
A0 AU4* 339 CENTER FOR NAVAL ANALYStS ARLINGTON VA F/S 17/1 1ON TIE TICORY OF PASSIVE ACOUSTIC DETECTION. (U)
MAY 77 A I KM#MAN

UNCLASSIFIED CNA ’77 ’0591 It
IOFI

AD
AO~4~ 39

.

____ —

~~~— fl ~~~ i ‘~~~r’~

______ - 

~i 
i l~~~~~~~ j END



1 MEMORANDUM ‘
. 

~~~~~~~~~ 
/

_~~~~T:~~~~~______________

UN THE THEORY OF
‘ PASSIVE ACOUSTIC DETECTION , -

1
/ - J(‘/ 4  -/~~ 

.,
I
.

~~~ A1 fred l.JKaufman

NAVAL WARFARE ANALYSIS GROUP

CENTER FOR NAVAL ANALYSE S
1401 W ilson Boulevard

Arlington , Virg inia 22209 ( , 
~~~
, ~~ -

/

This i E ~rno andum rep(esefi ts the best opIri~on of CNA at the
?~i r ~e of Iss ie. It does not nece~sar iI v represent the opinion of ~ .1the Departmer t of the Navy

::
~~~~~~~

cL

i c-)
NOTICE

THI S 1f l C~~ i’N T HAS BEES
~~~~~~~~~~~~~~~~~ k C R  FUBL 1C 1~ELEASE

i f



- --

~

-

~~
-— —-

,
,..

~ 

- -  
i-i

~~~ L. ~~~~~~ . . .  — - —~~~~

Center
for

____________ ... 
~~~~ ~~~a va /

7401 Wilson Boulevard Arling oii. Virginia 22209 703/5 24 9400 
Analyses

~,i ~~~~~ 
), ‘p ~~~~ 1 an .f~ ~te of rhi

Un ~i~$ t y  of R’~ fesfr-

In re: (CNA)77—0591
3 May 1977

~~ MO RAN DUM FOR DISTRI BU TION LIST

Subj : Center for  Nava l  Analyses  Memorandum ; forward ing  of

End : (CNA)77—0591 , “On the Theory of Passive Acoustic Detection ,” Uncla ssif ied ,
3 May 1977

1. Enclosure  (I)  is forwarded as a mat te r  of possible i n t e r e s t .

2. Recently, the Center for Naval Analyses has initiated a continuing inves-
tigation into our present capability of finding submarines by acoustical mean - .
with the expectation that such an effort will provide a more accurate modeling
of the search process and , perhap s, will suggest to the Navy better ways of
performing its antisubmarine warfare task . In this first publication of the
Acoustic Detection Project , we report on our current understanding of the
acoustic search problem and indicate the direction we intend pursuing next.

3. Your cournents are solicited regarding the ideas contained within thi s
memorand um.

DAV iD A.  P E R I N
Di rec to r
Naval War f a r e  Ana lys i s  Group ~~~~~~~~~~~

D I S T R I B L r I P N  L I S t  F

PM--4 (A S W S’r~~t U r - ~ P r o j t ~r t )

-
~~NA~.T(~~(.~~1.

UP- 9 51
(-)P- 955

II

- 

- •

~~~~~~~~~ 

- 
-



~~~~~~~ - —--~~~-—-~~~~~~~~~~~~_ _ _ _ _

r

IABLE OF CONTENTS

Abstract 11

Introduct ion 1

The search problem 1
The conce pt of information 4
Summary 7

The randomness of the ocean enviro nment 9

The info rmation- theoretic approach to detection 12

The existence parameter 12
The case of a determin istic signal 13
The case of a stochastic si gnal 20
Passive rang ing 28

The convent i onal app roach to detecti on 31

The si gnal excess model of detection 40
The si gnal excess process 43

The un correlated Gaussian model 43
The A - o jump model 45
The Gauss-Mark ov model 49
The Log-Rice model 51

Conclusions 

References 57

~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~ ~~~~~~~~~~~~~~~~~~~~~~~ 
_ _ _ _ _  -



- 

~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~
. 

-~~~~~~~~~ 
-
~~~~ ~~~~~~~. 

-

ABSTRACT

We present a critical review of the fundamental ideas
that underlie the conventional theory of acoustic detection .
This review is constructed around the suggestion that acous-
ti c detection apparatus be employed for collecting informa-
tion about a complete set of tactically relevant paramete rs
rather than for testing hypothesis. This idea is illustrated
by applying the Woodward & Davies concept 0f sample-path
information to the problem of detection of signals in white
no ise. Finally, we argue that within such an information-
theoretic fromework , informa tion generally disregarded by
conven tional procedures can be extracted from the received
volta ge history . To obtain this a~d i ti ona1 amount of i nfo r-
mation , it is required that we possess a far more detailed
description of underwa ter acoustics than what a conventional
theory would demand. In return , however , passive range
measurements based on the received voltage history alone
become conceptuall y feasi ble .
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SECTION 1

INTROD UCTIO N

THE SEAr C~ PROBLLM

Recogn izing the important role that searching for submarines plays in a

major naval encounte r, the Center for Naval Analyses has initiated a cont inu in~

investigation into our present capability of finding submarines by acousti cu l

means , with the expectation that such an effort ~il 1 provide a more accura te

modeling of the search process and , perhaps , will suggest to the Navy better

ways of performing its antisubmarine warfa re task. In this first publication

of the Acous tic t)etection Project , we report on our current under standing of

the acoustic search problem and indicate the direction we intend pursuina next.

The observation fundamenta l to our discussion is that ocean phenomena ,

to the extent they affect sound-wa ve propagation through the ocean environment ,

are the determining Factor in the effectiveness with which naval forces search

for an acoustic target. In fact , far from being an unqualified study of ocean

physics , our i nves ti gation is explicitly aimed at understand ing the manner in

whic h our capability to conduct a successful search is infl uenced by the

physica l process~~ occurring in the ocean. Therefore , a meaningfu l positing

of tre problem of ocean modeling requires that we first embed this problem

into a larger mathematical framework dealing wi th the transformation of

eaiured a(:ous~ic pressure changes into tactically useful information. With-

out a processing scheme clearl y defined , there exis ts no meaningfu l way of
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detenninin g the type of description of ocean phenomenology that is r&evant

to our stated purpose. -

In conven tiona l processing, the acoustic pressure changes or enuiva lently ,

the volta ge histor y measured at the output of the hydrophone system are cons id-

ered as sample va lues used to statistically determine whether or not a give r

signal is conta i ned wi thin the received acoustic pressure field. This puts

conventional processing squarely into the realm of statistical hypothesis test-

• ing and , hence , requir es that the processor perform a thresholding operation

upon a sui tably chosen function of the voltage history (reference 1). If target

beari ng and frequency spectrum are also desired , the processor is allowed ,

bef”re the threshol ding operation , to perform the appropriate Fourier transform-

ation upon the received voltage history . Other parameters of tactical relevance ,

notably the range to the target , are distinctly harder to ascertain with in the

conventional framework and , in fact, modern processors are not capable of per-

forming a reliable passive ranging operation .

As we shall show in some detail later , this processing philosophy demands

that we model the ocean by prov iding a description of the statistical propert ies

of the si gnal—to-noise ratio:

2 *p -
~~~~~~~~

where E represents the signal energy content over the sample length considered

and N is the spectrum density of the noise power.
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We to argu~ f l a t  i more ~~Urcpriate processing framework is obtained

if we identify processing wi th the gathering of information about tact ical ly

relevant parameters rd thcr than with statistical hypothesis testing. Cl early,

to render this idca mathematically meaningful , a precise definition of what is

mean by information ift st be provided and we shall do so presently. It will ~e-

come apparent frorri the definition given to the concept of information , thit the

amount of information one has about a given parameter is a monoton ic function

of the statistic a conventional processor would evaluate . Hence , in conventiona l

processin g, information that comes bel ow the chosen threshold is entirely dis-

regarded; conventional gear appears to be operating with less info rmation then

is actually available in the random voltage history . Furthermo re , since withi~

this framework one would evaluate informat ion about all tactical parameters alik e ,

passive ranging is no longer conceptua~ly different from any other part of the

detection process.

If we allow this information—theoret ic framework o~ si gnal process i na to

determine - n ~ it features of the ocean environment shoul~ be c~ndeled , we find that

we now need the ~rub~hil ity density function of the sample voltaqe measurement

conditi one d upon the value taken by the tact ica l paramet er of i nte res t; th i s i s

a fare more detailed deccription of the ocean than that required by the coriven-

tiona l ph i l o ’ c l . n/ ,  wh ich is as it should be for we expect this processing pro-

cedure to provide u~ ~itIi more information about relevant parameters than the

conven r .ional proces~urs do.
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[)ue to the complexity of the p r - h lem at hand , we only c laim to have ar ;ued

that the inform-T~t ion-theo r-et ic approach is reasonable. We hope to show late r

tha t it is also useful in that it provides the searchers with an increased capa-

bility to find the tarnet submarine.

