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FOREWORD

This report Is one of a series of reports that describes work
performed by Douglas Ai rcraft Company, McDonnel l Dougla s Corpora tion,
3855 Lakewood Blvd. , Long Beach, California 90846, under the
Windshield Technology Demonstrator Program . This work was sponsored
by the U.S. Air Force Fli ght Dynamics Laboratory, Wri ght-Patterson
A ir Force Base , under Contract F33615-75-C—3105, Project 2202/0201.

Captain 0. C. Chapin (AFFDL/FEW) was the Mr Force Project Manager
who monitored the program and provided reference material on a timely
basis.

Mr. J. H. Lawrence, Jr. was Program Director for the Douglas

Ai rcraft Company.

Mr. P. H. Denke and Mr. 3. B. Hoffman were the principal investi-

gators and co—authors for this report.

Mr. P. H. Denke of Douglas Aircraft Company developed and solved
the differential equations presented In this report.

Mr. J. F. Burke and Mr. R. C. Morris of Douglas Aircraft Company

and Mr. L. Chahin ian of the McDonnell Douglas Automation Company
provided valuable assistance tn the preparation of the Computer
Program User’s Manual in this report.

Mr. J. C. Thomsen of Douglas Aircraft Company developed the finite
element model presented in this report.

Mr. T. Price of McDonnel l Douglas Automation Company wrote the
computer program described in this report. f

• N
iii 

-,

‘ a  •-. - -- - 

~~~~~~~~~~~ J



— - . - - . -

~~~~

•— • -— --—- — -•--.
•,

Dr. P. Poirler (ASD/ADDS) and Dr. P. J. Nikolai (AFFDL/FBL Wrioht-
Patterson Air Force Base , Dayton, Ohio , provided the EISPACK sub-
routines utilized in the Source Coding , Appendix B , in this report.

This report was submitted to the Air Force in November 1976 and
covers work performed duri ng the period of January 1976 and March 1977.
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SECTION I

= INTRODUCTION

Bird impact hazards to high speed , low flying , aircraft have become
one of the major flight safety probl ems of the jet age. The Douglas
Aircraft Company ’s Windshield Technology Demonstrator Program is part
of an effort by the Air Force Flight Dynamics Laboratory Improved Wind-
shield Protection Program to develop technologies that will allow the
design of aircraft transparent enclosures to increase protection against
birdstrikes .

One of the basic obj ectives of the Windshield Technology Demonstrator
Program is to develop windshield design technology for application to
high performance milita ry aircraft. Pursuant to this effort, a need
arose for a simplified analytica l method of rapidly assessing the struc-
tural effectiveness of candidate laminate configurations .

Typical lami nated configurations consist of alternating structura l
plies and interlayers . Structural plies are composed of high modulus
materials such as polycarbonate , glass or acrylic. Interlayers are
composed of materials that may be less stiff by several orders of
magnitude.

A realistic method of static analysis for a lamina ted beam carrying
a concentrated load at the center , representing a bird impact , and
having various types of end supports , would be a useful tool . Such a
method should avoid the frequently made Bernoulli -Euler assumption that
plane sections remain plain during deformation , because shear deforma-
tions in the soft interlayers are large and must be considered . The
significance of these deformations is shown experimentally In Reference

1. Other rough assumptions that would unnecessarily diminish the effec-
t iveness of the analysis should also be avoided . The method should
accommodate laminates composed of nine layers or more , with different
material properties for each layer.

~ 
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Apparently no method meeting these requirements exists in the
literature , although related work is described . Reference 2 contains
an analysis of a three layered beam based on the assump tion that the
angle of rotation between a cross section of the center layer and its
undeformed position is a constant factor times the slope along the
l ength of the beam. This assumption is considered unnecessary , and its
effects on the reliability of the results are hard to assess. The sol-
ution is based on the energy method , which introduces further approxi-
mations. Reference 3 presents methods of analysis of multiple l ayered
beams based on the Bernoulli -Euler hypothesis; consequently,the approach
is not applicabl e to beams with soft interlayers . Reference 4 offers an
analysis of three layered beams involving simplifying assumptions which
are also not considered acceptable for the present application.

Therefore ,a new approach to the problem was developed , and is
presented in subsequent sections of this report. The approach is based
on the assumption that each structura l ply can be treated as a beam to
which the Bernoulli-Euler hypothesis is applicable , but no such assump-
tion is applied to the cross section as a whole. Structural plies can
bend and stretch , but shear deformations of these plies are considered
negligible. Interl ayers are assumed to carry shear , but not axial loads
or bending moments . Deformations through the thickness of the beam are
considered negligible , but stresses normal to the layers are assumed to
exist. The equations of equilibrium and compatibility are wr i tten.
The resulting set of differential equations is then expressed as a single
matric differential equation,which is solved exactly.

The analytical results have been translated into an efficient Fortran
program. This program applies to nine layer laminates , which is an ade-
quate number in most cases . The program can be easily extended to cover
more layers, if necessary . Fewer layers can be accommodated by intro-
ducing negligibl e stiffness properties (E and 6) for some of the layers . 4 ,
The method applies to fixed ended beams , but the program can be modified
to be applicable to other boundary conditions . Extension of the method
to other loading conditions is possible.

2
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The most significant simplification involved in the analys i s Is the
assumption that deformations through the thickness are negligible.
This assumption greatly simplifies the ana lysis without slighting the
primary feature of windshield laminate behavior , which is the relative
freedom of structural plies to slide past each other because of the low
stiffness of interlayer materials. The only negative effect of the
assumption is tha t stresses normal to the layers are not correctly pre-
dicted . This is believed to be a localized effect confined to the center
and ends of the beam where loads are applied . The elimination of this
assumption is a possible subject for additional research. An analysis
which accounts for transverse deformations might provide data that would
be useful in defining adhesive strength needed to prevent delamination
in regions of high transverse loads .

Results of the analysis have been correlated with finite element
results and test data as described in a subsequent section. The com-
parisons are good and verify the validity of the basic assumptions .

Al though the present method is intended to apply to fixed ended
beams , it can also be appl ied to a beam with pinned ends by considering
a fixed ended beam twice as long as the beam under consideration. The
data output by the computer program between the quarter points of the

fixed ended beam is applicable to the pin ended case.

3
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SECTION II

ANALYSIS

DERIVAT ION OF EQUATIONS

This analysis applies to the fixed ended laminated beam of Figure 1.
As the figure shows , L is the length of the beam , and F is the

concentra ted load acting at the center.

F

_ _  L _ _

Figure 1. Fixed ended laminated beam .

The cross section is shown in Figure 2. The cross hatched layers
are called “structural plies ” , while the other layers are “interlayers ” .
The width of the beam is b , and the thickness of the ith l ayer is t~.

Different material properties can be assigned to each l ayer. The flexi-

bilities of the interlayers are assumed to be large compared to the
structural plies. The analysis can be appl ied to a beam having fewer
than nine layers by assigning negligible values of Young ’s modulus , E ,

and the shear modulus , 6 , to some of the layers .

4
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Figure 2. A typical transparency nine ply cross section.

Because of symmetry, consider one-half the beam as shown in Figure 3.
In the figure t = L/2, and P = F/2. The figure also shows the xyz
reference frame , and the definition of the vertical displacement v.

Figure 3. Half-beam .

5
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Assum pti ons

1. Structural plies carry axial load , bending moment, shear , and norma l load.

2. Interlayers carry shear and normal stresses only.

3. Plane sections of structural plies remain plane and normal to their
elastic axes during deformation .

4. Normal strains through the thickness for structura l plies and inter-
layers are negligibl e and can be considered equal to zero.

5. Shear strains for structural plies are negli gible.

6. All stress-strain relations are linear.

7. Structural ply bending conforms to small displacement theory .

Equilibrium, Structural Ply Element, i Odd

Figure 4 shows the equilibrium of an element of the ith structural ply.
H1, V~ and M~ are the axial load , shear and bending moment acting on
the element cross section. The transverse load per inch , w1, and the
shear flow , q1, act upon the lower face. The corresponding for ces on
the upper face are w1 1  and q1_ 1 , since the i-lst element is next

above. Note that i Is odd for structural plies.

•1 

-
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w1 1 dx

~~~i~idx 
. .V +dV

~~~~~~~+dM .

] H~+dH~

q1dx

w~dx

_ _ _ _  dx _ _ _ _

Figure 4. Structural ply equilibrium .

Summing forces in two directions and moments about 0 gives :

dH.
+ 

~~_ i - q
~ = 0 (i odd ) (1)

dV.
+ W~~ 1 

- = 0 (1 odd ) (2)

dM. t. t.
+ V .~ - 

~~_ 1 - q
~ 2-i- = 0 (i odd) (3)

where 1/2 dv. has been deleted from Equat i on 3 to reduce comp lexi ty
of problem . This is allowable due to insignificance of the term .

uilibrium, Interlayer Element, i Even

Figure 5 shows the equilibrium of an element of the ith interlayer.

