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A h st r ~i c t

H ) r -  ce rt~u n  ~I sp e ( -t s  of the  c a l c u lu s  of v a r i a t i o n ~ ~1fl ( l  u pt i ni~i!

( ont ro l t h e o r y , th e pa pe r of Kur t  F r i e dr i eh s  l t s t e d  in  the  i t  le of t h i s

repor t  has had a s t rong in f luence , both d i r e c t l y  and i n d i r e c t l y .  The

present  pape r is devoted to a br i ef  h i s to r i ca l  su rvey  of t h i s  i n f l u en c e .

especia l ly in the area of convex anal ys i s .  In addi t ion , a t r a n s l a t i o n  of

Fr ied r i ch s ’ pape r is appended to t h i s  repor t .
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1 . I n t r o d u c t i o n. Re cen t ly  Professor  ( ‘harne s c a l l e d  my a t t en t i on  to t h e

pape r of l- ’ r i e d r i ch s  r e fe renced  1151 , of w hj ( - - h I was  not a war e , a l t h o u g h

I w a s  ~ n i z an t  of V I  r ious  more  r ecen t  paper s  whose Ii  n eagt ’  may  he t r u l E d

b a r k  ( ] i r e e t l y  or m d i  ree tl y to t h i s  pape r~ I ’ ol l o w i n g  are  some com ments  on

the i n f l u e n c e  of t h i s  pape r on the c a l c u l u s  of v a r i a t i o n s  and control  t h e o ry .

N~ ( - l a m  m is made as to the conlp let ( n( ss of the presented l is t  of refe rences .

Moreo~ r , the a u t h o r  does not pretend to he c o n v e r s a n t  w i t h  the  d e t a i l s  of

a l l  the papers l isted in this  su rvey .  Also appended to th i s  report  is a

t r a n s l a t i o n  of F r i e d r i c h s ’ paper.

In th e  v a r i a t i o n a l  study of e x t r e m a  wide  use is made of the fac t  tha t

t h er e  is no q u a l i t a t i v e  d i s t inc t ion  between m i n i m a  and m a x i m a ,  indeed , if

.T~ N ~ H is a r e a l -v a l u e d  func t ion  on an abs t r ac t  space N wh ich  has  a

m i n i m u m  m on X at a va lue  x0, ( i . e . ,  m J0 (x 0 ) ~ .J 0( x )  for  al l  x C N ) ,

t h en  .1 - I ~ is a r e a l - v a l u e d  f u n c t i o n  en N w h i c h  has a m a x i m u m  -rn on N

at x 0, ( I .  e , , —rn .1(x 0 ) � .J (x )  for all  ~ N ) . In a b s t r a c t  con tex t , th e  basic

c o n t r i b u t i o n  of F r i ed r ic h s  f 15] was to associate  wi th  a p a r t i c u l a r  in teg ra l

v a r i a t i o n a l  func t iona l  Jo t X 4 R a re la ted , (va r ious l y ca l led  “ rec iprocal ’ ,

“dua l ” , “conjugate ” ) va r ia t iona l  func t iona l  J 1 :X~ R , where  X 1 is a second

spac e , in general  d i f fe ren t  f r o m  X , such that if J0 ~~O S S~~SSCS a m i n i m u m  m

on X at a va lue  x0 then J 1 possesses at a va lue  x 1 CX 1 a m a x i m u m  value

on X 1 which  is also equal to m. In t h i s  s i t u a t i o n , cons ide ra t ion  of extre-

miz ing  sequences for .J 0 and J 1 yields  both uppe r and lower bound s for the 
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2

e’:t r * - m u r n  v alue m . In t h e  i n t r o d u c t i o n  to 151 I’ r i e d r i c h s  states tha t  h i s

a t~ ~ nt inn  to I he prohieni  was  d i r ec ted  by the pape r I 39] o t T  r e f f t z  - w h e r e i n

t h er e  is a s s o c i a t e d  wi th  the Ri tz  method a companion method to c~~t ai n b ot h

uppe r - and lower  hound s, w i t h  pa r t i c u l a r  app l ica t ion to a problem i n  t o r s i o n a l

r i g i d i t y .

_________ _____ - 4
__________ ________ _ _ _ _ _ _ _ _ _ _  -



2 .  R e l a t i v e l y  e a r l y  i n f l u e nc e s  of l - r i e I r i , - h s ’ nup e r . ~t ( n  a f t e r

lb ,  a p p ( a r a f l ( ( of l r u d i - u - h s ’ p a p er  ~l T ~] i t  wa s  ap p l i e d  t o  ~-~~r t a i n  p ro b lems

i n e l a s t i c i t y  t h e o ry  by ~ a su  ~~~~~, 6 J .  l’he r e su i t s  of [ l~~1 -‘: r - e a l so  e xpounded

in  t h e  5 ( 1 -ond e d i t i o n  of C o u r a n t — l l i l h e r t  ~8i 0 of C h.  I \ , pp. 1 9 9 — 2 0 9 ] ,

w h i ch  appeared  in  l~~ 1: indeed , t h i s  d t s ( - u s s i o n  ( l m s ( - r - i r n m n a t e s  b e t w e e n  the

n o n - s r n g u l a r i t y  asp ec ts  of Fr ied~’o- hs ’ t r a n s f o r m a t i o n  that  p e r t a i n  to the

s t a t iona ry  ch a r a c t e r  of the invo lved  f u ne t i o n a l s , and e th e r  ( s t rong  c o n v e x i t y )

aspect s  tha t  provide the e x t r e m i z i n g  pro pe rt ies  of the f u n c t i o n a l s .

In h i s  1942 address  19 ; see . II.  4)  on va r i a t iona l  procedure s for  the

so lu t ion  of p rob lems  of e q u i l i b r i u m  and v i b r a t i o n , Couran t  again emphas ized

the m a t h e m a t i c a l  conc ept of r ep resen t ing  the m i n i m u m  va lue  of a g iv e n

va r i a t i ona l  problem as a m a x i m u m  value  of an associated var ia t iona l

problem Refe rences  to Fr i ed r i c h s ’ method also appeared in  books on

e l a s t i c i t y  theory ,  notabl y in the f i r s t  edi t ion of Sokoln ikof f  [36;  sec . 7 1].

— 
Also in the yea rs  1947 -49  there  appeared papers [37 ] ,  p 10 ] ,  [ 11] ,  112 1,  [18]

present ing work of Prager , Synge , 1)iaz , We i nstein and Greenberg  on

var ia t iona l  problems related to that of F r iedrichs  E 15 1,  but in general

employ ing alternate methods of t r ea tmen t .

