
AD ~~A ONle 566 5OtJTPIERN METHOQIST UNIV DALLAS TEX DEPT OF INOUSTRIA—ETC F/S 12/iF REJECTION METHODS FOR BETA VARIATE GENERATION. (U)
Alt. 77 a SCp CISLR. M A SBAI.ABT N00014—77—C—fl25

UNCLASS IFIED ICO*—77014 NI.

A~~ t4 i ~ ee

U ____ 
__

LI_ -

a



SOUTHERN METHODIST UNIVERSITY

D D C

ç~~çP L

>-

DEPARTMENT OF INDUSTRIAL ENGINEERING A N D  OPERATIONS RESEARCH

Scuoot. OF ErJ GfN F ER ING A N D  A 1111E1 SCIENCE

• • I )A I IAS ,T I xAS 7 5 2 7 S

________ ___________________________ 
_________________________________________________  

_______________ 

j
~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~



-
-.------ ~~~~~~~~~~ ---

~~~, 

-

‘±echnical ,~ep~~ t XE6R—77ø~i~~ \

-

/

/ REJECTION METhODS FOR BETA

- 
VARIATE GENERATION . /

/ I— .—
(~ Bruce I Schmeiser

/ Mohamed A./ Shalaby I

n nC
Department of Industrial Engineering and

Operations Research ‘

~~~

Southern Methodist University
Dallas , Texas 75275 S F -

~
‘ i

— ;- 3

f ’ Juij $77 
/ - / . _

~~~
--

This work su art by the Office of Naval Research under
Contr~, 014—77—C— 425/7 

-

Co~ uents and criticisms from interested readers are cordially invited.

• !JTJON .~TAThMrNT A
-
~ ~J hr :~,~ir re~e-~~~

- - ~~~~~~~~~~ ;~~~.j ~~~~ ’~~~
- ’

~ 3 -~~~~~

— - —.— — -~~ ~~~~~~~



9

• ABSTRACT

The computer generation of pseudo—random variates from

the beta distribution is discussed. Presented are three exact

methods applicable for parameter values p > 1 and q > 1.

All three methods use rejection from regions defined by the

location of the points of inflexion. The methods differ in the

amounts of set—up required , with higher set—up times generally

resulting in lower marginal generation times. Generation times

are compared to three methods in ct.irrent use: those of Jtihnk ,

Fishman , and Ahrens and Dieter. Over a wit’- range of parameter

values marginal generation times are re ~bout 50% .

Substantial set—up t ime savings and moderate marginal time

savings are obtained compared to Forsythe ’s approach as recently

developed by Atkinson and Pearce.
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1. INTRODUCTION

The pseudo—random generation of values from the beta distri-

bution is considered in this paper. The standardized beta distribu-

tion has density function

— x~
’
~~ ~~~~~~~~~~~~~~~ 0 < x < 1

where the beta function is defined

B(p,q) J~
1 

~~~~ (1_~ )~~~ du
0

Since the more general form of beta variates over the range

(a,b] may be obtained by the simple transformation y —~ a + x(b—a),

only the standard form is considered here. This paper considers

parameter values p > 1 and q > 1. For these parameter values

u rn  f
3

(x) 0 , lim f 8
(x) a 0, and there is a unique mode at

x-~0 x-’l

x — (p—1)/(p +q—2) .

1.1 Application

Over the interval (a ,b] the beta distribution is used as a

model to describe random phenomenon. A co on example is to repre-

sent activi ty t imes in PERT networks (See, e.g., Clark (1962)).

The beta distribution is veil—suited to this purpose, as it can

asat. e a wide variety of shapes. Schrneiser and Deutsch (1977)

include beta generators in their discussion of general process

generators, due to the distribution’s ability to ass~~e a wide

range of skewness and kurtosis value. . In particular, the Bernoulli
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trial and uniform distributions are special cases and the g~~~a

and normal distributions are limiting cases .

The beta distribution also arises in a number of theoretical

ways. The k
th 

order statistic of a sample of size n of uniform

(0,1) values has density function f~ (x; k, n—k+l). Ramberg and

Tadikamalla (1977) use this result to generate order statistics

from distributions having a closed—formed inverse cdf. Any method

of generating from the beta distribution with fractional p and q

is also a method for generating from other related distributions.

