r  t h e  cy l i n d e r  t e n he l i f t e d  f r o m  the s u r f a c e  by a
maximum pr r-s snr r e- g r rd i c f i t  o f  some s ix  t i m e s  the fr ei - stream dynamic pres—

1 2
sure .
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A t  the stagnation po int 1) ) , whe i r -  t h e -  st m t  i i  p r es s u r e -  has i t s  n r c - c l —
mum value on tin e - c n r r  L i ce - of the- con iccil 1 in-rb , eqcl r t ion ( 1  3 )  reduces t ee :

C = sj n ’~ -c + n sin 2j tan 2 (77)
p

which is similar to equation (56), differing only itt t he  c o e f f i c i e n t  n i l  t !~ e

second term on tire rig ht hand side, hire- first te-rm follows directl y fr e :-n :n
the discussion which has preceded equation (75) . The seco n d te :m results

from the fact that , for  -? small , tanh (~~ ot)h + ~cot  8 sech 2 
(~

-cot ~~~~

tanh
(
-~~) + ~ -e e h ( ~~0)  1 + ~~ 4c~~

0
, the limit of which is 1 as 6 0.

Th us , again we see that C = 1 for  a = 90° ( - = p + pU 
2 

= maximum ), C =
p 0 L o p

0 fcr a = 0° (p = p), and 0 < C < 1. for 0° < a < 90° . The d iffer ence- be-

tween this case and the previous section , howev er , is that equation (77)
holds at the bottom of the forearm , whereas equation (56) holds at tIne for-
ward s tagnat ion point  along the f ron t  side of the  l imb .

At the ~~~ of the cone equation (73) becomes (for 0 = 9 0 ° ) :

r 4. 2 I nc = sin ci i i  — — (78 )
P L 16

so that :

( C )
0 0  

— ( C )
090 

= 
ot~ om

2
t~~ = n sin 2 -x tan ~ + ( 7 9 )

2~~~~o

The pressure gradient tending to “lift ” the forearm off of the seat arm re-st
thus appears to increase with a up to a maximum for a = 45° . Hens ’cv e r ,  the
variation of A p with ci is scaled by tan B, which is very small in the physi-
ologic range. For B as high as 10°, for example , the maximum value of

m sin 2a tan B is only 0.55, compared w ith the value o f ~~~~~
- which is 6.09.

This may , or may not be significant for ve ry large values cr1 U , and v i e w ed

in terms of the abil~ tv of the forearm musculature to resist disp lacing
forc es , it could turn out to be critical. In any event , ti-re tendency for
limb—disp lacement seems to be substantial in cases where tine - interaction of
the limb with a solid sni rf rrc e- produces a stagnation point in the flow’ — —

especiall y if the flow is hi gh— speed .

If we diff e re n t late- equat ion (73) with r -spc - e t le t  I m d  set tine - re- su n t
equal to zero , this is equivcr l ent t e e  f i n d i n r g  th e - point along the~ surface-
where the pressure as defined by eoua t ion (71\ is a minimum . Letting

= cot 0 , it is found , after some alg e- b r r , that U mus t satisfy the
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re-l at ion :

- 2
c- m m  2 -- — -: t r n ir iS se-ch -

~ — 
8 t a n  -

s u n  2U tc r n h  6 + 2 - 4 
— 

2 t a n  1 ~
sin S ii

which is  ar - ru l~r g e u u s  t o  e q n n . r t  i e e n  ( 58) t a r  t i r e  e i i s e  ot  the I re -c -  cone . Thus ,
again  we I m d  t i r c i l  t i r e - s i n g le f o r  which tine- pressur e is m i n i m u m  v a r i e s  w i t h
h o t h  .c c rud F , wi  t ir -r = 90 ° c n n n s i ng C to have i t s  m i n i m u m  value (just under

—5) a t  (I = 90 ° —— t he  Ve ry t o p  i i i  t i r e  limb. u r i s  is c lea r ly  i l l u s t r a t e d  in
Fi gur ~- -e 8 - m n n d  ~~ , u s i n e  Fe e q u a t i o n  (73) is p lot ted for two values of B, w i t h - n
rc t in c  us :r p u r m n c - t e - r  . Co n r p ar i s o n  of t i r e - c e  two F i g u r e s  w i t h  Fi gu re -s 6 and 7
r e v e a l s  r qe i l  I t c r t i v e - ~~i c ~c i c r i t v  in  t i e  g - r r e - r c i l  c h a r a c t e r  n e f  t h e  curves
shown , ce n t  ris e ii i p h i  I i ~i c ~ s e ’ i n r e - dram er t Ic d i f f e r e n c e s .  For example , f l O t e - how
f 1 ~~t t i n e  c e n r v e ~ at  F i t e n r e s  8 and 9 cm r e f o r  0 b et w e e n  0° and 40 ° , and a g a i n
b e t w e en i c ~~ n o d i N f L . Th i s  r e p r e s e n t s  a v e r y  h igh  p r e s s u r e  region (C > 0)

- u i n u n n i n g  ~~ e l l l e  h LiO ° at  a rc  c i l i c n n g  t h e  lower ha l f  of t he  c i r c u l a r  cross sec t ion
ic ; e n i t a c t  w n  t i r  t h e  f l a t  s u r f c n c -e ( n o t e  t h a t  an i n s c r i b e d  angle has t i re  same
c e l S t l F e , i n c  angle  deg r ee s , as h a l f  of i t s  i n t e r c e p t e d  arc , in arc d e g r e e - c ) .

