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INTRODUCT ION

This report is a brief description of the main aspects of a cqmputer simulation
model designed to mimic air/ground communications in an air traffic control
(ATC) sector. The model was developed through a joint effort of the National
Aviation Facilities Experimental Center (NAFEC) and Princeton University to
apply fast time simulation techniques and methods of time series analysis to
ATC problems (references 1 to 4). The model has been validated with field
data obtained in 1969 from the New York Control Area and additional infonna—
tion collected from the Houston Control Area in 1971. The model is presently
available in a software package adapted for use in computer facilities at
NAFEC. It can be used to simulate the following nine sector functions:

HI — High—altitude enroute (radar controllers)
LE Low—altitude enroute (radar controllers)
LT — Low—altitude transitional (radar controllers)
GN — Ground control (tower controllers)
LC Local control (tower controllers)
LG — Local ground control (tower controllers)
DP — Radar departure control (IFR (instrument flight rules) Room radar

controllers)
AD — Radar arrival/departure control (IFR Room radar controllers)
AR Radar arrival control (IFR Room radar controllers)

In the following paragraphs, we describe the structure of the model, input
variables, output variables, and some possible applications. More detailed
descriptions can be found in references 2 and 3.

DISCUSSION

STRUCTURE OF COMMUNICATIONS.

Before proceeding to a discussion of the model, some formulation of the
structure of air/ground communications is in order. An air/ground conversa-
tion normally consists of several transmissions (TR’e) alternately initiated
by pilot and controller. In keeping with earlier work, a whole conversation
is referred to as a communication transaction (CT), so that a CT consists of
one or more Th’s. The reader is advised to eep the distinction between TR 5 s
and CT’s in mind .

Obviously, while an aircraft is in sector, there are several CT’s between con-
troller and pilot as shown in figure 1. From the standpoint of communications,
we adopt the attitude that an aircraft arrives at a sector with the beginning
of the first CT with the ground and leaves the sector at the end of the final
CT. Between these points in time, the communication between a single aircraft
and ground usually consists of several CT’S and gaps between CT’s. We refer to
these gaps as intercoum~unication gaps. Referring to figure 1, it is apparent
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that the number of intercommunication gaps is one less than the number of CT’s,
so that specification of either automatically determines the other.

Figure 1 is essentially a picture of air/ground communi~atlons from the point
of view of a pilot. Since there are usually many aircraft in sector simulta-
neously, the communications picture from the point of view of the controller
is just a superposition of several diagrams like that of figure 1. This is
demonstrated in figure 2 for the case where the maximum number of aircraft in
sector between time 1 and 2 is two. Obviously , the gaps between CT’s from the
viewpoint of the controller are normally shorter than those experienced by the
pilot of a single aircraft. In order to distinguish the former from the latter,
we refer to the gaps experienced by the controller as intertransaction gaps.
Thus, the pilot experiences intercommunication gaps, and the controller
experiences intertransaction gaps.

STRUCTURE OF THE PROGRAM.

The simulation model exists as a computer program written in the GPSS V and
FORTRAN IV languages. It is designed to mimic second—by—~;econd behavior of
sector air/ground communications over periods of time in the order of hours.
A flow chart of the model is displayed in figure 3. As indicated by the blocks
of the chart , the model performs nine basic operations. These are described
below.

Aircraft arrivals (block 1) at the sector under investigation correspond to a
sample function from a Poisson process. Stated another way, interarrival
times are modeled as independent exponential variates with a common average
(AMEAN ) expressed in seconds. ANEAN is an input variable that specifies the
average rate, in this case , 1/ANEAN aircraft per second , with which aircraft
enter the sector.

When an aircraft arrives at the sector , it is assigned a number of CT’s
(block 2) by means of a random sample drawn from a negative binomial distribu-
tion with shifted origin and parameters P and K, i.e.,

K+r—2 PK(l_P)r l ; r—l ,2,3 
K-l

For example, P and K might be estimated by the method of moments from histori-
cal data collected from a sector or group of sectors of the type being studied .
In addition to the number of CT’s, an incoming aircraft is assigned a mean
intercommunication gap length (MGAP ) (block 3). The natural logarithm of
MGAP is generated from a normal distribution . The mean (XM) of this distri-
bution is given by,

XM - Al + A2XN

where N is the number of gaps, one less than the number of CT’S, and Al and A2
are regression coefficients determined from historical records of mean gap
length and number of gaps obtained for many aircraft passing through sectors

2
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of the type being studied . The standard deviation (SD) is determined from the
relationship ,

