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ABSTRACT

{ This paper investigates aspects of obtaining a concensus ranking
from ordinal rankings supplied by committee members. A procedure for

calculating the distance between rankings which are represented by vectors

In addition, an approach to the committee ranking problem which makes
allowance for weights, partial rankings and multiple attributes is

|
] discussed.

is given along with an algorithm for deriving a min-max concensus ranking.




1. Imtroduction

In [5] Kemeny and Snell define the median of a set of m rankings

{Az} of n objects to be that ranking B for which

m
=1

2 (1.1)

2 —
i d(a”,B) = %i?j la; ;b5

o~3

r

is minimized. (a:j) is the matrix representation of the ranking Az;

f.e., “éj = +1 1f 17 is preferred to j, -1 if j is preferred to ¢

and 0 if 7 and j are tied in preference. The determination of B
i3 important in cases where the A2 are rankings provided by members
of a conmittee, in that it represents one form of compromise or
concensus. Cook and Saipe [4] describe a branch and bound algorithm
for solving this problem. Some\computational results relating to this
algorithm are given in [3], (8] and [9].

In this article we investigate some further aspects of the con-
census problem in committee ranking. In section 3, we consider the
2” norm rather than the 2! norm of (1.1). 1In this case we minimize

the maximum of the deviations rather than minimizing the total

. deviation. Since computer storage is a problem if the above matrix

representation of rankings is preserved, we give an alternate




representation. A formula for computing distances under this revised
representation is derived in section 2. This will then be used to
compute bounds in the algorithm which follows. An illustrative example
is given along with a brief discussion of the computational aspects.
Section 4 presents a more general approach to the committee
rahking problem. We investigate partial rankings in connection with
the concept of a median and discuss its derivation. In addition,
weighted rankings are examined. We conclude with a brief discussion of

weight assignment.

2. (Computational Procedure for Calculating d(A,B)
Kemeny and Snell [5] define the distance between two rankings Ak

2

and 4™~ to be

n n
d(AE,Ak) =% .Z ¥ |a%. k [ 2.1)

Clearly, the computations involved in calculating this distance is
straightforward when Ag and Ak are available explicitly. However, if
there are several committee members and a ranking matrix is saved for
each member, a large amount of computer storage would be consumed.

Because the ranking matrices are skew é}mmetric, the amount of

necessary storage can be substantially reduced by saving only the elements
above the diagonal. Additionally, because all the elements of the
ranking matrices are (¢, -7 or +1, the data could be packed in the

computer. The latter technique would cause the computer code to be

machine dependent, however, while the former would still require




n(n-1)/2 storage locations for each committee member. These drawbacks
can be overcome by saving the ranking matrices on peripheral storage
devices, but if it is necessary to access the rankings frequently this
approach can be expensive and time consuming. In this section we
present an alternative method for saving committee member rankings
and calculating distance.

Two vector representations of the lth committee member's ranking

of n objects are given by the following:

L iy L.7
g = (ql’ Qgs ++es qn)

where q; = 1 implies that committee member £ ranks object j in the

ith position. Ties are indicated by assigning the (same) average

ranking to tied objects. For example, a ranking

5, & §
7
4 (2.2)
SR\
Rt

((2.2) is the notation used by Kemeny and Snell and is unsuitable for

digital computers) is given by

g = (8.5, 8.5, 6.5, §, 3, 8, 4, 8.5, 8).

The second vector representation is:

e




o m 02), P80, ey T

where rz(i) = J implies that committee member £ ranks object j in the
ith position. r (Z) = -j indicates that the Zth committee member is

indifferent between object j and object rl(i+1). For the previous

ranking

# = (B, <8, By T 4 ~E B, <15 B)

These two vector representations are, of course, redundant as all
the necessary information concerning a ranking can be obtained from
either one. However, even if both representations are saved the storage
requirements are considerably less than for the matrix representation.

It will now be shown how d(Az,Ak) can be calculated efficiently

using ¢ and r. Through the remainder of the section the superscripts

on g and r will be ohitted. It will be assumed that q always has a

superscript L and that r always has a superscript k. Also, since r is

a column vector, when object j is below object 7 it is meant that when
looking down r 7 is encountered before j. Hence, in the previous
example, 9 is above 7 but below 6.

Before we state and prove a theorem which will be instrumental in
developing the procedure to calculate d(Ak,Al), the following definitions
are needed.

The number of objects tied with r(j) and below
To r(j) in the kth committee member's ranking,

r(j) and also tied with p(j) in the gth committee
member's ranking.
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The number of objects tied with r(j) and below
+ r(j) in the kth committee member’s ranking,
Tr(j) and p(j) preferred to them in the 2th committee
member's ranking.