In particular, if X is distributed ~~~~ ~7, then Y (w/v)X/ ( l—X )

has an F distribution with v and w degrees of freedom (Patel, Kapadia

and Owen [1976]). If X is beta (l/2 ,w/2), then Y s[wX/(1_X)]
h1’2 has

a Student ’s t distribution with w degrees of freedom, where s is a

random sign. The Pearson Type VI distribution

f ( y )  yU/((1~y)V 3(wi-1, v—w— 1)) y > 0

may be generated using Y X/ ( 1—X ) where X has a beta (w+]. , v—w—1)

distribution. These and other applications are discussed in Johnson

and Kotz (1970).

1.2 Survey of the Literature

Two approaches for generating pseudo—random beta variates

have appeared in the literature: those based on specific proper-

ties of the beta distribution and those based on rejection from

the density function. They are discussed in turn.

Three methods based on specific properties of the beta distri-

bution have been proposed and used. When p and q are integer the

first method, due to Fox (1963), returns the ~th order statistic

_________ __________ -- - -~~~~~~~~~~~ 
~~~~

- — __?
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of a sample of size q+p— 1 from the uniform distribution as a beta

(p ,q)  observation. Rather than sorting to determine the order

statistics , the order statistics may be generated more efficiently

by using the technique of Schucany (1972) if p is close to q+p—l or

the technique of Lurie and Hartley (1972) if p is close to one. The

second method , due to JlThnk, is based on X y
lIP/ (y lIP + 1l/q)

being beta (p,q) if Y
1
~
”
~ + < 1, where Y and Z are independent

uniform (0 ,1) random variables. Both Jöhnk’s method and the third

method are valid for all p > 0 and q > 0. The third method is

based on the result that X a Y / (Y + Z) has a beta distribution if

Y and Z are independent ga=a random variables with shape parameters

— 
~ 

and 
~2 

— q, respectively. While any exact method for gener-

ating the g a a  variates could be used, the method presented by

Fiahman (1973) is considered here: the product of a U—shaped beta

variate (p, q < 1) and an exponential variate are added to an Erlang

variate to obtain the appropriate gamma variate. (Other techniques

for generating g a a  random variates may be found in McGrath and

Irving (1973), Ahrens and Dieter (1974), Wallace ( 1974) , Whittaker

( 1974) , and Fishman (1976)).

Three other methods for beta generation based on rejection via

comparison with the density function have been proposed. The first

metI~~d , applicable when p > ]. and q > 1, is the general rejection

technique consisting of the generation of uniformly distributed

points (x,v) in the rectangle formed by (0 ,0) ,  (0 , f(p—l , p+q — 2 ) ) ,

(1, f(p—l, p+q—2)), and (1,0) and the acceptance of x as the beta

variate if v < f(x). (See, e.g., Lewis (1975)). A better fitting

region than the rectangle was proposed by Ahrens and Dieter (1974).

Their algorithm BN generates uniformly distributed points (x ,v) in

_______________ - - - 
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a region based on the normal distribution. For the para~neter values

p > 1 and q > 1, the probability of acceptance is increased considerably

compared to the first rejection method. Recently Atkinson

and Pearce (1976) proposed a method, but did not specify an algorithm,

based on the work of Forsythe (1972). An elaborate set—up step , in-

volving numerical integration, was used to allow efficient generation

in terms of marginal generation time per variate. A fourth

method , efficient when at least one parameter is less than

one, is the “switching” algorithm given by Atkinson and Whit—

taker (1976). This rejection method, which is based on decom-

posing the density function into a product of two functions,

is not efficient when both parameter values are greater than

one.

1.3 Motivation and Direction of the Research

This paper is motivated by the need for techniques capable of

generating pseudo—random beta variates faster than existing techniques

allow. The co only encountered case of p > 1 and q > 1 is considered.

In many situations requiring computer generated beta variates , many

observations are obtained for fixed values of p and q. It is in

these situations that the three techniques presented here will be

of greatest benefit. By spending some additional time in initiali-

zation, the marginal time per variate is reduced.

Two tactics are employed to reduce the number of time consuming

operations necessary to generate each variate. The composition—

rejection method (see, e.g., Janason (1966)), using only triangular

and rectangular regions from which it is easy to generate random

points, is combined with a preliminary rejection and/or acceptance

_________________ - - - - - - 
~~~~~~~~~~~~~~~ -- —- --— .- - 

~~~— —~~~~~ ,—
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step which reduces the number of times the beta density function

must be evaluated. Variations of these tactics, combined with some

standard practices, produce three techniques which have various

initialization, marginal time , and memory requirements. The three

methods are developed in section 2. tn section 3 they are compared

to existing methods.