- - r ii be tween  40° and 140 ° the  p r e s s u r e  drops  o f f  q u i t e  sharp ly ,  and t h e r e
r e c c u l t s  n s- i g n i i f i c - i n t  low p r e s s u r e  region f o r  t i-re r emain ing  200° of arc .
i n c u s , Fig~n re-s 8 and 9 r e i n f o r c e  ti -re  concept  t h a t  l a rge  fo rces  exis t  w h i c h
ten -rd  to d i s l o d g e  a l i m b  franc a surface with w h i c h  i t  is in c o n t a c t .  In l i i i -
p r o s e - n t  e - e r n t e - X t , such  f o r ce s  ar ise  as a r e su l t  of caus ing  a h i g h — s p e e d  f low
t e  s t g ~n n m t e .  La te r  on , we shall discuss (in princip le , for the  m o m e n t )
r d d i t  t ona l  t o r c o s  t h r a t  a r i se  as a r e s u l t  of caus ing  a f l o w i n g  st r eam of
f l u i d  Lo s e p a r i t e -  f r o n r c  (or to f a i l  t o  f o l l ow  the  con tour  o f )  a sol id  s u r f a ce
- s i  t h  w In te in it i s  in c o n t a c t .  N e u t c  f u r t h e r  in F igu re s  8 and 9 t h a t  the
m i n i m a  of ti -re cu rve -s shown also drift to the right (increasing 0) w i t h  d c -—
- r e -o s  ing ang le of a t t a c k , and that their m a g n i t u d e  increases. As was the
s a s e  for tire free cone , t h is means that the point of minimum pressure moves
l ee — w a r~i as the  ang le of a t t a c k  decreases (as does the  co r r e spond ing  p o i n t
of f l it-: sc -p r r - n t i o n )  and t h e r e  is also less p ressure  to be recovered on the
back  s id~- of the  l i m b  as i ts  axis  comes more in l ine  w i t h  the  i nc iden t  f low .
I i r e s e  e v e - n i l c i  me r e -  dependent  on the ang le B in accordance  w i t h  e q u a t i o n  (80) .

Summarizing , then , the essential analytic findings of this section , ccc-
see :

1) t h a t  pres sure- maxima occur at the point of contact be twee n a conical
surface and a f l a t  restraining plate , varying in magnitude from p at

ci = 0° to  p + ~ cU~~ at ci = 90 ° and caused b y s t a g n a t i o n  of ti -re f l ow

-it  t h i s  p o i n t ;

2) t h a t  there is a h igh p ressure  region spanning  nea r l y 160 ° of arc  a long-
t i n  lowe r ha l f  of t i re  c i r c u l a r  cross s e c t i o n  in c o n t a c t  w i t h  a f l a t  sur-
face

3) t~~e i t  t h er e  is a r e l a t i v e ly n ic e-p low pre ssur e - Fe n ci oni spannin g nearl y 200°

~~t ore : a l e - r i g  t h e  top of the I i e l , . u l m c , su c i n  t i r u t  t h e n  e- r es in ts a rithc -r

-54
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subst crutial net t o r e - c - t l r a t  c r c t 5  ten  l i t  t th e d u n n - ( n c r  d i s l o d ge t i r e  l i m b )
f r on r  the  su r f a - e- w i t h w h i c h  i t  i s  in  e o r i t c e t

4 )  t h at  p r e s s u r e  inn c n i n n ; r  o c cu r  ne-ar  t i n e -  t op  of t i n e  1 imh and mo ve le- e -— w n i rd
w i t h  d e c r e a s i n g  ang le- ot  a t t a c k  ci t  a r a t e  m i l d l y d e p e n d e n t  on the  cone
h a l f — a n g l e .  t I r e - s e - p r e ssu re -  m i n i m a  e e e r r m - s p o n d  roug hl y to p o i n t s  rn e c r r
wI r e- re - tine - f low will separate , and t i ne-ir value l i eS  h e t w e - e - r r  p and

5 -)

p — gU~~~, depending on c i .

SECTION V ii

THE EFFECTS OF FLU 1D VISC OSITY

Tine si gnnific cr nce of fluid vis ceesity in the real world can he dramati-
cally i l l u s t r a t e d  b y a sinr np le cci l e-u l a t  i on,  l e t  us cons ide r , f o r  ex am p le ,
tine t o t a l  c r o s s — f o r c e  per u n i t  l e n g t h  of cone p r e d i c t e d  b y the  i n v i s c i d
theory  ot Section VI , in the  special  case n = 1. For t h i s  case , t he c ross—
force per unit length nnay be written:

r 2/n
f = I (p )cos 0 R dO (81)

su rf ace
0

where  P f is d e f i n e d  by equa t ions  (52)  and , more g e - n e r a l lv , ( 5 4 ) .  i . e— . ,

Ii 21p = p + C I - si- P U i ( 8 2 )
su rf ace o 

~L- oj

C = sin2 a 11 - 4 sin
2 

~1 + 2 cos B ran F sin 2cc + C (83)
P L J s- U

S u b s t i t u t i n g  equat ions  (82) and (83) into (81) and p e r f o r m i n g  the  i n d i cat e d
integration leads to the result:

f = irpU s in 2cr t an  F ( 8 4 )

which is a force acting in the x—y p lane , located  m i d w a y  be t w e e n  t h e  normal
to the axis of revolution of the cone and the normal to the wind direction
(see Allen and Perkins , 1951). Examinin g equation (84) more closel y , cent -
sees that the inviscid theory predicts that f = 0, i.e.. there is no net
cross—force acting on the limb when F = 0° (that is , if the trunc-cr ted cone
reduces to a simp ly r ight—circular cy linder) or when -cc = 90° (t ln cnt is . if
the truncated cone has its axis at right ang le-s t e e  the ’ incident stream) .
Cl ear l y, this result is nonsense- , for it says , in c- I I c - c t  , that there - Is no
such t i r i n g  as drag. This t ype  of r e a s o n i n g ,  lo ge - t i m e r w i t h  s c e n e  s i m l u l e  cx—
p e r i m en t n i l o b s e r v a t i o n s , is what  led P r a n d t l , at  t ine  t u r n  of t i l e -  c e n t u r y .

