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Maximum entropy methods are currently in use for the estimation of spectral quantities.
Although several authors have mentioned excessive variance in this type of estimation , no
definitive study on the matter has yet been published. This report investigates the variance
in the frequency estimate as a function of signal-to.noise ratio , sample offset, initial phase,
and the order of the autoregressive process. A discussion of power estimation is also included.
Compaiisons with Fourier analysis is included where appropriate.p~.
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SUMM~~RY

Problem

In recent years t here has been increasing interest shown in data-adaptive signal
process ing tec hniques. 01’ special interest has been a method now known as
ma simuw entropy methods , or NI EM for short.

While M I- NI has been shown to he superior to standard Fourier techniques in
separation of ver\ Jose f requenc ies . no definitive stud ies have been published which
ana l’ ted the variance in the spectral estimates obtained. This report investigates this
aspe ct of Nil NI analysis.

Resu lts

Nlaximtim entropy methods of spectral ana lys is have been analyzed as to the
c t t c c t s  of autoregr ess ive I •-\R I process order M ) signa l to noise (S N). dc of t s e t ,

f req uency. and initial phase. 1 he results show that the location of the s pectral
peak (1.1’ ) is a t’unct ion ot’ each of these save dc ot ’f ’set In pa rticular. and in contrast
II, Fourier anal~ sis . the LP bias is a t’unct ion of s ignal—t o—noi se ratio It is also
hc~i’ ilv dependent upon the order of the AR process. For the particular case ot
M = III. S N = 1 000. Fourier techni ques bias is less in magnitude and leads M F NI
bias h~ ir 2 ra dians , For bot h MEM and Fourier transto rni. the .1 t e c t  of init ial phase
is to shif t the bias phase by a corres ponding amount. Power estit l iatiOn requires
integralion limits which are functions of ’ S N, location ot adjacent spe Ctral  peaks.
and the AR order, and it is thus a difticult parameter to estimat e

iii
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IN TRO IR ‘( ‘TION

\ Iaxinium t.’ntrop\ met hods ts f  spectral anal~ sis (Nil’ ~I are t.- urrent l~ in use at
Nt )S( ,in.l .it III her l,it. i l i t ie s . acl ( l some concern has been noted about ex t . e s s rs t .’
S ,tri.tflc e in the estimation of spectral quantities using this method . Severa l authors
hase mentioned such s ari. ilrce I Ret .  1—3 ) .  an d this report presents an expe r imenta l

u s  es t ig. i t f lSul  ii) to the problem.

Sint.e the NI I’M algor ithms are ls~ now we ll established in the literature , th is
re port does Fit s t include the theoretical development of the relationship bet wee n

eriIrop~ an d autoregre ssive (A R  processe s . Referenc es 2 and 4 provide a ~er~ good
t heoretical disc iiss it t n .  and Reference ~ gives a very usable. progranunable algorithm
,is well as an ex ce l len t  discussion of the deve lopment of Nil NI.

EXPERIMENTAL PA RA METERS

I he t u n e  domain da (:1 studies t . o nns is t ed of a t.-ost ne wave at a f ixed I requency
and phase mixed wi th normall y distributed random noise. [‘lie t reqt ieflc ies studied
were ar bitrari l~ c hosen to range between 2 N and 3 N hertt. inclusive . Phases were
0.0. ir 4. and ir 2 radi. ius . [ he record length N Was (t-4 samp les . wi th a N~ quist
frequen t . y ti l  O S  I I,. lhc sample mean was always subtracted front the t l . tn a in
or der to allow a bet Icr es ,iluation of the e f f e c t s  of ’ d of Net - Sign a l—to—n oi se p~ s~ ’r
rat ios (S N were 0.5. 2. 0. SO.0 . 200.0. m d  S000.(J . No at tempt w as  ni.Rle to
pre dict a correct A K Process order 15CC Ref .  ~ and 7 . hut t he e f f e c t  of order ssas
stu

EXPERIMENTAL RESULTS

I he basic information being sough t in this study wa s an estimation of ’ fhe
location of spectral peak ( 1.P) and t he variance of the est im at e s about a mean value .
Of the parameters expect ed to influence LP . namely S N. frequency . samp le of f set.

initial phase . and AR process order , the first and the last must be presented
toge t her .

