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SECTION I
INTRODUCTION

Bird impact hazards to high speed, low flying, aircraft have become
one of the major flight safety problems of the jet age. The Douglas
Aircraft Company's Windshield Technology Demonstrator Program is part
of an effort by the Air Force Flight Dynamics Laboratory Improved Wind-
shield Protection Program to develop technologies that will allow the
design of aircraft transparent enclosures to increase protection against
birdstrikes.

One of the basic objectives of the Windshield Technology Demonstrator
Program is to develop windshield design technology for application to
high performance military aircraft. Pursuant to this effort, a need
arose for a simplified analytical method of rapidly assessing the struc-
tural effectiveness of candidate laminate configurations.

Typical laminated configurations consist of alternating structural
plies and interlayers. Structural plies are composed of high modulus
materials such as polycarbonate, glass or acrylic. Interlayers are
composed of materials that may be less stiff by several orders of
magnitude.

A realistic method of static analysis for a laminated beam carrying
a concentrated load at the center, representing a bird impact, and
having various types of end supports, would be a useful tool. Such a
method should avoid the frequently made Bernoulli-Euler assumption that
plane sections remain plain during deformation, because shear deforma-
tions in the soft interlayers are large and must be considered. The
significance of these deformations is shown experimentally in Reference
1. Other rough assumptions that would unnecessarily diminish the effec-
tiveness of the analysis should also be avoided. The method should
accommodate laminates composed of nine layers or more, with different
material properties for each layer.

. 1-“«:1_‘.’0' S0 300 B, 5Tyt S




Apparently no method meeting these requirements exists in the
literature, although related work is described. Reference 2 contains
an analysis of a three layered beam based on the assumption that the
angle of rotation between a cross section of the center layer and its
undeformed position is a constant factor times the slope along the
length of the beam. This assumption is considered unnecessary, and its
effects on the reliability of the results are hard to assess. The sol-
ution is based on the energy method, which introduces further approxi-
mations. Reference 3 presents methods of analysis of multiple layered

beams based on the Bernoulli-Euler hypothesis; consequently,the approach
is not applicable to beams with soft interlayers. Reference 4 offers an
analysis of three layered beams involving simplifying assumptions which
are also not considered acceptable for the present application.

Therefore,a new approach to the problem was developed, and is
presented in subsequent sections of this report. The approach is based
on the assumption that each structural ply can be treated as a beam to
which the Bernoulli-Euler hypothesis is applicable, but no such assump-
tion is applied to the cross section as a whole. Structural plies can |
bend and stretch, but shear deformations of these plies are considered
negligible. Interlayers are assumed to carry shear, but not axial loads

or bending moments . Deformations through the thickness of the beam are
considered negligible, but stresses normal to the layers are assumed to
exist. The equations of equilibrium and compatibility are written.

The resulting set of differential equations is then expressed as a single
matric differential equation,which is solved exactly.

The analytical results have been translated into an efficient Fortran Z
program. This program applies to nine layer laminates, which is an ade- '
quate number in most cases. The program can be easily extended to cover
more layers, if necessary. Fewer layers can be accommodated by intro-
ducing negligible stiffness properties (E and G) for some of the layers.
The method applies to fixed ended beams, but the program can be modified

to be applicable to other boundary conditions. Extension of the method
to other loading conditions is possible.




The most significant simplification involved in the analysis is the
assumption that deformations through the thickness are negligible.
This assumption greatly simplifies the analysis without slighting the i
primary feature of windshield laminate behavior, which is the relative :
freedom of structural plies to slide past each other because of the low
stiffness of interlayer materials. The only negative effect of the
assumption is that stresses normal to the layers are not correctly pre-
dicted. This is believed to be a Tocalized effect confined to the center
and ends of the beam where loads are applied. The elimination of this
assumption is a possible subject for additional research. An analysis
which accounts for transverse deformations might provide data that would
be useful in defining adhesive strength needed to prevent delamination
in regions of high transverse loads.

S e AT i > i Sl

Results of the analysis have been correlated with finite element
results and test data as described in a subsequent section. The com-
parisons are good and verify the validity of the basic assumptions.

Although the present method is intended to apply to fixed ended
beams, it can also be applied to a beam with pinned ends by considering
a fixed ended beam twice as long as the beam under consideration. The
data output by the computer program between the quarter points of the
fixed ended beam is applicable to the pin ended case.




SECTION II
ANALYSIS

DERIVATION OF EQUATIONS

This analysis applies to the fixed ended laminated beam of Figure 1.
As the figure shows, L is the length of the beam, and F is the
concentrated load acting at the center.

¢
I

5 L o

Figure 1. Fixed ended laminated beam.

The cross section is shown in Figure 2. The cross hatched layers
are called "structural plies", while the other layers are "interlayers".
The width of the beam is b, and the thickness of the ith layer is t;.
Different material properties can be assigned to each layer. The flexi-
bilities of the interlayers are assumed to be large compared to the
structural plies. The analysis can be applied to a beam having fewer

than nine layers by assigning negligible values of Young's modulus, E,

and the shear modulus, G, to some of the layers.
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Figure 2. A typical transparency nine ply cross section. ;
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Because of symmetry, consider one-half the beam as shown in Figure 3.
In the figure 2 =1L1/2, and P = F/2. The figure also shows the xyz
reference frame, and the definition of the vertical displacement v.

Figure 3. Half-beam.