The notation is consistent with the notation established for structura l

plies , although no axial loads or bendin g moments are acting, because

of the assumption that these forces are negligible for interlayers.

Note that I Is even for these plies .
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P 

w 1~ 1dx

~~~~~ 1 l  dx

q1dx

dx

_ _ _  d x -

Figure 5. Interlayer equilibrium .

Suniiiing forces in two directions and moments about 0 gives :

- q1 = 0 (i even ) (4)

dV.
~_L+ w 1 1  

- w 1 = 0 (I even ) (5)

t.
— q

~_ 1 ~~~~
- — 

~ 
0 (1 even ) (6)

From Equation 4, q1~~ = q
~ , 

and , from Equation 6 , V~ = q~t1

Therefore, from Equation 5,

dq .
t1 ~j~

- + w1_ 1 
- w 1 = 0 (i even) . (6a )

Also note that
q0 q9 = 0 (6b)

w0 = w 9 = 0 (6c)

• since transverse forces and shear flows are assumed to be zero on the

upper and lower surfaces of the beam.

8
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Compatibilit y, Structural Plies , I Odd

Figure 6 shows the relationships between the displacements of the
centerline of a structural ply and the displacements of the upper and
lower surfaces of the same layer . In the figure , u1 , v 1 and 0 1
are the longitudinal and transverse displacements and the slope of the
centerl ine of the ith ply. The longitudinal and transverse displacements
of the lower surface of the ith ply are denoted and c 1. Conse-
quently the corresponding displacements of the upper surface are ni l
and , since the upper surface of the ith ply is the lowe r surface
of the i-lst ply.

Displaced ply axis
Upper surface

- 
Lower surface

— ~~~~~~~~~~~~~~~~~~~~~~ 

- 

~~~~v i ~~~. T
+ _ _ _-  ____ - I ~~ 

- - t. — -

I U1

Cross section at x 
~ ______

Elastic axis of

x ___________ 

ith structura l ply

Figure 6. Compatibility .

tiThen from Figure 6 , n1 1  
= U

1 
— 0~ ~~ (7)

t.
and 

~~~

. = 
~~~. + ~~~. 

for small displacements . (8)

These equations are consistent with the assumption that cross sections of
the structura l ply remain norma l to the elasti c axis during deformation

.9
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Also from Figure 6 ,
= v~ , (9)

= v~ , (10)

dv .
and = 

~jj~
- . (11)

Equations 9 and 10 hold because strains through the thickness of structural
plies are considered negligible. Equation 11 is consistent with the assump-
tion that structural ply bending conforms to the theory of small displacements.

Compatibili ty, Interlayers, i Even.

• Strains through the thickness of the interlayer are assumed negligible.

= . (12)

In consequence of Equations 9, 10 and 12:

= 

~1 ~2~~~~~3 ~3 
. . .  =~~7 =~~8 = v 9 ~9 ,

v I 1, 3 , ... 9 (1 odd ) (13)

= v I 0, 1, 2 ... 9 (all 1) (14)

~1 = = e 1 1 , 3 ... 9 (i odd) . (15)

All vertical displacements and s lopes are the same .

Strains , Structural Plies , I Odd.

Longitudinal strain , c , is equal to the derivative of longitud i na l

displacement:

Cx 
= axial strain

10
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In small displacement theory, curvature B is equal to the rate

of change of slope , therefore,

- 

do 1 de — (15a )

The notation , = • , (l5b )

to denote the rate of change of beam curvature , is useful subsequently.

Strains, Interlayers, Even

Figure 7 shows the relationships between the shear strain of the ith
interlayer , y 1 , the slope of the beam , e , and the longitudinal

dlsplac~ment of the ith interlayer upper and lower surfaces. In the
figure , 

~ 
denotes the rotation of a cross section of the Ith inter-

layer relative to its undisplaced position .

Figure 7. Interl ayer shear strain.

From Fi gure 7, ~~~~ 
= 0 + 

~i 
(15c )

-

~~~ 

= + . (15d)

11
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• Force-Deformation Relations

The longitudina l force on the ith interlayer is given in terms of

the longitudinal strain by

= E
~~

A j c

du.
• 

.
.
. H1 = E

~ 
A 1 ~~~~~~~~ 

(i odd ) (16)

where E1 and A
~ 

are the values of Young ’s modulus and the cross-

sectional area of the ith structural ply. The bending moment in the
ith structural ply is given in terms of the curvature by

= E1 I~ B~ .

.
.
. M . E~ I. ~~

—
~~

- (i odd) (17)•1 
~ dx2

where I. is the moment of inertia of the cross section of the ith
structural ply. The shear flow in the ith interlayer is given in terms
of the shear strain by

q1 = G
1 

b y 1

q
~ 

= b + ~~~~~ 
) 

(i even) (18)

where is the shear modulus of the ith interlayer.

Matric Formulation

Equation 1 can be written for each structura l ply thus:

dH1 = 0

dH3
~~~— +  q2 - q3 = 0

12
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dH5
= 0

dH7
~~~— +  q6 - q7 = 0

dH
~
2
~+ q 8 -~~9 =

But, from Equations 4 and 6b:

q0=0 q1=q2 q3=q4 q5=q6 q7=q8 q9 0

dH1.. a~
- - q 2 

= 0 .

dH3
~~~— +  q~ - q4 = 0

dH5
~~~~ 

q4 
- q6 = 0

dH7
~~~

— +  q6 - q8 = 0

dH
= 0

Writing these equations in ma tric form gives :

dH
+ -l q2 = 0 (l8a )

dH
1 -l q4

d H5 1 -l q6
dH

1 -l q8
dH9 1

• dH q

- 13



Equation l8a has been derived in detail to show the method of
converting the scalar differential equations Into matric form. Subse-
quent metric equations are derived in a similar manner , although the
details are omitted .

The matrices tn Equation 18a are denoted according to the symbols
written under the equation. Thus, H is a column matrix of structural
ply longitudinal forces, dH/dx is its derivat ive , q Is a column
matrix of interlayer shear flows, and 

~q 
is a Boolean differencing

matrix.

• Therefore,

~~~ +~~ q q = 0 . (19)

From Equations 3, 4 and 6b

dM t
+ V 1 - 

~~~
- q2 = 0 .

dM3 t3 t3 q4

t5 t5 ‘¼
dM7 t7 t7 q8 

—

dM t
dx 9
dM V Mxq q

The matrices are denoted according to the symbols written under the
equation. The symbol M denotes a column matrix of structural ply
bending moments , dM/dx is the derivative of M, V is a column matrix
of structural ply shear forces , and Mxq is a rectangular matrix of
structural ply thicknesses .

dM 4 - ‘ 2 ’.. - ~~
q
~~~~~~

_ V . ~~~~~1

14
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From Equations 2, 6a and 6c:

dV 1 - w  = 0

dq2t2 ar- + W
1 

- W
2 

= 0

dV
• w + w 2 W3 0

dq4
~ 4 ar + W

3 
- W

4 
0

dV

dq6t6 a -~~~
+ w 5

_ w 6 O

dV
= 0~~~~~

— w6 - w7
dq8t8 a ~

- _ + w7 - w 8 = 0

dV
= 0dx 8

Adding these equations gives

dV dV dV 5 dV 7 dV 9 dq2 dq4 dq6 dq8
+ a-A + + + + t2 r_. + + t6 ~~ + t8 ~

15
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The matric form of this equation is:

[i I i  I 
1 

I 
i 

I 1] dV 1/dx + [t 2 I 
t4 It 6 

t8] dq2/dx = 0
dV 3/dx dq4/dx
dV 5/dx dq6/dx
dV 7/dx dq8/dx
dV 9/dx

dV T dqtL
The matrices are denoted accord ing to the symbols written under the equa-
tion. The matrices dV/dx and dq/dx are the derivatives of the column
matrices V and q previously defined , ~ is a Boolean column matrix ,
and t~ is a column matrix of interlayer thicknesses . The superscript T
indica tes a transposed ma trix.

~
T d V + t T

~~~ = 0 .  (23a )

From Equation 16:

H1 
= E1A 1 

- du 1/dx
H3 E3A3 du3/dx
H5 E5A 5 du5/dx
H7 E7A7 du7/dx
H9 

— 

E9A9 du9/dx

I. du
n 

~A

The matrices are denoted according to the symbols written under the
equation . The symbol u denotes a column ma trix of longitudina l dis-
placements of structura l ply centerlines , du/dx is the derivative of
u, and k4 is a diagonal matrix of structural pl .y axial stiffnesses .