______________________ - -  _________- — — -- -~~~~~~~~~~~~~~~ -
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2. DEVELOPMENT OF THE TECHNIQUES

Developed in this section are three related techniques for

generating beta variates for p > 1 and q > 1. All three techniques

generate a point (x ,v) distributed uniformly over a region defined

by a function t(x) which envelopes f(x) (i.e., t (x)  > f(x) for all

xc(0,l]). The value x is delivered as the next observation if

v < f(x). Tocher (1963) proves that such an approach is valid.

This rejectIon approach is modified in all three techniques

presented here. A function b(x) is defined such that b(x) < f(x)

fn x~ [0,l]. Then x is delivered as the next observation if

~r if v < f(x). By defining b(x) as a piece—wise linear

- ~on, substantial computation is saved by the capability of

accepting x based on comparisons with b(x) rather than f(x), since

f(x) involves time consuming operations. Note that the use of

b(x) reduces the computation required to accept or reject x, but

does not change the probability of acceptance or rejection.

It should be noted that rejection techniques do not need to

consider the normalizing constant; in this case $(p,q)’~~. However,

simply ignoring ~(p,q) causes scaling problems. Therefore, following

Ahrens and Dieter (1974), define P p—i , Q q—1 , R — P + Q, and

f(x) — (x/P)I~((l_x)/Q)
t
~R
R 0 < x < 1 (1)

which is proportional to f
B
(x). does not involve 8(p,q) and has

no scaling problems since evaluation at the mode always yields

a value of one.

AU three techniques presented in this paper use the result

that the points of inflexion of the beta distribution lie at 

~_ r~~~i—
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[P ± (PQ/(R_1))U21/R

if the values lie between zero and one and are real. The density

function is concave between the points of inflexion and convex

at all other points in tO ,l]. In addition for p > 1 and q > 1,

the mode is located at P/R which lies between the points of

inflexion. (See, e.g., Johnson and Kotz (1970)).

For any P > 0 and Q > 0, define the constants

if x  0
2

L.x2 — x2
(l—x

2
)/(P—Rx2

) otherwise

~~ 

— (PQ/(R—l))~~
’2
)/R if real and in [0,1]

2 \

L 0 otherwise

x3 — P/R (2)

x + (PQ/ (R ~~~l)) ~~~
h’2)fa if real and in [0,1]

4 S
Li otherwise

ifx 14

Lx4 + x4(1—x 4)/(P—Rx4) otherwise

The mode is represented by x3
. If there are inflexion points ,

they are represented by x
2 
and x

4
. If there are no points of

inflexion, then x2 — 0 and x4 — 1. x
1 

and x5 are the points

at which the lines tangent to the density function at x2 and

cross the X axis . If x2 0, then x1 — 0 and if x4 — 1,

thsn x5 1. Figure A illustrates the location of these points.

-J
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Figure A About Here

2.1 Modified Ahrens and Dieter Technique

The Ahrens and Dieter (1974) algorithm BN is repeated here for

convenience.

1. Set P p — 1, Q 4- q — 1, R P + Q, L R in R,

— P/R , a —

2. Take an observation s from the standard normal distribu-

tion and form x 4- sa + ~.i.

3. If x < 0 or x > 1 go to step 2.

4. Generate u “~ U (O ,l).

5. If in u > P in (x/P) + Q in ((l—x)/Q) + L + 5~
2 go to step 2.

Otherwise, deliver x as the beta (p,q) observation.

Here the enveloping function is t(x) a exp(-s2
/2)  where s — 2(x— P/R)R~~

2
.

The modification proposed is to sometimes bypass the time consuming

step 5 through the use of the preliminary acceptance function

10 O < x < x 1

) (x—x1)/(x3—x1) x1 < x x
3b (x) —

I (x 5— x) / (x 5—x 3) x3 < x <

La x5 < x < i

as illustrated J~fl Figure B. Proposition i forms the basis for the

modified Ahrens and Dieter technique BNM proposed here.

Figure B About Here

• .~~ _ _ _--- - - --_ -J
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Proposition 1: For x
1
, x

3 
and x

5 
defined as in equation (2),

b
1

(x) < f (x )  f or all xc[O ,11.

Proof: The proof is trivial for 0 < x < and x
5 

< x < 1, since

b1(x ) 0 < f (x )  over these intervals. Now consider the interval

tx 1, x
3
]. Let y(x) — f(x

2
) + f ’ (x

2)(x—x 2
), the tangent to

f(x) at the inflexion point x
2
. Define .(x) as

r y(x) , xc(x
1
, x2

]
g(x) ç

L f (x ) , xE (x2, x3J .

Then g(x)  is differentiable everywhere on [x 1, x 3 J since

g(x 2+h)—g (x 2) g(x 2+h )— g(x 2 )
li.m~ h 

— 
h 

— f ’ ( ~ 2) .
h-’O h-~O

Also g ’ (x) is monotone non—increas ing on (x1, x3],  f i rs t  on [x 1, x2 ]

by linearity of y(x), and second on (x 2 , x3} by concavity of f (x )

(Roberts and Varberg (1973)).  Hence g(x)  is concave on (x 1, x31.

Moreove r , y(x) < f(x) on (x
1
, x

2
] since f (x )  is convex in this

region and y(x)  is the line of support at x2 . It follows that

g(x) < f(x) for all xc(x
1
, x3]. Nov for xc(x

1
, x

3
}, let

x X x 1 + (1— A) x 3 f o r O < A < l .  Then

f(x) > g(x) > Ag(x 1) ÷ (1—X) g(x
3
)

• Ab 1(x1) + (—A) b
1

(x
3
)

— b
1

(x) by linearity of b 1( ) .

Similar logic is applicable to the interval [x 3 , x5 ],  completing

the proof of Proposition 1.

- 
The Ahrens and Dieter technique may now be modif ied as follows :

a. Add to step 1 the calculation of x1 and x5 (which require x2

and x4 as inter mediate values ) and note that x3 —

- -rz~~~
- - - -- ------—- -

