“"AD=AD44 572 RICE UNIV HOUSTON TEX AERO=ASTRONAUTICS GROUP F/6 12/1
MODIFICATIONS AND ALTERNATIVES TO THE CUBIC INTERPOLATION PROCE=-=ETC(U)
1976 A MIELEr F BONARDO:» S GONZALEZ AFOSR-76-3075
UNCLASSIFIED AAR=135 AFOSR=TR=77-1211

END
DATE
FILMED
|O=77
DOC




ADAO44572

AD No.

2
e

V4

AFCSR-TR_ 7’ 7« o 2 1 1 Y .
AERO-ASTRONAUTICS REPORT NO. 135

MODIFICATIONS AND ALTERNATIVES TO THE

CUBIC INTERPOLATION PROCESS FOR ONE-DIMENSIONAL SEARCH

by

A. MIELE, F. BONARDO, and S. GONZALEZ

,-':77_;;-@»; 1 for publie release?
distribution unlimiteq,
RICE UNIVERSITY
1976

DOC riLE copy




LM O THIS PAYE

URITY CLASSIHY (Whee Data Fntered)
AL

[}

’hqé/REPORT'DOCUMENTAT10N FAGE

READ INSTRUCTIONS
BEFORE COMPLETING FORM

" 1 "REPOMM e 2.GOVT ACCESSION NO| 3. REGIPIENT'S CATALOG NUMBER
(TEJAFOSRAIR—T7 7~ 121 1| W { 7
h 4. TITLE (and Subtitle) 5 WOF REPORT & PERIOD COVERED
{ & J| MODIFICATIONS AND ALTERNATIVES TO THE CUBIC || dnter1m///* }/
1 INTERPOLATION PROCESS FOR ONE-DIMENSIONAL SEARCH . E
| = = PWG ORG. REPORYT N(maen
7. AJT-EC.)};)- “j::;..::-—._. o e 8. CONTRACT OR GRANT NUMBER(s)
.-/;j‘ A. Miele, F. /Bonardo "and S. /fionza]ez ] Vi /l'\FOSR 76-3075. L- —
\__4 ] o ---'. p /
; o m—— et j‘/N:)r_M |e _//_Ji/ ’/ /
9. P.ERFORMH.JG ORGA'\NIZATION NAME AND ADDRESS B T mwl
Rice University 7
Department of Mechanical Engineering 77/ 61102F y 7 vr:
Houston, Texas 77001 2] 230//A3 [ ] /'f) J
11. CONTROLLING OFFICE NAME AND ADDRESS { // mﬂ# DATE L [ . "
Air Force Office of Scientific Research (AFSCYﬁEﬁAB]EZSBgROFPAGES !
Bolling AFB, D. C. 20332 36
14. MONITOR]K&AEENQ..WHEﬁS(H different from Controlling Office) 15. SECURITY CLASS. (of this report)
f . ,Jf ) UNCLASSIFIED
_/, | Lﬁ DECL ASSIFICATION/ DOWNGRADING

/ - ’""""““"

SCHEDULE

16. DISTRIBUTION STATEMENT (of this Report)

Approved for public release, distribution unlimited.

¥r

DISTRIBUTION STATEMENT (of the abstract entered in Block 20, if different from Report)

18. SUPPLEMENTARY NOTES

19. KEY WORDS (Continue on reverse side if necessary and identify by block number)

process, Lagrange interpolation scheme, modificati

One-dimensional search, cubic interpolation process, quadratic interpolation

tion process, alternatives to the cubic interpolation process, bisection

ons of the cubic interpola-

(OVER)

20. ABSTRACT (Continue on reverse side {f necassary and identify by block number)

In this paper, the numerical solution of the probl

function f(a) is considered, where « is a scalar.

cubic interpolation process are presented, so as to improve the robustness of

em of minimizing a unimodal

Two modifications of the

the method and force the process to converge in a reasonable number of  (OVER)
DD , ax"™; 1473  EDITION OF 1 NOV 65 1S OBSOLETE UNCLASSIFIED i /\/{

SECURITY CLASSIFICATION OF THIS PAGE (When Data Fntere



SECURIT © CLASSIFICATION OF THIS PAGE(When Data tntetead)

19.  KEY WORDS (Continued)
process, mathematical programming, interval of interpolation, numerical

analysis, numerical methods, computing methods, computing techniques.