.~~~~. H = kA~~~ 
(24 )

16
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From Equation 17:

~~~~ 

d~v

~ E5I~
M7 ~ 

E7I~
M9 ~ E919
M k1

The matrices are denoted according to the symbols wr itten under the equa-
tion. The symbol kI denotes a column ma tr ix of structural ply bending
stiffnesses .

M = k 1~~!~. (25)

From Equation 18:
dv G2b

q2 = 62b ~~~~~ 
+ —

~~~~~
- ni-n 2

t~ G~b
q8 G8b —z~ n7-n8

q k
~ 

k t,n

The matrices are denoted accord ing to the symbols written under the
equation. The symbol ~~ denotes a column matrix of longitudinal
displacement differences at layer interfaces , k

~ 
is a column matrix

of interlayer shear stiffnesses , and k is a diagonal matrix of

interlayer shear stiffnesses divided by interl ayer thicknesses .

q = 
~~~~ 

+ k~~~

But t~n 
=

n
I~ i- i

where ~ ~~~~~ 
1 -l

Ti 1- 1
L 

1 - 1

17
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and

= 

{ 
n~ n~ n3 n4 ~ I n6 I ~~ I ~8 } 

(column ) .

~n is a rectangular differencing matrix , and n Is a column
matrix of longitudinal displacements of layer interfaces.

q = k
~ ~~ 

+ k
~ ~~

fl . (26)

From Equations 7 , 8 and 15 ,
= u1 + t1/2 e

u3
• u3 t3/2

Ti~ U 5 -t5/2

Ti 5 u5 t5/2

Ti 6 u7
u7 t7/2

-t9/2

.~~~~. 1 - Ul ’ + 1 
-l 

- t1 0
Ti

2( 
U
3 

1 _~ 
t3

1
1 

U
5 

t5

• 

E 

1 
L 

A t 

1 
-

~~

The matrices are denoted according to the symbols written under the
equation. The symbol n denotes a column matrix of longitudina l dis-
placements , t~ is a column matrix of structural ply thicknesses, and

and Ats are Boolean coefficient matrice s.

1 dv
.
.
. r~ = E1~ U + 

~
- A t5 t~ ~~~~

- (27)

18
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From Equation 24,
~~~

— -  a1~~~H 
= 0 (28)

where a1 2  = . (29)

Eliminate n from Equations 26 and 27:

q = (k L + k~ ~~~
Atsts ) ~~!. + k

~
A z

~
u

But k t = k t
~ ~

A
~~ts

ts 
= , and A

~~u =

where = ~(t1 + t3)

+ t7 )

- 

~.(t7 + t 9)

and t~ is a column matrix of average structura l ply thicknesses.

q = k t ~.~- - k t ~ u (30)

where t = t~+~ =

~-t3+t4+~-t5

~-t5+t6+.~.t7

~~
-t

7
+t

84t 9

Eliminate q and ~~~~
- from Equations 15 , 19 and 30

.~~~~. ~~~
- -  a2 1  u - a2 3  0 = 0 (31)

where a2 1  = &q k~ A~~ 
(32)

and a2 ,3 = ~t~q k~t . (33)

19 
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Eliminate V from Equations 22 and 23a.

— — 2

~~~~~~ ~~~ 
= 0 .  34

since CTMXq = t~. El iminate M from Equations 25 and 34.

Then , ~T ~~~~~• - K1 = 0 (35)
F 

where K1 = (El) 1 + (El) 3 + (El) 5 + (El) 7 + (E l )9 . (36)

Therefore , from Equations 15 , 15a , 15b , and 35

= 0 . (37 )

El imina te q from Equations 30 and 37. Then ,

2
dx - 

~ 
a~~3 a~ 

- a5 4  ~~~~~~~ 

—

where a = K~
1 tT k £ . (38a)5,4 I n

Therefore , from Equations 15 , 15a , 28 and 38 ,

— a 5~~H — a 5 4  o = 0 (39)

where a52 
= K~

1 
4~~ 

a 1 ,2 . (40)

Equations 15 , 15a , 15b , 28 , 31 and 39 are a set of 14 linear , ordinary ,
first order , homogeneous differential equations wi th constant coeff i-
d en ts, in the 14 dependent variables u~ , H1, v , e , B and • .

The number of variables is 14 since the matrices u and H each con-
tain five variables. The theory of differential equations shows
that, for a set of equations of this kind , n linearly independent
solutions exist , where n Is the number of equations , equal to 14
in this case. See Reference 5, article 12—8.

20

- ~~~~~~~~~~~~~~~~~~~ - 

~~~~~~~~~~~~~~~~~



Matric Differential Equation

• From Equations 15 , l5a , 15b , 28 , 31 and 39,

du/dx — 
- a1 ,2 

— u - = 0 (41 )

dH/dx a21 a23 H
dv/dx 1 v
dO/dx 1 8
dB/dx 1
d~/dx 

— 
a 5 2  a5,4

dx

The matrices are denoted according to the symbols written under the
equation . The symbol V denotes a col umn matrix of beam responses ,
dY/dx is its derivative wi th respect to x , and A is a square
matrix of constant coefficients .

.
.
. - AY = 0 (42)

This linear matric differential equation can be solved by taking

V = (43)

where G is an unknown column matrix , x is an unknown scalar and
e is the base of natural logarithms . Elimin ating V from Equations

42 and 43 gives

(A-~I)G = 0 . (44 )

Evidently, x and G are an eigenvalue and an eigenvector of the
characteristic Equation 44. Therefore the solution of Equation 42

can be written
14 x x

V = E C k Gk e k (45)
k=l

where Gk, and A k are the kth eigenvector and eigenvalue of Equation
44 , and the Ck ’S are arbitrary constants needed to satisfy the boundary
conditions.

21
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Na ture of the Roots of the Characteristic Equation

The eigenvalues (roots) of Equation 44 are expected to be all real ,
from the nature of the physica l problem . The roots can be easily shown
to occur in pairs equal in magnitude and opposite in sign , such that
if Aa and A 8 are a pair of roots , then A 8 + A = 0. (See
Appendix A.) It is shown subsequently that at least six repea ted roots ,
equal to zero, exist. No more than six such roots are expected ,
because of the nature of the problem .

Algebraic Modes

The solutions of Equation 42 of the form given by Equation 43 are
here called exponential solutions or exponential modes . The following
paragraphs show tha t other solutions exist which are algebraic functions
of x . Consequently, these solutions are called algebraic solutions
or algebraic modes . Six linearly independent algebraic modes are shown to
exist. These solutions are also linearly independent of the exponen-
tial solutions , since they are algebraic. Therefore, the character-
istic equation (Equation 44) can yield at most only eight linearly
independent exponential modes. Consequently, six of the roots of
Equation 44 must be zero.

In view of the existence of the algebraic modes , the complete
solution of Equation 42 can be written in the form

8 A k x 6
V = 

~ 
Ck Gk e + ~ CA ~

‘A (46)
k=l k=1 K K

where the CA K ’ S are arbitra ry constants , and the 
~AK

’
~ 

(algebraic modes)
are column matrices whose elements are algebraic functions of x. The
only requirements for the Y AK ’ 5 is that they must satisfy Equation 42,

and the Gk ’s and VA K
’s must be linearly independent. The following

satisfy these requirements :

22
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=--

Rigid Body Trans lation Paral lel to x —

VA1 
= U (0) where U (0) 

= 1 (47 )

ti t~~

5 rows 

t~
}

Uniform Extension Parallel to x —

= 

~ 
u(o)X I kAu (O)I 0 0 0 0 

} 
(Column ) (48)

Rigid Body Translation Parallel to z —

‘ {O~~~ O I  1 o o o} (Column) (49)

rows rows

Rigid Body Rotation about y —

V
A4 

= 
~
u (l) 1 0 1  x 

I 
1 0 o 

} 
(Column ) (50)

5 rows

— 1— 1— 1—1

where U (1) 
= Qt + au (Q) Q = — 1— 1- 1 ~ 

= a scalar (51)

— 1—1

0 0 0 0

Bending about y — 

- -

= 
{ 

u (1)x ( kAu ( i ) I  x 2/2 I x 1 0 
} 

(Column) (52)

23
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Shear Parallel to z —

~A6 
= 

{ 
21J(1)x

2 + U (2) f 

kAu (l) x ~ 
~~

-

~

- x 1 
} 

(Column)
(53 )

where U
(2) 

= a column matrix with 5 rows .

a and U (2) must satisfy the equation

Su(2) - Ta = W (54)

where S = Aqk~A~ T = kAu (o) W = kAQ~ 
. (55)

The matrix S is singular. Equation 54 is a matrix equation
equivalent to five scalar simultaneous equations in the five unknown
elements of U (2) and the unknown ~~~. However one el ement of U

(2) 
may

be chosen arbitrarily since S has one degree of singularity . In
this respect U

(2) 
has the character of an eigenvector . Partition S,

T, W and

S =[s1 .

~ 

S1 ~ }1 row T = 
1T 1 1 ) 1 row W = JW 1 1 }~ row

L~2
,1 s2~ j~ 4 rows 1T 2 1 ) 4  rows t w 2 I } 4  rows

(56)
1 col . 4 col .

u (2) 
= 0 1 row (57)

rows

where the element in the first row of u (2)has been chosen equal to zero .

From Equations 54, 56 and 57,

f S1 2  U(2) - T 1a = W1
1 (58)I. S2 2  U (2) - T2a = W 2

24
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. a = T 1 [s1 2  U (2) - Wl] (59)

and U (2) (S2 2 - T1 
12 ~~~~ 

(W 2 — u1
~l 

12 W 1) (60 )

Nature of the Algebraic Solutions

The first five algebraic solutions (
~A1

, 
~A2

, ..
~~ 

V A~) correspond
to solutions provided by the engineering theory of tension and bending
of beams . These solutions have been appropriately named to reflect
this fact. Thus V A1 can be recognized as corresponding to a 

rigid body
translation of the beam parallel to x , since the longitudinal motions
of the centerl ines of the structural plies are all equa l to 1, and all
other respons-e s are zero . The mode 

~A4 can be recognized as a rigid
body rotation about the centerline of the bottom structural ply, repre-

sented by Qt , plus a rigid body translation parallel to x , repre-
sented by au (0). The mode VA6 corresponds to the responses calculated
by engineering theory when the beam is subjected to a constant shear
load . However the responses given by elementary theory i nvolve an
approximation , whereas the responses given by 

~A6 
exactly satisfy

the differential equations.

Response

Appendix A shows that the eigenvalues A k occur in pairs , such

that for a pair x and A 8

A = — x (61)
B a

Appendix A also shows that the corresponding eigenvectors have the

property that if

25
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G = G
~ 

, then G B = G
~ 

(62)

Ge

- 

G q~a
where G , G~ etc. are partitions of Ga corresponding to the“apartitions u , H etc. of the matrix V (Equation 41). Because half of
the eigenvalues A are positive , the corresponding functions e~
can become very large as x increases. To avoid this difficulty ,
proceed as follows : See Equation 46. Let

8 A kx
Vr = 

~~ 
C, G,. e (exponential response)

k=l ~
= VEt + 

~Eg (63)

where 4 A~~x 4 A x
V = E C  G e k 

, ~ 
= 