~~~
- -- - ----—-- - -•-.--.

~~~~~~~ 
— —----- - - - -  -
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p b. Between steps 4 and 5 add step 4b as follows:

If u exp (_s 2/2 )  < b
1

(x ) , deliver x.

Otherwise go to step 5.

No other changes are necessary .

2.2 The “Two—Point” Technique

A second method for genera ting be ta var iates is developed

in this section. The normal enveloping function of the Ahren ’s

and Dieter approach is replaced in this section with a piece—wise

linear function t
1
(x). Calculations necessary to determine t1

(x)

allow the use of a better fitting preliminary acceptance function b2
(x). The

functions t1
(x) and b

2
(x) require f(x) to be evaluated at x

2 
and

x, in step 1. This method will be referred to as the two—point

technique 2P. It is illustrated in Figure C.

Figure C About Here

Consider the enveloping function t1(x) defined as

I x  f(x 2) /x 2 0 < x <

I i  x < x < x
t 1

(x) ~~~~~ 2 — 3

1 1  X
3

< x < X
4

L i—x f (x4) / ( l — x 4) x4 < x < 1

Proposition 2: For x1, x3, and x3 defined x in equations ( 2 ) ,

t
1
(x) > f(x) for all xE(0,l].

Proof: Consider 0 < x < x2 . Since f(x) is convex over the interval,

f((l- X)(0)+Ax
2) < (l—A)f (0) + Xf(x2) 

____ 

.4
_________________________ — - —-•• --— ••* - - - - •- -• - - 

J
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or

f(Ax
2
) < Af(x

2
)

Since x — Ax2 in this interval,

f(x) < (x/x 2 ) f ( x 2 ) — t
2
(x) for all x~ (0,x2]

proving the result for all xc[0,x2]. 
The proof follows similarly

for x~[x4, ii. For xe(x2, x4], t2(x) — 1 — f (x 3) > f(x) for all

xc[x2, x4] since x3 
is the mode of the distribution. Thus t

1
(x)

is seen to be an enveloping function for f(x) and Proposition 2

is proved.

A better preliminary acceptance function than b i
(x) may also

be def ined based on f(x2) and f(x4
). Let

0 0 < x < x
1

(x— x1) f ( x 2) / ( x 2—x 1) x1 < x <

b 2 (x) — 

f(x 2) + (x— x2) ( l— f ( x 2
) ) / ( x 3—x 2) x2 < x <

f(x 4
) + (x4—x) ( l—f(x 4) ) / ( x 4 x3

) x3 < x z x
4

(x 5— x ) f ( x 4) / ( x 5 —x4) < x <

O x5
< x < i

Based on Proposition 3, b2
(x) may be used to deliver x in some

instances without evaluating f(x).

Proposition 3. For x
1
, x2, x3, x4, and x5 defined as in equations

(2 ) ,  b 2 (x) < f (x)  for all xc[0 , l] .

Proof: For x~ (O,x1] and xc[x5,l] the proposition follows trivially,

since b
2
(x) — 0, and f(x) > 0. For xc (x1,x2], b 2(x) is the tangent

• - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ - ~~~~~~~~~ --- - -~~~~~~~~ - I
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to f(x) at x2, hence b2
(x) < f(x) by convexity of f(x). For xc[x2,x3

],

b,(x) is a cord to f ( x )  and b 2 (x) < f(x) by concavity of f(x) in this

interval . It follows that b2 (x) < f ( x )  for  all xc[x1,x3]. Similar

logic applies to prove that b
2
(x) < f(x) for all xc[x3

,x5], thus

proving the proposition.

Just as the function b
1
(x) can be used to accept x. without

comparison to f(x), the normal density function can be used to

reject x without comparison to f(x). Define ~(x) exp(—2R(x—x
3
)
2
).

The point (x,v) may be rejected if v > ~ (x) since ~‘( x) > 1(x) for

all xe[0,l], as proved by Ahrens and Dieter ( 1974).

The two—point technique proceeds as follows:

1. Calculate x1, x2 , x3, x4, and x5 using equations (2)

and 1(x
2
) and 1(x

4
) using equation ~~).

2. Generate a value x with probabilities proportional

to t
1
(x).

3. Generate a value v distributed tJ(O, t
1
(x)).

4. If v < b 2 (x) deliver x.

5. If v > ~ (x) go to step 2.

6. If v < 1(x) deliver x , otherwise go to step 2.

