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1. The Problems.

One of the difficulties in understanding the
function of the brain is that it
is like nothing so much as a lump of porridge .

--R.L. Gregory

1.1. Dendritic Orientation .

In this paper we explore the concept of the “orientation ” of the
dendritic field of a neuron . In this Section we will say why the
concept of dendritic orientation may be important, how computers are
being used to aid in quantititive work in neuroanatomy , and what
aspects of orientation we are trying to get at with our measures.

The thought that some concept such as “dendritic orientation ” may
be important arises from:

1) the theory that the arrangement and extent of a
neuron ’s synapses are correlated with its trigger
features .

2) the fact that a topological ordering is preserved from
the retina to the lateral geniculate nucleus to the
visual cortex. Thus LGN terminals projecting from
retinal cells adjacent along some axis would contain
synapses with the dendritic field of a visual neuron
that lie on an axis identifiable with the axis on the
retina.

3) the evidence that there is neural plasticity in some
developing (or even adult [Creutzfeldt and Heggelur.d])
organisms. The functional prcperties of individual
neurons , such as the orientation of their visual field
[Hubel and Wiesel], can be modified by controlling for
a time the classes of visual stimuli which are
available to the organism.

Taken together , the theories , facts , and evidence motivate the
conjecture that not only can the functional characteristics of neurons
be changed by regimes of visual deprivation , but their gross
anatomical , geometric characteristics may be changed as well. For
instance , if kittens during their early development are only allowed
to see visual patterns consisting of bars of light parallel to a
single direction relative to their retinae , we may find evidence
thereafter that the dendrites of their visual neurons have in some
geometric sense actually taken on an anatomical , physical orientation
which can be correlated with the orientation of the bars of light. It
is these conjectural , unspecified geometric properties of the
dendritic field of the neuron that we call “dendritic orientation .”
This paper is concerned with two measures of quantities which may
reflect dendritic orientation . Most of its technical content refers
to the concept of “microstructure ” ; the reader interested in the
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technical details of the “macrostructure ” measure is referred to
( Brownj .

1.2. Computer Analysis of Neuronal Structure .

The digital computer has become an increasingly important tool
for investigation of the structure of neuronal processes. Several
laboratories have automated microscopes , and have used the cumputer to
reconstruct and to some degree analyse the 3—D structure of neurons
[Wann et al., Reddy et al., Garvey et al.]. Most of the laboratories
are also interested in the real—time use of the computer to aid in the
data-acquisition process. In this application the machine takes away
from the operator some part of the task of deriving metric 3-D
information from a microscope slide (or slides). Usually the machine
keeps track of the coordinates of the point in the slide under
examination , and upon commands from the operator can remember the
point , its topological relation to other points , etc . Sometimes the
machine is more autonomous , actually tracking the neuronal process
through a thick section of tissue and remembering the points it has
seen . It is a system such as this which is briefly described in
Section 3.1. More information is available in [Garvey et al.]. The
dendrite tracking program is not fully autonomous ; when in doubt
about ho~c to proceed (for instance , if it is tracking a dendrite and
another crosses at a small angle) it will ask the operator for help .
The 3—D data and topological connectivity data are stored or. disk for
later analysis.

The information stored by all the existing programs is basically
equivalent; it allows the structure of the complex system of branches
of the neural dendrites to be reconstructed in 3-D. In the system
described here , the dendrites are stored as “rod trees ” (Figure 1.1)
in which the primitive elements are rods, one—dimensional segments
specif ied by the i r  endpoin t s .  (Thus the system stores no data on the
th ickness  of a dendri te ) . These rods placed end—to—end in space fcr~a 3—D tree structure in the shape of the neural processes. Each rod
results from a tracking movement from one point to another by the
dendrite tracker. In the sequel , “rod” will refer to one of these
primitive tree elements , not to a piece of retinal anatomy .

INSERT FIGURE 1.1. HERE

Ii the computer analysis of this information does not proceed
beyond th i s  point , and the computer is merely used as a display device
to show the neuron in stereo , or perhaps dynamically rotating with
selected dendrites blinking or separated , the computer provides a
valuable tool for research . ~Iany projects content themselves with
this ~se of the computer for analysis , perhaps also computing a few
properties such as the length of dendrites , etc .

Obviously , however , the geometrically accurate description within
the machine allows metric , quantitative parameters of the neuron to he
extracted. It is easy to conjure up several simple

_ _ _ _ _ _  _ _ _ _  _ _ _ _  _ _ _ _ _  — — -~~-~~---.~~~~ —- _ _ _ _ _
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geometric/topological properties as some measure of the volume and
spatial extent of the dendritic field , the branching properties of
dendrites in it, etc. Further, over a neuron or over a population of
them, statistics can be gathered to relate these parameters to one
another. The main stumbling block here is that it is not particularly
easy to think of meaningful questions to ask about the geometrical
structure of neurons aside from the ones answered by the accurate
representation of the neuron in 3-D. We do not understand what
physical parameters to measure , in general , and because of this the
computer has not been exploited to a very great degree to analyze the
data it has helped to gather about neurons.

