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AU ST RA CT

This  pape r iu v e st i gat e s  aspects of obta in ing a concensus ranking

from ordinal  r ank in gs supp lied by com mittee members .  A procedure for

ca l cu la t in g the distance between rankings which are represented by vectors

is given along wi th  an algori thm for de r iv ing  a mm -max concensus r anking .

In addi tion , an approach to the commit tee  ranking problem which makes

allowanc e for wei ghts , part ial  ra nk ings  and mul t ip le a t t r ibu tes  is

d i s c u s s e d .

_____________________________________________________________________________ _________________________ a



1. Introduction

In (5] Kemeny and Snell define the median of a set of m rankings

{A L}~~ 1 of n objects to be that ranking B for  which

~~~~. d (A t,B) = 
~ I a~ .-b~ . I (1.1)

t i ,j  3

is minimized. (a~~
.) is the matrix representation of the ranking A 2’;

i.e., +1 if i is preferred to j , —1 if j  is preferred to i

and C if i and j  are tied in preference. The determination of B

ia important in cases where the A2 ’ are rankings provided by members

of a co ittee , in that it represents one form of compromise or

concensus. Cook and Saipe (4]  describe a branch and bound algorithm

for solving this problem. Some computational results relating to this

algorithm are given in [3], (8] and (9].

In this article we investigate some further aspects of the con—

census problem in committee ranking. In section 3 , we consider the

norm rather than the norm of (1.1). In this case we minimize

the maximum of the deviations rather than minimizing the total

deviation. Since computer storage is a problem if the above matrix

represen tation of rankings is preserved , we give an alternate

[
~~~~r
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representation . A formula for computing distances under this revised

representation is derived in section 2. This will then be used to

compute bounds in the algorithm which follows. An illustrative exam ple

is given along with a brief discussion of the computational aspects.

Section 4 presents a more general approach to the committee

rahking problem. We investigate partial rankings in connection with

the concept of a median and discuss its derivation . In addition ,

weighted rankings are examined. We conclude with a brief discussion of

weight assignment.

2. Comp utational Pr ’ocedure for  Calculating d (A ) B)
kKemeny and Snell [5] define the distance between two rankings A

and A9’ to be

d (A 2 ’,Ak) ~ ~ ia~~-a~~ !. (2.1)

i .1  3 1

Clearly , the computations involved in calculating this distance is

straightforward when A
t and Ak are available explicitly . However , if

there are several committee members and a ranking matrix is saved for

each member , a large am oun t of computer storage would be consumed .

Because the ranking matrices are skew symmetric , the amount of

r~ecessary storage can be substantially reduced by saving only the elements

above the diagonal. Additionally, because all the elements of the

ranking matrices are 0, ...j  or .t~~, the data could be packed in the

computer. The latter technique would cause the computer code to be

machine dependen t , however , while the former would still require

_________________________ _ _ _ _ _ _ _ _ _  
.4
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,‘ig’n—1)/2 storage locations for each co~~ ittee member. These drawbacks

can be overcome by saving the ranking matrices on peripheral storage

devices , but if it is necessary to access the rankings frequently this

approach can be expensive and time consuming. In this section we

present an alternative method for saving committee member rankings

an~d calculating distance .

Two vector representations of the 9’
th 

committee member ’s ranking

of n objects are given by the following:

9. 2’ 2’q =

where i implies that committee member 2’ ranks object j in the

~th position. Ties are indicated by assigning the (same) average

ranking to tied objects. For example , a ranking

/ ~: 9

— 1 7

4 (2.2)

3, 2,

2 , 8

((2.2) is the notation used by Kemeny and Snell and is unsuitable for

digital computers) is given by

qT 
= (8.S , 6.5, 6.5 , 5, 2, 2, 4, 8.5, 2).

The second vector representation is:
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£ 9’ 1. 9’ Tr = (r (1) , r (2) , ..., r (n))
where = j  implies that committee membe: 2’ ranks object j in the
~th position. r (i) = —j indicates that the 2’

th 
committee member is

indifferent between object j and object r9’(i+1). For the previous

ranking

= (—5 , —6, 9, 7, 4, —3., 2, —1, 8)

These two vector representations are, of course, redundant as all

the necessary information concerning a ranking can be obtained from

either one. However , even if both representations are saved the storage

requirements are considerably less than for the matrix representation .

It will now be shown how d (A t
3 A~

< ) can be calculated eff ic ient ly

using q and r. Through the remainder of the section the superscripts

on q and r will be o~itted . It will be assumed that q a lways has a

euperscript 9. ond tha t r always has a auperBCrz.pt k. Also , since r is

a column vector , when object j is below object i it is meant that when

looking down r i is encountered before j. Hence, in the previous

example, 9 is above 7 but below 6.

Before we state and prove a theorem which will be instrumental in

developing the procedure to calculate di’A~
<,At) , the following definitions

are needed.