CU-XM
2.5758 if A2 >0

SD -

XM-CL
2.5758 if A2 < 0

where CU and CL are upper and lower bounds, respectively, of the logarithm of
recorded mean gap lengths. These formulas are the result of examinations of
historical records that indicate the existence of patterns in the data of the
type shown in figures 4 and 5. The constant 2.5758 was chosen to Insure that
99 percent of the probability mass of the normal distribution used to generate
the logarithm of the mean gap length lies between 2 XM — CU and CU in the case
where A2 >0, and between CL and 2 XM — CL when A2 <Ø~ In either case, whenever
sampling from this distribution results in a negative number , the mean gap
length Is arbitararily set equal to 1 second.

The first CT assigned to an aircraft commences as the aircraft enters the sec-
tor provided that the channel (block 6) is available, i.e., a conversation
between another aircraft and ground is not taking place. Otherwise, the CT
enters a queue (block 5) on a first—come , first—serve basis. As each CT is
completed , the model ascertains whether or not all assigned CT’s have taken
place (block 7). If not , then an intercommunication gap length is randomly
selected from an exponential distribution with mean MGAP seconds (block 8).
If It is determined that the CT just completed is indeed the last of the
assigned CT’s, then the aircraft leaves the sector (block 9). At any rate ,
the end time of the most recently completed CT and the length of the sub-
sequent intercommunication gap determines the start time of the next CT. Of
course , in the event that the channel is busy when the CT is scheduled to
take place, then the CT enters a queue and waits in turn for transmission ser-
vice. When the start time of a CT is established, the corresponding CT length
is determined in a two—step process (block 4). The first step of the process
is to establish the number of TR’s involved in the CT. This is accomplished
by a random sample drawn from an empirical distribution based upon data col-
lected from one or more sectors of the type being investigated. Thereafter,
the length of each TR is obtained as a random sample drawn from a gamma dis-
tribution with parameters a and A , i.e.,

ct—1 _ t / X
1 t c O Ct<~~Acir (a)
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The parameter values are obtained from two master equations (i) and (ii).
These are ,

(i) a A —3.70 — 56.88/ANEAN (General)
=2.97  — 15.12/AMEAN (LC)

(ii) ( ct —l)A =2.0 (General)
( a—l)A =1.7 (CN)
( c&—l.l3)A 1.72 (DP)
( ct—l .5)A =1.0 (AD)

where , as already indicated , AMEAN is the mean aircraft interarrival time in
seconds. Thus, If the LC sector function is to be simulated , then appropriate
values for ct and A are obtained from the two equations ,

a . A ~2.97 
— l5.l2/AMEAN

(a —1) A =2.0

A l is t ing of the program available at NAFEC is provided in the appendix .
This l isting together with the description of the program s t ruc ture  presented
he re is merel y intended to provide the reader wi th  some general idea of the
exis t ing simulation capabi l i ty .  Further details including possible modifica-
tion s , var iations in the manner in which inputs can be supp lied to the model ,
j u s t i f i c a t i o n  of model fo rmulation , e tc . ,  can be obtai ned from the cited
references.

INPUT VARIABLES.

As descr ibed , the model is character ized by 10 input variables , namely, AMEAN ,
P , K , Al , A2 , CU , CL , ~~~~, A , and an empirical d i s t r ibu t ion  for  the number of
TR ’s contained in one CT. AMEAN prescribes the mean interarrival time between
successive a i rc ra f t  entering the sector . P and K determine the distribution
of t he number of CT ’s , or equivalently,  the number of intercommunication gaps ,
experienced by an aircraft as it passes through the sector. The four param-
eters , Al , A2 , CU, and CL, determine the distribution of gap length. Finally,
a, A , and the empirical distribution of the number of Th’s in a CT specify
the distribution of CT length.

In an application of the model , all input parameters except ANEAN might be
assigned fixed values to represent a particular sector in some center such
as Houston or New York. Then several simulations could be performed cor-
respond ing to decreasing values of AMEAN to ascertain the effect of increasing
aircraft arrival rate on sector communications. By the same token, AME.AN
could be held constant and the effect of some other input parameter on sector
communications observed .

7
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RESPONSE VARIABLES.