20. ABSTRACT (Continued)
iterations, even in pathological cases. Modification M1 includes the
nonoptional bisection of the interval of interpolation at each iteration
of the process. Modification M2 includes the optional bisection of the
interval of interpolation: this depends on whether the slopes fq(&o) and
fa(ao) at the terminal points &0 and @, of two consecutive iterations
have the same sign or opposite sign.

An alternative to the cubic interpolation process is also presented.
This is a Lagrange interpolation scheme in which the quadratic approxi-
mation to the derivative of the function is cor d. The coefficients

of the quadratic are determined from the values ot .ne slope at three

points: oy, a,, and oy = (a]+a2)/2, where a, and a, are the endpoints

of the interval of interpolation. The proposed alternative is investi-
gate& in two versions, Version Al and Version A2. They differ in the way
in which the next interval of interpolation is chosen; for Version Al,
the choice depends on the sign of the slope fa(ao); for Version A2, the
choice depends on the signs of the slopes fm(“o> and fu(a3).

Twenty-nine numerical examples are presented. The numerical results
show that both modifications of the cubic interpolation process improve
the robustness of the process. They also show the promising character-
istics of Version A2 of the proposed alternative. Therefore, the one-

dimensional search schemes described here have potential interest for

those minimization algorithms which depend critically on the precise

selectionof the stepsize, namely, conjugate gradient methods.

UNCLASSIFIED

SECURITY CL ASSIFICATION OF THIS PAGEWhaen Dara Fntered)




i ® AAR-135

Modifications and Alternatives to the

Cubic Interpolation Process for One-Dimensional Search1

by

A, MIELEZ, 15 BONARDO3, and S. GONZALEZ4

Abstract. 1In this paper, the numerical solution of the prob-
lem of minimizing a unimodal function f(a) is considered,
where a is a scalar. Two modifications of the cubic inter-
polation process are presented, so as to improve the robust-
ness of the method and force the process to converge in a
reasonable number of iterations, even in pathological cases.
Modification M1l includes the nonoptional bisection of the
interval of interpolation at each iteration of the process.
Modification M2 includes the optional bisection of the in-
terval of interpolation: this depends on whether the

slopes f (a_) and f (a_) at the terminal points «_ and «_ of
gt Ao o o
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two consecutive iterations have the same sign or opposite
Sign.

An alternative to the cubic interpolation process is
also presented. This is a Lagrange interpolation scheme 1in
which the quadratic approximation to the derivative of the
function is considered. The coefficients of the quadratic
are determined from the values of the slope at three points:
Ay v oy and az = (al+a2)/2, where ay and a, are the end-
points of the interval of interpolation. The proposed al-
ternative is investigated in two versions, Version Al and
Version A2. They differ in the way in which the next in-
terval of interpolation is chosen; for Version Al, the choice
depends on the sign of the slope fa(ao); for Version A2, the

i

choice depends on the signs of the slopes fa(ao) and fa(x3
Twenty~nine numerical examples are presented. The
numerical results show that both modifications of the cubic
interpolation process improve the robustness of the process.
They also show the promising characteristics of Version A2
of the proposed alternative. Therefore, the one-dimensional
search schemes described here have potential interest for
those minimization algorithms which depend critically on the

precise selection of the stepsize, namely, conjugate gradient

methods.
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Key Words. One-dimensional search, cubic interpolation pro-
cess, quadratic interpolation process, Lagrange interpolation
scheme, modifications of the cubic interpolation process,
alternatives to the cubic interpolation process, bisection
process, mathematical programming, interval of interpolation,
numerical analysis, numerical methods, computing methods,

computing techniques.
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diee Introduction

Many algorithms for mathematical programming problems
consist of two parts: the computation of the search direction
and the computation of the stepsize along the search direction
chosen. The computation of the stepsize is done by means of
one-dimensional search schemes, whose nature (i.e., approxi-
mate or precise) must be tailored to the characteristics of
the algorithm under consideration.

For algorithms of the pointwise type (i.e., ordinary
gradient method and quasilinearization method), approximate
search schemes can be employed. On the other hand, for
algorithms of the cyclic type (i.e., conjugate gradient
methods and variable-metric methods), precise search schemes
are desirable (see, for example, Refs. 1-3).