THE CONCEPT OF INFORMATION

In what fol lows , we shall take the position that the only element of com-

munication between the searcher and the subma ri ne he searches for i s the ran dom

voltage history that obtains at the outlet of his hydrophone system . Depending

on how he chooses to look at it , this voltage history wil l  provide him with

information concerning various parameters of tactical usefulness to his search

effort. But before we discuss the details of how this is done , it behooves us

to specify , and sub sequently quantify , the concept of information we intend to

emp loy here. Following the 1952 work of Woodward & Davies (reference 2), le t

~ repr esent the tact ical parameter of interest , {v(T), ¶d [O ,t]} the

volta ge history that the searcher has measured over the [O ,t] time interval , V

an d U(~~V0
t) the searcher ’ s state of knowled ge at time t concern i ng a ~;ar-

ticu lar value ~ given the specific voltage sample path . The conventional ,

and perhaps the most convenient representation for one ’s state of knowled ge is

obtained if ~ne is ~~ll i ng to cons ider ~ a random variable and U(~~V0
t) the

correspond ing conditional probability density given the measurement V0
t

When r~ measu rerrcnt has been performed , values of the tact ical parameter

that would imp l’~ a high probability for having measured V0~ will appear to the

observer m o e  he 1ieia b~e than other possible values. Due to distortion by the
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random medium through which the iessane has propagated , th is reevaluation of

beliefs will not lead to a-n a posteriori state of knowledge entirely concentra ted

on a single value of ~ . Rather , the searcher ’s state of knowled ge corc~ rninq

the value of some tactical parameter after having read the voltage history

will merely differ f rom his a priori state of knowledge U(fjV0
0) . This,

according to Woodward & Davies, is the essence of the acoustic detection process.

It seems intuit ively reasonable that the amount of information contained

within a measurement should be related to the chan ge that measurement pro-

duced in the observer ’s state of knowledge. To quantify this notion , Woodward

& Davies require the following statements to be true :

• If 2 successive volta~je readings are employed to lea rn about
the value of some tacti cal parameter , and the observer regards
his a posteriori state of knowledge after the fi rst reading as
the a priori one before the second , the total gain in informa-
tion concerning the value of the parameter is equal to the sum
of the gains from each reading.

• If a voltage reading is received and used to learn about the
valu e of 2 in dependen t parameters , the total gain in iriforna-
tion cnncerni Pi g them is the sum of the gains when each paran’-
eter is considered separately.

rrrw these 2 a,cioi s , Woodward & Davies develop the whole mathematical

theory . Their arqu~;ont proceeds as follows. If upon receiving a reading

the observer is certa in that the value of the tactical parameter is ~ , the

amoun t of information contained in that reading depends only on the observer ’ s

initial state of knowledge tJ (~ IV 0
0
) . The first axiom then implies that the

—5-
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1I
amount of i; for~at ion con Lnincd i a vo ltage readin9 Th ich leaves the observer

wi th some un -e rta intv as to the uc t r u l  va lue of ~ is a function of the a

priori and a poster io~-i s t a t e ~ of knowlcd~e about that va lue alone a rd may he

writt~ in the form J [U(~~ V0
0 ) , U(~~V t )] With this notation , the f i r s t

a xiom states :

J[U(~ lV 0
0), U(~ IV 0

tl
)] + J{u(~ jv o

t1 ), u(~lv t1
t2n

0J [U(~ jV0 ), rJ(~~V
0 ~)] .

Woodward & Davies show that to satisfy this identify , 3 must be of the general

form

- j (
~~)

In order to determine the functional form of j  , the second axiom is used.

Here the 2 independent parameters may be denoted b~’ ~ and n , and  the

corre sponding received voltage indication again by V0~ . If the state of

knowledge concern ing the joint entity of 2 independent tactical parameters is

taken to be the product of the states of knowledge concerning them separately,

the second ax iom gives 
V
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j[U(~ lV 0
0) U (

~~ v r °)] - J [ l f ( ~~v0
t ) u(~Iv 0

t)]

- j [u (~~v0
t ) i + j~ U (n~V

0
0)] - jfU (~tV o

t)]

F -urn this identit y, 1(U) must be of the form

j(U) = A lo~ U + B

where A an d B are constants which may be chosen arbitrarily. Thus ,

t2
— I t U(dV -)

J {U(~~1V 0 
1 ) U (C~V0 

2)] log ,
u(~jV 0 )

where A was so chosen as to make an increase in the observe r’ s state of

knowledge represent positive information . This result of Woodward & Davies

is the express i on we shall use i n this pa per to represent the quan tity of
t2

info rmaticn ~t ined from Vt1 concerning the value of the tactical parameter
t2

As m iqh t be e~~ected , it is equal to zero if , and only if U(~~V0

and U(~ jV 0
t1 ) are ident ical , i.e., when the commun ication V~1

t2 leaves the

observer s state of knowledge about ~ completely unchanged.

S UtIMA RY

In section II , we shall briefly discuss those factors in the submarine

search prob lem that a-a ~-esp onsiLl e für thr random nature of the voltage V
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rece ‘ r-d , and sh~ l l , h e n~ e , men tV ~~~Ofl the alan aspects of underwater acousti c

- propagation. I sec t io n III we present a number of various ways in which the

received voltage can b~ ruani pu l ited aiH we evaluate the amount of infnr ~~t ion

V that can thus be obtained , in section IV , we give a genera l descr i ption of

how con ventiona l modeling empla~s this information to evaluat e Navy ’ s tact ical

perfo rman ce. W~ con c lude this ; oüer with a cr it i  cal eva luat io n of conventionai

models and del iw ate some research top ics we intend address ing within the

Acoustic Detection Project.
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SECTION II

THL ?i~ PPflNESS OF THE OCEAN [NV IRO N ME NT

As already outlined in the preceding section , the main input to the

acoustic detn5 Lion process is the random voltage measured at the output of

the nl server ’ S wV ~~ p~~io,1e sys te - We have a lso argued that the essence of

acoustic detection is the change tha t this random voltage continuously induces

in the observer ’s state of knowledge regarding any tactically relevant pa rani-

eter. Tha t this state of knowledge should be imperfect is a consequence of

the random nature of the received voltage and the finite nature of the obser-

vation interval. It is therefore essential that we attempt to understand the

physical reasons for this randomness.

Possibly the roost important contributor to the random nature of the

acoustic voltage is the ocean medium through which the submarine signal must

propa oate ~n a~~-iv e -‘~~ ~~ observer ’ s hydrophone system. Indeed , the physi cal

pr o ;V ;
~ r j p V ~ t i f  1 h e  0 ( 0 ? at evor~ point  wi th in it undergo irregular f luctuations .

Sim i ~r -
~~ , ‘ e p hV , s i c a I  p o per t ies of the ocean at different spatial points

wi tr i r i~ . ~ - ,  . at.  U V  V V w V .e instant in time differ from one another in a random

fas h in; . ~n p a r t l c r i l a , si n . e r o e  acoustic index of refraction of the ocean =

is a f V ~nction ‘~~~ s . ‘ ros ical properties as temperature and sal inity , one can

tak~ th’ -new p oin t rH the r ü t d . t i’.’e in dex is a ran dom fi eld. There are

ran ,’ ~-ent ~~~ Hn tha t hu”e ~ V f l~~~~ proposed for  modeling the random p r-np --

a rt i e s  T~~ t[ V o i ~,t ic ~~~~ract ion index of the ocean (references 3, 4. and 5’
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It appears likoly , hro-u :vor , that  a n. 5 one such model wi l l  eventually account

for all of the observed fedtu re , of arnustic fluctuations in the ocean. Ra t hc -?

we must rely in practice id on a mixture of limited models, in whic h one mech anis i

might dominate over the others under specif ied conditions , but none suff ices to

account for underwater a ou5t ic behav ior under all conditions .

The convent ionally accepted procedure for translating the statistical

properties of the random ocean into the implied statistica l properties of an

acoustic pressure field supported by such a medium is to use the wave equa-

tion with suitably designed boundary conditions , Quite often , these boundary

cond itions themselves are random which only aggravates the already formidable

task of finding solutions to the wave equation. Due to the mathematica l com-

pl exity of this approach , a number of approximate solutions to the wave equa -

tion under simp l i fy ing assumptions about the acoustic process have been

developed and used over the years (references 6 , 7, and 8).