37
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Ic) formulate iris classic theory of the beundary layer. Essentially, Prandtl
ar g u e d  t i r a t  no m a t t e r  hro w sn n n i l l  t i n e  V I S i e i S I  t y  of a f l u i d  was , and no m a t t e r
row h igh tine Reynolds number of t ine t iuw was , t he c-I f e et  01 f l u i d  v i scos i ty

c o u l d  ne) t l e e’ neg l e c t e d — — t h a t  is , the  f l o w  cou ld  not  be considered to be
ir r v i s cj d  in t i r e  i n in red ia te  v ie  in i t y  of ci h o u n d i n g  s un  ic - c- . P h y s i c a l ly ,  t h i s
is d ue to t i n e - n a t u re - of f r i c t i o n a l  i n t e r a c t  ions wi -r ich  t a k e  p la ce b e t w e e n
t lu id  and s u r fa c e , l e ad ing  t i e  s i g n i f i c a i n t  losse s of k i n e t i c  e n e - r gy .  The
lam-n t e n e r g y  h e e onr ies c r i t  i c a l  i f  t i n e ’ f l u i d  11 55 cn g c i i n s t  an adverse  p r e s s u re
g r :r d i e n t , i . e . ,  if the pressure increases in tire directi on of flow , as i t
ni e c e s on ti -re- lee side a t  blunt bodies (see l- i gure’s t i , 7 , 8 and 9 for B >

9r1 ° )  . In such cases , tIre- fluid nearest tee the surf n c e- fleOV i e c i v e -  i n s u f f i c  i e - c n t
em n e -rgv to trove - I ‘‘uphi 11” and it theref ei re- t i  tine- r cannes  t o  r e - s t  or r e v e r s es
its direction ~uf motion under tire inflcrence of the adverse i e r e -ssu re grad—
iennt. W inen this incippens , the fluid still moving downstream losses contact
with the hound ing su nr fcrc-e and we soy that the flow has ‘‘ separated” , or
failed to follow faithfull y t h e  contour of tine boundc erv to which it war-n
ori ginally attached . -

The phenomenon of flow separation is the inm o st important aspect of high—
speed flow over blunt bodies of revolution. Un lee rtun ate lv , it is also the
most difficu1t to h andle anal yt ic -all y because of the nonlinear elliptic
nneturc of t ine problem. Thus , much of tine work in this m i re- u during the pre—
l a r g e — h i g h — s p e e d — c o m p u t e r  V e c n r s  was e x p e r i m e n t a l , and the theories feurmu—
u~n ted were semi—emp irical. For ins tance , te e correct e q c n c r t i e e n  (84 ) f or
the observed effects of fluid viscosity, an additional term was simp ly added
l i n e a r ly to t he p o t e n t i a l  f l o w  s o l u t i o n . Th is t e r m  i n c l u d e d  an experimen-
tally determined “drag coefficient ”, defined as:

“viscous ” drag force per

= 
u n i t  l e n g t h  of s u r f a c e  p e r  unit of ;e re ~e c 1 eL i are- i  (85

D 1 2 normal  te l  t he I low .
~ p V

In equation (85), the “viscous ’ drag actuall y includes two effects ——
one is due to the rubbing or shearing action attributable to Iriction be-
tween surface and fluid ; the- other is due to separation of tine- flow itself ,
which results in what is called a profile , or form drag. Profile drag is
not a shearing action. It is a net drag force which results from a hig h—
pressure area on the windward side of a bluff body and a low—pressure ci re- r
on the lee side, the latter being a direct consequence- of f lo w -  s e p a r a t i o n .
In other words , the hig h ener gy losses associated with s e p m  rcr t ion cf the
flow do not allow for t ue comp lete pressure recovery shown ide’allv in
Figure-s 6 through 9 by ti-re symmetry of the cur es with respect to their
respective minimum value . Instead , there is a significant loss of pre --n n - nc nr e
energy on the hack side of a blunt body, such that the pressure distribution
in the separated region of flow mci longer balances that on the front side of
the body, and there is a net pres sure- drag due to viscos ity, in the problem
being consider ed here , profile , or f o r m  d rag  is by fcr r tire dominant frctor
in equa t i on  ( 8 5 ) .  T h i s  was discussed i-nrr lier in Section 111 (Preliminary
Assumptions) and is i n rpor t ar r t in  tha t  it allows C