In the 1953 Engl i sh  edition of Couran t-Hi lbe r t  the method of F r i ed r i chs

is again elaborated upo n [8i i ;  ~9 of Ch. IV , pp. 23 1-242].  Moreover , the re

is added a new section on reciprocal quadrat ic  variational problems

[8 i i ;  ~11 of Ch. IV , pp. 252-257 ) ,  presenting an abstract analysis of such

quadratic problems. In par t icu la r , at tention is directed to work of Synge

- - - — -  —-
~~~~~~~ 

—



on a L’ o n O ’ n e  i n t e r p r e t a t i o n  f rom  w h i ch  one m a y  d l e ( l u -r  an e s t i n i ; te (~l ‘he

di  ~~t am- ’  of a p p r o x i  n i a t i o n s  f r o m  e xa c t  s o l u t i o n s .  [“or d i sc us sion  ol ~ v ng e  ‘ S

r~~~f t ’  I of t h e  h v p e r e i r ch -  se 138 1, and i - ( f( ren(-~-s p r ( s ( n t ( d  t h e r e i n .  In  t h e

a rea of h i l a ~~ r a l  s t i n t a b - s  of i ’ d r m u n  y a m s ne sh ould  also

i n c l u d e  t h e  i n t e r m e d i a t e  p r o b l e m ’’ w o r k  of W e i n s t e i n , d a t i n g  f r o m  the l a O -

1930’ s - In t h i s  p r oced u r e  the  d e t e r m i n a t i o n  of uppe r hounds  of e i g e nv a l ue s ,

w h i c h  in m an y  cases  may  he computed  by the R a y l e i g h — R i t z  method , i s

supp l. n iented  by the i -ons i de  r a t i on  of i n t e r m e d i a t e  p rob lems  wi th  weaken ed

p r e s c r ib e d  1-~~nd i t i on s , leading to lower hounds for the e i gen v a l u e s , (see

(;ould [ 1 7 ] ,  and W e i n s te i n  and Stenger [40] ) .

In h is  s tudy of ex t r ema l  p rob lems  for  hounded anal y t i c  f u n c t io n s

in a m u l t i p l y  connec te d  domain , Lax [2 3 ]  u t i l i z e d  c er t a i n  conjugat e  v a r i a t i o n a l

p r o b le m s  which  in the abs t rac t  r e su l t e d  f rom the fact  that  by an app l i c a t i o n

of the H ahn -Banach  theorem it fol lows t h a t  if S is a l i nea r  man i fo ld  in  a

normed l inea r  space N and x ~ X , the n the m i n i m u m  of Iv-x I y E s )  is equal

to the m a x i m u m  of I L ( x ) I for all con t inuous  l i n e a r  f u n c t i o n al s  £ of norm one

which van i sh  on S. At the end of the in t roduc t ion  to 123] Lax po ints out t h a t

t h i s  abstract  principle includes the resu l t s  of the above ( - i t ed  *11 added in

the Eng l i sh  edit ion of Courant -Hilbert , and proceeds wi th  the comment :

“On the other hand , the abstract pr inciple itself can be regarded as a special

case of pairs of conjugate ex t remal  problems described by Fr iedr ichs .  This

is  especially c lear  f rom an abstract  version of the F r iv d r i c h s  p r inc ip le t h a t

I have recently found , and which  I hope to descr ibe  at anothe r occasion . ” 

— -— — - — --- -------- - - -- —
~
--t--- --—- --
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Rec en t  Iv the au thor  has inqu i red  of Lax as to  his ab s t r a c t  v e r s i o n  of t h e

l n i t - ( l  n e  hs pr inc ip le , hu t  to dat e  has nece ved in ~ r~ -p l \

In the 1962 book of Funk 116) the re is a r a the r l e n g t hy  d i scuss ion ,

(Ch .  VI I I , pp. 4 9 8 — 5 3 1) , of the p r inc ip le  of l ’ r i e d r i e hs  and i t s  app l ica t ions

in e l a s t i c i t y  theory .

- ~~~~~~~~~~~~~~~~~~~~
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:i . ‘Fhe r e n t r - a l  r o l e  of c o n ve x i t y  In o r - b - r  t o  t a i l i t a t e  l a t e r  ( l i S , l J s S i o r r ,

at  t h i s  st a ge  we t o r n t u l a t r -  in c l a s s i c a l  t e r m s  a v a r i a t i o n a l  p r o hle rn , w h i c h  for  —

n~~l r e du c e s  to ~hu f i r - s t  p rob lem ( - o n s m ( l ( re (l  l v  I- ’r i e d r i r h s  l F ] .  ( o n s i d e r

the  t I x ed i  ( ‘nIl — p o i n t  p r o b l e m  of m i n i m i z i n g  the m t  ~ ral  f u n c t i o n a l

(3 ,  1 )  J f v )  f ( x , y ( x ) , y ’( x )  hR

in  t h e  c lass  of n — d i m e n s i o n a l  v e c t o r  f u n e t  ions v ( x )  = v 0I x )  ) , (
~ = 1 , . . . .0) ,

whic - h a r . e c o n t i n u ou s  and piecewise c o n t i n u o u s l y d l i f f e r e n t i a l ) l e  Ofl [ x~~, ‘:

with  e l ements  (x , y ( x ) , y ’( x ) ) , x C~ x 0, x 1] ,  in a g iven  reg ion  R in (x , y, r )

(x , v 1, . . . , y 1~, r 1, . . . , r~~) spac e , and s a t i s f y i ng  the e n d- co n d i t i o n s

( 3 . 2 )  y ( x 0 ) y°, v ( x 1 ) =

It is assumed that  for x 0 ~ x ~ x 1 eac h of the sec t ions  R~ ~(y ,  r I - ( x , v , n f t  RI

is a convex subset of (v , r ) - spa ce .  Moreover , i t  is supposed tha t  on R t h e

r ea l -va lued  in tegrand  funct ion  f( x , y, r )  f(x , y~ ~ n’ r’ 1, . . . , r~~) is

cont inuous and has con t inuous  p a r t i a l  d e r i va t i v e s of thc- f i r s t  two o r d e r - s

wi th  respect to the y~~, r e,, (~ S i , . - . , n ) , while for (x , y,  r ) c  R the 2n x 2n r eal

symmet r i c  m a t r i x

rfrr  ~~~ ftr~r~ f r ~~y~1(3 . 3 )  I I I I (
~~S~ l , . . . , n)

[
~r ~ Ly o, r e 

f Y~,y~~

is positive definite .

Under these hypotheses the vector equations

fr (x ,y, r) = z , ~fr~ x,y, r = z~ , )( 3 . 4 )  
(~~~ 

= 1 , . . . , n ) l
fy (x ,y,r) = w, ~fy Q~(x~ Y) r )  = w ,

___________________________________________ a



i i i  . 1  1 — 1 nit  i f l u ( c u  s \ di  f f e  cc nt i h ie  i t  a ppi ng of U e n ’  i i  r - g i o n n  ~

• ‘ - - spic e . I t

r R ( - . . r , ‘ . 1 r~ ~~ (‘. , z,
(3 . • ) ~~ (

~ 1 ii)

v V ( ‘  - z w )  v V (x  z ‘v )
- a

d e n o t e -  t h e -  so l u t i o n  of (3 . ) for (x , z , w )  — A , a n d  ~ (x , z , w )  is  d e f i n e d  by t h e

Legend  re t r - a n s f o r m

v = Y ( x , Z , w ’ , r~~R (x , z , w )
(3 . 6 )  ~ (x , z , ~v )  - z r~ w y - f ( x , y ,  r ) l

(w h e re in genera l  v is used to denote the t ranspose of a vecto r  V I , t h en  the

rec ip roca l  f u n c t i o n a l  1 1[z ] of F r i e d r i c h s  [15] is the n e g a t i v e  of the f u n c t i o n a l

N1 -

= ~~(x , z (x ) , z ’(x )  )dx - [z (x 1)y - z

Consequent ly ,  the s t a tement  that  on the class of con t i nuous  and p i e cew i se

cont inuous l y d i f f e r en t i ab l e  z ( x ) , x C [ x 0 , x 1] , w i t h  e l e m e n t s  (x. ~(x), z’(x)) ~ A

the maximum of •1 1[z l  is equal  to the m i n i m u m  of J 0F v )  on the  a b o v e -  d e s c r i b ed

class of y (x )  sat isf y ing  (3. 2)  is e q u i v a l e n t  to the s t a t e m e n t  t h a t  on the

respective classes the minimum of J 2 [z J  is equal to the  n e g a t i v e  of th e

minimum of J 0[y ] .

