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--~~~~~~~

‘ u’ - I ’e’ i 1 t ~ . - :‘ - c’. ‘~~ i r b v  :‘cE e ’ i .~~s and en— 
- . . ,t : ‘ ~~~~:ir~ I n ? , 

~ ~~
‘ t ’ un ‘ • ~cJ ;e a; a . ; , ~~L ie  tool in

“~~~ H.1’ ; r  ~~~~~~~~~~~~ ~ r~c . ’ r v h i c ‘‘ r  ~r . v  . ‘ : ‘ ‘ ‘hr i ques
-‘ c, ~~‘ ;n ’ d 1. r I :~~ I t .  I v - il ~‘ ‘  . ~ l i t .  ‘ H i ’  is compared

-‘ - :. ‘ ‘  ‘ t .  , .;~ - ‘c i  ‘ ‘1 a ’ Iv I’’  — ‘.ri:c 1 1’ .’ ti’ and lyn n i.~.]
I ’ ‘tp~~l i ’ ’ i ’ n ; “I ’ ? I ’  ‘ ‘ ‘H i q o ’  . 1’ : t . . ’ : n i  t r ~~~lems at ’ ’

- c . 
~~ ‘ - iu .•: ~ ‘ t i n s  ‘ ‘  :‘ ‘

~~~~
; . .‘ .‘ I ‘t i  ‘ J , r i v , t : r . ‘I. - equa—

L I  ~~~ , ~~~~ i ,‘.~ 
. 

~ . ~ : :~; ~~~ ~~~~~~~~~ a - —-
~~ 

a -t
- : ~~~~ . ‘ “: ‘ nj ’  ~ r’ ~‘

TS i r . i ‘ ‘~i I a ’ in ,- .:~ u n ’ ’  - i t - v .  — :  I ’  t h e - ‘ ‘c ; l q u - has three prima ry

~~~ i n ’  ~~~~~~~~ .; ‘ r ;. ‘
~‘ I I  :- L a points .

I . i i ’ ’  I ’H - .”. -u I . : ‘-  ‘ t i  1’ H : - ’ i v ’ ; ;  a ’ ‘ ‘  ;~p I i : . ’ arc ~cntinuous
all I i n t . ’ .

~~~. ‘ I’S. ’ : ; i l i ; u -  ‘at ; be • ‘ L I i ~’ u I i : ’ i ’ I ‘ s’ 4 b’~ ’v n w  r addi —
n- i. .

. 
-i .

- .  n’ c ‘ ‘ . ‘ ‘ ‘  I I ’  i ’ a  r .• ’tVI }xj e r i c ’:. ’ .‘t ‘~~‘ 1 ‘ . -~ .~ I: .  ‘~~ . y i n . ’ .:: l ine
L ;’ ! l  I h r  t i i  ‘ ‘ I  i~~ I c

I t v  . st  i ”t , ” ri:  I ’or ‘ : pc; ’ ‘ • ‘ ;. F ; ’ . - c ’ mi t’ .
• ,

. I ‘ I

“ ‘ J q u ’  in  ,~~j 1 ‘ ‘ i ’

c .;j I i t ’  : u t .  - - I . c r -  jul c’ I - pa;.; - t ’  u , c all I c  a

‘ -“ ‘ i  - de r iv a t i ve  b ’’t a ’.- i - i ’  ~~~ rr ’s~~~I. l’ r c .  exper :” ’ - c ’ . ‘ r r r
n ’ :  • n ’ Io a 1 t..; ar~ nuinc-roun ;c. 1 ‘1 ’ ,; - Ly ~‘ j a  ‘ t .  ‘Fri al and error

t i n t ’ su it I Ut. ‘ .~~ ‘ ‘ X i  .‘ , ‘ ,‘ I i . ’ , a t - , : - : . , ; iU1l l t i~~~.

4 ~~} •
‘ ‘ - ‘;‘ r i ~ - r. . has 1: 11 ‘ c . • j  t i - i t  ct - - ’ I ’ : I ’ -  r i suit.; “ci . : r .~J I y  be

‘ ‘ I t . ’ I n ., 5 i:: .p l~,’ c ’ ’i . - ’ ’ i n s - a t i ter ’  . i : . i ’  i , :‘ i- ’ - ‘ i  I ’  - . .:ia~ ’ ’ l  set of the
l a a  I ’ m ’ s ‘ o  which ‘ H ’  the curve .
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Al l i l A .  1( 11 ‘F ~ i’LF.}’ , :. I i ~~~!.J ~H,

I Aj b r :  S l i F  S t i l l

*
a r t _ ::~~; -

~ _ Hs. , . ‘ .‘ ; Ia ’ ’ t ’  . ‘ c’ ’ ’ —
. . : t  ‘ ‘ t • ’ I L  ‘ - c H v  r ’ c ’ a r c h .  at;’i desi~~r i

r :  L~. ‘ -; .. s. I ’ - t h ~ _’ - ‘‘  . ‘ r , ; Y  I ‘s ‘ I’ n i l .  - t i ’ j n ’,’;i ‘al s’,’stern . S i c ’

~~
‘ ‘ : cs ~

‘ i ‘
~~..  t i t c  a i ’ .’an  ~~ . ‘ - -v e c  H.e j ;, t t - ;  . ‘c,j; ’ rr,c’th Is

c i  i t 1  ‘ h i  ‘ I ts ;  ‘ ‘ I t ’ ; ’ ; a . .  t i s  . I r e : ’ c ’ , the J’urJ; ,3r ~j ’

— ‘ s  -
~~~ ~

‘ t~ ; 1n a ’ + 
~~ ;;; c r ‘ H :., ‘c ~. I

’ c ’ . ‘c’; , ,‘ ‘ .~~ , is all show . ‘ -~~

SI t~ ‘‘ ~~t . l .  I ’ . ‘ s : - .~t:; . ‘  us i to ‘~u :;i r ; t  ccc , ” ; . H.i~ u r~~ s ’  is approached

.5 ‘.,“ : . ; ‘ ‘ .i~~s i n  a:;l :.:‘c’j ; ’s in I r , , avO:i’ ; I sul ’ , ‘ ‘ ‘ ‘ l a t  are ;neaning fui

r c ’ ’ -’ i r ’ ’ I ,  a;. I h c i c r . ‘ ; . c i n - ’-r  in  ‘ s I t’ H- ; r i n ’  ‘ ‘  Li t’ pr a ’t i c in g

‘I -n~ is - a;;.i ‘n c l c i . - r - r  a ‘, ascu, t ’ c i - I ’  - Li; , ,  -u : I ‘‘ c1 S i t . ’ : ‘ r;su I ‘c ’

‘ ‘ i-; a I w , ’I ’ u ; , ; t ” ’~~i ’ct 1 :‘~ I i r s  ‘ . 1  S ; . erj  i ’ c ~. I : c ; ’ :‘ , ‘ t : ’ i ’ . ” r use in

ii . ‘J u ’~’’r ‘ l ’ s .