The number of objects tied with r (j ) and below

210 r(j) in the kth committee member ’s ranking,
r(j) and also tied with r(j) in the Zth committee

member ’s ranking.

_ _ _ _ _ _ _ _  
4
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The number of objects  tied with r (j )  and below
r(j) in the kth committee member ’s ranking,

Tr(j) and r (j ) preferred to them in the 2’th committee
member ’s ranking.

The number of objects tied with r(j) and below
— r(j) in the kth committee member ’s ranking, and
Tr(j) preferred to r(j) in the tth committee member ’s

ranking.

The number of objects above r (j) in the kth
r . committee member ’s ranking and tied with r(j)

• r(3) in the 2,th committee member ’s ranking.

The number of objects above r (j ) in the kth
H . co~~nit t ee member ’s ranking and r(,~) p re fe r red

to them in the 2.th committee member ’s ranking:

o Theorem 2.1: The distance between Ak and A 2 ’ as defined by (2.1) is

given by:

~L (211r(j + ~~~~ T; ( ~ ) -

(2.3)

Proof: It will be proven.by induction that

j~2 ~
2
~r(j) 

+ + - T (~) - T~ (~) ~ 2~r (j ) 2j)

k 2’
~- 2 

~~~~~~ 
~~ 1.3 (2 .4)

where is a summation over the rows and columns
i,j

r(1), r (2), ..., rC ~1) , and M � n. Then since
a

~ 
q ( •)  = 

~ 
j, the proof of the theorem follows :

i—I ‘ j=1

Assume that (2.4) is true for If = rn—I (the proof for

H 2 is very similar to the one about to be given for 

~~~~--- - ~~~~~~ - - -~~~~~-•-~~~~~
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M = m and is omitted). Then to prove (2.3) is true for

M = rn it must be shown that the inclusion of column and

and row r(rn) increases the summation of the right hand

side by

4 + - 02H + T + T  - r  - T  + 2 ( q  -m) .r (m) r(rn) r(rn) r(m) r(m) r(m)

Note that all the rows and column s corresponding to objects

above r(rn) have alread y been included in the summation wi th

H = rn-i.

Let 8 be the number of objects tied with r(m) in the tth

committee member ’s ranking. There ar~ q — - 1r(m) ~

objects preferred to r(’rn) in the £th  committee member ’s

ranking. Of these , the rows and column s corresponding to
4

(rn-i) - ii — 2’ of them have already been includedr(m) r(m)

in the summation with M = rn — 1. By including row and

column rt’m) in summation (2.4), non—zero quantities that

were not present before will be added in the following

cases:

CASE TOTAL CONTRIBUTION

4. The case where r(m) is preferred 
Bto certain objects in committee 2[(q ( ) — ~~
.— 1)

member k’ s ranking and the
reverse is t rue  In committee —

member Vs ranking. 
— ( (rn _ 1) _ 1II, ( m) _ T

r ( m) ) _ T
r (rn) ] 

A

---

~

-

~ 

~~ - -~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - . •• -
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CASE TOTAL CONTR I BUT ION

2. The case where objects are t ied
with r(rn) and below r(’~) ~~ 

—committee memb .. r k’ s r an k ing but T # Tr (rn) r (r’?)not tied with r (m) in committee
member Vs ranking.

3. The case where r (r ?) Is preferred
to certain objects in committee B — T° — T
member k’s ranking and Is tied with r(rn) r(m)
r(m) in committee member 9.’s ranking .

Therefore, the summation on the right hand side of (2.4)

increases by

+ - 02ff f T  f T  -T -T + 2(q -rn)r (m) r(rn) rfri) r (rn) r(~’i) r(rn)

and this proves the validity of (2.4). The proof of the

theorem now follows by let t ing M = n and observing that

.~~ ~~~~~ 
= 

.~~ L7~0 j=i

Although the method of calculating distance given in the theorem

appears much more cumbersome than the direct application of (2.1), the

s t ructure  of (2.3)  makes the implementation in a computer code quite

efficient. It is not felt that a detailed discussion of such a code

is appropriate here , but a copy of a FORTRAN version of a code designed

to calculate distance via (2.3) can be obtained upon request from the

authors.  An advantage of (2 .3 )  Is the previously mentioned reduction

in storage requirements .  Also , the rankings will  generally be supplied

in a form such as q or r and (2 .3)  w i l l  not r equ i re  the cons t ruc t ion  of

- ••- - 
~~~~~~ . - . ~-t ~~~~~~~~~~~~~~~~ ..-

~~~~~

. 
_:: — 

_____________ 
- 
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the ranking matrix.

We conclude this section with an example calculating the distance

between two rankings by using (2.3).