The number of objects tied with r(j) and below
r(j) in the kth committee member's ranking, and

Tr(j) preferred to »(j) in the &th committee member's
ranking.
v The number of objects above r(j) in the kth
T (5) committee member's ranking and tied with r(j)
r

in the 2th committee member's ranking.

The number of objects above r(j) in the kth
committee member's ranking and »r(j) preferred

B e
r(j) to them in the 2th committee member's ranking:

0 Theorem 2.1: The distance between Ak and Al as defined by (2.1) is

given by:

n

Y (2H : ¥ 5 77

oy e et o)~ S~ ey

(2.3)
Proof: It will be proven. by induction that
T (2H T IO T T e 29,4, = 24)
=1 r(j) r(j) r(j) r(j) r(F) r(j)
3 K%
"5 I leral (2.4)

where Z is a summation over the rows and columns
2,4
r(1), r(2), ..., r(1), and { S n. Then since

n n
Y q (i) = Y J» the proof of the theorem follows:
j=1 T =1

Assume that (2.4) is true for M = m-1 (the proof for

M = 1 is very similar to the one about to be given for




M = m and is omitted).

M

Then to prove (2.3) is true for

m it must be shown that the inclusion of column and

and row r(m) increases the summation of the right hand

side by
28 Y . 7" PR )
rim) T “rtm) T Trtm) T r(m) T “r(m) Up(m)™™

Note that all the rows and columns corresponding to objects

above r(m) have already been included in.the summation with

M=m-1.

Let B be the number of objects tied with r(m) in the &th

committee member's ranking. There ar&

B
Ufm) =2~ 1

objects preferred to r(m) in the 2th committee member's

ranking. Of these, the rows and columns corresponding to

*
el o Bl L_Fr(m)

of them have already been included

in the summation with ¥ = m - 1. By including row and

column r(m) in summation (2.4), non-zero quantities that

were not present before will be added in the following

cases:

CASF.

The case where r(m) is preferred
to certain objects in committee
member k's ranking and the
reverse is true in committee
member 2's ranking.

TOTAL CONTRIBUTION

1)

B
2[(qr(m) Ve

* —
i (“”—1)-Hr(m)-:rﬁn))'Tr(m)]

- = e ————————— e




CASE TOTAL CONTRIBUTION
2. The case where objects are tied
with r(m) and below r(m) in 2 i
committee member k's ranking but Tr(m) + Tr(m)
not tied with r(m) in committee
member %'s ranking.
3. The case where r(m) is preferred
to certain objects in committee 8 - TO > T‘
member k's ranking and is tied with r(m) r(m)
r(m) in committee member &'s ranking.
Therefore, the summation on the right hand side of (2.4)
increases by

+ T 7 o

*
Bord ¥ Tutm) T o0tmi =~ Totar” Tem) T Pppmy ™

and this proves the validity of (2.4). The proof of the

theorem now follows by letting M = n and observing that

8 -
0 J.Z PAL L
Although the method of calculating distance given in the theorem
appears much more cumbersome than the direct application of (2.1), the
structure of (2.3) makes the implementation in a computer code quite
efficient. It is not felt that a detailed discussion of such a code
ia appropriate here, but a copy of a FORTRAN version of a code designed
to calculate distance via (2.3) can be obtained upon request from the
authors. An advantage of (2.3) is the previously mentioned reduction
in storage requirements. Also, the rankings will generally be supplied

in a form such as ¢ or r and (2.3) will not require the construction of

S P R MR TN R TR RSN L T N L UL LT R T e T D Bl Ll Y RN CMAG L S o AP o
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the ranking matrix.

We conclude this section with an example calculating the distance

between two rankings by using (2.3).

Let
k
r = (-5, -6, 9, 7, 4, =3, 2, -1, 8)
*
and
. & = (3, 1.5, 1.5, 8.5, 5.8, 4, 7, 6.5, 5.8
The first ranking is the previous one and the second ranking is
3 . 2
1
6
S5 -9
7
8, 4
i =1, r(1) = -5 cbb, =, e, T 1, -0
J E Jq5 e 5 3 5 3 5 3 5
H5=0
. 0 + - -
J =2, r(2) = -6, 5= 4, Ts = 0, T6 =1, T6 =0, T6 = 0
H6.=1
j =3, 0(3) =8, q =565, 0 =0, =0, 1m0, T =1
J 3 qu 3 9 ’ 9 3 9 3 9
H9=0




o

NrY
TR P

- 0 o i
i=4,r(4)=7,q,=7,T,=T,="0,="H,=0
0 TS N S ok
J=5 15 =4,q,=85 T,=T,=Ty=T,=H, =0
0 Y SR S e
j=6,1r(6)=-3,q;=15, Tg=1, Tg =T, =T, =0, Hy =
i=7, p(7) =2 8w e ap, T e, B
. d =4 T ":qz" LN O s S D s
L 0 h . &
j=8,r(8)=1,q,=3 T;3=0, T3=1, T;=",=0, H; =5
- 0 + - * .
i=09,7r(9)=8,qy=8.5, Ty=Ty=Tg=0,Tg=1, Hy=0

By performing the summation of (2.3), the distance between the

two rankings is found to be 34.