C’ .c~ ;t t ;~ y U s e l  (‘ u r v r ’~ F ’ i t , t i ris T e r ’ ; n i

~~ 2. ‘
.~~~~

- - c i - -~~i t . ‘t . c i~~ ;’ ’ . . , S ‘j c ii - :‘.j t i ’  I’ ; ‘ c r ’ b ’ ’i : i g  ‘II i i i ’ l l  ¶

- ‘  

I ;  ‘- - ‘ic c , ;“ 
~‘,‘~~

- 
~
‘ 

~ lvii ‘ c r ’ i n ’  cr  i rig t’ i i ’ : ~ ; . ‘I Fs i s  c i : ;  ‘ipa I Iy

- , ‘ t I ’  I ‘. ~ ~~ i ¶ - ,‘ i l  I ’ t ’ I ’ 1 I v  :j’ : 1;; ‘ H nit ; ‘ ‘ - . I ’;t’ ’ ,; , I t t  t I ; c t ’- 5 ’

I t - ’’s - t r  ‘I .  .‘nj ’i :’  ‘ r ‘a: + ‘ c i  :,‘ ; ‘ ‘  ‘i  ~~‘ ; ‘ - i j  i - c ’ ‘ 1  - -u rc I a

Ii~ i( ~ ar I ci ;(’ r ,  r , I L : . ’ ‘ ‘ r’ :- ,itr ‘ - r i  a :~~‘ t ’ ’ ’r l ’ s . Th e l i i i ’  f -  t i l t ’ ’ r e t -c arid

‘ - s e t s  . ;‘ :f ” - 1 1.; a N’ ‘ ‘X ” ‘I - ‘ ‘ r )  ‘ ;‘: ‘ ; ; . j ’ . + I ’ ‘ h i  ‘ i -  ‘w t r , ~’ -aj - i - I  i c c  ~ ~ Ic

‘L.” . I t 4 ’ ’ I r t I I , j  c l+ ’~~ ’ r ; j  l i e n  (~ . i , j n~~) I ’ I I ’  t i  H S r - c r  i r i ’ ’rt ies t . ‘ the

- :;.j.~ ’ er Ir  ‘sic . i s a J r ’ ; ’:It T . n v . i  i t’ ; ’ :~~~~ ansI 1.; h r  n~ j  !~ n ( ’ z i c ’ c ’ r r l  1 ’

‘ ‘ i S

Is t l c ’ ; a ;  1.1 ¶ t ~ r j ~~~ ’ ~~~~~~~~~~~~ ~~ ‘ ‘ fl~~ H : i + ’ t t ~ i-t i n ’ j on ship s be—

• ‘~+ ‘ . - r I~~I/ ; I ~~t 1 t i j i t i t  i 1 ’  ~, t ’  vi~ j ‘ j  LI  ,~~ 
c ut i n  r- ‘ ‘cc in e i ther

~r , t i  t a l l  .r r t i v i l , t j - aj  I ’ r s, .  j ’ h i ; ;  Is n ’ e’ss,c t”: I.e answer questions like:

1

‘ -u --
— - .y--



-

~~~~~~~~~~~~~~~~~~ ‘ I ’ .’ a c’ 1 - ;~‘b ‘i t  i s ‘ 
~ .‘ ‘ s ’ : 5 ’ . -1’ , - i ‘,‘‘ r .  a a’’. ‘ ‘ c “ l ’ ’ ’,’- i  ‘ i c r ,  ‘ ~~ ,

- -
I s  1;’’ ‘ i v  H ’c ’ ’ ’ r ,  ‘i n ’ ’ ) .  ‘ v ’? r’ ’ I ’ i t i  ‘ r s t i js ‘ c i ’ - r c ’ r -~~’c : I , ,’ a , - c _ i a

a; a - a o t t ’ ‘ . I ‘ I :  ‘ - ‘ c’ 1” c- - to  e-;; sac , ,’ c ‘ ~ ‘~~‘ ‘ ~ I ~ : ;‘~

- I ’  - ‘ o h :  I n t ’  i t ;  ‘ ~~~“ ;  1 ’ + ‘ c ’ ‘r’ , ’r ’-u ~ ‘ r’ r t ” - ’ ’ti ’ : ’ t  h , ; . : : - -

a. ¶ c r 1 ,’ a t  ‘ c  P t a  I~~ ; r t s ,  - c l ’ it a ’  i ; , ’ Pr ’. ’l] s - - ~“ ‘ - - r - h ’u ’, :0 1a

- s ‘ r ‘ic  m’ i ’ : ’ u r v e-  I ’ j~ ‘ ir ;5 m ’ ‘ a ‘ i c . I U ’ - ‘c ’ I ;  r - . 1  “ 1

j A ’ ’~ C I ~ . a na c di  L :‘i ‘a ‘ -i in  : ‘‘ - ‘ l i  ‘r I t ; , ’ ‘ h o ’  ccl  c i ’  I T  ‘ c ” ’

3- ’ IL ’ S ’ i t ; ’ c t - UT ’ / ‘ ‘  - I ‘ 1 ¶a ’ ‘ ‘ -  ‘ I : ,  I p;’ ‘ ‘c ’ i s  : ‘ - Y  ‘a I ‘ P 1 - - 5 - -

“dc  c c l ’ ‘ I . . ’  mc :c 01 rr im cc , I :  ‘c- ’ I c ;r’ ’,’ ’ — I i  ‘,~.l t v  ‘ ‘ - ‘ ‘~~~~ i ’ a - (t t’ ’ t -  -~ —

:1:- c line ar ‘ r i  poll i r c -’m i a l  a :, ‘ic , w a i l ’ - h . ;~~’ - r - ’  i s  ‘“ s , r ’H  - ‘, ‘c r 1  ‘‘ c ,

a”  -HI t ’ U r t t -’ s ’ r ’ - r r s r , ’ a ’ io n , ; “ r ’  c ’ ’ ’ - r i s j ’ - r , c c S  l v  u s e  I ,  T ’ - r a t ’  • ,‘ ‘v ’v r .

-

‘ 

:;- ‘r’iou s ‘lisai :arcl a,’ : in ~i~~ir ;v  ‘ r . ;  l i r , ’’ar’ a n t  ~- ‘b: r , c r , ’ ;I  5 -H Is .  Ta’

l i mi ’ : , ’ i o n , -; a n ’  r ’r e~~”r ’ ’”I in H’- . 1 1  c w lTn - ;‘cicli, ’ra: s ~~~i :,‘‘It’ ‘l;’-’ r ’ a

a r r -r - ’’c’iat ’-’ ‘a ’ ’ a ; i v H t t a ~”’:; c c L  ‘ a’ i’ l l : ; ’ ¶;  , od .

Pi’ - — v i z I it -ar ir;’ ’’rjc’ i a’ n.

- Given r~ s”ri ’’.; - ‘ I  - Ia ’s p e l t ; ’ ;’ ‘Hi c . t o ’  ‘- r : su .-

lLt ’ i ’urpc so-s  . “ x a ’ )  I ‘, ‘ r’ - pr ’;’ ’: t a PhYS j ‘a~ si + ia’ i’ r: - ‘ c’ is s - t ’  : -‘

mc ’t  h,e c l I ~~n to use pi’’c.’— ’;ise Iirc ’’ar in t ’t r’: ln ’ ion h’’H””’ r i - i n ’ a l t ; ,

‘ S t ; I s  is - u + ’ r ’ i a l l i y  l+ ’m 1 1 I t ; ; ’ WI; ’; : ;  acl ;IIf l o r a l  data : c ’ i r ~~s ‘cc ’  e’i: - “ ‘ - ‘
~~~~~

‘ -
I h rc t;Iinearit ,1 ’ ‘at, be n e t - l e d  ( ü  t i ’  cx c -n ’  r~ ;‘:i r’’’~) in;

c ; . ’ ’ c : : i f ’y i n~~ a l  t l t . i c c r a I  p o i n t S ‘ r ‘5” '  nonl b ear ( “ ‘ut’-::’) r- ’ ’ , ’i o ns .  I ’
a , “ ‘ar;; that t he ( c f l l , ’ i i c R : l v n r i t a,y ’’ 1;; I I  i n s t i l t  i onah -co rn : ’ ; ; ’ ‘r m ’’r: i’ :“‘ —

quir -d for ¶1 ~” points .

7. The ser I cu:’ oh - , i c. - - ¶ i c ’n  c t ’ l i s t ’ , ~~~t i t ,ucu c i - r i • ; ~; ¶ I’ ,’ ’ ‘ I t ”;’ l et 5
a- ci ’ ’ l ing chs. ’rved physical 1 ’  h a’: i or arid ‘a I ‘ui a ’ i ng ra’ ‘‘s el , ‘ h ; cr ; ; ” ‘ ( t -’ r ’  ‘.‘t ~ —

i v ’ s )  f rom th e  p i n c ’ e _ w i c +  l i n ’ a r ’  model . ‘ I h i - ~- i I t ’ t ’ i n u l I v - ‘t w;’’d P ,  h i s ’
ir lUnu: ;  ‘I e r i ’i ’i t iv e s  is i l l u s tr a t e d  in 1,1 ’ l u  l owin c ’  “xwn ~ le .