In the particular case wherein f involves y onl y linearl y, so t h a t

we may write

( 3 . 8 )  f(x,y,r) g(x,r) +

the posi t ive definiteness of (3 .  3 )  is replaced by the p os i t ive  def ini teness  of

the n x n real symmetric matrix

—~ — - --- — -,— 
- - —-—~ —— ---—---- — — 
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~1

(3 . 0 t~~.1. ) X V , e)  g~~~(x , n )  [ L r
~~~ .B(x , r - ) ]  , (~~, ~ 1 , _ . . ,  n ) .

o r r - s p o n d i n g ly ,  ( 3 - 1) is rep laced by

(3 . 10) g~~(x , n - t

~ it Ii s o l u t i o n  i U(x, / ) , and

r U (x , z )( 3 l l  ~~(x , z )  - z i -  — g (x , r )  I
I- ’ i n a l l v , in ~-~e - t i o n  I l l  of [ l5~ l r - i ( - d r i ( - h s  d isc u s s e s  a q u a d r a t i c  d o U h l (

i n t e g r a l  p r o b l em , for  \ v h i ( -h re f e rence  is made  to the appended t r a n s l a t i o n .

Thu po in t  of pr - i ncipal  i n t e r e st i s  t h a t  u n d e r  t h e  above desc r i b ed

d i f f e r e n t i a b i l i t y  cond i t i ons  the  pos i t i v e  d e f i n i t e n e s s  of the 2n x 2n m a t r i x

(3 . 3 )  throughout R i s  e q u i v a l e n t  to the c o n d i t i o n  that  f is s t r o n g ly  c o n vex

!r1 IV , r )  ~in each s ( - d - t f o n  R~~. 
(‘or~ ~— sp o n d in g l y ,  the p o s i t iv e  d e f i n i t e n e s s  of

(3 . ~ ) i s  e q u i v a l en t  to  the  s t rong  c o n v e x i t y  of f in  r on each  R~ ~ — t r ( x . v , r - ) - ~ Ifl.

Now cond i t i ons  i n v o l v i n g  the p o s i t i v e  d e f i n i t e n es s  of the  m a t r i x

f r r (x , v , r )  are of l o n g- st a n d i n g  in th e  c a l c u l u s  ot v a r i a t i o n s .  For a

v a r i a t i o n a l  p rob lem i n v o l v i n g  (3 . 1) the  s a t i s fa c t i o n  of t h i s  con d i t i on  a l o n g

a given ex t r e m a l  arc is known as the s t rengthened , (or s u f f i c i e n t  c o n d O n e r

fo rm of th e ) Legendre condit ion , and appears  in s tandard s u f f i c i e n c y  t h e o r e m s

of th e class ica l  c a l c u l u s  of va r i a t ions .  The assumpt ion  t h a t  the m a t r i x

~
‘rr ~ < ’ y,  r )  he posit ive definite throu ghout the ent i re  region El of a d m i s s i b l e

element s has frequent l y been called a condition of regul ar i ty . In pa r t i c u l a r ,

th is  condition impl ies  a def ini teness  of the  W eie r st r a ss  F - f u nct i o n , and the

lower semi — c o n t i n u i t y  of the in t e g r a l  f u n c t i o n a l  J0 [y) in  c e r t a in  se nS e ’s . I - o r

a d i scuss ion  of th e significanc e of th e conv exi ty  of f in  r , and indeed th e

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



9

n e - c a s t i n g  of he - a t m - - l l ; c n i i l t o n i a n  cot i’ e - p t s  i i i  t e r m s  ( f l  c o n v e x i t y , t h e

c r i e d - c is  n e - t e n - r e d t i  Y u u n ~ [-I L ( h s .  l \  ar i d  \ in  pa rt i~~~i l ; e r ] .  In  t h i s

h ell  i T  i s t o  h, re r l e : t r k e d  t h a t  o n l y  ( 4 i f l t e -  i e e e  n t l y  t T ; -~ 
( c - s a r i  17 1  p r o v e d

t ha t  i f  f i s  c o n t i n u o u s  a (x , v , i - )  t on  (~~~, y I in  a g i v e n  clo~~e d  su b s e t  :\ ( i f

v I-  spa - c and n -a r b i t r a ry , w h i l e  ‘t- deno te s  the c l a s s  of a b s o l u t e ly

co n t i n u o u s  v e c t o r  f u n c t i o n s  v ( x )  (y ~~x )  I , x r ~[x 0, x 1) ,  w i t h  ~ r ; iph  in  -‘\ and

f ( x , v ( x ) , y ( x )  ) Le h e s g u e  i n t e g r ah l i - , ( f i n i t e -  or i n f i n i t e ) , on [x 0, x i i ,  and ( m )

den ote ’s  the  mode of convergenc e of sequences  ~~~~~~ t )  of e l e m e n t s  in  ~

in the s en se  of w e a k  conve rgence  of ~v 1 ( t )  in the I eh e - sgu e  space

L [x 11, x 1 1 and u n i f o r m  convergence  of ~V ( k ) ( t ) )  on [x 0, x 1) ,  t h e n  a n er e ss ar ~ ’

and su f f i c i e n t  cond i t ion  for the lower  s e m i — c o n t i n u i t y  of -1 01v 1 w i t h  i- e 5 t ) e e t  to

mode (n i ) at each  v~~’~ is t hat for  each (x , y l  € A the f u n c t i o n  f is  convex  in  r .

\ l o l i r -n a p p r e c i a t i o n  of the  cen t r a l  role of c o n v e x i t y  in the s t u dy

c - x t r e - m u m  p r o b l em s  r e c e i v e d in i t i a l  impe tus  f rom the concc pt of c o nj u g a t e

ef l n ’ - - x  f u n c t i o n s  in t roduced  b y Fenchel  [ 1 4 ] ,  and the  fac t  t h a t F enchel  ‘ s

c o n j u g a t e  c o r r e s p o n d e n c e -  for  c o n v e x  f u n c t i o n s  may be v i ew e d  as a g e n e r a l i z a t i o n

of the c lassica l  Le -g e -ndre  t r a n s f o r m a t i o n .  For a de ta i l ed  d i s c u s s i o n  of t h i s

concept  and the fact that it enables one to t reat  va r i a t i ona l  p rob lems  devo id

of d i f f e r e n t i a b i l i t y  a ssumpt ions , sue I locka fel l ar  [31;  Sues.  12 and 16 , i n

pa r t i cu l a r ) .  A t t e n t i o n  w i l l  be l i m i t e d  he re to l i s t i ng  papers dea l ing  w i t h

“dual ” or ‘ reciprocal ’ p roblems unde r  co n di t i o ns  co r respond ing  somewhat

to the strong conv exi ty  assumption of Fr i ed r i c h s  expressed  by the p o s i t i v e

de f in i t en es s  of the matrix (3 .  3 )  in  the p rob l em s p e c i f i c a l l y  formulat ed above .
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In  t h i s  c c ) n n ( - c t i o n  t h e - r e -  a re  the  pape rs of Hanson [ 2 1 ) ,  I’ea rson [26 , 27 1,

K r c i nr !l i - r  [ 2 2 1 ,  \ Iond and h anson [25 ) .  H owever - , the  w o r k  of H o c k a fe l l ac

as  p r e - s e  - f l t e ( I  in  1 32 , 33 , 34 , 
~~~~~~~ 