Let

= (—5 , —6 , 9, 7, 4, —3, 2, —1 , 8)

and

= (3, 1.5, 1.5, 8.5, 5.5 , 4, 7, 8.5, 5.5) -

The first ranking is the previous one and the second ranking is

- 4
= 1, r( 1) = -5 , q5 = 5.5, T5 = 1, 1’~ = 0, T5 = 1, 2’~ = 0

1/
5 = 0

0 -

j = 2 , r(2)= -6, q6 = 4, T6 = 0 , T6 = 1 , T6 = 0 , T6 = 0

= 1

0j = 3 , r (3)=9 , q9 =5.5 , T9 = 0 , T9
= 0 , T = 0 , T9

= 1

119 = 0

— - :~
_
-•~~ -~~-~~——— — • .——— —- -________________________________________________ - .
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0 ~ —

j — 4 , r (4)= ?, q 7 = 7 , T 7 = T 7 T7 = 1 17 0

0 # - *
j = 5 , r ( S ) = 4 , q 4 = 8.5 , T4 = T 4 T4 T4 = H 4 = 0

0 + - *
j = 6, r(6) = -3, q3 = 1.5 , T5 = 1, 2’~ = T5 = T~ = 0, H~ = 5

j = ? , r (7)=2 , q 2 = 1.5, T2
0
= T = T ~~~~0, T

2 = 1 , Ii2 = 5

j = 8, r(8) 2, q1 = 3, T~
° = 0, T = 1, T~ = 2’3 = 0, 113 = 5

0 + -I = 9, r(9) = 8, q8 = 8.5 , T8 = T8 = T8 = 0, T8 = 1, 
~~ 

= 0.

By performing the summation of (2.3), the distance between the

two rankings is found to be 34.

3. The L~ Norm Cerzeensuo Ranking

This •sctior. will develop a branch and bound ( 7 ]  al gorithm to

obtain in L~~norm or mm -max consensus ranking for m rankings of ~1

objects. This type of consensus rankin g minimizes the max imum distance

between itsa].f and any ranking supplied by a committee member. The

algorithm to be described here Will consider only oonrp lets rankings

(see ( 7 ] )  as candidates for the consensus ranking. The modifications

tb allow tile in the consensus ranking are obvious but will generally

increase the size of the solution tree exponentially . We denote the

am —max consensus ranking by the matrix B and let d4 — max (At,B) ~
Let

dkt 
= d(A k,A 2’), k = 1, 2, ..., r n — i

L = i + 1 , ..., m

i~
-. 

_ _ _



10

The algorithm begins by calculating the distance between every pair of

rankings supplied by the committee members. A lower bound on d4 is then

given by -
k L

LB = <d4 
0 0/2 (3.1)

where

k0 2.0d4 = max~~
k, 9-

and <X> is the smallest integer greater than or equal to X.

A candidate consensus ranking is obtained by summing q9-° arid q
ko

(the two rankings yielding d*
k
~

90) ,  and inspecting the magnitude of the

components In the resulting vector . The object with the smallest entry

will, be most preferred in the candidate consensus ranking; the object

with the next smallest entry will be ranked second and so on. Since

we are only allowing complete fanking, ties are not allowed , and they

will be broken in an arbitrary manner. The candidate ranking obtained

by this process is denoted by r. A similar procedure for obtaining a

conaenuus ranking is given by Kendall (6]. He sums all rvi q ’ s befo r e

ordering and shows that the resulting ranking is a least square.

consensus ranking when “distance” is defined differently (see [6), p.114).

The I’ t hat we have obtained should be a good estimate of B because the

mm —max ranking represents a compromise between the most widely divergent

committee members.

The next step in the algorithm is to calculate the distance between

r and A 9’, 9’ 1, 2, ..., m. We define

—- - -~ 
- 

a
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UB = max d (F ,A~<) , k = 1, 2, ..., m. (3.2)

If UB = LB, then the algorithm terminates with B = F. Otherwise , a

branch and bound procedure is undertaken to obtain 5.

The dichotomy performed at any stage of the tree search will be of

the form

i > j  or j > i ,

where ‘5” is read as “preferred to.” A pictorial view of three nodes

in a tree is given by figure 1. At each node a lower bound and a

candidate consensus ranking (which in turn gives an upper bound) will

be obtained by a procedure to be described shortly . When the lower

bound at a node is greater than the least upper boun d on d4 that node is

fathomed, meaning no more nodes will be created from it. The algorithm

terminates when all nodes have been fathomed and B is given by the

candidate consensus ranking yielding the least upper bound .

Let P be the total number of live nodes (i.e., nodes that are not

fathomed and have no branches emanating from them) at any stage in the

branch and bound process. Let LB~ and F~, p = 1, 2, ... ,, P be,

respectively, the lower bound arid candidate consensus ranking at node p.