Among the search schemes available, one of the most
widely used is the cubic interpolation process (see Ref. 4).
In the standard process (a Hermite process), the function 1
f(o) is approximated by a cubic, and the coefficients of
the cubic are determined from the values of the ordinate
f(u) and the slope fq(w) at two points a, and « chosen

i 27

so that £ (ao,) < 0 and f”(w ) 0 [0 In an alternative
L

1

process (Ref. 5}, the coefficients of the cubic are de=

2

termined from the values of the ordinate f(n) at four points.




Another widely used search scheme is the quadratic

interpolation process (see Refs. 6-7). 1In the standard
process, the function f(a) is approximated by a quadratic,
and the coefficients of the quadratic are determined from
the values of the ordinate f(a) at three points. 1In an
alternative process (Ref. 8), the coefficients of the
quadratic are determined from the values of the ordinate
f(a) at two points and the slope fa(a) at one point.

In this paper, we consider the Hermite cubic interpola-
tion process, and we present some modifications of the
process, designed to improve the robustness of the method
and force the process to converge in a reasonable number of
iterations, even in pathological cases. The function f (a)
is approximated in the same way as in the standard process,
but a new feature is added: a bisection of the interval of
interpolation, which is done, either nonoptionally or
optionally, in accordance with certain rules described in
Section 3.

Next, an alternative to the cubic interpolation process
is presented in Section 4. This is a Lagrange interpolation
scheme, in which a quadratic approximation to the derivative
of the function is considered. The coefficients of the

quadratic polynomial are determined from the values of the

slope fl(’) at three points: tr Ggr Qg . The points q
and iy are such that f((ll) < 0 and fl(lq) > 0. And the
point 'y is equidistant from the previous two. Rules are
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provided for the automatic updating of the interval of
interpolation.

In order to avoid numerical instabilities, a switching
parameter is introduced in both the cubic interpolation
prccess and the proposed alternative. This parameter de-
pends on the relative magnitude and the signs of the co-
efficients appearing in the polynomial approximations to
f(a) and fa(a). It governs the switch from the cubic to the
quadratic approximation for f(a) and the switch from the
qua atic to the linear approximation for fa(a). For an

tive switching parameter, see Ref. 9.




2, Review of Cubic Interpolation

Consider a unimodal function

where a is a scalar. Assume that the minimum of the function
occurs for some value o which is finite and positive.5 Next,
consider the reference stepsize a, and the sequence of step-

sizes
{a} = {Ol Ay r 20('*’ 4(1*, 80.*, ...} - (29

For every element of the sequence (2), compute the ordinate
f () and the slope fu(a). Denote by ay and a, the smallest
consecutive elements of the sequence (2) such that the follow-

ing inequalities are satisfied:
RSO {3

Then, assuming that the derivative f (a) is continuous, the
X

minimum of f (a) occurs for a value s such that

In order to find the minimum of f(a) numerically,

5For simplicity, we assume that f (0) < 0.
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we represent the function f(a) in the cubic form

Fla) = kg + kja + kzaz + k3u3 ) (5)

The coefficients ki are computed by forcing the cubic F (a)
and 1ts derivative Fa(a) to satisfy the exact values of the

ordinate f(a) and the slope fa(u) at o, and o that is,

1 2 #

the coefficients ki are computed from the conditions

F(al) o= f(al) ’ F(X,(al) b f(].(al) ’ (6)
1
F(az) = f(az) ’ Fa(az) = fa(a2) (7)
With the coefficients known, an approximation to the
optimum stepsize Ay is obtained by determining the zero of
the first derivative of (5), subject to the convexity con-
dition for the cubic representation (5), that is,
. i
Fa(ao) =0 5 Faa(ao) >0 (8) |
Equation (8-1), in combination with Ineq. (8-2) and Egs.
(5)-(7), implies that (Ref. 10)
Oy = al+ﬁo(a2-u1) 7 (9)
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where
= . 2. . h . e
80 = (l/3c3)[ c2+/(02 3clc3)] 0 af p > £, OF C, < g (10-1)
Bo = —cl/2c2 ; 1E p fzand c, S0 (10-2)
In Egs. (10), the coefficients Cys €y, Cy are given by
cl = (uz—ul) fa(al) z (IS E=01
c, = 3[f(a2)—f(al)]—(u2—al)[2fa(al)+fa(a2)] " (L1-2°
cy = 2[f(al)-f(a2)]+(a2—al)[fa(al)+fq(m2)] ' (1L1=387)
and the switching parameter p is given by
g e g /e y (12)
TR =)
Use of (10-2) in place of (10-1) corresponds to setting k3=0
in Eg. (5); that is, it corresponds to replacing the cubic
approximation F(a) with a quadratic approximation. For the
details, see Ref. 10.
Iterative Procedure. At the end of any iteration, an

6

An alternative switching parameter is presented by Acton in
9.