Actual implementation of the algorithm proceeds best by

considering each interval separately, due to the fragmented

definitions of t
1
(x) and b 2 (x) .

2. 3 The “Four Point” Technique

The third technique for beta variate generation is given

here. Based on evaluating f(x) at x1, x2, x4, and x5, the “four

point” technique 4P uses the better fitting enveloping function

______ — _ m ~~~~~~~~~~~~~~~~ 
—
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xf(x 1) / x  0 < x <

f(x
1
)4(x— x

1)ff(x2)—f(x1)1/(x.x ) x
1 

< x < x
2

t2(x) 
1 X

2 
< X <

1 x3
< x~~~x4

f(x5)+(x5 x)Ef(x4)f(x5)J/(x5
_ x) < x <

(i—x)f(x
5)/(l—~5

) x
5 

< x < 1

as illustrated in Figure D. Proposition 4 states that t
2(x) is indeed

an enveloping function.

Figur~ D About Here

Proposition 4: For x1, x2, x3, x4, and x5 defined in equations (2),

t2
(x) > 1(x) for all xc(0,l].

Proof: The proof follows the logi c of the proof of Proposition 2 ,

but considers the intervals [O,x
1
], (x 1,x2], tx4,x5] and [x5, l]

individually . The logic is not repeated here .

For the implemen.tation of the 4P algorithm t 2 (x) involves

trapezoidal regions for the intervals [x1,x2] and [x4,x5 ]. Values

of x can be generated from each trapezoid through generating from

a rectangle and a triangle with probabilities proportional to

their areas. However, since each rectangle is entirely below

f(x) (see fig. D) a).]. the points (x ,v) generated with the rectangle

probabilities will be accepted and no rejection test need be per—

formed in this case. Likewise, for all the points (x,v) generated

with probabilities proportional to the inner rectangle areas for

the [x 2,x3] and (x3,x4] regions no rejection test is needed. Thus

the implementation of the four point technique, also given in the

Appendix , differs from the two point technique in that four regions

of zero rejection probability are created.

— 
— 

- __~E—~— • - .~~— ----— — -- - —  ______________ - -— -—
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3. CO~~tJTATIONAL E~~ERIENCE

In this section the three methods developed in section 2;

designated BNM , 2P and 4P; are compared to the Ahrens and Dieter

method SN , the ratio of g a a  random variates method RG , and

Jdhnk ’s method .1K. Section 3.1 discusses the implementation

of the comparison , and section 3.2 discusses the results of

the comparisons.

3.1 Implementation

All timing comparisons were made on the SMU CDC CYBER 72

using the KRONOS 2.1.2—A operating system. Each of the six

algorithms were implemented in FORTRAN using the FTN compiler

at optimization level 0. The tJ(0,l~ values were obtained from

RANF , the relatively fast generator built into FTN.

Each method was code -i as efficiently as is reasonable. The

Ahrens and Dieter methods , both original and modified , were

implemented using the K.thderman and Ramage (1976) algorithm

for generating normal deviates, as this appears to be the

fastest method available. (The initial use of another generator

resulted in two to three times inflation of computation time.)

The ratio method RG was implemented using the approach described

in Fishman (1973). The source listings for all programs used

to obtain the computational results are available from the authors.

For each combination of p, q and method, four samples of

size 1000 were generated . Never is the ratio of standard devia—

tion of average time to average time greater than .01. The least

significant digit shown is correct to within one or two units.

__________________  - - - ~~~~- —- - --- --~~~-.  - - - - 
- - -  