Three basic response va r i ab l e s  are observed dur ing  each second of simulated
t ime . They are the sector a i r c r a f t  loading ( i . e . ,  the  number of a i r c r a f t  tha t
have been handed o f f  to the sector , but  have not yet  been handed o f f  ~~ the
s e c t o r ) ,  the s t a t e  ot the a i r /g round  channel  ( I . e . ,  busy or idle) , and the
queuing s t a t e  of each a i r c r a f t  in the sector ( i . e. ,  in queue or otherwise) .
An a i r c r a f t  is d e f i n e d  to be in queue if e i t h e r  the contro l ler  or p ilo t  desires
t~~ converse w i t h  the  o ther , but is prevented f rom doing so by v i r tue  of the
f a c t  tha t  a conversa t ion  is present ly taking p lace be tween another  a i r c r a f t
and ground . Thus , insofar  as the computer  s imula t ion  is concerned , the t h i r d
response var iable  measures the  lag be tween the ins tan t  t h a t  the  f i r s t  TR of a
CT is scheduled to occupy the channe l and the  time tha t  i t  is ac tua l ly c a r r i e d
by the channel .  In t h i s  sense , the queuing s tate  of the channel represe it s
delay in the t r ans fe r  of in fo rmat ion  be tween a i r  and ground .

The next few paragraphs  discuss each basic response var iab le  in g r ea t e r  d e t a i l
in the contex t of a spec i f ic  s imulat ion  run . Values selected fo r  input  para-
meters in this example are as follows :

AMEAN=86 seconds P 0.495 K=3.88
A l — 4 . 3 3 6  A2 0.032 CU=6 .O
CL=3.1

The example experiment was designed to simulate New York LC sector 510. As a
r e su l t , a and A were de te rmined  from the  second of mas te r  equat ions  (I )  and the
f i r s t  of master  equat ions  ( i i) .  Moreover , the empirical  d i s t r i bu t ion  of the
number of TR ’s in a CT was determined f rom h is tor ica l  records obtained from
sector 510. The s imula t ion  was allowed to run fo r  1 hour of simulated time
prior to the accummulat ion of any data in order to d iss ipa te  the inf luence
of t ransient  phenomena generated by boundary condit ions that  exist  at the
beginning of the experiment . Therea f t e r , data were gathered fo r  2 hours of
simulated time . Consequent ly ,  resul ts  obtained fo r  the  2—hour  observation
period can be viewed as representative of sample func t ions  drawn f rom station-
ary random phenomena . Of course , in the event that a transient effect persists
or that values assigned to input parameters result in an explosive situation ,
then the underlying stochastic processes are far from stationary . However ,
such circumstances are usually r e f l ec ted  by very d e f i n i t e  t rends in the time
series generated by one or more of the basic response variables during the
2—hour observation period .

CHANNEL UTILIZATION AND AIRCRAF T LOADING.

From observation of the f i r s t  response var iable , it is possible to compute the
number of a i r c r a f t  in sector per second averaged over each minute of simulated
t ime . The average over the t th minute  of s imulated time is represented by
n t ,  and there ~ re 120 such averages ; namel y ,  n~ th rough n120. These are
i l l u s t r a t ed  fo r  LC sector 510 in f i gure 6. The n umber of a i r c r a f t  in sector
averaged over 2 hours of s imulated time is just the arithmetic mean of
ni through ~l2O• 

For example, the 2—hour average corresponding to figure 6
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is 5.983 aircraft per second , and this is listed in table 1 along with the
maximum number of aircraft in sector during any second of simulated time and
the total number of aircraft handled by the sector during the 2—hour sample
period . Along the same lines , second—by—second observations of the channel
state , busy or idle , can be used to determine the fraction of the 2—hour samp le
period during which the channel is busy as well as the fraction of the t th
minute of simulated time during which the channe l is utilized . The latter
fraction is denoted by Ct and is called the channel utilization ; the former is
called the average channel utilization . The 120 values of channel utilization
are shown in figure 7. The average channel utilization is d isplayed in table 1
together with the total number of air/ground CT’s generated during the 2—hour
period , and the average length of these CT’s.

COMMUNICATIONS DELAY.