This paper is the result of a computer scientist cooperating with
a neuroanatomist to produce compact characterizations of some physical
properties of the complex neuronal dendritic structure. The idea is
to produce a succinct description of certain neuronal properties so
that the complex physical reality is reduced to a few numbers which
can easily be compared. The measures mentioned in this paper are
meant to characterize “dendritic orientation .” They are an attempt to
impose a model on the data and to extract parameters from it that are
quantified and of recognized physical significance . If the parameters
turn out to be inadequate to the task , and indeed do not reflect the
important physical facts about dendritic orientation , that will not be
too surprising . They may find use elsewhere (since we can say exactly
what they mean to characterize), and in any event they represent a
step toward more advanced computer analysis of neuronal properties
which may lead others to take more steps.

1.3. Macrostructure and Microstructure .

To explain the two aspects of 3-D orientation we have chosen for
study , we refer to the four 2-D structures shown in Figure 1.2.

INSERT FIGURE 1.2. HERE

Since we do not know just how dendrites may be affected by visual
deprivation , we cannot falsify the vague conjecture made in Section
1.1. But if a measure of orientation when applied to the neurons
revealed the correlations we are looking for, the conjecture would to
some degree be verified. Starting in the simplest possible way to
look for orientational parameters , we came up with the inacrostructure
measure. Since it measures only the most gross properties of the
dendritic field , and is inadequate to differentiate cases in which we
would all say that the “orientation ” of the structure was different ,
some other measure seemed necessary . The two measures we now have ,
taken together , can distinguish the sorts of orientation properties
manifested by the diagrams of Figure 1.2; it remains to be seen
whether they are adequate to the neurolcgical task.

We desired that the rnacrostructure be characterized by a terse
description of global properties of the system of dendrites. The
microstructural description should be based on properties of smaller

—S. . ...Sa4 ~Ss La —— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —
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parts of the structure . To obtain a compression of information , if
not a description as terse as that of the macrostructure , it seems
attractive to use some statistical way of describing how the ensemble
of smaller parts behaves. Not surprising ly for this paper , the global
properties of the dendritic field we use have to do with elongation or
dispersion in space , and the local properties of the smaller parts of
the structure we use describe orientation of the smaller part (in
fact, of rods).

_ _  - _~~~~~ _ _
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2. The Solutions.

Great circles are the shortest distance around
spheres and they are intertriangulated so they ’re
in the most comfortable position they could
possibly get into.

--Buckminster Fuller

2.1. Macrostructure and Principal Components.

If the dendrites of the neuron are considered merely as points
(or rods) in space , they form a swarm whose general shape may be
dispersed in one direction more than another. One of the simplest
measures for this is the moment of inertia , which is actually quite
closely related [Pearson] to a more evocative measure , which can be
described as moments about planes normal to the principal axes of
inertia [Christie]. This measure provides us with the direction in
3-D along which the swarm is “most dispersed” (according to a
mass*distance**2 measure of the contribution a point makes to the
dispersion from a plane). It also gives numbers expressing the
relative d€gree of dispersion about the two planes normal to the
principal one. By this measure , structures like A and B of Figure
1.1. are indistinguishable , but A , C, and D all have different
descriptions and so are distinguishable. The macrostructure
description we use [Brown] consists of three perpendicular vectors
describing dispersion in three principal directions . The moments are
computed both around the soma of the neuron and about its center of
mass.

This measure has certain disadvantages inhering in its elegance
(or ta~ iturity...only seven independent numbers result from the entire
macrostructure analysis) and in the ‘questionable relationship of the
numbers to spatial extent (since they express moments , which depend on
distances squared instead of just distance). The principal components
do seem to reflect accurately some of our qualitative feeling about
the direction of elongation of a point swarm (or rod swarm), are
needed to differentiate between structures like C and D of Figure
1.1., and thus form an important part of the data analysis.

Figure 2.1. shows some results of the principal component
analyser.

INSERT FIGURE 2.1. HERE

2.2. Microstructure and a 3-D Histogram of Directions .

The aspect of orientation with which this paper is mostly
concerned is the microstructural one . We take this to be a
description of the ensemble behavior of small primitive parts of the
dendrite . We choose the rods from which the rod tree (Figure 1.1.) is
made to ba our primitive elements. Each of these is considered to be
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directed from the soma out towards the periphery of the dendrite . We
disregard its position in 3-space , and only attribute to it the
properties of 3-D direction and length , to get a description
consisting of 3 independent numbers . Attribution of a directed
orientation to the elements is the general case; it easily
specializes if one wants the elements to “point both ways ” (i.e.,
neither way). Undirected orientational data is called “axial data ,”
and can be considered as distributed over a hemisphere instead of a
sphere . Everything in this paper is easily adaptable to such data.

Leaving aside for now the state of the art on the statistics of
directional data (but see Section 2.3), we look for a way to condense
the raw data of our experiment into a more tractable form which does
not throw away as much information as the rnacrostructural method. One
answer [Mardia] is to use principal components once more , only this
time to describe a set of weighted points on a sphere instead of an
extended rod structure . -The points are on the sphere ir. the direction
(from the origin) of the vectors , and weighted by vector length . This
sort of description is used to get at gross characteristics of the
data, such as whether it exhibits a girdle or unimodal distribution ,
but as we have seen it does not provide a detailed description of
shape .

The approach we choose instead is basically to cluster the
vectors and report about the clusters . That sort of strategy will
clearly differentiate A and B in Figure 1.1., because the number of
clusters will be different. B , C, and D could be cleverly constructed
so as to appear identical in this microstructural aspect , of course .