~~~~~~~~~~~ 
G e 9k (64)ER. k=l tk tk Eg ~~ 

g~ ~
and where A tk and are a pair of eigenvalues having the properties

A
~ 

= - A , A > 0 . G 9. and G are corresponding eigen-
k 9k k 9k

vectors. Now

4 A 9 (x-t+9.)
= Et  G e k (65)

k=l 9k 9k
4 —A ( t —x )  x ~.

= ~~~~ G e 9k e
9k (66)

k=l 9k 9 k
4 A Lk ( L_ x)

= C G e (67 )
=1 ~

A g L
where Cg~ = e k (68 )
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• 
From Equation 46:

4 A 9. x 4 A 9. (t-x) 6
Y E G L e k C L + E G  e k 

c
k l  k k k=l 9k 9k k=l k k

Thus the troublesome eigenvalues A , which are greater than zero,
have been lumped into the arbitrary onstants C9 , and thus elimina ted .

ALkX A 9.k(L_x) k
The functions e and e are less than or equal to 1 for
0 < x < t , since A 9.k < O. Let

A 9. x A 9.1,(9.—x)
F9. (x) = e k and F (x) = e (70)

k 9k

4 4 6
.
~~~~
. V = E G9. F (x) C + E G F (x) C + E CA ~

‘A (71)
k=l k k k k l  9k 9k 9k k=l k k

Y (x) H9. F~0
(x) C9. + H~ F

9D
(x) Cg ~ ~

‘A~”~ 
CA (72)

where the symbols in this equation are defined by Equations 73,74,75 and ~
H9. = 

[G9.
1 f 

G
9.
2
~ G9.3 ( 

G9.
4] 

Hg = 
[Gg1 

Gg2~ 
S9 ~Gg] 

(73)

F~• (x )  = F9.1
(x) Fg (x) = Fg1

(X) (74)

F9.2
(x ) 

- 
Fg9

(X)

F9.3
(x) F

93
(X)

F9. (x ) F
9

(x)

F0~(x) F~0(x) = F9.(x) , F9 (x) diagonalized

C = C C = C CA = CA (75)g 1
C C 

- CA 2
C 9.3 

Cg3
C 9. Cr, CA

27
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YA (x) = 
[Y A (x) YA (x ) ... YA (x) ] . (76)

Partition Y(x) ,  H
~. 

H9
, YA (x)

u( x ) Hut F
~0(x) C 9. + H

~ ~ 
F9D

(x) C
9 

+ YAU (x) CA (77)

H(x) HHL YAH (x)

v(x) 
~~ ~

Hvt YA (X)

8(x) H0~ 
H89. YAO (x )

8(x) H8~ 
—H89. YA8 (x )

- 
- •(x) H~9. H~9. YA,(x )

V (x) H9. H
9 

YA (x)

The matrices are denoted accord ing to the symbols written under the

• equation. The partitions of YA (x) are defined , from Equation 76, by the
following equations :

YA (x) = 
[U (o)I 

u(Q)X f 
0 IU (l)I U(l)X ~J(l)X

2+u
(2)] 

(78)

YAH (x ) [a ~
kAu(o) 0 0 jkAu l kAu(l)x ] 

(79)

YAv (X) = 
[a 0 1 x x 2/2 x 316 

] 
(80)

VAO (X) = 

[ 
0 0 0 1 x2/2 ] (81)

YAB (x) = 

[ 
C 

J 
0 0 0 

f 
1 x ] (82)

YA,(x ) = [o  0 0 J 0 J 0 1 ] (83)

28 
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• Interlayer Shear Flows, Structural Ply Shears and Moments

From Equations 15 and 30

q = k t e  - k A ~ u . (84)

From Equations 15b , 22 and 25 ,

V = Vqq~~ k1~ (85)

where Vq = Mxq

• From Equations 15a and 25
M = k18 . (86)

Let S(x) = total shear on the cross section at station x.

.~~~~. 
= [1 I 

1 
~ 

1 1  I 
l~

{ 

Vi~~ 
+ [t2 t4 t6 (87 )

U~~) 
V t’:e q

The matrices are denoted according to the symbol s written under the equation.

Therefore S = UJ0) V + t~ q . (88)

Eliminate V from Equations 85 and 88,

.
‘
. S = ~

T q - K 1~ . (89)

Eliminate q from Equations 84 and 89,

.
.
. S = 4,~ 

u + K1 a5,4 8 
- . (90)

29 
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r ~~~~~~~~~
Boundary Conditions

Figure 8 shows the boundary conditions for a fixed ended beam .

At x = 0 —

( u(0) = 0 (5 conditions)
) v(0) = 0 (1 condition)
e(0) = 0 (1 condition)

Figure 8. Boundary conditions.

For all x —

The total shear on the cross section is constant

S(x) = P .

S(x) is most easily evaluated at X = 0, therefore take

S(0) = P (1 condition) .

From Equation 90,
-K 1+(O) = P and •(0) = -K 1

1
P , (92)

since u(0) = 0(0) = 0.

Condition 1. Fixed Ends at x = . For x = —

u(9.) = 0 (5 conditions)
(93)

0(9.) = 0 (1 condition)
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From Equation 77

HUL FLD (O)C L + HuLF9D
(0)Cg + YAU (O)C A = 0

HvLF&D (O) C t - H~9.F90
(0)C

9 
+ YAV (O)C A 

= 0

HBLFLD (O)C L + HOL FgD (O)C g + YAO (0)CA = 0

H,R.FLD(O)C R. + H$t F9D
(0)Cg + YA,(O)CA 

= K~
1P (94 )

+ H
~9.F9o (L)C 9 + YAU (t )C A = 0

H09.F9.0(9.)C9. + H09.F90
(9. )C9 + YAO (t)CA 

= 0

H~ 9.F9.~(O) HuLF
9D

(O) V A (O) C 9. = 0 (95)

HV LFLD (O) 
~~vLFgD (

~ ~
‘Av~

0
~ 

Cg 0

HOLFLD
(O) H

09.F90 (O) VAO (O) CA 0

H,9.F9.0
(O) H,LF9D (O) 

~
‘A~~°~

H
~9.

F9.a(9.) NutFgD(9.) ~
‘Au~~ 

0

H09.F9.0
( t) H09.Fg0(R.) ‘

~
‘Ae~~ 

0

B C

The matrices are deno ted according to the symbol s written under the
equation. The symbol C denotes a column matrix of arbitrary constants ,

is a column matrix of boundary conditions , and B is a coefficient
matrix .

BC = (96)

From Equations 70 and 74

F9.0(O) = F90 (9 .)  = (97 )

and F9.0(t) = F
90

(O ) (98 )
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where I is a unit (identity ) matrix. Therefore; B =

• H
~t H

~tFto (9.) U (0) 0 0 U (1) 0 f U (2~

_ H
~~

F9.o(t ) 0 0 1 0 0 0

H99. H99.F9.0(L) 0 0 0 1 0 0

H,9.F9.0(t) 0 0 0 0 0 1

H
~~

F9.o(t) H
~t U(0) U(0)

L 0 u(1) U (1) 9. •4J(1) 9.2+U (2)

H99.F9.0(9.) H99. 0 0 0 1 9.

(99)

Effective Beam Stiffness

For a fixed-ended monolithic beam carrying a concentrated load
at the center ,

= 
PR.~ (100)

~ / 12E1

Therefore define the effective stiffness of the laminated beam as

El — ______ 101eff 12v (tJ •
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EQUATION SUMMARY

This section sumarizes the equations for the laminated beam .
Figure 8a shows the basic beam dimensions .

F/2 F/2

Side View

_ _  

~ 
_ _9.

~~%%~~~ iiI~~
____________ 

t2
O’/YZ///YJ~ — Cross Section
____________ 

t4

Y~A It 5
____________ 

t6

VAIIt9

L b ~~
Figure 8a. Beam dimensions .

Odd numbered layers are structural plies .
Even numbered layers are interlayers .
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Input

F, t , b , x x. , j = 0,l,2. ..n
