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The estimation of object bounda ries based on noisy obse rva t ion s is cons ide red  in
the context of joint detection and estimation .

The images  arc  expressed as replacement p roces se s  and the bounda r i e s  mod e led
in t e rm s of geomet rical pa ramete rs  associated with the  object . The images  s tu d i ed
have two tex tures , object and back g round , ch a r a c t e r i z e d  by thei r f i r s t  and second
or d e r  s tat is t ics . A boundary processor  consisting of optima es t imator  and d e t e c to r
is de r ived , for  an approp riatel y chosen cost fun ction . Di f fe r e n c e s  b etween t h e  cost
function and r e su l t an t  p rocesso r  with other costs and e s t i m a to r - d e t e c t o r  p a i r s  u s ed
previous ly  in o ther  app l icat ions  is indicated.  Thc optimal  solution i n v o l v e s  a
non l inea r  e s t i m a t o r  and a de tec tor  with a var iab le  t h r e s h ol d  d~~~endent  on the
e s t ima to r  out pu t . .  )

F u r t h e r , hcc~~~~c of in fo rmat ion restr ic t ions imp ose~i on the estimator that
alleviate its computational requi rement s, a recursive , ~ s i l y imp l e n ie n t a h i t
a l g o r i t h m , up d a t i n g  only the first two moments is derived , and subsequentl y u sed t~~
evaluate  the  es t i m a t e  as we l l  as to pe r fo rm de tec t ion .

Expe r inwnta l  r e s u l t s  a re  i l lus t ra ted . Of pa r t i cu la  r si g n i f i c a n e l -  is  t h e
app l i cab i l i t y  of said p r o c e s s o r  u n d e r  v e r y  low signa l to n o i se  r a t io  CO fl ( I i t i O f l s .
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ABST RACT

The estimation of object boundaries based on noisy

obse rva t i ons  is cons ide re d in  the  c o n t e x t  o f joint

d e t e c t i o n  and e s t i m a t i o n .

The images are expressed as replaceme nt processes and

the boundaries modeled in terms of geometrica l parameters

associated wi th the object. The images studied have two

textures , ob ject  and back g ro und , c h a r a c t e r i z e d  b y t h e i r

f i r s t  and second order statistics. A boundary orocessor

consist ing of optima estimator and detecto r is derived , f o r

an appropria tely chosen cost function. Differences between

the cost function and resultant orocessor wi th other costs

and estima tor—detector pairs used previousl y in other

applica tions is indicated. The optimal solution involves a

nonlinear estima tor and a detec tor with a variable

threshold dependent on the estimator output.

F u r t h e r , because of information restric tions imposed

on the estimato r that alleviate its computational

requirements , a recursive , e a s i l y  i m p l e m e nt a b l e  a lg o r i thm ,

upda ting only the fi r st two moments is derived , and

su bseq ue n t l y  used to evaluate the estimate as well as to

v i i i
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perform de tection.

Experimental results are illustrated. Of particular

sign if icance is the applicability of said processor under

very low siqnal to noise ratio conditions.

ix



— CHAPTER ONE

Segmentatio n is an important part of scene analysis.

Image analysis or scene a n a l y s i s  is that branch of oicture

p r o c e s s i n q  t h a t  dea l s  w i t h  t h e  d e t e r m i n a t i o n  of

descriptions of pictorial data These descriptions (not

n e c e s s a r i l y  p i c t o r i a l)  can i n d i c a t e  t h e  types of r e g i o n s  or

objects present in a scene , or their characteristics and

int er r e l a t i o n s .  For i n s t a n c e  the in put  can be a

television image of a set of rocks wh ile the outout is a

path on the terrain for a rover to move avoidinq the

obstacles (rocks) . This evidently reauires the

determination of the location and size of the rocks. Or

t he  i n p u t  m i g h t  be an a e r i a l  photo q ra oh of te r r a i n  wh i l e

the desired output is a map showing specific types of

terrain (reservoirs , f o r e s t s  u r b a n  a r e a s , etc .).. Here the

output is pictor ic also , but it reouires the soecification

of the terrain type in addition to its location. ~s these

descriotions are formulated in tern’s of parts (regions,

objec ts c u r v e s , etc.) in the picture , it is clear that

ini tially , the ima ge needs~ to he seqmen ted in to these

parts. -

Digital pictures . in general . are reoresented by a

2—index ed function . s (i,j), whose val ues are indicative ot

Ilk 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

_ _ _ _ _ _ _ _  
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t h e  a m o u n t  o f  l i g h t  r e a c h i n g  t he  o b s e r v e r  from (i ,j) ar1d

d e f i n e d  o v e r  a s q u a r e  g r i d  of N x N  p o i n t s  c o r s t i t u t  i r g  t h e

e x t e r , t of  t he  i m a g e .  The v a l u e  of t h i s  f u n c t i o n  at ~ p o i n t

i s  r e f e r r e d  to as the  b r i g h tn e s s , g r a y  l e v e l  Or l u m i r ~~n c e

of the picture at the point , wh i le  t h e  po i n ts t h e m se l v e s

are called pi cture elements or pixels.

P e r h a p s  t h e  o l d e s t  a p p r o a c h  to s e g m e n t a t i o n  is

threshold ing. By th is method , the g ray leve l :Jif ferences

are used to advantage in separating the re R ior s of

interest. For instance , given the i r n i g e  s( i , j )  with

l u m i n a n c e  v a l u e s  in  { ~~~~
1 ~~~~ 

and c o r i t a i n i r ~~ , s.iy, some

o b j e c t s  on a d a r k e r  b a c k g r o u n d , t h e n  f o r  an sp p r c p r  i a t e l y

ch o s e n  t h r e s h o ld  t , a n e w  p i c t u r e  s
~~

( i , j )  can  be i e r  i v e l :

1 if s(i , 5) t

S (j , j~ = ( I . I
0 if s(i , j L — t

In s ( i , j )  t he  d e s i r e d  o b j e c t s  ~r e  l o c a t~~i a t  t h e

n o n — z e r o  p i x e l  p o s i t i on s .  The  0 . 1 5 2  of ext rmt ,ir .g 1:ir ~<

o b j e c t s  f r o m  a b r i g h t e r  b a c k g r  c u r d  cm  s im i l ir lv be k r o .

In  f a c t , i t  m a y  w e l l  be t h a t  t h e  objects o0 c~~p -  ~ :~~‘ r i i r

h r  i~~h t r e s s  r a n g e , t h u s , s~ ( i , j) car be i~~ ~ir~ ~s 
1

l u m i r , i r c e  v - i l u - ~s jr s u c h  a r a r g P  n r d  ~y r c  e1s .~H- -’.’ • . H i s

h o w e v e r  s i m p l e , p r e s e n t s  s~ v r  :11 ~is~ I v m ~

r e s u l t i n g  j r  p~~ t f r c m  t h e  p i c t u r e i ’~p~ r. i ’ r t  ‘ er e:; . 1 1 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - — - ~~~~~~ - 
~~- — - — - — -  --
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also the fact that in many applications the regions of

interest may be characterized by other properties besides

gray scale differences and mos t important , the fact that

t h r e s h o l d i n g  r e s u l t s  d e t e r i o r a t e  r a p i d l y  as the  d e g r a d a t i o n

(noise) in the orig inal picture is more pronounced.

Seve ra l  wa ys to a l le v i a t e  these  p r o b l e m s  h a v e  been

suggested [1]: t h e y  r a n g e  f r o m  s e l ec t i on  of a c o n s t a n t

threshold so that a desired property of S~ is satisfied , to

se lec t ion  of v a r i a b l e  t h r es h o l d s  t h r o u g h o u t  the  p i c t u r e

[ 2 ] ,  and also the  use of p r e p r o c e s s i n g  by a local  p r o p e r t y

ope ra to r  b e f o r e  t h r e s h o l d i n g  [2 , 3 ] .

A different alternative to image partitioninq consists

in determining the locations of abrupt changes in gray

level .  In m o n o c h r o m e  p i c t u r e s  c o n t a i n i n g  homogeneous

( u n t e x t u r e d )  r e g i o n s , edges f o r m  the b o u n d a r i e s  be tween

r e g i o n s  at d i f fe r e n t  l u m i n a n c e  v a l u e s .  Besides the  s t ep ,

o t h e r  types of t r an s i t i o n s  (see Fig . ( 1 . a ) )  a re  p o s s i b l e ,

e . g . ,  roof , l i n e , spi ke , etc. bu t  o n l y  s tep  edges w i l l  be

considered , unless otherwise stated. The step edge

previousl y ind icated , however , is not presen t in normally

available pic tures . Several factors like point noise from

the i m a g i n g  sys t em , r e f l e c t i o n s  and ob j ec t  i r r e g u l a r i t ie s ,

and b l u r r i n g  ef fec ts  be tween  o t h e r s , accoun t  f o r  t h e

appearance of edges like the one illustrated in Fia . (l.b) .

Maybe the simplest vertica l edge detecto r is the one using

3 
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I s ( i , j ÷ 1 ) -  s ( i , j ) ~ i . e . ,  t h e  a b s o l u t e  v a l u e  of  g r a y  l e v e l

d i f f e r e n c e s  b e t w e e n  p i x e l s  j r  a d j a c e n t  c o l u m n s  a n d

b e l o n g i n g  to t he  s a m e  l in e .  T h i s  e d g e  d e t e c t o r  a s s o c i a te s

ar  edge  to ( i ,j )  w h e r ever  the  d i f f e r en c e  is  l a r g e  e n o u g h .

Related edge detectors are [ ( s ( i, j )  - s ( i + l , j ÷ 1 ) ) 2 
+

( s ( i ,j+1) - s (i+1 , j f l 2 
]~~~~ propose d in [~~~~~] or the

computat ional ly simpler Is ( i  ,j )  — s( i+l , j+l ) + s( i , j+l

— s (i+1 ,j)~ , however these detectors are very sen sitive to

no ise an d surf ace ir regularit ies ma i nly d ue to the small

number of pi xels (~~~~~) involved . In tryirg to o v e r c o m e  t h e s e

d i f f i c u l t ies , averag ing based on bigger two—dimensional

non—overlapp ing areas was proposed [5]. But as the

n e i g h b o r h o o d  s i z e  in c r e a s e s , so does the amount of

c o m p u t a t i on s , b e s i d e s , t h e  t r a n s i t i o n s  a r e  r o w  m o r e  g r a d u a l

and the exact location of edges  is  u n c l e a r . A l s o  i t

remai n s to spec ify the reg ion size to use. References

[5 ,6] in d icate methods to lessen the effects of these

problems. Edge detection (edges , l ines , po ints ) pe r formed

or 3X 3 neighborhoods is carried out ir [7]; ir . this

approach a set of n i n e  3X 3 or t h o r ~o rm a l  m a s k s  s p a n r i r g  t he

“edge ” and “non—e dge subspaces ” is def ined . Edges are

accepte d i f a normalized pro ject ion onto the correspon di ng

subspace is above a selected threshold i.e., the pro ject ion

is close to one.

The edge detectors discussed up to this point have

5
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b ’~~ r h e u r - i st i - :~ and depende nt. to a gr eat extent or thc

e x t r a c t i o n  of  t he  m o s t  p r e v a l e n t ,  f e a t u r e s  of  e d g e s :  h i g h

ic r ivu tives an ~ l a r g e  v a l u e s  j r  t h e  e d g e  i ir e’~ti~~r. in

[ - 3 , 9 ] , h o w e v e r , t h e  p r o b l e m  of  b e s t  f i t t i ng  ar  i l e u l  c i g e

to  t h e  p i c t u r e  g r a y  l e v e l s  is  d e s c r i b e d . R c fere r~n~ [B]

s t a r t s  b y  d e f i n i n g  ar i d e a l  edge  as  :~ fun ction F or a

c i r c u l a r  d i s c  D.  Let

b if cx f sy~~~ p
F(x, y, , S . p, d , b) = ( I . ~i

d ~ b if ( X  + S’~T > p

2 2
w i t h  0 +s ~ l . The c e n t e r  o f  c o o r d i n a t e s  x — y  c o i r c i - l o s  ~ i t~

t h e  c e n t e r  of t h e  d i s k .  Ar e m p i r  iou 1 functio n E (x ,v )

continuous an d  c o n s t a n t  o v e r -  e a c h  gr  id s q u a r e  b u t  a .’ b i t r  a r y

o t h e r w i s e  is  a l s o  d e f i n e d . The t a s k  of  t h e  o p e r a t o r  i s  to

bes t  a p p r o x i m a t e  a g i v e r  e m p i r  i c al  e d g e  E w i t h  t h e  i d e a l

el ement F ’ so as to mi n im i ze

[ E(x , y)  F (x , y ,  e , s, p, d, b)]2 dx dy . ( 1 . 3

Inste ad of carrying out the mi n imiz a tio n (1 .3)