The sort of c l u s t e r i n g  we chose was simply to histogram the
directions in 3—D and present the histogram as the microstructural
descriotion . That is , we partition 3-D directions in to a number of
“bins ,” associate a magnitude with each bin , and add the length of
each directed rod into the magnitude cf the bin which  contains th at
rod’s direction . After all rods have been dealt with , we have a
number of ordered pairs of the form (bin , magnitude), or (range cf
directions , total amount of dendrite in direction range) , and we take
this to be our description of the dendrite. The total amount of
information possible in the description depends on how finely we
divide the set of directions; the system we describe can divide 3—~cb rections into partiticr.s of cardinality lO*n**2 + 2 for n between 1
and 8. If eve ry h i s togram bin has a nonzero  magni tude , then the
maximum length of description would be 3*(lO*n**2 +2) numbers (leaving
aside the fact that the histogram bin identifiers , which are vectors ,
are not independent) .

This is all very well: how do we construct the histogram? A
histogram is used to chart the relative frequencies of occurrence of
some measurement. In its usual form as a bar graph , it approximates a
probability distribution function (which it becomes when its area is
kept to unity while the bin width becomes infinitesimal).

I have found no other attempt to construct ~ meaningful histogramof 3-D orientational data. One moderately useful idea is to use a
projection (Laznbert ’s equal area projection is gocd) to map the 3-D 

--- - --—— --- - - —- -
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data onto a disk in the plane. Such a display may be helpful , but it
lacks visual appeal and is not useful for histogramming .

Two—dimensional directional data may be histograniined on the real
line, as shown in Figure 2.2.

INSERT FIGURE 2.2. HERE

Another display is the “circular histogram” (Figure 2.3.) in which the
bar histogram is wrapped around a circle of some “bias diameter” ; the
bias radius represents zero frequency .

INSERT FIGURE 2 . 3 .  HERE

The “ rose diagram ” (Fi gure 2 . 4 . )  is another obvious representat ion .

INSERT FIGURE 2 . 4 .  HERE

If a point is associated with the middle of the arcs in a rose diagram
or circular histogram and the points are connected , a fo rm of
h istogram results which is parallel  to that  we wil l  demonstrate for
use with 3-D data (Fi gure 2 . 5 . ) .

INSERT FIGURE 2 . 5 .  HERE

So fa r we have taken it for granted that his togram bins were of
the same width (angular  inc rement ) ;  any 3-D histogram should have the
same fea tures .  Each bin should enclose equa l solid ang le , the bi n s
should be congruent , and each bin cente r should be separated fr or ~ the
centers of its neighboring bins by a uniform amount.

When we try to achieve these ideals , we quickly rediscover what
Euclid knew. . . there are but 5 ways to get congruent bins equiar.gularly
spaced around the sphere ! The 5 ways are of course the Platonic
solids . This paper is concerned with  constructions based on the
icosahedron , b ut by the dual i ty  of the dodecahedron and icosahedron ,
some of the informat ion in Section 4 can be taken as describing the
dodecahedron as well  (Fi gure 2 . 6 . ) .

INSERT FIGURE 2 . 6 .  HERE

Our desire is to f ind  sets of points on the surface of a sphere
which are equally separated from one another .  These points wi l l  serve
as the centers of our histogram b ins .  We desire more points than the
12 provided by the vertices of the icosariedron , or the 20 orovided b’~’ 

- _ _ 

~

- _ _
~ 

_ ..
~

_ 

.

~~~~~~ 

_



Page 10

its faces (i.e. the vertices of the dual dodecahedron). This desire
fo rces us to approximate solutions; the strategy is to s tar t  wi th  the
icosahedron and to subdivide each of its equi la te ra l  t r iangle  faces
in to approximations to equilateral  t r iangles .  These new triangles are
“punched out ” to a un i fo rm distance from the center of the polyhedron ,
where they become facets of a faceted pa14 hedron which approximates a
sphere as the fineness of subdivision increases (Figure 2.7.). As it
happens , th is construct ion was done by Buckmin ster  Fuller  in the
development of his geodesic domes [Fuller] . If  the tr iangles of the
faceted polyhedron are projected onto the surface of the sphere , they
become spherical t r iangles  which are approximate ly congruent and which
tesselate the sur face  of the sphere . It is this tesselation which has
induced the desirable p roperties an the histogram bins , and to which
we refer in the title.

INSERT F I G U R E  2 . 7 .  HERE

The subdivis ion of the icosahedron provide s faceted polyhedra of
20*(n **2) facets and lO* (n* * 2)  + 2 vertices (n = 1,2,...). Rather
than consider the facets as histogram bins , we interpret the vertices
as centers of histogram bins. In the histogramming process , each data
vector is associated with the vertex which is closest to the direction
of the vector. The magnitude of the data vector is added to an
accumulating magnitude associated with the vertex. When all the data
vectors have been processed , each vertex is stretched away from the
center by an amount proportional to its accumulated magnitude plus
some b ias radius , thus forming an opproximate 3-D equivalent to the
hi stogram form of Figure 2.4. Views of distorted faceted polyhedra
are shown in Figure 2.8.

INSERT FIGU RE 2.8. HERE

2.3. The Future .

Work on the statistics of directional data does exist [Mardia~A ater paper will look more carefully at the proper statistical
methods for testing the anatomical conjecture of Section 1.1. What
seems to be needed is a nonparametric two independent sample test on
data from spherical distributions. I know of no such test at present ;
the difficulty arises from the lack of distribution—free statistics
for multivar~ ate data. We are devoting some effort to determinina how
to use existing tests (such as Chi-squared) on this data ( o f .
[S~ egel~~) ,  and to developing new ones (around the permutation test).
These general stat:stical developments are not meant to substitute for
~nte1ligent observation of the data , wh ich may y ie ld  mean ingful
parame ters whose influence may be verified by specific tests.

In this  la t ter regard , the data saved by the dendrite tracker is
adequate to answer many questions about the dendrites which are not at
present addressed. In particular , information about the actual
spa t i a l  ex tent of the f i e l d s , topological information abou t branching