~ 

where x0 
= 0 , = 9..

x
For the structural plies(i odd):

t~ , E~

For the interlayers (i even):

ti
, G~

EQuations
bt 3

~For i odd : A = bt. I. = ........J. (102 )1 1 1 12
- - G2b

kA 
= E1A 1 k~~= 

~2
r A  GA b

.
~

t4E5A5 G6b
E7A7 t6

E9A 9 
G8b

- - t8
.(l03)

K 1 = E 1 11 + E3 13 + E5 15 + E7 17 + E919 (104 )

= ~t1~~~~~t: ~q 
= 

~~ 

— 1 

— (105)

~-t3+t4
+~-t5 ( 1 — 1

- 1 —l

~~
-t

5
+t
64t7 — i

~.t7+t84t9 /
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F - - -•--. -. — 
— - 

-I ,

a• 1 ,2 A
- Ta -~~~ k~~2 ,1 q~~ q

a2,3 
= _L

~qk~t (106)

5,2 — 

~ 
a2,~ 1 ,2

a = K l tTk t5,4 1 n

A = 0 a1 2 o 0 0 0 
- 

(107 )
l4x14

a21  0 0 a2,3 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

0 Ia 5,2 0 0 a5,4 0

Find the eigenvalues and eigenvectors of

(A — AI)G = 0 . (108)

Six of the eigenva l ues should be zero. The remaining eight eigenvalues
should be real and should occur in pairs such that for any pair ,

A 9. and Ag

~ A g>O and A 9.+A g 
= 0 . (109)

If the eigenvalues do not occur in this manner , print an error message.
Otherwise, discard the eigenvalues which are equal to or greater than
zero , and the corresponding eigenvectors . Denote the remaining eigen-
values and eigenvectors ~~ and 59. , i = 1 ,2,3,4.

1 i
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Form

H9. = 

[~
9.l ~2 

~ 5
9.] 

F9.(9.) 
= 

:~~~
t 

(110)

A 9. 9.
e

e 4

FLD(L) = F9.(t) diagonalized . Partition H9.

H9. = Hu9. Form u(s) = 1 Q = 
[~

1 -i =1 -ì (111)

HR. 1 I —1 — 1
1 -l

H09. 1 L° 0 0 0J

H89.
H~9.

S = Aqk~t~ ; T = kA U (0) W = kA Q £ . (112)

Partition S , T and W

s = ~~~ s
121 }i 

row, T =~~T1~~~l row , W = 1 row

~ 2 l~~~2~~j 
}4 

rows ~T2~ 4 rows 4 rows

1 col . 4 cels. ....(1l3)

Discard S and S1 ,1 2,1

U (2) = (S 2 2  - rT2 ~~~ 
(W2 - T~~

T2 W1 ) (114)
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r

a = 

~~ [Si ,2 U(2) 
- w
i] 

(115)

u (1) 
= Qt + au (0) (116)

(0 ~
U (2) =

~~ 
. (117)

Form

B = Hut H tFLD(9.) U (0) 
0 0 

~(l) 0 U (2)
_H

vLFR.D(9.) 0 0 1 0 0 0

H09. H09.F9.0(9.) 0 0 0 1 0 0

__________ 

H~9.F9.0(9. ) 0 0 0 0 0 1

H 9.F9.0(9.) H
~9. 

u (0) u~~~L 0 U (1) 
u (1)9. ~ 4J(1) 9.2+u (2)

HOL FLD(L) H89. 0 0 0 1 9.

...(1l8)

P = F/2 , and (119)

= { 0 * 1  0 0 K~~P 0* 
f 

0 
} 

(column) . (120)

Solve BC = l~ for C . (121 )

Form the following for x = x~. The values of Xj are i nput.

Then F (x ) = e>t k
X
i and F (x) = e~~~

t_xj) (122)

k ‘~

* These null ma trices each have five rows.
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Then

F9.(x~) = F9. (x~ ) F
9
(xj) = Fg1

(Xj ) 1 (123)

F (xi) F (x.) I
2 g2 ~

F (x.) F (x.)
3 3 93 3

F (xj) F (x.)
4 g4 3

F9.0(x~) and F90
(x~) = F9.(x~) and Fg (Xj) diagonalized . (124)

YAU (x
~
) = 

[U(0) I u (O)x~~ 0 U (1) U (1) Xj ~~(1)Xj~~(2) ~

YAH (xj ) = [o kAu (O) 0 0 f kAu (l) kAu (l)xj ~

YAV (xj
) = [o I ° 1 x~ x~/2 x~/6 

~ (125)
VAO (x

~
) = [o 0 0 1 x~ f x~/2

VAB (xj
) = [o 0 I 0 0 1 x~

YA4,(xj) = [0 0 o 0 0 1

Partition C : C = C9. 4 rows (126)

Cg 4 rows

CA 6 rows

u(x~) = H
~9. FLD (x

~
)C R. + H t1 FgD (Xj)C g + YAU (xj) CA (127)

H(x~) HNR. 
_H

Ht YAH (xj)

v(x~) . Hvt -H
~t 

YAV (xj)

e(x~) H09. H0Q Y AO (X j )

8(X~ ) H89. —H 89. YAB (x j)

H~9. 
— 

H~9. YA4 (x j)

38



q(x ~) = k~tO(x~) - k~A~u(x~) (128)

Vq = 
~~
. t1 

— 

k1 = E1 I1 (129)

t3 t3 E313

t5 t5 E515

t7 t7 E717

[ t9 E919

V(x~) = Vqq(xj) - k1.(x~) 
(130)

M(x~) = k1 B (x~) 
(131)

(EI) eff = 
12~~~~) 

(132)

Output (printed)

u(x~) , H(x~) , v(x~) , o(x~) , 8(x~) ,

q(s~) , V (x~) , M (x~) for j = 0, 1 , 2 ... ~
(EI) eff
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ILLUSTRATIVE EXAMPLES

Four sample cases have been selected to illustra te the usefulness of
this program . Cross sections and material properties for the four cases
are shown in Figures 9, 10 , 11 and 12. The end conditions have been
defined as fixed . The load is one pound and has been appl i ed at the
beam center line. The outer glass shield is fixed at the ends , although
for a typical windshield the glass floats on an interlayer and is free-
floating at the ends. The program is set up to handle a total of nine
plies . For beams with less than nine plies , such as Cases B , C and 0,
small values were assigned to the thickness , modulus of elasticity , and
shear modulus to negate the influence of those fictitious plies .

Input data and output data for five examples are presented in
Appendix D. Case A was analyzed for a beam ten inches long and for a
beam 30 inches long . Case 0 and Case C were analyzed for a beam ten
inches long . Case B was analyzed for a beam 20 inches long . Table 1 is
a sumary and explanation of input data for Case A. Table 2 is a summary
and ex p lanat ion of out put data for Case A. Table 3 lists a summary of
deflections for the five examples as wel l as additiona l deflections for

the four cases at various lengths measured at the beam center line.
The deflections do not vary with the cube of the length and this devia-
tion is shown in Figure 13 , which compares a laminated beam to a multi -
ply beam without interlayer for Cases A , B , C and 0.

At the end of output data for each example in Appendix D~ there is a
printou t for EI(EFF) which is defined as “effective stiffness ” . This
.‘alue is calculated from the deflection at the beam center line using
the formula for a beam with fixed ends and a center point load which

Is:

EI(EFF) = 
~~~~~~~~~~
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- - •  
—___