Assumptions

1. Structural plies carry axial load, bending moment, shear, and normal load.

2. Interlayers carry shear and normal stresses only.

3. Plane sections of structural plies remain plane and normal to their
elastic axes during deformation.

4. Normal strains through the thickness for structural plies and inter-
layers are negligible and can be considered equal to zero.

5. Shear strains for structural plies are negligible.

6. All stress-strain relations are linear.

7. Structural ply bending conforms to small displacement theory.

Equilibrium, Structural Ply Element, i Odd

Figure 4 shows the equilibrium of an element of the ith structural ply.
Hi’ Vi and Mi are the axial load, shear and bending moment acting on
the element cross section. The transverse load per inch, Wi and the
shear flow, Qi act upon the lower face. The corresponding forces on
the upper face are Wi and Qi.1s since the i-1Ist element is next

above. Note that i 1is odd for structural plies.
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Figure 4. Structural ply equilibrium.
Summing forces in two directions and moments about 0 gives:

dHi
ot Gy - Yy ° 0 (i odd) (1)
dvi
o W g o~ W ® 0 (i odd) (2)
dM, t. t, :
ol SRR RS S L L (3)

where 1/2 dVi has been deleted from Equation 3 to reduce complexity

of problem. This is allowable due to insignificance of the term.
Equilibrium, Interlayer Element, i Even

Figure 5 shows the equilibrium of an element of the ith interlayer.
The notation is consistent with the notation established for structural
plies, although no axial loads or bending moments are acting, because
of the assumption that these forces are negligible for interlayers.
Note that i is even for these plies.




wi_]dx

T—_ﬂi _-IdX

"il + Tvimv1

qidx I

widx

L‘———~——— dx ——————)J

Figure 5. Interlayer equilibrium.

Summing forces in two directions and moments about 0 gives:

Q-9 © 0 (i even)

dVi

dc T Wy oWy ¢ 0 (i even)
ts t.

i j E
Vi “ Qg -%T = 0 (i even)
From Equation 4, 9.1 = 9§ » and, from Equation 6, Vi

Therefore, from Equation 5,

Also note that

"
o

since transverse forces and shear flows are assumed to be zero on the

upper and lower surfaces of the beam.

=q.t. .

(4) :

(5)

(6)

S Sepde s ag e e

(6a)

(6b)
(6c)




+

Compatibility, Structural Plies, i 0Odd

Figure 6 shows the relationships between the displacements of the
centerline of a structural ply and the displacements of the upper and
lower surfaces of the same layer. In the figure, Uj s V5 and 8,
are the longitudinal and transverse displacements and the slope of the
centerline of the ith ply. The longitudinal and transverse displacements
of the lower surface of the ith ply are denoted Ny and gy Conse-
quently the corresponding displacements of the upper surface are i1
and P since the upper surface of the ith ply is the lTower surface

of the i-1st ply.

Displaced ply axis
Upper surface

N
P

a8
’/
(///‘\——- Lower surface

i Ly
- - T | — = t] —-
i T
Cross section at x ———» *

Elastic axis of

l % ith structural ply

Figure 6. Compatibility.
4
Then from Figure 6, nyop T Uy -8y (7)

and n for small displacements. (8)

|
<
+
D

i FL i?2
These equations are consistent with the assumption that cross sections of
the structural ply remain normal to the elastic axis during deformation.

A
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Also from Figure 6,

L R (9)
g5 * Wy (10)
dvi
and T (1)

Equations 9 and 10 hold because strains through the thickness of structural
plies are considered negligible. Equation 11 is consistent with the assump-
tion that structural ply bending conforms to the theory of small displacements.

Compatibility, Interlayers, i Even.

Strains through the thickness of the interlayer are assumed negligible.

Es = (12)

In consequence of Equations 9, 10 and 12:

Bg =¥ = R TRy T ¥yt Eg b T "Ly tg=Vg T L9
PR R e TR R (i odd) (13)
gy = v i = 0,1,2...9 (an 1) (14)
".d_!.= i = $
8 = dx ) i @ w9 (4 0dd] . (15)

A1] vertical displacements and slopes are the same.

Strains, Structural Plies, i 0dd,

Longitudinal strain, e, is equal to the derivative of longitudinal
displacement:

P axial strain .
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In small displacement theory, curvature B8 1is equal to the rate
of change of slope, therefore,

de.
¥ i e
h Y m " f o (152)
The notation, %&- = ¢ , (15b)

to denote the rate of change of beam curvature, is useful subsequently.

Strains, Interlayers, i Even

Figure 7 shows the relationships between the shear strain of the ith
interlayer, Y s the slope of the beam, © , and the longitudinal
displacement of the ith interlayer upper and lower surfaces. In the
figure, 6} denotes the rotation of a cross section of the ith inter-
layer relative to its undisplaced position.

e+ —>]

From Figure 7, Yg = 0% 8 (15¢)

L RPN \
Y. a3 * T (15d)




Force-Deformation Relations

The longitudinal force on the ith interlayer is given in terms of
the longitudinal strain by

H,' = Ei A'i exi
dui
Hi = E_i A'i s (i odd) (16)

where Ei and Ai are the values of Young's modulus and the cross-

sectional area of the ith structural ply. The bending moment in the
ith structural ply is given in terms of the curvature by

Mi sl Ii B;
d2v :
M. = E. 1. — (i odd) (17)
i Ul S

where Ii is the moment of inertia of the cross section of the ith
structural ply. The shear flow in the ith interlayer is given in terms
of the shear strain by

]
o

9 i by

9

tt
o
-
o
—
(=¥
x
<+
(ad

n: =N
dv —l:J——J-) (i even) (18)
where Gi is the shear modulus of the ith interlayer.