It is not our rn~~rt i o n  tü r e v i ew , at th is time , progress in the f ie ld

of acoust ic propac rat i~ n in random media in any detai l ;  the complexity of the

prob lem , as wel l  as the amount of professional literature that has been written

t V  date , precludes s ure an attempt. ~-~e on ly wish to observe tha t wha tever the

acce pted t heory of V rV l er wa t e r Sorin i propa gation , it should provide the proba-

Li lity distribut ion of the acoustic voltage history measured at the hydrophone

output in terms of a l l  those parameters that are deemed necessa ry to specify

suc h dis t~- i hr r t i o n  ent i ’e l y .  Since a parameter that does not in any way affect

-10-
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- u s  proha b i~ ic ’ .’ can not be es t una ted  r y  vo ltage measurements , the set of paran-

eters necessary to spe ci fy the voltage probability distributi on will be refe’~ ed

to as a comp lete set of tac t ica l ly  relevant parameters . We shafl a~~ume in ~~~

fo llows that such a probability distribution is somehow made available to us,

and proceed to evaluate the amount of information regarding tactically relevant

parameters that is contained within a sam ple vol tage measurement.
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SECTI(~ Ill
I iL 1 ~ FUkrV1A I ON— FILoP E1 Ii. APPROACH TO DETE CTION

THE EXiSTENCE PARAMETER

The most stra ightforward , although not necessarily the most complete ,

applicat ion of W oodward & Davies ’ concept of samp le—path information to prob —

lems of signa l detection appears in a 1952 paper by Davies (reference 9). In

that work , the important tactica l parameter is taken to be a 2-valued existence

parameter , ~ designed to represent either the presence , ~ = YES , or non-

presence , ~ NO of a specifi ed acoustic signal in the received voltage

history . The observer ’ s st4 te of knowledge concerning this parameter is repre-

sented by the conditional probability p(E~VQ
t) that the si gnal be present

w ithin the received voltage history given the sample path V 0~ . To evaluate

the time dependence of this probability along a voltage sample path , the theory

relates it via Bayes ’ rule to the conditional probability that the sample path

under consideration wou ld be obtained given a particular value of the ex istence

parameter ,

p (~~V0
0) 

p(V0
t
~c)

p (dV0 
) = —————

~~~ ~~~~~~~~~~~~~~~~~~ 0 ~~~~~~ (1)
p(YES 3V0 

) p(V
0 IYES ) 

+ p (NOIV 0 ) p (V~ INO)

where th~ probability p (eIV 0
0) represents the observer ’ s a priori state of

know ledge regarding the value of the existence parameter ~ . Therefore , the

amount of information regarding the presenc e of a target signal within the

— 1 2—
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voi t a u e h is t~ - - is given, in accordance with the definition provided in

the previous secti or, by

o t p (~= (V 0
t
)

J
~

p(
~~

V
~ 

), p ( (V 0 )] 
— log  ----—---—---

~~

---

p(~~V 0 )

and usiri~J e-~u~ t 1o n (1),

p(V ic)
__________________J[ p ( c JV 0

O ) , p (~ ( V 0
t ) ] = log ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ 

— o t — (2)
p (YES (V 0 )p(V 0 ( YES ) + p(NO (V 0 )p(V 0 NO)

Equation (1) mathematically specif ies the ideal receiver for estimatinc i

the presence of a s ignal wi thin the wave form . W ithin an information

theoretic approach to detect ion , a ll chat can be reasonably demanded of a

receive r is that it shall enable an observer to determine probabilities that

each possible va lue of the parame ter of interest is the true one. If the

receiver actual ly no putes tbe s2 probabilities , no further problem of inter-

preting the content of the wave form regarding the desired tactica l parameter

remain s -

THE CASE OF A DETERMiNLs TIC SIGNA L

In orde r to apply the foregoing theory to a practical problem , the i l l u s -

trati ’ e  value of which might be quite welcome at thi s point , it is necessary to

consider how the a posteriori state of knowledge p ( c j V 0
t ) is constructed

— 13-
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from the r-ece l y e t  coiuurnini ca t i r ;u  . I-i c shall V presunle that the a priori

state of knowledge p(~HV 0
0
) is gi ven and the a posteriori distribution may

then be obta ined directly frotir equat ir ’i (1) once p(V 0
t Ie ) has been evaluated.

The conditio n al ~~~~~~~~~~ p(V 0
t IYES ) represents the unpredictable

nature of the receV i ve~t ~V Jave form when the target signal is known to be

present and , hence , descr ibes the effect various random disturbances present

in the reception process have upon the shape of the signal wave form . In

general , these random disturbances can be c lassif ied either as distortions in

the si gnal wa ve form that are mainf y due to randomness in the propagation

m e d i u m , or as interferences from sound sources other than the target such as

ambient sound producers , therma l noise in the receiving e lectronic apparatus

and altogethe r everytn ing else that might contribute to t he conditional proba-

bility p(~ 0
t~~~) -

In  t iV V e  fo ll owin V l ex ample , signal wa ve form distort ions will not be con-

sidered. Rathe~ , we shall  assume that the s ignal wave form S~~ is exactly

known and that toe vo lt~ge his tory receive d i n the presence of a target differs

f rom S0~ onl y in th u t a random wave form , generally referred to as noise, has

been ~d1e J to it. The i a r ~e va r iet~ of contributory phenomena n a ke the noise

wave form ~sr,d its st t is t ica l  properties very di fficult to describe mathema tical l y .

To make our cxan iple nianageab le, we shall represent the noise by a stationary ,

band-l imited. ‘-Th i te , ~nussian random process. Under these condit ions , the eva] - ’-

tion of p ( , 1 t
H) is fairly strai ghtforw —~rd and wil l  now he described.
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A simple ~~~1v c t  formulating the statistical properties of the noise procesc

is by means f w ave fonn samplin g process. Sampling ana lysis rests on a we l l -

known ~at ~mui;at ical theore m (re ference 10) that if a function of time F(t )  con-

ta in~ —io frequencies greater than W , then over any finite observation t ime T

F(t )  = 
~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
j0 2WT sin -

The importance of this identity is that it enables a continuous function

of time to be specified u iquely -in terms of sample values at intervals

where W is an arbitra ry frequency greater than any which occurs in the frequency

spectrum of F ( t)

The normality of the assumed noise process implies that at the output of

the fi lter, each sampl ing value , n(~~) , or more briefly n,~ , has by definition

the Gaussian probability density

- .2 2
p n .  - ( -

~

--—-

~~

-

~~ 

e

where a2 is the mean square value of n(t)  - It is not difficult to show

tha t  these noise samples are statist ical ly independent. Indeed , under the

stationari ty assumption , the correlati on functi on of the noise process

~(t, t-f~ ) - ~
V
n( t )  n(t+-r)) ,
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where hu-acPets indicate tha t the average over an ensemble is to be taken of the

quantity within , becomes a funct ion of -
~ 

alone (reference 11) . Its Fourier

transform with respect to ~

= 
J 

d~ e 12
~~

T 
~(v )  . (3)

represents the noise power spectrum (re fe rence 11) and , hence ,  with our whitene ss

assumption , can be writte n as

~-~N0 (u (<W

~~
) =