Ref.

A A Cr S A e by
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approximate optimum stepsize is known. Then, two possibilities

arise, depending on the sign of fa(a) at the point ayt

Case (i) ; fa(ao) I (R (13-1)

Case (ia), fa(ao) <0 (153=2)

If the tilde denotes quantities pertaining to the next it-
eration, the resetting of Ql and a2 is done as follows:

Case (1) ¥ a; = «a o = @ . (14-1)

Case (ii) , o, = a_, G, = a (14-2)
The itcurative process is terminated whenever the optimum step-

size aq satisfies the inequality

% O B O (15)

where is a small, positive number.

€1
Concerning function evaluations, the conclusions are as
follows. For the first iteration, one needs to evaluate two
functions and two derivatives. For subsequent iterations, one
needs to evaluate only one additional function and one ad-
ditional derivative, since the values of the function and its

derivative at the endpoints of the previous interval are

known and stored.
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S Modifications of the Cubic Interpolation Process

Generally speaking, the cubic interpolation process de-
scribed in Section 2 enables one to find the minimum of a
unimodal function in a relatively small number of iterations.
However, it is known that pathclogical cases can be con-
structed such that this process might become slow and in-
efficient: for some extremely flat bowl functions (see
Examples 5.21 and 5.22), the previous algorithm might be un-
able to converge in several hundred iterations.

In an effort to bypass the above difficulty, we present
here two modifications of the previous process. The basic
idea is to force a substantial reduction of the interval of
interpolation through a bisection procedure, which can be
either nonoptional [Modification M1] or optional [Modification
M2].

We emphasize that, in the modifications described below,
Egs. (9)-(12) are retained. However, the updating formulas
(13)-(14) are discarded and are replaced by new updating
formulas, designed to force a more drastic reduction in the
interval of interpolation.

Modification Ml. Suppose that Egs. (9)~(12) are em-

ployed in any given iteration. Also, suppose that, prior to
starting the next iteration, the interval of interpolation

associated with the procedure of Section 2 is bisected through

i autidi LR R S
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the consideration of the following intermediate stepsize:

ay = (ul+uo)/2 - 2 E fa(ao) 2 0 (16-1)

ay = (ao+a2)/2 v TG fa(uo) RO (16-2)

Then, four possibilites arise, depending on the signs of the

slope fa(a) at aq and ags

Case (i) , fa(ao) >0, fa(a3) SISO (17 =1}
Case (ii) , fa(ao) 0, fa(a3) £ 0 5 (17=2)
Case (iii), fa(ao) <SEORS, fa(a3) >0 (17-3)
Case (iv) , fa(ao) < 0 fa(a3) R Cle7=4))

If the tilde denotes quantities pertaining to the next itera-

tion, the resetting of ay and %y is done as follows:

Case (1) 7 &1 =a; &2 = 0y i (18-1)
Case (ii) , a, = o3 a, = o i (18-2)
Case (iii), dl = Ay v dz = oty : (18-3)
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Case (iv) , a. = o ; Bl 2 - (18-4)

It can be shown that any two consecutive intervals of inter-

polation satisfy the inequality

(dz—ul) < (uz—ul)/Z . (19)

Consequently, Modification M1 should behave in a reasonable
way, even in the pathological cases described previously. Of
course, the iterative procedure is terminated whenever Ineq.
(15) is satisfied.

Concerning function evaluations, the conclusions are as
follows. For the first iteration, one needs to evaluate two
functions and two derivatives. For subsequent iterations,
one needs to evaluate two additional functions and two ad-
ditional derivatives. Therefore, while Modification M1 is
more robust than the standard cubic interpolation process of
Section 2, a price must be paid in terms of function evalua-
tions.