Matric Formulation

Equation 1 can be written for each structural ply thus:

dH,
& Ty " °

dH,
& th-9 * 0

12
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dH;
& *9%-9% = 0
dH,
w t% % 70
dHg
dx 9% 9% * 0

But, from Equations 4 and 6b:

G0 G 9%y %% 9% W0

dH,
ax =y = 0,
dH,

x Y9 -9 = 0.
dHs

& tY-9% = 0,
dH,

ax *9%-9% = 0,
dH

Eig * ag 20

Writing these equations in matric form gives:

Q
_x
1
J

+ | -1 qp = 0 (18a)

al o al o (=%
x| & X| X X| I X
~ (8,1 w
pe—
]
—
0O
E N

o
I
(Te]

o
I
C

Q.'O.

x|
>

o
o
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Equation 18a has been derived in detail to show the method of
converting the scalar differential equations into matric form. Subse-
quent matric equations are derived in a similar manner, although the
details are omitted.

The matrices in Equation 18a are denoted according to the symbols
written under the equation. Thus, H 1is a column matrix of structural
ply longitudinal forces, dH/dx is its derivative, q 1is a column
matrix of interlayer shear flows, and Aq is a Boolean differencing
matrix.

Therefore,

dH
o Aqq 0, (19)

From Equations 3, 4 and 6b,

aM, i .
{ & YV'fhN"ltz Gy 5
i ; bl b A
dx 3 2 -z
dM t. |t q
5 5 | ts 6
SR 7 | 7
' ; LYy 9g
dx 7 2 45
dM t
9 9
\ Ex_} \ VQ) et | 7 |
dM
a-; v qu q

The matrices are denoted according to the symbols written under the
equation. The symbol M denotes a column matrix of structural ply
bending moments, dM/dx is the derivative of M, V is a column matrix
of structural ply shear forces, and qu is a rectangular matrix of
structural ply thicknesses.

dM &
ax T b =Pt t b, (22)

14
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From Equations 2, 6a and 6c:

dv,
- -w]=0
dq2
OB ai el S
dv3
ol R
t4 ;;i ® My = Wy = 0
dVg
Tt W - e 0
dq6
ts-d—x—"'ws~\ﬂ6=0
dv,
& % - =0
dq8
te g t Wy - W < 0
;S\ig'f’”s =
Adding these equations gives
dv, i dv;  dVg dv, dvg ' dq, da dag

teete Yty ' T " !

15

dq
8
tg ax

0

(23)



The matric form of this equation is:

[1 EERER 1] dvy/dx ) + [t2|t4|t6|t8] da,/dx) = 0
dV3/dx dq4/dx
dV5/dx dq6/dx
dV7/dx dq8/dx
dvg/dx
=T dv T d
c dx ty a%

The matrices are denoted according to the symbols written under the equa-
tion. The matrices dV/dx and dq/dx are the derivatives of the column

matrices V and q previously defined, C s a Boolean column matrix,

and t, 1is a column matrix of interlayer thicknesses. The superscript T
indicates a transposed matrix.

: - =T &V T dg
1 < . C o + tz 0 0. (23a)
From Equation 16:
E H] = "E]A1 = du]/dx
H3 E3A3 du3/dX'
H5 E5A5 du5/dx
H7 E7A7 du7/dx
H9 L EgAg_ du9/dX
du
H Kn ax

% The matrices are denoted according to the symbols written under the
equation. The symbol u denotes a column matrix of longitudinal dis-
placements of structural ply centerlines, du/dx is the derivative of
u, and ky is a diagonal matrix of structural ply axial stiffnesses.

du
& o (24)

=
n
>~
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From Equation 17:

2
7 d-v
MY = 8Bh) =z
M E.J dx
3 313
Mg Eslg
" Byl
Mg Eglg
M kI

The matrices are denoted according to the symbols written under the equa-
tion. The symbol k; denotes a column matrix of structural ply bending

stiffnesses.
d2v
M = k (25)
L ax?
From Equation 18:
- (o) <[22
9% T "o fdx e L
q G,b hal ol Nay-n
: G4b *4 EQE ns-n“
% 6 t6 [agb |5 ©
dg Ggh 5 1\"77Me
q kz kn An

The matrices are denoted according to the symbols written under the
equation. The symbol an denotes a column matrix of longitudinal
displacement differences at layer interfaces, kz is a column matrix
of interlayer shear stiffnesses, and kn is a diagonal matrix of
interlayer shear stiffnesses divided by interlayer thicknesses.

dv

qQq = kla-’-(-"‘ knAn

But An = An

where A = 1 -1

17




and

n = { " |n2 |n3 |n4 |n5 |“6 |n7 |“8 } (column) .

An is a rectangular differencing matrix, and n 1is a column |

matrix of longitudinal displacements of layer interfaces.