_______ _______ 

CASE A 
— 

b

WIDIH 
~~

• END COND FI XED 
________ ________ 1

L 5 10 15 25

WIDTH _________ _________ _________ _______________ 

2

TOT THIC1~ 1.65 ________ ________ ____________

3

_ _ _ _  _ _ _ _  _ _ _ _  _ _ _ _  _ _ _ _ _ _  4
PLY NO. T E S TYPE

1 0.100 10 X 106 4 X l0~ GLASS
2 0.250 183 73 CIP SILICONE 

— 

— 
6

3 0.250 340,000 109,000 POLYCARBONATE 7
4 0.100 183 73 CIP SILICONE ______

5 0.250 340,000 109 ,000 POLYCARBONATE _______ 
S

6 0.100 183 73 CIP SILICONE

7 0.250 340,000 109,000 POLYCARBONATE
8 0.100 183 73 CIP SILICONE 

— 
SECTION A-A

9 0.250 340,000 109,000 POLYCARBONATE

______________ - 2L

F = 1 L B

— — ~~~~~~~~~~~~~~~~~ VEE

x x (Nx) = L

x(0) = 0

DEFLECTED SHAPE OF BEAM - NO SCALE

See Tables 1 and 2 for symbols

FIgure 9. Cross sectional properties for Case A.
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WIDTHCASE B 
____________ ~— (8B) ~

END COND FIXED 
_________ _________ ______________

L 5 10 15 25 
2

WIDTH ________- _________ ________ ______________ ___________

TOT THIcK 1 .65 ________ ________ _____________

3

PLY NO. T E G TYPE __________

1 0.110 10 X ]O~ 4 x jü6 GLASS __________ 

4

- 
2 0.188 1 ,100 440 PPG 112

3 0.500 10 X io~ 4 X l0~ GLASS

4 0.120 1 ,100 440 PPG 112

5 0.500 10 X 106 4 x io~ GLASS __________

6 0.080 1 ,100 440 PPG 112

________ 

0.110 10 X ~~ ~ x io6 GLASS 8 & 9

8 0.021 1 1 FICTITIOUS SECTION A-A
9 0.021 1 1 FICTITIOUS

____________________________ - 2L

F = 1 LB
A

— 
— —. — ~~~~~~~~~~~~~~~~~~~~~~~~ VEE

- 

- 

~~~~~~~~~~~~E = ~~ 

X~~~ = L

X(O) = 0

DEFLECTED SHAPE OF BEAM - NO SCALE
See Tables 1 and 2 for symbols

Figure 10. Cross sectional properties for Case B.
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W IDTH
CASE C 

____________ 

b (BB 
~

END COND F IXED 
- 1

L 
-— 

5 10 15 25

WIDTH 1 ________ _________ ______________ 

2

TOT THICY 1.65 ________ ________ _____________

PLY NO. T 
— 

E G TYPE 3
1 0.105 10 X 106 4 X 106 GLASS
2 0.250 183 73 CIP SILICONE
3 0.870 340,000 109,000 POLYCARBONATE
4 0.120 183 73 C1P SiLICONE 4
5 O .l50_ 340,000 109,000 POLYCARBONATE 5
6 

- 
0.03875 1 1 FiCTITIOUS 

________ 

— 6 & 7

7 0.03875 1 1 FICTITIOUS __________ 
8 & 9

8 0.03875 1 1 FICTITIOUS SECTiON A-A
g 0.03875 1 1 FICTITIOUS

_ _ _ _ _ _—_ _  2L

I F = 1 L B
A

u:— - 

-

_ _  _ _

~~~~~ VEE =~~
_ _

X(Nx) =L

X(O) = 0

DEFLECTED SHAPE OF BEAM - NO SCALE
See Tables 1 and 2 for symbols

FIgure 11. Cross sectional properties for Case C.
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rip, 
.----- —--- ----- --- --- -

~~~~

- -—-------- - - - . -  • - - --- _______

WIDTHCASE D 
_ _ _ _ _ _ _ _ _ _  b8~ 

0

~

END COND FIXED 
________ _________ ______________

L 5 10 15 25
W IDTH 

2

.I~TTHIC1 L65 ________ ________ _____________

3

PLY NO. T E 
_ _ _ _ _ _  

TYPE
1 

- 
0.100 10 x io6 4 ~ 1O~ GLASS 4

2 0.250 1 ,100 440 PPG 112

3 0.500 340,000 109 ,000 POLYCARBONATE

4 0.100 1 ,100 440 PPG 112

5 0.500 340,000 109,000 POLYCARBONATE

6 0.100 1 ,100 440 PPG 112 
__________ 

6

7 0.080 490 ,000 181 ,000 ACRYLIC —

8 0.010 1 1 FICTITIOUS SECTION A-A
g 0.010 1 1 FICTITIOUS

F ’l L B  

2L 

A
- - ~~~~~~~~~~~

— - V

- 

~~~~~~~~~~~E = ~~ 

~ NX ) = L

x(O) 0

DEFLECTED SHAPE OF BEAM - NO SCALE
See Tables 1 and 2 for symbols

Figure 12. Cross sectional properties for Case 0.
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TABLE 1. SU*IARY OF INPUT DATA FOR CASE A

COMPUTER PROGRAM
SYMBOLS DESCRIPTION INPUT DATA

MX Number of Increments 10.0

F Load (Pounds) 1 .0

L Half Length (Inches) 5.0

BB Width (Inches ) 1.0

I Ply Thickness (Inches) .10 .25, .25, .10, .25,
(5 Structural Plies and .10, .25, .10, .25
4 Interiayer Plies )

E Modulus of Elasticity io~, 183, 340,000, 183,(PsI) 340,000, 183, 340,000,
183, 340,000

G Shear Modulus (PSI) 4 X 106, 73, 109,000, 73,
109,000, 73, 109,000, 73,
109,000

x Di stance from Center of 0, .50, 1.0, 1.5, 2.0,
Beam (Inches) 2.5, 3.0, 3.5, 4.0, 4.5,

5.0
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TABLE 2. SUMMARY OF OUTPUT DATA FOR CASE A

COMPUTER PROGRAM
SYMBOLS DESCRIPTION OUTPUT DATA

X(0) Increment Number 0

U Horizontal Displacement of 0
Center of Structural Pl ies
(Inches )

H Axial Load In Structural -.0959, -0979, -00192,
PlIes (Pounds) — .00389, - .191b

VEE Vertical Deflection 0
CInches) (Zero Deflection is
Point of Maximum Deflection
at Center)

QXJ Shear Flow in Interlayer 0
(Pounds Per Inch)

VXJ Shear Force In Ply .16, .085, .085, .085,
(Pounds) .085

MXJ Moment on Structural Ply .322, .171 , .171 , .171 ,
(Inch—Pounds) .171

THETA Slope (Radians) —5.55 1115E- 17

BETA Rate of Change of Slope .000386

PHI Rate of Change of BETA - .000192
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TABLE 3. DEFLECTION - (INCHES)

OUTPUT FROM PROGRAM

LENGTH OF BEAM — INCHES 10 20 30 50

CASE A
4 Ply Polycarbonate .00153 .00733 .0152 .0339

CASE B

2-Ply Glass .0000239 .000175 .000520 .00178

CASE C

1-Ply Polycarbonate .000252 .00178 .00511 .0172

CASE 0
2—Ply Polycarbona te .000364 .00142 .00292 .00731
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where F is load , L is l ength and V is deflection. Effective stiff-
ness varies with length . Table 4 is a comparison of effective stiffness ,
at various l engths for the four cases , to the stiffness if all the plies
acted as individual beams . The reason why effective stiffness increases
wi th length is that the interl ayers are more effective in transferring
shear between structural plies , as length increases . Thus , the behavior
of the longer beams approaches monol ithic.

Figure 14 is a plot of strain (inches per inch) versus thickness
(inches) for Case A (4 ply polycarbonate ) at the center of the beam
with a one pound load applied at the center (beam length is ten inches).
The values were calculated from the output data using the moment in the
structural plies (MXJ) and the axial load in the structural plies (H).

Figure 15 shows a finite element model for a beam ten inches long
with a cross section identica l to Case A. The beam was analyzed using
the computer aided Structura l Design computer program*to provide a com-
parison. The deflections agreed within one percent. This comparison is
presented as verification of the valid ity of the basic assumptions for
the enclosed derivations .

An actual test (Reference 1) was conducted to determine the deflection
of the midpoint of a beam wi th a cross section similar to Case C, Figure 11 .
The beam l ength was 34.7 inches . The face-ply (ply No. 1) was “free
floating ”. The deflection of the test beam was .00882 inch. The data
output for the program is given in Appendix 0 and shows a deflection of
0.00913 inch which agrees within 3.5 percent. This comparison is pre-
sented as additional verification of the validity of the basic assumptions
for the enclosed derivations .