~~~

~ 0 otherwise

Performing the integration indicated in equatio n (3),

sin 2iiW -v
= N0W 

—
~~
-

~~~~
-
~
--—--

and no;se samples taken apart are indeed statisticall y uncorrelated. There-

fore , the joint proba b ility density of a set of samples is the product of each

separate distr ibution. Since the samples determ ine the wave form , this product

also gives the probabil ity density for the wave form itself. With

a2 = ~ O) ~ = N

we thus have ,

2 Wt

p(~ 1N0 ) ~ ?nN ) e~~~
2N 

~~ 
v~

2
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~ represents Lh~ set of samples measured and corres pond s to a noise read-

ing of length t - U s i n g  the orthono rmalit” of the base functions employed in

the s a m p l i n g  theorem , we can show that

2Wt t
~ v .2 = 2W f d-r v 2 ( T )
j=l ~ O V

wh ich al lows the wave form probability density to be written in a form that no

longer makes any exp l icit reference to the sampling procedure :

-t
-1 /N0 / d-r v2(T)

p~v 0 (r iO) ke 0-

Using similar techniques , we can show that if the si gna l is also present

in the received voltage history , the probability distribution of the resultant

wave form is:

t V 2

t -1/N 0 f dr (v(T)-s (T))
p (V0 YES) ke C

and , therefore , the amount of information con tained within the voltage history

regarding the presence of a si gna l wave form becomes :

J [p (YES(V 0
0), p( YES IV 0

t)]

e~~~ 0 of ~ 
dT (v (T)-s (T))

2 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- t  4)

o -1 /N0 / dT(v(T)-s(T)) o - 1/ N 0 / dty ( T
(
~~ V E c l f  )e 

V 
+ p (N O jV 0 )e
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To simplify this expression , a d imen s i on le ss energy parame ter P( t )  , is

canned by the equation : V

2 2E
~ (t) 

— —

0

where :

Vt

E =  j dt s 2(-r)
0

is the signal energy received durin g the interval of observation t . Equation

(4) may then be written

J[p (YES (V0
0), p (YES IV0

t ) ]

e
2
~~
0 f~ 

d-r V ( t )  S ( T )

= log_ V
~
_

~
_ _

t 
. (5)

o 0 f 
d~ v(t) s(T) 

+ p(NO (V3
0) e

P 2
(t
~~

2

N tice that the a ’uunt of information regarding the presence of a target

signal depends upon the measured voltage history only through the correlation

in tegr a 1 ,

q(t) = J d~ v (t) s(T)0 -

-18-
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S ince this quantity w i l l  tend to be greatest when the received wave form actually

contains the qiven tarnet signal , the information regarding the signal ’ s preserr c’

within the received wave form ~i 1 l also be greatest when the received voltage

history con tains the si gnal .

The form that the receiver should take in the case just considered follows

from the preceedir ig theory . Specifically, equation (5) shows that in order to

obtain the relevant information , the received wave form should be passed through

a fi l ter whose response to a unit impluse is

s (t-t) 0<~<t

0 otherwise

where , as before , t is the period of observation . Indeed , if the signal is

completely known , the output of the fi l ter at the end of the period of observa-

tion yields a voltage proportional to the correlation integra l q(t) . There-

upon, the amount of information the observer has gathered follows from the simple

non-singu lar transformation of the filter output indicated by equation (5).

Finally, from equations (1) and (2), the observer ’s state of knowledge regarding

the presence of the signal within the received voltage history is given by:

p (YES ( V 0
t ) = p (Y ES ( V 0

0) e~~~~~~~~0°)’  p(YES (Vo
t ) ]  

.

Needless to say, we can develop the theory along similar lines to encompa~s

the cdLula ti on r;f ~te amount of information regarding any other paramete r of

-19-
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n ictica~ ‘.alue , and Ucs as~v rLiin the form of the corresponding optima l receiver .

Als o ,  we mae a t t em p t  to app ly the approach we have taken above to a case wi th a

somewhat more realist ic descr ipt ion of the noise process , and it is to this

latter problem that we turn our attention fi rst.

THE CASE OF A STOCHASTIC SIGNAL

If appl ications of the framework described above to the prob lem of radar

reception were our purpose , the corre lation receiver would not be such a bad

approximation. In sonar detection , however , the fundamental assumptions made

in studyin g the deterministic signal case are not acceptable. The most impor-

tant difficulty is due to the fact that the signal , when present , has a sto chas ti c

character , and the neglect of signal distortion due to the propagation medium is

no longer a tenable position .

To illustrate the manner in which we might extend the theory to accommodate

stochastic signals , we adopt a particu lar model (reference 12) of the signals

and of the noise in V V:riCh they are to be received , and attempt to evaluate the

information that the received voltage history contains concerning the existence

parameter. The signal to be detected is taken as a segment of a narrowbarid wave

w ith a complex, random envelope Z(-r) and a carrier frequency ~
)

I c~Ts(-r ) Re Z(r) e

Here , only the real part of the complex wave is to be taken as the si gnal wav e

form . Of the random envelope , we only know tha t its components are Gaussian

V andorn processes with g i ven complex correlation functions

- 
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I
V
~~

Tl ,~ 2
) ~ ( 2 ( T 1 ) Z

*
(T
2)) 

V

wHere - a asterisk notation represents complex conjugation of the quantity it

modifies. The input to the r~c~~ve’ system always con tains Gauss ian noise to

whi ch the si gnal, when i t occurs , is added. We shall assume for t~e sake of

computati ena l simplicity , that the background noise is white , providing for the —

correlati on function of the noise process

1 - * 
sin 2irW(-r2- -r1 )

~ -~f l ( r
1

) n ( T
2 ))  N 2~W(t2-t1 )

Since the actual value of the noise bandwidth W does not appea r in the

resul t , we take the li m it as this bandwidth approaches infinity and thus have

a Dira c delta correlation function

(n(t1 ) n*(t 2)) = N0~(t2-i 1 ) . V

Therefore , since the signal and the noise are statistically independent, the

comp lex correlation f u nction of the received vo ltage envelope when both are

o~-esent is

\
I(T

1
) v*(T2)~ 

= 
~~~(t 1,t

2
) + N 06( i 2-t 1) . (6)
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T~ proceed , a - :  minht use , as mc h~ ve before , the value s v(j/2W) of the

volta ge history at propitiously chosen time points. However , these values are

no longer statistically independent of each other; and because of the form of

their joint probability density function , the passage to the continuum is so e_

wh~t mo re difficult to analyze than it was in the example descri bed before .

It w i l l be simpler , rather , to find a set of quantities vi 
that are uncorrelated

bu t can be generated by linear operations on the vol tage wave form . These

quantities will be the coefficients of an expansion of the recei ved voltage

v(-t) in a particular kind of Fourier series (reference 13).

We accomplish such by writing for the received voltage ,

v(T) = >~ v~f~(~ ) , (7)

where the set of functions f~(-r) is orthonormal with respect to the time

i nterva l O< T ~- t

dt f~~(~ ) ~~~~ ~jk 
-

T oen , i - p. is not difficul t to show that the expans ion coefficients i n equa tio n

(7) can be computed from

ft *

= j di v(T) f. (~) V

3 0 3
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The expans ion ciet fici ent s ire therefore linearly related to the in~ut V c l t V u ~~~~~
V

v (-r) , and the j~ H ne :ul d be gener~ted by passing the voltage throu qh a

li near filter matc hed to a s i~ n i l of the form f~(-r) -

Since the vol tage H story is random , so are the expansion coeff i  ci cots v~
The i r cov ar ia nces are i iven ~~~~ the following equation ,

/ di 1 d~2 
*( )  fk(T 2) (v(1 1) v

*(T2)~

and usin g equation (6),

~
vjvk) 

= N0 ~jk 
+ 

0 1 di1 dt2 ~(~1,~2 ) f k )  fk(T2) . (8)

Our goal will be achieved if we can find a set of orthonormal functions such

that this expression vanishes wheneve r j  and k are different. This will

be so, i f for each fun ction f~(i) 
V 

separately we require

-t/ di t .(i) ~~~~~~ = x . f.(~~~) , (O<T <t) (9)
0~ 

3 3

where the constants :~ have yet to be determined . Substitut ing equation (9)

into the covarian ce equation (8), we find

Kv~ V
k

*

) 

= (Ai +N Q)~~ik -

- -23-
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so that the ex pa i u~~- i o n  ~ i ctfICieIuLS are irdced unco rrelated , and their  variances

a re  simp ly rel ate d to t h e  eke values (reference 14) of the integra l

t 103 t 1 0f l  (9),

= + N
0 

-

Hence , the jo int p robability density of the entire set of coeffic ient -

aga in the pro duct of each separate distrib ution and , since the coefficients

determine the wave fo rur , this product gives the p robabil ity density for the wa~ e

forr itse lf. But , because the voltage coefficients v . are formed by linear

ope rations on the Gaussian process v(-r) , they must be Gaussian random variables ,

V 
and we fina l l y obtain ,

M 
2

N / ~ 
~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~

p (V0 ~
YES) 1 im H (2~~A .+N ~ 

) e
~~J=l \ j .0 ,

Fun the - urore , if noise alone ~cre presen t , the p robab i l i t y  densi ty for thc vo ltur.e

hk tu ry ee~ l~ trivia l ) ’7 be given by

N
2

t 

H _ V
~N0 ~~~iv .

p(V0 No) = l i m
(
~
._-
~--_) e

and , the re f ore , the anuoun t of information concerning the presence of the target

-~i yn~ l within the v o ltm~e history alread y viewed by the observe r becomes

- -24-
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J[p(YES~V0
0), p( YES IV 0

t)]

~~~~ 
l/2N~ j~l x~!v~t

2
/(A~

+N0)

iog 
l+~~~/N~~/

e
__V (10

~ / \ ii2
~0 ~~ ~ Iv . 1

2
/ + N 0 )

O f ’  1 ‘ ~~~~~~~ 0p(YES~V0 ) 
~~~ ~1+A .7w~-) e + p(N01 v0 )

provi ded

2

~J d-r
1 

d~2k(T1,T2)~

to ensure that the limit as the nu~iber of coefficients t~ends to Infinity does

indeed exist (re ference 15).

Before we can attempt to determine the design of the optimum detector sug-

V gest~d by equatIon (10), we must cast this equation into a more suitable form.