directly, first a Fou rier - expansio n of E ard F ir p o l a r

coo r d ir~ates is per - for med , an d  then the resul tir g cxpr ess ion

is trun cated after eight term s . Let ~H .L 0 he the b - i sis ,

a . ( x , y) II .(x , y) E(x , y) dx dy
D L

1. 4

s . ( x , y,~ , s , p. d , b) = l1 .(x , y) F(x, y, c , s , p. d , b) dx dy

-

~

.-- . --. ~~~~~~~~~~~~~
- -

~~~~~~ 
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2
mm w.[ a.(x , y) - s(x, y, c , s , p. d , b ) ]  ( 1. 5

i= 0

with w . representing we ighting coeffients with values close

to one . Truncation to only eiQh t terms is justified

because edges are usually blurred and blurring removes high

spatial frequencies ; also noise effects are more adverse at

h i g h e r  s p a t i a l  f r e q u e n c i e s .  T h i s  o p e r a t o r  r e t u r n s  the best

edge and a measure of confidence on the fit.

For an optimal approach to line detection in the block

w o r l d , see [10 , 11].

In r e g a r d  to  the  edge d e t e c t i o n  a p p r o a c h  to b o u n d a r y

d e t e c t i o n , let us point out that results suffe r from an

excess ive  a m o u n t  of edges not  be long ing  to the  boundary

i t s e l f .  T h i s  is not  s u r p r i s i n q  i n  v i ew  of t h e  loca l

prope r ties used in defining these detectors. In [12—14]

b cxi n d a r y  c h a r a c t e r i s t i c s  have been used to advan t aqe  in

reducing the amount of redundant edges. Pdthouqh the

amoun t  of edges is s ic~n i f i c a n t l y lowe r , n o n — b o u n d a r y  edges

a re  s t i l l  p r e s e n t .  P i c t u r e  no i se  l eve l s  a r e  a necessar y

c o n s i d e r a t i o n  too .  Edge d e t e c t o r s  t h a t  d i s c r i m i n a t e  edges

v e r y  w e l l  i n  low noise , d e t e r i o r a t e  c o n s i d e r a b l y  as the

p i c t u r e s  become n o i s i e r  [15 , 16) . A host of method s for

boundary determination appear in [17 ,l8 ,lJ , however  t h e i r

a p p r o a c h  is v i a  edge d e t e c t i o n , hence t h e y  s u f f e r  f r o m  t h e

7
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drawbacks previously adduced.

In addi tion to Picture ana l ysis , bound ories reoresent

a l t e r n a t i v e s  f o r  data comPression and irnaqe coding [19 ,20 1 .

.; differe nt motivat ion , thou gh , stems from the application

of linea r filter in g techniaues in nicture restoration. To

illustrate this Doint , conside r for example the statistical

representation of the ima ge s(i ,j) in term of first and

second order moments (a very common model for r estoration )

It was experimentally shown in [21] t ha t , two-indexed , w ide

sense stationary random orocesses w i t O  e x p o n e n t i a l

au tocorrelatio ns of the form

-~~I~ i-~ 1mIcov [s (i ,j )s(i+L .j+m) ] = ~~e ( l .~

represen t suitable models for the image s(i,j) . Further

use of (1 .6) to der ive l inear d ynamic models driven by

wh i te  noise  a n d  the use of  m i n i m u m  mea n sou a r o  e r r o r

cri teria resulted in linear Kalman filters as res torat ion

algorithms [22—26] . These fil ters represented r e a 1 — t i s ~e ,

r e c u r s i v e  t ype p r o c e d u r e s  ap o l i c a b l e  e~-en u n d e r

non—sta tionarity assumotions. Wiener fi lt ” r s were also

d e r i v e d , on t h e  o t h e r  h a n d ,  b y  u s i n o  second o r d e r

statistics and the same error criteria [27 ,2R] . However

pictures restored by said method s consistently manifest a

blurring of the edqes .



To develop an understanding into the causes of this

edge b l u r r i n g ,  n o t e  f i r s t  of a l l , t h a t  r e p r e s e n t i n g  t h e

image oy its mean and autocorrelation functions ,

correspond s to aggregating the statistics from differen t

picture entities , most importantly, textures , border line s

and  r e g i o n  q e o m e t r i e s .  Second , t h a t  t h e  ap p ! i c a t i o n  of MMS

c r i t e r i a  r e s u l t  in l i n e a r  a l g o r i t h m s  ( t h e  W i e n e r  f i l t e r  is

certaintly one) tha t produce estimates at every p ixe l based

on the  w h o l e  p i c t u r e  da ta  (or at least a big area) in

general comprising several textures or reqions. The direct

effec t of the latter point ms a global smoothing of the

da ta with the subsequent worsening of edge sharpness.

Indeed , in representing images in terms of processes wi th

statistics as in (1.6) (equivalently by using first and

second order statistics) , the aeorpetric characteristics

w i t h i n  t h e  image  have  been u n d e r m i n e d  to such  an e x t e n t

that their recovery (estimat ion) is hampered. Hence , i n

accoun ting for the geometry, the model (1.6) is wanting .

In remed ying this condition , images were formula ted i n

terms of ‘ replacement processes ’ [ 2 9 — 3 1 ]  ( see  a l so  c h ap t e r

two) . These  m o d e l s  b r i n g  up exolicit ly both oicture

aspects : texture and geometry. Early restoration results

[32) show i ng better defined boundaries are supoorting

evidence of the availabl e improvements obtained with the

new formula tion.



The first application of the r eolacement model to

boundary estimation appeared in [29] . Said application

involved an approx imate maximum a posteriori (MAP)

estimation of parameters representing the first and last

lines where the object is present as well as the in itial

and fina l oixels delimiting the same between those lines.

This recursive estima tor suffered from several

shortcom ing s, the most prom inent involving the ad hoc

estipula tion of variances in crucial transition densities

of the initial and final pixels in line s occuoied b y the

object . Further , it has application to pictures with only one

object (there is one in i tial line and one final line )

More recen tly, prelirninar y results obtained in [3 3]

wi th a MMS estima to r for boundaries in oictures represented

in terms of rep lacement processes , unveiled a new approach

for boun dary determination which will be the subject of

this dissertation. Unlike [33J where ad hoc procedures of

boun d ary rejecti on were necessar y, this new approach

accounts in an op t imal manner for the absence of the object

at  a n y  l i n e .  In addition, the algorithm is not constrained

to p r o c e s s  o n e — o b j e c t  p i c t u r e s . Of o a r t i c u l a r  i n t e r es t  a r e

i t s  r e c u r s i v e  o n — l i n e  o o e r a t i o n , use of  o n ly  f i t s t  and

second order stat i stics and ab ility to opera te un der seve re

no ise env i r onme n t s .

The lollowin o is an outline of the succeecIini D a l e s :

1(1
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In chap ter two , the subject of boundary estimation in

the context of the replacement formulation is taken up.

When the images are two—textured and contain horizontally

conve x objects, the boundary function (process) is shown to

be advantageously expressed in terms of two parameters with

clear geometr ic meaning: width arid center. The images

considered are characterized statistically in terms of the

firs t and second statistics of the  t e x t u r e s , the  noise

degrada tion and the width and cente r statistics (Markovian

sequences)

Chapter three elabor ates on the type of structure

necessar y to pe r form boundary estimation and finds the

optima detecto r and estimator that minimize the averaqe

cost of join t detection and estimation for a desired cost

function. Furthermore , estimation and detec t ion

algorithms , recursive , easily impl ementable , updating only

first and second order moments are developed.

The processing of b inary pictures and experimental

r esults are p r esented in deta i l in chap ter four .

Finally, chapter five d iscusses other possible

algorithms , the use of diff erent cost functions and topics :~
for fur ther research.

-4
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C i-IAPTER TWO

Pro blem Formulation

Pi ctu res are sub ject to m a n y  ~ifferer 1 t type s of

degradations , stemm ing from camer a m ot ion , out—cf — f ocus

i m a g e r y ,  a t m o s p h e r i c  t u r b u l en c e , b ac kgr our1 d r ad iuti on ,

qu ar~tizatio n , to na me a few. As a resul t , in practice , the

o r i g i n a l  g r a y  l e v e l  v a l u e s  o f  an  ima g e , s( j ,m ) , are

u n a v a i l a b l e  f o r  m e a s u r e m e n t .  I n s t e a d  of  s (j , m ) , a d e g r a d e d

form ( t h e  o b s e r v a b l e  i m a g e ) , y ( j , m ) , h e r e a f t e r  c a l l e d  t h e

“ob serva ti on ,” is available. Many times , the ori g i n al is

corrupted by some type of noise . Some of these are

u n c o r r  e l a t e d  f r o m  p o i n t  to p o i n t , o t h e r s  ar - e not (noise due

to t he  p r e s e n c e  of TV r a s t e r  l i n e s) ;  some a r e  i r . d e p e n i e r t.

of  t h e  p i c t u r e  s i gn a l  ( c h a n n e l  n c i s e  i n t r o d u c e d  d u r i n g

t r a n s m i s s i o n , s c a n n i n g  n o i s e  f r o m  -a v i d i c o r .  t e l e v i s i o n

c a m e r a ) , w h i l e  o t h e r s  arr~ r iot  ( p h o t o g r a p h i c  g r a i n i n e s s ,

II y i r~g spot scar1 r~ i r~ no i se)  [ 1 ] . In t h  i .3 we r k , ~ w i ll “~

c o r e e r  r e .1  w i t h  t h e  m o r e  c o m r . o r .  t y p e s  of  Ii st ;r t i o r s ,

n am e ly, those modelled by ‘iM iti ve noise .

~)r the pl anar g r i d  (l ou b l e — i r d e x e l )  wh~~r e

observ a tions y(j,m) , j,m :1 ,...,~ - i re lef’ i r e l , ~t. i~

poss ib le to assi gn -ul ~~u a t e m p o r a l  or -ier ir.g , k . For a

I ,~
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p i c t u r e  a l r e a d y ava i lable , this latter ordering migh t le

ar tificial. On the other hand , it can be indicative of the

image ge nera t ion , i.e., the s u c c e s s i v e  ava i l a b i l i t y of the

eleme nts in the sequenc e of observations .

Or d inarily, when an image scanner is used , the

temporal orde r indicated by k is directly rel ated to the

scann ing process. In the f o l l o w i n g , a l i n e  by  l i n e

scaniiing will be assumed , lef t to ri qht and from top to

bottom . Hence , the ordering rule becomes :

k = ( j- 1 ) N + m

j = 1 ,...,N
2. 1

m 1 ,...,N

k = 1 ,...,N
2
.

The images that will be dealt with are all expressed

in terms of replacement processes .

Replacement Processes : In its general form (in the

image context) , a replacement process involves a set of M+l

b i n a r y  v a l u e d  ( 1 or  0) functions , defined on the image

mesh , satisfying the follow ing relation :

= 1 (2.2 )

fo r  a n y  k = l , . . . ,  N
2
. R e l a t i o n  ( 2 . 2 )  i n d i c a t e s  tha t  o n l y

one f u n c t i o n  can  be n o n — z e r o  at a n y  t ime k.

13
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In the rep lace ment process formulation of a Dicture,

it is assumed tha t the imaqe consists of a set of ‘obi ects ’

defined over the entire oicture , each of thes”~ aoeociated

with a function 
~ £ 

ana that the picture l u m i n u n c i  v a l ! s

can be w r i t t e n  as:

rn

s(Ic ) 
~~~ 

s~~(k) X L (k) 
( 2.3 )

k=l . . . . ,N Z, w h e r e  s
L r epresents the gray level values of

the object 1.

It is worthwhile to note from th is represen tati on

tnat: 1) at any pixe l , only one object is present , i. e.,

there is no superposition of object luminances , 2)the

f u n c t i o n s  ~~ , beinq b inary , carry th e ob ject boundary

i n f o rma t io n w i t h o u t  p r o v i d i n g  i nsi gh t  as to  t h e  o i x e l

(l oca l ) p r o p e r t i e s  of the ob j e c ts th e m s e l v e s .

Of par ticular interest in the sequel is the case w h e n

9=1. Relation (2.2) becomes:

+ X
1
(k) = 1 ( 2.4a

which is rewri tt en as

1 1  - 
~(k)1 X (k) I ~ 

2.4b )

Relation (2.4b) simpl y indicates that know l edci o of

either binary function ) is all that is needed. By

convent ion , from h fr e on , thc b i n a r y  f u n c t i o n  ~. , referred to as

14
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t h e  r e p l a c e m e n t  f u n c t i o n , w i l l  c h a r a c t e r i z e  the o b j e c t

location. This imp lies the assignment of (1—> - ) to the so-

ca l led  b a c k q r o u n d  ( t h e  o b j e c t  w i t h  l u m i n a n c e  s0 )

Let us illus tra te th e replaceme nt formula ti on by a few

examples.~ Fig. (2.la) shows an image containing a square

(o bjec t ) of gray level value s
0 

on a background of ze ro

l u m i nance .  A long wi th it , also i n d i c a t e d , are the

luminance of the object , the re p laceme nt function on three

typical lines and the image brightness function.

Fi g .  ( ... . lb ) dep ict s the  same se t of f u nc t ions in d i c a ted i n

Fig. (2.la) as they apply to a picture containing two

rectangles ha-i i ng the same constant intensity . However ,

because ob jects are de fined by assump tion on the whole

image plane , the i r qr e y  l eve l  f u n c t i o ns a r e  id en ti c a l .

Hence , only one replacement function is used. Even more ,

when the object appears repeatedly throughout the imaqe , it

is clear by the preLedir i g method , t h a t  o n l y  on e

replaceme nt function is necessary. The two schematic

p ictures appearing in Fig . (2.2) besides representing two

more examp les of the replaceme nt process formulation , serve

to introduce the concept of horizontal convexity ” as use d

i n  [ 2 9]

Horizontal Convexity : an object is said to be

(1) For clari ty , the diagrams are drawn with continuous
l ines.

15
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horizontally convex, if whenever two oixels, located on the

same line , belong to the object . then any oixels between

them also belon q to the object i .~~~. . l e t

= 3 object pixels]

if (j,m ), (j,n) c ~ and m < n , the n (j.m+1) (j,n—l) ~~~~~~~.

Examples of objects satisfyin o this oroDerty aooear in

Fig . (2.1) and Fig . (2.2b). while Fiq . (2.2a) shows an

object  t h a t  is not  h o r i z o n t a l l y  conve x as is e v i d e n ce d  f r o m

the olots of X(k) on line b and the imaqe hriqhtness

function.

The purpose  of t h i s  w o r k  is  t h e  de v e l o o m e n t  of

recursive algorithms apolicable to the determin ation of

boundaries of horizontally conve x ob jects from observation s

where the degradation ohenomena are char3cteri zed by

a d d i t i v e  z e r o  m e a n  w h i t e  ga u s s i an  n o i s e  of  va r i a n c e :~
viz ,

y(k) s(k) ÷ v(k) ( 2. 5

k=l ,.. . ,  iJ
2
. In images with brightness values given by

s(k) -~ X(k) s (k) + [I - X (k)~ s1
(k) ( 2~.

-~ith s , s , reoresentinq th ~ ‘irav cc-ale
0 b

va l ues of th e object and back o r o u n d resoect iv~’1v. t w - ~

statisc allv independent cyclostationary randon s- ~cui’nces

whose fir st and second order statisti cs - a r e known

1 2 1 . 3 4 , 3 5 1 .  T h e  statistics of the reolace rrent fun ct ion

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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(sequence) of . in (2 . 6 ) are also know n , hu t t he se  w i l l  be

spec ified later.

Note that due to the definition of ‘. , and  in  v i e w  of

equa tion (2.6) the determin ation of the object boundar y

implies the determination of the reolacement function and

v ice versa .

Let us consider more carefully the seouence of

observations indicated in (2.5),(2.6). There will he some

ones b e l o n g i n g  to  l i n e s  w h e r e  X ( k )  is z e r o  e v e r y w he r e .

i . e . .  the o b j e c t  be i n g  abse n t f r o m  trhose lines. On other

l ines , ~.(k) will be unity or zero on some pixels ,

d epe ndin g on the observa t ion  or igin , whe ther  the ob jec t or

the backqround. This consideration , then allows us to

dicho tomize the set of observations (2.5) as follows :

H
0 
: y(k) s

b
(k)  + v(k)  k c

H
1 
: y(k) = ~(k) s (k) ÷ [1 -X(k)] 

~~~~~ 
+ v(k) ( 2. 7

- k t I ~

wi th I = ~lines where the object is absent]

From (2.7). it is clear that determination of the

ob ject boundary entails the selection of the lines wher e

the object is present (detection of the object) and

secondly . the boundar y estir r-ation per Se. It is our

ob lect ive here~ to develon an ootimal orocedure to carry

aut the combined ooerations of detection and estimation of



object boundaries. Let us be qin by introducin a a

re oresenta ti o n fo r  the b in a ry  f u n c t i o n k

Represen ta t ion of the Penlac e me n t Func t io n ~

The [m ary function k reoresents the existence

k (k)=l) and a b s e n c e  ( )~. (k )=d ) of ooject in the imaqe at

ojxe l k. Each k clearl y corresoonds, by the ord erina rule ,

to a p articul a r image line . Hence, it is oossihle to

associate . on these lines where the object exists. to each

k , two variables w(k) and c(k) reoresentinq t h e  width an d

the -ieometrical center (measured from the mi dp oint on the

o i c t ur ~~~) of the object at the associated line (see

Fia . ( 2 . 3 ) ) .  For i n s t a n c e , all k where (j_ l)~~+l � k~ j ’~~~~

oelonq to the j—t n line and to each corresoon 1s t~~c ~~~~ -‘i~~

w i d t h  - m d  c e n t e r  v a lu e , those  of t h e  j— th line. Th u s

w(k 4- 1) = w ( k )  (j  - I) N I � k � IN - I
( 2. 8

((kfl) = ~( k )  i 1~

‘m e  functions w(k) and c(k) -ire o - m I i r ~ ~-a-c e f inct ion s

taking on constant value s over each lin e .

The replacement funct ion ~, (k) k 1  c-ar- no .c be

defined in term s of w(k) and c(k) as follows :

20
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line of ce nt~~~

Fig. 2 . 3 Centers  and widths at two d i f f e r e n t  l in e s
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0 k

1 (j- l)N + c(k) - 
w (k) 

� k � (j -  l ) N

j � I ~

N w(k )
= 0 (j— 1)N + 1 �~ k < ( j —  1)N + —i— f ‘(k) — 

2 
(2 .9)

j
~~~

l

F 0 (j  - 1 )N + + c (k )  + 
w(k) 

< k � jN

L
Since the object width is a positive quantity and the

o b j e c t  m u s t  l i e  within the image , w(k ) and c(k) sati sfy the

fol lo w ing con stra ints

w(k)  � 0 (2 , IOa )

w(k )  
+ Ic ( k ) I � . ( 2- . lOb )