3. The L Norm Censensus Ranking

This sectior will develop a branch and bound [7] algorithm to
obtain an L.’ norm or min-max consensus ranking for m rankings of n
objects. This type of consensus ranking minimizes the maximum distance
between itself and any ranking supplied by a committee member. The
algorithm to be described here will consider only complete rankings
(see [7)) as candidates for the consensus ranking. The modifications
tdb allow ties in the consensus ranking are obvious but will generally
increase the size of the solution tree exponentially. We denote the
min-max consensus ranking by the matrix pand let g* = mgz (,49‘,3).

Let

d*% = daak,a%), k =

I
~
-
oo
-
-
3
!
—~

L

L
=,
+
~

"
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The algorithm begins by calculating the distance between every pair of

rankings suppiied by the committee members. A lower bound on d* is then

given by

k 2

LB = <d*° ° /2> (3.1)
where
’
k2
d* ¢ max dkl
k, L

and <X> 1is the smallest integer greater than or equal to X.

A candidate consensus ranking is obtained by summing qu and qko
(the two rankings yielding d*kozo), and inspecting the magnitude of the
components in the resulting vector. The object with the smallest entry
will be most preferred in the candidate consensus ranking; the object
with the next smallest entry will be ranked second and so on. Since
we are only allowing complete ranking, ties are not allowed, and they
will be broken in an arbitrary manner. The candidate ranking obtained
by this process is denoted by I'. A similar procedure for obtaining a
consensus ranking is given by Kendall [6]. He sume all m g's before
ordering and shows that the resulting ranking is a least squares
consensus ranking when "distance" is defined differently (see [6], Q.114).
The ' that we have obtained should be a good estimate of B because the
min-max ranking represents a compromise between the most widely divergent
committee members.

The next step in the algorithm is to calculate the distance between

Fand A, L =1, 2, ..., m. Ve define
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UB = max d(T,AK), k=1,2, ..., m. (3.2)

If UB = LB, then the algorithm terminates with B = I. Otherwise, a
branch and bound procedure is undertaken to obtain B.
The dichotomy performed at any stage of the tree search will be of

the form
*

ix4 o8 §>1,

where ">" is read as '"preferred to." A pictorial view of three nodes
in a tree is given by figure 1. At each node a lower bound and a
candidate consensus ranking (which in turn gives an upper bound) will
be obtained by a procedure to be described shortly. When the lower
bound at a node is greater than the least upper bound on d* that node is
fhthomed. meaning no more nodes will be created from it. The algorithm
terminates when all nodes have been fathomed and B is given by the
candidate consensus ranking yi;lding the least upper bound.

Let P be the total number of live nodes (i.e., nodes that are not
fathomed and have no branches emanating from them) at any stage in the
branch and bound process. Let LEb and rp, p=1, 8 ..., Phe,

respectively, the lower bound and candidate consensus ranking at node p.

From rp the upper bound at node p, Uép’ is calculated from

UB_ = max d(T ,Ak)
p k p

and the least upper bound on g# is

UB = min {UB_}.
p p

”»




Figure 1.

< p+2

A picture of three nodes from a possible branch and
bound tree. At node p + 1 object j must be preferred
to object 7 in any candidate consensus ranking and at
node p + 2 the reverse must be true.

|=
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It will now be shown how Fp is obtained. Let ( be a complete
ranking which will be manipulated through pairwise interchanges to
obtain Fp. Before the interchanges are attempted ( = Fs where g
the immediate predecessor of node p or, for p =1, ¢ =T. If c
satisfies the constraints placed on the ranking at that particular node
we place rp = (¢ and calculate UBp. Otherwise, the interchanges necessary
to make ( feasible are performed. Notice that because of the transitive
relationship between objects the constraint just imposed on the ranking
may, in conjucture with preceeding constraints, create other constraints.

Once (¢ is feasible patrwise adjacent (we assume ( is represented
in the form given by r) interchanges are attempted to improve ( while
maintaining feasibility. To determine when an improvement is possible

we first calculate and record

d(C,Ak), k=1,2, ..., n

Let d(C,Ak°)= max d(C,Ak). To improve the min-max distance between C
and the Ak changes in the ranking given by C must make it closer to the
ko"h committee member's ranking. Every pairwise adjacent change such
as this will decrease d(c,AkO) by two or one. To see if an overall

k

improvement has been made, all 4d(C,4") within two of d(C,AkO) are checked

to see what an effect such a change will make on these distances. If
none of them would increase to d(C,Ang the interchange is made, all
distances are updated and a new Ak’determined if necessary. The process
is repeated until no improvement is possible and then I' is placed

equal to . Notice that UBP has already been calculated while determining

s
p

o




U

The calculation of LBp involves determining penalties for the
restrictions placed on Fp and adding them to the &%'s. The initial
lower bound of (3.1) was obtained from the following axiom given by

Kemeny and Snell [5, p.9]
dea,B) + d(a*,B) » d(d, %), (3.3)

Intuitively, (3.3) says that the best B can do is to split the difference
between Az and Ak. As additional restrictions are placed on the
structure of B a positive quantity may be added to original lower bound.