* Ref 9
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TABLE 4. EFFECTIVE STIFFNESS (POUNDS-INCHES SQUARE )

SINGLE ACTING
BEAMS

OUTPUT FROM PROGRAM (NO INTERLAYER)
LENGTH OF BEAM - (INCHES) 10 20 30 50

CASE A

4—P ly Polycarbonate 3,397 5,683 9 ,238 19 ,212 2,600

CASE B

2—Ply Glass 217 ,500 237,900 270,600 366,000 209,100

CASE C

1— Ply Polycarbonate 20,700 23,450 27,500 37,900 19,720

CASE D

2—Ply Polycarbonate 14 ,326 29 ,370 48 ,175 89 ,080 7 ,900
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LENGTH = 10.0 INCH
LENGTH = 50.0 INCH — — - — —

• -31.3 X 10~ -19.4 X io 6

1

0.25 CIP SILICONE 19.2 X lO
_ 6

26.6 X 10_ 6

-88.2 X io
_6 

-47.1 x lo~ ______ ___________________

0.25 POLYCARBONATE ___________________________

0.10 CIP SILICONE 49.4 X 1O~~ 6
-73.7 X ia-6 -48.3 x 1O~~ ______ 

55~~~~ l~J

0.25 POLYCARBO MATE ~~~~~~~~~~~~~~~~ .~~~~~~

0.10 CIP SILICONE 48 .3 X lO~~
-63 . 5  X lO~~. -48 -6 70.3 X 1 0 6

0.25 POLYCARBONATE _______________________

0.10 CIP SILICONE 48.3 X 10—6

-46.0 X 1O 6 -35.0 X io 6 72.8 X l0 6

0.2 5 POLYCARBONATE 
- ________

50.5 X iü-6 109 x io 6

FIgure 14. Strain (in/ in) versus thickness for
Case A at center of beam .
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—---- -- _______ -—- - -c - f

_:i1 1 

2 0

V1~
ORIZONTAL AXIAL BARS FOR POLYCARBONATE

HORIZONTAL BENDING BARS FOR GLASS ONLY

F = 1 LB SHEAR PANEL

__-  _ _  __ 

/Ar >~

__ iiy 

~~ AL

.100 4 PLCSr ~~l1~~~~ 050

•f 

1

_
~~~~~~~~~~ 1TTh

T

I DEFLECTION AT MIDDLE OF
‘~~~~~ ~~~~~~ ~ 

BEAM = .00153 INCHES
1.65 U 

~~~ 4 PLCS

.O53 4 PLCS

— .250 5 PLCS

SECTION A-A

Figurel5. Finite element model of a fixed ended beam - Case A.
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SECTION III
COMPUTER PROGRAM USER’S MANUAL

A FORTRAN computer program has been coded which determines the
internal loads , deflectlons , and relative sti ffness of a laminated ,
fixed ended beam with one concentrated load at the center . The
program Is based on the equations and procedures embodied In the pre-
ceding sections of this report. A copy of the source coding Is con-
tained in Appendix B. Appendix C lists the Intermediate matrices
which were run for Case A. The output for four illustrative problems
and one test beam is contained In Appendix 0. The program was
written In CDC FORT RAN Extended Version 4-0 for utilization of a
C0C6600 computer .

Fi yu~~ 16 shows a complete card dec k ready to load for a particular
computer installation . Certain obvious changes to the information
shown on the cards , such as time charge numbers , prograomer ’s name ,
and program Identification , would have to be made to suit the require-
ments of another Installation . A review of the source coding shown
in Appendix B may reveal other minor changes that might be needed at
another Installation.

The complete card deck consists of essentially five categories :
a job card , two control cards , a source deck , input data cards , and

separating cards , called 7 , 8, 9 Cards and 6, 7 , 8, 9 Cards . Figure
17 shows the relationship of these components to the complete deck.

The job card , control cards , and separating cards may be obtained
by entering the appropriate data on the data coding sheet , FIgure 18,
and submitting the sheet to procure the key-punched cards . The line
entries are described as follows :

Line 1 - This line describes the job card which Identifies the
user and lists other pertinent Identi fying data.
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LIne 2 - This line refers to the FTN control card and provides
access to libra ry subrouti nes and compilation of the
FORTRAN source deck.

Line 3 - Thi s line refers to an LGO control card, which is a
load and go card. One LGO card must be inserted for
every set of data cards .

LIne 4 - This line refers to a card that separates the source
deck from the data cards and control cards. A minimum
of two cards Is required and an additiona l 7, 8, 9
Card must be added for each additional set of data
cards.

Line 5 - This line refers to the last card in the deck , a 6, 7,

8, 9 Card.

The source deck is a set of approximately 1 ,700 cards and may be
compiled from the main program and subroutines listed in Appendix B.

This Information may be entered on data coding sheets and submitted to
key-punch to procure a source deck.

The input data card deck is a set of six cards and may be obtai ned
by entering the appropriate information on the data coding sheet,
Figure 19. The data sheet may be submitted to procure the key-punched
cards shown in Figures 20 and 21 for illustrati ve Case A , Table 1.

The program statements are shown for reference. A set of input data

cards must be included for each problem to be solved . The line entries
shown in FIgure 19 for Case A are described as follows :

Line 1 - Col umns 1 through 8 show the number of spanwise incre-
ments to the center line of the beam .
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DATA CARD 1. INPUT NUMBER OF SPANW ISE INCREMENTS TO CENTER LINE OF
BEAM , FORCE (POUNDS ) , LENGTH TO CENTER LINE OF BEAM
(INCHES), WIDTH (INCHES).

7 ~ 

- LO 

READ (5 ,i0)Nx :F ,L ,BB 
} 

PROGRAM STATEMENTS (REFERENCE ONLY)

; ; ; ; ; ; ; ; ; 
~ ~ ~ 

‘

~ ~ ; ; ‘; ~ ~ ; ~; ; 
;‘, ; ; ;; ;‘ ;~ ; ~ ; ;~; ; ~ ; ~ ; ; ; I;; ~ ; ; 

.
~;; ;; ; ;; ~

DATA CARD 2. INPUT THICKNESS (INCHES) OF EACH LAYER.

READ (5,20) (T(J) ,J = 1,9) 
} PROGRAM STATEMENTS (REFERENCE ONLY)

0.10 0 .25 0.25 0. 10 0.25 0 . 1 0  0.25 0.10 0.25

I I I)  ~~t ) O O ) _ O 7 t l ) 2 2  ) U O IU  00  0 0 0 1  0 ) 0 0 0 1 0  0 0  0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 S 0 0 0 0 0 0 0 1 1
, I I , I , , I I I, l I . 1 I~~~U~~~. •j , p~~~s s J ~~~~~ I d ’ U , I  V U  U W S S V , M  • C I ’ V ~~~~~I U  U .~~~f l h I . n  0 I~ q~~•

l i i i)  I l l I l l i l l I l I t l i t  1 1  I l l I l I l I O l l  i i  1 1  1 1 1 1 1 1 1  I I I  l i i  t ; l l  t i l l  1 1 1 1 1 1 1 1 l I l

: 7  2 2 7 7 1 1 1  2 7 2  2_ 
~~~~~~ ~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 2 7 2

DATA CARD 3. INPUT YOUNG ’S MODULUS FOR EACH LAYER.

READ ( 5,20) (E(J),J = 1~9)} PROGRAM STATEMENTS (REFERENCE ONLY)

J[i~00 000 O I~~~. 0.3400 0 .0  1 9 3 . 0 3 4 0 0 0 0 . 0  t b ~~. 0 , 4 U 1 1 1 J U .  U l 3 3 . U 3 4 O~~U . O \

‘:~: ‘ l 000 ~~~I~ O S 0 I 0 0 0 7 0 0~~0 ) 0 S 0 0 0 IO  0 0 0 0 0 1 0 1  0 0 ~~~~~~I l 0 I 0 i l l S  I 
~~~~~~~ U _ , n. , , . , , . ,.  I

: , I I I l ; I I lt t l , I l t l t l t I l t t l I l l t l t l , I l h h h h l h h h h h h h h h h h h b h 1
~~

h h h h h h h h h h u h h h h h h m f l  I
7 2 7 2 2 7 7 7 7 2 2 7 7 7 1

Figure 20. Sample data cards .
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DATA CARD 4. INPUT SHEAR MODULUS FOR EACH LAYER.
READ (5 ,20) ( G (J ) , J  = 1 ,9)1 PROGRAM STATEMENTS
20 FORMAT (9F8.O ) f (REFERENCE ONLY)

000000. 73.00 U~ 0O 0. 0 73.01 O~ 0U0 . 0 73.0 1 0~ u00. 0 7 3 . 0 1 0 7 0 0 0 . 0
r. a c

1 0 1 00 0 1  0 U I ~~~~0 G l 0 0 l 0  0 S 0 ’ l O O O l O O  0 0 7 0 0 0  0 l l 0~ 0 0 0 0 0 0 0 0
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ II . !! f l f l I . l l I II!I I

0 1 1 1 1 1 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 C 0 1 1 1 1 1 0 1 1 1 1 1 1 1 1

-
. 