The q u a n t i t i e s  w ( k )  and c ( k )  a r e  r a n dom seq uences  w i t h

known  f i r s t  and second o r d e r  s t a t i s t i c s .  Let

w(k) = w(k)  + w ( 2. h a

c(k) = c(k) + e (2 ,hl b )

where w and C are the mean values respectivel y. The

q u a n t i t y  w is  a r o u q h  m e a s u r e  of t h e  s iz e  of  t h e  o b j e c t

wh i l e C is an indication of its probable (based on a priori



--~ .T h -- -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - ~~~~~~~~
-
~~~~~~~~~

- - - - ---  - - .- -  - - - - - 

I

i nformation) location within the picture. The latter

q u a n t i t y  is l ikel y to he zero in many applications. The

z e r o  mean  r a n d o m  s e q u e n c e s w ( k )  and c ( k )  possess  s t a t i s t i c s

whic h ar e meas ur es of v a r i a t i o n  of o b j e c t  s i z e  and  of

obj ec t  - skewness ’ o v e r  t h e  ensem b l e of obj e c t s  th a t  t h e

class of images to be processed comprises.

Let us dig ress  for a moment so as to b r inq ou t the

present development. From the replacement process

formula t ion of images , i t was  obse rved  tha t  bo u n d a r y

es t imation was accomp l ished b y es t imat in g the re o lac emen t

functions (sequences)  in the case of severa l  ob jec t s or b y

estima tion of the replacement function associated with the

o b ject  when deal in g wi th  ima qes compose d of fore grou nd and

background . Being the reolacement sequence binar y , a n y

estimation procedur es resulting in non—binary estimates are

unaccep ta b le. Af ter all , an est ima te of ~ (k) equal to .3

across a p ic ture  is meaning less; wha t  is needed is th e

loca t ion of the ob j ec t i f p resent , as ind ica ted by uni t

e s t i m a t e s  or i ts  a b s e n c e , correspondin g to zero estimates.

An alternative way to proceed , ins tead of es t i m a t i n g

d i r ec t l y  the re p lacement funct ion is provide d by the

representation (2.9) . The determination of ~ can  be

r e v e r t e d  to the  e s t i ma t i o n  of p a r a m e t e r s  w i t h  an i n t u i t i v e

geome tric interpretation , wh ich bes ides , are  not res t r i c ted

to be e i t h e r  z e r o  or  one . Th i s  d i g r e s s i o n  is closed by

i n d i c a t i n g  t h at  to p e r f o r m  t h e  r e c u r s i v e  e s t i m a t i o n  of w(k)

23
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and c ( k ) , f r o m  t h e  set of n o n l i n e a r  o b s e r v a t i o n s  ( 2 . 7 ) ,

(2.9), it remains only to establish dynamic mo dels

r ep r e s e n t i n g  the e v o l u t i o n  of s a id  p a r a m e t e r s . W

Let us d e f i n e  th e object vector  r ( k ) by

r(k) = { w(k) c(k) J ( 2. 12 - )

w h e r e  pr ime denotes  t r a n s p o s e , and wi th  abuse of n ota ti on

w ( k )  and c ( k )  r e p r e se n t  t he  r ea l  v a l u e d  c o u n t e rp a r t s  to

w ( k )  and ~ (k)  (w(k)  and 2c(k) are integer valued).

As a f i r s t  or der approximat ion , the 2—dimens ional

vecto r r(k) is assumed to satisfy a firs t order 9arkov

sequence.

r(k) = A (k) r(k) -
~
- B (k) u (k) ( 2.13

0 0 0

where u
0
(k)=[u

1 u 21 is a zero mean white nor m al sequence

with unit covariance. Furthermore from (2.8), i t f o l l o w s

t h a t

A (k )  = I ( the  id ent i ty  m a t r i x )
0

13 (k)=0
0

for all k except k=jN , j~ ~~~ For va lues  of k j N ;

j , j + l  c ( 2 . 1 3 )  y i e l d s

(1) Th is assertion is correct if s0(k) and s))(k) are u iven
or if from the second order statistics given , d yn amic
models for them have alread y been obtained.

_ _  _ _ _  -~~~~~~ - -
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r (jN + 1) = A ( jN) r (jN) + B (jN) u (jN)

but

r ( jN  + 1) = r(jN + 2) = . . . = r [( j  + 1 )N - 1~ = r [(j  + 1 )N]

h ence

r [( j  + 1)NJ = A (jN )  r ( j N )  + B (jN) u (jN) ( 2. 14

Note t h a t  r ( j N )  , f o r  j ~ r e p r e s e n t s  the width and center

va lues  a s soc ia t ed  w i t h  each of the  o b je c t  l i n e s .

Consequen t l y,  the m a t r i c e s A 0 ( j N )  and B0 ( j N )  d e t e r m i n e  the

dependence of the o b j e c t  w i d t h  and cen te r on successive

l i n e s .

Let  us comment upon the approx im ation men t ioned jus t

b e f o r e  ( 2 . 1 3 ) .  I t  is clear that instead of considering the

evolu t ion of c ( k ), w(k ) as obtainable from the images , it

was chosen to model the real valued parameter s. It is

understood that as muc h as digita l images are a means of

representa t ion  they resul t  in cer ta in  r e s t r i c t ions no t —

presen t on the natural scene or natural object , fo r

ins tance , spec i f i ca l l y ,  w and 2c are not restricted to he

in tege r s  on the natura l  ob jec t s , al though they so appear on

a digital display. The problem of how to select the

ap p ropr i ate mesh for  a digi ti zed p ic ture is no t addre ssed

here , rathe . , it i s assumed tha t the av ia la b le da ta possess

adequa te resolution for the objects of interest so that

differences between the p ictu r ed d e r i v ed o ar a m et ers  and
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their real valued counterparts obtained from the natural

object s are negligible.

The second type of approximation refers to the

e v o l u t i o n  model  p roposed  h e r e .  The s i m p l i c i t y  of t h e  mode l

(2.13) itself is intuitively appealing. Besides , it is in

accordanc e with the often observed feature that object

boundaries are generally smoothly varying. At any rate ,

depending on the avai la b le a prior i  informa t ion r egar d i ng

the classes of objects investigated , th is model represen ts

e x a c t l y thos e a p r i o r i  s t a t i s t i c s  or i t  m a y  c o r r e s p o n d  to a

lower orde r dynamic model approxima t ion to t he model

derived from such statist ics. Let us point out , t h a t  in  a

vas t major it y of occasions th ese a p r io r i  sta t is t ics are

m issing. Instead , sample images are availa ble. In such

instances it is first necessar y to develon the aporopriate

s ta ti s t ics an d conse quent ly  the model , or d e v e l o p  t he mo del

d irectly from the given samples [361 -

2 
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CH A PT ER T H R E E

The Optimal S t ruc tu re

It has been indicated be fo re  that the objec t boundary

determina t ion , in addition to an estimation problem entails

one of detec tion as well.

It is the purpose of this chapter to derive the

necessary structure for boundary estimation and

su bsequen t ly develop formulas  for  the ootima est ima tor and

de tecto r tha t m i n i m i z e  a c r i t e r ion to  be g i v e n .

Many types of estimation—d etection problems arise ,

rangin g from pure detection where multiole hypotheses

tes t in g is req u i red becoming in t rac tab le  as the number of

hypotheses increases , to cases whe r e e s t i ma t i o n  a n d

detec tion are pe r fo rmed at every pixel. For an examole of

the latter procedur e , i n  t h e  case o f ima qes mo de led  as

2 — i n d e x e d  f i e l d s , see 13 2 , 37 , 3 8 ] .  T h e  d e t e c t i o n —

esti~ ation scheme that will he considered in the followin -i

has been mo tivated by the modeling of the class of images

described before. To be more specific , the model considers

cixe l attrib u t es like the luminance values of the object

and t ackqround as well as line attributes jndic at ad by  the 

.--______



object oarameters ( width , center ) .  Inherent to the

modelin g of these last oarameters is the necessity to test

the ob j ec t  e x i s tence at e a c h  l i n e .

It was Middle ton and Esposito [39] who first

f o r m u l a t e d  and  s o l v e d , u n d e r  a s t a t i s t i c a l  d e c i s i o n  t h e o r y

f r a mework , the si mu l t a n e o u s  oro b l ems  of de tec t ion an d

e s t i m a t i o n .  S i n c e  t h e n , s e v e r a l  a u t h o r s  [ 3 9 — 4 6 ]  h -ave

considere d applications that involve sianal or oar-ameter

estimation under uncertaint y. Commo n to all of these

apo l i c a t i o n s , however , is the assumotion that the signals

or para me t e r s  t o be es t ima ted are of ‘ e ne r a v — t v o e .

Let us exolain the reason of the Drevious :iuotatiors

with two simple examples. First, let us assume it is

n e c e s sar y  to e s t i m a te the  a m o l i t u de of  tn e si n uso id a l  ..-av~~

oroduced by a transmitter. Because of defecti vr- coT-no n~ nts

in th e receiver , this latter instrument observes the si n a l

an d noise (with known a orion oroha hilitv ) or noise alone .

Second . suopose that in a meteorolo gical st-m t ion . where th~

probability of rain is known a orio n , it is desired to

es t imate the tem oera t u re of the wa ter d ro ns f r o m

observations containing a sianal (characteristic of t~-e

ra in ) an d noise or noise a lone . It is obvious that both

these examoles involve est :m ation under uncer ta int y .

Howeve r , t h e r e  is a d i f f e r e nc e  b e t w e e n  t h es :  w h e n  t h r -

s i m n a l  i s  not o r e sen t , in the first cane. th~ r?cc~ive d

— A
_  _ _  — - - -
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ampl itud e is zero and equivalently, for a zero amp litude

e m i t t e d  s i g n a l , t h e  o b s e r v a t i o n  w i l l  c o n t a i n  n~~ise o n l - ~’

( t h e r e  is no w a y  t he  r e c e i v e r  c o u l d  d i f f e r e n t i a t e  w h i c h  one

of the se alt ern a t i v e s  occur red ). In the  second i n s t a n c e ,

on the contrar y , the reception of no signal is not

indicative of hail , hu t represents the absence of rain .

Hail itself corresponds to some signal. ‘rhe amplitude is an

exa mp le of an ‘en ergy— t ype ’ parameter (as used in [44]) in

toe sense that the absence of siaral carries the

implication of a zero parameter while the temperature is an

instance of a ‘h ypothesis dependent ” narameter , m eanin a fu l

only under a certain hypothesis.

The present formulation , as opoosed t o t e~ ~~i~~e-~

appl i ca ti ons , is concerned with the “r tim ~~Lion o~

‘hy p o t n e s i s  d e p e n d e n t ”  p a r a m e t e r s .

Let us specify the tasks required to estimate the

bounda r i es , and in so doing, de f i ne the necessar y

processor : a t the end of e v e r y  l i n e , it is necessary  to

screen the obse rva t i on  data and produce a decis ion at the

output , ~~~~~ , indica ti ng the absence of the object (when H

is decided ). when H 1 is decided (~~~~~ ) ,  proceed to estimate

the w idt h an d c e n t e r , and present  these es ti ma tes a t the

outp ut (see Fig . (3.1)), where ‘

~~~

. is the dec is ion

associa ted with hypothesis H.. In other words , the

boundary processor output must be either a decision or an

29

- — ~~ ~~~~~~~~~~~~~~ - ~~~
--

~~~~ ~~~~~ . ~~~~~~~~~~~~~~~~



~ 
- - -- ~~--- -—— - - -- - -~~ 

‘a St ~“a te.

Iii or der to quantify the actions carried out by the

two components illustrated in Fig . (3.1) costs will he

associated to tile detection as well as the estimation

stage . It is natural to ask at this Point: wh- at are the

estimator and detector (decision rule) that minimize the

ave ra ge cos t of jo i n t detec t ion and est im ati on over  th e

e n s e m b l e  of possible observations 7

To the a n s w e r  of th i s  qu e s t i o n , a l o n q  the  l ine s of

[39] , the r e s t of t h i s  s e c t i o n  is devo ted , hut first it is

necessar y to introduce some notation. Let us define:

p , i=ø ,1 : the a p r io r i  orobabil it y of occu r rence

of hypothesis H..

Y (j)=~~y(k),y(k-l),...,y(k-w+1) :k=jN , j=l ,...,N }

r
~~~ 

( j N ~~y (j))(~~) : an estimate of the object boundary r ( j ~ )

at the j— th line , g iven the obs e r v a t ion

Y ( j )

~~~~ 
y)(2) : the decision rule that assigns ~ or 1 to

each decis ion ‘
~~~

. , dependin g on the

observation Y.

~i ,2=O ,l : the detec t ion  cost  incur re d when

(1) In the following , for simplicity, the arquments of
Y(j) , r est (i~ I Y(j) ) , r(jN) , 6 ( ‘v j l  Y(j ) ) will he eliminated ,
unless required for clari ty of the context.
(2) This means that 6 (

~‘d ~
) is a non—randomized decision.

The results that follow do not make use of this condition,
and they would have been valid , i f  in s t e a d , random i zed
Jec isions would have been -allowed.

30 
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d e c i d i n g  • ,  w h e n  ac tu a l l y  11
2 

occurred.

the  cost  of est ima ti n g a bou n d a r y  wh en

no object is present.

(r est ’~~ 
: the cost of estimatinq the object

boundary r (j N ) b y r est ( j N ~ Y (j)), when an

object is present 
~~ l 

is true) and

has been decided.
(1)

p(Y~ r , 1-1

~~~~~ 

: the  p r o b a b i l it y density of Y(j) given

r ( j N ) and whe n is t r u e .

Let us comment on the rationale for the pre eding

cos ts , before proceedin q any further . Fir s t of all , it is

clear that the global cost of estimation and det -action must

reflec t the various ways in which correct or wronq

decisions as well as different estimate values affect the

o v e r a l l  p e r f o r m a n c e  of t h e  p r o ce s s o r .  On the other hand ,

t he se t of cos ts needs to be d e f i n e d  in the  con t ex t of th e

ap p l icat ion and effects of the p rocesso r impleme ntat ion.

Six different costs have been introduced , four

d i r e c t l y  a s s o c i a t ed w i th the  de tec to r and the ot he r tw o

direc tl y associated with the est imator. These 6 costs can

be consi dered  as eleme nt cos ts  in the sense that they ap p l y

wheneve r the de tector  p roduces a decis ion or the es t ima tor

presents an estimate. As schematized in Fig . (3.1)

(1) Similar definitions apply for p(Y jH 0) and p(rH 1 ).

31
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thouah , the orocessor outputs are generall y the result of a

-decis ion and an estimation - conseauentlv an’~’ inpu t— oL’ tn~ t

rela tion for the croces sor will involve one or mere of

these basic costs , Thus, in this latter resoect. the

aforementioned six costs can be qrouned in four ~ tohal

orocessor costs rePresenting the costs associated with

orocessing observation data and resultin o i n  an o u t n u t  he

it a decision or an estimate . Namely.

I __________________
~
. ‘0

H 
C

1 0 ‘
~l 1 , 0 r

0’- ~~~4 est

C

0, 1 0
H

1
. 

~~
‘

c
1 ~H — ‘ ~ r

est

In th is reoresentation . the hvoothesis shown on the

lef t, states the observation ori gin , while the outout is

specified on the extreme r ight . In between , the

intermediate steos and accompanying costs are indic at e-i .

The four element costs c . 
I 

were  chose n as c o n s tan t s ,

in agreement with the classica l orocedure that assians a

constant cost to every decision whether it is

L 

misclassification or correct classification.

impo rtantl y though , such selection discrimin ates (wei ih s)

the data -as follows: when the observation da ta helona to a

3 2-
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line where the back ground is present and the detector makes

the correc t decision , then c
0 ~ 

represents a fixed char qe

in usin q the detector. When the da ta belong to a line

where the object is oresent, if the detecto r oroduces a

wrong decision (misses the object ) then , the de tec tor

i n c u r s  a pe n a l t y  c 0 . N o t e  t ha t t h i s  oe na lt y  is im posed

regardless of the object (of the object parameters)

involved . Note also , that the p rev ious char ges (c
0 

or

c 0 0
) are the only costs the p rocessor wil l  incur , for any

observa tions resulting in the output decision ‘v ,~ - Simi la r

rema rks appl y to c
1 0

and c
1 ~. However , as in bo th these

cases the processor operations are not restricted to the

detecto r but include the activation of the estimator as

well , t h e  e f f e c t on t h e  da t a  is b e t t e r  app r e c i a ted in

combination with the estimation charqes.

As a starter, the pair c
1 ~~~~ 0 

is aoolied in those

instances where the data are wrong ly classified resul tin i

in es t imates of nonexis tent  ob jects .  The cost c
1 0

penalizes any such decisions stemmin g from the detector.

Penalties fo r the estimate are not clear . This is so ,

because all estimated parameters are undesira b le. in fact ,

they a re meanin g les s .  A co n s tan t est ima ti on cos t 
~~ o~~

’

however , assume s the absence of any preferred estimate s

a nd i t  is therefore chosen. Finally, there is the

selection of . As t h e  o b j e c t  is or e s e n t  an d  an

es t i m a t ’  is produced , the f i d e l it y of r en r oduc t i on

33



c r i t e r i o n  s h o u l d  mandate the fo rm of th i s cos t fu n c ti o n .

In  g e n e r a l  t h o u g h , it is a funct ion of both the o bj ec t

parameters and their estimates and as such it has been

indicated by f 1 1 (r est ,~~~~

R e c a l l  t h a t it i s n e c e s s a r y  to d e t e r m i n e  th e av er a ge

cos t of j o i n t  de te c t i o n  and e s t i m a t ion R DfE . ~ith the

p rev ious def in i t ions , it follows that:

R
DfE jdY ~~6(~ 0lY)[

p
0 

c
0~~~ ~

(YlH
0
)

~ ~1 C
0 I < p(Y~ r,H

1
) > r J

+ 6(~~1 j Y ) { p 0 
c

1 0 p(Y~ H 0
)

+ 
~1 ~ I I < p (Y l  r , H 1

) > rJ

+ “~(‘y1
jY )[p0 

f
1 0  p(Y~ H 0

)

+ 
~ 1 <~~ 1 , i

(r
est

, r )  p(Y ~~~1-1
1

) > r]} ( 3. Ia

= dY Y ) { 
~0 0 p(Y ( I I o ) 1

F ~( ‘~0~~Y ) [ p 1 c
0 ~ 

< p(Y Jr , F1~ ) > r J

+ 6(v 1 I Y )  P0{ ~~ 0 ~ ~! ~1 p(Yj F1 0)

b (~~ ~~~ < [ c
1 , 

4 f
I , 1

(r (,~~ I

p(Y~ r , ‘-
‘
~~~ 