appears  to be mor e -  in t i  m a t  - lv  r e la ted  to t he

w o r k  of F r i e d r i ch s .  In p a r t i c u l a r , in  t h e s e ’  papers H o c k a f e l l a r  is  conce rned

w i t h  f l e - n c  ra l i zed  v a r i a t i o n a l p rob lem -
~ of Holza f o r m , w h e r e i n  v a r i o u s

r e s t r a i n t s  a re  incorpora ted  th rough  th e  use of ~~ as a possible f u n c t i o n a l

va lue  for  the i n v o l v e d  “ in tegrand  f u n c t i o n s ” and “boundary f u n c t i o n a l s ” .

Hager  and M i t t e r  [20 )  have recent ly cons idered  dual p rob lems  tha t ar ~ s o m e w h a t

( I i f f e r l - n t  f r o m  those t rea ted  by R o c k a f e l l a r  [34] ,  and w h e r e i n  the  d - o n s t r a i n t s

are  g i v e - n  exp l i c i t l y  b y i nequa l i t i e s .  Also , for  control  prob l e ms of f lol7a in

f i l b e r t  spaces Barbu [2 , 31 has used methods of conv ex anal ys i s  and of

ma~ in~al monotone operators  to obtain r e su l t s  cor responding  to some of t hose

of R o ck a f e l l a r  in the papers ci ted above.

For a class of Holza type prob lems  i n v o l v i n g  f u n c t i o n s  w h i ch  s a t i s f y

d i f f er e n t i a b i l i t y  condi t ions  of a mo n t -  ( - l a s s ica l  n a t u r e  and a type of s - m i — h n a l

convexi ty ” , suff ic ient  conditions for a global extremurn h av e  h -en g i v e n

recently by Ewing [ 1 3 1 .  A somewhat re lated su f f i c i ency  proof of an a b s o l u t e

minimum for a non-parametric variat ional  problem has been presented  by

Reid [ 3 0 ) .

- .-
~~~

.- -
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4 . ( t h e -  r - r- e - r n a r k s .  Th is  s e c - t i o n  is d c - v o t e d  to c om m e n t s  on two ty p e s

of pn o h l e  fli s conc - m e d  w i t h  the E u  i c r  e q u a t i o n s  for  v~ e r i a t  0 mel  fu n - t iona  Is

t h a t  i c r e -  n - - c - i p i - o c a l  in  t h e -  sense (I f F n i e - d m i c l i s  [ 1 5 ) .

F i r s t l y , in th e  s t u d y  of o s c i l l a t i o n  p hen o m e n a  for  o r d i n a r y  d i f f e re n t i a l

equa t ions  t h e r e  has appear -ed the  concept of r e c i p r o c a l  e - (j U a t i o n s .  Spec i f i  c - a l  lv

for  p ( x )  and  q ( x )  con t inuous  r e - a l - v a l u e d  f u n e - t i o n s  w h i c h  are  n o n - z e r o  on a

g i v e n i n t e r v a l  I on the ’ real l ine , w i t h  t h e -  d i f f e r - n t i a l  equa t ion

(4.  1) [p (x ) v ’ ( x ) ] ’  — q ( x ) y ( x )  = 0

the re has been associated the “r ec ip roca l  e q u a t i o n ”

(4 . 2 E~~~~~~—) 
z ’ ( x ) ]’  - z ( x )  = 0

(s ee  Pot ter  128 1, and P ar r e t t  14] .  If

(4 . 3) f ( x , y , r )  = ~~r p ( x ) r 2 q ( x ) y 2 ]

the n (4. 1) is the Euler  equation for the va riational integral  (3 . 1) , and

(4. 2 )  is the Eu le r  equat ion for the associated in tegra l  of (3 . 7) , w h e r e i n

1 1 2 1 re

z , w )  = 
~~

- [ 
~~~~~~~~ 