.k
q = kz X + kn Ann . (26)
From Equations 7, 8 and 15,
( n = U \ +/( t,/2 \ e
< ng > US -t5/2
ng < ug > t5/2 >
ng Uy -t7/2
n= [ T ouy* Nt 8
1 1 2 1 1
n
2 1 ; uy 1 = t3
' 1 u 1 t
1 3 -1 5
1 u 1 t
)L 111 Sl B 9 Al
8 Ug t9 )
iy 2:u " Ats tS

The matrices are denoted according to the symbols written under the

equation. The symbol n denotes a column matrix of longitudinal dis-
placements, tg 1sa column matrix of structural ply thicknesses, and
L, and By, are Boolean coefficient matrices.
& 1 dv
no= LUt g b b O (27)

18




From Equation 24,

gg— - 3y, H =0 (28)
where 3y 2 k;] (29)
Eliminate n from Equations 26 and 27:
q = (k2+ kn- %AnAtstS) g% + knAnzuu
But k, = kntz - %AnAtsts = ES, and AL, = -A; p
where f, =¢ %(t] +t5)
3ty + tg)
3lts + 1)
%(t7 + t9)
and ;s is a column matrix of average structural ply thicknesses.
q = KEE-kagu (30)
where t = tz+Es = %t.|+t2+%t3
Bsttytats
psttgts(
Prttgtats
Eliminate q and %% from Equations 15, 19 and 30
%-az’.,u-az’:;e = 0 (31)
where a = kol (32)
2,1 Aq nq
and 32,3 * <4 Kt (33)

19




Eliminate V from Equations 22 and 23a.

“Tdg =T . JTda _
tsa-)g('-c a}'{"’t!‘ i 0, (34)
since ETqu . EI. Eliminate M from Equations 25 and 34.
Then, Wdg  , dW .
en t - K o 0 (35)
where K, = (EI)] + (EI)3 + (EI)5 + (EI)7 + (EI)Q . (36)

Therefore, from Equations 15, 15a, 15b, and 35

T d do _
t a—}-xldx 0 . (37)

Eliminate q from Equations 30 and 37. Then,

d¢ -1 .T du_ d2y

ax " K1 %23dx " %.adxz = O (38)
where a = k3« : (38a)

5,4 I n

Therefore, from Equations 15, 15a, 28 and 38,

$. 8

ax - %M -

a5 4 B 1 . (39)

BRRET" . R ¢
where 3 5 = KI 33,2 - (40)

Equations 15, 15a, 15b, 28, 31 and 39 are a set of 14 1inear, ordinary,
first order, homogeneous differential equations with constant coeffi-
cients, in the 14 dependent variables Uss Hi’ v, 6, B and ¢ .

The number of variables is 14 since the matrices u and H each con-
tain five variables. The theory of differential equations shows

that, for a set of equations of this kind, n linearly independent
solutions exist, where n is the number of equations, equal to 14
in this case. See Reference 5, article 12-8.

20




Matric Differential Equation

From Equations 15, 15a, 15b, 28, 31 and 39,

du/dx\ - [ a5 N/ u = 0 (41)
dH/dx az’] az,3 H
dv/dx 1 v
{ de/dx 1 Qe
dg/dx 1 8
d¢/dx _ a5,2 as’4 ¢
dyY =
- A Y

The matrices are denoted according to the symbols written under the
equation. The symbol Y denotes a column matrix of beam responses,
dY/dx 1is its derivative with respect to x , and A is a square
matrix of constant coefficients.

dY

..o d_x - AY = 0 (42)

This linear matric differential equation can be solved by taking

Y = GeM (43)

where G is an unknown column matrix, A 1is an unknown scalar and
e 1is the base of natural logarithms. Eliminating Y from Equations
42 and 43 gives

(A-aI)6 = 0 . (44)

Evidently, » and G are an eigenvalue and an eigenvector of the
characteristic Equation 44. Therefore the solution of Equation 42
can be written

F~3

1 Akx
Y = kz:]ckeke (45)

where Gk' and A are the kth eigenvector and eigenvalue of Equation
44, and the Ck's are arbitrary constants needed to satisfy the boundary
conditions.

21
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Nature of the Roots of the Characteristic Equation

The eigenvalues (roots) of Equation 44 are expected to be all real,
from the nature of the physical problem. The roots can be easily shown
to occur in pairs equal in magnitude and opposite in sign, such that
if A, and XB are a pair of roots, then XB O (See
Appendix A.) It is shown subsequently that at least six repeated roots,
equal to zero, exist. No more than six such roots are expected,
because of the nature of the problem.

Algebraic Modes

The solutions of Equation 42 of the form given by Equation 43 are
here called exponential solutions or exponential modes. The following
paragraphs show that other solutions exist which are algebraic functions
of x . Consequently, these solutions are called algebraic solutions
or algebraic modes. Six linearly independent algebraic modes are shown to
exist. These solutions are also linearly independent of the exponen-
tial solutions, since they are algebraic. Therefore, the character-
istic equation (Equation 44) can yield at most only eight linearly
independent exponential modes. Consequently, six of the roots of
Equation 44 must be zero.