To obtain this penalty we define I;’i

to be the weighted total number of
conflicts common to 4% and A% which are forced by the restrictions at

node P. A weight of one is given when a conflict involves a tie and
weight of two otherwise. A lower bound LBp is obtained from the following
theorem.

-

0 Theorem 3.1: A lower bound on the distance between any ranking which

satisfies the restrictions at node p and the A% furthest

from that ranking is given by

18 = maz I’o% 4 <d*¥25, (3.4)
P 22 p .
el
Proof: The distance dkg is the weighted sum of the conflicts

between 2% and A where a weight of one is given to a
conflict involving a tie and a weight of two otherwise.
The best we can hope to do with these conflicts in the
min-max sense is to split them. Any additional conflicts
enforced by the restrictions which are common to both

k L

A" and A" must be added because all original conflicts
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are still present. Thus, by taking the maximum of

l];’g' + <dk2/2> over all k and £ LBP is obtained.
This completes the proof.
We will summarize with a step by step statement of the algorithm
which will describe possible criteria for constructing the branch and
bound tree.

)

o
kL for 7 < kK < £ < n and determine 4* equal to

STEP 1: Calculate ¢4
the minimum d¥%. Sum qloand qko and derive the ranking I' in the manner
previously described. Calculate LB from (3.1) and UB from (3.2).

I1f LB = UB, go to step 7. Otherwise, set C =T, p = 1 and go to step 2.
STEP 2: Attempt to improve C through pairwise adjacent interchanges,
updating C and UBp when improvements are made. After it is determined
that no improvement is possible from pairwise adjacent interchanges, set
Tp =C, If UBP < UB, set UB =.UBb and save rp as the best complete
ranking found so far. Go to step 3.

STEP 3: Search over all live nodes to find the one with the least

lower bound. If no live nodes exist, go to step 7. Otherwisa, denote

the node with the least lower bound by node 8. Go to step 4.

STEP 4: Choose the two objects furthest from one another in rs and'
vhose relationship is not already constrained. Let these two objects be
given by Y and Z with Y preferred to Z in Fs. Create two new nodes from g
by restricting Y > Z at node p + 1 and Z > Y at node p + 2. Check over
the previous restrictions to see if, in conjunction with either

Y>2Zor Z>Y, any additional restrictions are automatically imposed

from the transitive relationship of the ranking. If any restrictions
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are forced, add them to the list of restrictions at the appropriate
node. Go to step 5.

STEP 5: Calculate Ik’l for 1 < k < £ < n and determine LB from (3.4).
—_— p+1 p+1

If LBP+1 > UB, fathom node p + 1. Otherwise, set Fp = Fs and go to

step 6.

STEP 6: Calculate 12;2 for 1 <k < 2 < n and determine LBp+ from (3.3).

2
1f LBp+2 > UB, fathom node p + é. Otherwise, set C = Ys and force
feasibility by interchanging the rankings of objects. Calculate
d(C,Ak), k =1, 2, ..., n. Set p=p+ 2 and go to step 2.

STEP 7: An optimal min-max consensus ranking has been obtained. The

ranking yielding UB is the optimal ranking B and d* = UB.

Example: To demonstrate the algorithm we will solve a sample problem

with three committee members and five objects. The ranking are as follows:

i e, 8, 8 4,6, q° = (1.5, 3,5, 1.5, 4), "= (4, 2, 2, 2, 5

1 2

o’ = (1, 2, 8 4, 5), v $

o (=1,4,8, 8 8,8 = .2, <3, 8 1, §)

By calculating dk% ¢rom (2:3) 5

diw ® iy & g 9 and d23 = 10.

1

Committee members 2 and 3 are furthest apart, so q2 and qs are summed
to obtain (5.5, §, 7, 3.5, 9). The ranking ' is then given by

(4,2,1,3,5), where this representation is defined as .

LB 5and UB = 8

dir,al) = 8, dr,4%) = s




L

&
&
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o d(r,a%) = s.

C is placed equal to I', and by attempting pairwise adjacent
interchanges it is seen that C can be improved by interchanging objects

4 and 2. We then have
’ UB = UB =7andI‘1=(2, 4, 1, 3, §).