W 
~~~~~~~ ) 

Z~~~]

For i n t e g r a l  f u ne t i en a l s  (3. 1) w i t h  i n t e g r a n d  a q u a d r a t i c  fo rm

( 4 . 4 )  f ( x , y .  r )  = r [R ( x ) r  + Q(x )y J  +

in  (y ,  r )  = (y 1 y~~, r 1 r n
) and R ( x )  nons ingu la r , w i th  the canonica l

fo rm of the Eule r  e q u a t i o n  in vector  func t ions  ( u ; v )  = (u 1,  . . . , u~ ;v~ 

Reid [29)  associated a related problem , that  he cal led the ‘ obverse  problem ” ,

and w h i c h  had the prop erty that ( u ; v )  was a solution of the canonical sys tem

1

~ h~~or ig ina l  probli m if and onl y if (v u ) wa ’, a ‘~o lu t ion of the obvers~



in  1~ t i e r t h e  ~ : e r - i a t i , r c l l i n e t i c ’ : !  , 1 ’  - i t h  ‘ n h - g e  , ‘~ 1 ii .. h e e ~~. i n n

c I d i l i c e n i  t o  t h e  :i~’ : c — — - i n i g u l _ e n i ’ v  ~~~ t I~~c x ) t b  0 ’  0-  x .~: c ~ ‘ a i i ’ c~~ u . n  T i e e f l

-7
- R ( x )

(‘U l ’c \ ~4

l~ t e e n i — s i i i ~~t i l ~ c t  f or  a l l  x th en  t h e -  ob’, ’ - i  cc sy s t e m of [2 ~ e ]  i s m d c  e d  t h ,

c a n o n ic a l  f o r m  c i t  t h e -  [u l c - r  e q u a t i o n s  for ’  t h e  c - e ) r - r e - s p e a n d in g  r e c i p r o c a l

Pr ~~1 l t - n i  of l- r i e d n - i c h s .  A n  a l t e r n a t e  e q u i v a l e n t  form of a s s o - i a t c ’ c-i p r - Ol J l e r r i ,

whe r e - i n  ( u ;~~) i s  a ~o lu t i o n  of the p r i m a l  d i t f e r - n t i a l  sy s t em  if and on l \  if

- v : u )  is  a s o l u t i on  ol th e - associa ted sy s t e m , has been in t roduced  by

- \ h l h r a n i l t  [ 1 ] .

Fi n a l l y , it is  to be not ed t h a t  for a double in tegra l  n o n — p a r a n i e t  ri (-

v a r i a t i o n a l  i n t e g r a l

(4. 5) .J[ 7] S
~G F (Z~~ z~~) d x d y ,

l laa r  [19 ]  int roduced the concept of an a s soc ia t ed  “ad jo in t ’ p rob lem , w h e r e - i n

an ex t r em al  su r face  for  (4 , 5) d e t e r m i n e ’s  a co r r e s p o n d i n g  ad ) o in t  e x t r e m a l

sur face ” of the adj oint  problem.  In p a r t i c u l a r , Haar ’s has ie  a s sumpt ions

on the in tegrand f u n c t i o n  F ( p , q )  involved  the n o n - zer o  c h a ra c t e r  of

F pp Fqq - l”~q and F - - qV q for  a l l  a d m i s s i b l e  p , q .  Subsequent l y ,

Mickle [ 2 4 )  showed t h a t  under su i t ab le  n o n - s i n g u l a r i t y  cond i t ions  the ~d 1oint

problem of llaar was but one of a set of t w e n t y - f o u r  p rob lems  assoc ia ted

wi th  (4 .  5) through l i k e  t r a n s f o r m a t i o n s , and tha t  the t w e nt y - f o u r  t r a n s f o r m a -

t ions  possessed ce r t a in  group proper t ies .  As  v ar i a t i o n a l p rob lems  of t h i s

______ _______ ___________ 
_________ a
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son - t  a n- c - in  n a t u r e  somewhat  l ike  the doubl e ’  i n t e g r a l  p rob le m c - ( c n s i d e - r e - ( l  i n  the-

las t  se - c t  ion of [ 1 5 ) ,  t h e -  m e - a r i s e s  t h e -  q u e st i o n  as to w h e t h e r or not the ’  me-

c x i  st  pe r t i n e n t  n - e - l a t i o n sh i p s  be tween  the ’  r e spec t i ve  r e- c - i p r c e c a l  p r o h i em s

of I - m i e - d r i c h s  for a g i v e - n  p roblem (4.  5 )  and an a s s o c i a t e d  I ) r f l h l e ’m  of M i e - k l e .

A s  f a r  as t he  a u t h o r  i s  a w a r e , such q u e s t i o n s  have not been c o n s i der e d .
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5 , I’ r an s l a t i n n  ot I- r i e r l r i c hu- t ’ j )a p e ’m .

\ \ l l - l ’ i i (  1) 01- ’ I I I E  ( ‘ U C I  1. 1 5 ( I I -  \ \ J t I A I ’ I (  iN S  
h I l -  \ l l N I \ 1 (  \ 1 ( c I  - - \ N I r \ - I - l : ( ; I t A l ,

1~ I ’ 1t J-~~ 1 - N t J - I )  ; \5  ~~~ \ l - \ ~~r . \ l l \l Oj ~ \ \  I 11l - H h - : \ l ’ l t J - ; S S l o .N

I ty  I-’- u  r t I t i e d He hs , -\ an he - ii

l ’ r ’ e - s e - n t e d  by it ( o inr’ an t  in  t h e  n ’ - s s i o n  of D e c e m b e r 7 , 192 8 .

In t h e -  n u n i c - r i c a l  s o l u t o ’ t c  Of ’ v a r c c t i o n : i l  p r o h l e - m s  by t h e -  H i t - ,  m e - t h o d

i t i s  i rnp or t  ant  to c - s t  i m a t e  t h e  a c i  u r a n ~ of a p p r o x i m a t i o n  F - T m e f f t  z has

~~ i ’~ c - f l  ~i m e t h o t l  — —  i n t l e - -d , for ’ t h e ’  I ) i r i , - I i l j - t  p rob lem and re lated top ic - s — —

whe  i e - I , v  the so lu t ion  of the c a l c u l u s  of a r i a t i o n s  p rob l em is  a p p r o x i m a ted

in s u c h  a m a n n e r  t h a t  t h e  m i n i m u m  ~ a Inc  is  approached f r o m  h e - l o w .

C o n s e q u e n t ly , t h r o u g h  t h e  c o mb i n e d  a p p l i c a t i on  of t h i s  m et h o d  and t h a t  of

Ri t z  t h ( -  m i n i m u m  va lue  is hounded f r o m  both sides . In t he  fo l lowing  t h e

same goal is achieved , and in a manne r- more  genera l  t h a n  t hat of T m e f f t z

\ S -r v  g e n e r a l ly  one n i av  a ssociate  w i t h  a g i v e n  m i n i m u m  problem a m a x i m u m

problem , whose m a x i m u m  va lue  is  equa l  to t he  m i n i m u m  va lue  of the  o r i g i n a l

p rob lem.  The u n d e r l y ing  pr inc ip le  is e sse n t i a l l y  a l~egendr - t r a n s f o r m a t i o n .

For example , to the v a r i a t i o n a l  problem for  the  so lu t ion  of the  po ten t i a l

equat ion  wi th  p resc r ibed  boundary c o n d i t i o n s  there  is assoc ia ted  a problem

for the conjugate  potent ia l  func t ion . Also , w i t h  the aid of a 1~ege ndre

t ran sformat ion , in el a s t i c i ty  theory  one as soc ia t e- s  w i t h  the-  p r i n c i p l e  of

“ vir tual  d i sp lacem ent i the so-ca l led  (‘ a st i g l i a n o  p r i n c i p l e  of “ m i n i m u m  work

of d eformat ion ’,



I ~:

In c ’ r I , ’r  f e c  ~~i i c c e - d  w i t h  c s s u m a r l t e t h a t  t h e -  new f o r m a l l y  ( ‘ n m — t i n e - t e d

a H c 1  j e  ma I pr i d c  I .  - in - 9 ’ ’  s aol  iii i t  a i i  c:  c x i  m m  i i i , th e  - me-  m u s t  he - I rr i p esenl  ‘ - ‘ - t n f l

~~i i ( l l t ’  - i e n d i t  in n s  of  c l e h n i t e - n r ’ s t - t , w h i c h  n to re ’ov ( - r  f r e q u e n t l y  r e - m a i n

s a t i s f i e d by m o d i f j e ; c t i , ’ n c —  , c t  t h e  v a r i a t i o n a l  e x p r e s si o n .

( ‘ I j  n un u - r i o - a l  e un s ide  r a t i o n  the  f o l l o w i n g  fac t  I s a l  so of i m p o r h  r u - c -  -

i f  f o r -  t h e ’  i n i t i a l  p r o h l em  the ’  b o u n d a r y  v a l u e ’s  of the  f u n c t i o n  are pre sc r i b e d ,

soc Ii is not the  ease for  the -  as soc i L i t i ’d p r o b l e m :  for  i t  - t l i e ’  h o un da  my

c o n d i t i o n s  appear as “n a t u r a l ” ones.  The ’ fi r’ st c a s e -  h as  t h e  d i s a d v ; c n t a g t -

t ha t  one is r e s t r i c t e d  in the  choice  of a p p r o x i m a t i o n  func t ions :  in  t he  se - c onc h

case , e r np i r i c a l l~- t he  convergence  is ve ry s low.  H o w e v e r , one now has the

pos s ib i l i t y  of choosing w h i c h  hand icap  he w i l l  accept .

.4

- - 
- - - - 

- -



I . LI n a t  i c ) n ta  I p rob lems  in on e- v a r i a b l e

I - i r -~z t l y , c~~e e -o n s id e r  t h e -  p re h l e - r u  e c f  e n t i n i m i / i n g  ( l i e - i n t e ’g r ’ a I

( X i  -1 1 )  1- ( i i ’ , ci  - x ) , I x
X e

w i t h t h e -  t u n i c t i e ins  uL- ) s a t i s f ~ i u g  p r e -~~- r i l ) ( ( i b o u n d L e r v  ( - o n d n t l o n s .  M o r e o v er ,

i t  i s  t o  be ’ n - e - i i i a r ’ k e - d  t h a t  t h e -  f o l l o w i n g  d I i S n U s S i ( c f i  ( - a r t  be ’ c a r r i e d  out when

bo un d:c  rv cor i d i t  ions  of an c -e t t i e r’ t y p e ’ a r e -  p r e s c- n t  , hut  w e -  do not d i scu s s  t h i s

aspet t se p a m a t e - I ~~.
4 1

Th e ’ f L i n t  t h a t  u d ( x )  is t h e  de r i v a t i v e -  of u ( x )  is  f o r m u l a t e d  as an

i n d i v i d u a l  e ’qu at  ion

( 2 1 (IX

The h o un d ar v  c o n d i t i o n s  are ’ expressed  as:

( 3 )  u ( x 0 ) = 
~i0 , u ( x 1 ) = 

~~i 
, or s imp l y,  u = U~ for  x~~x 0 and X X 1  -

where  u 0, U- 1 a r e -  a r b i t r a r y  g i v e n  v a l u e - s .

F i n a l l y ,  l e t

( 4 )  F
11

.11 > 0 , [This  should read ~~~~ 
> 0 ]

(5) = F , F’ - F , > 0u u  uu uu

We supp ose that the minimum of ( 1 )  is provided by a function u (x )

which has continuous de rivat ives  of the f irst  two o rders , and has e lements

(u ’(x), ii (x), x) interior to B. I t satisfies the Euler equation

d
(6 ) = F 11

We now introduce new functions p (x) , p ’(x )  through the equations

( 7 )  F 11
, = p . F 11 

= p ’