Modification M2. This modification has characteristics

which are intermediate between those of the standard cubic

interpolation process and those of Modification Ml1. It con-
stitutes an attempt to retain the robustness characteristics
of Modification M1, while trying to reduce the total number

of function evaluations and derivative evaluations.
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Basic to Modification M2 is the consideration of two
consecutive optimum stepsizes &o and ag - Depending on the

signs of the slope fa(a) at &o and ay s two cases are possible:

Case (a) , fa(ao)fa(ao) < 0 (20-1)

Case (b) ’ fa(ao)fa(ao) > 00 . (20-2)

For each of these cases, the next interval of interpolation is

determined as follows:
Case (a) , use updating rules (13)-(14) ; (21-1)
Case (b) , use updating rules (17)-(18) . (21-2)

The significance of the strategy described by (20)-(21)
is as follows. For Case (a), (20-1) indicates that the signs
of fa(&o) and fa(ao) are different, meaning that the actual
optimal stepsize lies inside the interval enclosed by ao and
a, i therefore, bisection is not applied. For Case (b), (20-2)
indicates that the signs of fa(ao) and fu(ao) are the same,
meaning that actual optimal stepsize lies outside the interval
enclosed by ao and ag i therefore, bisection is applied.

In essence, Modification M2 proceeds as follows: For

B —————




B i

1.5

AAR-135

Case (a), we employ the cubic interpolation process in its

standard form; while, for Case (b), we employ Modification

M1.
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4. Alternatives to the Cubic Interpolation Process

An alterrative to the cubic interpolation process is a
Lagrange interpolation scheme: instead of employing the
values of f(a) and fa(a) at two points, we employ the values
of fu(a) at three points.

The computational procedure is as follows. We consider
the sequence of stepsizes (2) and, for every element of the
sequence, we compute the derivative fa(a). We denote by ay

and a, the smallest consecutive elements of the sequence (2)

such that Inegs. (3) are satisfied. Next, we denote by
ay = (a1+a2)/2 (22)

the point equidistant from the previous two and, at this
point, we compute the slope fa(a3).
In order to find the minimum of f(a) numerically, we

represent the derivative fd(a) in the quadratic form
F (a) = p,+p,a+p az (23)
a 1*2 3 :

The coefficients p; are computed by forcing the quadratic
(23) to satisfy the exact values of the slope fa(a) at

Agr Gyp Ogi that is, the coefficients p; are computed from

—
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the conditions

which represent a Lagrange interpolation scheme with equi-
distant arguments.

With the coefficients known, an approximation to the
optimum stepsize is obtained by determining the zero of
Fa(a), subject to the positiveness condition for Fqu(“)'

Equation (8-1), in combination with Ineq. (8-2) and Egs.

(23)-(24), implies that (Ref. 10)
as = (a1+a2)/2 + yo(uz—ul)/2 v (25)
where

=
|

Yo = “Hy/dy v 1 @ o= . (26-2)

In Egs. (26), the coefficients dyr d,e g4 are given by

<]1 = fl('v.}) " (27=1)
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Q
N
|

(£, (a,) - £ (a)1/2 (27-2)
9, = —fu(d3)*'lfa(ul)+ fu(qz)]/Z " (27-3)

and the switching parameter ¢ is given by

g = | 4q1q3/qg A (28)

Use of (26-2) in place of (26-1) corresponds to setting p3=0

in Eq. (23); that is, it corresponds to replacing the quadratic
approximation to the derivative fa(a) with a linear approxi-
mation. For the details, see Ref. 10.

Version Al. In this version, two possibilities arise,

depending on the sign of fq(ﬂ) at the point a .
Case (i), fa(ao) >0 (29-1)
Cage (1i), E () <10 (29-2)
a' o
The resetting of ay and o, is done as follows:

Case (i), 0, = O ; N = 0O : (30-1)

(30-2)

Case (ii), &1 = o 4
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The iterative process is terminated whenever the optimum step-

size o satisfies Ineq. (15).

Concerning function evaluations, the conclusions are as

follows. For the first iteration,

one needs to evaluate three

derivatives. For subsequent iterations, one needs to evaluate

two additional derivatives,

since the values of the deriva-

tives at the endpoints of the previous interval are known

and stored.

Version A2. 1In this version,

depending on the signs of fq(u) at

Case (1), fu(a

Case (ii), fa(GB)

Case (iii), fa
Case (iv), £
The resetting of ay and «
Case (i), dl
Case (11}, “l

f

v
S

\
o

done

four possibilities arise,

points s and ay ¢

’ f“(wo) > 0 (Bl
' fa(ﬂo) SH0C (3 =2)
’ fd(“o) >R C81=3
5 fm(“o) <R3 S (31-4)

as follows:

dy = Q ; (32=1)

Qi = 0 ; (32=~2)
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Case (iii), Ao S G . G = 1 ; (32-3)

Case (iv), dl = ) i ﬁz = . (32-~4)

The iterative process is terminated whenever the optimum step-
size %y satisfies Ineq. (15).