We now turn to the last of the three basic response variables ; namely, the
aircraft queuing state. As an aircraft enters the sector , the simulation
software assigns the number of CT’s that are to take place while the aircraft
is subject to sector control and the start time of the initial CT. Thereafter ,
upon comple t ion of a CT , the software schedules the start time of the nex t
CT , if any . In the event that two or more CT’s vie for  sim ul taneous use of
the channel, a queue of CT ’s is established . As a resul t , the scheduled star t
time of a CT and ~he ac tual start time need not coincide. As already indicated ,
an aircraft is considered to be in queue whenever a scheduled CT between that
aircraft and ground is in queue . Thus, second—by—second observations of the
aircraf t queuing state can be used to compute the delay between the instant
that  the CT would take p lace in the presence of an unl imi ted  number of channels
and the t ime that  the  air/ground channel does in fact become available. Obviously,
the delay is dependen t upon the queue discip line incorporated in the s imula t ion
software . In the case of the example used In this report , the first—in , first—
out discipl ine was used , and the corresponding time tha t  a CT waited for  the
channel was averaged over all CT ’s generated during the simulation run as well
as over only those CT’s that experienced some delay . These average figures are
recorded in table 1 together with the total number of CT’s generated and the
number of those that did not encounter any delay . In addition to waiting times,
second—by—second observations of the queuing state can be used to derive the
number of CT’s waiting for the channel averaged over the t th minute of si- ula—
ted time and the entire sample period of 2 hours . The 120—minute averag~~ are
plotted in figure 8, and the 2—hour average is provided in table 1 along with
the maximum number of CT’s In queue in any second . Thus, the average level of
the graph in figure 8 is .426, and the maximum of the queue lengths observed
during successive seconds of simulated time is 6.

APPLICATIONS OF THE MODEL.

The model has been used to evaluate the effect of a proposed FCC regulation on
air traffic control air/ground communications (references 4 and 5). The
regulation required transmitter identification in the form of coded tone bursts
at the beginning and end of pilot initiated TR ’s from privately owned aircraft.
The duration of each tone was anticipated to be between a few tenths of a second
and 1.5 seconds. This, of course , is equivalent to increasing the length of

10
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pilot—initiated TR ’s. These increases were incorpororated Into the model. In
particular , simulation experiments were conducted for tone burst lengths of
0, 0.5, 1.0, and 1.5 seconds and the effec t upon the basic response variables
was observed .

In another application , the model was used to determine the effect of aircraft
arrival rate on sector communications (reference 4). Obviously, as the rate
increases, the intensity of communications traffic and the number and length
of communication delays will eventually become intolerable. This is reflected
by the model in terms of the channel utilization and the aircraft queuing state.
The problem is to ascertain that rate or range of rates beyond which adequate
air traffic control service canno t be maintained because of demands placed
upon the communicat ion system . In this sense , sector capacity in terms of
aircraft 1rriva l rates can be established and compared with rates expected in
future years on the basis of air traffic forecasts.

Other applications of the model can be found in reference 4. It suffices to
say here tha t the ATC communication model is a highly versatile analytical
tool. In its present form , the model can be used to evaluate the effect of
changes in any of the input variables on sector communications . Moreover, by
using historical records obtained from operating sectors, the model may be
adapted to situations not covered by its present software realization . For
example , the model does not presently distinguish between pilot and ground
initiated TR’s. However, as in the case of the tone burst study , it is possible
to determine from historical records (e.g. see reference 1) the proportion of
TR ’s initiated by the pilot. Thereafter , it is a relatively simple matter to
modify existing software so that the model does distinguish between pilot and
ground—initiated TR’s.

CONCLUSIONS

An ATC communications simulation model has been realized in the form of com-
puter software. It is a versatile analytic tool for studying second—by—second
behavior of air/ground voice communications in a specific control sector , say
New York LC sector 510, or a class of control sectors, say a typical HI sector
In the Houston Air Route Traffic Control Center. Input parameters include air-
craft arrival rate and distributions of TR lengths, number of CT’s per aircraft ,
and number of Th’s per CT. The principal outputs include second—by—second
observations of the number of aircraft in sector, channel utilization (busy or
Idle) ,  and aircraft queuing state (waiting for an already occupied channel or
otherwise.) The model is presently available as usable software in computer
facilities at NAFEC.
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- 1 0  T F X T  A V E R A G E  ? I I I I- k E ld  OF A I R C R A F T  )~ QI !EIIF ‘ 0 1 , 3 / X X X .X X X I
10 TEXT M A X I M I I M  I - l I M P E R  OF A I P C R A F T  IN u~u u F II F  = t ’ O ) , 2 / X X X I

FJ E C T
~* * *0* 0 R~~~R~~~~~E0 5 4 0 0 0 0 r 0~~ 5 t . R 0*  END
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SI’~~POII T 1N F FX P O l - ( F Y, I X ,Ij .)?,I~~,I4 I
R= RA I-I1)(I( I i)
X = (_ FX ) *A L O C • (P )

T X= X i- 0.5
RET I RN
F Nfl

Fl ‘I-al l ION PA I - nu l l  ix I
IV = I Xo~~ScTQ
IE( ) V ) 5 ,~~~, .’
l Y r T V + ?I474l-3~-67-i - I