a



Order of the -\ut o regress i~’e Process

I he ini t ial concern s~ is t Ine e f f e c t  of the AR prut.t.’ss or der I Ni I on the s pet.tru m.
It has been reported both that  the t .o r i t .’c t  or der is t . r ucia l  I Re f .  2 ) .  and that l i t t le
in lp. mc t is noticed wi th in  certain ranges I Re f .  I l. Spect ra l  computat ion’  were made
for eac h of two  f reque nt. ies using three di f ferent S . N’s of 2.0. 51 ) 0 .  and S000. The
va lues of NI and the calculated biases art.’ ta bulated against S N in [able I - Bias is
dct ine f to he the deviation f rom the true [P . as Co mputed I rum an inf in i te ,  t.’oni t in—
Lious was e. From the tab le . two tat.’ fu rs are immediately apparent. I’ irst . for a
‘‘I LinLlamen lal frequenc y (a multiple of ’ 1 , 1 N I. bias e f f ec t s  are much more consist ent
t han for an ‘‘o If’’ frequency. In tact . fo r the second f ’re que rrC ’v shown, the wo rst
N N of 2.0 has the est imator bias changing sign over an absolute range of 30.5 x I
11,. ss bile the f i r s t  Irequeni v is at least uniforml y of the saline sign. Even at an S N of
5000. t Ine I requency has a range of ~.3 I x I fl—4 lit , w hile the fundan nen ta l frequency
has a range of 0.8~ x I O—~ II,. ‘J’he second t’eature is the variat ion f’or a given NI at
e ither frequency as S N is reduced. In some c,~ses . as f ’or M = 20 for frequenc y =
2/N 117 . the bias actually increases with increasing S/N, but the more genera l condi-
tion shows a decrease in bias with increasing S/N . It should he noted here that each
ta bulated value of hi,ts represents only a s ingle noise realization, rather than an
ensem ble as erage. and that.  for a given NI. the noise real iz at ion is  the same , Because
of nioneta r~ constraints , a detailed stat i s t ica l  evaluation of the e f f e c t  of .\R order
wa s not poss ible. I lowever. to confirm the apparent variat ion caused by t he relation-
ship between NI and S ~~. t e  n rea lizations were averaged for each of four f ’requenc ies .
for se lected S N ratios. Ar t  AR order of I 6 was chosen, The results are shown in
J ig. I - It should be noted that only stat is t ica l ly  significant est imate s are shown on
t Ine graph. 1 able I and Fig, I show that f ’or NI I— NI ana lys is . bias is a function both o f
signal-to-noise ratio and AR order, ‘th i s  is not the case f ’or Fourier spectral analysis ,

Bias Estimation for High Signal-to-Noise Ratio

As a comparison with Fourier techniques (El I. the bias generated by proximity
to the ze ro t’requency axis was investigated. For Fourier techniques . t he LP is
contaminated by the side lobes of ’ t he negative frequency component. l’he contami-
nation , or bias , ta kes the form of ’ a damped sinusoid. decreasing in magnitude as one
leaves /er () frequency. Since it has been shown that bias , in the MEM case, is not
only a (‘unct ion of signal to noise , hut is also inconsistent, a high signal-to-noise ratio
ot ’ ~0O0 was used fir this study . The results are shown in Fig, 2 for M = l~~. As can
be seen, for these parameters the MEM and FT biases are approximately 

~ / 2  radians
apart. and the MEM bias is considerably greater in magnitude. Further, although not
enough frequency points were used. it appears that the bias is itself biased toward
the positive.
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Initial Phase Effects

I iozt ire 2 a lso shows tIne eff ’ect  of three different initial phases for both Ni I’NI
an d I- I for two frequen c ies ,‘\s can he seen. fo r bot h mefhods . a change in ini t ia l
phase results inn an equal shift  mm bias phase .

Effects of Sample Offse t

As m uted earlier , tine sample mean was removed f m ini the data in all cases to
faci l i ta te an understanding 1)1’ t he e f f e c t s  of ’ nonzero mean in the time domain data.
‘N con sta mnt “dc” of fset  of 1.0 was added to time samples at frequencies 2 N liz and
2 3 7  N liz. No appreciable e f f e c t s  were discernible in tine LP for the NIEM anal ys is
fur e ither frequency.

Power Estimat ion

Inn tine course of tin is investigation an at tempt was made to est imate the power
inn the vari ous frequency components in the wavef orm , ‘ th is necessitates an integra-
t ion process since tine AR method is  basically an energy density approach. Unfir-
tunate ly, no valid results were obtained. In order to estimate tine energy (or power) .
ap propriate limits of integration are required. While for very higin signal-to—noise
ratios it is possible to empirically determine relatively acceptable limits , these limits
are functions of signal to noise , proximity to otlner peaks in tine spectrum. and tine
order of the ..\R process .

1)1 SCUSSION

MEM analysis has been shown by several author s to be a valuable tool in
est imat ing the frequency co mponents of ’ a comp lex waveform. By i ts very nature of

being data-adaptive it tends to “find” t he spectral quantit ies rather more rapidl y
than Fourier techniques. 1-lowever. it h as  several drawbacks which might tend to
limit i ts usefulness: there is no exact way to determine precisel y the correct AR
ord er~ the estimates are biased by high signal to noise~ it is quite difficult to deter-
mine appropriate frequency limit s of integration w hen attempting to estimate
power. None of ’ t hese problems occur wit In Fourier s pectral ana lysis.