- ~~~~~~~
_

~~~~~~~
_ ~~~ -a
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by  ~‘c I i i e l i , i n  v i e w of ( 5 ) , u and u a r e -  d e t e r m i ne d  as fu nc t i ons  of p and p ’ .

\V i t  h the - se -  f u n c t h  in s we ’ cons t ruc t a n e w  i n t ( -gr and

( H )  •(p ’ , j ) , x l - pu + P U  — I ’ ( u ’ , U , x )

f ~e~’ ~v i i i ’ -} i

t e  U 7- p ‘ p

A s L i n ew ‘~ a r’ iat iona l pr oh l c - rn  we now cons ider

N x 1 5)
( 1 0)  1 •clx - pu - 

- M m .
j x~,

on the -  c - l a s s  e c f  a l l  c on t i n u o u s  func t ions  p (x )  and p ’( x ) 61
, not r e s t m - i c t e d  by

bounda ry  condi t ions , and sub jec t  onl y to the s u b s i d i a r y  equat ion

( 1 1 )  ~fP~ =
We m a i n t a i n  that  s ince u ( x )  and u ( x )  are e l e m e n t s  of a so lu t ion  of the -

m i n i m u m  problem invo lv ing  ( 1)  the  c o r r e s pon d i n g  f u n c t i o n s  p ( x I , p ’ ( x )  of

( 7)  are e lements  of a m i n i m u m  for the express ion  ( 10) .  F i r s t  of all , in

v i e w  of (6)  equation ( 1 1 )  is sa t i s f i ed .  The new l- ul e r equation

( 1 2 )  —
~~~

—- 
~~~ 

=
dx P P

is , in ~- i ew  of (9) , none othe r than the subsidiary condi t ion (2 ) , and is also

sa t i s f ied .  The natural boundary condition

( 1 3 )  ~~~ e - 
~~
‘ 0 for x x 0 and x=x 1

is none other than the bounda r~ condition (3). Consequentl y the express ion

(10) is stationary. That it is indeed a minimum follows from the pos i t iven ess

of the second variat ion of ( 10)  for all (p ’ ( x ) , p (x) , x)  in the region P ” . In ~‘ie~~-

of (4 ) , ( 5 ) , from ( 9 t , ( 7 )  one obtains

________________ 
____________ a

— ————-———---- —. - - - -—--  — ---—- - ———— — _ t _ __ r_~ r J
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( 1 4 1  •p ? p ~ 
1 u ’ u ’ > 0

2( I S )  
~~~~~~~~~~~ - 

~~~~ 
a ()

I h e  m i n i m u m  v a l u e  fo r  the  new proble m ( 1 0 )  is

~~~i (pu ’ + p ’ u - F ) d x - p u J
1 

- Fdx ,

which  is  the ne gat ive -  of the m i n i m u m  va lue  for p rob lem ( 1) .

. 

—



- C - )

i i .  ~~pp e-n d i c ’ - s

1 . I f  t he ’  s t r o n g  d e ’ f in i t e n e ’ s s  d ’ ( c n d h i t i on ( 5 )  i s  not  s a t i s f i e d , h u t  the -

c r e - : c t c - s t  v a l u e s  of -F
1111 

and 
~~~~ 

I : e m ( ’  su f t ’ i c ’ i e - n t l y  s m a l l  in  r e l a t i o n  to t h e -

7
S f i i L l l l ( ’ st v a l u c -  , c f  F ,  , t h e  c o n d i t i o n  ( - 5 ) c a n  h e -  c t t ? l i l l ( ’ ( l  by  the  L e ( I ( I i t i o r e

o f  an  i n t e g r a l

t~~~1 d -
— ( , ( u , x ) d x

j  x 0 
( IX

w i t h  C appropr i a t e l y chosen -- perhaps of the f o r m  G (~ x ~ B ) u 2 .

2. Wi thout  knowledge of the -x i s tence  of a so lu t ion  of (1 ) , i t  f o l lows

tha t  the sum of the g rea tes t  lower bounds of ( 1)  and ( 1 0 )  is n o n-n eg a ti v e .

Indeed , for a r b i t r a ry  independent  a d m i s s i b l e  funct ions
8
~ u ( x ) , p (x )  w i t h

u ’ = d u / d x  , p ’ = d p / d x

(X
1 x

) 
[F ( u )  + ~~(p ) J dx - pu

xo 0

= [F ( u )  - F (v )  + ~
-F

~~
( v )  v ’F u ( v )  - u l - ( v )  - u ’F~~ (~ ) ]d x ,

where in  we set v = , v ’ and p F~~
(v )  , p = F~~

( v ) .  The in teg rand

is none othe r than the second order remainder in the expansion of F ( u )  wi th

respect to u ’, u in a ne ighbo rhood of v ’, v , which in view of (4 ), ~~ is n o n-

negative and equal to zero if and only if u = v , u ’ v ’ ; tha t is , if and only if

u (x )  and p (x) are solutions of the respective problems .

3. We consider also the degenerate case 
~

‘uu = F uu I 0 , w h e r e i n

we may set

(16) F = G (u ’ , x)  + k(x )u. 

- -  - — -~~~~~~~~~ ~~• - — - - - —~~~~~~



l i e - i c -  w e -  r equ ir e  o n l y  the cond i t i on  (4 ) ;  t h a t  is , 
~~~~~~~ 