Prom r the upper bound at node p, uB~,, is calcu la ted from

Va = d (r ,A~<)P k

and the least upper bound on d4 is

UB = mm (UB }.
p p

- - —~~ —~~—— - -~~~~~ -- -~~~~~~ -——- - — -  _ _ _ _ _ _  a



12

P

j > i  i > j  -

P + 1  - p # 2

Figure ~ A picture of three nodes from a possible branch and
bound tree. At node p # 1 object j must be preferred
to object i in any candidate consensus ranking and at
node p # 2 the reverse must be true.

_ _ _  _ _ _ _ _ _ _ _ _ _ _ _  4
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It will now be shown how F is obtained . Let C be a complete

rar~~ing which w i l l  be manipulated through pairwise Interchanges to

obtain r . Before the interchanges are attempted C = F where ~

the inviedia t— predecessor of node p or , for p = 1, C = F. If C

satisfies the constraints placed on the ranking at that particular node

wç place F = ~ and calculate  U B .  Otherwise , the interchanges necessary

to make C feas ible  are pe r fo rmed .  Notice that  because of the transitive

relationship between objects the constraint  jus t  imposed on the ranking

may,  In conjucture with preceeding constraints, create other constraints.

Once C is feasible ~~~~~~~ acjj acent (we assume C is represented

in the form given by r) interchanges are at tempted to improve C while

maintaining feasibility. To determine when an improvement is possible

4 we first calculate and record

d(C,Ak ) , k = 1, 2, .. ., n.

Let d(C,i’°)=~ max d(C,A
k) . To improve the mm —max distance between C

k
and the Ak changes in the ranking given by C must make it closer to the

kJt’ co ittee member ’s ranking . Every p&irvise adjacent change such

as this will decrease d( ,Ak~)by two or one. To see if an overall

improvement has been made , all d(C,Ak) within two of d (C ,A1
~0) are checked

to see what an effec t  such a change will make on these distances. If

none of them would increase to d(C ,Ak0), the interchange is made, all

distances are updated and a new A~O determined if necessary . The process

is repeated until no improvemen t is possible and then F Is placed

equal to C. Notice that Vii has already been calculated while determining

r .
p

— —  
. 

— —- — . - - - -—---~~~ -- — -—— - - ——-—- — - - -— - - — -  - . —-- — — -



14

The calculation of LB~ involves determining penalties for the

restrictions placed on F and adding them to the d<9”3. The initial

lower bound of (3.1) was obtained from the following axiom given by

Kemeny and Snell [5, p.9]

d(A~
<,B) + d (A9 ’,B) � d (A~

< ,A9 ’) .  (3.3)

Intuitively, (3.3) says that the best B can do is to split the difference

between At and 1< . As additional restrictions are placed on the

structure of B a positive quantity may be added to original lower bound.

To’ obtain this penalty we define 1
~k,

J 9- to be the weighted total number of

conflicts common to A~< and A9 ’ which are forced by the restrictions at

node p. A weight of one is given when a conflict involves a tie and

weight of two otherwise. A lower bound LB~ is obtained from the following

theorem.

o Theorem 3.1: A lower bound on the distance between any ranking which

satisfies the restrictions at node p and the A~’ furthest

from that ranking is given by

LB — max 1k,L 
~ <d~~/2> . (3.4)

‘

Proof: The distance d l<9 ’ is the weighted sum of the conflicts

between Ak and A9’ where a weigh t of one is given to a

conflict involving a tie and a weight of two otherwise.

The best we can hope to do with these conflicts in the

mm — m a x  sense is to split them. Any addi t ional  conf l i c t s

enforced by the restriction s which are common to both

Ak and At must be added because all original conflicts

____________________ a
___________________ .—. — — —

_ _ _ _ — —
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are still present. Thus, by taking the maximum of

1k,
L 

+ <dk9’/2> over all : and 9’ LB is obtained .p p
0 This completes the proof .

We will summarize with a step by step statement of the algorithm

whtch will describe possible criteria for constructing the branch and

bound tree.

STEP 1: Calculate d J < L for  1 � k < 9’ � n and determine d* equal to

kt to k
the minimum d . Sum q and q C and derive the ranking F in the manner

previously described . Calculate LB from (3.1) and UB from (3 .2 ) .

If LB US , go to step 7. Otherwise, set C F, p = 1 and go to step 2.

STEP 2: At tempt  to improve C through pairwise adjacent interchanges,

updating C and UB~ when improvements are made. After it is determined

that no improvement is possible from pairwise adjacent Interchanges , set

— C. If UB~ < tIB, set (lB = .(J3~, and save I’~ as the best complete

ranking found so far . Go to step 3.

STEP 3: Search over all live nodes to find the one with the least

lower bound. If no live nodes exist, go to step 7. Otherwise, denote

the node with the least lover bound by node B. Go to step 4.