~~~~~~~~~~~~~~~ F
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3.2 Computational Time Comparisons

Synmetric distributions lead to the fastest generation times

for all six methods. Table 1 shows marginal generation times for

the six methods over a wide range of parameter values p — q, cor-

responding to the syn~ etric case. Method JK deteriorates rapidly

as p a q increases, due to the increasing probability of rejection.

Method RG is quite competitive for small integer values , but requires

two beta generations using JK for fractional p — q and requires

p + q uniform observations for all values of p and q, making RG

inefficient for large and/or fractional parameter values. Methods

SN and BNN perform best for large parameter values, due to the

asymptotic normality of the beta distribution.

It is clear from Table 1 that the three methods presented in

this paper reduce marginal computation time substantially . Method

BNM reduces the time of SN by 28% for p — q > 100, with less reduc-

tion for smaller parameter values. For p and q less than two , the

4P reduces to the logic ZP and hence the times are very similar.

For larg.’r values of p and q, 4P is substantially faster.

Table 1 can be used to compare the three methods of this paper

with Forsythe ’s method . As applied to the beta distribution by

Atkinson and Pearce (1976) , Forsythe ’s method requires 632 to 85%

of the marginal t ime needed by the SN method for parameter values

ranging from two to seven. Thus , over this range , Forsythe ’s

method appears to be about as fast as BNM , and somewhat slower

than 2P and 4P. However , the Forsyth. method requires a set—up

step equal to about 1000 marginal generation t imes. This is

considerably more than required by any of the six methods compared

in Table 1.

*
4

____________________________ — ________  -~~~~~~ - —

-— :__ -A 
—
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1. Marginal Generation Times (in ~i Seconds)

for Symmetric Beta Distributions

~~ThOD

• p q  JR RG BN BNN 2P 4?

1.01 1.2 2.0 1.8 1.8 .37 .39

1.2 1.4 2.2 .85 .80 .39 .41

1.5 1.9 2.3 .77 .69 .42 .43

2 3.4 .56 .77 .64 .45 .46

3 11.5 .62 .74 .60 .31 .27

5 * .77 .72 .55 .35 .26

10 * 1.1 .69 .51 .44 .28

100 * 7.1 .67 .48 1.2 .-~+5

1000 * * .67 .50 3.6 .97

* Not calculated due to excessive time requirement.
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The set—tip times for the six methods vary widely . Both JK

and RG require no set—up time, since neither makes use of constants

based on p or q. The SN method requires calculation of a natural

logarithm and a square root. The modified version, BNN , requires

an additional square root. The 2P and 4? methods require varying

amounts of set—up time ranging from no higher order operations

to the evaluation of f(x )  two and four times, respectively.

Table 2 shows generation times for the six methods when the

set—up logic is performed for each observation generated. Methods

3K and RG are unchanged , since they require no set—tip . For

parameter values less than two, 2? and 4? are fastest for both

set—up and marginal generation times . For parameter values greater

than two , the largest change from Table 1 is for 4P , with 2? , SNM

and SN requiring decreas ing set—tip time. For these cases

syunuetry was not used as a computational advantage . Therefore the

times shown are also indicative of the results for  asymmetric

distributions. 
-

It can be seen from Tables 1 and 2 that the additional set—up

time of 4P usually results in lower marginal times than SN or BNM .

The number of values which must be generated to break—ev en ranges

from less than one for small values of p and q to about five for

p — q — 10 and to about 60 for p — q — 100. Thus 4P is fastest

except for large values of p and q combined with small sample sizes .

Table 3 shows marginal execution times for all six methods

for a. rang. of parameter values corresponding to asy etric dis-

tributions. Several points can be made concerning Table 3. First



- - - - 

18 

— - - - -

2. Generation Times (in ~ Seconds )

Including One Time Set—Up For

Symmetric Beta Distributions

METHOD

p q  JR RG BN SNM 2P 4?