> r )  ( ~~, 11)

v here

< p (Yl r , 11
~
) > r 

,
~

‘ 

p(Y ~ r , H 1 ) p(r~ 1{
~~

) dr = p(Y 1I~ ) -

34
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The three te rms  on the r ight hand side ( RHS ) of (3 .la )

represent  the costs  a s s o c i a t e d  wi th decid ing the absence of

the  ob j ec t , decid ing i ts presence and est ima t inq the ob je c t

boundary, this grouping being based on the estimator or

detecto r rela ted actions. On (3.lb) however , t h e  costs  a re

grouped wi th an input—output perspective in mind ; the y

represent the global costs associated with producing an

es t ima te (2 cos ts ) ,  and  w i t h  o u t p u t ti n g  d e c i s i o n  (t he

f i r s t  two te rms on th e RUS ) . Assuming the se t of cos ts in

(3.1) to oe p o s i t i v e , i t  can be seen tha t  m i n i m i z a ti on of

R D E  
( w i t h  r e spec t  to ~ and  r est ) is  e q u i v a l e n t  to

m i n i m i z i n g  the  i n t e g r a n d  
~d+~~ 

6 
~~~~~

R (~~~~~, r )  = mm - R (6 , rd + e  ~ , r d +e est
e St

= m m
6 r 6N

0
1 Y) 

~~~ 
~O , 0 

p(Y ~H0
)

e St

~ P1 
c

0

-
~ 

~~~ I Y ) [P 0 (c 1 , 0 + f i , & 
P ( Y I H 0 )

- 

+ 
~1 < [ c

1 ~ f 1 ~~~ 
r)1 p(Y r , “I

i > r ]~

= m m 6 ~f N 0 l Y 1 [ p 0 ~~~~~ 
p (Y ~~H

0
)

~1 ~O i ~~~~~~

‘ H 1 ) ]

1 , 0 
~ ~~

I , & p(Y I

+ rn in
r 

< + f~ (r
1 

, r ) ]
est  ‘

p(Y ~ r , 11~ ) rJ]) . ( I. 2-
3;’
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F rom (3.2) it can be seer~ that the minimization can he

done in two steos. First with respect to r est for any

decision rule , and second with r reolaced by the o o t ima lest -

es t ima te , the optimal decision rul e can i - a d erived . The

d e f i n i n g  relations for the ontimal e sti ma tc r and det ect :r

are conseauent l y:

< f
1 ~(r  - , r )  p(Y~ r, 1

~~ 
> r = r t 

~~ 1
( r , r ) p iY~ r , I I I

) -. r

( 3. 3

Decide the  o b j e c t is p r e s e n t (~~
“ (‘ 1 IY )=l, ~(- . 0I Y )= 2 - )

when:

I , 0 ~
) p(Y I 

~~~ 
+ p 1 

{ 
~ , 

f~ ( r ’ , r )} p( Y r , I I I 
> r 1

t 0 I h g ) 
~ 1 ~~, 

p(Y I 11 ~ . ( ~~~~~~

O t h e r w i s e , decide the object is absent (6 (‘.~ 1 Y)=l ,

a (~ 1 I Y =0).

A specia l  case of i n t e r e st , in the se au el , is obtaine d

w h e n  t h e  cost  of e s t i ma t i o n  is chosen to be tae iu ad r a tic

e r r o r .

Q u a d r a t i c  E r r o r  Cost

i~ 
r 

~
(jNI Y(j , r ( j N ) ]  = ( r t - r) (rest 

- r~ , ( 3 . 5 1

3 -
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The rrocedure indicated by (3.3) becomes ,

< f
1 1

(r ’ , r) p(Y Ir ,H1 )>r

min
r 

< (r
est

_ r)’(r
~~~~

_ r) p(Y~~r,H1
) > r

est

mm (r
~~~~~ 

r ) ( r
~~~~~

S r)  p ( Y j r , 11 1 ) p ( r j H 1 ) dr
est~~

= mm r (r
~~~ 

- r ) ’( r  - r) p(rIY ,H
1
) p ( Y I H 1 ) dr

est

= p(Y1H 1
) mm r (r r)’ ( r

~~~ 
r) p(r IY ,11 1 ) dr , ( 3.(

est

In view of the last equali ty, i t is  w e l l  known tha t r

minimizin g (3.6) correspond s, i n  th i s  case , to:

r [  jNI Y(j)] = E[ r(jN)IY(j) , H 1 ] , ( 3.7

Letting ,

P l i Ni Y (j), H 1 ] = 1’ (r ~~- r)(r - r) p ( r l Y , H1
) dr ( 3.8

and replacing (3.7), (3.8) into (3.4),

p0 (c
1 0 + f 1 0

) p ( Y j H 0 ) + p 1
(C

1 + t r  P )  p ( Y ( H 1
)

~ ~0 C
0 0 

p(Y~ H0) ~ P1 c
0 ~ 

p(YIH 1 ) . ( 3 . 9  )

W h e r e  t r  i n d i c a t e s  t r a c e , in g e n e r a l , t h e  d e t e c t i o n  costs

s a t i s f y :

( - c  > 01 , 0 0 , 0
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I — c 1 > 0 ( 3. 10

which oenalize more heavily wrong decisions. CoUectin-i

terms in (3.9) and using ( 3 . 1 0 ) ,  i t  f o l l o w s  t h a t  ( s e e ( 3 . 4 ) )

p 1~~~0 , ~~~~~ ~~~ 
- t r  P )  p(Y]H 1

) � p~~(c~ 
~~

f 
~ .o 

c
0 0

) p ( Y 1 i 1 0
) 0 .

( 3. II I

‘r herefore , the optimal detector decisioninq becomes:

I Y) = I K > 0 ( 3. 12 - a

if and

~ (- 01Y) 0 A
jjN 

� K ( 3 . l Z h

K �0  (3 .13a )
C

~ (~~0 I Y )  = I or
if K > 0  ( 3 . 13b )

= 0 and
A . . < K  ( 3.13c )
j,jN

wne re ,

K = c - c - t r  P
C 0, 1 1 , 1

K = (c
1 0 + f

f 0 - c0 0
) / K

~

p 1 P F Y ( i ) 1H 1 ]

j,jN p
0 
p[Y(i)1H0 1 

, j = 1 .... ,N ( 3 . 14 1
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Fig . (3.2) corresponds to the quadratic error boundar y

processor indicated in (3.7), (3.12), (3.13), where the

interdependence between the detection and the estimation

stages has been shown explicitly. Note that the switch ,

(in Fig . (3.1)) operated by the de tec tor has been delaye d

wi th respect to t he es t ima tor .

Two mo re cost functions and their associated optima

processors are considered in Appendix A . The first

processor while useful for est imating hypothesis—dependent

parame ters (IIDP) involves a detector with different costs

for non—detection. In earticular , the pena lty incurred

when missing b ig ob jec t s  is g reater  that the one char ged

for small objects. Although the resulting estimator is

identical to (3.7) , the de tector threshold now depends on

th e parameter est ima te and covar ianc e instead of th e

covariance only. Energy— type parameter (ETP ) estimation is

provided by the second processor. A clear difference of

this processor from the previous ones is that it always

produces an estima te at its output; furthermore , the

estima to r found no longer pe r forms estimation under

cer ta in t y of observa t ion  but besides , involves the

e v a l u a t i o n  of a f r a c t i o n  w i t h  v a l u e s  between zero and one.

The d e t e c t o r t h r e s h o l d  i s  a f u n c t i o n  of the  e s t i m a t e

obtained without uncertainty.
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It is im portant to compare the cost functions

resul ting in (3.7) ,(3.12), ( 3 . 1 3 )  with the costs (A .3) in

order to unde rs ta nd the basi c d i f fe r e nces involv ed i n

est imating these two oarameter classes . N o t e  t h a t  in  ETP

es t ima t ion each d e c i s i o n  has  an a s s oc i a t e d  e s t i m a te; i n

t h i s  p a r t i c u l a r  case ( case  2 of appe nd i x  A ) , w h e n  
~~~ 

is

decide d , sa id value is z e r o , while r is assoc ia ted wit hest

On the contrary , no estimate can properly he

associated to decision in HOP estimation. Note also

that with ETP5, t he set of parameters under H
0 

cor resoo nd s

to l r=0 L but  t ha t  no such representat ion ex is ts for HOP s.

These id iosyncrasies are manifes ted on the seco nd and th i rd

costs; these are the costs incurred when decidin g

erroneously. The estimation penalty on the second line in
2

( A . 8 )  depends on r est . However , as the true value of the —

o a r a m e t e r  is r = 0 , t h i s  p e n a l t y  indeed  is a f u n c t i o n  of t h e

s q u a r e d  f t h e  e s t i m a t i o n  e r r o r . For the  HOP case , t h e

estimat ion cost is independent of the est ima te o rov ide d ;

t h i s  s e r v e s  to p e n a l i z e  the  a c t i o n  of f a l s e  a l a r m i n g

r ega r d l e s s  of a n y  g e o m e t r i c  c o ns i d e r a t i o n s  of t h e  e s t i m a t e d  Ji
o b j e c t . In  f a c t , as t h e r e  is no o bj e c t  (H 0 ) , any estimate

is equally undesirable. The third estimation cost i n  ( A . B )

p e n a l i z e s  as a f u n c t i o n  of r . H o w e v e r , as the  o u t p u t

e s t i m a t e  is z e r o , such  cost  t h e n  d e oe n d s  on t h e  s q u a r e d  of

the estimation error . In HDP estimation , the cost c 11 1

con s t a n t .  Suc h a cost is n e c e s s a r y to e n s u r o  t h a t

___________________________________________ _____________________ - .--~~~~ ~~~ - --~~~~~~~-- ~~~~~~~~ - - --- - - - - - - - -,~~~~~~~~~_ _~~~~~~~ - - -
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object missed is oenalized i- Ient i call’v .

I t  m u s t  be oo i n t e d  o u t , un o n  r e f l e c t ion  on ~he c o s ts

used , that the join t es t i nat ion— 3 ’-~~~ct i~~n con siderr~ before

has  been t r e a t e d  in  i s o l a t i o n  ~ro’r ~h~~r l i n e s .  I n  f a c t ,

m o r e  general situations in vol v in o t~~ e join t sche~r - -  c o u l d  he

o b t a i n e d  by a set  of cos ts  tr at not only we i -~hs the res-jlts

of dec isions in the present lii ’- h~i t of futur ’~ ones as

wel l .

It is necessary to turn our attention to the

imp l ementation of (3.7) as well as (3.14). T½l thouQh the

o n t i m u m  de tec to r is d e f i n e d  in  t e r m s  of ( 3 . 1 2 ) ,  ( 3 . 1 3 ) ,  i t

i.5 c l e a r  t h a t  t h e  s u c c e s s f u l  e v a l u a t i o n  of t h e  l i k e l i h o o d

r a t i o  ( 3 . 1 4 )  is of p a r a m o u n t  i mo o r t a n c e  to he a b l e  to use

t h e  f o r m e r t w o  r e l a t i o n s .  ‘rhe n e x t  two s e c t i o n s  w i l l  be

dedicated to the imol ementation of the comoonents aooearinq

i n  Fig . (3.2).

The E s t i m a t o r

Th i s  sect ion is c o n c e r n e d  wi th t h e  ch o i c e  of a -aen er -a l

es timation orocedure having desirable comp ut ati onal

orooerti es while beino appli cable to the oroblem at hand .

Let the n—dimensional vector x (k) be define d by

x (k) [ r (k ’) ’ z ( k ) ’  1 (3 , 15 1
42
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wnere r (k) is the object vector [w(k) c(k) 1 ’ and z (k )

r e p r e s e n t s  the  r a n d o m  p rocesses  assoc ia ted wi th the objec t

and backgrou nd textura l  in format ion , s (k)  and s
b (k). The

lat ter quantities can , in general , be mode le d b y f i r s t

order ?‘larkov processes [29 ,31 ,32]. This along with (2.13)

resul ts in a l inear model for  x (k ),

x(k) = A(k) x(k) + B(k) u(k) ( 3 . 16

wi th u(k) being a zero mean white normal sequence with

identi ty covariance matrix . The observation given by (2.7)

is highl y nonlinear due to the structure of (2.7) and the

binary nature of X( k) given by (2.9).

From the computational point of view , consi dering tha t

the amount of data is generally very large (a typical image

is decom posed in to  ( 2 5 6 )~ pixels or more ) it is desi red

tha t: (a) the estimator be of recursive nature and (b) the

informat ion t r ans fe r red  to any s tep of recurs io n f rom the

previous s tep be of limited nature (e.g., f i r s t  an d second

orde r moments only) . The la tter re quirement i s importan t

because rec ursivit y alone does not necessarily reduce the

commutationa l burden. In fact , a very qeneral recursive

procedure for determination of the a posteriori probabili ty

de nsity is available [33] , al beit completely imo ractical.

The e x t e n d e d  K a i r r a n  f i l t e r  and  i t s  va r ia t ions ar e a se t of

fil ters that meet both these requirements [34—3 61

However , these estimator s require linearization of the

43



sys tem , including the observation equation , at e a c h

recursion step. This is not possible here d u e  t o  t he  t y p e

of non l inear it y involved , in particular , the b in ary nature

of X ( k ) as e xp r e s s e d  b y  ( 2 .9) .

To be more specific, ~.et us define the estimat e of

x (k—l ) and its covariance at time k—i (i.e ., after v(k—l )

has been received) by ~ (k—1] ~—l ) and P(k— l] k—i )

respectively.

C o n s i d e r i ng  a r e s t r i c t i o n  on i n t o r m a ti on tr a n s f e r ,

f i r s t  and  second o r d e r  s t a t i s t i c s  o n ly , t h e  i n f o r m a t i o n

available to obtain the estimate of x(k) at time k is

x ( k - l I  k-i ), P ( k - i j  k - l )  and y ( k )  . From (3.16), this le -d s

to a p r e d i c t e d  e s t i m a t e  a n d  a c o v a r i a n c e  of  x ( k )  (h e~ o r e

y(k ) is rece ived )

~(kl k 
- 1) E [x(k) I ~(k - Il k - 1), P(k - i l k - 1), y(k - 1)]

= A(k - 1) E[x(k - l ) l ~~~( k -  I l k  - I), P(k - i l k - I ) ,  y(k - 1)1

F 13(k - 1) E[u(k - 1) l~~(k 
- i l k - 1), P(k - i l k - 1), y(k - I)]

A(k - 1) ~ ( k -  I l k - I ) .  ( 3.17

S i m i l a r l y,

P(k~k - I) = E{[ x (k )  -~ (kjk - 1) ] [x ( k )  -~~( k I k  - 1)] l~ (k - Il k - I),

P(k - I l k - I), y(k - I)])

A(k - I ) El[x (k - I )  -~~~(k - ljk - I)]{x(k - I )  - ~(k - i l k - 1)1 1

- 1 1 k - I), P(k - 1 1k  - 1), y(k - I~~ A(k - 1)
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+ B(k  - I )  B ’(k - 1)

-= A(k - 1) P(k - i l k - I) A ’(k - 1) + B (k-1) B (k-1). ( 3. i~

Equa tions (3.17) and (3.18) express x(k I k—i ) and

P(kl k-l) in terms of ~~( k - 1t  k - i )  and P(k-ll k-i).