The first dichotomy is 2 > Sor § > 2. Corresponding to the constraint
s> 2 12’3 = 2 because 5 > 2 is in conflict with the rankings of
committee member's 2 and 3. Thus, the lower bound on any ranking with
5>21s 5 + 2 = 7. But yp = 7, hence, rankings with 5 > 2 need not
be considered. Although it was not stated explicitly in the algorithm, it
is clear that a branch with the constraint § > 2 is not required and
the constraint 2 > § can be imposed at node 1. Similarly, the algorithm
will impose the restrictions 2 > 3 and 4 > § at node 1.

The next dichotomy to be éonsidered is 4 > 3 or 3 > 4. The latter
restrictions, along with those already present, require 3 > § and 2 > 4.
Nodes 2 and 3 are now created. The constraints at node 2 are 2 > §,

2 >3, 4 >»6and 4 > 3. The constraints at node 3 are 2 > §, 2 > 3,

¢4>5,3>4,3>6and 2 > 4.

1,2 L o
B ae, 1501, Bi¥as
and UBZ =1+6=6.
2 R o
a0, 1Pa0, 1%

and UB, = 7. Thus, node 7 is fathomed.




18

The algorithm next considers node 2 for further partitioning.
The dichotomy 5 > 7 or 1 > 5 is performed, and it is seen that the
restriction 5 > 7 implies ¢ > 7 and 2 > 1. Hence, 5 > 7 yields
11:2 = &and ] > 5 is imposed at node 2.

Nodes 4 and 5 are now created by the dichotomy 2 > 7 0or 7 > 2.
Ag node 4 we have the constraints 7 > 5 and 2 > 1 in addition to those
previously listed at node 2. At node 5, the additional constraints

l1>5,1 >2and ] >S5 are present.

ry=1(2,4,1,3, 5, LB =6

and UB, = 7
At node §

LBy =6, C=(1,4,2,3,5)

Interchanging the order of 1 and 4, F5 = (4,1,2,3,5) and UBg = 7. Seill
at node 5, it is seen that ¢ > 2 or 2 > ¢ provide upper bounds greater
than or equal to UB and node 5 is fathomed.

Returning to the only live node (node ¢), the dichotomy 4 > 7 or
1 > 4 is applied and two more nodes created. At node 6 we have
UBG = LBs = 7 and e (2,4,1,3,5). Node 6 is fathomed.

At node 7, 1 > 4 implies 1 > § and 1 > 3. UB7 = 7 and LB7 = 6,
with P7 = (2,1,4,3,5). By attempting further dichotomies it is shown
that the restrictions & > § and 2 > 4 are forced. The latter restriction

yields I2’3 = 2 and LB7 = 7. There are no longer any live nodes on the

tree and the algorithm terminates.




T ———— i s
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Alternate optimal ranking are given by (2,1,4,3,9, (4,1,2,3,5)
and (2,4,1,3,5) with d* = 7.

As is the case with every branch and bound algorithm there are
many ways that it can be implemented. Refinements in the algorithm
presented here, along with a thorough computational study will be the

sdbject of future research by the authors.

4. General Ranking Structures

In many decision making situations involving committee ranking and
the associated problem of concensus derivation, a more general
frameword than that posed by Kemeny and Snell must be adopted. We
cite a few examples.

Military officers' promotion boards are assembled for the purpose
of deciding which members of a group of candidates (officers) should be
elevated to the next highest rank. Each senior officer on the committee
must assess each candidate in }elacion to a number of attributes, and
must base the assessment on information contained in performance
evaluation reports as well as any additional information the senior
officer in question might possess. Any given board member may be capable
of ranking only a proper subget of the candidates - not necessarily
being able to rank all of them in an order of preference. One
Eonnitt.o member may provide more information (or be of a higher rank)
than another member, and, thus, should be weighted differently in terms
of his or her contribution.

The assessment of proposed R and D projects by grants committees

is an area that promises to be one in which the concept of priority




20

ranking and concensus will assume a major role. Since the committee
members come from a variety of disciplines we again are confronted with
the possibility of Eaving to deal with partial rankings and weights.
Federal spending in defence construction has become an issue of
increasing importance in recent times. See Brightwell et. al. [2]. The
prablem is a multiphase one in which funds must be dispensed among
various major military bases, then across numerous sections on each
base, and finally across a set of proposed projects within each section.
A general ranking framework allowing for such things as partial ranks
and weights is required to be able to deal with problems of this nature.
To see how one can deal with partial ranking and weighting we
investigate the original model due to Kemeny and Snmell (5], as well as the

model of the previous sections and see how the consensus concept is approached.