Concerning function evaluations, the conclusions are as
follows. For the first iteration, one needs to evaluate three
derivatives. For subsequent iterations, one needs to evaluate
two additional derivatives, since the values of the derivatives
at the endpoints and the middlepoint of the pr~ovious interval
are known and stored.

Remark. Concerning the reduction of the interval of
interpolation, Version Al does not have any particular
property. On the other hand, Version A2 is such that any two

consecutive intervals of interpolation satisfy the inequality

(dz—dl) < lay=ag)/2 . (33)
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' S Experimental Conditions and Numerical Examples

] In order to evaluate and compare the previous algorithms,
twenty-nine numerical examples were solved. The algorithms
were programmed in FORTRAN IV, and the numerical results were
obtained using the IBM 370/155 computer of Rice University and
double-precision arithmetic.

For all of the examples, the reference stepsize

Oy = 1 (34)

was employed, that is, the sequence of stepsizes explored was

chosen as follows:

Job = §0,2,2, 4,8, ...} . (35)
The algorithms were programmed to stop whenever Ineqg. (15)
was satisfied with 1
! =5 _ -10
€] = 10 or €, = 10 . (36)

The switching constant €5 appearing in (10) and (26) was set

at the level

I

10719 (37)
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The twenty-nine functions investigated7 are described

by Egs. (38)-(66). For these functions, Table 1 supplies

the abscissa of the minimal point ag the value of the

function at the minimal point f(uo), and the value of the

second derivative at the minimal point faa(uo)' Of course,
at the minimal point, one has fa(ao) = 0 within the degree
of precision established by (36-2).
Example 5.1

£(a) = (20-4.5)%-7504205 ;
Example 5.2

fla) = a6/6-3a :
Example 5.3

f(a) = 6/(0.0005+a)+15/(1.0005-a) ;
Example 5.4

f(a) = [exp(u—/ﬂ)—a+/ﬂ—1]4+(a-/n)8+(a—/n)2 ;
Example 5.5

f(a) = [exp(a-ez)-a+e2-l]4+(a—e2)8+(a-e2)2 ;
Example 5.6

£(a) = [expla-3)-a+2]P+(a-3)8+(a-3)2 ;

Example 5.7

f(a) = exp[(a-n)2+10(a-n)4] s

7The symbol e in Eq. (42) denotes the basis of natural

logarithms.

AAR-135

(38)

(39)

(40)

(41)

(42)

(43)

(44)
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Example 5.8

f(a)

Example 5.9

£ (ep)

Example 5.10

Example

£ (o)

5 e

Example

f(a)

5al2

Example

Example

Example

Example

Example

Example 5.

Example 5.

Il

-10 cossu—u

-100 cossu—u

23

-1000 cossq—u

-10 cos4a—a

-100 cos4u—a

-1000 cos4u—u

100 cos a-o

coss(a+?/6)

cosg(a+ﬁ/6)

500 coss(ﬂ+ﬂ/6)-w

2

=T (/4—:72(1 +100 Sin7

l-exp[= (="

)

2

.
’

.
’

.
’

]

.
’

(Tra/4)
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(45)

(46)

(47)

(48)

(49)

(50)

(51)

(52)

(55)
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Example 5.20

Example

1-10 exp[—(a—ﬂ)zl

Example 5,22

l-expl- (2a-1+2) 8]

Example 5.23

1-10 expl[- (20-1+2) 8]

Example

100-10a+0.05 sinh(20a)

Example 5.25

99-10a+cosh (20a)

Example

100-100+0.05a?sinh (20a)

Example

99-100ta cosh(20a)

Example

100-100000+0.05a sinh (20a)

Example

100 cos(sinh a)

cos [exp (a-1/3)]
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(58)

(59)

(60)

(61)

(62)

(63)

(64)

(65)

(66)
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Table 1. Solutions for the numerical examples.