~~~~~_
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ratios , information on the length of processes , etc., can all be
extracted from the raw data.

The use of the computer allows preservation of large amounts of
data (such as that needed to characterize a complex structure like
neuronal dendrites) and analyses and interpretations of that data
which are limited virtually only by the imagination of the
investigator. It is not clear what parar.~ters are important in the
concept of neural orientation ; whether oi r.ot the particular measures
we have picked are germane and illuminatc:~g, the computer is such a
powerful and versatile tool that is bound to be increasingly important
in the quantitative description of complex biological structures and
in the testing of models which attempt to isolate important parameters
from such masses of data.

- .—~~ -~.———. — .— ---- 
_ 
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3. The Systems.

Ay,  yi , yi !  Is dis a system?

—-Nu t Gross

3.1. Acquisition of Data and Macrostructure Analysis.

Three-dimensional data describing the neural dendrites is
gathered using an automated microscope commanded by an automatic
dendr i te- t racking program [Garvey et a l . ] .  Alternative methods of
reconstructing the neuron in 3-D involve piecin g t ogether images of
serially sectioned slides [Wann et al., Reddy et al.].

The data-gathering system is based around a Nova computer with
32K words of core . The configuration of the system is shown in Figure
3.1.

INSERT FIGURE 3 .1. HERE

One side of the binocular microscope gives input to the image
dissector and the other is used to project an image of the field of
view onto the oscilloscope screen , which can simultaneously display
the actions of the dendrite tracker. The image dissector gives input
to the dendrite tracking program , which writes to disk a record of
where it has been in co-ordinates related to the control systems for
the stage and focus adjustments. The tracker accepts data from the
operator which serves to identify true (brain-coordinates)
anterior-posterior and vertical directions. For analysis , the
disk—stored data are converted into x ,v ,z coordinates (wi th  uni ts  of
microns)  re la t ive  to the cell body of the neuron ; they can be fur the r
con verted in t O coordinates relat ive to the center of mass of the
dendr i t i c  f i el d .  The system has the capabi l i ty  of d isplaying on an
oscilloscope screen the dendritic f i e ld  as it is stored on d i sk .

Usi ng the converted coordinates , an ALGOL program determines the
pr inc ipal component3 of the dendritic field. Thus the analysis of the
.nacrostructure of the dendritic field is completed at the site of data
dcqulsition . The results of this analysis are numerical and quite
compact , and are immediately available through the terminal or
p r i n t e r .

~~e same conversion routines are used to make a disk file of datatn true x ,y,z coordinates for use by the system in the Compu ter
Science Department which analyses the microstructure of the der.dritic
field by histogramming its component directions. This disk is
readable  by the Eclipse computer at the Comput ing Laboratory , and may
be sent along the Ethernet to the ALTO computer which performs the
ana1ysi~ and display .

~ 

_ _ _ _ _ _ _
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3.2. Microstructure Analysis and Display of Results .

3.2.1. The Hardware System.

Faceted polyhedra are constructed and displayed using an ALTO
minicomputer , which is connected in a high-speed network to other
ALTOs, printers , etc . in the computing laboratory of the Computer
Science Department (Figure 3.2).

INSERT FIGURE 3.2. HERE

The ALTO is a 64k word computer with its own 1.2 MWord disk and a
640 x 800 raster black and white display which is run by a disp lay
processor incorporated within the CPU microcode . One bit  in the
memory corresponds to one display element. The display is generally
more f lexible than is a vector display , since textures, shaded
pictures , etc. ca n be put up on i t .  For this application , we only
needed a line-drawing capability , and a locally written graphics
package was used. All programming was in BCPL [Richards]; the
floating point calculations are done in software .

3.2.2. The Software System.

The display system uses a data file produced by the
data—acquisition system to make histograms which may then be viewed ,
transformed (cf. [Newman and Sproull] for a treatment of the
techniques of geometric transformations for display), plotted on
paper , etc., in response to the user ’s commands; thus it is
interactive , but not on-line with data gathering .

The user arrives at the ALTO, inserts a disk pack which has the
display system and a data f il e  on it, and activates the system.

At the TOP of the system ( c f .  the t command below ) he is asked
how f i nely subdivided a f aceted po lyhedron he wants . He may choose
from 1 to 7 divisions along the edge of the icosahedral faces , thus
getting between 12 and 492  his togram b ins .

He may then issue commands to the system to bring about various
actions involving parameters of the system , display , histogramminci,
plotting, etc. All parameters are initialized to reasonable default
values. The commands are :

any character but those below : display the current version
of the faceted polyhedron . A set of axes is also
displayed to keep track of image rotations.