D 
to  he h a n d l e d  a r r s r l y t —

icall y cix described later.
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R e c a l l i n g  that V = U s i n  -
~~~, aird no ting t i m i t  t i ne -  p r e e j e c t e - e t  - ( l u  I c n - - I U m i I

to  t i n e  f l o w  per unit lemng ~~hn i d  ci C O l i c -  e e l  i i i d l n i a  R ( x )  is , loc~~llv , 2i- ~t x )  ,

nuray write tire v i se~e u n i s  d r ag l i e r e c e in ee]u ~I t  ion (85)  u - c :

- 2 - 2 p e r  u n i t  l e n g t hI (x)  = p1 R(x)C (x)sin - (~c b )D o 1) on  s u r i a c o ,

whe re C
D ( x ) is t h e “ local”  drag c o e f f i c i e n t  at stat ion x , m u e c - i r n i  erg that it i s

a f u n c t i o n  of R ( x ) , as we l l  as t i r e  local  mean R e v n c n l d s  n u m b e m , ~V i - ( > c ) / ; . , and
tine Macin number , V/V*. V~ represents tire local speed o n  s o ur n d  a n d  J is the
viscosit y of ti-re fluid . Observe that t h i s  f o r c e  is in l e e  d i  r~~ e - t  i on  : V ,
such t h a t  the  tendency  is f o r  t i r e  f l ow  to pu l l  the- b l u n t e - h j  e c t  ~s I -  ~eg wi t h
it. Bearing in mind the discussion of Se- cti ie n V I re l i t i . e  t e e  n e  object in
con tact with a flat s o l i d  surface- (where it was s i n e w - I n  n c I t  ch en re s a r i ot
force tending to lift the obje- ct from the surf~ice -) , we mac m ow c o f l e  i u d e
t h a t  the  f o r e a r m  in contact w i t ir a so u l  arm rest is subjected to forces
w h i c h  tend to p u l l  i t  up (awry from its support) and out (away from tire
thorax) due , respectivel y to the generation of li l t and d r a g  f o r - es in  t ine
ceenfiguration described . This result is in agrc enrm e :nt with w ind tun n el ex-
p er i m e n t s , which  have sinown a di stinct upward and outward mention of the
forearm when subjected to conditions similar to th rose .c simulated here
(Brinkley , J. W ., personal comnrunicationr , and 1974 reference).

The Determination of C
D

In general , the drag coefficient is an experiment all y determined quail—
tity . Allen and Perkins (1951) suggest a means for estimatin g this m j u m e c l t i t v
for a slender body with vary ing cross—sectional area. They first define an

A
e f f e c t i v e  d ianne te r , D ’ = , whe re  A11 , t h e  p l a n — f  e e r n n  or c - .i ix  gi~~e n n  i v

2 R(x)dx , and L is ti -r e t o t m r l  l ength  of the  bod y .  Tinen , t I n ey i o t a  i n  a

0

t abu la ted  drag c o e f f i c i e n t  C D f o r  a c i r c u l a r  cy l i nde r  of d i a m e t e r  D ’ a t  t i n e

U sin c c ( p D ’)
c r o s s — f l ow R e y n o l d s  Number , —~~

-——---- , and t h e  c r e s s — f l o w  N i c l e  Number ,

U s in ml
0 

, Finull y ,  they correct C
D 

for tine effect of t i re I imn it e f 1 f l e - t 1~~ m-,5

r a t i o , ~~, as discussed (and for which tabulated data is pn i ~ ui t - U )  by

Golds te in  (1938 , pp .  4 18—42 1 , and 439)  and assume t h a t  t i re-  s l ender  hemu dv
behaves w i t h  e s sen t i a l ly the same c h a r a c t e r i s t i c s  as t in s f i c t i t i o u s  e- i r c u —
lar cy linder of constant diameter D’.
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Ke l l y  (H -e ) ref m e d  tire crpproach i ee l Al len and Pe rkins to m e n  1 ude
t r mi n u-u  i c -ni t o f t  e e t s  r e - l c r te ’d t i c  I low dc - y e -  l a p n r r - n t  ove r t ine-  h i I u n t  bod y . He do

i: s i n e X
- - a x
I l les  cn dmni n erns io nil e s s pcrrz n!nr eter , — t = ~~

- -
~~~~~~~~~ 

- -

~~~~
——- - —

~~~~ = — t a n  c , sue lrR R I cos R
0

that

2nn+ l
- - x 2m+lC = i. C —------— tan a (87)0 m 2m+ lnn =o R

wi n e -r e  t i r e  v a r i o u s  C are still experimentall y c-valuated e-oe- fficients.

In 1959 , NeIl ~ u (1959) p o i n t e d  ou t  that ti-re results of Allen , Perki ns
and Kell y were all st~rong ly dependent on the body f ineness  r a t i o  and t h e  

—

angle of attcrck , due to their basic inability to adequately predict the
magnitude and distribution of force-s resulting from flow separation.
Following reasoning similar to that employed in justif ying assumption 2 of
s e c t i o n  III , Mell o therefore proposed to model theoreticall y ti-re separated
flow re-g ino on the  leeward side of bodies of revolution. His model con-
sisted of sinnp le line vortices symmetrically situated (along the z—axis of
Figure 2) on t h e lee side of ci circular cylinder in a uniform stream , and he
utilized potential flow theory to define mathematicall y the corresponding
flow field. Mcllo was tlnen able to show that a simp le relationship existed
between the strength of the vortices and the viscous normal force acting on
t he  cy l inde r , i . e . ,

CN c
F 

= 
X (88)

2iiU c 8(z  — z .)

where :
F = the  v o rt e x  s t r e n g t h ,

C = the  f r ee -~~s t r e a m  v e l o c i ty ,
0 -

c = t he  r a d i u s  of the  cy l i n d e r ,

CN 
= the v i s c o n n s  no rma l  f o r c e  c o e f f i c i e n t  f o r  all the viscous

X normal force behind station x (see- Figure 2),

z = z—coordinate of rig ht—ha nd real vortex ,

z~ = z—enoordinate of right hand image vortex ,

t ine  s u b s c r i p t  x re f e rs t o  c o n d i t i o n s  a t  t h e  m i x i a l  s t a t i o n  x , and “ n orunn i l ”
means perpendicular ten the cy linder axis , x (i.e., in the direction of V ) .
Equation (88) thus defines CN as the drag coefficient due tee profile , form

or p r e s s u re - e l rc ig , which , as previousl y described , may be used te e nnppr oximate
tire cross—flow drag ci u e- ff le i ent due tic viscosity in eqtnnrt ion (86) . h ow-ever
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inn order to det erm nn i ne one nn nu s t know tine-  S t r c - u e ~ - t hi , 1, am -rd I or - a t  f u n  I —

z.) of vortices behind a cylindrical body . Again , nrmnch e :c i e e r i r e  c u t - r i  a n k

m cix bee -n i done in tlr is mire-c l cinJ anLnly t I c- s tud  i c - s  have- be g cm t e e  ccc rn - -

w e l l .  Notable among these I e~ t i - re  m a t b r e - n n n c n t  h e  al formulat i n n  0! S i n  ; -
~~ 

ey cr

(1968), wir e has attenrpted te e  dc-scribe thee physi cal c a -c m u m  i s m  w i c i c h i  u - r m t r e e ] s
t i n e - s e p n n r c r t  ion and g r o w t h  ij v o r t i c e s  beh ind a bluff bod y b e.’ tine use- i e f  - i

sophist ic ci t e d p nc te - nnt i cr l f l ew model . Su n jc kci vmi pre-~e- n n t s  I ris r e - s u i t  - inn t e - r m ~s

ec f ci pa r a n r e t e r  , where- I i c - s  between 1.0 and 2 .0:

F = ~ \ 2 
~~

line c i n u r c r c t e r i s t i c  t ime i n ter v a l , At , is o b t a i n e d  f rom a cons i d e ra t  ion of
ti ne - variation of pressure across the boundary layer at the point c - f  f l o w
separation , and V = U sin a as before. Vortex distribution behind t he

cy linder for a flow started impulsivel y from re-st was calculated usin r- c a
numerical iterative scheme , and early results compared favorabl y with the e
expe r imen ta l  data  available at the time . Such data , however , is seriously
locking for the type of geometrical configurations depicted in Figure 1 ,
and this would therefore suggest an important avenue of research to be-
pursued in future AMRL efforts.

In any case , it appears to be quite feasible to extend the ancri - -t ie
work developed in this report to include the viscous drag force - which
results from flow separation. Vortices of known (or assumed) str c- nngth u r: m m n v
be placed on the lee side of any of the configurations thus far e:.c .mi ned ,
and their respective potential functions added linearly to equation (28)
for the uniform stream . The surface pressure distribution may tiren be
read ily calculated from Bernoulli ’s equation once the velocity field given
by the complex velocity potential is known. And once the pressure distribu-
tion is known , the forces tending to disp lace the limb from its ejection
position may be determined in a straightforward manner — — eitine r pure ly by
analytical means or by numerical methods if the mathematics pc- Is too compli-
cated.

SECTION V I I I

CONCLUDING REMARKS

It has been shown in this report t h at one can approach the general
problem of limb flailing during ejection by c- -instructin g a simp lified
model from which the aerodynamic forces exerted on an articulated body sub-
jected to windblast may be reasonably estimated . This model can be r rogre-x—
sively ref ined , made more sophisticated , and streamlined to pre evide impor-
tant data for both experimental and numerical studies of inuman body dvn ;rnnic s.
In ti -re e a r l y fo rm deve loped  here , the  body j o i n t s  t h u e n s e l v e s hn m r v e not been
d e f i n e d  and i t  would be des i r ab le  te l l ook j flt e e this in gre -nt e r dc- t ail in
order  to assess t h e  s i g n i f i c a n c e  of f i n i t e  l e n g t h  x e - gn nr e-n ts , end effects ,
three—dimensional contours and interactions which t i L e -  p l a c e  bet w ee n the
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I nn rul e s as a re-sui t m e t  t h e r m  j eni nt c ee r t n c e - e t i u c m c ~~. A l c c n r g  ti re u n an n ee - I i n n e - x , th ee-

veloc ity U must be viewed as t h e ’ re- coil t ant 01 nn n o u t e r  I l - e ~ - t I e d in -s t i n n i e r —
go nic - sped r i c c  i n t e r a c t  ions wit l n  either bod y se-gnm ee- nts I c e - i  O l e -  i t  ,rotnia l lv inn —
I) i n~ c’5 impeni .1 p ivemn li m b , and this is cnn  arc -cl whi ch h~ s n e t  ye-I be on m
enxp t e e  rend. W~ rc n c n it jeint en el ~~t b r i e f l y  c i t  t ine ’ end o S c - c t  i o n  11 vi th re -s i c- ct t i e

eqen mt ion  (11) and again after equation (55) in Sea ti - a nn VI , wh en t i n t - pie —a C c

a torso a-mis discussed rel a tive to the angle- of attack a t  whicir the lend
_ i l e i e r e ) a c l n e s  tine f en nc - - e r n : c

In ret ining trio timeory , an ne  nn ig int  iils e hack—track te e  e x a m i n e  rnno r e -
d l u e x e l y tire cornseqeie - ni e ’e-s at other assunnpt i e e i e H  made in Se ct ic e m n III. For
excrn :m je ie - , L i n e ’  re e nghnne ss e e l  tine surfac e ove- u wh ich tine fluid I lows (au n i e n i n  c i v ,
in p i n  I , h eem -Jcm t e e the type c l  clothi ni c e eing worn by the pilot) man y le O] I c  -
c e r t a i n  tyleeS c f tctrbulenL l ,e ir mre. e i o r that is not neg ligible- . S i m i l a r l y, cu t

Nn rc n r neimcrberc, e-xcced i r n g 0.5 compm cssihilit v e t !  c O t s  sin ceu ld certainl y be
i n -  L d c d  atm ~~em m e e - pc iin t in the analysis. And finall y, althoug h tine - prose n t
re - c L  hn , i s c e e m n c e n t  l a t e - e l  specifi ema llv on tine I ,e r eu rn n , the t i r eo rv could be

~l e \e e Le 1ee d in a immor e gene ral fornnn for st rai g im t rc erw - ard e ’xt e- rnsi on to tt ie~ o ti ce r

1 i n : e i e e ~ of Line he ad y an-rd to eutiner bod y pe:csi tiomns (e.g. , ho 1di-~~ a D—ring, -anne
lin cib press c ie against another — as ti-re upper arm against the ~orso , etc.).
l i r e  f o n n n r d . r n  i e r n  for doing this lies in Section II (Tire Anal yt ic Body Mod el)
crud inn t h e n  g e n e r a l i z e d  comp l e x  v e l e e c i t y  p o t e n t i a l  of Section V.