A, RAPi ID I ’ = l Y
RAI -’ 0II = RA Pi’fll I~ .4 ,’ -Sa ’-” I 3 E — 9
I X =  I V

RE TI IQN

FPit 0

SI’RPI Iu T l I - F  ((IPl-’PI ( K ,P , l\’X , 1 1 , 1 7  ,I~~)
) M~i~ l i l T  p R A L ~~M ( 0)
W E A L  K

0 0 =  P

0K =K
R r P A I - I O I I (  11 I
OP=9
1=0

O Y= DCI IM 

a

X= 0 .0

0CIIM 0P000K

IF (OC IIM .LT . PR ) GO TO 10

N X = (  y+o .c 0PE1$IP N
10 1 = 1 + 1

X= I .fl~~I

O X z X
f l V = r I Y O (  C OK-i- I X— 1 .000)/OX )

f l r I lM=DC II M + n ’Y 0 ( I . 0 0 0 — D P) 0 5 0 X
IF ( OCIIM . IT .  O R )  GO TO tO
N X r (  X +O .5)
R FT I 1PM
FPi’O
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SI PPOIIT I I-’ F I A PM ( A l , A 2. N ,Y ,ll ,I ? )
11= ~, • U

C1~~~~.1

X V A  1-i- A ?*H
I F I A ?  . L F . 0 . )  (~f l TO I
S P= ( l I l _ X M ) / ? . ~ ,7 5 P
GO TO 2 -

I 50( )M_ iL )/7~~d 7 5 R

? X R5 10PM( T I )
X Y = (  X~~5D)+ )(M
IF (XX •LF . ft~~~~) U=0.
y r E X P I X X )
RETURN 5— -- -
ENI) 

- 

LL~i ~~~~~~ copy
Flt P~lr T I flI-J Rs’rR~~( lx )
5 11M=O .U
or’ c (= 1 ,1?
S I IM=S I I M + P A  I-’r,lul IX )
RI- 1f l P?~~~5 l l M— F -  .0
RE TIIRP.J -

F “ 0

c l IP RO(IT ) SiR MSSGC P1 ,P7 ,~~~, ~lT I MF ,l 1. 1 2 )
CA LL S(uR C,AaM C P I  ,L- ?, X , I 1  •I2 I
lil T )ME~~X 4 O .S
IF (I - TIME . L T .  I )  l - IT I M F = l

P FT I IP N

A- 7
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Sl~~ Pfl l lT l I - I F SIIPGA M ( V ,h , X ,I3, 14 )

R F A L K -

C
C THIS SI I R R OII T II - I E G ENERA TES RA N DO M  VA RI ATF S FP I1 A ( ,A M MA  I)SN. WIT H

C GE I-IFPAI FOR M
C - 

- K K—1
C A x E X P I— A X )
C F I X )  = 

—
C
C GAM MA (K )
C
C W H E N  K IS A l- ’ I S T E GER , THE G A M M A  O5au~ IS FOII T V A I FNT TI) THE FR LA I- IG

C pc~~ I •,  W H ICH A P I ~~FS A~ A d I M  OF K E X PO N E N T I A L  “A P TA T F S  I - I T H  EXPECI FO VA l. ll F
C I/A . THEREFORE , T~~E EPL A l - i. V A R IA T E  X IS I-DUAL TO 1 /A TT~ iFS T HE Ll)(, flF THE
C PP0fll~~~ OF K PA t - DO N  V A R I A T E S  FROM A I I N I F I R M  C 0,) I Oct-’..
C WHE t--a K IS “‘PT At” ll- ITF C. ER , A N  A P PRr 1XI M ATF TEC HI-II OIIF MUST MF 115Ff )

C LET K=M +0 L.’l- F PE H I~ TH E (MA IL I-ST INTEGE R C fl t -’T A Il -’F fl jN K Al-In 0 jS THE

C R E M A I 1 I 1 E P . Si t - CF THE EX P R C T E P  V A L I I F , VA R IA t - I C E . A t- IT) THIP0 C E1 IT RA L M fl;AFNT
C OF C A M M M A  “ A R I A T E S  A P E  1 1 l - E A P  FIu I -’CTI O ” JS IF K , AN A P PR O X IM A T E  TFCHl-I I Clll F