7 (HELP) : type out the list of legal commands.

b (BIASDI AMETER) : sy stem asks for  integer g iving the

.
~~ p . .  •..
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magnitude (screen coordinates) assigned to empty
histogram bins. The smaller it is , the sp inier the
histogram looks.

s (SIZE): system asks for integer giving the maximum size
(screen coordinates) of a histogram bin (maximum
magnitude of a vertex).

e (EYESPACING ) : system asks for integer giving separation
between left and right images in stereo pair displays.

f (FOCALLENGTH): system asks for integer giving a “focal
length” which describes the extent of perspective
distortion to apply to the image . Nonpositive focal
lengths are interpreted to mean orthographic
projection .

h (HIDDEN LINES) : system asks whether or not to hide hidden
lines in ensuing displays.

E ( ER A S E ) :  erase the screen.

B (BINOCULAR IMAGE): display a stereo pair of the
polyhedron .

x , y , z,X ,Y,Z (ROTATIONS ): rotate the polyhedron by small (10
degree) or large (40 degree) amount about screen axes.

r (RESET ) : reset all magnitudes to SIZE .

m (MAGNIFY): system asks for integer; this becomes SIZE
and all magnitudes are linearly scaled so that the
la rgest is SIZE .

d (DISTORT ) : system asks for a data f i l e  and uses it to
create a histogram by changing vertex magnitudes. The
histogram is scaled so the maximum bin is SIZE and the
minimum is BIASDIAMETER. This distorts the shape of
the faceted polyhedron .

w (WRITE OUT): plots the contents of the screen on a
pr inter-plot ter , magn i f ied by some factor between 1 and
6 (for which the system asks). Many figures of this
paper were produced this way .

c (CENTER) : system asks fo r  integers giving x and y (screen
coordinates) of center of polyhedron .

t (TOP): goes to TOP for brand new faceted polyhedron

q (QUIT) : quits the system.

L ~~~-- ~~~~~~~~~~~~~~~~ .- -~~ - - . ,~~~~~~~- .----. - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --~~~~--- - -.
~~~~~~~
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4. The Techniques.

So I saw tha t  mathemat ics  were th ings  tha t  could
be lea rned and ~n orce r to do a good geodesic
you had to do mathematics.

——B uckminster  Fu l le r

This Section should provide enough information that the geometric
construction of a few useful varieties of tesselated spheres is made
easy . The strategy is to start with an icosahedron , to subdivide each
of its faces (actually subdivide a paradigm “principal polyhedral
face ” and lay it over the icosahedral face), and “ punch out”  the
resulting vertices to the spherical radius . The following geometric
information should be of use (and the implementational and hidden-line
information may also be of interest) to anyone who wishes to use these
methods .

4.1. The Icosahedron .

In Boticelli’s Venus.. .the line containing the figure
from the top of the head to the soles of the feet
is divided , at the navel, into the exact proportions
given by that ancient formula the ‘Golden Section .’

--T.A. Cook

The constant t appearing in the expressions below is the Golden
Section , classical ly def ined  by

1 t

t t+l

We also note :

t = ( sqrt ( 5 ) ~ i)  ,‘ 2

l/t = t — 1

t**2 = t + 1

t * * 4  = 3t + 2

sqrt (5)*t = t + 2

t = u r n  ( F ( n + l ) / F ( n ) ) ,  F ( n )  ~he nth Fibonacci number
n—> 00

~~~~~~ --~~~~~~— — --~-~-- .— .-
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For the icosahedron ,

N umber of vertices = 12

N umber of faces = 20

N umber of edges = 30.

Let
Center of icosahedron

in Cartesian coordinates = ( 0, 0, 0)

and

Distance from center
to each vertex = 1.

Define  the constan ts

a = sqrt(t) / (5**(l/4))

b = l / ( s q r t ( t ) * ( 5 * * ( l/ 4 ) ) )

c = a -~- 2*b = 1/b

d = a + b = (t**(3/2))/(5**(l/4))

Then :

Angle subtended by
edge at origin = A a r c c o s ( sqr t ( 5 )/ 5 )

An~cle between r a d i u s
and an edge = B arccos (b)

Edge len gt h = e 2*b

~ostance from cricin
to cen ter of edge = a

Distance f rom or igin
to center of face = t*a/sqrt(3)

Area of face = I / (t* sqrt ( 3/ 5) )

Vo lume = 4/(3*b)

The 12 ver tices may be p laced at:

0, +—a , +-b)
(+—b , 0, +-a)
( +—a , +—b , 0 ) ;  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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then midpoints of the 20 faces are given by:

(+-d , +-d , +-d)
0, +—a , +—c)

(+-c, 0, +-a)
(+—a , +—c , 0).

4.2. The Principal Polyhedral Triangle.

The pr in cipal polyhedral  t r iangle (ppt )  is an equi lateral
tr iangle cons idered to lie in the z 0 plane wi th  its centroid at the
ori gin .  It is considered a paradi gm of the 20 icosahedral faces when
considering subdivision of the icosahedral faces into facets.

Its vertices are at:

(+ —b , — b / ( s q r t ( 3 ) ) )
0, 2*b/(sqrt(3))).