le er the innnnne dia te future , - me w- ever , it would seem l i e u  the inclusion of
flow scparation eftects as discussed in Sec tion V i i  sinould be the next lccg i—
cal step in the e nnn athemati em rl analysis. Separation e e f  t i n e  f l o w , togethe- r
w ith tine appearance 01 stagnation points in tire fluid p res ent t h e r m m s e l v e s  as
first order c-fleets responsible for tire - generation of limb—dislodging feCi Ce5

that result in flail injuries. The former g Ives rise te e a pressure g r a d ien t
that tends Ic ’ drag t h e  l imb along with the air flow , and the latter results
in a pre u ssni re gradient that tends to separate tine limb f ro n n  a surface- with
which it is in contact. Both of these effects are funct icerr s of tine square
cci tire velocity of tine incidern t stream (see equations (H9) and (76), for
examp le) and so they become rather significant at speeds near sonic.
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F e e r e . r r n i n  \ ‘ u e t c ’ r  r e m  E I i ~e i ~~ jo in t , A , t o  Wri st e e i n !  , B.

A 1, P 1 n n n — ! o m m  A r e - - c = 2J R (x) dx .

Tota l  \ ej sceux drag cuen t f i e i e i m t .

C
0
(x) l.ocnm l Dr c r, ’ Poe-f l i ci e- nt mi t station x .

C
N 

V iscous N n i r m a l  }“e u r r e C e e f f  i cienr for all t im e viscous n - u r nnnl
x behind stat ion x : Drnr g P o e - I  ficient h e c- t i e  e r , f i Ic , fo r m , - r I ’ r c s —

sure drag.

C B e r n o u l l i  Con s t c n m n
0

C 1 - x j e e e ni nmc e n utcm l C c u e - f f i e i e r n t s  in t he  se - r i e s  e x j e a n c n —  Penn - e l  P
m I )