Example o f(wo) flq(LO)
SEH 0.3304 E+01 0.6694 E+02 0.2134 E+03
SV 0.1245 E+01 =0 3 14 K+ O 0.1204 E+02
5.3 0:. 3873 E-+00 021998 E+=02 0.3358 E+03
5.4 01772 EA01L 0.0000 E+00 0.2000 E+01
5535 0.7389 E+01 0.0000 E+00 0.2000 E+01
5.6 0.3000 E+01 0.0000 E+00 0.2000 E+01
5.7 0.3141 E+01 0.1000 E+0! 0.2000 E+01
568 0.2001 E-01 =0. 100k E+02 0.4986 E+02
59 0.2000 E-02 -0.1000 E+03 0.4999 E+03
5.10 0.2000 E-03 -0.1000 E+04 0.4999 E+04
5.11 0.2502 E-OF -0.1001 E+02 0.3987 E+02
5o 02 0.2500 E-02 =0 1.00/0" E+03 03999 E+03
5 vlk3 0.2500 E-03 -0.1000 E+04 0.3999 E+04
5.14 03151 B0l =003 1 E+03 0/..9999 E+02
St 01,2617 E+01L -0.1000 E+01 0.5000 E+01
Sioltb 02617 EH0L = OO0 0N EH O 0.9000 E+01
Sk 0.2618 E+01 =01:5026 E£03 0.2499 E+04
5.8 0.7790 E+00 -0.4539 E+01 0.7989 E+02
S, 0.3141 E+01 0.0000 E+00 0.2000 E+01
D20 0.3141 E+01 -0.9000 E+01 0.2000 E+02
Sl 0.5707 E+00 0.0000 E+00 0.0000 E+00
522 0.5707 E+00 -0.9000 E+01 0.0000 E+00
5.23 0.1496 E+00 0.9900 E+02 O L9BIY9NREQS
5.24 0.2406 E-01 0.9987 E+02 0.4472 BE+403
502 0.3415 E+00 0.9689 E+02 0.3062 E+03
I 26 0.2487 E+00 0.9678 E+02 0.3428 E+03
527 0.5870 E+00 =0.5397 E+04 0.2638 E+06
5.28 0.1862 BE+01 =0z 1000 E+O03 0.1086 E+04
Su23 0.1478 E+01 -0.1000 E+01 0.9869 £+01
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6. Numerical Results, Discussion, and Conclusions

In this paper, the numerical solution of the problem of
minimizing a unimodal function f(a) is considered, where «a
is a scalar. Two processes are studied. One is the cubic
interpolation process, in which the coefficients of the
cubic approximation to the function are determined from the
values of the ordinate f(a) and the slope fa(u) at two points
ay and ay chosen so that fa(al) 2

other is an alternative to the former process, in which the

< 0 and fu(u ) > 0. The
coefficients of the resulting quadratic approximation to the
derivative of the function are determined from the values of

the slope fa(a) at three points, namely, and

(11, (12,
u3 = (al+a2)/2. Therefore, the cubic interpolation process

is replaced by a Lagrange interpolation scheme based on three
points with equidistant arguments.

The iterative procedure for the cubic interpolation pro-
cess 1s investigated in three schemes: the standard process
SP, Modification M1, and Modification M2. Modification Ml
includes the nonoptional bisection of the interval of inter-
polation, and Modification M2 includes the optional bisection
of the interval of interpolation, in accordance with the rules
of Section 3.

The iterative procedure for the alternative process is

investigated in two schemes: Version Al and Version A2. Each
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version involves different updating rules for the endpoints
of the interval of interpolation, in accordance with the
rules of Section 4.

The resulting algorithms are compared through 29 nu-
merical examples. For these examples, Tables 2 and 3 show
the number of iterations for convergence N to the stopping
condition (36-~1) or the stopping condition (36-2).

Comparison of Algorithms. Inspection of Tables 2 and

3 shows that the standard cubic interpolation process SP
fails to converge in two examples (Examples 5.21 and 5.22),
while the proposed modifications and alternatives converge
in every case.

For the 27 examples where all of the algorithms converge,
it is of interest to compute the cumulative number of itera-
tions for convergence IN. This yields the data summarized
in Table 4.

Starting from the above data, one can compute the average
relative change in number of iterations for convergence, by
comparison with Algorithm SP. This yields the data summarized
in Table 5.