In constructing the full faceted polyhedron , we first subdivide
the ppt into facets , then rotate and t r ans l ate the ppt to cove r an
icosahedral face , and then “ punch out” the vertices to be at a uniform
radius from the center of the polyhedron .

4.2.1. Coordinatization of the ppt.

If each side of the ppt is divided into N—l lengths , N =

2,3,4..., then there will be N facet vertices along each side , a total
of N*(N+l)/2 vertices and (N_l)**2 facets in the ppt. It is often
convenient to use a redundant coordinate system for these facet
vertices (Figure 4.1).

INSERT FIGURE 4.1. HERE

Clea rly a ( f a c e t)  vertex is speci f ied  by any two coordinates , and in
fact for any vertex (i ,j,k), i+j+k = N+2. Usually i and j are used to
identify points; in this case , to account for all the vertices i must
run from 1 to N and j must run from 1 to N-i+l.

4.2.2. Computing Facets I.

Clinton [Clin tonNASA ] gives seven methods for  producing face ts
from one or two ppts . The simplest of these is to divide the ppt into
congruent equilateral triangles. That is , each edge of the ppt is
equally divided into N-i lengths , and vertices occur at the
~ntersections of lines parallel to the ppt sides through these
di vision po in t s  (F igure  4 . 2 ) .

IN SERT FIG U RE 4 . 2 .  HERE

- - - - - S.•. _‘ !: , 
.
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This method has the advantage of simplicity , but the disadvantage
that when the ppt is “punched out” onto the sphere (all the vertices
are placed at unit distance from the origin) , the central facets are
pushed out fa r ther  than those near the corners of the ppt , and thus
give rise to larger triangles. This problem becomes increasingly
acute with finer subdivision of the ppt.

The larger facets will clearly subtend more solid angle then the
smaller , and the ex tent of the problem can be measured by comparing
the areas of the spherical triangles projected on the unit sphere from
the center through the facets. Using figures from [ClintonDorne], one
can see that for N=5 , the ratio of the areas of the largest to the
smallest spherical triangle resulting from Method I is about 1.5166.

This problem is the motivation for the second method of
subdivision , discussed below (also due to Clinton). With Method II
the ratio of areas of largest to smallest spherical triangle drops to
about 1.1460 fo r N = 5.  Figure 4 . 3  shows two or thographic  p ro jec t ions
of punched-out  faceted faces fo r N = 8. One can see that  method II
produces more uniformly sized facets.

INSERT FIGURE 4.3. HERE

4.2.3. Computing Facets II.

Here the subdivis ions of the ppt side s are made to subtend equal
angles at the center of the polyhedron . The angle will be

(A/(N-1) ). The computation of the subdivisions may be done
easily by computing the distance from one corner of the ppt to the N -2
ver tices alon g the edge (comp uting the ln in Figure 4.4).

INSERT FIGURE 4.4. HE~~

:f C is the angle

C = n *;~/(N_l), n = 1,2,3,...

tneri

1( n )  = sin (C”/sin (C+B)

by the law of sones. Clearly l (N—n—l ) = e — 1( n ) .

After the ver t ices  along the edges have been located , they are
connected by lines parallel to the edges of the ppt. From the
two-point formula for a line , the linear form is easily obtained , and
the in te r sec t ion  of two l ines  al*x ~ bl*y = cl , a2*x + b2*y = c2 is

-~oven by
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cl*b2_c2 *bl
x

al*b2_a2*bl

al*c2_a2 *~~~ 

al*b2_a2 *bl

Because the edges of the ppt are not in general evenly divided in
method II, the three lines of equal i,j, and k for vertex (i , j , k )  do
not intersect in a point , but in a small triangle. The average of the
three intersection points is taken as the (x,y) point of the vertex.

4.3. The Faceted Polyhedron .

Let n be the number of subdivisions of the ppt edge . Then n =

N—l , N the number of vertices along the edge . For the faceted
polyhedron ,

Number of vertices = lO*(n**2) + 2

Number of faces = 20*(n**2)

Number of edges = 30*(n**2).

4.4. The Representation .

The tesselated sphere , which provides the histogram bins for our
microstructural representations, is represented by the faceted
polyhedron , in which one imagines great circles connecting the
vertices instead of straight lines. With this understanding, we refer
henceforth to the representation of the polyhedron .

Internally the faceted polyhedron is represented largely
geometrically , with topological information often coded into
procedures. For example , one cannot tell a vertex ’s neighbors by
looking at the vertex ; one must call a procedure to compute them.
The problem of elegantly generating a machine representation which is
topologically equivalent to the faceted polyhedron is an interesting
one we did not solve.

The polyhedron is initially a list of vertex quadruples of the
form [x,y, z,magnitude], which is to be understood as the (x,y, z)
coordinates of the vertex (hence the direction rosines of the
direction associated with that vertex) and the magnitude by which the
(x,y,z) vector is to be multiplied to stretch the point away from the
origin (the magnitude is simply the contents of the histogram bin).

Each vertex originally arose from the subdivided ppt which was
translated to some particular face F of the icosahedron . This fact
allows us to identify a vertex by its “polyhedron coordinates ”
(F,i,j,k), where F refers to one of the 20 faces , and only two of i,j,
and k are needed (section 4.2.1.) 