8. The nonl i near I r c I~ ’r L i t ’ s  of coil in a f in i  e “ 'I  t ”m ”r i t n i t  ic c t ( F F 5 1 - S
so lu t ,i on may t i c  repr t ’s i ’ :c t  “ ct with ~ set ;

~~
‘ c t  rus s~~st  r a in  t i n ’ s , n - v t

i t t  fig. I . The so lu tion  i ro ’- c ’ ; ,s requir’s i t ;  ‘ ‘rp o lat ion  cot ’ a s I  r ’ :’S v i t l u ’ ’
for any s tr a in  value. Als o r”cjuir + ’I is the modulus ci ’ elarr: ic1:~: I ’ S I I ,
sam e strain values (the modulus i c i n g  dY/cIX , t h e slope 01 ’ I I ’ - ’ 5 ) 5 , ::; -

strain curve). Fig. I alvo includes I I -  plot or modulus v-tsr’ ;2
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i t i1 - ’. - • , , . ,

1 , ’ .
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‘ ‘ ‘ . - i , ‘‘ ‘s t ’ .; ‘ ; a; , I n ;  ‘ . 1  ~i u,
’ ; . . 5 ’  n ’’ i ,

‘ i; i t , t ‘ ,‘ — 

- r ’ . ’ ’ - : ’ ’ _. ‘ ,- ‘ - ,n ;’ ’ ’  ~
‘ i c t , c o i’ ’ ’c ’ I ‘ . I how ‘~~~‘‘- ;  .~ ~_:

- - 15 ci ’ ’. ‘c’ ’ • • ‘ ‘  ~~~~~~ . O 1 H  l ( ’l ,  ; r ‘ - ‘ , ;?

‘Ic an ::’ t ’ ’ t , ’ i i ’  c ’ c t ,  ‘ ‘ I , ’ - 5: ’ : . ; ’ ‘ r s t . ‘ -

• , ‘ ; - s ’ a: - h:’ ‘ t t ’’ c - + I’ i ‘ I -s c t  a ‘ ; i -a -
~ a —  - -( I - - a , ~~,

‘1 : : ‘‘ ‘ s c :  ( a ‘ ‘ ,‘ c o l ut  i t t  i t ’  ‘- ;  at - - -
- ‘ ‘ -

:‘ , v e l ’,- - : ’ ,; c ’ I , ’ i : c , ’ a - c i . ; C c; ’ iri s m ’ - t ; ’ ; l  1 a l —
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5’ ,; s c o t  I nn: (~ 
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ct  S so i l  - I  ‘ ‘ m a t is ‘ l ’ ’ ; ” ’ ; . I ’ ’ a ’ ‘ o ,  L ’ L  , i k A N

-“ ~~‘ t ’ ’~ I : ,  a ’  t , it ’ ‘:1 51 05 . a t , : ( r )  c , s -  s’ r a in :  , ,

I ’  5 1 ; ’ . 1. 1, 0 _ v i S e

a I n ’ c , - a t’ .’ ;~~~ ’ t , ’ i i ’ ,’ ‘ ‘sc ’rt ar-, t , i ’ j c i l , ‘~ l u ~- a:: S i t i ’ ’r t r  ; ‘r , - c — ,’; ’ ra~ r,