Weighted Rankings

First let us examine the effect of associating weights to committee

members. With reference to the 21 norm, Kemeny and Snell's definition becomes

P m ) g A m n n 2 2
M(B) = | wd(A",B) = minirum ) I vla;, - b,.l, (4.1)
=1 B i=1 i=1 j=1 ¥ ™

with wl representing the relative influence of member £ and B the

median ranking. In [4]) we define 7 to be an "eligible immediate

predecessor” of j 1f in any ranking B in which { immediately preceeds j,
m
no improvement in Z d(AQ,B) is obtained by interchanging 7 and j or

=1
by tying them. An "eligible immediate successor' and "tie" are defined
analogously. For the general case (4.1) analogous definitions are

obvious.
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Let mij denote the total member weight in favor of not tying
objects 7 and j, and rij the total weight ranking 7 and j in the non-

natural (reverse) order. That is

L, 2
. = w e 4.
i7" L otlal (4.20)
and
» " 1 1f a§3 = -1
L 'A
s zl w cij where 5ij = (4.2b)
0 otherwise.

0 Theorem 4.1: For any two objects ¢ and j (Z < j) 7 is an eligible

m
immediate predecessor of j if r..<m.. - (] wz)/2,
L o R

m
an eligible immediate successor of j if rij 2 2 wz)/2,
=1

m m
and is eligible to tie with j if m.. - ( 2 wz)/2 <p.,. < Z wl)/2.
W= b =

The proof of this theorem follows in a straightforward manner from that

0 given in [4] for the special case (l1.1), and is therefore omitted.

Defining mij and rij as per (4.2a) and (4.2b) respectively, and utilizing
theorem 4.1, we can apply the algorithm of [4] in the usual manner to
derive the median 3 as defined in (4.1).
Turning to the £° norm problem we note that the solution procedure
is based on the distance between paire of committee members rather than
on the distance between each committee member and the unknown median,
as in the case of the 2! norm. Reconsidering (3.1), for example, the

lower bound is defined thus since in the case of equally weighted

»
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members the optimal position relative to any pair is the point
midway between that pair. With a general set of weights
wl, w2, ..., v the optimal position is at distances wgdkg/(wk+wl)

and wkdkl/(wk+w2) from members k and £ respectively. (3.1) then

becomes
*

LB = <max {wkwldkz/(wk+w2)}> :
X, %

(3.2) becomes

VB = max wtd(r,a%).

(3.4) would need--40 be redefined accordingly.

Partial Ranking: Single Attribute

The definition as proposed by Kemeny and Snell covers only special
cases to the extent that it is assumed that each member supplies an
"all inclusive"” (a.i.) ranking of the objects, that is, a preference

ordering of all n objects. In many instances an individual committee

-

—

.“
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member may be capable of supplying a preference ranking corresponding to
only a subset of the objects. Thus, let us assume that each member £
supplies a ranking of all candidates or objects in a subset
st < {1, 2, ..., n}. We consider first the case in which individuals
are ranked on the basis of a single attribute. In this instance if
1+ J > k then automatically z > k by this member, and we get no
conflicts. This, we shall see, is not the case in the multiple attribute
problem,.

20 Sl ] 10
It is noted that in case S ~ n = ¢ for' all £ # 20, S ~ can be

ranked as a set of objects on its own. As far as the existing committee

L
is concerned, then, no object in S X can be directly compared to any
20 20 20
object in 3 , the compliment of S °. In the R and D example, S
2
0

n
might represent all projects in the humanities category with S

denoting all other projects. If no comparison can be drawn between
L
those elements inside S % and those outside, a ranking for each of

£
S 0 and its compliment would need to be supplied, and then the R and

D budget split up between these two categories by means of some other

method.
We assume, therefore, that for each member 21 there exists a
member 22 such that
L L
‘ g2a8 ¥ (4.3)

In this case each object will be comparable with every other object.
The ranking Al supplied by member 2 includes the elements of SR only.
With reference to the median, let us define a matrix representation

of A2 by (a%.) where
1J
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+1 if 7 is preferred to J

-1 1f j is preferred to 1 (4.4)

0 if either ¢ and j are tied or are not compared.

In order to determine a median ranking 5, which will be that
ranking satisfying (4.1), we need to derive conditions under which
an object 7 is an eligible predecessor, successor or tie of another
object j. We adopt the convention that the final decision as to the
preference ordering of any pair (Z,J) must be a function only of the
orderings provided by those members who compared { and j. A member
who does not commit himself to comparing 7 and J cannot influence
their ordering in B. Let Sij denote those committee members £ who
compared 7 and j when their rankings AQ were constructed. rij and
mij are defined as in (4.2a) and (4.2b). We state without proof the

following:

Theorem 4.2: For any two objects Z and J (Z < j), 7 is an eligible

immediate predecessor of j if r.. sm.. - (] wg)/f

1J 1d
QCSiJ-

an eligible immediate successor of j 1if rij > ( wg)/2

LeS. .
(2

and is eligible to tie with j if m.. - (3 wg)/Z
€

Theorem 4.2 used in connection with the branch and bound method of

~

[4) will lead to an a.i. median ranking B as a result of assumption (2.3).
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In reference to determining the min max (2”) ranking distances dkl are
computed as before allowing of course for the modification given in( 4.4).
Lower and upper bounds are computed as indicated in the previous subsection.