C o n s e q u e n t l y ,  t h e  MMS e s t i m a t e  of x (k )  an d it s

covariance given the above information are given by

X MMs ( k l k )  = E [x(k) ( ~~( k l k - 1) ,  P ( k lk - l ) ,  y(~)1 ( 3 . 1 9

PMMS ( k l k )  E [x(k) - X
MMs (k l k ) ] [x ( k )  - X MMs ( k l k ) 1 l~~( k I k ~

I ) ,

P ( k l k - l ) ,  y ( k ) ]  . ( 3. 20

By direct application of Baye s rule ,

p [x(k)~~(k
’j k_ i ), P ( k l k _ l ) ,  y ( k ) ]

— 
p[x(k), y(k)I~~(kjk-1)~ P(kjk- 1)1 . ( 3 2 1 )

r p [x ( k ) , y (k )~~~(k~ k - 1 ) ,  P (k lk  - 1)] dx(k)

Since v(k) is an independent white noise ,

p[x(k), y(k )~~ (k~k_ 1), P(ktk- l)1

= p [ y ( k ) I x ( k ) }  p [ x ( k ) l~
(klk_ 1), P(klk_ 1) ] . ( 3 . 22

The pro bability density function p [x(k)l ~ (kl k— l ) ,

P ( k I  k — l ) ]  appear ing in (3.22) represents the knowledge on

x ( k )  a priori to the reception of y(k). Determination of

t he  e x a c t  f o r m  of t h i s  p r o b a b i l i t y  densi t y is very
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comol icated and . i n  f a c t , r e q u i r e s  t r a n s f e r  of i n f o r m - a t i on

he~~ nd the first and second order foments. Conn~ ouent ly , a

-le nsity funct ion will he ‘ assigned” to this and d”not -d b’,

~~~~~~~~ 
satis f ying the two given moments exactly. The

assi4nment of this function , in liaht of comoutat ional

c on s i d e r a t i o n s , is an a o p r o x im a t i os  r e s u l t i n - 1  i n  th

e s t im a t e  ~~( k I  ~;)  and  i t s  c o v a r i a n c e  P ( k l  k )  ( t h i s

ar~prox imati on is in l i e u  of t h e  l i n e a r i z a t i o n  in  t h r ~

extended Kalman f -titer , which is not aoplicab le here).

[x p i i c i t  r e l a t i o n s  f o r  ~~( k l  k )  and P ( k l  k )  a rc-  t h u s  o b t a i n e d

by making the indicated chanqe in (3.22) , (3.21) and further

replacing into (3.19) and (3.20),

C
x(k) p [y(k)lx(k)] p [x(k)] dx(k)

~(klk) = a 
( 3 . 23

p[y(k)lx(k)] 
~~~~~~~ 

dx(k)

Fx (k) - ~(klk)}[x(k) - 
~(kIk)] p[y(k)~x(k)j p [x(k)] dx(k)

P(klk) =
r P [ Y ( k ) I X ( k ) J  P {X(k ) ]  dx(k)

( 3. 2-4

Equations (3-23) and (3.24) alonq with (3.17) and

( 3 . 1 8 )  c o n s t i t u t e  the d e s i r e d  r e c u r s iv e  e s t i m a t o r .  The

s p e c i f i c  c h o i c e  f o r  
~~~~~~~ 

as w e l l  as i t s  e f f e c t on t h e

computationa l burden and performanc e of the ‘-s t im a tor w i l l

be pos tponed until c h a p t e r  f o u r  w h e r e  t w o  s nn c i i l  cases  of

b o u n d a r y  e s t i m a t i o n  w i l l  be c o n s i d e r ed .

4C
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The  D e t e c t o r

An a l g o r i t h m  a p p l i c a b le  to  t h e  e v a l u a t i o n  of t h e

likelihood ra tio is dete rmined in this section. Recall ,

t h e  l i k e l i h o o d  r a t io  ( L R )  was  d e f i n e d  in  ( 3 . 1 4 )  as :

p 1 ~{Y(i)lH 1 1
= j = I , . . . , Nj , jN

p0 p [Y ( j )  H
0 )

p 1 p[y(jN), y ( j N — I ) ,  . . . , y ( ( j — 1 ) N -~ I I H 1)
= _______________________________ . (3 .25)

p0 p[y(jN), y(jN-i), . . . , y((j-1)N+ I l H ~ ]

The d i r e c t  e v a l u a t i o n  of ( 3 . 2 5 )  is a f o r m i d a b l e  t a s k ,

in mos t  cases , due to the  d i m e n s i o n a l i t y  of t he  dens i t ies

invo lved , and furth ermore by the fact that each observation

y (k )  , k = ( ] — l ) N 4 - 1 , . . .  , j N  is r a n dom no t o n l y  b ecause  of t h e

addi tive noise v(k) , bu t also because  the si gn al s (k ) is

random as well .

Howev e r , f o r  a r e l a t e d  p ro b lem , d e a l i n q  w i t h  t he

d e t e c t i o n  of a k n o w n  s i gn a l  s (k )  in  w h i te G a u s s i an no ise ,

the evaluation of the LR is particularl y simple [37] . It

involves a ‘c o r r e l a t o r ’ of the observation y(k) with the

signal s(k) , i.e., i t  re qu i r e s  the com pu t a t i o n  of

“T y ( k ) s ( k )  . M o r e o v e r , when de tecting Gaussian sig n a l s

s(k) in additive whi te Gaussian noise [38] , the evaluation

of the LR also involves a “ c o r r e l a t o r ,” i n  t h i s  case ,

connec ting the MMS estimate of the siqnal and the

47 
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observa t ion y (k)  . T he M MS e s t i m a t o r  o la y s  a r -cur rent role

under more general conditions of detection as is evi d r nce i

in (39—4l J . K a i l a t h s [ 3 9 1  e xor e s s i o n s  f o r  t h e  U’ in  t e r m s

of t h e  c a s u a l  HM S e s t i m a t o r .  and v i c e  v e r s a , u nfo rtu ni t elv

a r e  de f i n e d i n t he I to C a l c u l u s  sen se , and are anolic able

t o c o n t i n u o u s  t i m e  p r o b l e m s .  In  t.ne discrete cas~~, mve n

t h o u q h  r e l a t i o n s  r e s e m b l i n q  the  on es  f o r  the conti nuous

case e x i s t  ( t o a t  e xp r e s s  t h e  LR as  a f u n c t i o n  of t h e  c a s u a l

MM S e s t i m a to r , and v ice  v e r s a ) , their apolica bil~~t y is v e r y

restricted [42—46]. In summar y , the difficulties

-
: a s s o c i a t e d  w i t h  t h e  d i r e c t  e v a l u a t i o n  of t h e  LR h a v e  ocen

p o i n t e d  o u t .  F u r t h e r m o r e , t h e  c lose  r e l a t i o n , i n  t h e

c o n t e x t  of d e t e c t i o n , b e t w e e n  M N S  e s t i m a t i o n  and  t h e  LP has

been indicated.

It is possible however , to view the LR in term s of a

recursive exoress ion. Let us define , in general for any k,

by:

p
1 pfy(k

). y(k- 1), . .. ,  y((j- I )N+1 ) 1  H1
= ( 1 . 2-

j , k 
p0 p[y(k), 

y(k-i), ..., y ((j-l)N+I)~ H0J

j 1 , . . . , N , (j— 1) N Fl � k � jN

t i a v i n g  d e f i n e d  -
‘ , as above , usin o the de finition of

j .  k

c o n d i t i o n a l  d e n s i t y ,  t h e  f a c t  t h a t  t h e  a d d i t i v e  n o i s e  v ( k )

is  w h i t e ,  b y  a p p l i c a t i o n  of B aye s r u l e  a n d  s i m i l a r l y  to t h e

or o c e d u r e  l e a d i n g  to  ( 3 . 2 1 ) ,  ( 3 . 2 2 )  , it follows that



‘
~j. 

k I I  
,~ 
p{y(k)l x(k) , H1 ] 

p[x(k) jy(k-1),. . . , H
1 ] 

dx(k)

/ r
P[Y(k)PZ(k) , H 0 ] p [ z ( k ) l y ( k - 1 ) ,  . . . , H

0 ] d z ( k ) )

~“j, k-I a 
( 3 .

‘ j, (j-I)N 
= / ( 3. 27b

where the density p [y(k)lz(k) , E-10 1 has been exolicitly

e x p r e s s e d  i n te r m s  of z (k )  and no t x ( k ) because  u n d e r  t h e

hypothesis I1~~, the object boundary is undefined.

F i n a l l y ,  t a k i n g  l o g a r i t h m s  in ( 3 . 2 7 a )

in = in I ~ p [ y ( k ) j x ( k )  , H 1] p [ x ( k ) l y ( k - 1 ) ,  . . . ,H
1 ] 

dx(k)

/ r p [ y ( k ) l z ( k )  ‘ 
~~~ 

p [z ( k ) ~ y(k~~i ) , . . . , H 0 ] dz (k ) ~

-t in 
~~~

. k - i  ( 3 . 2 8 )

j = 1 , . . .  , N , ( j - 1 ) N + i  ~ k � jN

C o m p a r i s o n  of ( 3 . 2 6 )  and  ( 3 . 2 5 )  i n d i c a t e s  t h a t  t h e  LB

is eaual to ‘ at k=]N. Also , as (3.28) has been

derived from (3.26), the forme r relation represents a

recursive alternative to (3.25) in the evaluation of the

L B .

The ~rob a hi1 it y density o(x(k) I y(k— l),..., II
I
] in

(3.28) nlays a central r o l e  in  t h e  MMS e s t i m a t i o n  of x ( k )

given the past oh s ’rvations y(k—1),..., i~~, -~ cause it

4 ~
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agglutinates the knowledge on x(k) a priori to the

r e c e p t i o n  of y(k )  , and also  because  th e f i r s t  tw o momen t s

of the dens i t y c o r r e s pond to the  NIMS es ti ma te and e r r o r

c o v a r i a n c e .  However , it was indicated in the previous

section , that as a result of constraints imposed on the

es t ima t ion a l g o r i t hm t he  a v a i l a b le  ( fo rw a r d ed

information on x(k) prior to the reception of y(k)

c o n s i s t e d  of ~~~ ( k l k — l )  and P ( k l k — l ) .  B e sj h e s .  t h e  exact

evalua tion of n [x(k) l y(k— l ),..., H
1
], i n  m o s t  ca s e s ,  was

discarded as impractical. It is therefore necessary to

reso rt to an aoprox imation of the a priori density funct i-a n

(for ,in application when the aporox i ma tinq densit v is

g a u s s i a n , see [ 4 7 ] ) .  In the follow i ng , the c o n d i t i o n i n q

variables in the prior density are repl aced Lv the

a v a i l a b le sta t is ti cs , and subsequentl y the oroc- ’-iu re

indicated in the estim?to r section is c~~~ii ed. The re s u l t

is a r e c u r s ive ex pr e s s i o n  f o r  L , , an aoorox i sation to
j , k -

j , k ‘

F in L
i k  

= in 3 r p {y (k)lx (k) H 1 ] Pa [X( ~~ 1I~ dx(k ~

/ p [y(k)lz(k) H~ ) Pa (k)~ 11
0J dzft~~

in L
i k i  

( ~~. 
2~~a

j 1 ,... ,N , ( j — 1 ) N + I  Ic .

L~ (j-1)N P 1 / 
~0 . 2 - b

H)

- -

~

- _---

. 
- - ~~~ ~~ - 

_ -
~~~- 



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

It is convenient to point o u t  r e g a r d i n g  t h e  e v a lu a t i o n

of the likelihood ratio by the algorithm (3.29a), that the

d e n o m i n a t o r  in  (3 . 2 3 )  and the n u m e r a t o r  e x p r e s s i o n  in

( 3 . 2 9 a )  are identical. The explicit appearance of H
1 i n

the la tter one serves to stress the h ypo t h e s i s , a datum

that  was  u n n e c e s s a r y in the context of the preceding

sec tion. In later applications this fac t is used to reduce

the amount of computations required to evaluate the LR.

-I
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CH~~P T E R  FOUR

Bou nd a r y  E s t i m a t i o n f o r  B i n a r y  Pic tu r es

Binary images are those where the object and

b a c k g r o u n d  l u m i n a n c e  l e v e l s  a r e  c o n s t a n t s . i . e . ,

s (k) = s s (k)  = s
b b

Two cases a r e  con s i d e r e d  h e r e : one  w h e r e  s and  s a r eo b

k n o w n  ( hence  o n l y  w ( k )  and c ( k )  r e m a i n  to be estimat ed ) ,

the other w h e n  s and  s a r e  a l so  u n k n o w n .o b

For  t he  case of k n o w n  l u m i n a n c e s  ( x ( k ) = r ( k ) ) ,

1 {y(k )  - s )~
, exp - f o r  > (Ic ) = I

p [ y ( k ) l x ( k ) J  = ( 4. 1

[y (k) - S b]
2 exp - for 1 (k) - : 0

where it is necessar y to determine reqions of the w and c

p lane  w h e r e  X ( k )  is ze r o or u n i t y .  These  a r e a s  a r e

i l l u s t r a t e d  in  Fig . ( 4 . 1 )  and  r e s u l t  f r o m  ( 2 . 1 0 ) .  H e n c e

( 3 . 2 3 )  and ( 3 . 2 4 )  become

~ ( k I k)  3 ~~~~~~ 
- s0]

2
/2e

2 

- 

x ( k )  
~~~~~~~~ 

d x ( k )
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u ( k )

N

0 — 
0 

w(k)

~~~<= 1~~~~~~~~

-

-

~~~~~~~~~~~~

Fi g. 4 . 1 .  ) ( k ) =  I and ~ ( k ) = 0  reg ions.
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-[y(k) - s~~J
2
/2~

2

F e x (k )  
~a

1
~~

’
~ 

d x ( k ) }  -:

- 1y(k ) - s ]
2
/2,

2

/ 3 e  ° ,~x = i ~~~~~~~~ 
dx (k )

-[y(k) - 
~b

1 / 2  - - 

g
+ e 

J~~=0 ~~~~ 
d x ( k ) ~ ( 4. 2-

-[y(k) - s )
2/) 2

P ( k l k )  = 3e ° 

~~~~ 
3 [x (k) - ~ ( k I k ) ] 1x ( k ~ - ~ (k~~k)]

Pa I X ( k ) l  dx (k ) )  + e 
~~~~~~~ 11~ (~ - 

~ (kIk)]

[x (k)  - ~(kJk)} pa [X(~~ 
th (k)fl

-[y(k)-s
/ 3 e  ° ,[x = i  ~a 1’~~~~

1 dx(k)

-[y(k) - s
h]
2
/20

2

F e S~=~ 
pa {X

~~~
j dx (k)~ . ( 4 . 3

When the background luminance is assumed known , the

de n o m i n a t o r  in  ( 3 . 2 9 a )  r educes  to:

[y ( k ) - s  1
2

p [y ( k ) l z ( k )  H 0 1 
~a ~~ l I-IO] 

dz( k ) = 
1 
2 

exp - 
b

ZTl m

(4.4)

Consequen tly ,  the de tector  rela t ionsh ip to he eva lua ted

occomes :

-

~ 

~~~--~~~~~~~~~~~~~~~~ - - --- --
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[y(k) - S
b)

l n L . = l n L , + .,j , k j , k - 1  2 : ”

2 2
-[y(k) - s~~ / 2-s

in 3e 
~~~~ ~~~~~~~ 

dx(k)

2 2
~
[y(k)

~~
s
b I ~‘2o

+ e x o  Pa [X (
~~~ 

dx(k)~ , (4.5

Let us now c o n s i d e r t h e  case of u nk n o wn lu mi na nces ,

and f u r t h e r , assume t h a t  the p r o bab i l i t y dens i t y Pa [X(k)]

can be r e p r e s e n ted b y :

= p {r (k ) 1  p [ z ( k ) I  p [ z b
( k ) ( 4 . 6

w h e r e  z ( k )  and z
b

( k )  c o r r e s p o n d  to t h e  s t a t e s , i n  t h e

model (3 16) , associated with the representation of the

o b j e c t  and  t he  background textures. For instance, i f  s0
and S

b 
are a pr ior i  (assumed) values for both tex tures ,

the n z , z rep r esent  t h e  d e v i a t i o n  f r o m  such  v a l u e s  and
o b

the y a re  sough t d u r i n g  t he  e s t i m a t i o n , in  o t h e r  w o r d s :

z ( k ) = s  - s
o o 0 -3

— 
(4.7)

z
b(k) = S

b 
- S

b

In  o r d e r  to  s i m p l i f y  t h e  e x p r e s s i o n s  f o r  ~~( k ~~k)  and

P(k l k) , le t  us f i r s t  consider the denominator on (3.23)

( 3 . 2 4 )  :~~~

( l ) F o r  re~ d i b i l i t y ,  t h e  argument (k) has been dropped
except  in  t h e  l a s t  r e l a t i o n .
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DEN ~~~p (y I x )  

~~~~~ 
Pa~~ o

) Pa
(Z
b
) dr dz dz

b

~~~ P(YH 
~~~~~ 

p
a~~ o~ 

Pa
(Z

b
)

~~ 
p(y 3x ) p (r) p( z ) p( z

b
)
~ 

dr dz dz b

= 
~~~~~ IP~ (~~

) Pa~~o
) 

~~~~ 
p(y~~x) 

~~~~~

+ 
~~~~~~ 

Pa
(Z
b
) 

~ 
p( y l x )  p ( r ) )  dr dz dz 1

= r 1
~~a~~b~ 

Pa
(Z
o
) p ( y 1z 0 ) 

~~~~ ~~~~~

+ p
a~~o~ 

Pa
(Z
h
) P~YI 

z,) 
~ -o ~~~~~ 

dr dz dz b

= 1I r P { Z (k ) 1 dz h ( k) 1[~~
p {y ( k ) 3 z  (k ) ]  Pa 1Z o~~~ 

dz ( k ) }

1 ~a [r ( k ) I  d r ( k ) J }  + 
,~ ~a 

[ z 0
( k )  dz ( k ) ]

~,1 p [ y ( k ) l z b ( k ) ]  Pa [Z
h~~~

j dz b
(k )}[

~~(k) 0 
p
a
[r
~~~

j d r(k)1~

(4 .~~~t

w h e r e  p [ y ( k ) )  z ( k ) ]  and  p [ y ( k ) 3  z 1
( k ) ]  s h o w  t h e  expl ici t

dependence of p [y(k) x(k)] in the renions where the object

or the background is present , i.e. , these iensit ies

represent the counterpart to (4.1) for the case of unknown

luminance.