Thus, employing the equation definln9 the vol tage coefficient V

~ ~~ 
A

~~~~l V ~~~~l 
/(~~+N0) 

= l/2 N0 f di~ di2 v
*(11) h (t1,i2,1/N) v(t2)

whe re we have defined

h(T1, t2;u) 

~~ 

f~(t~ ) f ( T ) x~/ ( l+x~u) - (11)

Furthe rmore , the infinite product in equation (10),

o( l/ r ~ ) 
j l  

(1~~~m0)

-25-

V — - - - - - -- - - - - -

~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

— -T---~~ i~~



—
- - - V.V.~~~~~~~ V. -~~~~~~~ - -~~~~~~~ ~V

can also be evaluated in terms of the function defined in equation (11). Indeed ,

taking the logarithm of 0(1/N0) , we have

lnD(l/N0) j~ 1 
ln (l+A~/N0) 

= 

~ 
1

1/N0 
du 

~ + A U  - (12)

But, setting -r 1 
= in equation (11) and integrating from 0 to t , we

obtain , upon using the normalization condition for the f~ functions , the

integral on the right-hand side of equation (12), Therefore (reference 16),

1/N0 tf  du f  di h(t,r;u)
0(1/N0) 

= e° 0

and

J [p(YESIV0
0), p(YES IV O

t)]

l/2N0
2 

0f~ dr~ dt2 v*(T1) h(~1,T2;1/N0) v(T2)

log— ----~~- e 
V 

- 
~~~

—— — -- --  (13)
l/2h() [~~dT1 dt2 

v~ (~1 ) h(i1,i2~l/N0) v(t2)
p(YES~V0

0) e 0 + P(N01V0
0) D(l/N~ )

indicating that a knowi age of h(t1,i2;u) is sufficient to provide the i~ forma-

ti on contained within the given sample path . If we multiply both sides of

equat ion (11) by u)~(i,- 1 ) and integrate over the range 0<-r 1 <-r , we get , using

the integra l equation (9)

- -26-
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/ d r~ ‘

‘ 

1 ~~ ?; ~~~ 
~~~~ f.(t) f . ! i~~~) A . /(l+~ ./u

vhic h , upon -i clditi ’rn t ~,citi on (11~ , pr—i v’des

h (1 1 ~2~u 
~ ~~~ 

h(i,i2;u) 
= 

~ 
fJ - r

1~ f ( ~~~

Finally , since

V

~~ 

~~~~~T~~~ ) 1~~(~ 2
)

as can be eatily sha-~n. - - V e  find that h (t1~ -r2;u) is the solution of the

followin g n egr~i c-~n. Li ~n:

h(~ 1,-~2,u) U J d i  ~~~~ 
h (~~,i2

;u) = 
~ (i1, t 2

) , 0<(~1,~2 ) < t  - (14

ar~ nu~ ;ea~ — ~ s~ec ify the np l .imum receiver implied by equation ( l3 ’
~

r tr’r~ rc the soict i - n t - t:c inteqrdl equation (14). To do sc , let

V 
V~~ ~ 

~ 
h(~1 ,t9;1/~) “(~ 2 )

ari d thn~ u.~~’ t.~~ th~ 
- 
~‘c’n 

‘ -~ i i  equatiofl (13) as
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l,2N d~1 d~2 
*( )  h(t1,t 2;l/N 0) v (1

2
) = 1/N f

t~ v*(11 ) W(T 1 )

For each value of , W(-r~) is a wei yhted average of the input voltage history

V(T) that has been “iewed previousl y to the time . It can be found by

passing the voltage received through a time-variable linear fi l ter having a

riarrowband im pulse response

~ h( -r- 1 ,T1
— -r ,1/N) O< T< r

1
9 ( -t ) =~~1 0 otherwise

The output of this filter at time -r ~~S Re W(i)e
l
~
T Therefore, if we

now multiply this at each instant by the input Re v(i)el~ T and thereupo~ integrate

the result with a low-frequency filter , the output at time t is essentially

equal to the exponent in equation (13), and this system evaluates the amount of

information contained wi thin the received voltage history regdrding the presence

of a Gaussian narrowhand siqnal.

PASSIVE RAT~GING

We have app li ed the sanp ie-p ath information concept of Woodward & Davies

to the estimation of Lje existence parameter under varied assumptions about the

underl~’in~ statistica~ properties of the voltage process. There exists , however ,

no objection to e~’teu .1ing th~ application of this concept to encompass the ca l-

culatio’i of th~ amu~nt oF information regarding any other parameter of tactical

value. in particular , one wants to estimate the position of the target with

- -28-
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respect to some specified systen~ of reference, by evaluating

.4 t
J[p (~jv0

0), p (~ V0
t)] log

where the observer ’s state of knowledge about the larget ’s position r is

given by the corresponding rule of Bayes,

‘
.4 0 t -’-

- u(~~V0
t) 

lJ~rjV0 
~~

0

~~~V~~

’

~
0 

Ir )  
V

fdp U( i IV 0 ) p (V
0 

jp )

To carry out such a program, one must possess a reasonable model of the acoustic

process, capable to provide the range and bearing dependence of the conditional

probability density p (V0
t

l~) . We are not prepared at this time to pursue

this problem beyond the feasibility remarks above , but will return to it upon

completion of a few , somewhat s~mp1er, investi gations that naturally suggest

themselves within an information—theoret ic approach to passive acoustic

detection. It is im~ortant to notice , however, that if one Is willing to view

passive acoustic s~~rch as an informati on-gathering process , there exists an

entirely natura l ard conceptually stra i ghtforward way of positing the problem

of ranging to the target. In fact, estimating the target position is in no

way diff ’rent -from estimating the target’s existence parameters. As we have

already pointed out before, this highl y desirable feature of the information-

theoretic app~oach 1k detection is ent{rely lacking in the conventional theory .
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Indeed , modern pas’ t~~ detection apparatus is conspicuously incapable of provid-

ii ;g rinjing infurna~ !~~r~ on a previou sly detected target, although that informa-

ti -n was definite l~-’ 
V
~~

Vp
;el1t in the voltage history use d in evaluating the

cx is ten c~ ~a ra~netL v- -

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~Vt V I ~~~~~~~~~~~ ~~~~~~ 
:.~~~~

V ; .



—— V V~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ - ~~~~~~ - VV -

SECTION IV
V pV.uF CONVENTIONAL APPROACH TO DETECTION

The preceedir rlevc-lopment has been fundamentally predicated upon the sug-

gestion tha t searchi t- ~ for a submarine is primarily a problem in information-

gathering. Correspondingly, we have found it quite natural to represent the

evol uation of the scar ;h process by the time-dependence of the observer ’s state

of knowledge concernir~q the complete set of tactically relevant parameters . In

general , the atten~1ari t body of theory appeared not only to al l ow the evaluation

of the searcher ’s s-ate of knowledge along some volta ge sample path , but also

sugges ted the optim electronic procedure to be used in gathering the desired

information .

Notwithst andin~ the general conceptual appeal of this approach to the

acoustic search pro~lem , history has apparently chosen to ignore it. To be su,-

many of the concepts prevented here have , in some form or another , been avail-

able w thi n the ~uuro ruos of conventional theory ; but, to achieve from this

vantage poi n t co;~~)1u V t Ve contact wi th the classical approach , we must make drastic

arid often u n ite irnt~’abl e assumptions the impact of which , while hard to evaluate

in the ahs~-r - -  ~f t r - - rorrect result , is nevertheless bound to be signifi cant.

W i rh~ i the ~~ V p(1tj ona l theory , a good deal of relevant information actuaiiy

presen t iii the vu~ tou:e hisLo r~ is disregarded in that the complete set of tactical

par~r’eter~ L~. qeii’ ~ iy reduced to the relativel y uninteresting existence parameter.
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Despite the fa(t tha t the observer is ultimately interested in lea rning the

position of his ta ’- ’, it appears that the only question the observer is in-

structeu to ask ol U ’  voltage history is whether or not a target is actuaHy

pre -en t : 11 t he ~V U ~ 
-
~ o’ir,ing ocean. To describe his knowledge concerning the

existence piraiiie ter, the conventional theory insists (reference 16) that the

observer make object e use of the vol tage data he has collected . It is there-

fore not accept~Iu le t~ refer his current state of knowledge to an a priori one ,

unless such is expressible as an objective frequency statement about the param-

eter values at some nitial time. Correspondingly, the conventional analyst ,

instead of using his measurement to eva1u~te the amount of information concern-

ing the presence of tI’e submarine, would use his measurement to evaluate a

related, but riot equivale nt, quantity that makes no reference whatsoever to the

observ~r ’s a priori state of knowl edge. This quantity , generally referred to

as the lil—e lihood ratio of the measured sample , no longer admits of any simple

interpretation in tern-c of concepts relevant to the original search question

and, therefore , the neasured value of the likel i hood ratio does not naturall y

r~~l~ j u -  ~ any d~ ~- rE ~ t i~ n the obser~c~ might consider reasonable for his knou~-

l~ dqe (o~ c ern ing thc- exi s tencu~ parameter.

To lea r~ ai’e t t ;le presence of a target from his measurement , the conven-

i o r V d l  r~ -
~~~~u t ~ r V n ~~~t : ~i trari ly correspond the value of the likelihood ratio

to f r -  pru s~ i Lle V ’U€ ’-, of the existence parameter. In genera l , he assumes that

th~ IV - -,~ u Ct ~~; ~rusCn’ if , ari d only if , the likelihood ratio has exceeded some

r r e V V ~~S~~~a~~~~li~~~~i V I . -~he magnitude of which is usually so determined that noise
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alone wou l I ~~V 1 d o~: - : 0  He  inea;u ed v a u ~: Lo go Wcv~: it (refi- r~nce ~1). -~~~

s’J’ha~tiL , c hrc su I~~V 
~ i n ;  ev~- rit yii i be cal led ~ t~ c L~on. Need !~ cs to s .~ 

- ,

th~ ~~~~~~~ rinn1.l wa~ ~ct a , 1 i sh the p~escrice of a s~~~~r :n .~ j ul th:: O ( I ~~~ ,

im~- l i e -  the Jostr rc i~ i o~ s~m-~ f i n i t e  mount of inform ation . IL i ~~~~~~~~~~~~~

to be e xpec ted that a pro’esso r operating in accordance wi th the conventional

tranewo i - k wi ll not peri rol ;i the task of determining the preV en e of targeLs as

we il as it might ha’,e W LiV ,jU 1 the l imitation imposed UPOri it by the infn r~ at nn

thre~hol inq proc2 s.