— 
t , c  t a 1 I c ] c it 

i m a  nr

10. a ’ , ‘ t , c c ,’; ’ ’ ’ I m ’ t ; 1 -c  , o , ’ i! , ,~ a t :  :‘i~~u ’ ’ 0: ’ S’ t’~; 1 f l  in r ’’ . i n n  A ‘viii
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- a: I :; ,i’ s - i :  ,~ t !  I i ’ ‘ ::c; ’~ ‘5
~~~~r - ’ ’ H

fl’ 
I]. ‘ -:‘:r’ . ’ r ’ i ’ , l i t - ’ ’ ;:’ ri  ‘ - i ’ ; - c ’c a ’ i o n  iv  an -r i sy  r;;,~~ ; ,  ci ‘~~~ i : c ; r ’ l l ’ r n - ’r : ~ in

H ’ ’ ’ ’ ’ ’ r t ‘ 7 t , a ‘ - ‘ur n ’ ‘ ‘1 ’ ,’ r:c~ I ’ ‘ a - oh - ‘ - t ’ ’,’’ c l  I ‘ - l a w  1 1 ’ , ci’ ’’, 51.’i a

- ; ‘U I’ l ’j c t j - ’r, ’ r u r i I ’ ’r  ~~~
“ I a ’ ’ c ; c i ; , ’ 5 ar’ n’; ’ ;i l : c h ’ l ’ - : c i t j t  :;- c i i s ,  ‘ c d ; . ,  I ’  ‘ I~,’ ±11

s c s i ’ ’ ]  ,r . ;  I ’  n i ’ ,’’i~ iv• ’; a l iv  va: ’ c ’ : ’ ; i 5 c f  ‘, jn ; -u ’ ’r  :; . ;:‘ - r ,’ ’dt. ’fl . ‘ ‘ s n: - ‘a ’
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Fi g,  1,5- . l o u t S  ‘ t i  - ‘1 ’ l . s’ ’ : i I I ’ t ” , U t’ ’. ’t

S ‘ . — nc ~ ) 
/ ‘~r~’: I t , n .  c - r i  l , ) , c au r : ’n. c is e - - c u n , i ’ - - : 1 ; ’ ’  elc”,’:- ct ,i ’ :i c ’ - : c , i at :, , : ; -at a- j r it .

Thi ;; j r - - n - I - t a  i s  1 I S ; ~~ t , t ” t t . ’ I i n  n - i , ;’ . 15. Tb , ’ f i n - c S  I c  surf ace

( ‘~i b . S  - . ~~ at ni : s;c - sj c } ;er ’i r  c’ c ’ s ; : . ;c”)  i s  j I : n , ’ l f ’  - I -  s -i ’ . ’ -;! Fr c .::, Lb ‘ : ‘ l n w  equa —

- 
t .j  u s ; nra!  must - 

- ‘ -  n a ’ c — c , l i S ;  l ’s  I ’ ’n :•;’ - I I c ;  ; “ u : , c - i : ’ i - ’ c L l - r ‘ ‘ I ’ d ‘ n - n ; - 1  c - r u ’  r schemes .

a’s’ W ” l  5’ WaS 5 n ’  Fr ’ ’. c t ’, n t : - !  ~- r t ”  a r . ‘ - - - j u t ”  5 ; ~ 1’ . ;  ‘ n i I n c - - I  b . ’ c’
) ‘‘ ,  ‘‘~~J ‘ “ f , Lb, ;

This j~ ‘ 
,f, c’ r :; ‘, ‘a I ’ ,’ — .; ci ’ , ’ ;’- , c c n ~ l l  I -as , ‘ : ‘ ‘  r-’ - v ’ ’ : ’; - c~c n - n - r b - i n - cl ,.I i f f e re nt i al

‘ - u c , ;n~~. S n ;  is

Aha r ’ c ’ c j c J j r ~~
.. -

)

S S(
~ 7r ,~~, f ’

- “ - S I ‘in- , . ~~X ’ s- - ’
n-I. - , - c ’ , -  5 c n t , ‘a ! ‘ h  c c - n i c ’ l c t u ’ 5 ,’ ’ m ci i 5 , 1 -

-u A n ’-

-I’ ‘;: c~~~sj s I h = hu c - r i  AD

f . ~~~ givr ’r  + - 
h = t , ~ ~~ iF S

‘t- b ~ c ’5 ’ ’ S n :  no 
‘ 1’; = :~

‘ c - u i

,c r,f ,ja~ at = ‘

1’)



- - -

‘ i i  c ; - n ’ - ‘ ‘ i c c ’ ’ ; ’- 1 1 ; : -  1 I : - nd  v i  c , , ’ ‘ S , i s  a -b n ; ‘ - : ‘ . ‘cr ’  “a ‘c i  I - - ‘ -i:;

at i r ; i ’ i a c l  - ‘ . , ‘ , ; S  ‘ ‘ c c  ; : n ’ - ’ i a j  ‘ : :u z ’ ’ ’, - ” -  5~’

- c 1 ’ .’~~ - 
‘ t ‘ : , t - ) , ,, I - ’; I S :. I L ’  I I I’ ’ ‘ n ” - ’ - ~~c ’ b  “ I ; :  as S— 

c ’ r , t ‘ ‘i - I  $ ‘  ; ‘ , - — ‘  n t  ) c t + ’ ’it ‘; ,:ja~’ 
.~~ “ n ,  ) c. ’ :

‘ ‘ -‘ c ; ~~ n ; I c ; ’ ‘ I t n - ’ - s ; ’ , - n n ’ c - -. S I L l , ;  I ’ ’ H ’ , t ’ , .
g c c ‘ i - c - ’  ‘ -~~ i - u  n ’ , - ‘ ; c ’ , . c t ’ , ’ I ‘ - ‘,‘ I
,-~, -i - ’ a c 5 l c ’ - a sat  I a ’ ‘,‘ In y

i . R ’j ” r t ’ b ’ c c , l ~~~~~~ ~~‘ “ ‘ t , = . ~~~~~~~’ , : , i h ’~~~~~~~~~~ ’. n ’ ,

, c S ; ~ c i  :- , : i L ’  ‘ 1 ; ’ ’ ’ ;;

55 ‘ib , ’ - : ” - rin ’,’ia al : ‘, : ‘ : ‘ S ’’d ’ .’ 05 ’ ‘ :, is  ; r i -  a’ -’- is is , :‘- ‘is: ’ ,d’ , ’

= 0 n- t 1 DC ,~~ i t  S ;: S n :  c c ’ -  “c s ’  S~~’ i n , ’. ‘ - i ’ ,; ’ ,; ‘ 5 ’; ’ - I ’ S  n. ~ ‘ I’ S ’ : - c ” -
- ‘ c i i  c c ’, S c u ”  ,~~: S a. r p - - i t ; ’ ;: , ‘ a j L . n : : ’ s’S ‘“ 1 i n ,  L i ,- ’ , 15 . 5 n , ” ’: 5” ’ c ’

lu,t .o : , } , , ; r’ - iuu ” ’ rai ,c’ ‘ - a s ’ : , t i ” ,ll’i ‘ - S F n : . i ; , c , ’ c’ :, b , i , ~ 1 1 5 : 1  0 ‘ / .  Y e;
- i t - I ‘ n . ’ :, c c  a l’ c r 1  sn- s o l)

a . Fit,  a ‘ u t - i c ’  5 j : j : , +.- a S  c c ; ; ’  5~~’ ‘ a ad v:c in F S ~~. 15. S I
- 1 h n -~’ ‘ i c e  ; - - i t , ’ :; - - c ’ S : :  ‘ - n a t ’  - ‘t . j -  c , o n ’ ’ ) , ’’ I ’ t ’ ~ ’- ’t r ii’ a o r t a

a m . 1  t he  c~ r l  sn - u’ , ; s : - c  as I’ ;’  .n u -  5 : ; ’ , : ,  ‘ I n ’  ‘ ne a c - f  ‘ - 5 ’ ‘.- -~ u’ - —
l i - a s ;  an S I, Sc .c l v , -; t  I - - c ’ t h e - a S  j ; a  n - c t , ‘, ‘, . ,‘- - .l n t a  ~~ ‘ s sc . ’;’
A I’ p c ’c  I S ; ’ ;  F r’ I ’ ‘-a I l s ) ,  c , ;  s ’s.

ha n a S’ , c ; u j : c - ’ ’ r  L’S a n - c c - i  nt - s
ii . h~~’j c L r c  c ~ n ~ : (3 “ :; I I ‘ag  ‘ c . , c ’ a: ’ n DC W i ? ,)

;‘ qujc / ;c  i c ’ u , t a - j r  , : a j -  ci; :

-

f~ )~\ 
___- _ _

j 
c 

I = c , 2 , 3 . . . i i

where the I l ’ s are I i i ,  slopes as computed by the splinef i t .
‘ 

c .  Incorporate Lhes e simpl e l ’ - - c ’: n ai l tcs into t h e  f i nj t ~ d i f ference ’solut ion f , . c - ‘tc t .a j  ci  l i i i ’  c ; c - x t .  trtal values .
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) - ‘
. ;

‘ ‘ 1V: c ’ ’ d 5 S ; ’ 5 , U I ’ I  - I l L

h a ”  ; ; ; c i : t ”  in ‘ n ’s - ”  ‘ c ’ i - - f l  ‘ ‘ ‘ - ‘ b ; u ; i q u ’ ’  is c .t ‘,“c ,lu:ei , l” tool in curve

~~~~ in:,-’ F” :’ ‘ : : ; l - ’ , ’ - a a n ’ ‘ c”~ ;. : ’ t ’- - r  ‘,‘~ ; i - i .  n c r -  - , ‘c ’ cc rrn~c ;c ; i ,’ u :; aci ‘‘‘ : r:i~jue:; are

at c - t ~~ 1 hal S - : a’al u’ . Ti ; ’ - sp lit ’ - ‘ ‘ ‘ ‘ t n ; i  np~ c ’ nan - n  t , i , r e c ’ ’  prlxr,ary

S i ’  I n -c .  Tb ;’ ’ n ’ : c i  H ; ‘ - ; ‘ - , ; ‘ ‘. ‘ :  ‘ n , ’c’ c -u n - ’b , ‘ci 1 ;cd, n - c p ’

1. . Th e I ’ i : ’ :’ ’ ’ c u ; c I  ;‘ ‘ -  - s  5-i  ‘ :Ot ’ l ’~’n - ’.’ 1’.’ ’ ; ’ n - c l ’ t,:~e .p l i u n ’ -  are continuous
a ’ all n - c - i n S , ; ’ -

n - c .  ‘I I ; ’ ’- , ‘ ; c l j ; c ’ car ’ 1. ’ ’ ‘ ‘ nc ;  i . i~’. u : , c - - , c h : ’ i ’ - - I to :a ’ i ; t ”.~’ new c ,,r addi—
- b - c ’ ~j .

c S c ;  n - t r c I c l ; , ’ S c . c ’ n t - i  I t ; ; .’ f ,€ ’ c ’dn i. qu ’ .’n ’ to ‘ ‘ u ; , ’ i t , e ,- ’ ’ t ’ i r L -  -c’  F1 ’ar. ,;.  ha ;’

S : , : S - ’’ n - t ccl t , t ;at  in n cr - c ; ,’ , ’ c c : - p i i c ; ’ a t  i’, n: ; lt ; ’c: ’c advrui : ,~~’c’;’. uu t ’v ’ i ’t ; ‘at ’

S .~~ ‘ ia c n c n - 1 at c ’r ’n ~”c and/or . ‘n’unput ,ation tim e requirement s oF 1- Lie  technique .

- run -  
I “) .  S’ince l b , ;  ; t - ’l hi ” S ’u,i;-:tion is required to ;‘cas:; l ,hr ou ~’I’i all data

i ’ -lnt ; ; , ‘ - r r : n - ’ ‘I - ’  deri’, ai - ’iv ~ behavior may r” .’tc c .c l t  from -cx po r i rnf ’r tal error

wt~en b aa bit a p s i  u ; : .: can” n ;ura ’, -r ’sus and c 105015/ spaced . Trial and error

- c o c a  for :;ScnO b i n , ’ suc h t ’, u ’ ;- ’? . i o r n S  rcxi~~t , but they are time cJnsuflhing .