> 0  . The Legendre-

r :en l Sf ( ’ i n i t a t i o n  flow i i  -comes s i m p ly

( 1 7 )  F~~’ p, ~~(p , \ )  = ~)11 — 
~~I ) =

~- h e r e - w c ~na v e x p r e ss u ’ i n  t e r m s  of P arnl  c - o t R c - m s e ’ l v , The ’ f u n c t i o n  p ( x )

t h u s  a r i s i n g  f r o m  L i so lu t ion  u ( x )  of ( 1 )  re ade rs ( 10)  a m i n i m u m  in t h e  - l a s s

of a l l  f u n c t i o n s  p ( x )  s a t i s f y i n g  the s u b s i d i a r y  c o n d i t i o n

( 18) = k
dx

(p ’ does not appear  in th e  exp re s s ion  ( 10 )  ) .  Indeed , ( 18) p e r m i t s  n n t l

v a r i a t i o n s  of the f or m  p + constant , and the fi r st v a r i a t i o n  of ( 10)  is

( X
1 

~~~ d x  -

) x 0 P x 0

in v i e w  of = u ‘
, w h i l i -  the se cond v a r i a t i o n  is pos i t i ve  in  view of ( 4 ) .

4. Whe n we ’  d i s t i n g u i s h  for  a v a r i a t i o n a l problem the cons t r a in t

conditions : 11e is the  d e r i v a t i v e  of u , u a s s u m e s  given bounda ry  va lue ’s , and

the ‘V a r i a t i o n a l  cond i t ions  : Eu l e r  equat ion , na tu ra l  boundary  ( t r a n s v e r s a l i t v )

condi t ions , th e- p receding discuss ion yie lds  the resu l t  tha t  the  c o n s t r a i n t

condi t ions  of the original  problem are the va r i a t i ona l  condi t ions  of the

t r ans fo rmed  problem , and conversely.

5. Method of Lagrange mul t ip l iers .  The preceding transformation

of va r ia t ional  probl em s may be gene ralized when one employs the met hod

of Lagrange mul t ip l i e r s .  The minimu m problem ( 1 )  wi th  the re straint s ( 2 ) .

(3 )  is rep laced by an un restrain e d variational problem: render stat ionary

th e expre ssion

( 1 9 )  ‘ Sx
’ (F + p(x) - J dx - q(u -~~) 

~~~

ii
- -  - - -
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vhi re the mutuall y independent functions u (x) ,  u ’(x) ,  p (x) and the va lue s

~l -  ~l l a re to he v a r i ed .  The first  variation of I is

(20 )  ~I = ( I -
~~- ~~~)~~u e ( l - ~~ - p )

~ u ’ (~~~~~
- u ’) ó p ]dx  - [ ( q - p ) ôu ( u - ~~) & u i  I

l

T h r o u g h  v a r i a t i o n  of p and q the  e q u a t i o n s  ( 2 )  
~ -~ - - ci ’ = 0 ,

( :~) U - = 0 at \ = X 0 , x = x 1 are  obtained , and th rough  v a r i a t io n  of U

afl( l U ’ ,

(2 1 )  1’ u 
- ( I X = 0 ,

( 2 2 )  I & p = 0 ,

( 2 3 )  q - p 0 , 1 q0 
- p (x 0

) = 0 , q 1 - p(x 1) = 0 ] .

The o r ig inal  problem ar i ses  when one i n i t i a l l y imposes ( 2 )  and (3) as

r e s t r a i n t s .  Then ( 2 1 ) , (2 2 )  and ( 2 3 )  ar c -  va r i a t iona l  cond i t ions .  fln the

othe r hand , if one places these last t h r e e -  ondi t ions  as r e s t r a i nt s  the n ( 2 )

and (3 ) appear as va r i a t i ona l  cond i t ions .  This  is the t r a n s f o r m e d  m a x i m u m

problem.  Moreover , one make s use of the fac t  tha t  th is- free’ variation of

p ( x )  is not re stricted by the conditions (21), ( 2 2 ) ;  however , this  is no longer -

the cas e as soon as u and u’ a re expressed in t e r m s  of p and dp /dx  in

accord wi th  (2 1 ) , (22 ) , as was suppo sed ear l ier .

As  soon as p ( x)  is introduced as a single new function , the s u b s t i t u t i o n

of ( 2 1 ) , (2 2 ) , ( 2 3 )  in (1 9 ) , and integration by parts , y ields the express ion

[F - uF u 
- u ’F

11
,] dx + F 11iU

which is the negative of (10) .
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m e - id  - n t a l  ly ,  i t is to he ’ noted tha t  wh~’npv er onl y t he e q u a t i o n  ( 2 2 )

c i i i t h e -  I c u n d ~~ry c on d i t i o n s  (3 )  are  p r e sc -r i h e d  in  proble m ( 1 9 )  one is  l e a d

to t h e  c a n c e n i c - a l  e q u a t i o n s ’ ( 2 ) , ( 2 1 )  of t h e  v a r i a t i o n a l pr c c h l e ’n i .

l’u choose ’ i n i t i a l l y the Lagrange-  nr u l t i  p l i e - r  ru le -  has the  a d v a n t a g e -

tha t  one- s~ - e - s  r e ad i ly  how to proceed if f u r t h e r  r e s t r a in ing  condi t ions  of an

a r b i t r a r y  nature  are present ,

Added in proof. As Mr . Courant  has r e m a r k e d , the  passage f rom a

m i n i m u m  problem to a m a x i m um  problem has a purel y conceptua l  basis .

This wi l l  be discussed elsewhere .

I

_ _ _ _ _ _ _ _ _  -~ 
-g
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I l l .  E x a r ~~ples of v a r i : ct i a n ~+ l p r e e h l e - i n s  1n t w o~~~~e i i a l ) I e s .