- ,
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I ,ihi,’ t . i t i c  I ,t SR nrd cr Sl i on I~l as esn i l i l a t lo n .

SI S N Itijs I ‘ ti)’4 )) ii~) S N tt~as I t O”4 ( I l l , )  S/ N b ias I ’  t0”~ ( ( I t t )

\, ,t i i in,jI I ret ) Uo ’ fl~~ 2 N ( I  ( ) 3 t  2~ II,

S 5(1(81 4 ,98 50 7 t h  2 1)  3(1.02

I)  5(1)111 4 .8 3 5)) 7 . 13  2.0 36 .5 5

i 2 5)1(5)  4 .91 50 6, 7 4  2 0  37 . 15
14 50(1(1 5 1(2 51) 6. t ’ )  2. 0 I 9.98

IS 5 ) 1 ) 4 ) 1  4 , 82 5)) 5 0 2  2. 0 16.82
2o 501)1) 4 . 78 cii s (4 2  2,0 2.49
22 5(1(1(4 4 . 38 50 7. 1)5 2.0 1 1 4 )
24 50(X) 4 42  50 6 , 81 2.0 6 .4 1

24’ 5( 1(5 )  4 . 29 5)) 6 ,23 2.0 4 . 76

28 500(1 5 . 1 7  50 5. 34 2. )) t h  25

\ , ‘ i i i i i i j i  I req ut ’n~~ = 2 4 7 / N = ) ) . 0 4 7 t ) 1 t 2 5  It.’
8 5001) —9 2 t  6)) - 2 2 1 7  2 ) )  —5.50

In 50(8) — 7 .59 60 - 1 1 . 1 6  2,0 8.66

12 604 (1) — 7 , 66 50 — 7, 4 1 2 ( 4  I t .  27

14 5(88) — 8,89 5)’ — 1 5 . 6 4 2 ( 4  — 3 . 3 4

18 50(8) — 7,69 50 - SI ’  7 2 ) )  7 . 4 ) 5

2) 1 5)8)0 —8 .03 6)) —6,84 2. )) —7. 6 1

2 2  50(H) — 9,03 50 — 1 3 . 83 2. 0 — 19 23

24 5(88) -10 .25 50 -1. 3 .06 2.0 -8, 69

26 5000 — 1 1 . 35 50 — i 3 . 4 m  2.0
21) 5000 —5,04 50 — 3. 4)) 2 ) )  6.36
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Appendix

T N B t L - ~ 1I0N 01” RESULTS

I Inc f t  illowing table present a comparison between 1- 1’ and Nil-NI f o r  various
S N r,itios for tine frequencie s indicated in I- ig. I and 2. ‘‘FT CM ” and ‘‘NIEM °M
are, respe ctively. tine standard deviations of tine I—our iem bias and the Nil NI bias
line heading ‘‘no. of 0 ’ s ’’ re presents tine mnumbe r of standard deviations of the bias.

‘N .iltie under this heading which is greater than about 3 nnn ay be considered
stat istical ly s ignificant. ‘Fine AR order is I ~~ . and tine nunnhe r of realizations , N, i s  10.

I
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TaNi’ .5 - ) Statist ica l omp’arison ~f I - I  and MI’ M bias .

I t  B i a s ) ’  t O ’4 ) I I  ‘ i M t m ’  IO ’4 No of M I M  Bi as MI M UM No . of
S N ~II, I (11.’ ) ‘i’s I t O ’4 ) (Ill ) I X  I04 R} t / )  ~~

‘c

I rs ’q uc ncy 1 ) 0 1  i 2~ It! , phase = 41 .0 radians

I S  —(I 883 11. 772 0.04 2 4 0 5 1  4 .472 1 5,31
2 ) )  7 21)1 2. 495 2 9 7  13 540 1.325 Ii) 22

S i ) ) ’  10 .523 0.4 55 2 3 1 3  5 984 0 . 19 1 3 1 , 3 3

2(5) ’) 10.836 0.228 47 .53 5.234 1) 115  45. 5!