In view of the existence of the algebraic modes, the complete
solution of Equation 42 can be written in the form

8 6
Y = k§1 C, 6 e + k§1 cAK YAK (46)

where the CAK'S are arbitrary constants, and the YAK's (algebraic modes)
are column matrices whose elements are algebraic functions of x. The
only requirements for the YAK's is that they must satisfy Equation 42,
and the Gk's and YAK's must be linearly independent. The following
YAK's satisfy these requirements:

22
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Rigid Body Translation Paraliel to x —

YA] = (Y%o) where u(g) = 1 (47)
o [ }5 rows 1
0 1
< 0 1
0 1
\ 0

Uniform Extension Parallel to x —

YA2 = { u(o)x| kAu(O)l 0 ‘ 0 | 0 I 0 } (Column)  (48)
Rigid Body Translation Parallel to z —
g 8 loJof1]ofo] o}  (Cotumn) (49)
——— S——
5 5
rows rows

Rigid Body Rotation about y —

e {u(1) [ s e X | o L (cotumn) ~ (50)

5 rows

SRR
-1-1-1 a = a scalar (51)
-1-1
-1
(0000

where  u(yy = Qt + au () Q=

-

Bending about y —

y { T R A R 0} (cotumn) (52)

23
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Shear Parallel to z —

k-] 2 x3 I x¢ l |
,- YA6 { Fl(])x + U(Z) kAU(])X | 6 5 X 1 } (CO]umn) Jj
‘ (53) |
where u(z) = a column matrix with 5 rows. |
a and u(z) must satisfy the equation
Su(z) - Ta = W (54)
= T = = t

The matrix S 1is singular. Equation 54 is a matrix equation
equivalent to five scalar simultaneous equations in the five unknown
elements of ”(2) and the unknown o. However one element of “(2) may
be chosen arbitrarily since S has one degree of singularity. In
this respect "(2) has the character of an eigenvector. Partition S,
T, W and u(z):

S= S1.915,2 }1 row T={T1]}1row w=[w])}1row

S5.1152,2 } 4 rows T } 4 rows W, ) 4 rows

2
. o 5 (56)

1 col. 4 col.

gy © ‘ 0 )} 1 row (57)

I Uy) ‘} 4 rows

where the element in the first row of u(z)has been chosen equal to zero.

From Equations 54, 56 and 57,

[ S,002) - T = W i
Sp,2U(2) = T# = W v ”

24
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. . o
g wEop [51,2 i) w]] (59)
= L e -1 o 4

Nature of the Algebraic Solutions

The first five algebraic solutions (YA], YAZ' sl YAS) correspond
to solutions provided by the engineering theory of tension and bending
of beams. These solutions have been appropriately named to reflect
this fact. Thus Yp can be recognized as corresponding to a rigid body
translation of the beam parallel to x, since the longitudinal motions
of the centerlines of the structural plies are all equal to 1, and all
other responses are zero. The mode YA4 can be recognized as a rigid
body rotation about the centerline of the bottom structural ply, repre-
sented by Qt , plus a rigid body translation parallel to x , repre-
sented by au(o). The mode Yp_ corresponds to the responses calculated
by engineering theory when the beam is subjected to a constant shear
load. However the responses given by elementary theory involve an

approximation, whereas the responses given by YAG exactly satisfy
the differential equations.

Response

Appendix A shows that the eigenvalues Ak occur in pairs, such

that for a pair A and A, ,
a 8

X, = =X ! (61)

| Appendix A also shows that the corresponding eigenvectors have the
E property that if
I
|
|
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6, = (6, ). then 6, = &, ) (62)
a a
6, -G,
a a
G -6
VG VG
Jod )
a a
G -G
GBG Ba
6
\ %o ) \to

where Guq - GHcl etc. are partitions of G, corresponding to the
partitions u, H etc. of the matrix Y (Equation 41). Because half of
the eigenvalues A are positive, the corresponding functions e**

can become very large as x increases. To avoid this difficulty,

proceed as follows: See Equation 46. Let

8 xkx
e = P C, 6, € (exponential response)

k=1

= Ryt Y (63)
where 4 AgyX 4 Ag. X
k 9k

Y=2CGe,Y=Z%CGe‘,(64)
EL &1 W % B8 & 9 9%

and where Alk and Agk are a pair of eigenvalues having the properties

A, = -2 v Xm0 G and G are corresponding eigen-
" 9 9 o 9y
vectors. Now
4 Ag, (x-2+2)
9k
Yo = 2. 6. G .8 (65)
Eg k=1 Ik 9%

4 “Aq, (2-X) Ag, 2
f r ST 8 & % gk (66)
k=1 9 9%
4 Ag, (2-x)
- E: ¢ B & ™ (67)
s X
where Cgk = t@k e I . (68)
26
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From Equation 46:

Ag, X Ag, (2-x) 6
k L

C.+ 2 C Y, . (69)
% k=1 Ah

4 4
Y = Y G, e C, +Y G e
1 % %O % K

Thus the troublesome eigenvalues A _ , which are greater than zero,

have been lumped into the arbitrary Eonstants Cg,» and thus eliminated.
Ay X Agy (2-x) k
The functions e and e are less than or equal to 1 for

0<x<2, since Agp < 0. Let

ng(l-x)

Agkx
F2 (x) = e and F (x) = e (70)
9k

K
5 e, + 3 e, -5 o
Y = 6 F. e +3 & FE e +5 €6 ¥ 7
k1 % % % B % % % et A A

Y(x) = Hy F10<x) C, ¥ Hg FgD(x) Cg + YA(x) Ca (72)
where the symbols in this equation are defined by Equations 73,74,75 and 7
H, =16 G G G H = |G G G G (73)
‘ Wl t2l 3 ‘;] g [:91‘ 92] 93 9;]
F = (F F =fF 74
n () g, ) gx) g, ) (74)
E F
2, %) g, ()
F, (x) . {x)
23( ) g3( )
Fo (X R
4 94
f Fgg(x) 3 FgD(x) = Fl(x) " Fg(x) diagonalized
|
| = = =
g Cl C2 Cg Cg CA CA (75)
1 1 1
o c ' o
) £ | 9, Ay
o o
2 94 :
o o o
27
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Y(x) H

following equations:

b e [“(0) “(0)"
Yau(x) [0 kyu (o)
Ya (¥) = [ 0 | 0
Ypo(x) = l 0 0
Yag(X) = [ 0 0
Yaolx) = ; 0 0

Yax) = [YA,(”

Partition Y(x), HZ'
(u(x)) :7%:

H(x) Hye

j v(x) } M.