3’ 

~~ - - ‘ - _~~~~~~~~—



The c a l c u l a t i o n  of ( 3 . 2 3 )  by the same procedure used

to obtain (4 8) results in:

~ ~~~) (k~ k)  = 3 3  [ r (~ 0 z b
) Pa [Z b

(
~~~ 

dz b ( k ) ]

[~~( O z 0 ) p1y (k)~ z (k)}  pa [z o~~~1 dz (k )}

L x ( k ) = i  (r 0 0 )  
~a 1

~~~~ ’ 
dr ( k ) J )

+ 3 HO  z~ 0 Pa [Z o~~~1 dz
0(k ) J

1 1 (0 0 z~~) p [y ( k ) l z b~
k) ]  Pa [Z b (k) I  dz b ( k ) 1

L x ( k ) = 0  (r 0 0 )  p [r ( k ) ]  d r ( k ) J f l  / DEN

( 4. 9

In a s i m i l a r  f a s h i o n  ( 3 . 2 4 )  can be evaluated. For

s impl ic i t y , only the term [~ ( k ) — r  ( k  1 k ) ]  [~~ ( k ) — r  ( k 3  k )  ] ‘ is

presen ted in the following . Other terms like

[z . ( k ) — ~~. ( k i  k )  j [z , ( k ) - ~~. (kjk)] ,i o ,b can be obtained by
1 1 1 1,

r e p l a c i n g  t h e  forme r express ion  on the lef t hand si de by

the latter ones and perfo rming the appropriate groupin gs on

the RI-IS:

1 3[r(k) - 
~(kIk )J [r(k) - ~(kjk)J p [y(k)3x (k)J 

~a
1 ’

~~
1
~ 
dx~Ic / DEN

= H Ir Pa Iz I)(lc ] dz
b
(k)}[ p~y(k )~ z (k)] P 1z (k)J dz (k)}

~ 

_ _
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[r (k )  - ~( k I k ) 1 [r (k )  - 
~(kIk)] pa {r(~~ 

dr(k)))

+ 
~~~~~~ 

p a [Z o~~~l dz (k) ] p [y ( k ) l  z b (k ) l  Pa IZ I) (k) l  dz b (k) ]

L~~(k) = O [r (k )  - ~( k 3 k ) J [r (k)  - 
~(kIk)} P a Hk) 1 d r ( k ) ) } )  / DEN .

4. 10

It is impo r ta n t  to c o m m e n t , at this point , on the

precedi ng set of relations. First of all in (4.2) (4.3)

the final evaluation is ultimately dependent on the

orobability density p [x(k)J=p jr(k) ] an - i furthermor e , on
- a a

how the two integrations are performed . ~eco nd l v , the

par ticular form (4.6) is necessary to arrive at the skmp le

re l a t i o n s  ( 4 . 8 ) — ( 4 . l ( ~) ,  w h e r e  p [r(K)] or more specificall y
a

tne inteqrations over the X= ø and 1= 1  regions present the

same c n a r a c te r i s t ic s c i t e d above .

The d e t e c t o r  r e l a t i o n  ( 3 . 2 9 a )  becomes , in  t h i s  case :

in L. 
k 

= in L. 
k- I 

- in I r P{~ (k)3Z (k) , 11
01 Pa [Zh

(k)IH O I dzh
(k)}

i’~ DEN

= in L
i k-I 

- ln 3 p [y(k)jz~ (k )} Pa Iz
~~~

k ]  dz
b

(k)

-F in DEN . ( 4. 11

N4ote that in order to perform detection by the

orocedure outlined , it is only necessary to accumulate two

by—products of the estimation stage , avo iding this way any
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need for any new calculations.

Next , we return to the choice of the probability

density function Pa EX(k) J such that its first two moments

be equal to ~ ( k I k — l )  and P (kj k—l) respectivel y . From an

information point of view [ 1 5]  , f o r  a q i v e n  mean  and

variance , the n o r m a l  d i s t r i b u t i o n  r e o r e s e n ts the  m a x i m u m

uncertainty (entrop y) ; consequen tl y a Gaussian density

would be a conservative choice . Howeve r , t h i s  d i r e c t l y

violates the precise a~~~~iori know ledge that the random

variables w(k) and c(k ) as well as z (k) and z
b
(k )  a re

bounded in magnitude ( the first ones represent the center

and wid th of th .~ object on a give n imaqe while the latter

ones are the luminance values of the texture , constrained

b y the i m a g i n g  sys tem ) .  A cho ice  th a t  s a t i s f i e s  t h i s

r e q u i r e m e nt and comp l e t e l y  avo ids  the necessity of any

n u m e r i c a l  in t e g r a ti ons , is to  se lec t  i ndependen t  u n i f o r m  -

densi ties for w(k) and c(k) ( and z , z f o r  the  case of
o b

unknown lum inance ) .  Fig . (4.2) shows a typical reqion of

in te g r a t ion wh en u n i f o r m  d e n s i t i e s  a re  used .

It was stated above that as a result of the choice of

a un if o r m  dens it y f o r  P a [X (k)J
~ 

no in t eg r a ti ons w e r e

necessar y. This fact in view of the comments on equations

(4.2)— (4 lø ) was one of tne a t tr i b u t e s  sough t from t h e

approximatinq density.
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Fig . 4.2. i (k) = 0 and 1(k) = I r eg ions wi th  u n i f o r m  d e n s i t y .



~et us conside r in the followinq , the  steps necessary

to carry out the above integrations . Although Fig . (4.2)

r e p r e s e n t s  a ty p i c a l  case ( to he ex p la in ed la te r

w i t h o u t  m u c h  t h o u g h t one can  see t h a t  t h e r e  is no r e a s o n  to

b e l i e v e  t h e  r e g i o n  w h e r e  P [ r ( k ) ]  is d i f f e r e n t  f r o m  z e r o
a

s h o u l d  l i e  c o m p l e t e l y  i n s i d e  the  t r i a n q u l a r  a r e a  d e f i n e d  b y

( 2 . 1 0 )  in  the  w , c p l a n e  ( a l b e i t  ~~( k  k — l )  d o e s ) .  I n  f a c t ,

Fig . (4 .3 ) presents  an enumera t ion of the  p o s s i b l e

in te r c e p t i o n s .  Two p o s s ib l e  a l t e r n a t i v e s  r e s u l t  ‘ f r o m  t h e

last figure: first, it is possible to disregard (2.10)

e n t i r e l y  and  p r o c e e d  to integrate over t h e  corresponding

o r i g i n a l  r e c t a n g u l a r  reg ion (where 
~~~~~~~~~~ 

0). Second ,

t h e  v a l i d i t y  of t h e  d e n s i t y  f u n c t ion can  be r e s t r i c t e d  to

t h e  i n t e r c e p t i o n , bu t  t h e n  a new d e n s i t y  has  to be f o u n d .

In  t h i s  d i s s e r t a t i o n  t h e  second al terna t ive has been taken ,

where  t h e  new d e n s i t y  has  been assume d uni form and

d i f f e r e n t  f r o m  zero  in t h e  i n t e r c e p t i n g  reg ion  of t h e  w , c

p l a n e .  I t  m u s t  be p o i n t e d  ou t  t h a t  an er ror  is l i k e l y  to

be introduced by either alternative , excep t , in the case

shown in Fig . ( 4 . 2 )  w h e r e  both  a p p r o a c h e s  c o i n c i d e  a n d  no

e r r o r  is g e n e r a t e d .  When ( 2 . 1 0 )  is not a c c o u n t e d  f o r , t h i s

error  r e f e r s  to con tr ibutions to the integra ls  f rom w ,c

pa irs in 0 (symbol definition below) but outside I . When

the density is modified to account for (2.10), the error

r e f e r s  to the d i f f e rence  in momen ts of the modif ied and

o r i g i n a l  d e n s i t y  d e f i n i n g  0
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Fig.  4 . 3 . Poss ib le  i n t e r - e p t i o n s  (ha tched areas) of uniform
d ens ity 

~a 
Ir (k)1 ~ 0 with reg ion defined by (2. lO t .
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In oth e r wor d s , i f  deno tes in t e r cep ti on , and if:

O = 3 (w(k) , ((k) : pa [r( 1
~) 1 � 0)

= {( w ( k )  , c ( k )  : w ( k )  � 0 , 
wçk ) 

+ 3 c k 1 1  �

t hen , i t  is n e c e s s a r y  to p e r f o r m  t n e  f o l l o w i nq i n t e q r a t l o n s

(see (4.2.), (4.3), ( 4 . 8 ) — ( 4 . l O )  ) :

d r ( k )  d r ( k )

(X=O ) ~ (On I) (X= 1) P (0 I)

r(k) dr(k) r(k) dr(k) ( 4 .12

(X=O ) (O~ 
‘-
.)  (X= 1) fl (OP

r ( k)  r ( k ) d r ( k )  r (k ) r ( k ) d r ( k )

( X = O )  P (OP I) (~~= 1 )  fl (OP I)

Because  of the v a r i et y of shapes the r e g i o n s

( X  =Ø ) ”- ( Dfl ) and ( X = 1) ’ (OPI) can take , the inteqrations

( 4 . 12 )  have been c a r r i e d  o u t  a n a l y t i c a l l y  on t h e  se t shown

in Fig . (4.4). Each  region in (4.12) can he viewed as a

mosaic of the latter simpler polygonal areas (see

Fig . (4.5) f o r  an e x a m p l e ) .  T h i s  in turn , r e d u c e s  the

integration to a search for a mosaic and a simple numerical

evalua tion.

A l t h o u g h  t h e r e  a r e  16 d i f f e r e n t  i n t e r c eot i o n s  d r a w n  in
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Fig . ( 4 . 3 ) ,  e x p e r i m e n t a l  r e s u l t s  i n d i c a t e  t h a t  freouently

only fou r cases (1—4 ,1—5 ,1—6 ,1—7 ) occur, w i t h  t he  case

depicted in Fiq . ( 4 . 2 )  be ing  the most frequent.

Expe r  i m e n t a l  P r o c e d u r e s

The pu rpose  of the f o r e q o i n g  chao ters  has been the

motivation on the subject of boundary estima tion , the

de rivation of an optimal boundary processor minimizin g thc-

avera ge costs of joint detection—cstim ation in noisy

imagery and the subseouen t recursive imolementation of a

sub oot imal  oroces so r , based on first and second order

moments.

T h i s  s ec t i on  d e a l s  w i t h  t h e  a o o l i c a t i on  of t h e

b o u n d a r y  processor  to a set of images and the nresent~~t i on

of these results as visual evidence to its canahilities.

In  c h a p t e r  two , it was shown that the re lacement

function was exor ess ible in terms of reom etric

characterist ics of the objects, these qeometric oranerties

being the w i d t h  and center. In consecuence, modelin g the

binary function irnolied testinq as to the foreground

nresence o l u s  a mod e l  f o r  t h e  qeom c ’trv it~~’~l1 . In t:he

m o d e l i n g  of the geometric ch a racteri r ti c s. the cont inuou s

C a -i n te ro ar t s of the w i d t h  and center w ’ - r ’  as~-u n e ’i  - x ’ -~ essed

r
_
i

~~ ____ --—  
.
.
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in terms of a first order Markov sequence. Hence, to be

able  to appl y the processor relations , the f i r st ste o

necessarily must be the determination of the matrices

appearing in (3.16), which in turn are defined by the class

of objects under investigation.

In the following the boundary proces sor will he

applied to a set of 256X256 binary images containing an

ellipse. An el l iptical form has been chosen because by

c h a n g i n g  five parameters , different orientation , location

and size objects can be readily obtained. Besides ,

ellipses are e x a m p l e s  of horizontally conve x objects.

To illustrate the procedur e followed in determining

the matrices in (2.14), let us assume for s im pl i c i ty t h a t

o n l y  one e l l i p s e  of fixed orientation , size and position

needs to be estimated. This assumption seems guite -

restrictive because  in general mo re than one e l l i p s e  may

need to be detected. Later on it will be dropoed .

Never the les s , the procedur e could be considered as a way

to tune ” the processor. Let us further assume that ,

wI (J +1 )N1 = a w [jNJ + b u ( j N )  ( 4 . 1 3 )
w w w

i.e.. the M a r k o v  model  is stationary and decoun l ed  (a n o t h e r

relation similar to (4.13) qoverns Z). The forme r 
-

supposition g r e a t ly  reduces t h e  n umber  of parameters to be

d e t e r m i n e d  w h i l e  a t  t h e  same time allows varyin g degrees of

- - -- - - -

~ 
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boundary smoothness or r uqgedness to be accornodated through

t h e  choice of a , b . D e c o uo l i n q is a r e s o n a b le  a s s umot i o nw w - -

t h a t  o t h e r w i s e  w o u l d  be i n d i c a t i v e  of g e o m e t r i c a l

dependences w i t h i n  t he  image  be tw een  w i d t h s  an d ob jec t

locations.

But  f r o m  ( 4 . 1 3 ) ,

E 3 [(j + l ) N J  ~~( j N ) )  = a E 3~~
2 (j N ) }  b E 3~~ (jN )

= a E 3~~
2

(j N ) }  ( 4 . 1 4 )

s i m i l a r l y ,

E{ [(j+L)N ) ~ (jN)) = aL E 3
2
(JN )) (4.15 1

also fto rn (4.13) and (4.14),

E I~~ [(j + I )N)} = a E ( [(j + l)N] ~~(jN)~

+ b E 3~~ ((j+l)N} u (jN)}

2
= a” E 3 ( jN) )  + b” ( 4. 16w w

t h e r e f o r e ,

E 3 ~~~~(j N ) ) {  1 - a2 1 = b
2 

4.17 I

Determination of a commences with eouation (4.15). -
‘

In the absence of enhemhle averaqes , sampl e statistics have

been used instead. F u r t h e r .  a has  been chosen  to m inimize
V.

a function of the samole -veraq es. More .x ol icitlv, if the

_ _  —-— - - - ~~~ - - -~~~~~~~- - - . -
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ob jec t is J l i n e s  “ l o n g , ” ~ and ~~ c o r r e s p o n d  to  and

‘c’
. respec ti v e l y , t hen ’
j =  1

~~ [w (j+Z) -wI[w(j) -~~~
} P

~ w(j + £) w(j) + (J -2) - w ~~[w (j + 2) + w ( j )j

= aL (J - 2) V~ (4. 18 )

wh ere

w = ~~~ w ( j ) / J

V
2 

= >~ [w(j) - w J
2

/ J

( 4 . 1 8 )  can be co n s i d e r e d  t h e  d e f i n i n g  r e l a t i o n  f o r  a
L 

.

Thus

a
L 

3 

‘
w(j + 2) w(j) + (J - 2)

- w [-w (I) - . . .  - w( L ) - w(J) - ... - w(J -2 + 1) + 2J w

I (J - 2 )  V2 . (4.19

The e x p r e s s i o n  on t he  RHS of (4.19) is a function of

1 , g(l ). Now , a has been chosen to be the v a l u e  of a t h a t
w

m i n i m i z e r  f o r  known n and L

1
[in g(L)  - 2 in a}

2
/ L ~ . ( 4 . 20 )

~~~

1

For sim PiicitY

~~~

the 1ndex has been short ed

ti~~~~~~~~~~~~~~~~~

~1



C a r r y ing  out  t h e  m i ni m i z a t i o n  (a � 0), it follows that

a = exp 3 
~~~~~~~~~~~~ 

2
(l-n) 

in g(L)/ [ 

~~~~~~~ 

(2
~
n)

1) ( 4 . 21 1

In par t i c u l a r , for n= 0 ,

a = e x p 3 6  
~~~ 

2 in g (L)I [L(L+ l) (2L~ 1)1) . ( 4 . 2 2 )

E q u a t i o n  (4,22) for L = l 0  has  been used to d e t e r m i n e  a . b
w

follows from (4.17) through use of t h e  s a m p l e  v a r i a n c e  \‘
‘

,

b
2 

= (1 ~~a
2 ) V 2 

(4 .23 )

Values  of aw i n  ( 4 . 2 1 )  f o r  n = l , 2 were very close to

t h e  ones o b t a i n e d  f r o m  ( 4 . 2 2 )  and w e r e  n o t  c o n s i d e r e d

f u r t h e r .

The pr ev iou s method  and  comments  a p p l y  to t h e  c e n t e r

pa rame t e r s  as w e l l , when  the application involves several

ob jec t s or mo re t h a n  one o b j e c t  s ize , o r i e n ta t i o n  or

loca t ion , by the procedur e detailed before a set of

p a r a m e t e r s  h a s  been o b t a i n e d , w h i c h  in t u r n  has  been

ave raged  to p r o d u c e  the f i n a l  parameter value s.

To gene r a te  the  o b s e r v a t i o n s , the o r i q i n a l  set of

pictures , c o n t a i n i n g  an  e l l i p s e  w i t h  r a n d o m  l o c a t i o n ,

orientation and size and unit l u m i n a n c e  on a back ground of

ze ro  l u m i n a n c e , was cor rupted by additive white Gaussian

70 
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noise of variance -a 2 . Figs. (4.6a ,h) , (4.7a ,b) illustrate

some of the obse rv a t i o n s. L u m i n a n c e  va l ue s exceed i ng one

have been displaye d as 1 and those below zero as 0.