50(10.0 11,03 1 0,044 250, 7 1 4.904 1)1 ) 2 4  204 ,33

I rt’quenc’. 0,03220 II, phase = 0.0 radians~
0.5 -5,664 5.87 5 0.96 12.33 5.21 6 2 4 6

2. 0 1.594 2,084 0. 765 -1.686 2. 069 0,82

50. 0 3.953 0,396 9,98 - 1 1 . 454 0.482 23. 76

200 0 4 .1 72 (( .197 2 1,1 8 — 1 1 . 469 0.281 4(1.82

5000 )) 4 . 4 4 6  0,387 11.20 — 11 , 146 0.20 ’ 5 3 8 5

I requenc~ = (1.1)35 16 H, phase = 0.0 rad~ans~
4 ) 5  -9 313 4 .339 2.15 1,56 1) 6.5(17 11 .24
2 ) )  —4 S2 )) 1.94 7 2 4 8  —t 2 9 3 2  352 3 .1,6

50. 1) -3.195 0,374 8.54 -19 81)9 2. 1)9 5 9 4 9

200,0 -3 .039 0.190 16.0 —24.00 7 2 3 1 1  10 49

5000,0 -2 .914 0,004 728.5 -Il 644 2. 41)4 7 t O

I requt’ncs 0,03 7 11th , phase = 0, )) r4d ians

— 0,5 -7 ,86 7 6,54 8 1.20 -2 565 7.669 ( 4 4 7

2.0 —9 . 28 1 2 1 2 0  4 , 38  — 13  804 4 .47)) 4 ) ) )

501) -8.577 0 .383 22.4 -9.564 I 440 664

200.0 -8.492 0.11)9 44 ,93 -9.085 0.803 1 1 , 3 1

5000.0 —8.445 0 1)38 222.20 —8.20 3 0,210 39. m8t
I re quen t. y 0.03906 II.’ ; phase 0.)) rad ians ’

0 5  -7 .258 6, 758 1.07 I 405 8,036 ( 1 1 $

2.0 -8.899 2,657 3 35 - 4 1 5 1  4 .820 0.68

50.0 —9 64 1 1.393 6.92 5 6 5 2 5 0 17  1 1 3

2(8) 0 —9, 664 0 .2 18 44 ,33 6 . 1 7 1  0.897 6 .88

50(83.0 -9. 7 1 1  0,004 2427 . 75 6 74 1 0.223 1(1 23

• IX’ offs et of 1 . 0 added to bias ,’ 
(t imi d)

j  -.--- -- - - -

~~

.-.- 

9 

~~~~~~~~~~~~~~~~~~~~ ‘ - . 4



Table A- I .  ((‘ontinu ed)

I I  Bias (5 to ’4 ) ‘i
~~ 

H lO~~) No of MI’ M Bias MFM “ SI No ii

S N  (It ! ) ( liz ) a ’s )~~ l0~~
) ( I t , )  )~ I0~~ I) t I ’ (  ‘i ’s

I- r o ’qu eni = (1,04297 Ili ,phase = (H) tad ians ’

0 5 115 ( 15 5.083 2 21’ 2 2 0 4 )  5 529 4 9 9

2 ) )  7 .255 2,629 2. 76 23 1)2)) 3 .1 9 1  7 2 1

50 ))  4 . 029 0.539 7,48 3( 1.57 1 I 142 21 ‘?7

2(1(1.0 3 . 662 0.269 13. 6 1 32.693 0. 1)06 4)) 56

5000.0 3.380 0.053 63 .77 25, 724 0,469 54 5~

I requi’n~ - 1) 046 1)8 II, phase = 0.0 rad ians ’

0 5  15. 7 11 4 835 3.25 I 8,230 4 .942 31’ ’)

2 ) )  10, 844 2 4 1 2  4 .50 13.53 I 1.1)50 7 .3 1

50.0 8.102 0,498 16 .27 7.909 (1 ~07 25 71’
2 18))) 7.1)05 0,24 5 3 ! 86 7 .279 ( 1 . 1 5 7  46 ,36

5000.0 7 6(, 1 0,054 140.06 6 .592 0.066 99.1)8

F requ en~~ (1.03 125 Ui phase = ~~4 ra dians ’

5018) 0 2 2 4 2  1) 1)6 ) .45 59 1 ( 132 1 ) 1 ( 4 5 2 1 5

I requ ency = (1 (13 125 Ii, Ithase = ~/ 2 radians ’

5000.0 — 1 1 . 9 5 3  H)S l 22 5 .5 3  —4.647 o n s 2  56, 67

Frequency ( 1 ( 1 3 7 1 1  Hi phase = 4 radians ’

5(55) )) - 2 976 0 0 17  1)0,4 4  1. 783 11.1 7 1 I )) . .11

I- rc qu ency ( 1 1 ) 3 7 1 1  II.’ . phase ~~2 rad i’ans ’

5000 (1 8.22)) ))lHi )) 137. 12 . 925 ‘( 255 4 5 4 5

I requ enc~ (1.113 125 H,; phase (1,0 radi anc

5000.9 11.03 1 0.044 250 . 71 4 . 904 ( (02 5 196,16

I req uen~~ ( ( ( 1 3 7 1 1 II, phase = 10) radians ’

5000.0 — 8 445 )I ) ( 4 ~ 22 ,59 — 8 .20 3 1 ) 2 1 ) )  39,96

• l)C offs e t of 1.0 added to h i s
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