The sets Sij play no part in developing the min max ranking.

Multiple Attributes
, In many instances candidates are assessed on the basis of a set
of R attributes. For example, in the construction projects case attention
must be paid to safety and security implications, impact on economy
of resources, long run effect on operations, and duration over which
the benefit of the project will be realized.

For each member £ let Slr denote that subset of {1, 2, ..., m}
of objects on which member 2 can make a decision regarding a preference
ranking according to attribute r. Let (af?) represent the matrix
associated with the ranking of Slr. For one reason or another one
attribute may be deemed more 1@Portant or less important than some
other attribute. In the assessment of defence construction project
proposals, projects classified as pertaining mostly to security and
safety, for example, are considered to be of higher priority than those
categorized as general maintenance projects. The assignment of attribute
weights is generally a subjective task. In addition, these weights tan
vary from year to year particularly in the construction projects example.
Specifically let vro be a weight expressing the relative importance of
attribute r

0

Lrp )
we then weight each matrix (a ) by the factor wv “/ z v, The
r=]

median B must be defined by

M(B) = minimm 2 111 w ”/Evr)la%r -b,.|. (2.5)
B rtg r tJ k2

to the other attributes. In determining the median, for example,

']
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Weights as Functions of Informationm Added

The problem of assigning weights to committee members is an
extremely unsatisfying issue to deal with. In almost any problem
involving group decision making there is always the question as to
whether one member's contribution to the deliberations is of more value
tgan that of another member. In the priority ranking problem described
above, each member utilizes information available to him to rank objects
(candidates, projects, etc.) on the basis of various attributes possessed
by those objects. The value of the information can be judged in various
ways. Some of these are: 1) the number of years of experience the member
has had on similar committees; 2) the rank or professional status of the
member; 3) the personal experience of the member in the trade involved.
(A mathematician, in assessing a research proposal, could call upon his
own experience as a researcher in the technical area relating to the
proposal); 4) number of years\a member has been personally associated or
involved with the project or candidate in question. (The qualificaticns
of a candidate being considered for promotion can be better assessed by
an officer who personally supervised that candidate for some length of time
than by an officer who has had no personal connection with that candidate.)

It is clear from the preceding paragraph that numerous factors must
be brought into focus in assigning weights to the decisions of various
committee members. Factors other than those mentioned in (1), (2), (3)

and (4) would be those associated with the special problem being considered

at the time. Every ranking problem is characterized by special considerations

and a need for a vast amount of subjective judgement. Consequently, it

appears that the only general statement which can be made couicerning the
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determination of weights, is that weights assigned to committee members
should be a function of the information contributed by those members when
delegated to rank a set of objects. There are, of course, as many defini-
tions of information as there are problems requiring the input of the said
information by decision makers. Generally, the information contributed

by member £ on object 7 relative to attribute r can be defined as

fﬂrl, Loy oo xp) for each 2 for which 7 € Slr

If” " (4.6)

0 1f 7 ¢ Slr'

The parameters Zis Lgs Tzs +evs Tp might represent quantitative measures
of (1) to (4) in the preceding paragraph, in addition to any other factors
specific to the problem in question. f may be simply an average of the
values represented by Tys Xgs voe Tpe f can, however, be a more formal
measure of overall contribution of the member. This decision would need
to be tailored to the particuldr problem under investigation.

Given definition (4.6), the weight assigned to member %, for his

0
inputs regarding the rth attribute of object 7 can be defined as

L. r Lr m
v ity Tt (4.7)
2=1 ;

The definition of the median as given in (2.5) illustrates that it is
the pairwise comparison of objects which must be weighted, and not individual
objects. A reasonable weighting factor on the pair (Z,j) (that is on the

0"
term laij - bijl) is, therefore,
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L '3 9. r 2
(w.ar + w.ar)/Z if both w.o > 0 and w.ar 0
T J 1 J
= 3 (4.8)

0 otherwise.

by

W. .
iJ

Thus, in determining a median preference ranking of the objects
in {1, 2, ..., n} the relative ordering of each pair (Z,j) is a function
of the decisions of those members who compare 7 and J, and only those
members. The weight assigned to a member who ranked 7 and j on the basis
of some attribute is the average of the ratios of his contributed informa-
tion to the total information supplied by all members who ranked 7 and /J

relarive to that attribute. (4.5) then becomes

M(B) = minimm ] § 1]
T Jd

rr, ir
- it e =D b 4.9
imen § L L v/ e - by (4.9)

r

The purpose of this subsection has been to outline a methodology for
determining weights to be assigned to committee members' decisions. The
concept of information is an 16:uitively natural one to explore in this
regard. The difficulty arises from trying to quantify what we mean by
information. In addition, there is the related problem of removing bias
from committee decisions. In a recent paper by Warner [I0] a methodology
is given for extracting information from advocates through the preparation
of pro and con briefs on a topic of controversy. The method is not
{mmediately applicable to the preference ranking problem, although it
does give some promise of providing a systematic unbiased means of
assigning weights. The investigation of such a method in connection

with the ranking problem may be the topic cf later research.