STEP 4: Choose the two objects furthest from one another in r8 and

whose relationship is not already constrained . Let these two objects be

given by Y arid 2 wIth Y preferred to Z In F .  Create two new nodes from a

by restricting 7 > 2 at node p # I and Z > 7 at node p + 2. Check over

the previous restrictions to see If , in conjunction with either

7 ‘ Z or Z > 7, any additional restrictions are automatically imposed

from the transitive relationship of the ranking . If any restrictions

-~~~~~~~~~~ - 
____  _____- 

- - _ _____
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are for ced , add them to the list of restrictions at the appropriate

node . Go to step 5.

STEP 5: Calculate 1k,t for 1 � k < 9’ � n and determine LB from (3.4).p+1 pl.l

If LBp,÷1 > UB, fathom node p + 1. Otherwise, set F = and go to

step 6.

STEP 6: Calculate for I � k < 9’ � n and determine LB from (3.3).

If LB~÷2 > UB, fathom node p + 2. Otherwise , set C = F8 and force

feasibility by interchanging the rankings of objects.  Calculate

k 1, 2, ..., fl. Set p p + 2 and go to step 2.

STEP 7: An optimal mm —max consensus rankIng has been obtained . The

ranking yielding (lB is the optimal ranking B and d~’ = US.

Example: To demonstrate the algorithm we will solve a sample problem

with three committee members and five objects. The ranking are as follows:

q
1 

— a, 2 , 3, 4, 5) , — r i . s , 3, 5, 1.5 , 4) , q3 
— (4, 2, 2, 2, 5)

= (1, 2, 3, 4, 5) , i.’
2 
= (—1 , 4, 2, .5, 3) , r ’

3 
= (—2 , -3, 4, 1, 5)

By calculating dkt from (2.3),

d12~~~7, d23 = 9 and d23 = 1O.

Committee members 2 and 3 are furthest apart , so q
2 and q3 are summed

to obtain (5 . 5 ,, 5, ?, 3.5, ~ ) . The rank ing I’ is then given by

(4 ,2,1,3,5), where this representation is defined as r.

LB = S and US 8

d(r,A
1) 8, d(r,A

2 
= 5

__________ 
______________ a

—-- --

~ 

.— --.-.-—-. -— ---.—...- --—--- --- — ---— - - ---—-— -- - - - - _________
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and d(r,A
3) = .5.

C is placed equal to F, and by at tempting pairwise adjacent

interchanges it is seen that C can be improved by interchanging objects

4 and 2. We then have

us = US 1 = 7 and F1 
= (2 , 4, 1, 3, 5) .

The first dichotomy is 2 > .5 or .5 > 2. Corresponding to the constraint

5 > 2. .z
2,3 = 2 because 5 > 2 is in conflict with the rankings of

cossnittee member ’s 2 and 3. Thus, the lower bound on any ranking with

S > 2 is 5 + 2 = 7. But us = 7, hence , rankings with 5 > 2 need not

be considered . Although it was not stated explicitly in the algorithm , it

is clear that  a branch with  the constraint  .5 > 2 is not required and

the constraint 2 > 5 can be imposed at node 1. Similarly , the algorithm

will impose the restrictions 2 > 3 and 4 > .5 at node 1.

The next dichotomy to be considered is 4 > 3 or 3 > 4. The latter

restrictions, along with those already present , require 3 > 5 and 2 > 4.

Nodes 2 and 3 are now created . The constraints at node 2 are 2 > 5,

2 > 3, 4 ‘ S and 4 > 3. The constraints at node 3 are 2 > 5 , 2 > 3,

4 > 5 , 3 > 4, 3 > S and 2 ‘ 4.

J
h ,2 = Q  ~~

J 3 = J , ~~~~~~~~~~~~~~

and UB2 = 1 # 5 6.

= o, j -~
,’~ a, i~’~ = 2

and (lB
3 

= 7. Thu s, imude . i f a thone d .
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The algorithm next considers node 2 for further partitioning.

The dichotomy 5 > 2 or I > .5 is performed , and it is seen that the

restriction 5 > 1 implies 4 > I and 2 > 1. Hence, 5 > 1 yields

jl,2 = £ and I > 5 is imposed at node 2. -

Nodes 4 and 
~ 
are now created by the dichotomy 2 > 1 or 1 > 2.

At node 4 we have the constraints I > 5 and 2 > I in addition to those

previously listed at nod e 2. At node 5 , the additional constraints

1 > 5, 1 > 2 and 1 > S are present.

r4 = (2, 4, 1, 3, 5), LB4 = 6

and UB4 — 7

At node S

LB5 = 6, C = (1 , 4., 2, 3, 5)

Interchanging the order of I and 4, r5 = (4,1,2,3,5) and UB~ 7. Still

at node 5, it is seen that 4 > 2 or 2 > 4 provide upper bounds greater

than or equal to (lB and node 5 is fathomed.

Returning to the only live node (node 4), the dichotomy 4 > I or

I > 4 is app lied and two more nodes created . At node 6 we have

(lB
6 = LB

5 
7 and 6 

= (2,4,1,3,5) .  Node 6 is fathomed .