~~i’ ‘ -x’r -”r i -ri -” :  b an ; in- c ’d’ated c c ; a t  a , ‘ c ’ a T n f , a b l,’ ’ results can generally be ob—

- ‘~in:;:~ hay n’imt - l , ’ n i ’ :- ’’ H ;, ’ a u : ’  c c ” ’  limit ‘cd , r a r e  ~ ide:J . :, spaccd set of the

beta point  a tan wi ,i n o .  I c c  t ’~~t , b ,b ’ - ’urv e

5; ’;

“‘ ‘n; ’ ‘
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AS S r , 5SI  I ‘, A: ~- 
~~

‘ 
- - , I ’  c5~ I” 1— ‘ i n jg  11, 1 NF

i . A - ‘ t ;  I ; ’ n p  l I t ; ; ’ I , ’ :t l o u ; - ’ ’ I nc  wh c - n ’ ’ ’  t 1~1 r”I s r i  ‘.‘cat i’: - i:; a step

n - ’.,: ‘ ‘ S : c n ,  w ’5’ ’  p O i S ’ ; c t ’ ‘ij ; ’ ’ : ’ S , S ? 5 , ’ ’ i t ‘ .b e a.c ’ ’ n - p - - l u ; ’ ;-

S’S , c = I • 2 . ‘~ . . . ha

N in’  ‘ a’ n ’ s- . ; - n’ o n -  -1~ c ’ ; ci S n , ’ i ’ . ‘a ’  . s c l i n ; ; .’ l ’Ui ;- ’1 i o u ,  ad ’ degree
— 

‘ c . :’ ‘ -  I;’ ‘ b - c’ ’ : i c ~’ a p 1’’ ‘ - — n i a ’ - , - ‘ , n ’  i . t i U ~~n 2n ,’ b , i u ~’ b : -  ‘n’ - - ‘  polynomial having

a’ j m ;s u n ’  : 5  n ’ ;.;t ‘Lr~, l s ’ ’ c ” ’u  il - c r ’  i,~~~’ c~~ j ’ y ’ n-’

2. i~’c ’r hi  a ~
‘ : ‘ : -  I S  ‘ ‘ c . i a; 11 , ’ ’ : ‘w ic ’l,ion ~r ’n- ii n - c ’  t ’u n’ t . Sa’r required to

S n ; : ” ~~’ - - ’ 1 a S c , - ‘ I ; ; , ; d n t : c  p o i u ; t n ’ . :51:55 , c- a th’. ’ i ’  iu ;t ,’’r’a:el

S ’S - � x � ‘.. S = 1, 5 d ~~ 
~~~
.. .I~ - 1

+ d.x 3 (~~~~~ )

‘~-“ .“r”  a. , h a .  , ‘ : and 1 . aj ’n-’ ,. ’onsl , :u;l.s , to be evaluat” I .  Equation

1 -nan be c’ c”wr i t , t , ’.’n

a ( x  - x . ) 3 
~ ~

. !(S ’H ÷1 - x ) 3

~
‘ c ( x  - x . )  ÷ d~ (X 141 - x )  (A2 )

,,~;~‘re a! , b~ , c~ , and d ! n -n - I ” : an alternate set of constants.  Dif—

I ’er ent ,j , atj r ;g ‘ ‘quat ~ior. A2 t~ric e y i ’  ‘ S - I n ;

- x~) + ‘~u !(s’:~~÷1, - x)  (A3 )

App 1yin~’

= M. (A Ir )
1 IL

= M1÷1 
(A5)

Al



r ’ 1-1 . 5 ; ’ t I n e  r c a - t i - c  - I c - r i - inn ’ 1~,,;, ‘ ‘ ‘ - c ’ ) - ; ’ ( “ ,‘
~
‘ .)  , ‘ ,‘ n ” ;  : 5 ’  in :

a ‘u n i t b ~—~.-———-‘-~~-—--—-—__, _ - A’I ~~~~~~~~ — -
- 1 ‘ - 1 ’  —

1’ , 1 ’ J ’ j

3’ ‘1 fl - 
‘ ‘ ‘.1; ’’ ; ‘ ) - I i  n ’ ‘ n ’ c ; ;  ¶ itS  ‘‘ ci’ : - -  1’-.’ e ‘ , - - en - ’ a : - S :, ‘ -

‘
l
’
~~

c’~ itutini c - la’ s’,’ - - S n ? ,, - . ; 1’~~n- ’ ion A2 p’’ ;; ; - ‘ ‘ ‘ ; ‘

= [‘
~~~ 

- c , ( . . - ‘ 4 ) n - ] ( 5  
I

= [~‘ - H’if , - . , \21 ( 1
\ ‘ ‘ i_ ÷: ‘ I )  I~ 5’ ’ —I / J \  1* 1

ci ’ Fy - - ‘(‘,- - y \3] f 1
I ~ ‘ 

“
~~ \“i ~1 “1/ j  ~~~~~~ — 5’5~

- i(x - .)2 ]  ( 1  
~~ 

(/ ~ ‘Lc )

Collecting terms

~( x )  = M 
(x 1÷1 - x)3  i M 

(x - x .)3

L’ 1 - 
~~ i+l - xT

+ - 

~~~ 
Mj(X~÷~ - x~)2] 

X~÷~

~~~ 
- x )2] 

(
~~~ 

X~J (All)



-

~~~~~~~~~~~~~~~~~1

n - ;’ - I ‘ - n n - u . ’ 1 ’ ; ’ i n n , ’

:‘ ( x )  

~~
‘
~~i ” ?

-

- , .  4 ~ ( s-s . - 
~~~~~~~~~~~~~~~~ 

- ,.: . )  (A12 )

c , ,

( A ” )

(,“~ )

‘ • ~ ~ 
~ 

S’-
~~+i 

I 1, a , 3 . . . h a  - 1

‘ a a,rc ‘ ‘~‘:‘cJ . cca ’ - ‘ n j ’ ;:‘n- ’ i n  n-5 - ing - - a c t , ’ S ra ;1 ‘, ,
‘, of th e  f lr :’t

(A ” ~ - c b n ’ i ’ ,’ n ti ’ ,’c ’  ‘5, ‘ n , e  ‘.Iat :c - Cu ;’, - ;

>‘ . • “ . 1 1 ” . ~ . I - •..::~~~ i
1 1

‘ s n  ;.‘:- ‘ “  i n - ’, S c ,  ‘a ‘n - t i : ha , , - ‘S point i

(A ~ )
- I ,‘ u s  ‘ ‘; qj U ’n- S i ccc i ;  hi .  5 ’

I ’S , Y, - 1’ ,
( “ _  — 

, ; ~ l 
-
~~ ~~ — ‘a . — X )‘ ‘ I  5— 1 ‘5 . — -

- , ‘ 
- 1, — I , ‘ ‘ i ’ ’ ’ i  i— l

1 - — .1

- 

~~~~
- ~ “ i~~i 

- ~) ‘.-
~~~~~~~ 

‘
~~~ ~~~ 

(M ~ - I1
~ +i

) ( \
~~ ,i - S-S i ) (Al~)

‘ “ -~~ I ’ - c ’ t . 1 f l~’ ~ , - ri c a

(An )

A

-cc ~~~~-
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i — l ~~ S — ‘ ~ 
; c ’ ’ ( .  

~~~~~ 

— ‘
~~—~~

) 
~ 

- - ‘ (x. 
~ 

— 
~~~

] 