.— - - ---———--—— - - - — - ——- ---—- — —-- - — — ,  —.—----—~~ - -. ___ _ 4_ ~~~~~..— —-__. —~~—-—- — - —  ~~~~~~~~~~~~~~ 
- —=—~ -~~ =- . - - --— -- 
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The faces themselves have associated “spines ,” which are vectors
normal to the planes of the faces; they point from the center of the
polyhedron to the centroid of the face.

The (F,i,j,k) scheme of vertex naming means that vertices from
the corners of the ppt are represented five times and those from the
rest of the edges of the ppt twice . It is seen in fact that if n is
the number of subdivisions of the ppt edge , there are lO*(n**2) + 30*n
+ 20 different names for the l0*(n**2) + 2 vertices. In the system ,
these multiple representations are collapsed , so that there is only
one magnitude for any (x,y,z) vertex. Any vertex has 2 , 4, or 6
neighbors within its face . They are computed in terms of their
(i,j,k) coordinates for a given (i,j,k) and returned in
counterclockwise order (for the hidden line eliminator.)

Thus the polyhedron is geometrically tied together by the unique
(x ,y,z) representation of all its vertices. However , many topological
questions about it cannot be answered easily (inter—face neighbors of
a vertex , for instance). The representation is compact, minimizing
the topology-preserving pointers , but has had to be extended with
othe r en t i t ies, sin ce a polyhedron is more than points.In particular ,
the full hidden line algorithm require s a list of facets (three
pointers to vertices), and a list of lines (two pointers to vertices).

The display routines allow various transformations of the
original points to be shown . The perspective transform distorts the
geometry in a nonlinear way . Since the hidden line eliminator needs
to deal with these transformed points rather than the original
structure , and since we typically would like to display the original
several times , we have to preserve the original somehow . We could :
1) save the original on disk , distort it in core and retrieve it from
disk when needed; 2) make a copy of the original in core and distort
the copy; 3) distort the original and invert the distortion to
restore the ori~ inal. We are not committed to any one of these
solutions; .) saves on core , but is unaesthetic , 2) is presently what
is done , except that the copy is of the form [X ,Y ,Z,f lags], where
(X,Y,Z) = magnitude *(x ,y,z) from the original and flags are used by
the hidden lone eliminator. The best solution might be to use 3) with
an extended vertex representation , say [x(X) ,y (Y),z(Z) ,magnitude ,
flags].

4.5. Hidden Lines.

The highly nonconvex polyhedra that can result from the
histograrnming process are confusing when viewed as wire frame models
(no hidden lines eliminated) . Such images are ambiguous to within a

Necker reversal , which for or thographic  pro jec t ion  amounts to a mirror
image reversal across the viewing plane . Applying the perspective
transform to the wire frames distorts their metric properties; for
some simple images this is enough to clamp the figure into the right
Necker version , but for  complicated unknown objects it is
insufficient; further , it leaves the confusion of crossing lines in
the image . The obvious answer is to remove hidden lines. 

~— --—-----—-— ~~~~~~~~~ ——~—-— ••- --
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This well-known problem was made a bit difficult for us by our
representation of the faceted polyhedron , by the large number of
facets we had to deal with , and by the limited core capacity of our
machine. Four versions of the problem were solved, and below we
outline the techniques and our opinion of them.

4.5.1. Elimination of Invisible Faces.

Organize the display of facets by faces , and display only those
facets whose face is facing the observer (whose spine has a component
in the direction of the observer). This method is only completely
correct for icosahedra. In faceted polyhedra , the icosahedral faces
have been punched out onto the sphere , and have been “bent around the
horizon ” ; thus even for convex faceted polyhedra this method fails by
omission and commission . It makes rio pretence of handling non-convex
polyhedra , but does eliminate many lines arising from the back of the
object. It is incredibly cheap to do , and introduces no new data
structure .

4.5.2. Elimination of Invisible Facets.

Display all and only facets which are facing the observer (called
the potentially visible facets) . This method is completely correct
for all convex faceted polyhedra . It requires some work to extract
facets from the data structure and assign normals to them , but
requires only minimal new storage .

4.5.3. Elimination of Partially Hidden Lines .

Compute the potent ia l ly  visible facets anc~ save a list of them.
For every vertex implicit in this list , check to see if it is behind a
facet in the list. If so, eliminate all lines originating at it.
Performing the check , is speeded up by first checking to see if the
point is within the rectangle surrounding the triangular 2—D image of
the facet (a few fixed point compares are needed) . If a point is
within rectangle and within the triangular image of the facet, 3-D
routines determine if it is behind the face t .  If it is , no lines
emanating from it are drawn .

This method takes a fair amount of geometric computation , and
needs a list of potentially visible facets ; it doe s not worry about
any lines which are not between facet vertices , so it does no~.
construct any new line endpoints .

The method is completely correct in no larger a class of problems
than the me thod of 4 . 5 . 2 .  It fa i l s  by omission and commission , as
illustrated by the examples of Figure 4.5.

INSERT FIGURE 4 . 5 .  HERE

• • ~~~~~~~~ -~ • • • •  ~~-• • •~ - •~ •-•-••• •-~~ • -•~~-.. ,•~~~ A
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It was vainly hoped that these failures would be infrequent or at
least non—irritating. In the event , we could not ignore them, and
were forced to confront the Hidden Line Problem in its full
generality .