8(x) Hoe

B(x) Hoy
L¢(X)J LP@L_

FzD(x) c, +

a,(¥)

| Hon |

0 ¥y
0o]o
1 X
0] 1
0] o
I )

28

-
H \ FgD(x) Cg +

Y
| a0 ]

YAu(x) CA

Yan(x)
YAv(x)
Ypo (X)
Yag(x)

LYM(x)J

Yp(x)

1
?“(1)"2*“(2)]

kAU(1 )X
x3/6

x2/2

The matrices are dennted according to the symbols written under the
equation. The partitions of Yp(x) are defined, from Equation 76, by the

]|

-

JE. | [

(-

(76)

(77)

(78)

(79)

(80)

(81)

(82)

(83)




Interlayer Shear Flows, Structural Ply Shears and Moments

From Equations 15 and 30

z gyt T
q k“te knAq (VI (84)
From Equations 15b, 22 and 25,
vV = qu - kI¢ (85)
where Vq = qu
From Equations 15a and 25
M = k8 . (86)
Let S(x) = total shear on the cross section at station x.
s [l P D) eny s Fel s g 2)
V3 a
'
k v5 9%
7
Vg 9g
T il
U(0) » ty a
The matrices are denoted according to the symbols written under the equation.
T T
Therefore S = u(o) V+ta. (88)
K Eliminate V from Equations 85 and 88,
= =l
S b t q o KI¢ . (89)

Eliminate q from Equations 84 and 89,

L = T »
e S a3 U + KI ag 4 ) KI¢ : (90)
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Boundary Conditions

Figure 8 shows the boundary conditions for a fixed ended beam.
At X = @& =
‘ u(0)
v(0)
le(O)
| L »‘4—- R

(P

0 (5 conditions)
0 (1 condition)
0 (1 condition)

Figure 8. Boundary conditions.

For all x -
The total shear on the cross section is constant

v Sle) = P
S(x) 1is most easily evaluated at X = 0, therefore take
S(0) = P (1 condition) .
From Equation 90,

-K(#(0) = P and  #(0) = -t

1
L (92)

since u(0) = 6(0) = 0.

Condition 1. Fixed Ends at x

2 . For x = & —

=
—~
o
N
"

0 (5 conditions)

D@
—

»
N

"

0 (1 condition)
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From Equation 77

HueFs D(O)C * Fo (0)C, = O
HyoFap(0)C, = K Fop(0)C, + Yy (0)C,
HogFep(0)C, + HeLFgD(O)Cg +Y,,(0)C, = 0
H¢2FLD(0)C2 + H¢2FgD(o)cg # YA¢(0)CA = klp (94)

D(O)C & Huz g

\
o

|
o

Hulen(z)c + H FgD(z)c + YA (z)cA
HooFap(#)Cy * HooFop(R)Cy + Yag(2)C, = 0

5 HyeF2p(0) HungD(O) YAU(O)T C,) = 0 (95)
H 1F£D(O) -H FgD(O) YAV(O) Cg 0
ez zD(O) ez gD(O) YAe(O) Ca .
¢2 Fp(0) H¢2FgD(0) V4o (0) -K;'p
uz 10(1) uz gD(l) YAu(E) e
L zD(E) ez gD(l) YAe(z) ¢
< B P CHe v

The matrices are denoted according to the symbols written under the
equation. The symbol C denotes a column matrix of arbitrary constants,
¢ 1is a column matrix of boundary conditions, and B 1is a coefficient
matrix.

e BC = ¢ (96)

From Equations 7C and 74
Fop(0) = Fop(e) = 1 (97)

= F

31
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where I 1is a unit (identity) matrix. Therefore; B =
r-

Hue T R S sl O TS e

Hyy -H Fop(2)| 0 0 1 0 0 0

Ho g HogFop(2)| 0 | O [0 1 0 0

ey HyFap(t)| © [0 JO | 0 | 0 1

MusFep(*) | Hyp s || © | v | ot | 2or e
ez Fap(#) | Hog 6 (9o 10 1 k %2 J

. (99)

Effective Beam Stiffness

For a fixed-ended monolithic beam carrying a concentrated load
at the center,

3
v(g) = T%éT ; (100)
Therefore define the effective stiffness of the laminated beam as
" Pg3
Elete = Tv(e) - L

32




EQUATION SUMMARY

This section summarizes the equations for the laminated beam.
Figure 8a shows the basic beam dimensions.

F/2

Side View

'
< 3 J:—x—z-»{-ﬂ

0 2

% T,
2770
20, | -

Cross Section

Figure 8a. Beam dimensions.