= ( ‘ ‘
~~~ 

~ 

~ ~i) 
f

‘h good choice for and SI . is

= 0

This set of simultaneous linear equations can has ;;c- I n” I n - o r  t b -  , ! -  ‘ a
5. i t . is sometimes n-cr c desir able ~u rolv ’’ n - c s ’  Si r s ’ - b r - h ’ S  1~ ’~’~

cat, n i ; , ’  data points rather than second d e r i v a t i ’ ,” ;s.  Thin n” ’ ‘ ‘ I ’ ;:~J:c ; 5 ’ ’ n--
neous equations is derive-I  as follows . Sa~ isi~,’ in,-

~s- ‘( . ‘: . ) = T
~ ( A :”)

— T ( : “ i -
~~

— i~ l

where in  the f i r s t  - ) ‘ :n’ ivat lv e at (S ’S . , Y . ) ,  equation A l2  ( ‘ ; ‘c ’oic;e s

T . = - ~~ (x~÷1 ,v, )  + ~~~‘ I  1 
+ ~~ ( s-s . - ~~~~~~~~~~~~ - >~~~ (~~~~c . ’

i~~l

= (x .÷1 - :~:.) ‘ ~~~ 
(M . - M1÷1 ) ( X .~~1 

- x . )  ( ,c 2~- )

Collect ing terms

(A21 )

= (
~ 

+ ( x  - x1) + (A22)

L 

A~4



- h -al t ; , ’ For SI . cu r l  I-I ,

/ ,~~~~~~~~ i
i 2

(~~~s -  

I’I~ = ~ ~~~~~~~~~ 
- 

- S~ l’~ - T1~~1)~~ - 
(A23)

11 1, 1  = (s~ s~~i+ 
- 

z 
~~~~~~~~~ 

~~~ 
(A2~ ) -

i’ - - - :a ’ir in ,- ‘ - c t ; :  i t ; - s S t ’,’ 01 ’ t i , :  second ter ivat , ive  at data points i = 2, 3,
- 1

( A )

:“ ( x 1’-) = : ‘ “( x. — ) (A25 )

,t i’ae:; ‘
-.: S :1:-- ’ ‘:qu:S I n t i s ’  ~J :- - ntis A2 1.

a-

(
~

- ~
‘
~~~‘ 

- - 

~~~~~~ ‘- )
( A : 7)  = 

~~~~~~ 
- -

~ ~~ z ~~~~~~~~~ 

2~~~~~~~ (A26 )

(Ala ) 
-

- 

~~~~~~~~~~~~ 

- .‘S
~
)T. i 2(X~÷~ - :‘S

~ ~~~~~ 
+ - -S .

,) (1u~’) 

3[ç~~~ 
j  

- 
i-l~ 

+ (x
~~~X~~

l) (y j÷1 
- Y~)l

(;- s”~, )  
i = 2 , ~~, 4 . . . N — 1

IS . = S-I ,, = 0 tieconues

( A21) 

‘ 

2T
1

-~~’I’2 = 3 .,.~~~~0
’ (A28)

T , +
~~~~~ ~ 

N N-i (A29)

(A22) 
- SI N XN - X

N 1

This system may be solved for the first derivatives at the data points .
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5 1 ‘5 n - : . i ’ I , i  SF .  I i’ha I h a ’ ;  ,- hha  1 Sr ’1r 51- ; i - 1, ,’, ’u’ c r u ;  - -c ’s ’ s

I — 5’ ‘ : _ ‘ ‘c: - :  ‘ ‘ c ,  : i :~; ‘ c ~, • ‘ c i n ; ;  i i . ’ : i _ u n -  ; o I ’ t hi ’ wr . - i ’- ’ ’l ’ ’ S ’ b ’ ; ’n- i i  I n c ,n~ ua~ ;’ ‘ uL -—

• i s ’ : s  ( ‘ ‘ n - S i ’ ’ n .j 2 ) ‘n-~
, 4 , ‘ I l l h a ’ S  ( ‘ ‘ d i e  1~~ ) ,  Ta ’’ n - , i l c c ’,’,’ i n 4 c’

‘ h a ’  n ’ ’ O ¶ 1 , - ¶ w r - n ’ - - ‘ i n . ’ ’: ’ .

c’ c i t ,i n’.’ - c 1,1 S , S ’ ,

~~~. Ti , ’ ’ : S , j 54 ’E , a n . ;  c’ a: icc ,,’ 1; u ; ”- : ‘ - ‘i: a - ‘u t - i ’ :  sp line : - -  a set of

( x . : ‘ ;‘ ‘- n - ,  7’ cat s , it  c cc i  ‘ ‘,; I a ~ s ’ n ; U . ’ - u ; . ’ c rc - ’ : , ~ ; at ‘‘ccc li I, ( ‘ n or’ data

in :  , ‘ n - n ; ‘i  ‘ 5 . 5  t~~’ ner o  ‘ ‘ : ‘ , ‘ : ‘ , ‘ n ; . ”cS a cc ’ n t _ c ,  e n ; - ;  1, OI , tn i  Uo ’.e that o~~ y

‘ n- r r :L , a  -ac’ .’ u’ . - t o i t ’ - 5 5 ’  n’ ea ch ac .l , ine , ca r ;  x , a y , and a moment

5 :  n - n ,’ . Tb ’  a s S  m e  n- ’ 5 c  ) ; ‘ a- “c ’n’ , ; - i  j ; - ; . ” cj  t ,”,’ c t  call statement in the user ’s

ci  ‘ ‘ ‘ -  s - - n m , :

i i ,  1”PLI NE (;~l , A2 , N3, A - )

n’ s n b ; - .- ’, ’ ”~~eflt  a Al , A2 , N ~~, and A 1~ :,n-i’e as follows :

- :‘ “,nu : ‘ ~ t Purpose

Al ~~~~~ - - ; 
¶ . l , s c i t .  . b c t  “c;d’a,t v : ;n inc l c l  ;‘ array (x).

i;2 S ’ sn ’ - . ‘- t . I , e .l’ ’ 1cet ,d sr ; t varia ble an’ r a’ ’ ( y )

ha - Sp e n : it ’ i - - .: t as t ;i nrn ha- ’:r of (x ,~
,- )  points . ha~ must be

in i : ;~ - ‘ - ‘ -r form .

A1~ haaia”s n , ;: n rn’n ; ,’ i n to  which  SPLINE w i l l  store the
C a l  “ 5:5, : - ?  moments.

3. U ’:- ’ ” that the user must specify the size of array s Al , A2 , and

AI~ t ar ou ed’, 1- i I -S1’SNI ’ IO N or C0MM0I~I statements . i,leveral splines ina,y be fit

and a as,’ ’- ’. f o r  subsequent use by making successive calls to SPLINE Using

c t l l ’i ’ ( ’ u ’ l c f l t oa r ’s  for arguments Al , A2 , and Al~ and indicating the number

c ” l  1 - 0 5 5 , ? 5 F t ; !  u, d; ar~’unn ent N 3 .
i’Sx ’w-p l~’: Given two sets of (x ,y) data , fit a spline to each

~ “ t , of’ data .

Bi 

.
~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ - . - - - - ‘ — “ 
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5. . ‘ c ’c 5 i5 ,j on : 1, ’ ‘ - t ; ~ . ‘ ‘ ?  of’ - I nn - ’ a U .- i n  arr’n,,’: X l  ‘uS n t  c , nt ’,’j t , , ’

‘ .1  ‘-- - I n S ’ s ,  ha ’ - t  t h e  c - f , t ~~c ’  n’ n t  c c l ’ c I ’ n - ? , c t  b’s S u n  . ‘ , , ‘12 n~~n - v m r u —  h a S - n i : , ’ .

5” S - 5-, AU :1 1 ’S -n ( c ni ’ s, c ‘ n - n ’ ’’ c ’ ’ ‘s i t ’ ’’ - ? , cc ’s ; un - i : , , ’ t hat ta r’ ’ -  ‘n - c ’’ r i

l I ic th  ~t) c o n -n ’ ; ’ in c ’ S  L ha ’ ’ c ’  a t  a set , .