9.

REFERENCES

S.A. Brightwell and W.D. Cook, "Unifying Group Decisions Relat
to Cardinal Preference Ranking; with an Application to the
Operation of a Military Promotion Board,: submitted to
Cahiers du Centre d'Etudes de Recherche Operationnelle.

S.A. Brightwell, W.D. Cook and S.L. Mehndiratta, "Priority

29

ing

Assignment to Command Construction Projects,: INFOR, Vol. 13,

#3 (1975).

W.D. Cook and H. Farr, "A Computer Program for Determining the
Median of a Set of Rankings," Defence Research Board Staf;
(1975).

llote

W.D. Cook and A.L. Saipe, "Committee Approach to Priority Planning:

The Median Ranking Method,: forthcoming in Cahiers du Centre
de Recherche Operationnelle (1976).

J.E. Kemeny and L.J. Snell, "Preference Ranking: An Axiomatic

d'Etudes

Approach," in Mathematical Models in the Social Seiences, Ginn

Pub. Co., N.Y. (1962).

M.G. Kendall, Rank Correlation Methods, 3rd. edition, Hafner
Pub. Co., N.Y. (1962).

E.R. Lawler and D.E. Wood, "Branch and Bound Methods: A Survey,"

Operations Research, Vol. 14 (1966).

E.L. Leese, "A Program to Determine the Median of a Set of Rankings,"

DMS (Directorate of Mathematics and Statistics) Staff Note
¢ 4/74.

A. Norman, "A Program to Determine the Median of a Set of Rankings

Using a Branch and Bound Technique,' 045 Staff Note # 9/74,

10. S. Warner, "Advocate Scoring for Unbiased Information," forthcoming

in JASA.




lnelassified

Secnnty Classatication

DOCUMENT CONTROL DATA R& D

clunsitication ot title. buady ul abairael vl srsloying snaltifio e tored when the averall report v ¢ Lasosifredy
i, ACTiVITY (Corparate author) r.. (4 [ 1e
: Mol " { :
Center for Cybernetic Studies | — _llnclassified
o T . e - 12b Gweous
'he University of Texas !
!
Pd LT T A e e e T

A Committee Ranking Problem Using Crdinal Utilities , \

},__-——i—-—_-—..—-——-w' Sma— e e e

:/o\ sCHiTivE NOTES (Type of report and inclusve dates)

TO ST (Eir L e, YAl o e

Ronald J).//\rmstrong [" ‘/ 9 /,’_’;/' K
Wade l)/(‘ook \ \ -t

A

e e

LISTRIBUTION STATEMENT

HEE ON T LA 7. TOTAL NO OF PAGES - NO OF HEFS
; - {
/1 Julg 1877 | 20 ( / 10
i oM TYWAC T OH GRANT NO 2 I —— *’ n. ORIGINATOR'S REFORT NUMBERIS)
- . € f o = 2
N00P14-75 -C 9569, W WK~ A 7766 | Cen ) es
BN /¥Y Research Repert Y (S-298 .
: e J \1 ] |
NR047-021 e
w 9b OTHER REFPORT NOIS) (Any other nu rs that may be @ssipre
this report)
o

This document has been approved for public release and sale

;its
distribution is unlimited.

11 SUFPLEMENTARY NOTES 12 SPONSORING MILITARY ACTIVITY

Office of Naval Research (Code 434)
Washington, D.C,

iV AUSTRACT

This paper investigates aspects of obtaining a concensus ranking
from ordinal rankings supplied by committee members. A procedure for
calculating the distance between rankings which are represented by vectors
is given along with an algorithm for deriving a min-max concensus ranking.
In addition, an approach to the committee ranking problem which makes
allowance for weights, partial rankings and multiple attributes is discussed. _

DD w1473 (A D

) Unclassified
LN 0101-807-6811 #dg -/ ~/// "~ Secunty Classification - Susin

e

- d




Unclassified

Securtty Classification

oy

WORODS

Line A Cink 8

INw €

HOLE wT O L E wT

Committee Ranking
Ordinal Utilities
Branch and Bound

Median Ranking

SRR F

S/N 0102-014-6800

—_——
DD i':o.v.o.' 473 (BACK)

Unclassified

Security Classification

A-31409