? 2 ? 7 2 2 2 7 2 7 ~~j I)-~~~~~~~~~ ~~~~~~~~~~~~ J4flJJ 22 2 7 ~~2 2 7 7 7 f l 2 ? ? 7

• DATA CARD 5. INPUT DISTANCE FROM CENTER LINE OF BEAM TO X INCREMENT .
(NUMBER OF VALUES MUST EQUAL NX ON CARD 1 AND LAST VALUE
MUST BE EQUAL TO L ON CARD 1.) x(l) = 0

READ (5,20) (x(J),J = 2, NX1)l. PROGRAM STATEME NTS
20 FORMAT (9F8.O) I (R EFERENCE ONLY )

0.5 1.0 1.5 2.0 2.5 
— 3 .0  3.5 4~ 0 4 .5

S S I I l — 1 1 0 0 0 0 0 0 0  0 0 0 3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 7 0 0 0 0 0 0 0 0
1 1 1 1 1 1 1 1  I I ! !  1 1 1 9 1 1 4 1 1 1 1 1 1  I lh , I ,* l IS f l .  Ti ll !! M I I I  l f l ., i l lf l . I h l i . , . % I M , I 1 l . Il . W. I MU M b I I, . I T , II l . 1 1 f l 1 9 1

1 1 1 1 1 1 1 1 1 1 1 1 1  ~ l 1 1 1 1 1 1 1 1 1 0 1 1 1 1 ) 1 1 1 1 ) 1 1  I I I )  l I I l I I I I l l I l I  l i i i  l i l l I l l I t  1 1 1 1 1

• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

DATA CARD 6. (CONTINUATION OF CARD 5.)

Figure 21. Sample data cards . 
- I
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Line 1 — Columns 9 through 16 are the ‘l oad in pounds.

Line 1 — Columns 17 through 24 are the length to the center line
of the beam In Inches .

Line 1 - Columns 25 through 32 are the width of the beam in
inches .

LIne 2 — Columns 1 through 8 are the thickness Of the fi rst ply
in Inches and the thickness Of each of the remaining
eight pl ies is shown in Columns 9 through 72.

Line 3 - Columns 1 through 8 are the modulus of elasticity (PSI)
for Ply Number I and the mudultls of el asti ci ty for Ply
Numbers 2 through 8 are shown in Columns 9 through 72.

Line 4 - Columns 1 through 8 are the shear modulus (PSI) for
Ply Number 1 and the shear modulus for Ply Numbers 2
through 8 are shown in Columns 9 through 72.

Lines 5 and 6 - Columns I through 8 of Line 5 are the distance
from the center of the beam t X” Increment in inches .
The number of entr ies on Lines ~ and 6 correspond to
the number of increments on Line ‘I , Columns 1 through 8.

There are ten entries on Lines 5 and 6.

Lines 7 through 12 - These entries are the appropriate computer

symbols corresponding to the entries on Lines 1 through
6 above and are for reference only.

Data cards must meet the fol lowing requirements:

o Each card field Is eight (8) card co lumns wide .
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o There cannot be any zeros or blank fields imbedded
In the data (i .e. , If a layer is to be dropped from
the problem , its thickness and other parameters
must be input to the problem as relati vely small
niiii bers to cause its effectiv e elimi nation. ).

0 Numbers must be right justified in thei r fields.

o A ~.-ai 1ing decimal point may be dropped.

62

- ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ ~~~
. . - -

~~~~
. 

~~~~~~ ~~~= , , •~~~.



SECTION IV
CONCLUSIONS

The analysis and computer program presented in this report were
developed to provide a tool for evaluating laminated combinations of
transparent materials duri ng initial design of windshields and wi ndows .
Historically, formulas and theories from engineering handbooks have
been used for this purpose, but these methods are highly approximate.

The laminated beam analyzed in the present approach is considered
to represent a strip cut from a typical aircraft wi ndshield transparency .
The primary characteristic of such a laminated beam is the relative ease
of structural plies to slide past each other because of the softness of
Interlayer materials. Equilibri um and compatibi lity equations are
written for the beam , based upon assumptions that preserve the important
features of laminated beam behavior. The resulting set of differential
equations is solved exactly.

The computer code presented can expedite the application of the
theory to practical problems . Utilizing this program , the deflections
for a series of typical laminated beams were examined , and were compared
to the results of a proven finite element computer program. The two
sets of computed values agreed within one percent. Data obtained from

another beam , tested as noted in Reference 1 , were compared to calcu-
lated results provided by the present method. The outer ply of the
test beam was “free floating ” at the ends , rather than fixed , as
assumed In the analysis. To simulate this condition , a neglig ible value

of Young ’s modulus was assigned to the outer ply. The calculated deflec-
tion was 3.5 percent greater than the measured value. This agreement is

considered reasonably close , in view of the approximate method used to
account for the “free floating ” outer ply.

The applications of the computer program descri bed in Section II

under the heading Illust rative Examples ” were run on the CDC6600
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computer, employing 21,000 decimal words of core. Each case required
0.879 seconds CPU time and 7.588 seconds I/O time. The I/O time
Inc ludes compilation of the enti re progra m .

64

~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ 

—



SECTION V
RECO*1ENDATIONS

The new computer program Is recomended as a tool for use in the
early stages of aircraft windshield design as a means of screening lami-
nate configurations. As an example , a strip of a certain width can be

- • cut out of a transparency bei ng studied. This strip can be flattened
to form a laminated beam having pinned or fixed ends as appropriate.
The width of the strip can be selected so that the resulti ng beam , sup-
ported only at the ends, roughly represents the transparency supported
on all edges . A load can be applied at the center to represent a bi rd
impact. The number of plies , structural ply and interl ayer materials ,
and ply thicknesses can be varied , so that established stress and/or
displacement constraints are met. The appropriate constraints are
that ultimate stresses and maximum allowable displacements are not
exceeded. Weights per square foot of transparency surface can then be
calculated and compared . The laminates showi ng the most promise on
this basis can be selected for further study.

Another use for the present code is to provide an effective bending
sti ffness for a laminate. This effective stiffnes s can be selected as
the El value of a monol i thic beam necessary to give the same maximum
deflection as a beam composed of the given laminate under the same load .
The computer program outputs such a value. This value can then be
employed as a means of developing a finite element model of the laminated
transparency and supporting structure, In which the laminate is replaced
by a single ‘layer, as a means of reducing engineering , computing, and

elapsed time to perform either a static or a dynamic analysis. Since
effecti ve stiffnes s depends upon beam length , the user should estimate
the half length of the wave produced in the transparency when Impact
occurs. Such an estimate can be made on the basis of past experience ,

Including previ ous studies employing the Bird Impact Math Model

(Reference 6) or test results. This half wave length can then be taken

as the length of the simply supported beam for which an effective El
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value can be calculated. An approach of this kind i~ probably mos t use-

ful for calculat ing transparency displacements and loads on edge attach-
ments and supporting structure.

The feasibility of extending the method to cover other loadings and
boundary conditions should be studied. For example, an option applicable
to an end condition in which the layers are prevented from s l i d i n g  rela-

tive to each other, as by a bolt , althoug h the end tangent can rotate ,
mi ght be useful . A beam uni formly loaded over part of its length is a
candidate case. The feasibility of apply ing the approach to dynamic
problems also should be studied , and the possibility of elimi nati ng the
assijl ptlon that transverse strains are neglig ible should be considered .
Eliminating this assi.~npti on would mean that the method would provide
reasonably reliable estimates of transverse stresses , and perhaps a
means of forecasting delamination. Any of these improvements would
increase the realism of the analytical results . Consequently , the
usefulness of the approach as a design tool would be enhanced .

If any of these improvements were accomp lished , they could be
verified by comparison with results obta i ned by finite elemen.t analysis.
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The matric differential equation (Equation 42) can be written
in the following form by rearranging the rows of Y

IdYa/dX 1 = ro ab~ ~ ~
‘a 1

1
1

dY b/d’~J 
[ba 0 j ~ 

(A . l)

w here
ba 

= 

[
~~ i a2 3 ~

‘a 
= 

: 

(A .2 )

L 0 i oj

ab 
= 

[

~i 2  

~ 

~
‘b H 

(A. 3)

)~5,2 
a54 0] v

The corresponding characteristic equation is

1_xI a
bi JG a l 0 (A.4)

Lba ..xi _[ IG b J

where Ga Gu ~b = GH (A.5)

C s
C~ Cv

f ~XG~ + abGb = 0 (A.6)

1. b~G~ - xGb 0 (A.7)

Changing the signs of x and Gb leaves Equations A .5 and A.6

unchanged .

Therefore if x and [G a I Gb ) are an eigenvalue and an eigen-

vector of Equation A.4 , then — x and -sb) are also an
eigenvalue and an eigenvector .
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APPE NDIX D

OUTPUT FOR ILLUSTRATIVE CASE A, B, C, AND D

AND FOR THE TEST BEAM
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