C FOR C F I - J F RA T I S J G  r A N M 4  V A R I A T E S  W I T H  P A R A M E T E R  K IS TO G E N E R A T E  A M I X T U R E
C OF GA M MA  \ I A P T A T F S , C H0O5),’r M t - ’IT H PROR • (1— f l )  ANT )  M -i- j WITH PRflP~ 0.
C THE A P P R O X I M A T I O l -  IN PPOII FS WITH I l - C P E A S I N C ,  K.
C REF. — ‘C PMP IIT FP S I I - ’ I A T  T ill -I TFCHNIOIIE S
C - I- IA y L OP , PA L I”’TFY , HIIPO ICK , C CH IJ
C ,j rlHI-I Wfl.FY C cps,ç , I 9F~6 PP. 87— 90

C
MI =K
M7ra I-u 1 +1
O=K—E 1 OAT (N))
K K M )
)E (0 •Ffl . 0.0) GO TO 10
T~~PAI -IPU( R)
l~ (1 •LF . 0)  ,,�~r M2

10 TP~~l .O
Of ’ 70 I = 1 , K K

R=DAS ’fl (l( 14)
20 TP=TP*R

X~~I — A L f l C . ( T P ) ) / A  
-R~~T I IRN 
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S(IRPOUT I PIF T I M F S ( I V A ( I , E , J c A V E F , 1 S A V F I . , , ! F A C , I ST O ,Fc T P , IOII F,
* E0IIE ,II OC. .)TAM,F T A R , Tu t c F ,IIIS R E ,F (lSF,I p ~AX ,IMA x P ,IMAXH ,I MAXMI-4 ,
* FdA , E ~ , f t--~~ XL ,FI -A XM L I 

-
lI- aT FG ERK ? ISA ’FH ,IIO C - ,II ,SF , IMAX BI-4
R E AL  SR F- ”uF ,Fl’Sf
R E A L r 4  F S T O . F S A V F L , E M A X M L
P I M F I - S J f l A  l V A L l I E I # - } , I c A I , F F ( ? ) , I S A V E t -~i 1 2 ) , J F A C I p ) , j S T O 1 2 ( , F S T n f ? ) ,

* lV A Y (2 ) , IM A X ~~I? ) , I P A X H l 7 ) , I M A X N I ~ (2), F SA v E L ( f l,lMA x L (? ) , F MA x M L I 2
I5’TFr-FP 71 ~-oO ) ,K FY I 31/1 ,10 ,12 /
Nl l I-a IT r  IS A  l/F~- - (  11
l r = C O L I I MSI  I- l I MP ER

I P=ROW SIIIMP FR

I C I
lC’J= l

L~~1
00 200 IJ K r I ,~
f a = K  FYI IJK )
J W = K 0  (N— I (+1
00 101 I R r 1 ,~~00

J = f  IMA XHI JK 1+2 I ICI- ’~ I I R — 1  I +1 IC— 1)1)/2
tOO Z l I Q l = I M A X P I ~ l J )

W R I T E I N I ~~’IT ,10j ) 7
lOt  F0 R M A T ( ~~O I 7 )
‘00 C OsT TMJF

RE T ( I PN
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SIIRPO(ITINF PAc ~~? ( l V A t l l F ,)~~AV F F, 1SA V FH ,I FA C ,IS T fl,FcTfl ,TO (l E,
* F O I I E  ,IL O C . , T T A R ,F T A M ,IIIS F , I ( I S E F  ,F( l5 F , I MA X  , I MA X R , I M AX H , I MA X M H ,
* F S A V F L  , I M A X L  ,F W A  X M L )  -

INTF r ~f -R5 ? ) S A V E I - I ,l I f l C . , I I I S F , I M A X B I - 4
RF A L~~P E OIIF .EI a S F
R F A L~~4 F S T O , F S A V F I ,ENA X~~1
DIMFI I S I ON I~~A 1 l u F I ~~~) , l S A V F F t ? ) . I S A V E H I ? ) , ) F A C I 2 ) , l S l 0 I 7 ) , F 5 T O ( ? ) ,

~* If’Il~~( 7) ,FOI E ( 7 ) ,  1 LI1GI ~ I , I T A M )  7 ) ,F T AP I 2 )  , I I IS F (  7 I , I I I S F  F( 2 )  , F)ISF( 7)
* I W A X ( 7 ) , l M A ~~P ( 7 ) , I M h X H ( ? ) . l M A X I - H ( ? ) , F S A V f L I 7 ) , l M A X 1 ( ? ) , F M A X R L ( 2 )
ISITEGFP 11 )?OOT , 51I9 ),KE Y 5 (Q )/~~,3,4,5,4,,~a,7 ,R ,Q/
II-’TEC.FR K FVMI Q )/2,7, 4,5 ,A, ,7,R ,9,Ij /
I-4 IIP J I T ISAV FH (?