1.01 1.2 2.0 2.2 2.0 .69 .83

1.2 1.4 2 .2  1.1 .99 .69 .84

1.5 1.9 2.3 1.0 .86 .68 .81

2 3.4 .56 1.0’ .96 .87 1.0

3 11.5 .62 1.0 1.0 1.7 2.7

5 * ~77 .99 .98 1.7 2.6

10 * 1.1 .99 .95 1.8 2.7

100 * 7.1 .98 .91 2 .6  3.1

1000 * * .99 .94 5.1 3.6

* Not calculated due to excessive time requirement.

— _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
-4

a— — . - .4 
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3. Marginal Generation Times (in ii Seconds )

for Asymmetric Beta Distributions

Method

JR RG SN BNM 2? 4P

1.01 1.5 1.4 2.2 .91 .82 .44 .44
2 1.7 1.3 .93 .74 .48 .47
5 3.4 1.4 1.2 1.1 .91 .44
10 6.0 1.5 1.6 1.5 1.8 .77
100 4.5 4.6 4.7 16.1 5.7

1.5 2 2.5 1.5 .78 .69 .44 .46
5 6.4 1.5 .82 .70 .47 .33

10 * 1.7 .97 .87 .81 .42
100 * 4.7 2.5 2.6 6.7 2.3

2 5 12.0 .67 .78 .63 .43 .35
10 * .83 .89 .76 .68 .40
100 * 3.8 2.0 2.0 4.9 1.6

5 10 * ~93 .74 .58 .45 .28
* 100 * 3.9 1.4 1.3 2.7 .84

10 100 * 4.0 1.1 1.0 1.8 .62

* Not calculated due to excessive time requirement.

J
---
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note that RG is fast for small integer parameters and is fairly slow

for fractional parameter values. Second , note that BNN saves 10—20%

compared to SN, except for large parameter values. Finally, note

that 4? dominates the other methods for all parameter values shown,

except for p — 1.01 and q — 100 where RG, SN , and BNM are all

faster.

3.3 Other Comparisons

Only the speeds of the six methods were considered in section

3.2. Some comments concerning other criteria are given here. Since

aU. are exact techniques no discussIon of accuracy is given.

The storage requirements of the method varies widely . In

order of ascending storage requirements the methods rank .1K,

RG, 2?, 4?, BN and BNM. This ranking includes the use of the

Kinderman—Ramage normal generator. At the expense of computa—

tiona.1 speed , the use of another normal generator requiring less

core could place SN and BNN before 2? and 4?.

Generality is the other important criterion for selection

of gener itors. Fox’s method, using order statistics , is valid

only for integer parameter values. Only 3K and RG are theoretically

valid for any p > 0 and q > 0. The other methods apply only for

p > 1 and q > 1.

~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~- - - - - --~~~.-- - d’
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4. SIflIMARY AND CONCLUSIONS

The three rejection methods BNM, 2? and 4P for generating

beta variates for p > 1 and q > 1 have been developed and compared

to three existing methods JK, RG , and BN. As a group , the three

new methods dominate the three existing methods in terms of

generation time. In particular, the best overall performer of

the existing methods, BN , is dominated by BNN for all parameter

values in terms of both marginal time and set—up time. However,

BNM does not dominate either 2P or 4P. Except for some insigni-

ficant cases, method 4? dominates method 2P, due to t
2
(~) fitting

the tails better than t
1
().

In conclusion , method 4? is fastest except in the following

three cases :

1) If parameter values are integer , p + q < 20, and the

parameter values change for each observation generated ,

method RG is fastest. Note that in this case Fox ’s order

statistics method is appropriate.

2) If the standard deviation is less than approximately

.02 BNN is fastest, due to the good fit of the normal

density function and the corresponding heavy tails.

(A method 6? would be effective here.)

3) If p and q are greater than two and the parameter values

change for each observation generated , then BNM is fastest

due to its relatively fas t set—up compared to 2? and 4P . 
- -

Methods 2? and 4? may be modified in a variety of ways . 2P could

include two additional regions having zero probability of rejection.

Both 2? and 4P could use various other t() and b(S) functions. In

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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particular, b2
(x) could be made to better fit f(x) in 4? by making use

of f ’ ( x 1
) and f ’ ( x

5
) .  Finally , methods corresponding to 6?, 8P ,

could easily be developed based on the results of section 2. While

these modification would be very useful for large parameter values , the

added comp lication would probably not be worthwhile for most t~~~rs.