\Ve c ons ide r  f i r s t  the- p r ( c l ) l ( -  Il l

1( 1  -~ 
- ) - )  —2 4 )  ~ I I  ( u~ u~ a1i~ ) d x d - ~ \ I i i l . .  ii U on T , :c 0

~~~ 1J (,  x \

I c  +
whc-re  C iS a re gion  in the -  (x , v )  --p l a n e -  x i t h  b o u n d a r y  , afl ( I u (x  v t

10)
is a so lu t ion  of t h i s  p rob lem

\Ve in t roduce-  ne -w f u n c t i o n s  p . q,  ci t h rough  the e ’qua t io r s

(2 5)  p u s ,  q u ~~~, d a u ,

and consider  the new in tegrand

P11~ 
qu~ du - ~~(u~ u~ -f au 2 ) = ~~~ ~ d~ + p2 

-

+ q 2 I

A c c o r d i n g ly,  we produce the new va r i a t iona l  problem

(26) ~ 
(I p2 + q )(Ixdy - $ (P’°n + qy 1~) ~ ds = M m .

(x~ . y~ are components of the outer normal and s arc length on T), and

corr esponding to the F u l e r  equation of ( 1 9 ) , as a single subsidiary equat ion

we impose

(2 7 )  d = P x +~~ y .

The Eule r equations for (26 )  are then

1
~ (P x + qy )x _ P  = 0 ,

(2 8)

-q = 0 ,

and the natural boundary condition is

( 29 ) 
~

- 

~~ 
4 q~ ) - ii 0 on r .

These equations say that the function

u = ~~(p~~4 qy )

sati sfies the following conditions :

- ——- --“ -- --— - -~~~~~~
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u ,~ = p. u n q, ~ u — all 0 , ci 11 on

-\ i~-c in , i h e  m i n i m u m  v a lu e  c f  ( 2 6 )  is  e q u a l  to the ’  n e g a t i v e -  ( if  t he  m i f l h l i l U r i l

\ L I I U C ’  of 12 1 I.

2. The I ) i r i c h l e t  p roblem

1 ( 1  2 2 —(30 )  (u 4 ii ) d x d y  M m . ,  u = u on
) c ~—

corresponds  to the degenerate  case II . 3. Through  the in troduc t ion  of

= p, u = q, ~~(p q)  = !(~ 2 4 q~~) one a t ta ins  the var ia t ional  problem

(3 1) ~ff (p
2 + q 2 ) dxdy - f~(px~ + qy~~)~~~ds = M m . ,

under the subsidiary equation p.~ q y = 0 . We sat isfy th i s  subs id iary

eq uation by se t t ing  P = “T y , q -v~ , and upon integrating by par t s along

~ obta in  the problem

( 3 2 )  

~~~
-I1G~~~~~ 

~ v~ ) dxd y + ~~~~~~~~~ = M m .

whos e solution v is the potential function con~ugat e to ii .  The equation

A v  = 0 and the boundary conditio n V
n 

= -i15 a re sat isf ied ,

Without know ing the existence of a solution of (3 0 ) , we can see

t hat the sum of the greatest lower bounds of t 3 0)  and ( 32 )  is non -negative -

This resu lts from the identit y

+ u~ + v~ + v~ )dxdy 4 2 J~~vu~ds = ff~; ( ( u x~ v y ) 2 + (u~ + v~~) 2 1dxd y .

Iii the “free ” problem (31 )  we can require that the functions p and q

satisfy the associated Eul er equation P.,, - = 0. We can then int roduce a

function u through the equations U~~ = P. U y 
q, and obtain the problem

—



(3 3  
~~f t ( u~ u~~ ) dxdy - 

~~ u n~~ds = M m .

for  a l l  f u nc t i o n s  s a t i s f y i n g  the su b s i d i a rv  e q u a t i o n  ~ u 0 . Th i s  is n oir e -

oth e  r h a n  t he m e t h ( c c l  cons ide red  b Tre ’f f t  -, - 1-or n u m e r i c a l  purp c  se-s  i t  i s

p erhaps  p rac t i cal  to re - t a m t h i s  su p p i en i i - n t ar y  p rocedure ; however , w h e n e v e r

j t  is p o ss ib l e  to o b t a i n  w i thout  d i f f i c u l t y  approx imat ion  func t ions  w h ic h  as a

m a t t e r  of cour se  s a t i s f y  the n a t u r a l  boundary  condit ions and not the E u l er

equa t ion , one-  would be’ i n c l i ne d  to expect  a better convergence when  it is

rep laced h~’ the R i t z  method.

“

~

-e
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I I I I  C n -  13].  Iii  g e - n e - r a l  the  pr oof of the ’  c - o n v c - r i ~c - n e - e -  f a n i i n i n i i i i n g
5 C - d l U c I i c e ’  p i - c~- i d e - s  some e s t i m a t e -  of t h e  a p p r c c \ i r n a t i o n  to  t h e - s o l u t i o n
i t Sc - 1 f .

2 )  [ 2 ) , p . 13] .  F i n  C e - g e - n st ~ i c - k  v u m  J~ i t z s c h e - n  \ - r f a h r e - n  \ e r h a n d l u n g e n
1 c - ~ i w e it ~~fl In t e - r n a t i on a l e n  R ong r - e s s c ’ s f ü r  T e - c h n i s c - h e  \ l e - c h a n i k .

Z t i r i ch  L 127 , ~~. 131 , whe re  also the — n u m e r i c a l  u s e f u l n e s s  is e x a m i n e d
in  i m p o r t a n t  p r ac t i ca l  cases .  ~ee in  add i t ion  K o n v e rg en z  und
F e hl er a h s ch ~ t z u n g  beim R i t z s c h e n  \ e r f a h r e n ,  M a t h .  A n n a l e n  10 1 ( 1 92 3 ) ,
w l i c - r c ’  al so  th e  p o i n t w i s e -  a p p r o x i m a t i o n  to the solut ion is  deduced f rom
the  a p p r o x i m a t i o n  to the m i n i m u m  v a l u e .

3~ 13) . p. 13] . Indeed , th i s  was the  s tar t i n g  point  of t he  f o l l o w i n g  cons ide r -
a t ion .  See R i e m a n n , W e - h e r  and I - r a n k , D i e -  D i f f e r e n t i a l -  u .
In t egralg le ichungen ,  IT , V , * 4 , 2. 3 .

4 )  [Corrected vers ion of a badl y worded Footnote 1) , p. 14]. The i r itegrand
func t ion  l-~ of ( 1)  is supposed to have c o n t i n u o u s  d e r i v a t i v e s  of the f i r s t
two orders  wi th  respect to i ts  a r g u m e n t s  on a closed region B. The
funct ions  u ( x )  and u ’( x ) , x0 ~ x ~ x 1 , a re  supposed to he hounded , w i t h
(u ’( x ) , u ( x ) , x )  in H. Also , condi t ions  (4 )  and ( 5)  hold in  B.

5) [ 1) , p. 15] . Ins tead  of making the negat ive of (1 0 )  a m a x i m u m .

6) [Modif ied  phras ing  of Footnote 2 ) , p. 15J .  (p ’( x ) , p (x ) , x l , x x ~
is supposed to lie in a region 13’ of the same nature  as B, an~ w h i c h
is contained in the t r ans fo rm of B d e t e r m i n e d  by ( 7 ) ;  p ’ is suppo sed to
be contin uous ly diffe rentiable .

7)  U ) , p. 16] . This  c o r re s p o n d s to the Legendr e  t r a n s f o r m a t i o n  of the
seco nd variation.

8) [2) , p. 16] .  We wr i t e ’  F(u), ~ (p1 in p lace of F(u ’. u , x ) , ~~(p ’ , p, x ) , (- t c .

9) [1) , p. 19) .  Perhaps with p iecewise -  continuou sl y different iable  tangent.

10) [2) , p. 19) .  It possesses continuous f i r s t  and second de r iva t ives  on the
inte rior of G.
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