To q iancify thi s performance , the conventional theory evalu ates the proha -

b il ity that a detection event w ill have occurred i-f a taroet were aL tua ll y ~ V i r : V &~~r1: ,

and calls this me aS u .V iV of effectiveness the probability of detection . ~e

illustrate hese conc pts by returning to the simple examp lu .~ dEveloped i~ ~
discussion of  a deterH iistic signa l i-ihere a known , undistorted si gnal is niixr J

into stationary , wn ire Gaussian noise. Under these circurnstance~ , the li kel l h n V ~

ratio of the sample ~~ ,

A t v) — 

p(v 1~ O)

is ~ ~ nV - t V nica l  Iv r~~sii~ cunction o the corr~iotion integ’a l

q (t) 
- 

d-c / (T) S (t)

w~~re t r~~~~V c ) ‘ ~~~ 
I he time-lengL h j f ~amp1 e vi~w~d , and I. ‘infection ev~nL V

ca le~ if ql. t V~~ E d S  a ired eterm inL--J thres hold

33~
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In principle , there are a variety of ways in which the threshold mi ght

meanin gfully be ::hu5~ but the most popular practice is to establish a q0

~~~~ L L t . vi i l l i~~x ii ;; ?e ~ detection p robability subject to a specified , operat ionally

acceptable value fo~ th: probahilit .y of false alarm . It is riot difficult to

deter-mioe the prob ohi ity density function of the correlation integral and ,

hence , the de tection probability within this model . In fact , since the measured

volta ge is assu med to be a Gaussian process , the correlation integral for any

fixed value cf t is ,~ Gaussian random variable of mean value

(q(t~ dt Kv(T)) s(T) = f d~ S

2

(t )

/
/ YES YES U

if the target is inuecd present , and of corresponding variance

- ~~(t~~~) 
= f d T  dT 2 (~

T l) n(T 2 )) s(T 1) S ( T 2 )

= N0 [ ~(r 2-i1) sk1 ) 5 ( T
2

)

= N~ dt s2(T) .

T~wre1 O f:,

i /

/ \ 2  — i ( t ) - E)  /N0E
-

~ \ NQ )  
e V

— 3/1—

‘ V ~~~~V V V -V~~ —

~ 

~~ .‘ V~ V~~~~~~~~~~l ~~~~ V •  V V
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V~~~~~ V

and the probabili ty -
~~ detection ,

(dq L~~~ Y[S)
q()

will be given by

where E i-epresentS the energy dissipated during the observation interval in a

resistor of unit -os i stanCe when a voltage S(~r) is put across it, and the

thresholo value q1~ is related to the false alarm probab ility ,

~FA - 
[ oq p(q~NO)

t~ t~~ (~~~~~~V~~~~~~~~f~~fl

I l.( rf(~~~~IVA  2

I. t~ o~Iu cir~g the ~,~~f V à1 - to-noise ratio 
V

- ~~ :t~

- 
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~‘Ii i i ,’ ~‘~~~l t _  I I 1 C  O-
~~

• 
- , ~ 

•~~ V ot V 1 bj ] 1 ty  d :

V V ~~ ~ 1
-

~ 

~ ~ . (~~~~~~~~~~ . ) j  
(15)

where 0 is related Lu the preassigned false alarm probabilit y through

~FA ~ [l~eu Sf~~~~
)] 

. (16)

It is to be rioted tha t f rom equation (18) the probability of detection for a

given false al~ nn probability is a function of the signal-to-noise ratio alone.

This property continues to hold true for an entire class of model s, but such

need not be the case ~jeneral .

We shal l c iOS~ L 1 section of our review with yet another example of how

the conventional theou~ ascertains the presence of acoustic targets. Al though

this model has little , if any , in trinsic claim to attention , it has recei ved

suff icient iy Wj teSPrC~ J application to warrant inclusion here . ~t assumes

(re r -rrnc e I ) ) tn . t. ioaal is represented by a white , Gaussi an process of

~ u~~ ri PO~
V V V~~~ de~-s~t; and that , when p resent , this signal is imbedded in

~~e , ~dI S1an rn  u -  - .o~-.er density . Therefore,

-36-
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2Wt

-
~ \

Wt -l/2N0 >~
p (~’IN0) (;ç ~~~j e 

j - l
\ L 7 1 1 4

0 
/

2Wt 2

~ 
w~ 

-l/2(N0+S0) ~~ 
v3

p(v IYES) 
~~Th0÷s0)) 

e

and the like lihood ratio is a monotonic function of the stat ist ic

2Wt
G 1/N0 > v . 2 = l/2N J dt v2 (T)

j=l ~ 0

Under the null hypothesis , G is x2-distributed

p(G INO) wt ~ e~~~
2 6Wt -l

2 r(wt)

and , COrreSpOul diI q l VY

~FA 
= I dG p(G I NO )

V 37
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Under the alternate hypo the siS, G is no longer x2 distributed , but the

related statistic -

N0 G
o V )

U

still is. Hence,

p(G (YES) 
~ 

e~~
2 GWt~ ~~

2 r(Wt)

and ,

Qd = / dG p(G YES) -

If a variate is x 2 distributed with degrees of freedom n larger than

30, the square root of that variate is approximately normal with mean

and un i t var iance. Therefore , as soon as 2WT>>30

= —1--- f
~~~ci ~~~~ 

V’4t~i~~l)2/2

~‘FA ,-

~~

—-

= ~~~_ V /  d~ e 4Wt- l ) /2

0
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rerforming the ~-equaticn, we have:

r /

V~~~~ _ 

- V

V
~~~~~~V 1  \1

~FA ~ ii - e (  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ H
L /J

= ~~~ [1 
- e rf 

-

Finally, if

~FA = ~ 
- erf( -P

~)]
i F /D- /Wt S /N

QA = — I l  - erf (
u 2 L

which corresponds to equations (15) and (16) if we replace

2
p2(t) ~~ - 

2 
(17)

N0

Na turally , the optimum receiver against such a signa l is an energy integrator

representin g at the ou~fu t terminals the statistic

G ( L )  = / at
0

-39-

kII I.~~~~~~J ~- -i.~-~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_ _ _ _ _



HE S1u~Y - I.XCESS hJ~~ L uF DETECTION

The C ri 1~ s I - ‘f ly s f t i d~ed above appea r quite useful for il lustrating

thu 0V V C ~~Pj ~~ . V : o I jV .~ : 0  the conventiona l theory , but can ha rdly be considered

= 
rep e~ert~~tive ci - - -e~l detectio n process for , as previously indicated, the

si gnil is t m d aiiieo t il 1 y stochastic, with properties that are strongly related

to t ile ~~~c r0~ pri ( nae~a occurring in the ocean. A natural attempt at accon i-

Iio ~at lug thi s ra/ ior :e.- s would be to reformulate in the conventional language

th narrowuand stochastic signal model wi th white Gaussian noise , or wha tever

other mo’i~ l migh t he suggested by an analysis of ocean-fluctuation phenomena

~. reference 15).

Pr ac t i t i on e ~~
-
~~. oi the conventional approach have found it, however , more

ex ped ier ~t to address the question of randomness in the signal from an entirel y

di~ ierenL point c view . According to this usignal excess model” of acoustic

V 
de tec t ion , it is the randomness in the signal— to—noise ratio process rather

than the randoinri c-ss V~~fl the sig~ial and noise processes that must be related to

tbr n~ r~~ eter~ chara c~erizing the ocean environment. The conventiona l philosophy

~,n’;i d tc.~ ins~ r ’u -~; OS ft evaluate the mean likelihood ratio

/ ~ ‘( o) A (p)

w here ~ p) re!:~~~~eV ar it s the probability density function for the si gnal—to-noise

V a t l o ,  and suhsrqce~ tVly to compare it to a preassigned threshold value A0

Ift ~~o-ahHity f-~ ’ a detection event, to occur can therefore be related to the

- -40-
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V ,eoStJru = 01 ctfe c lV iv er les s  for a processor designed to perform against a given ,

nun— randoni , si ~j c a 1 — tOV_  VU l se ratio ,

J P ) Pr (V ~ (P) A0) .

It is important to r;cti ce, however , that the probabi lity for A (p ) 
~ 

is

not strictly equal to as evaluated in the previous section , because the

threshold settin~; ~ nov: chosen to max imize Pd at an acceptable level of false

alarm probab ilit y ‘other than -itself. With that understanding in mind .

we wr i te

= VI dp P(p) 
~~~~0

and the observer ha - agreed to be satisfied wi th a threshold-setting strategy

that performs wel l against an ensemble of possible values of the parameter

di n t hu t.ed an~crdi ’uj to P (p)

Rii~~r V r  t o n  ~se d r y of the mo dels for 
~~~~ 

discussed previously, it is

~~~~~ 
,~~ ~~u~u to ~

p > p
~IV4 ( c )  VVt L otherwise
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~-, -u i  c ft V L s i .. -no~ se ra t io  at which the probability of detection

~~( ~ hoc - L  ~-~ I : ’ ’ I ~ Cor~~eqil ( ntly ,

= 
~~0

for  = c ’ , - I t  i -~ further cuotomary to introduce the signal excess variable

SE 10 lwj

— and write

= J dS ~SE) (18)

E i t i o ~ ( i c )  is a ~ i cc ~nct statement of the signal excess detection model .