11= 1
IC t l J

00 100 l = 1 , Q
KPI K EYN())

100 I- t (~~~) r ~~~5A I l E I~q K S I )  
S

WR ITE )  I - I l l - I T  ,101 ) N
101 F O P M A T ( 9 1 5 )

00 200 )r1, Q
KP’=K FYM( I I
NR I-’ I I)
JK= K* (KM— l )+L
0h~ 300 IP r I , t-IP

J= ( 1~~AX HI JK ) + ? * ( 1 C~~ LIR— 1-- I+( IC—i 11)/2
30)) 1 1 C R )  = I M A X R H ( . l )

W PITF (P-Jl II-’T T ,1 0? ) ( 7 ( M )  ,M 1  ,NP I
102 F f l R M AT ( 1 M~ a )
700 Cf’NTJNII F

R ET U R N  -

EIdfl S - -
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SIIR POIIT INF F X F O I - ( F Y , T X ,I1 , i? , 1 3 , 14 )
PiRAP IO(l ( Ii I
x~~(—FX )*A LOG(R ) -

IY ~~X + 0 . S
R E T u RN
F t~Ifl

El l liIC.T Tnt - U PA t - fi l l IX )
Iv = Ix ~~f~c S1 Q
I~~’ K)5,A,,#.

5 I V = l Y + ? l 4 7 ’ P3 I -~~7+ l  - - .  -‘ 7 ~ ~ ~
-S 

~~~~~ 
-a

PANOC ’ IV 
- 

- 
- 

S ~~~~~~
R A I - I O C I R A P W O I I * .4 1’-S M,1 3 F 9  ‘ • - I ~
IX IV
R ET I I R N

Et-’fl

S I l R R ( ( IT I N F  ( ( I P I- IF I  ( K ,P ,I-’X , T I , I ? , 1~~l
IM P L I C I T  R EA L SP(n)
REAL K

fl iCr K
R~~R Al - If l l l (  1 1 )
fl Q~~R
laO S

x _ n .0
OCIIM=OP**f l K
f l ya 01 I I M
IF (O C I IM . L T .  P R )  Of) TO 10
NX z ( X + 0 . 5 )
RET II DP-1 

-

10 1=1+)
X z t  .0* 1

0Y~~X
f l V a f l y * ( ( O K + P X — I . 0 0 0 ) / O X )
fl(IIMX PCIIM+ PY*CI. 000—DP)**OX
IF I C((IM .L T .  O R )  0.0 TO 10

PlY = ( X + O . S )
R ET u RN
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SI’RPPIITII-’F GA PM (A1, A 2,N ,Y ,I1,I2 )
Ci Ia A • 0
CLa 3.1

X N A I + A 2 * N
IE (A? •LE . 0.) GO TO I
S P ( C ( l — X M  ) / ? . R 7 S R

•
00 T0 2 -

I Sfla ( X M — C L ) / 7 . ’5758

7 X=Rt-’PRM( I I I
X Y a (  X * 5 P ) +  X M
I F ( X Y  .LF . 0 .)  Y X = f l .
V F X O (  X X )
R E T u RN
ENS)

F I INCT ION RI- IIRMI I X )
51151=0 .0
Of’ S I l,1?

S SllM S ) I M + PA N O ( J f  IX )
RNflRP~~Su lM— ~ .0
RETUR N -

E S-JO

SIIRPO (JTINE USSG (pl,P 7 , N ,NTTM F ,I1 ,T 2)
CA LL S (lpr,AM( P1,P2,X ,II ,12
NT IME aX +0.5 - •~

IF ((“T I ME .11. 1) P.ITIMF=1

RETURN
F” 1fl
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SI~~ R 0 ( IT IN F  St l R r . A M ( K ,A , X ,I~~ , I4 I

R E A L  K 
I 

-

C
C T H I S  SI I R P O I I T I t - I E  G F N F R A T E S  RAt - lOO M V A R I A T E S  FR IM A (,AMt4 A 11dM . W I T H
C GENER AL FOR M
C . - K K — 1
C A X E X P I — A X )
C F I X )  = _____

C
C G A M M A ( K )
C

WHFt-’ K I~ Al -’ Il-’T E(.EP , THE GA M M A  1)SI-I. IS E O I I I V A I FA)T TO THE ER LANG
C Oct -i., WHICH A P T S F S  A~~ A S I N  OF K EX P O N F N 1 IA L  I FA P I A T F S  t - I T H  EXPE ITFO V A L I I F

I / A . T H F P E E O P E , THE E PLA l - IG V A R I A T E  X IS 1-IJ IIA L TO )/A T IM E S  THE LUG flF THE