Two different boundary processors have been

implemen ted.

Case 1: To s i n g le ou t the bou nd a r y  es t ima t ion 
~~~~~~~ 

t h e

or ocessor was  p rov ided w i t h  the l u m i n a n c e  val ues of t h e

o b j e c t  and  b a c k g r o u n d . Hence , a 2 — s t a t e  e s t i m a t o r

(x(k)=r(k)) was used .

S e v e r a l  d e t e c t i o n  cos t s  w e r e  u t i l i ze d  t h r o u q h o u t  t h e

e x p e r i m e n ts and t hey  h a v e  been ap pended to th e r e s u l t in q

p ictures as three numbers separated by commas. They

rep r esen t , f r o m  lef t to  r i g h t : (1) i f  th i s  n um ber (c a l l  i t

K) is d i f f e ren t f r o m  0, a cons tan t t h r e s h o l d , [< = 1< , h a s

been used. In this case , the  two n um bers  on the  r i gh t a r e

m e a n i ng l e s s .  Th i s  c o n s t a n t  v a l u e  in c o n t r a s t to a

t h r e s h o l d  d e pe n d e n t  on t h e  c o v a r i a n c e  of t h e  e s t i m a t e  has

been used a t  low n o i s e  l eve l s  because  b o t h  p r o d u c e

identica l results. When K=0 , a var iable threshold has been

used as t he  n u m b e r s  on t he  r i g h t i n d i c a t e .  ( 2 )  T h i s  n u m b e r

is equivalent to c
0 1  

-c
1 

. (3) This is c
1 0

+f
1 0—c

0 ~
Succinctl y:

I . K

2. 
~O, 1 

— (
j 

(4 .241

3 . c
1 0  

f
1 0  

- c
0 0
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The p a r a m e t e r s  used on this processor were:

N = 256 w = 57. = 0. p0 = . S p
1 = . 5 ( 4. 25

w i t h  m a t r i c e s  ~~~( j N ) = T ~ and B (jN) 3
0 

given by:

/.926 0 f 7 . 7 8  0

A = 1  B
° \ 0 .97  / ° \ 0 2 . 9 1

In ( 4 . 2 5 )  the sample statistics were used on w ,c , w h i l e  the

a p r i or i  p r o b a b i l i t y  of ob j e c t  p r e s e n c e  or absence  was

assumed e q u a l l y  l i k e l y .  The i n i t i a l  c o n d i t i o n s

/ 0 / zo 2 o
~(O~ 0) = f P ( °l °)  = I

0 / 0 50
2

i n d i c a t e  the uncertainty on t he  i n t i a l  e s t i m a t e s  prior to

t h e  reception of the  o b s e r v a t i o n s .  When  t h e  or o c e s s or

ou tput was 
~~~~

, t he  estima tor was r e i n i t i a l i z e d  to these

same values before processing a new l i n e  of observations.

Results from applications of said processor are

i 1 1-j ’~~ r~~t c ~d i n  F i g s .  ( 4 . 6 c ) ,  (4.7c) and ( 4 . 7 d )  w h e r e  f o r

-
. y,  ~~~ estimated bour 1dar y (dimme r trace ) has been

- - ‘j i ‘n he original el l ipse ( b r i g h t e r  trace). When

- . - 
~~r~

-’ e s t i m a t e  and the oriqinal has occurred ,

72
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the t r ace  has  been l e f t  d i m .

Case 2 :  In  t h i s  o c c a s i c n  t he  ob jec t  l u m i n a n c e  is c o n s t a n t

as in t h e  p r e v i o u s  case , a l t h o u g h  u n k n o w n . The p r o c e s s o r

(estima tor) has been supplied with a priori statistics

abou t s ( k ) in the fo r m of the  a v e r a g e  and v a r i a n c e .0

ES .5 E(S - ES  )
2 = E S  = .05 .

0 0 0 0

Relations (4.24), (4.25) remain applicable as before ,

however  the  matrices A ( j N ) = A  and B (jN)=B now corresoond to

.9 2 6  0 0 7 . 78  0 0

A =  0 .97  0 B =  0 2 . 9 1  0

0 0 1 0 0 0

w i t h  i n i t i a l  c o n d i t i o n s  g i v e n  by

/ o \  / 2 0
2 0

~ ( 0 j 0 )  = ( 0 
) 

P ( 0 I 0 )  = 

f 
0 so

2 0

\ 0 / \ o  o .05

Fig . ( 4 . 6 d )  shows the e s t i m a t e d  (as  w e l l  as t he  o r i g i n a l)

b o u n d a r y  from a p p l i c a t i o n  of t h i s  3 — s t a t e  processor  to the

o b s e r v a t i o n  shown in Fi g .  ( 4 . 6 b ) .

E x p e r i m e n t a l  r e s u l t s  for  t h e  known and  u n k n o w n

l u m i n a n c e  cases showe d m i n i m a l  d e g r a d a t i o n  of t h e  e s t i m a t e d

b o u n d a r y  o b t a i n e d  f r o m  the 3 — s t a t e  as opposed to the

73 
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(a)  N oisy elli pse , e = . 5 (b) Noisy ellipse , -a = . 5

( ‘ - ) Orig - est. boundari es , (d) Ori~ - ‘st. b o u n d a r i e s ,
known intensiti ’~ , I , 0, 0 unknown i nt c f l S it i ( ’S . I , 0, 0

Fig. 4. ‘ . Noisy e11ips~ s and proc ‘ssor outputs wit h known and
unl< nown oh~ e~ t l u r n in an ’, es.
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(a) Noisy ell ip se , o = 2. 0 (b) Noisy ellipse , o = 3. 0

4

( c )  Orig - est. boundar ies , (d) Ori g - est. boundaries ,
known in tens i t i e s, known i n t e n s i t i es ,
0, 1000, 1000 0,800,800

Fig. 4.7. Noisy ellipses (~ = 2 .0 and -: = 3 .0 )  and co r r e spond ing
pro e s snr  outputs .
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2—state processor as can be appreciated by comparison of

Figs .  ( 4 . 6 d ) and ( 4 . 6 c ) .

A di f ferent  set of 2 5 6 X 2 5 6  p i c t u r e s  h a s  a lso been used

to test  t h e  b o u n d a r y  p roces so r .  The o r i q i n a l  image

i l l u s t r a t e d  in Fig . ( 4 . 8 a )  w i t h  the h i s t o g r a m  shown in

Fig . ( 4 . 9 )  , dep ic t s  an a rmored  pe r sonne l  carrier (A PC ) on a

n a t u r a l  scene . Th i s  p i c t u r e  has been se lec ted  as an

example of a r e a l i s t i c  image and i t  is available from the

data  base of the University of Southern California [30]

To test t h e  processor performance in t e x t u r e d  environmen ts ,

the APC p i c t u r e  has been assumed to r e p r e s e n t  a b i n a r y

image .

Inspection of the histog r am revealed two peaks  t h a t

were chosen as t h e  “ c o n s t a n t ”  l u m i n a n c e  va l ues of t h e

object and background (S =56 , s
b

l32). With the ori ginal

an 8—bit image , the luminance value s were linearly mapped

into the interval [0,1] before a d d i t i o n  of white Gaussian

noise of standard deviation a , to generate the set of

o b s e r v a t i o n s  appearing in Fig . (4.8b) and Figs. (4.lOa ,b).

In displaying these observations , luminances above 1 were

set to 1 and those below 0 as zero (equivalently 255 and

0).

The oaram eters for t h i s  o roces so r , g a t h e r e d  by t h e

p r o c e d u r es i n d i c at e d  p r e v i o u s l y  w h e n  e s t i m a t i nq  the

ellipt ica ’ boundaries , were :

7~
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N 256 w = 75. 8 C = -4.6 p0 
= . 5 p

1 
= . 5

S = . 22 0 S = .5 18
b

—

w h i l e  t h e  m a t r i c e s  A 0 ( j N ) = A 0 , B 0 ( j N ) = B 0 and  i n i t i a l

co nd i tions ~ (0~ 3) and P( 0lO ) cotresponded to:

/.876 0 \ / 4.02 0
A = 1  ‘I B =

0 1
\ 0 .924 / 0 2.12

/0  \ 
( I s o  0

i~( 0 3 0 )  = P (0~ 0) —

0 0 200

The r e s u l t s  f o r  t h r e e  d i f f e r e n t  n a m e l e v e l s  ap o e ar  in

Figs. (4.8c ,d) and Figs. (4.lOc ,d). ifl contrast to the

Pattern followed in F i q s .  ( 4 . 6 , 7 )  w h e r e  t~~e estim atoci JS

w e l l  as t h e  o r i g i n a l  b o u n d a r i e s  w r r a  sh own  in th r ’  same

picture , only ttie estimated boundar y is s~- - -w n in

Figs. (4.8 ,10), with toe exception of F i t . (4 . :~c) who re tue

oriqi n a~ boundary (brighter trace ) in also orint e l .

Because the eatim a tor provides at every 1i n ~ only t h e  wi d th

and center values (r ’quivalent l y, the i n i t i - I 1  ~n i  f i nal

p i X e l s  t:he - : ) h j e ’ t  o c c u p i e s  Of l  th *~ l in e ) , to he ll ) in

v i s u a l  i z i ~~q t ~s ’ -~PC boun i -~ r v, a l l  t h e  01 xc 1 on ho f 1 r n

and lan k lin e s o~lo n i i n q  to t n -  ost i~~ i t e d  ohj ’:ct havo -‘ n

shown as nart of the t oun dar y t oo .  
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It must be pointed out: (1) from Fig . (4.8c) that

a l t h o u g h  the processor has succesfully extracted the object

in the p i c tu r e , i t h a s  a l so  i de n t i f i e d  the shadow o n the

l e f t  as ’ b e l o n g i n g  to t h e  A P C ;  t h i s  however , is not

surprising in view of Fig . (4.8b) where  even v isual

separation is difficult. (2)That though the noise

variances for the ell ipse cases were  biqger , the  l u m i n a n c e

d i f fe rence between background and foreground was g reater

too. (3) That a single processor was used , even t h o u g h  the

e l l ip s e s  were located in d i f fe ren t  pos iti ons an d wi th

d i f ferent  orientations. And (4 ) the applicabilit y of the

processor in cases of severe noise deqradation .

Experimental Remarks: Under this head ing severa l

queries as well as answers will be considered. The answers

are mainly observations born out of the experiments , and

c o n c l u s i o n s  d r a w n  are l imited in t h i s  r e s p e c t .

I t was i n d i c a t e d  t h a t  for t h e  p roces so r  i mo le m e n t ed

before , the  c o m p u t a t i o n  b u l k  was  a s s o c i ated wi th the

estimation stage .

R e c a l l  t h a t  f o r  t h e  estima tor to proceed , i t  is

necessar y to establish first w h i c h  one of t h e  interceotions

i l lus t ra ted in Fig . ( 4 . 3 )  occurs. Two d i f f e r e n t  ways to

c a r r y  o u t  t h i s  c l a s s i f i c a t i o n  co r r e spond  to an enumeration

or a g e n e r a l  a p p r o a c h .  In  the second method , the

interception is f o u n d  f r og  a set of t e s t s  t h a t  loca te  the
78
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(a)  APC or ig ina l  (b)  Noisy APC , a = . 1

(~~
- )  O r i g i n a l  and es t ima ted  (d )  }~s t imat ed  A P C  b o u n d a r y .

APC b o u n d a r i e s, k n o w n  known in t e n s i t i e s , 1 , 0, 0
in t ens i t i e s , 1 , 0 , 0

F ig .  4 . 8. Or ig ina l  A PC, n o i s y  o b se r v a t i o n  (a = . I) and processor
out put.
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(a)  N oisy APC , o = .6 (b) Noisy APC , a 1. 2

( - )  Estimated APC boundary ,  (d)  Es t imated  APC boundary ,
known in t ens it ies , 1 ,0, 0 known intensities ,

0, 260, 260.

Fig. 4. 10. Noisy APC (-a = .6 and -a = 1. 2) and processor outputs .

- 81

--

~ 

-- -- -~~----—— ~~~~~~~~~~~~~~~~~~--— -
- 

—-
-
~~--~~~ -- - -- - - -



vertices of the rectangular reg ion ( ~ ) w i t h  respect to the

boundary lines (~~ ) der ived from ( 2 . 1 0 ) .  T h i s  type of

search  was used in t h e  preceding e x a m p l e s  and i t  is

appropriate w h e n  t h e r e  is no indication as to how often the

d i f f e r e n t  i n t e r c e p t i o n s  occur . The enumeration approach ,

on the o t h e r  h a n d , pr oduces  a s ea r c h  d i r e c t e d  b y  t h e

occurrence of the interceptions . Under this method , the

search is desiqned to use a minim um n u m b e r  of tests to

establish whether the most frequent interception has

occurred. The other interceptions are tes ted in order of

decreasing occurrence . Incidentally, i t  was observed w h i l e

p r o c e s s i n g  the APC p i c t u r e s  t h a t  a p p r o x i ma t e l y  99% of the

i n t e r c e p t i o n s  c o r r e s p o n d e d  to the one shown in Fig . (4.2).

Hence , i f  appl ied in  t h i s  i n s t a n c e , t he  e n u m e r a t i o n

approach  s h o u l d  r e s u l t  in a faster a l g o r i t h m .

A n o t h e r  way to speed up the est imator above , involves

t he  use of a s i m p l i f i e d  a l g o r i t h m.  In  t h i s  case , the

search in Fig . ( 4 . 3 )  is eliminated . Instead , 1—4 is

assumed to h a p p e n  at all t imes. This simplif icat ion can

r e s u l t  in a poorer estimate d e p e n d i n g  on t he  frequenc y of

appearance of t h e  se lec ted  interception. Note  t ha t  as lon q

as the estimate error variances remain reasonably small ,

t he  r e g i o n  0 w i l l  be small in r e l a t i o n  to ~
‘
- and

c o n s e q u e n t l y  l i e  w i t h i n  i t .  On the o t h e r  h a n d , l a r g e  error

variances will tend to c o r r e so o n d  to t h e  rest of t h e

intercep tions . Thus , when the variances are small , t he
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original as well as the simpl i f ied al g o r i t h m s  s h o u l d  r e s u l t

in very similar estima tes.  As th e var iances increase , the

s i m p l i f i e d  a l g o r i t h m  s h o u l d  p r o d u c e  d i f f e r e n t  e s t i m a t e s  and

l a r g e r  v a r i a n c e s .  Hence , i f  i t is true t h a t  l a r ger

variances indicate more uncertain estimates , th e s im o l i f i e d

estima tor results in poorer estimates. On the processor

leve l, however , the estimate can be accepted or rejected

depen ding on a threshold that would be higher for biqqe r

var iances. This would impl y a higher rejection rate from

the d e t e c t o r .  In s u m m a r y ,  the s i m ol i f i e d  a l g o r i t h m

proposed , being faster than the original , while degrading

poor es t ima tes , pr oduces negligible chanqes on e s t i m a t e s

w i th small associated var iances.

The cost values chosen depend  on the particular

qr o c ess o r  a p o l ic a t i o n .  As a r e s u l t , o n ly  - t u i d e l i n e s  to

make a selection can be g i v e n .  Of  courue , it is known how

t h e  d i f f e r e n t  costs affcct qu alit ativel y the resultin ci

ou tput. For example , the important uuanti ties invo l~~cd are

(C 1 0  + f
1~~ 

— c0 0
) ( c

0 
— c 1 ~ 

an d  t r  P .  ~ first

c o n s i d e r a t i o n  to m a k e  d e a l s  w i t h  t h e  r e ’a t i v e  v a l u e s

associated w ith non—detection and false alarm inq or for

this matter , be tw e e n  (c
0 

— c 1 ~ 
an d  ( c

1 0  
-
~ f 1 5 ~ 

—

c ) . The necond consideration rofers to t h e  v a r i n u s
0 , 0

~k-~~r ro-n of emphasis that can be a n s l i o d  on t h e  estimation

or t h e  d e t e c t  ion S ta  ~es , deuendinq on the nur rcric as l values

a s n i q n - ’ d  to t h e  p r e v i o u s  c o s t s  in  r e l a t i o n  to  t h e

S t

-- —----- ~~~~~ - -—



covariance trace . In finding an answer to the detect -ion

vs. estimation c o n s i d e r a t i o n  i t  was f o u n d  t h a t  u n d e r  low

noise c o n d i t i o n s  high p e n a l t i e s  of d e t e c t i o n  w e r e  a good

choice ; this in turn corresponded to setting the variable

threshold near 1 (zero if logarithms are used) when equal

w e i g h t s  w e r e  p u t  or. e i t h e r  w r o n g  d e t e c t or  d e c i s i o n .  In

nois ie r  e n v i r o n m e nts , h o w e v e r , the  constan t threshold

detec to r p r o v e d  to be use less .  U n d e r  s e v e r e  noise

c o n d i t ions , the covar iance t race need s to be taken into

considera tion. Detection costs too hiq h will produce 000r

estimates ; costs too low w i l l  miss the object comoletelv

because the covariance term will raise the threshold too

h igh . In general , i t  is convenient to start w i t h  low costs

and raise them until satisfactory results are obtained.