p — p
Surface Pros-cure (c~efficient = 

~~~~~p1

C~ Surf u-c Pressure- (e e c- fficient due to fluid of velocit y U ire~)n! e c~~ng
a=O upon conical su rrf a ce ly in g paral h e

_
-i to I i c  stre em .

D I Ef Ic- -tive Diam eter = A i e / h
~~

E The p o i n t z = 0 , y = c .

G The point z = 0 , y = — c .

• GE Chord  l ine  r e p r e s e n t i ng  in end view ti -re  s u r f a c e  of m i t  c r s oc ~ i - en

be tween the forearm and seat  re - s t  a ga i n st  which it is pressing.

L Total  length of a rb i t r a ry  b o d y .

P Arbitrar y p c u i n t  in space.

R ( x )  F o r e a r m  - r e e s - c~- s c c ti on a l  r a d i u s  a t  l o c a t i o n  x .

U V e l e o -  i t y  of air stream ap p re c m i c h  in g fe — rearm = i + tm ’~~ + U 3k

U X— compe e nni- n t e e l  U , p~ ra li e -i to 1 m u  c r - m n  t c -ri i n e .

U Mc~g r u  I tnnde e u f  I
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t X ’ _ c e m : m l e e u n c e n i t  at ( ‘

I’ 
~ 

\ ‘ — e e n m p a n en t  ci f V

I’ mm — - amn np onent C i  I

V V — e ’ e ) n n n p o n l c n n t  ccl I , e m c es s— I low veh e ec i t c

L o e a  1 cc t ee-en d C e f s i c  unid

a R a d , c r s  e e l  circle - tangent ted y — c u x h s  = a(:-m ) for a cone , (n = 0) .

cc Radie nc- of f m - -~- cy linder (=5(x) for n = I ) ;  c\lscc , the cceee rdin cn te e-e

of tine- int e roe- ct ion of ti-re truncated com e wi Ui t h u e -  v — a x i s , w h i c h
e e c m ~~~t j t t n t e ’ s  t i r e  c i n e e r d  line PIT.

Cr oss— th er e - c- per uni t length of s u r f a c e , no t  m c i  r i d ing  t h e  e f f e c t s
of  flow- s e p a r a t  j e er i

I D ( S)  V i sce iu s  d rag  f o r e- c- p e r  em i t  l eng th  of s u r f m n c e .

i c — I  ; Also nsed as a superscript (from 1 to 15) t e e  d~-si gn a t e  a
p a r t  i c u l c m r  bod y sc-prune-nit ; Atsee u sed as a subsc r i p t  to des i g n i t e
that the quantity is the image ( e . g . ,  a v o r t e x  image)  o f a
quantity previousl y spec i f  led .

i Unit v--ctor along t h e  d i r e c t i o n  of x ’ .

j S u b s c r i p t  f o r  x — v — z  axes , i . e . , j  x , v , z .

U n i t  v e c t o r  a long th~n d i re c t i o n  of e.’

— k Subscri pt used te e designate a particular body joint.

k [m i t  v e c t e e n -  a long  the d i r e c t i o n  of ~~~~.

= Le ngth of f o r e a r m  f r o m  e liee ew t e e  w r n s t

nr m S u b e c c r  i pt  used as a” index feir tI re ce c eff i c ic-n t  S C
m

n Used as mn ge -ne rmr 1 i ndex  f o r  i n t e g e r s  0 , 1, 2 , .

Also used ms a p a r cc n m m e -ter in ti-re comp lex velocity potent ial of
Section V.

o U s e d  as a s u b s c r i p t  to dc - c -c ignate f r e - e - — s t r e a m  c o n d i t  i o n s

p F l u i d  p r e s s u re- 



p I l e e — n - c t re - , r n c n pressure-
C

Sti nt c cc-  p r c - s s e r r e  c i t  cn n nv m r x i m m l  s t a t i o n  wire-n  a t r m n m n c a n ~~J c - - ne: c i e n —
c 

I i~-ei r - c t u i i - r  t i e - m ~ a-jI m its is i s p n r n l l e - 1  t e e  an in- :iden u t str , e lm of
I l u i d .

q > 1 - e g n i t u d e -  ol f i e n d ve l o c it y  c m l  a spe’ei f !e-d p c e i n t  in  t m e e -  n 1ee ~’ ,

-) _c )

q = in ÷ v .

r R a d i a l  c e e e e r d i n a t e ’ in cy l i n d r i c a l  ce eo rdi ni mn te- s y ste m : , r2 = c- 2 
+ z 2 .

r
k ( t )  Radice s  v e c t o r  drawn freem t tm ee origin e e l  an i n e r t i a l  c o o r d i na t e

syste -ncc te e t h e  k ’ t in bod y j o i n t  (1 = e e f l e o w . e \ ;  2 = w r i s t , B ) .

t Time co o rdinnmt c- .

u M e g n i t u d e -  of f l u i d  v e l o c i ty  in t i n e - v — d i r e -c t  ion ci t  an a r b i t ra r ~-
p o i n t  in t he  f l o w .

v M c r g n i t u d e  of f l u i d  v e l e u c i t v  in thee- z — d i r c - c t i o n  a t  an c i r b i t  n m c r v
po in t  in t he f l o w .

v Velocity vector at crr arbitr cm r - c- point in, the H e e w  = a V e e t o d
having  c o m p o n e n t s  u and v along y and z , res p e c t i v e l y .

w Comp lex v elo c i t y p o t e n t i a l = ~ + in4 .

w Conrp lex C o n j u g a t e  of the v elo c i ty  p o t e n t i a l  cc; = — i ,.

x Coord ina t e  ax i s  c o n s t i t u t i n g  the  c e n t e r — l i n e  c-f t he  l i m b  when it
is f r e e , or ti -re l ine  of con tac t  between the  l imb and a solid — m m r —
f a c e .

x ’ One of the c o o r d i n a t e  axes of an i n e r t i al  coo rd ina t e  syste ’m .

x A s p e c i f i c  l oca t ion  a long  the  l imb .

v C o o r d i n a t e  axis  chosen  so t h a t  t i n e  f lu i d  a p p r o a ch c -s t h e  l i m b
p m c r m n l  Id to  t h e  y — a x i s  . in t i r e  s—v p lc mnl e-

A second c o o r d i n a t e  a x i s  in an i n e r t i a l  c o o r d i n a t ~ svs t c - -c -

z C o o r d i n a t e  a x i s  p e r p e n d i c u l a r  t e e  t I C  x— v p la ne- .
x—y—z c c c o r d i n a t e  sy s t e m  j s  fixed t e e  t h r e  l i m b .

z ‘ Tine t h i rd  coord  m a t e -  a x i s  in t h e  i n e r t i a l  e- u ccn r d i n c r t o  sv st  c-rn ,
x , —y ’ — z ’ .
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e c e e  I t  c c l  t tt :r c k ccl I r~- L r t  i d e  t e e  l i n r u i n : r ee l - c n (t) ~~~d) ( 1 ) . 1  
-