At node 7, 1 > 4 implies 1 > 5 and 2 > 3. UB
7 
= 7 and LB7 = 6,

with r7 = (2 ,1,4,3,5) .  By attempting further dichotomies it is shown

that the restrictions 3 > 5 and 2 > 4 are forced . The latter restriction

yields i2 .3 
= 2 and LB7 = 7. There are no longer any live nodes on the

tree and the algorithm terminates.

—~~~~~~~~~~~~~~~~
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Alternate optimal ranking are given by ( 2 ,2 ,4,3,5 ) ,  ( 4 ,1,2,3,5)

and (2,4,1,3,5) with d’ = 7.

As is the case with every brai.~ch and bound al gori thm there are

many ways that it can be implemented . Refinements in the algorithm

presented here, along with a thorough computational study will be the

sôbje ct of future research by the authors.

4. Genarai R~~king Str..sctures

In many decision making situations involving committee ranking and

the associated problem of concensus derivation , a more general

frameword than that posed by Kemeny and Snell must be adopted . We

cite a few examples. -

Mili tary officers ’ promotion boards are assembled for the purpose

of deciding which members of a group of candidates (officers) should be

elevated to the next highest rank. Each senior officer on the committee

must assess each candidate in relation to a number of attributes , and

must base the ass•ssment on information contained in performance

evaluation reports as well as any additional information the senior

officer in question might possess. Any given board member may be capabis

of ranking only a proper aubeet of the candidates — not necessarily

being able to rank all of them in an order of preference. One

cosnittee member may provide more information (or be of a higher rank)

than another member , and , thus , should be weighted differently in terms

of his or her con tribution .

The asse ssment of proposed R and D projects by grants committees

Is an area th at promises to be one in which the concept of priority

S
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ranking and concensus will assume a major role. Since the committee

members come from a variety of disciplines we again are confronted with

the possibility of having to deal with partial rankings and weights.

Federal spending in defence construction has become an issue of

increasing importance in recent times. See Brightwell et. al. [23. The

problem is a multiphase one in which funds must be dispensed among

various major military bases, then across numerous sections on each

base , and finally across a set of proposed projects within each section .

A general ranking framework allowing for  such things as partial ranks

and weights is required to be able to deal with problems of this nature.

To see how one can deal with partial ranking and weighting we

investigate the original model due to Kemeny and Snell 15], as well as the

model of the previous sections and see how the consensus concept is approached.

Weighted Rw~zkinga
First let us examine the effect of associating weights to committee

members. With reference to the ~1 norm , Kemeny and Snell’s defini t ion becomes

A m A A m ~i
M (B) ~ w”~d(A

’,B) — minimum 
~ ~ w~ Ia~ . - b. .~~~, (4.1)

i—I B L’-l i-—l j—l

with representing the relative influence of member 9’ and the

median ranking. In (4] we def ine i to be an “eligible immediate

predecessor” of j if in any ranking B in which i immediately preceed, j ,
no improvement in 

~ 

d(4t1B) is obtained by interchanging i and j  or

by tying them. An “eligible immediate successor” and “tie” are defined

analogously. For the general case (4.1) analogous definitions are

obvious.
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Let m1~ denote the total member weight in favor of not tying

objects i and j ,  and r . .  the total weight ranking i and j  in the non—

natural (reverse) order. That is

m
m.. = w Ia~.I (4.2a)

a

and
11 i f a ’~. = - 1

1 9’ I
w 6 . .  where 6 . .  (4.2b)

— 

C’1 otherwise.

0 Theorem 4.1: For any two objects i and j  (i < j~ i is an eligible

in
immediate predecessor of j  if r.~. � in.. — ( ~ w 1/ 2,a a

an eligible immediate successor of j  if r~~. � ( ~a 1=1

and is eligible to tie with j  if - (~~~w
9’)/2 < r.. < (~~~w~’)/2 .

The proof of this theorem follows in a straightforward manner from that

0 given in (4] for the special case (1.1), and is therefore omitted.

Defining ~~~ and ~~~ as per (4.2a) and (4.2b) respectively , and utilizing

theorem 4.1, we can apply the algori thm of (4] in the usual manner to

derive the median as defined in (4.1).

Turning to the L°° norm problem we note that the solution procedure

is based on the distance be tween pairs of oonvnittes members rather than

on the distance between each Committee member and the unknown median ,

as in the case of the norm . Reconsidering (3.1), for example , the

lower bound is defined thus since in the case of equall y weighted

_ _ _ _ _ _ _ _  -
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members the optimal position relative to any pair is the point

midway between that pair. With a general set of weights

w1, w2, ..., w’” the optimal position is at distances w9’dkt/(Wk#Wt)

and w t/(w1<+w9’) from members k and 9’ respectively . (3.1) then

becomes

LB = <n~x

(3.2) becomes

C/B = m~x w9’d(r,A 9’).
2.