0dd numbered layers are structural plies.
Even numbered layers are interlayers.
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Input
Fe 245 B, x= xj s J = 0,1.2...nx where X = 0, xnx = 2.
For the structural plies(i odd):
ti s E
For the interlayers (i even):
ti s G
Equations
7 . = = bta'l
For i odd: Ai bti Ii - (102)
- - [ G,b ]
= = -2—
kA E]A] kn to
ELA Gyb
33 | -
tq
Eghs 6gb
Eshy 6
o 65>
5 ) -
-
el 103)
KI = 5111 + E3I3 + ESIS ;o E7I7 + Eglg (104)
T o=, dt. et 40t = 9 (105)
a0 b & q
1 -1
1 1
7t3*ty*sts o=
1 -1
] ]
'’y L 1
1 1
4ttty /
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Fi

q2 " K
az,] = AqknA;
a3 = bk, (106)
35,2 = Kiag,5
a4 = Ktk E

e [ jmafejo jo|o’ (107)
IR 0 0 a3 3 0 0

L.O ag o 0 0 2g 4 0 J
Find the eigenvalues and eigenvectors of
(A-2AI)G = 0 . (108)

Six of the eigenvalues should be zero. The remaining eight eigenvalues
should be real and should occur in pairs such that for any pair,

xl and Ag 5

<0, Xg>0 and Az+xg = 0 . (109)
If the eigenvalues do not occur in this manner, print an error message.
Otherwise, discard the eigenvalues which are equal to or greater than
zero, and the corresponding eigenvectors. Denote the remaining eigen-

values and eigenvectors Ay and Gz v 1B 1,234,
i i
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Form
A, 2
(2) =1]e g (110)
H, =] G G G G F =
L [: O I PR e zé] L w ;
s 2
O
L
. 3
A, 2
%4
e
FlD(z) = Fl(l) diagonalized. Partition H, :
O i ' Y 7
HL = Hul Form u(O) 1 Q =|-1-1-1- (1) :
1 ST alh e :
H 3
i 1 e ]
Hve 1 < g
Hez 1 | 0 0O 0_ ;
Hﬁl
H
L
R
§ & LES ¢ T kg ueis o Mok G (112) g
q“nq & Mgk ek :
Partition S, T and W : ?
S = 51’1 S],2 }1 row, T = T1 l] row, W= w] 1 row

52’1 52,2 }4 rows T2 4 rows w2 4 rows
—— . —
1 col. 4 ccls. BOAEN, |

Discard S] 1 and 52’] .

- = 1_ _.l L
U2y = z,2- T LR T S T Ty ¥y) (114)
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ka(xj)

Ay X
e Mt and F_ (x) =
9

* These null matrices each have five rows.

37

U(] Qt + GU(O) (1]6)
0 |
(2)
Form
-
B = HUQ F!,D(l) U(O) 0 0 U(-I) 0 U(Z)

Hvz HszQD( 0 0 1 0 0 0

Hgy L zD(l) 0 0 0 1 0 0

Hol H@QFQD(E) 0 0 0 0 0 1

1 2

HusFap(#)] Hyg Yoy | Y] O [ i [Um] 22t i)

F 22

Hey, lD(i) Hez 0 0 0 1 [} 7

=
..(118)
P = F/2, and (119)
v = {0* 0 , 0 I -K;‘P o*' 0} (column) .  (120)
Solve BC = ¢y for C. (121)
Form the following for x xj. The values of xj are input.

Then . Uil (122)




Then

Ypo(xs) =

Fo(x5)

Partition C :

ru(xJ.)1
H(xj)

4 V(xj)'>
e(xj)
8(x;)

(x;) |

L¢ X

‘9."‘{_‘},"”3\ POF ORI SR,

and FgD(xj)

U(O)XJ 0 U(-l)
0 1 xj
0 0 1
0 0 0
0 0 0
cC = c2
Cg
Ca
Fw(xj)c2 + Hul
“Hup
“Hyp
Hen
“Hep
H

er](XJ)\
F, (x:)
) 22 J

F13(Xj)

Fl(xj) and Fg(xj)

LF24(Xj)J

F F
gXJ

Fan(%;
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3
| xj/6
2
J
"
1

4 rows
4 rows
6 rows

(||
) g

(x;)

diagonalized.

1 2
?“(1)*5*“(2):]

kAU(] )XJ

C

(123)

(124)

(125)

(126)

(127)




alxs) = kte(x;) - k“AI‘u(xj) (128)

o y R SN

vo" ozl ke = | g1, (129)
t3 |t Ejl5
te [ts L |
t B

£ 9 L 18]
Vixs) = Vgalxy) - kpelx;) (130)
Mix;) = kpBlx;) (131)
(E1) TR (132)

eff. 12v(xnx5

Output (printed)

u(xj) ' H(xj) ’ V(xj) ’ e(xj) ; B(xj) s ¢(xj)
q(sj) ; V(xj) " M(xj) for j=0,1,2...n

(EDgge
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ILLUSTRATIVE EXAMPLES

Four sample cases have been selected to illustrate the usefulness of
this program. Cross sections and material properties for the four cases
are shown in Figures 9, 10, 11 and 12. The end conditions have been
defined as fixed. The load is one pound and has been applied at the
beam center line. The outer glass shield is fixed at the ends, although
for a typical windshield the glass floats on an interlayer and is free-
floating at the ends. The program is set up to handle a total of nine
plies. For beams with less than nine plies, such as Cases B, C and D,
small values were assigned to the thickness, modulus of elasticity, and
shear modulus to negate the influence of those fictitious plies.