j  B

- V
I an  - r =

i - - n ~ - c rm ce ene  hal f— min p i i : : Tan ~

S t r u m m er Function of t h e  f l o w .

I - P o t c - n t i c n l  l - n n n c t i i c n  f r  t h e - v e - l e e e j t v  c -f the fle e s - : v = —

Uni t vector defining the j ‘ th  c c c o r d i n a t e  c r x i s  (j  = X 1 , z )  of
t ine i ‘ t h  bod y segnnen t  ( i  = 1 L e e  15) mrs  a f u n c t i o n  of t i c - m e .

A
U 

U n i t  o c t e c r  d e f i n i ng  the  d i r e - c t  ion of t h e  air stream a p p r o a c h i n g

t ine  f o r e m r m m : U / U
0

- r i  (r ,/ r 1), where r 2 and r
1 

mire-  i n t e r s e c t i ng  r a d i en s  v e c t o r s  f r e e r n

p o i n t s  G and E , r e s p e c t i v e ly ,  d e f i n i n g  t h e  p o i n t  P in  s p a c e .
T h is  is one of the coaxal  c o o r d i n a t e s .

-
- A p c r r a n n e t e r  h a v i n g  a va lu e b e t w e e n  1.00 and 2 . 0 0  and a c t i n g  as a

p r - a p a r t  ~c ) n a l i ty  c o n s t a n t  betw ecen t i n e  \ n e r t e ~~: s t r e n g t h , t h e  s q u a r e
of t h e  f l u i d  v e l o c i t y  and a c h a r a c t e r i s t i c  t i m e  i n t e r v a l .

ii F l u i d  v i s c o s i  t v .

Fl u i d  mass  d e n s i t y .

O A z i n n u t h a l  c o o r d i n a t e  ire  cy l i n d r i c a l  ce e e e r e i i n a t e  s c - s t e m , t a n  0 = — .

I’he ang le 0 is measu red  c o u n t e r c l o c k w i s e  f r e e n m  tine positive —

axis.

— 0
2~ 

where 0
1 
and 0

2 
are  the  angles  w h i c h  r

1 
and r 2 make ,

respectivel y with the y—axis . This is the second ref the two
coaxal coordinates.

6 The ang le -
~~

- cot 0.

The complex variable y + iz I c  cot  ~~
- = re lO

.

/ The connp lex conjugate of x ;  = V — iz = —i c cot = rd
i6

.

The complex  v a r i a b l e  -ç + iq .
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ç Ihie c u u r m l l ) l e - x  c u r t  j u u c - e te - of ~ = 1, — i r~ .

l i n e - I r.  cci h e  c t  e e l  c i - r - i t  e - r

D e s  i g n n . r  I e S  1 ci f i r m  i t

‘tine St  r e ’n g t l n  c i t  ci V - n t  i- -..

t i- n-c 1 g m n r t  u - s a sun nunn i r t  P en

i ) e~~ i g n i c t e s  ci d i f f e r e n c e -  bet~~~’ e  ni t h e  t n - c -  q u c i n t  i t i e s  I o i  h e w i n g .
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ncNi i FER ! K c ) n ; R A M  FOR C-’~Lt :tl-\ T lNP ANI c i’LOUfIN (, S I R L A M  FI NC h I c I N S
[WiN N l - : I u  BY i-T L~IiA i Ic )N (3 - c) iN tilE i px_ i -IA i E R I A L

A PP [NI 1

DLII .13 cet ,CMI I B1I)O() , sr c s l ~. 1-7 3 1 ) 5 3 3  hIKI N C ART
\ i  !A C H , I) I SS1’LA , ii )~~X e e c r 1 1 1  ,5N~~AF 1i .

L I B R A R Y , D I S S i d i \ .
F U N.

i _ Go .
m i Ni ,  I N

es  )c ; i~-\M Fi c i eSt l N h I ’ i , m ~~j PUT ,PLFILE=O)

CALL (NJ > !l’kS
I .-\LI c c N I ~I~ (1)
c A Ll .  CR OS S
CAL. n I T L E ( 1H  I — i , ‘‘V , l , ‘‘ Z’’ ,20 ,10. , 7 . )
CALL CRAPI{(—5 .,1.,0. ,l .)
CALL CIRCLE 000lt,u
P1=355/113. OOul7O
A=1 00015u
U =l  000190
API=A*PI 000 2 0 1
APIJ=API*tr 000210

30 6 K=l , 2 (0 0)2 15
DO 6 M=l ,70l ,25
CALL R L N K 1 ( 8 . 9 , l O . 0 ,0 . , 7 . )
CALL i li N 5 2 ( 0 . , l ., 0 . , 7 . )
r F ( L . E q . 2 ) CALl.  B L N c T ( ( 0 .5 , 9 .0 , ) . , 7 .)
F=—1 01) 022 5
I F ( K .E Q . 2 ) F=l 00 1)22 6
P S U B A S I - ~~ 1Cc .005
KK=0 OOu2.0
P s I V = P S l - - e : -+ . 01
PSIL=PSIBASE— .01 1)00260
00 5 1=1 ,11)1) 000270

- - I  H c i e , l O e e

00 4 J=1 , 1 ) i )  0tj0290

Y= .u25*(J_1)~eF
00031 0

F l Y = A P I * Y / R S c )  00033)
F 1Y = \ i d i * Z / R S Q  000 1 30
[1= U A N ( F 1Z )  h O c)  3 0
F 3 = C n i S h l  ( F l Y )  000350

I AN!h  (FlY) 000 3o0
i~:i h =A P U *F 2 / ( ( F 3 * F 3 ) * (i :  0 i±[2*F’2)) 000370
1F (PST .1.T .PST (i\Si- ) Go It ) L~ 000 30c m
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I F ( ( ( Z _ i ) * ( Z _ 1 ) r u *Y) . 1 , l  . 1)  GO 1(1 ~ j e J e Y~-
I F ( P S  1 . 1 1’ . os ~n, .-\Ni) . ~sr .t;i . I’ST L) [Al l. D RA P I V _ ,Y , e iiel )h m i l )

I F ( P S I .L ’ F . P S I I ’ . A N I c . i ’ S E  .~ -t  .P S T L )  Go ro 5 c j c , m )~~~1t )

c ( e ) e e m 3~~m )

5 e e l ~~~ Ni i- (3)31)530

C A L l .  RESET (‘‘ PU NK S ’’
I F ( L . EQ . T )  GO 11) 10
(~-\l L M IX  \ I i  c ~~~ I S ”)
IF ( K . E Q . 2 1  CALL Mi - :SSe \ G( ’ ’( Y )  -ee ” S D D Z L A S T )
I F ( K . F:o .1) ( h-\I i _ R I T A )  N o ( I ’ S T 8 - \ s [ , 3 , ” \ I 1 I  ‘‘ , ‘‘ AB!’~1’’’)
L= 2
GO TO 6

1)) L= i
Ce ) N l  D D E  -~ c - c

Ce\LL I T N D P L  (0)
CALL l ) e ~ \ f T P J
SLOP
END 0 ( m ) 58 c c
SUBROUT 1N1-  T)RAI—’(Z,Y,KK)

‘ c) ’fI -ION Y L A S S  , ZLAST
Y=Y±5
T F e K K . E Q . O )  YLAST =Y
I F ( K K . E Q . O ) ZL ,- \ SU = Z
I F ( K K .E Q . 0 )  CALL STRTPT(Y , Z)
CALL c 1~~~ D e I d i  (Y ,Z)
KK” l 003530
RI-TD’RN PD~

, 560
EN D 0 0 15 7 0
S I ’B R O U T  [N C  ( 1  F C h i - ~ 000580

D I M E N S I O N  Z Z ( l O l ) , vY (l01)
DO 1 ~=l , cO 3-31)611 0
ZZ ( l )= .04 *I (L I- l u)
ZZ (5O -i- I )~ ’2 . -ZZ (I )
Y Y (r ) = s Q R T ( l . _ ( z z ( I ) _ l ) * ( z z (j ) _ 1 ) )  O U i c n 3 O
VY ( c o J - f  I =—yy ( j

~ 
C 5,

t O N I  I X )  1 000650
DO 2 1=1 . 100 ( M O l h S  I

2 CALL c O N N i i ( Y Y ( I ) + N .,  ZZ( I ) )
RET U RN 0 0 0 c S e i

000c’ j e l

e~

~ 
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