:-J , s .s }S, : : - r ;  ‘ 5 ( 3 0 ) ,  Y1( 30) ,  - ‘1( 3 0 ) ,  ‘:2( 30) ,  Y2( t o ) ,  (: 2( 30 )

5 ’  a? ‘ 1:; ;’: ; ’ 1 U:- i n :  a ¶ (2:- ’  ‘ wu - Ia t ,a,
‘ ‘ ( c ’ -a,’ , n - n - s r i  F’.’ ~S ’ - l ,t’ 5 l’s” in

ha S ‘cn n ‘ i S - . ( 5 c ’ct ~~’ ‘ S i c , ’- Cl anal 52
0’. ” II t~ - I  L’s n-; ’: ? . ‘ “i cc: ’;, ,’ ‘spc:c . ’i n - i c
v a lu e .)

( ‘A l L  , ‘ ! ‘ l , I I i ~ ( :‘s , ~~~. h a L , ci)

CALL s ’-PLi N}S ( x , , Y2 , ha: , C2)

- . At thin point arm — n - ’,’ (hal will - : c c r ; t  ‘ n - i n ;  NI  n: , - - ; ’; ’’n t a , ‘n - ui - i  arn’ - :t : C 2
will contain N2 moments i J ; c ~: Fir:’ cL f l , 5  S ‘ n - a t  u :, ou:, - “.i ’ in ‘ cnn - n -- , ’ n n - r r c  ‘

~~~~ S

ner o

7. Note that Ni need riot “qual but nei -t ,b ; ’n - a nn a , ’ 1”  1 ‘- a s  ~i ia ~ ;

ti  -r  gr a t er ’  than t ,) n ; - ” ,ax i aw ’  S i ? ; ’  s’r ; ,’cj f l ” I t s r  t t c ’ ’ t ; ’ . c - - ’ i - ’ ’- 1 ‘t r .” t y ’ ’  ( ~
So this  ex c i r n a le ) .

‘ ubrout inc ~‘}‘I,1NT

8. E-ubroutjne ; i  S,IN’l ’ ( Sli L l t i e  INTerpolate) c 5 ; s s r ’ a t  en ’ on a cub ia ’ a n - - l i : , ’ ’
def in ed by t S ’ c” (x ,~,- )  coordinates c-I’  ha P a i n t s  and t i ;e  moment . at easi, OS
those points.  i t  calculates values of y and y ’ for ci~~, ’ v a l c i ”  )C’( 01’
t , l n ”  independent variable x . Shoul d the value XX lie beyond the rains ’
of data ~i 5’i r~ed by the points , this program will extr apolate Iiu i ; ’ai ’ J~. n- n’s-a .
the first (or last) using the slope of the spl’,lne at that end point .

9. Interpolating is accomplished by a call statement of the form :

CALL SPLINT (Al , A2 , A3, Alt , A5, At , N’7)

‘ where the arguments A1-A6 and N7 are as follows:

B2
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l ’ lur’ja -a ,’

A l n : . 5 c ~~~i l ’i ; . : c  ‘ ‘ ‘ v a l ’-. ; ’ ’  ‘55’ S on - t i ’  in d ep ; ’r :cI ’ ’un ?  variable
X i ’n - ’ r  v: - 5 - ’: : ,~‘ ‘ u  ; - :  ~-, ‘ an-” ’ desired .

A? S ’ C C C ~~V ’ ; ’ t’ h a ’ -  . 5 - .’ ’  c c t ’ y at S<’X computed by
‘i ’lL?

A - i ’ ; - - ” - i ’ ; ”~ - c : -  ‘.‘ a,l u ” - - : ’ , , ‘ a ? XX computed by
S Li ha7 .

ha: ’~:;t -s n S -,e in t L - p ” n 1 - n ” n ’,t. variable array of the spline .

A ’ 5, ’c: ’. , ~l , c i s ’ç ’c ’a- : i ; : r n ( -  variable array of the spline.

Nor ,’’ : ’ t n ,  ‘ s i - I : , ’’: ’ t n - n - ’ I ’c n - , , of the splinc .

ha’ - ’ S ’ n c ’ c n : i t ’iea ‘ i i ’ , ’  number of (x ,y )  points that define
1, 1;; : ::!‘lS x i ” . 157 n: ,u st be in int’:n ’c’ r l’orm .

10. ha - t e ‘ 5 , :,’ - n - rn ” n - ; a  Aha , A’ , :un c . i Ac must contain N7 values each of

X • :‘ a r l  ‘ - c’ c , ? , a’ a ; ’ - ’ S v ; - ’ S ’ ,’n - Le., U ;c cy  contain the spline defining

a .  , -n’s ’ n’. ’ n , ’ A L  i s  ‘n- . . r n t c u t  ‘nan - n -un-c ent for XX , while A2 and A3 receive

I l ; ’
,, ‘::d’s~ ; ’ for ’  :,‘ ‘ n -u, -  I V ‘ ‘‘ n- i ; ’uI.:n - (  sc .1 ha’ ,’ P1,II~~ .

11. T w -  oF  t ,,e ‘:‘ - c ’ i n n - u  ‘i _ ’ ;  in subroutine NPLI NT may be useful in some

11 :1 5 .  -
- 

‘ ;T ’ l ’d  s i- s :cx c c ) r ; ta i r m s the value for y ” . Var i able M

i n n -” 1 ‘at”n wt, ”, S. ”r ’ ‘ c ’  ‘ - ‘ - z a 1- u ?ac ~~on was an interpolation, in which case M

in “n , c - n’ nw ,:x t ,x’ :cn-,a .l a F i c ” rI , in which case N is -1. A reduction in run

~r c- would li5n’cel.;~’ r ’ a n n - i t I ron , incorporating a more sri - in S stic’-nat ‘ - - I  c a - a r c h  pro—

j r” than 5’,Y nr ’r ’-l I ‘? , s ’ c ’ c n , , ’ u ; t -  t ;c ir ’b c ’r s 100 through I~40 S t ;  table B2)

52 .  -‘ ‘; ‘t rcq, 5 ; - :  As n :w : ing i, } ; ’ j l  the steps outl ined in t i n e  examp le for

P i l lS - ’ have been taken , the following sta tenner5-a- would calculate

y values ( c ’ , ” )  and y ’ ( Y i ’ k [M I ” )  r cj, XX = ~ .l~9 (‘mc’s: t ins second set of

:.: r l i n e  data .

cALL Np T,INT ( XX , ~~, YP R I ~~~ , X2 , Y2 , C2 , uS)

Test Program

13. Table B3 shows a simp i;’ test program and t flr ’ ten Interpolated

values computed using the GE 1~30 Time Slinaring system ‘n - I , the U.  S.  A rmy En-

gineer Waterways E cperiment ; ; t ,at , iorn .

B3
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,1

Tabia - h i

.:n; b x ’ r , -u t  ì , ’ , (  .~ i S

1 000 SUEiN ’)Ui!~Ji’ SPL !-~lE CX , Z’(, N .  5 2 )

1 01 OC SPL I N E ?‘ I 1 1 1 N U ~Uhu -n ’ ,cU I I  NP OPA l-’! EL 1- :‘tJM
1020C ~Oh~ s ?  GHI’VTLLE, U s u 1-n-M’y M A i N .  ~~~~~~~~~~~~~~~~ ( ‘ ic , O i .

1030C UNIV  .)i~ w t s C ) N S O ! ’ J , 1 . usEP-J n~~1 \ 89 3,
1 040C ,ccJN}~ 1968 .
1050 DIV F :r’JSI — )N X c 1) . lY ( I ~. S P ( 1
1 060 UA ’LO ~‘PS 1,.~ 

/ 1.F ,-(,/
1070 -N i = N -

1080 A S S I G N  l i i )  TO I S~w
DO 130 1 1 .  N I