It becomes evident that Algorithms Ml and A2 are the
best among those presented in this paper. However, one must
remember that one iteration of Algorithm Ml or Algorithm A2

takes longer than one iteration of Algorithm SP. Therefore,
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there is clearly a trade off between robustness and rapidity
of convergence.

Detailed Behaviour of the Algorithms. For one particular

example (namely, Example 5.29) and for the stopping condition
(36-1), the detailed behavior of the five algorithms investi-
gated is illustrated in Tables 6-10.

Supplementary Computations. After completion of this

work, Examples 5.1 through 5.29 were rerun by replacing the

stopping condition (15) with the stopping condition
(67)

Here, Ay denotes the optimum stepsize associated with the
present iteration, and ao denotes the optimum stepsize assoc-
iated with the previous iteration. For these supplementary
runs, results qualitatively consistent with those of Tables 2
and 3 were obtained, even though some slight changes were

detected in the number of iterations for convergence.
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Table 4. Cumulative number of iterations for convergence IN.
x e e 1
Algorithm
Stopping condition
SP M1 M2 Al A2
g = ag 148 107 122 152 116
-10 .
€y = 10 26 149 158 227 144

Table 5. Average relative change in number of iterations for
convergence, by comparison with the standard process.

Algorithm
Stopping condition 3
Sp M1 M2 Al A2 4
4
£y = 2077 Gebb. =0 %e =i7en  +2.7%  =D1.6% |
-10 1
e, = 10 0.0%  =31.0% =-26.8% +5.1% =33.3%
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Table 6. Results for Example 5.29, ffl=10-5, Algorithm SP.
N o £ («) £ (a) £ (a)
10 1,37834 -0.955878 -0.835299 6.89306
2 1.43827 -0.992500 -0.369056 8.67721
3 1.46150 -0.998668 -0.159416 9.37583
4 1.47107 -0.999760 -0.068276 9.66196
5 1.47510 -0.999957 -0.029141 9.78167
6 1.47680 -0.999992 -0.012420 9.83225
7 1.47753 -0.999999 -0.005290 9.85372
8 1.47783 -1.000000 ~-0.002253 9.86284
9 1.47797 -1.000000 -0.000959 9.86673

10 1.47802 -1.000000 ~0.000408 9.86838
11 1.47805 -1.000000 ~0.000174 9.86908
12 1.47806 -1.000000 ~0.000074 9.86938
13 1.47806 -1.000000 ~0.000032 9.86951
14 1.47806 ~1.000000 ~0.000013 9.86956
15 1.47806 -1.000000 ~-0.000006 9.86959
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Table 7. Results for Example 5.29, rl=10-5, Algorithm M1.
6

N o f(a) fﬂ(a) fuu(a)

1§ 1.37834 -0.955878 -0.835299 6.89306

2 1.47608 -0.999980 -0.019521 9.81081

3 1.47805 -1.000000 -0.000120 9.86924

4 1.47806 -1.000000 -0.000000 9.86960
Table 8. Results for Example 5.29, gl=10_5, Algorithm M2.

N o f(a) fa(a) faq(a)

1 k37834 -0.955878 -0.835299 6.89306

2 1.43827 -0.992500 -0.369056 86721

3 1.47606 -0.999980 -0.019664 9.81038

4 1.47805 -1.000000 -0.000174 9.86908

5 1.47806 -1.000000 -0.000000 9.86960
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Table 9, Results for Example 5.29, ¢ =10"°, Algorithm Al.

N a f(a) fa(u) faa(a)

1 1.46319 -0.998925 -0.143476 9.42662

2 1.47206 -0.999823 -0.058742 9.69129

3 1.47562 -0.999971 -0.024046 9.79712

4 1.47706 -0.999995 -0.009843 9.84002

5 1.47765 -0.999999 -0.004029 9.85751

»
6 1.47790 -1.000000 -0.001649 9.86466
7 1.47799 -1.000000 -0.000675 9.86758
5

8 1.47804 -1.000000 -0.000276 9.86878

9 1.47805 -1.000000 -0.000113 9.86927

10 1.47806 -1.000000 -0.000046 9.86947
11 1.47806 -1.000000 -0.000019 9.86955
12 1.47806 -1.000000 -0.000008 9.86958

Table 10. Results for Example 5.29, cl=10_5, Algorithm A2.

N o f(a) fa(a) faa((x)

1 1.46319 -0.998925 -0.143476 9.42662

2 1.47806 -1.000000 -0.000006 9.86959
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