V ine  Si (J oil c- -cesL - 

~- iab le is generally written as

ii -

~~~ l1 ~l I ‘n

‘ c- j .. ’ t o -  liffe r-eri tial (reference 19). If we were to choose

-
~ 0 1 ,  r d~u t . -~i cti ce , the wh i te Gaussian signal model to describe

• 
- . t i , 

V ( n i f i a l  differential would be given by

-42-
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RI) 5 1nc~

w i th  the p eu~;~ l c J n L O  ~ i ;e ~~ rn Ht j i 1 ity related to D via equation (11

Thu firs t torm iii Inc si oral LA C~ss equation can be evaluated from the sonar

equa tion .

ThE SIGNA L EXCESS u ’ i~c-L[~-~

The f
V
undamprlftl ingredient to the signal excess model of equation (18)

is the probabili t y den sity func t ion , P(SE) , describing the statistical

properties of the signal excess process , SE(t) . Al though this function

should be specified us scun as some acceptable model of the ocean acoustic

fl uctuations is n udp iva ilab le , the complexity of the problem and a variety

c-- f other ci r c u i - S t , i:r -~ ha ve encoura ged the practice whereby , gui ded by the

p r in c ipl e of siinp t ~~ t - . , ~e choose a mathemat ica l model for P(SE) wi th a

ic~. u n d e t e r m i n e d  i rar eters and subsequently proceed to match the available

degrees of freedom Lu ~~o data .

Re -nc cr~ 1 ~ t d . t t ~~~ i n Mnci~ l

A ~i:~ 1~ inl h- i re  commonly employed mode l chosen for P(SE) is a Gaussi

n-nd:~l - -‘•- t h  -~ rn v ’ l i- ~SE (t)~ as provi ded by the sonar equation

V VJ tV 1
’ V - (PL(tD -

‘

a~- 1  - i  r.t i ~~ 
t L ~~-; : L n

•
~~~ % •

V 
- — ‘  V S 

- 
y - t~ - -- ... . V V — Ø q * . .~ 

V.. V _ _ - 
— -

- ,.~~~ —
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In this ode ] , i n , . -i I e-
~Vcess di stribution at time t is independent of th e

Pr~ViOU S 1 .Y n td ~~r u e1 v a l u e s  for the signal excess and , hence , the random process

SE( t) is urnor -rel ~ t o  The detection probabil ity is tr ivial ly evalua ted frcj

equation (2 1) to bo

= 1 [1 - er-f (- K~~(t))
d 2 [

t~ot ice that (sL(t)’
~ = 0 corresponds to a probability of detection of

this acco unts for the w idespread use of the range at wh ich the propagation loss

curve crosses the rican figure-of-merit line as a measure of effectiveness for

sonar performance.

Va lues for ~.hr ~ariance can be obtained by fitt ing the theory to specified

c ts  c t  ~~e rci ;e i i ! . ’. ,  hut due to the general pauc ity of relia ble data , the

choice ur o k m o s t l y  a matter of taste.

c x  a C O L t  1J i v iewpoint , the instantaneous probabi lity of detection ,

is of li mit ed value . A widely accepted measure of tactical effective-

ness is the cur r ui t ive probabili ty of detection (reference 20) through some time

interval (0 ,m.) - 

V
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1 1 : . ? 
~°E(~ ) 0 , for soue ~~~ (0,t)]

- p ~-o {S L (  ) 0 , For a ll r c (0 , t ) j

In thu un~~- r reIated ~1aunsiu r=odel dis mi ssed here , the cumulative probabi lit - r of

detoc Ci nc o r  he ~.-m1 mi ated as

FM 
= - 

j~ 1 
(l-P d (t j))

where the time inte -~ - l (0,t) has been partitioned into M equal pieces, and

Pd (tj
) is the ins t~ o’Ldneous probability of detection at the beginning of the

jth interval. Nat a ll y, for Pd(t) a continuous function of time ,

i~~ m FM

- C V  - C )

- ~~~~— ~~~~~~~~~~~ f - l a d .

T m~ sm)na l c~~~~ o- s process is a g a i n  ass umed to have a normally distributed

- - r - ,i r m a :  - i f t  ~~~ \SE(t~ and varianc e , but the signal excess va lues ~
dim terent ‘inie j f l S t o O CS are no longer statistically independent (reference ? ; )

T~~ f~, c t ,  toe ~r o -  es’~. Ia fully correlated for inte rvals of time of random durati

-45-
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i i~~~t : r iorn V i I h i a s o r i  i t i  some free ly adjus tab le intensity x , and fully uncor-

(-lO teu 01 c’~ I V t ~~

~~ i’ , rini di f~ i ~~ to evaluate the correlatiort function for this model

of aijoa ~~~V V O 5 S  ~- -ir ’ ilIty . Indeed (reference 21), let us consider the

sta t istir l de~ -om derrr .e letween tire signal excess va l ues at t and t + T

as n:oosure - l by the ~orre1ation function

b(t ,t+ r) ~sE(t ) SE(t+~)) - ~SE(t)) (SE(t+t))

Wi th probability e ”T 
, there will have been no jump during the time interva l

t and, hence , with tiiat probab ility

SE(t4t) = SE(t)

With probabilit y (l.e~~ T)  at least one jump has occurred during the time

inter al V( 1hr ~ totally decorrelat i ng the signal excess process

Prob (SE~t) , SE(t+i)) = Prob (SE(t)) Prob (SE(t+T))

Therefo r e-
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(sE(t) ( i - i ) )  e~~~~~~~~~
[
~~ dx x’ Prob (x)

(l~e~~T) / dx dy xy Pro b (x)  Prob (y)

e~~
T 

(

2 (n)2
)

+ (l-e~~~)(SE(t)) (sE(t+T)) ,

and,

b (t,t±1) = 
~~~ 

e~~~~~ 

~ 
(sE(t)) ((sE(t+~)) 

- (SE(t))) e~~

If the mean s i gna l e cess is time—inde pendent , the ~~ 
— 

~ 
jump model correlation

function becomes

( f)  = 
2

By definition , the instantaneous probability of detection is the same here

as it was In di e uncorrelated model ; the cumulative probabi lity of detection ,

howu ve r , is different m d  no longer trivia l. Thus , if the mean signal excess

I S  con stant in time ,

-47-
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- 1 ut ~SE( L )  ‘V Q , For all ~e(0~t))