1 1 00  H = X C I  ÷ i n  — X ( t
1 1 1 0  liLY = (ZY (I + 1 )  — 7 . 1 ( m ) / H
1120  GO TO I S’w ,  ( 1 1 0 ,  1 0 ° )
1 1 30 100 H2~~~L~ = HP + H
ii L u fl 5 2 C m n  = 2. -

~ (D L ?  - 11,) / H~~Z7.7.
1 1 5 0  60 TO 120
Il cs n 1 1 0 ASSIGN 100 ‘1 ’) IS’w
11 70 120 ML. = H

1180 YL = DL?
119 0 130 C 0 N T I N U ~
1 200C
1 1 0  52 (1) = 0.
1220 S2 (N) = 0.
1230 OM EGA = - 1 .0717968
1 240 140 ETA = 0.
1 250 A S S I G N  170 TO I S~~1
1260 DO 190 1 = I. Ni
12 70 H = X C I  + t~ — X C I )
1 280 liLY = (ZY(I + I ) - ZY (I)) / H
1 290 GO 10 ISW 1, (170, i50
1 300 150 M2Z~~ = ML + H
1310 RI = .5 * ML / H2I~~Z
1320 W = (Fi T • i,~2 ( !  — 1 ) + (.5 — 251! ) * 52 (1 + i n  + s 2 ( I ’  *

i330~ 3. * (YL - DL ? )  / H2ZZZ )  * OMEGA
1 3’40 52 (1 = S2 (t) + W

- 135 0 Z =
1 360 IF (~ - E tA )  180 , 180, 160
1370 160 E T A = i
1 380 BET A 52(I) - W
1 390 (‘,() To 18 0
1 400 170 AS SIGN 150 ‘10 I i W 1
1 410 180 H L = H
1 420 ‘ft. = DL?
1-430 190 C O N T I N U E
1 440 IF (ABSCBE TA ) s EPSLN - E TA) 140, 140. 200
1 450 200 CONTIN UE
1 460 RETURN
1 470 END

-



‘i ’ d - i ’ ’  i”~ ’

, ‘ n; I - r c  - t  i : ’~ ~‘Fi , 15

i”20 J c ; c — ) U i f N ~ S P L I N t  ( X e ,  ~ XX , 252- ’ X X .  X ,  7 . ) .  ic,2. N )
153 0( ’  SPL I N F I N I r t F ’ ) i  ~

‘c I I  NG S i J t ,ccOU l I N E  • n - - I  JAY U ct  F
I ~ 4fl D I M E N S I O N  X C  1 ) ,  7, Y (  i n , ~)2 (  1 )
1 550 M ’~ P
1 561) XP = X H
I S ? ’ )  I = I
I t’~’cn  125 ’ C XP — / ( 1  “ ) I (~ fl , 70, 1 1 0
1 590 100 r.isi -

1 600 XP X C I )
161 0 60 I : )  i ’ m
i 6 2 ~ 1 1 0  I F  ( X ’ -” . - X (~~~) 130 , 150, 140

630 1 20 I F  C X P  — X ( I )  ) 16 1 , 1 7 0 ,  1 3 1)
2 64 -) 1 31) I I + I

1 650 P 0 ‘ID h O
1660  140 M M -

1670 XP =
1 681) 150 1 = N
1 69c, 160 1 1 - 1
1700 170 H11 Xl— - X (1~
17 1 0 H I P  X i- — X C I  + 1 )
1 720 PhOl j  = H 11  • H ’! 2
1 730 DX = X C I  + i n  — X C I )
1 74D DELI = ( l U  + 1 - 7.1 ( 1 ) )  / LIX

1750  = ( 5 2 ( 1  + I )  - S2 (  I ) )  / DX
17 60 F P P X X  .- 5 2 ( I )  + H ’! I • 53

+ 1 770 1 E L S ( ~$ = 5 2 1 )  + 52U + 1 + j . p p x x n  / 6.

1780 F XX = Z Y ( !  + H ! !  * DE L I + P1’~OU * JJFL S(, l S
1790 FPXX = i - E L Y  + ( H I  1 + H 1 2 )  * U E L S ( 2 S  + P H U P  • $3 / 6.

1800 IF (MM .25 ,L .O) GO ii) 180
18 to F X X = ~- X X  + F }-’X X * ( X e  - X P )

1 820 180 C O N 1 I N U s ’ -
1 8 3 0  H~, T UH N
184 0 F N l i

H F  A DY
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‘5 c 1  1 ’’ in

c , ’ 1~~~~S ’P and NP! ‘ ‘i

I n t o  I , - I ~ ’- ’r N 3 T  IN  X (  1 0 ) , ) ( 1 - i ~~, n o  1 0 )
1O POC .O I’ i t ’?  ‘ I ’ ~ S I  l ’ A i O .

10 3fl X ( 1~ = 1 . 6,

1040 1 ( 1 )  = I .
X ( 2 )  = “ . 4

1060 Y ( 2 )  = 0 .
1070 X C 3 )  = 7 .
in ~ o = I .
109 1) X ( 4 ”  =
1100  Y ( 4 )  1 .
1 1 1 0 N I JMH = 4
1 120 C
1 1 3 0 C  F I T  A S P L I N ? .  1H H O U ( 3 H  ili E X , y  L , ’~~~~ C- ) I N L ) .

1 1 4 0 CA LL S P L I N ~ C X , 1, N H M ( ’ . C )
1 150 C
i i 6OC I N 1 F , t ~P 0 LA i ?  or  I N I E N V A L S  0?
1170 PHINT 300
1 1 8 0  DO 100 1 = 1 ,  10
1190 X I = I
1 200 CALL SPL IN1 (X I , YY , y p ~, X ,  I. C ,  N ’ J M S ’ )
1 2 1 0  100 P R I N T  200,  X i ,  V I .  ‘VP
1220 STOP

1 230 200 FOR M AT “ ‘ix 3in,2o •
1240 300 F O R M A T  ( / / 1 f l~ 1 H X ,  1 9 X  t i n Y ,  19X 7HY Pk~IME I)

1250 EN D

READY
RUN

,J .JJ 08 :31 WES 05/19/71

— X y 1 r k ~ I~Il-

0 . I 0 0 0 0 0 0 0 0 E + o i  0 .6 0 6 9 5 33 2 7 E + 0 0  O . 6 5 5 0 7 7 ’ l ’~~ l-~~~~O . 2 0 0 0 0 0 0 00E + oj  O . 1 2 6 0 2 9 4 0 7 2 5 . +in l 0 .64’d0499” ~~~~~~~~ ‘

0.300000000E+OI 0.1842 6332725+ 01
O .-400000000E+O1 0.2t9698’~~~F + o 1  O.IR6 (1’I~ ’~

- -~~7E’
O. S00000000E +0 1  O . 2 1 6 0 5 0 4 1 3 ? + 0 1
0 .600000000E+01 O . 1 6 0 9 1 7 1 6 8 1 n , + O 1  - . 7 2 7 1 3 1 5 7 1 r ’
0.700000000F.+ot 0 .toooooooo25.~~~I0.$00000000E+01 O.9670R254625~+00 0 .L 551H 22~~~F ’
O.900000000E+01 0 .I13 54 3 181E + oL i . 1 6 9 2 8 9 7 U ~F.
0.L00000000E.02  0 . 1 3 0 4 7 c 1 5 8 2 5 , +o1  ( I . l 6 9 2 8 9 7 6 ” '~~~STOP

RUNNING T I M E :  3 .2  SECS I / O  l I M E  .4 SECS

~~~~~~~~~~~~~ L •~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘ -
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‘ “ - - l ” c , c ’ N; I
s.~ IV! y ClS. l tf lC .~ l, ’rt

DOCUU~ NT CONTROL DATA R & 0
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c i c . n , , “‘‘ ‘,- ____________________________________ ____________________________

S St j t ,40N ’ S ,  - P

~

,,. ~ V’• ~~~ l ,, l ,,.l —
- - r’: t “,‘, . , n r ’ .

~-.- ~~~~~~~~~~~
Fr ’’ !  ‘: - i’s’. 

____________________________________________________

• R EP O RT  o * Yu ‘a TOTAL 00 O~ P A G IS lb .40 OP R S V S
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~~~~
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