PPflfl (~~~T OF K PA t - n O N  V A V 1 A T F S  F RO M  A I l l - l E f t - tM I 0 , )  I ) S S - ’ •~~ 

-

C WH EN K IS NOT A t - ’  I l - I T F G E W , At - I  A PPRI1x T M A T E  T ECH I- I T OIII- I- M IS T  ME IISFO
C L ET  K M+fl W H E R E  U IS THE (MA ISL FST INTFGF F C fl I - I IAIt - F fl IN K A t - I f )  0 IS THE

C R E M A I P a I T 1 E P . S I t - C F  THE FX P E C T FO  V A L u E ,  V A I 1 I A t - I C E , A ID TH I P Il C ENTRAL Mfl.~lFNT
C OF G A N N MA  V A R I A T E S  AP E L I t - E A R  F ( l I - C T I O S JS IF K , A t-u A P P R O X I M A T E  TF CHl- I l ( l I lF

C FOR G E N E R A T I N G  G A M M A  V A R I A T E S  W I T H  PA R A M E T E R  K IS TO GE Pi I F PA T E A M I X T I I R F
C OF GA M M A  ~IA P T A T F S , CH OOSING N t - I T H  PROM . I l — I ) )  A l - i l  M+l  W I T H  PROP . 0.
C TI-IF A P P R O X I M A T I O N  IW PPI1’IFS W I T H  I t - C R E A S I N G  K~
C R E F .  — ‘ C O M P I IT E P  c IM l I AT I (-t - TE (HNIO1-t- S
C - MA X t O R , P A L  I t - T E Y , P I I P O I C K , C C H I J
C JOHN W I L E Y  C LOS -iS, l9~ A PP. 87—90

C
MIaK
U? = (-‘1+ 1
flak— FL OAT (MI
KK =51)

IF ( 0  • FO . (‘ .0)  00 TO II)
T RA N Dt J (  I~ I
IF I T  • L F .  0) K K = M 7

10 T R =) .0
DO 2 0 Is 1 , K K
R a RA I - I D ( J (  1 4 )

20 T Q = T R * R
X ( — A L f l G ( T R  1 ) / A
RETURN -

ES-In r ‘ / ‘ ~ 
~
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Si~~POUT T t-IE T IM F 5 (IVA LL I F ,IS AV FF ,ISAVFH ,TFAC,TST 0,FC T 0,)O)IF,
* F CIIIF ,I1flC. a I TA14,F lAM ,I(IS F ,IlI S~ F,F IJSF ~~I MAX ,IMAX R ,IMAXH ,IMAX PH ,
* FdA V F L , T M A XL ,E M A X P I I

T PIT FC .F R K ?  1S A ” E H , ILO G ,IIIS E, I MA X B H
RFA L *R E0!IF ,FI’SF
RFA L*4 FSTO ,FS A VFL ,FMA X RL
O 1 M F ( l S I f l t-a I V A L I I F ( A ) , I S A V E F ( 7 ) , I S A V E H I 2 ) , ) F A C ( 7 ) , I S T O ( 2 ) , F S T O ( 2 ) ,

~~I0IIE ( 2 )  ,F 0 I I E ( ?  ), ILOG (?I, ITAR)?) ,ETAP( 2) ,IUSF(’ I, I(JSFF ( 2) , E I I S E(  2 ) ,
* I M A X ( 2 ) , I M A X W ( 7 ) , I H A X I . J ( ? ) , I M A X P I - I ( 2 ) , F S A V F L ( 7 ) , T M A X L ( ? ) , F M A X R L ( 2 )

IS- I T F O E R  7 I A O O ) , K F Y L ~I ) / 1 , 1 0 , I 2 /
NIlN IT = I SA i J E ) - ~( I)
IC = C O L I I Mt - l  I - l I M P E R
IP =Pf l W NIJ MPFR
I C I
) t  13=

k=A
1=1
fl O 20 0 J J K = ) , 3
( ‘ laX FY I IJK
JK=K* (N— I )+L
nO 100 1 1=1,600
J= (IMA XH (JK )-~-2 0( iC t - 1 *II R—1)+(I C—I)) )/2

100 Z ( I R ) = I M A X M H ( J I
W D I T E ( N I I l - I I T , 1 0 1 )  7

101 FORMAT (4017 )

~OO CONT I SIDE
RETURN 
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