(3.4) would need-•t-o be redefined accordingly.

Partial Rcz ’zking: Sing le Attribute

The definition as proposed by Kemeny and S tell covers only special

cases to the extent that it is assumed that each member supplies an

“all inclusive” (a.i.) ranking of the objects , that is , a pr eferenc e

ordering of all n objects. In many instances an individual committee

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _  4
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member may be capable of supplying a preference ranking corresponding to

only a subset of the objects. Thus, let us assume that each member Z

supplies a ranking of all candidates or objects in a subset

St c (1, 2, ... , n}. We consider f i r s t  the case in which individuals

are ranked on the basis of a single attribute. In this instance if

i ~> j  > k then automatically i > k by this member , and we get no

conflicts. This, we shall see, is not the case in the multiple attribute

problem.
2.0 9’

It is noted that in case S fl S~ = ~ for  all 2. ~ 2.~, S 
0 
can be

ranked as a set of objects on its own. As far as the existing committee

is concerned , then , no objec t in S can be d i rec t ly  compared to any
2.o 9’

object in , the compliment of S ‘1~ In the R and D example , S

~
t0

might represent all projects in the humanities category with S

denoting all other projects. If no comparison can be drawn between

those elements inside S and those outside , a ranking for esch of
£0S and its compliment would need to be supplied , and then the R and

O budge t split up between these two categories by means of some other

method.

We assume, therefore , that for each member 2.
i there exists a

member £
2 
such that

9’
S 1 aS ~é q .  (4.3)

In this case each object will be comparable with every other object.

The ranking A 2. supplied by member 2. includes the elements of S9’ only.

With reference to the median , let us define a matrix representation

9’ £of A by (a..) where

— _____________ __________
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+1 if i is preferred to j

a~ . = —1 if j is preferred to i (4 .4)

0 if either i a’~d j are tied or are not compared .

In ordet to determine a median ranking B, which ~i1l be that

ranking satisfying (4.1), we need to derive conditions under which

an object is an eligible predecessor , successor or tie of another

object j. We adopt the convention that the f inal decision as to the

preference ordering of any pair (~,j ) must be a function only of the

orderings provided by those members who compared and . A member

who does not commit himself to comparing i and ~ cannot influence

their ordering in ~~~. Let S. . denote those committee members 2. who

compared i and j when their rankings were constructed . r . .  and

in.. are defined as in (4.2a) and (4.2b). We state without proof the

following:

o Theorem 4.2: For any two objects i and j  (i < j), is an eligible

inm2ediate predecessor of ~ If r. . ~~ m . — ( ~

an eligible immediate successor of j if r. • � ( ~
~a 2.~s.

and is e l ig ib le  to t ie  wi th  j if in .. - ( ~
~ tS.

< r . < ( 
~ w )/2

.j 2.€S.

Theorem 4 2  used in  c o n n e c t i o n  with the b ranch  and bound tn ethod of

(4) will lead to an a.i. median rank ing  h as a result of assumption (2.3).

—~~~~~~~~ _____ 
-- -~~~~~ -— - - 4
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In reference to determining the mm max (2.~) ranking , d is tances  are

computed as before allowing of course for the modification given in (4.4).

Lower and upper bounds are computed as indicated in the previous subsection.

The sets S~~ play no part in developing the mm max ranking.

• Multip le Attributes

In many instances candidates are assessed on the basis of a set

of R attributes. For example, in the construction projects case attention

must be paid to safety and security implications, impact on economy

of resources, long run effect on operations , and duration over which

the benefit of the project will be realized .

For each member 2. let S~~
’ denote that subset of Cl , 2, ..., m }

of objec ts on which member 9. can make a decision rega rd ing a p ref erence

ranking according to at tribute r. Let (an) represent the matrix

associated with the ranking of S9’~
’. For one reason or another one

attribute may be deemed more important or less importan t than some

other attribute. In the assessment of defence construction project

proposals , projec ts classified as pertaining mostly to security and

safety , for example , are considered to be of higher priority than those

categorized as general maintenanc, proj ects. The assignment of attribute

weight. is generally a subjective task. In addition , these weights tan

vary from year to year particularly in the construction project s example .

Specifically let v be a weight expressing the relative importance of

attribute r to the other attribute .. In determining the median , for example ,

we then weight each matrix (a~~
0) by the fac tor wP

~iP0/ Z ~
r. The

a
median B must be defined by

M(B) ,itinii”.~cn ~ ~ (w
t
vr/Ivr)la~.~ - b . .

~~~
. (2.5)

B L r i j  r i-a 

----—--~ —-—~~~————~ - - - —  

,

——- - - , - - - —
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We ~~ ~s ~~~~~ 
• 

~~~~~~ 2 -
• 

~7: -1 LL~J

The problem of assigning weights to committee Int~m~~-rs is an

extremely unsatisf ying issue to deal with. In almost any problem

invo lving group decis ior .  making there is always the question as to

whether one member ’s contribution to the deliberations is of more value

than that of another member. In the priority rarki:~g problem described

above , each member utilizes information available to him to rank o~~ects

(candidates , projects , etc.) on the basis of various attributes possessed

by those objects. The value of the information can be judged in various

ways. Some of these are : 1) the number of years of experience the member

has had on similar comr~ittees; 2) the rank or professional status of tho

member ; 3) the personal experience of the member in the trade involved .