This chapter concludes wi th the p resen ta t ion in

Fig . (4.11) of the f l o w  c h a r t  f o r  the  b o u n d a r y  processor of

binary images w i t h  k n o w n  l u m i n a n c e  v a l u e s .  The f l o w  c h a r t

for unknown levels can be obtained by simple modifications

of Fig . (4.11).
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I. C.

j,
~~~~~

1

Use Eqs. (3. 17) ,  (3 . 18)  to
obtain P(k l k - 1 ) ,  I(k1 k~~I).

•
~ 1

Use P (klk— 1), ~(k~k- 1),

L~’~ 
to find 0 ,

Find 0 fl ‘ (see Fig. (4. 3)).
Adjust p [r(k)} if ~~ ~ r .a -J

Find a m osaic of polygons from Fig. (4.4)

~~~~atchin~ (0~~ ~~) (X = 0) and ( D f l  ‘ )  fl (?~ = 1).
-_

[ Add c o n t r i b u t i o n s  f r o m  each po1y g o~~~
[~~~~ eva 1uate r e l a t i ons  (4 . 1 2 ) .  J

- —_ _ _ _ _ _ _  
_ _ _ _

Use y(k) to eva lua t e  exponent ial s  in (4 . 2 ) ,  (4. 3).
C om b i n e  with va lues  f r o m  (4 . 1 2 )  to ob t a i n  P(k 1k),

LJk ~~
k. Update l n L J k .

V i g .  4 . 1 1. 1- low c h a r t  f o r  boundary pro& essor for I)inarv i n l a i ~es
of  known luminan e.
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CHAPTE R F I V E

Conclusio~~~ Comments an~ Further Work

A com parison between the processor derived in this

work and the boundary estimator in [33 1 (see Fiq . (5.1 ))

can now be made . It should be noted that both estimators

are identical while the detectors are not. Two new

elements are present in Fiq. (5.1) that were not Dart of

the orocessor in chapter three . rhe swi tch on the left

closes after the line estimates are comouted. The line

storaqe is necessary for the detecto r to be able to use

Dar t of the observation seauence to make a decision after

the esti ma tes are available. The esti mates in turn , serve

to determine which part of the observation the detecto r

w i ll use and which part will be dis reaarded in oerfor m i nq

the acceptance or relection test. The subscriQt on the

likelihood ratio ( . .  ) calcula ted in [33 1 as well as the
est

arrow stemminq from the estima tor serve to ooint ex Plicitly

this dependence on the estimated values. The main

di sa dvantaqe associated with this boundary estimator is the

line storaqe requir ed.

Other structure s to perforn boundar y estimation in the

contpxt of joint detection and estimation c a n  be orooosed .
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Fig.  5. 1.  Boundary processor  in [ 3 3 J .
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Fig . (5.2), for instance , illustrates a processor that

uses a function of the observations at the detector im put.

Le t t i ng

jN
y = y (j)  = y (k)  . ( 5. 1

S S k= (j- 1 )N4-1

The joint cost of estimation and de tection for some

chosen cost function can be written as :

RD+E 
= ~dY 5 ~8 (’i0 I Y 5 ) {p 0 

C
0 0  

p(Y~~~H0
) + 

~ 1 ~~~~~~, 1
p(Y

5 l~~ 1
)

+ o(~ i IY 5)[p0(c 1 0 + f
1 0

) p(Y I l-b ) + p
1 ~~ 1

+ f
1 ~~~~~~ r)I) ( ~

where

I
~, 

~(r~~~ , r) = p~[~ dr [r~~~~ 
rJ [r

~~~~ 
rJ p(r }Y ,H

1 )J1 dY p(\ I 11
~

)1

= p
1 
p(YsIH i )[~~

dr{r
est

_ r } [r est~ 
r] p(rIY ,H 1 )J

( 5. 3

where the inteqration in (5.3) on Y is performed over all ‘1

such ttuit (5.1) is satisfied .

The value of minimizin g (5.3 ) and consequently
e st

(for a fixed decision rule) (5.2), corresponds to:

r ‘ IjNI Y(j)~ E[ r(jN)~ Y ( j ) . h1
~~

1 5.4

v. • it Ii

t r  1~ dr [r - r~~[r -  r i  p ( r j Y . 11 1
)

_ _ _ _ _ _ _ _  
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a ) Proposed processor

b ) Optimal p rocessor

F ig .  S . 2 . A p r o c e s s o r  that  inputs a f u nc t i o n  of the  observa t ions
to the de tec tor .
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The opt ima l d e c i s i o n  rule obtained after some

s i m p l i f i c a t i o n  reduces  to:

if c 1 -(c 1 1
+ t r P ) > 0  (5 .5a)

0,

then

~ 1 
p(Y

51H 1
) ~~ c

1 0 
+ ~1 , 0 0 0 

( 5. Sb

~0 
p(Y

51H 0
) 

~~ 

c
0 

- (c
1 , 1 

+tr F )

decide if 
1 

- (c
1 1 + tr  F ) � 0 . ( 5. 5C

Notice in particular the very simple de tector (no

N-dimens ional densities involved as was the case in chapter

three) . A processor of this t ype should be desirable in

cases where the statistics of are directly available or

are easy to obta in.

Let us indicate at this point , that the list of

boundary processors cited thr oughou t this work has by no

means been an exhaustive enumeration. On the contrary, it

is intended to awake the interest in this fo r m of

estima tion and to express the need for a complete

c lass i f ica t ion of processors  in terms of cos t func t ions ,

applicat ions (uses) , capabilities , advantaqes and

disa d vantages.

Let us re fe r  to the two main r e s t r i c t i o n s  im posed on

th e imaqes: two—textured and hori zonta lly convex ohjc~cts .

— -—

~

- -— —
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“Jote f i r s t  t ha t , s a y i n g  an image has  two t e x t u r e s  is

not the same as sayinq it is a binary valued picture. i.e.,

zeros  and ones. Indeed , the re p resenta t ion (1.6 ) has of ten

been use d in the past when dealing wi th  monochrome

multi—valued images [21,24,26 ,31], and it can be used to

model each of the textures , when representin g imaqes by

replacement processes . Viewed in this way . the model

associated with (1.6) can be interpreted as a particular

and d e g e n e r a t e  case of t h e  r e o l a c e m e n t  f o r m u l a t i o n  w h e r e

on ly  one t e x t u r e  is involved  ( i t  covers  the  e n t i r e

picture) . Hence , the fidelity achieved in representin g

images as composed of two or, by the same tcken . m o r e

textures is very dependent on the designer emohasizing

complexity of texture model with reduced number of textures

or simplicity in texture model but allowing additional

textures to be present.

It is convenient to recall , that it is the horizontal

convexity constraint which is the facto r that reduces the

problem of boundary determination to the estimation of only

two parameters: w(k) and c(k). When this restriction does

not apply, then it is necessary to redefine relations (2.9)

appc opriately . One way to oroceed is to associate more

than one pair of parameters to the replacement function X -

as many as required by the classes of objects investiqated.

e.g., for images containing objects like the one depicted

in Fig . (2.2a) four parameters suffice . Clearl y as the

92 
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num ber of parameter oairs increases , so does the orocessor

size ( t o t a l  amount of c o m p u t a t i o n ) .  The  case of

multi—textured images is dealt with similarl y . However ,

instead of associating several width and center oairs to

the replacement function )~ , now each X . , carries a pair

(w. •c ) associated to it
1 1

A topic  f o r  f u t u r e  i n v e s t i g a t i o n  c o n s i s t s  in t he

compu tational recuirements for images with textures modeled

by dyn amic systems of bi gger dimen sionality than those

considered in the applications, i.e . < 2. It is of

considerable importance too , to establish the sensitivity

of the algorithm to different densities Pa [x(k )1 and at

the same time the available sirnolifications derived from

the use of these densities.

Summary

A solution to the problem of boundary determination .

an  i m p o r t a n t  t op i c  i n  a u t o m a t e d  i m a g e  u n d e r s t a n d i n o ,  h a s

been presented. Fhe images considered were comoosed of two

textures (a horizontally conve x ohiect on a hackoround ) and

were characterized statistically. An ootim al boundary

estima to r has heen derived by minimizing the averaqe cost

of joint detection and estimation for aoorooriate~ v chosen

cos t functions.
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F u r t h e r m o r e ,  in  v i e w  of i n f o r m a t i o n  r e s t r i c t i o ns ,

recursive easily impl ementable alqorithms updatinq onl y

first and second order moments were develooed to carry ou t

the tasks of estimation and detection . Aoolications to

pictures of a milita ry vehicle and computer aenerated

objects have been oresented. Finally, ways to relax the

constraints were indicated as well as other types of

cossible candidate processors.
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APPENDIX A

For i l l u s t r a t i v e  purposes  and to se rve  as a c o m p a r i s o n

with the quadratic error cost boundary processor , two

additiona l problems involving simultaneous detection and

estimation are considered in the follow ing . The set of

observations is assumed to be~

H
0 

: y(k) = v(k)
(A. 1

H
1 

: y(k)  = s(k) + v(k)

with s(k) representin g a known signal dependent on a

parame ter r that needs to be estimated from the set of

observations k=l ,. . . ,N. it  is also assumed that all

necessary statistics are known and available. Of

particular interest are the processor structures .

Case 1: Let  the set of costs be g iven  by :

F!0 ~~~~ ~~

H 0 ~1 , ~ • 
r

(1) To facilitate the comparison , most of the s~ Trbo 1s used
in the appendix and the main text are identi cal. There can
he slight differences in meaninq though .
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c
01

(r ) y
H

1’ . 

_..

C ‘~‘ f (r-r
H 1 1  1 11 est r
1 ’  ‘ est

The a v e r a g e  cost of j o i n t  d e t e c t i o n  and e s ti m a t i o n

c o r r e s p o n d s to :

RD E  
= r dY o~~’0~~Y ) [p 0 c0 0  p(YjH0)}

+ ~~~0~ Y ) [p 1 c01 < r r  p(Yjr ,H1
) > r

+ o ( v 1 I Y ) p 0 [c
1 0

+ f
1 0 1 p ( Y I H 0 )

+ 5(~~~~ Y) < [c~ 1 
+ ~~

1 1
(r - r est ) (r - r est )

p ( Y I r , H 1 ) > r }

A. 2

Hence ,

Rd+e 
6(~~~I y )  

~P0 
C

0 0  p ( Y I H 0 )

+ p
1 

C
01 < r r  p(Y~ r , H 1) > r)

+

+ p 1 < [ c 1 i 
+ - r

st
) ( r  - r est )] p(Y~ H 1 ) > r}

( A . 3 )
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Using on (A.3) the same procedur e applied to obtain

( 3 . 4 )  f r o m  ( 3 . 2 ) ,  i t  fo l lows  t h a t :

r [N IYJ = E [ r ( N ) I Y , H 1 1 ( A .4

w h i l e  the o p t i m a l  d e c i s i o n  r u l e  ~ be comes :

Y) = 0 . ~~(v 1 Y) =

if

p0(c
1 0 + f 1 0 ) p( Y~ H0

) + p 1(c 1 + f~ 1 
t r  P)

p ( Y j H 1
) � P0 ~0 0  

p ( Y I H 0
) + p

1 
c

0 1 
< r r

p(Y)r,H 1
) > r 

~~0 
c

0 0  
p(Y ~ H 0

) ~

p 1 c
01

( r r +  t r  F )  p (Y~ H 1
)

Collec t ing t e r m s ,

p
0

(c
1 0

+ f
1 0  

- (~~~~ ) p(YjH
0
) �

p 1 [c 0 1
r r + t r  P )  - ( c 1 t r  P)] p (Yj

Th e r e f o r e , t he o p t i m a l  de tec tor  de c i s i o n s  a r e :

K > 0

~ N~~I Y )  -~ 1 C

if and (A .~~~)

~ (~ 0
IY ) 0
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K � 0
C

6 ( ~~~
0
L Y )  = I or

(A.(~K > 0
ô (.y j Y )  = 0 C

and

< K

w h e r e ,

= r r - c
1 1

-F (c 01 - f 11
) t r P

K = (C
1 ~

+ f
~ 0

- c
0

p 1 
p(Y~H1 )

A = — . ( A . 7 )
N p0 p(Y~ H0 )

Consequently, the processor above has the structure

i n d i c a t e d  i n  Fiq . ( 3 . 2 ) ,  t h e  e s t ima t or be ing  i d e n t i c a l  to

that in (3.7) while the detector , although defined from

relations equ ivalent to (3.2), (3.13) differs in the

definition of K

Case 2: 1\ cost function appropriate for estimatinq

energy— t ype parame ters is the follow ing :

0 0 -F! • 0

H 0 
~ 1 ~ l 

f ( r
~~~

)
~ 

• r
est
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C
1 

‘1
0 f(r

2
)

H • .0

2 (A . 8 )

~~ 
f (r_ r ~~~)

H • • r
1 est

The set of o b s e r v a t i o n s  is as g i v e n  in ( A . i ) .  In this

instance , wrong detection decisions are penalized C 1, hut

no cost is incurred if the decisions are corre ct . Two

possible estimates are presented at the processor output:

when the detector decides on ,~ , an e s t i ma t e  of ze r o is

orOduced ; otherwise , r est is outputed. The processor is

i l l u s t r a t e d  in  Fig . ( A l ) .  P r o c e e d i n g  as  in Case  1:

= dY 1 6(
~~t Y) p

1 
< (c

1 
r I r r )  p(Y~ r , 

~~~ 
> r

+ ~~~1 lY) 
p( (

1 ~~
. f r~~~ r

est
) p(Y~~H

0
) ( A .

+ ~~~ 1~~Y )  p 1 1< (r- r
~~~

)(r - r
~~~~

) p (Y~~r , 1-1

~~~~ 

> r

-~inimiza tion of R is equivalent to minimi zinq R- d + c

R
d~ e 

= ~(v 0~
Y) ~p 1 

< (c
1 

.
~~ f rr) p(Y~ r,H1

) > r )

~
- ó(y

1~~
Y~~ p0 

c
~ 

p(Y H0)}

~~(‘i~ I Y) I p
0 

r
~~~ 

r
est 

p(Y~~H 0
)

p 1 
< (r - r

~~~~~
( r  - r

~~~~
) p(Y~ r , 11~~) > r }  . ( A . 10

105 

~~.— 
- --—-—~~~~~~— ~~~--- .-~~~ - ----~~



p~ r - —_- ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-- -——‘-;~~~~~

.- ‘-  

—~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~~
- —

~~~~~~~~
---—---- ~~- .-

In (A . li~) )  onl y t h e  t e r m s  ins ide  the  l as t  b r a c e s  depend on

r . Hence , assuming a fixed decision rule , P is
est 

d+e

minimize d by choosing r
est 

equal  to :

r [NI Yl = 1 
E[r(N)l Y, H~ J . ( A. 11

with 
~~ 

as in (A .7). Replacing r est 
in (A.lø) by r

from (A. ll), the optima l decision rule follows:

decide i f :

p
0 
c
1 
p(Y)H0

) + f~~p0 
r r p(Y~ H0

)

+ p < (r  - r)(r - r )  p(Y~ r,H1
) > r}

~ 
p 1 

< (c
1 

+ f r r )  p (Y~ r,H1 ) > r

Which can be r e a r r a n g e d  as:

=

- 
if A � K  (A. 1 Z )

= 
N r

and

1

if A
N 

< K ( A. 1 3

~ 
(
~ IY ) = 0 

r 1

where

r
1 

= E[ r(N)IY,H1 I ( A. 14

1 06



- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

— ,-
—

~
—-

~ 
— —.---:- --—- -—- - • 

.~~ 
— 

-~ ,,-_—,--.—-.—-- -- - --------- _________ —- .- --

K = 
1 

, ( A. 1 5
r

1 
C

1
- I - f r

1 
r

1

This optima l processor is illustrated in Fig . (A2).

N o t e  tha t  ( A . l 4 )  and (A.4) correspond to the same

es t imato r , but (A .ll) is Onl y a f r a c t i o n  of the es t ima tor

(A.14) . This fraction being equal to the a costeriori

proba b i l i t y  of occurence  of h ypothes is  H q i ven  th e set of

observations [66] . Some other cost functions have been

cons ide red  in [39 ,40 ,43] ; although the estima tors have the

form in (A .ll), the detecto r relations are much more

c o m p l i c a t e d .
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Fig. Al. Processor for C ase 1 (energy-type).
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Fig. A 2 . Optimal processor for case 2.
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