_______ _______________ 
4

—‘- ~— 
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, 
~~~~~~~ ~~~



23

REFERENCES

Akir ’ns , 3. R. and Dieter, U. (1974), “Computer Methods for

Sampling From Ga ia, Be ta, Poisson and Binomial Distribu-

tions,” Computing, 12, 223—246.

Atkinson, A. C., and Pearce, M. C. (1976), “The Computer

Generation of Beta, Gamma and Normal Random Variables,”

Journal of the Royal Statistical Society, A, 139, 431—461.

Atkinson, A. C., and Whittaker, 3. (1976), “A Switching

Algorithm for the Generation of Beta Random Variables

with at Least One Parameter Less Than 1,” Journal of the

R~yal Statistical Society, A , 139, 462—467.

Clark, C. E. (1962), “The PERT Model for the Distribution of

an Activity Time,” Operations Research, 10, 4-35—406.

Fishman, C. S. (1973), Concep ts and Methods in Discrete Event

Digital Simulation, New York: John Wiley & Sons.

Fishman, G. S. (1976), “Sampling from the Gamma Distribution on

a Compurer ,” Coi~ iunications of the ACM, 19, 407—409.

Forsythe, C. E. (1972), “Von Neumann’s Comparison Method for

Random Sampling from the Normal and Other Distributions,”

Mathematics of Computation, 26, 817—826.

Fox , B. L. (1963) , “Generation of Random Samples from the Beta

and F Distributions,” Technometrics, 5 , 269—270 .

Jannson , 3. (1966) , Random Number Generators , Stockholm :

Almquist and Wiksell.

.Jb’hnk , M. D. (1964), “Krzeugung von Betaverteilten und Ga a—

verceilten Zufallszahlen ,” Metrika, 8, 5—15.

___________________________________________________ - 

~~~~~~~~~
- — :  - - ____



24

Johnson , N. L., and Kotz , S. (1970), Continuous Univariate

Distributions — 2, New York: John Wiley & Sons.

Kinderman, A. J., and Ramage , J. G. (1976), “Computer Generation

of Normal Random Variables ,” Journal of the American

Statistical Association, 71, 893—896.

Lewis , T. C. (1975), Distribution Sampling for Computer

Simulation, Lexington, Massachusetts: D. C. Heath and

Company .

Lurie , D . ,  and Hartley , H. 0. (1972), “Machine Generation of

Order Statistics for Monte Carlo Computations,” The

American Statistician, 26, 26—27.

McGrath , E. 3., and Irving, D. C. (1973), Techniques for

Efficient Monte Carlo Simulation. Vol. II. Random Number

Generation for Selected Probability Distributions, Spring-

field, Virginia: National Technical Information Service.

Patel, 3. K., Kapadia, C. H., and Owen, D. B. (1976), Handbook

of Statistical Distributions, New York: Marcel Dekker.

Ramberg, 3. S., and Tadikamalla, P. R. (1977), “On the Generation

of Subsets of Order Statistics,” Journal of Statistical Com-

putation and S imulation, forthcoming .

Roberts, A. W., and Varberg, D. E. (1973), Convex Functions,

New York: Academic Press, p. 10.

Schmeiser , B. W., and Deutach, S. 3. (1977), “A Versatile

Four Parameter Family of Probability Distributions

Suitable for Simulation,” AIIE Transactions, 9 , forthcoming.

- -~- . - .. ..- . -
~~~~~

-—•
~
:— - - 

- ——~~~ -._ -
,
-~~- - -~~~--~~ .— - - 

- -- — 
-

— -
~~~~~~~-~~~~~~~

--
~~~—— .4



25

Schucany , R. W. ( 1972) , “Order Statistics in Simulation , ”

Journal of Statistical Computation and S imulation , 1,

281—286.

Tocher, K. D. (1963), The Art of Simulation, London: The

English Universities. Press Ltd.

Wallace, N. D. (1974), “Computer Generation of Gamma Random

Variates with Non—integral Shape Parameters,” Co unica—

tions of the ACM, 17, 691—695.

Whittaker, J. (1974), “Generating Gaimna and Beta Random

Variables with Non—integral Shape Parameters,” Applied

Statistics, 23, 210—214.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- d



7.,

- —26—

- - A —Example f(x) with Corresponding x1, x2, x3, x4 and x5.
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C. The Two Point Method (2?). - - . -
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