(A mathematician , in assessing a research proposal , could call upon his

own experience as a researcher in the technical area relating to the

proposal) ; 4) number of years a member has been personally associated or

involved with the project or candidate in question . (The qualifications

of a candidate being considered for pror~iotion can be ~‘etter assessed b~

an officer who personally supervised that candidate fur s ’mu length f t ime

than by an officer who has had no personal connection with that ca:~di2ate.)

it is clear f rom the preceding paragrap h t ha t  nu merous  f a c t o r s  must

be brought  in to  focus in assigning weig h t s  to the decisio ns of various

com m i t t e e  memb er- ; . F a c t o rs oth~-r than t b o s e -  men t i~~;~ d in (1), (2), (3)

and (4) would he thost’ a~,sociated ~ith th~ special pr len being consii~ rc

at t h e t ime . E v e ry  r an k i n g  pr ob~~~m is ~~a r a c t er i z e d  by special considera:i~ns

an d a n~ ed fo r a va st  amount  of sub ject ive j u d g~ :~~n t .  C o n s e q u e n t l y , i t

appears that the only general statement which can be made c ern~~ ’ the

_ _ _ _ _ _  
-- r- r
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determination of weights , is that weights assigned to committee members

should be a function of the information contributed by those members when

delegated to rank a set of objects. There are , of cou rse , as many defini-

tions of information as there are problems requiring the input of the said

informa t ion by decision makers. Generally, the information contributed

by’ member 2. on objec t i relative to attribute r can be defined as

C f(x2, x2, ... , s~) for each 9. for which ~ £ S~ ,
= ‘

~ (4.6)

The parameters x1, x2, .r3, ..., x~, might represent quantitative measures

of (1) to (4) in the preceding paragraph , in addition to any other factors

specific to the problem in question. f may be simply an average of the

values represented by x1, x2., ... x~,. f can, however , be a more formal

measure of overall contribution of the member . This decision would need

to be tailored to the particulér problem under investigation .

— Given def in i tion (4.6), the weight assigned to member for his

thinputs regarding the r attribute of object i. can be defined as

L
0
r t

0
r m

— I .  / ~ .T~
’. (4.7)

L=l

The definition of the median as given in (2.5) illustrates that it is

the pair-wise comparison of objects which must be weighted , and not individual

objects. A reasonable weighting factor on the pair (~,j) (that is on the
L~r

term a. . — b.. ) is, therefore ,i-a

-- .— — -.-- —. ------, —F..
~ ~~~~~~~~~~~~~~~ 

- —. • • — - • . - . -.-. -~ .~ - — . - --~~ ——- -- - _____sa____ 
— - — - 

~~~~~~~~~~~~~~~~~~~ 
- - - ---- ---~~~~~ 

.
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~\ 9.,,r 9.,~rI (w.U + ~~~~ )/2 if both w .’ > 0 and w.~
’ QL0r j ~ .~ a

w . .  = ‘
~ (4.8)

2~7 I 0 otherwise. -

Thus, in determining a median preference ranking of the objects

in (1, 2, • .. , n} the relative ordering of each pair (i,j) is a function

of the decisions of those members who compare i and .,, and only those

members. The weight assigned to a member who ranked and j on the basis

of some attribute is the average of the ratios of his contributed informa-

tion to the total information supplied by all members who ranked and ~

rela~ Ive to that attribute. (4.5) then becomes

M(B) = rn inirrwti ~ ~ (w~’ v ’/~/’) Ia~ - b . .
~~~
. (4. 9)

B 9 . r i j  ~ r a

The purpose of this subsection has been to outline a methodology for

determining weights to be assigned to committee members ’ decisions. The

concept of information is an intuitively natural one to explore in this

regard . The difficulty arises from trying to quantify what we mean by

information . In addition , there is the related problem of removing bias

from committee decisions. In a recent paper by Warner D0) a methodology

is given for extracting information from advocates through the preparation

of pro and con briefs on a topic of controversy. The method is not

~imnediately app licable to the preference ranking problem , although it

does give some prom ise of providing a systematic unbiased means of

assigning weights. The investi gation of such a method in connection

with the ranking problem may be the top ic cf later research. 

-~~~ ‘.- -.-- -~ - -~~_ ~~~~~~~~~~~~~~~~~~ - — ~~~ r t:
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