1 -- 
~~~~, Pr~b (SE(-r ) <0, for all ‘r~(0 ,t)Ij jumps) Prob (j  j u rf . s 1
-0

= 1 - Y (i-F d)~~ ~~~~ e~~

so that ,

F( tt = 1 - - 

~~d 
e~~~d

t

Froimi this ftuati o-: i. i. seen that the mean time to detection ,

t d~(t)

is U i  v u O  by

-48-
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- 

~c con simi ar 
V 

s h - ~i that if cont act is lel i  at time t = 0 , i.e. , SE (U) >0

then the ~m -utrnbi l i t y distribution of the time 8 at which contact is lost fo r-

thu firs t time is j~ VCii by

Poo b ( - j < t )  - 

~d 
e d

The next leve l of complexity of known results c : o r e r n s  the case when the

moan signal excess is time—de penaent and unim odal , that is SECt) is non— V

decreasin g an an inL~rval (0,t0) and non—increasing on (t 0, oo ) . For this

case , the Cmm ulat i~’~ probabi lity of detection can again be V V or~puted exactly

(references 21 and V : 3 ) ,

-x d~ ~~~~1 - (l-P d(t)) e , 0 < t < t 0

F ( t )  =

-t
-x / d~ Pd(T)

- (V I p ( t ~~~~~
) 

e 
0 

, t > t 0

For arbitrary , no rm - u p mIflO d à l , mean si gnal excess histories , there exists no Cl V 0d—

form sn i u t im n to 100  problem of evaluating the cumulative probab ility of de tru t i on ,

but we Can 1 1 u r r ) , m mm mte i t to wi thin any desired degree of accuracy (reference 23).

1 ri - . - V IV f ~ rko Madel

In th iS nrode i , the si gnal excess process is assumed to be a Markov process

for which oil fin i te di rr~nsional distributions are normal. Just like the A -

-49-
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i t t t )  j fl ( dc the (A~i Pi ~~ 
- In ’  -

~ OV mode l desc ~ t~u c  a correlated signal excess pf lOC V Vd

~- t tr correla ti~~r t f irircf i c o  ( r m f m r e n c o  2 4 ) ,

-
~ U I

= o -

t s - \ O m , unl ide the j sup p rocess , there are no useful m-esu l ts to he obta 1 c i  f t

rio- ~at form. ~‘me pr i m ipa l m OonS for computing the cumulative probabil i ty ro~

detection are app m :- i ma tio n methods extensively covered elsewhere (reference ?~~;

V an d, therefore , we shall not purs ue this point any further. We will note , ho,-~evc- r ,

that applicati on of tO m s mode l to some specifi ed c i rcu m stances  St-ur .S tc indica ~c

that the c mmT ;ul at i.e pr uabi l i t y  of detection for the Gaus s-Mo rkov p ro c e s s  is

larger than the v ulte -btained when the x — o jump model with the same parni

i s  used unde r the sat ~
- c~~rcunms tances (reference 25). Fur thermore , one shows

(refe rence 2r~ r ’a -o Gauss-Markov process a ll ows , on the  ave rage , much sh - m e r

contact times thin 1110 - ~ ju mp process. In fact , for large posit ive va lues

of (SE~ , the ~e~~r ~ i ’ m e  to loss of contact within a Gauss-Ma rkov model ,

- ~~ ~:- ~~~~~~~~~- 23/2 r liti
1= ’ ~ 2

~V us

mr~ ~~~~~~V 5 •~~V 

V

:~~
— 

~~~~~ 

~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~ - -. 
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v u iore ,i~ e p m m  V~~~ I ~ tV h O  m i d  ti me to loss of contact w i t h i n  the A — o j u t -p

- -

I tO I V cc

A ll stoch asli c pr ocesses discuss ed above have been so desi gned as to have

m c  a~ m ! V -il
~~l l t u l  prob abili ty density function P(SE) since a large body of

mata ~ec-irm s Lu i mci atm : tha t such is indeed the case. Recent studies ( ref e r -encI V V

27) of tue m m m i t i p : th a Id vo l mechanism for randomness in the received signal

~eem to i ’d  caf e. uor- - e - -er , that under the appropri ate circu mstances , the signal

e~ c a s s  pr ess is U-/el i represented by (reference 28)

SE(t) - l ruj I (~~
(t ) ) 2 

+

-Ih ere P is an O V b  Lrury non-negative constant and x (t) , y ( t )  are s tat ion a

ud ml - - s-~-1a r kov p m - UcesV ~rS .  Al thou gh pot much work has been done on this model as —

you , one can shy . ( m 0  Ference 29) that the correlation functi on for the process i~

by .

1 _ —P 1
- ~ e U in 

~ 

V V ; -

L mm - - U

2 ½ 2

in — Pmm 
~~~~~~~~~~ I ~ e~~U ln V

1 — 2pu l/ (l+ p ) u 2u - 1
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whe re c e m i l l  
~ re sents  the corre lat ion coeff ic ient for the underlying

Gaus c—Mnm - kuv proces~ and where ~ I
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SEC1 I oN V
C O N C L U S I O N S

We have a r q m J  t I l t  acoustic apparatus should be employed for co l iect in~
i f l f u r i t iO f l  about a ocri p lete set of tact ical ly relevant parameters , rather than

as decision— m aking devices. Withi n such a framework , information that is con-

ora l ly disregard ed by the conventio nal procedure becomes available and can be

actively used in whatever decision process one wants to adjoin to the information-

gathering stage of the search game . This additional amount of information

requires, however , tha t one possess a physical description of underwater acoustics

detailed enough t m  provi de the probab ility distributi on for the acoustic dis-

turbance process ii terms of all tactically relevant parameters . The convent ion al

theory i s far l ess deman d ing on thi s point for it only requires descri pti ons of

the acoust i c f l U ctuation process in terms of ad hoc parameters such as o and

A to be fitted to the available data . In fact , it is p rec i sely because thes r

parameters are not ~iructly related to tactically relevant descriptions , that

the eTm v otitnal it - m o Och is ct apable of cht a ining tho enti re am ount of

ir if oromct t ion V o i l O j i a  in the voltage process.

it is rio t  d i ffic u lt , in principle at least, to show that the info rmat i -o —

thc’oretic m U t m o c  t to acoustic search does indeed lead to advantages over the

conse ntiona l fra u- - ui ;. To do so , consider , for instance , that the vol tage

sample path J1~ , has been d rawn from an ensemble of paths charac ter i zed by

~~
= YES - Ti ohsr-m ver that subscribes to the information-theoretic approach

- -53-
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ta r s s i~e -i m :omrst i c cli t (ction would use his processor to map this voltage hi ut

into a nmvmhe r oe scr ihui q his state of knowledge concerning , say E YES , in

accordance w t h  Oq U i t i - )fl (1),

- p (YES IV
0

0
) p(V

0
t
IYES ) 

_____

V p( ~~L S i J t~ ~V_ V V  V _ ~~~~~ _V _ _ _ _  _ _ _

p (YES IV 0 
) p(V0 IYES) + p (NOjV 0 

) p (vo
t INO)

As the sample path c
t grows in length , the observer ’s average s tate of know-

ledge (p(Y ES~V 0
t )1 approaches certainty and the variance of his sample-path

sta te of know leo ge dhCiV t  this mean approaches zero. Therefore , by Chebyshev s

in equa lit y,

t 1 var (p(vESlvo
t
))

ProbLlP(Y S
~
Vo 

) - /p (YESIV 0 ))l~~ej ~~ 1 - -~~
_ _ _ _ _

the probability that the sample-pat h state of knowl edge p(YES IV 0
t) approach

certainty with inc cra -a i~ q viewing time gets arbitrarily close to unity . The

:n t~~t ;c- cr aauar as the other band , w i l l employ his processor to map the

J, l V ~~V e  u a ai L V hV p) m t  succession of YESes and NOs by automatically

V - V t indow s tat is t ic .  Thereupon , depending upon the rela-

t o o  ~- -a(s’was- f i a a  in the sucr:e~-s ion , he will subjectively translat.e this

; - r ~~~i~ H t- ~ -m i t  j : a t e  decisioa regarding the presence of the ta rget.

Tc L-o t~ c ~~~~~~~~ 500 between the 2 observers meaningful , i t seems

o i e  ~c a ; ;o . m . cit . the conventional ooserver will use the rule of Bayes

i -m t ~hcj -~ ~~ V s ian o~ YESe s and NOs he has available into a sta te
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of knowledge concerning the existence parameter. Thus ,

p (YES I D 0) p(D t
j YES ) 

____p ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

p (YESID0 
) p (D0 E YES) + p( N0j 0 0 

) p(D 0 1N0)

where represents a sample-path success ion of ones and ze roes corre spondir V

to the succession of YESes and NOs generated by automatic thresholding , and ,

for a running window of size W

p (~ lYES) Jd~ p ( IYES) 
~~ 

[ D i[ç k=~1W k)] 
(19)

is the probability of a discrete realization ~ of the sample-path D t

It is not our intention to accompl ish the numeri cal comparison between

these two processing schemes at the present time , but it should be obvious by

now that the only difference between them lies in the replacement of p(V0
t
~ ~

,)

oith p(Do
t

t ~
) . As equation (19) indicates , the conventional processor

performs an ave ragin g operation over all those voltage sample-path V0~ that

produce the same sample— sequence D t before evaluating the state of knowledge

p(YESIDO
t
) , and therefore neglects a certain amoun t of statistical detail

available in the voltage history it reads .

If m-;e accept the information-theoretic approach to the submarine search

p roble m , the conventional concept of a detection event, together with most of
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the anuly t ‘c mode l ira mo veloped to assess the performance of sonar gear, should

be su itab !y neneralized. Consequently, much work remains to be done. To begir

wi th, a thorough PhV Y S I C I 1  description of ocean phenomena relevant to acoustic

propagation should Lm attempted. Dr. W illiam Hurley has recently been assigned

to participate in the Acoustic Detection Project and plans to investigate the

feasibility of methods cther than the wave equation for connecting the statistical

properties of the ocean and its boundaries to the statistical properties of ~ndc-r-

water acoustics . Next , the information process i tself , given a probability dis —

tribution for the voltage history received , must be addressed in some detail to

carry through the numerical comparison indicated above. Finally, we envision

utiliz ing this framework in conjuncti on wi th some acceptable decision-making

scheme to deal with certain of the Navy ’s major tactical necessities such as

passive ranging to a target.
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