4.5.4. Elimination of Hidden Lines.

There is an immense literature on the hidden line problem. We
considered purely geometric methods in which every line of the
potentially visible facets is compared with every facet in 3-D. If a
line is partially hidden , the hidden parts are removed. The raster
display allows easy erasure of parts of lines , so there is no need to
create and remember for very long a list of new vertices at the
endpoints of visible line segments.

The calculation involved in the geometric scheme is prodigious ,
so we went on to implement a method that takes cognizance of the
discrete 2—D display device as well as the continuous 3—D nature of
the data. This is the Warnock algorithm , which concentrates its
attention on “interesting ” parts of the image rather than comparing
everything against  eve rything else . This algori thm produced Fi gure
2 . 8 - B .  More on these issues can be found in [Newman and Sproull].

~~ p
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5. The Summary .

In this perhaps distressingly wide—ranging paper we have started
with a particular neurophysiological application of statistics of 3—D
vector data. Such data also arises in rneterology , geology ,
oceanography , cardiology , and elsewhere . Two attempts to describe the
orientation properties of the data were presented , one
(macrostructural) a gross characterization of spatial extent , the
other (microstructural) simply a 3—D histogram of the vector data.

Since there is some interest in configuring computer systems for
neurological research , the two systems used in this study are
described.

Since the basis of the 3-D histogram , the geodesic construction ,
is commonly seen , some of the details of its structure are presented
in the spirit of a technical appendix.
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Figures.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Figure 1.1. A rod tree (to be imagined in 3—D) .

C. D.

Figure 1.2. Macrostructure and microstructure. A and B have the same
macrostructure (“pancake”) but different microstructure
(“many directions” vs. “four directions ”) . C and D have
the same microstructure (“four directions”) but different
macrostructure (“vertical cigar ” vs. “horizon tal cigar ”)

- •:  ~~~~

_ _
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Fig ure 2.1.  Principal  component ana lys is .

Photograph is from display of rod tree data from automatic
dendrite tracking program . The z axis is out of the page .
Rods are approximated here as weighted points at C. M. of
rods. Is, 1cm : (relative) principal moments about axes
through soma and C. M. of system . Ps, Pcm : (relative)
principal moments about planes through soma and C.M. Here
axis of minimum inertia (maximum dispersion) is nearly
parallel to the x axis. The dispersion is less pronounced
for axes through the soma .

Mass = 464.78

Axis Is Ps axis direction cosines

1 1.00 1.79 (— .965 , .043 , .255)

2 2.39 .40 ( . 2 3 4 , .559 , .795 )

3 2.19 .60 ( .108 ,— .828, .550)

Axis 1cm Pcm axis direction cosines

1 1.00 2.11 ( .951 , .053,— .303)

2 2.58 .53 ( .307,— .234, .992)

3 2.64 .47 ( . 0 2 2 , . 9 7 0 , . 2 3 9 )

-

~
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Figure 2.2. A histogram of 2-D directions .

Figure 2.3. A circular histogram of the data of Figure 2.2.

• • . . —
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Figure 2.4. A rose diagram of the data of Figure 2.2.

Figure 2.5. Histogram of data of Figure 2.2. analogous to 3—D
histograms (Figure 2.8.).

_ _ _  _ _ _
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Figure 2.6. The icosahedron .
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Figure 2.7. Faceted polyhedra , shown as solid and wire frara objects;
the icosahedral faces have been divided into 16 and 49
facets , respectively . They provide useful tesselations of
the sphere .

_ _ _ _ _ _  ~~~~ . - -
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Figure 2.8. Distorted faceted polyhedra. A is an orthographic
projection of a wire frame , B (see next page) a stereo pair
using perspective distortion and a version of a hidden—line
algorithm .

_ _ _  — -~--.- -- -- - -~~ ~~~~- -  - 
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Oscilloscope Oscilloscope
Display Display

/
7

Diablo I /
Disks 

/

/ /~~~T:~:ctor

/ //  NInterfacing Binocular

32K 
/ / Micro scope

Minicomputer Focus arid

I ~~~~~~ Stage Control

Terminal P r in te r

Figure 3.1. Automated dendrite tracking and analysis system.
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Mag Diablo 200 line/inch 40MW
Tape Disks printer/plotter Disk

~~~~~~~~~~~~~~ /~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

_ _ _

64KW 
__________  

128KW 
_____  

DCU-50 
_____  

Synchronous 50KB ARP ANETALTO 4 ~~Eclipse~~ ~ (Nova) ~ Control and~~~CRC board

64KW
ALTO

64KW ~~J 3MBaud Asynchronous
ALTO~~1 Ethernet Control to

9.6KB

to PDP KL-lO

to 360/65

Alphanumeric
Display
Terminals

Figure 3.2. Computer Science Laboratory hardware facilities.
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(N ,1 ,1)

• 1/
1 !  \ j

- Jjj ,~ CQfl~.t~ fl.t L._ ._ .

( 1 ,1,N) (1 ,N ,1)

~ — k

Figure 4.1. Coordinate system for facet vertices.

A

Figure 4.2. Subdivision method I; congruent equilateral triangles.
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Figure. 4.3. Orthographic projection of facets on sphere . Method I on
left, Method II on right, N = 8.
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Figure 4.4. Computation of edge subdivisions , Method II.
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Figure 4.5. Failures of a hidden-line eliminator. 
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