Input data and output data for five examples are presented in

Appendix D. Case A was analyzed for a beam ten inches long and for a

4 beam 30 inches long. Case D and Case C were analyzed for a beam ten
inches long. Case B was analyzed for a beam 20 inches long. Table 1 is
a summary and explanation of input data for Case A. Table 2 is a summary
and explanation of output data for Case A. Table 3 Tists a summary of
deflections for the five examples as well as additional deflections for
the four cases at various lengths measured at the beam center line.

The deflections do not vary with the cube of the length and this devia-
tion is shown in Figure 13, which compares a laminated beam to a multi-
ply beam without interlayer for Cases A, B, C and D.

3 At the end of output data for each example in Appendix D, there is a
f printout for EI(EFF) which is defined as "effective stiffness". This
value is calculated from the deflection at the beam center line using
the formula for a beam with fixed ends and a center point load which

is:

3
EI(EFF) = %
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Figure 9.

X(0) =

CASE A

END COND| FIXED

L 5 10 15 25

WIDTH 1

TOTTHICKl 1.65

PLY NO. i 3 & TYPE
1 0.100 |10 x 106} 4 x 106 [GLASS
2 0.250 183 73 |CIP SILICONE
3 0.250 | 340,000 | 109,000 {POLYCARBONATE
4 0.100 183 73 |CIP SILICONE
8 0.250 | 340,000 | 109,000 {POLYCARBONATE
6 0.100 183 73 |CIP SILICONE
7 0.250 | 340,000 | 109,000 |POLYCARBONATE
8 0.100 183 73 [CIP SILICONE
9 0.250 | 340,000 | 109,000 |POLYCARBONATE

2y 2L
F=118

0

DEFLECTED SHAPE OF BEAM - NO SCALE

See Tables 1 and 2 for symbols

Cross sectional properties for Case A.
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!
CASE B l,_*(‘ég;“ &
END conp| FIXED 1
L 5 10 15 25 :
| WIDTH ]
TOTTHICKl 1.65
3
PLY NO. T 3 6 TYPE
1 0.110 [ 10 x 108} 4 x 105 |GLASS 4
2 0.188 1,100 440 |PPG 112
3 0.500 | 10 x 10°| 4 x 10° [GLASS ;
4 0.120 1,100 440 |PPG 112
5 0.500 | 10 x 10®] 4 x 10® |GLASS :
6 0.080 1,100 440 |PPG 112 -
7 0.110 [ 10 x 108 4 x 10° |GLASS 8&9
8 0.021 1 1 FICTITIOUS SECTION A-A
9 0.021 1 1 FICTITIOUS
.} oL e
F=118
-\ IR I~
-~ e = N VEE
7 NS
A— | S j
e R o
7
A
i Bt
- L -
= X X(NX) = L

X(0) =0

DEFLECTED SHAPE OF BEAM - NO SCALE
See Tables 1 and 2 for symbols

Figure 10. Cross sectional properties for Case B.
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CASE C H;g{** o
END cond| FIXED
L 5 10 15 25
IDTH 1
TOTTHICK 1.65%
PLY NO. T E G TYPE
1 0.105 | 10 X 106| 4 x 106 |GLASS
2 0.250 183 73 {CIP SILICONE
3 0.870 | 340,000 | 109,000 |POLYCARBONATE
4 0.120 183 73 |CIP SILICONE
5 0.150 | 340,000 | 109,000 |POLYCARBONATE
6 0.03875 ] 1 FICTITIOUS e
7 0.03875 1 1 FICTITIOUS
8 0.03875 ] 1 FICTITIOUS SECTION A-A
9 0.03875 1 1 FICTITIOUS
& - TPV RGN
F=118
: SR L
> T - RS
| Tl A : VEE
) SR | ~ 4?
Y grcsntc KUPRENIG TPRREEICE - e GO
7
A
—.‘{:—-VEE =0
|
I et — L
| ﬂ
l > X(NX) = L
X(0) = 0

DEFLECTED SHAPE OF BEAM - NO SCALE
See Tables 1 and 2 for symbols

Figure 11. Cross sectional properties for Case C.
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W
CASE D ..(ég;“ o
Enp conn| FIxep .
L 5 10 15 25 y
WIDIH 1
TOTTHICK  1.65
3
PLY NO. T £ G TYPE
1 0.100 | 10 x 108] 4 x 10° | GLASS 4
2 0.250 1,100 440 | PPG 112
3 0.500 | 340,000 | 109,000 | POLYCARBONATE .
4 0.100 1,100 440 | PPG 112
5 0.500 | 340,000 | 109,000 | POLYCARBONATE
6 0.100 1,100 440 | PPG 112 6
7 0.080 | 490,000 | 181,000 [ ACRYLIC — .
8 0.010 1 1 FICTITIOUS SEETION Aek
9 0.010 1 ] FICTITIOUS
~ L @ —p
F=1LB

A A N
ot R T ES VEE
f:L——— o | N QLA
e
A
-_‘E:—-VEE =0
H————L————-—b—‘ f
|
——> X(NX) = L

X(0) =0

DEFLECTED SHAPE OF BEAM - NO SCALE
See Tables 1 and 2 for symbols

Figure 12. Cross sectional properties for Case D.
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TABLE 1.

SUMMARY OF INPUT DATA FOR CASE A

COMPUTER PROGRAM

SYMBOLS DESCRIPTION INPUT DATA
NX Number of Increments 10.0
F Load (Pounds) 1.0
L Half Length  (Inches) 5.0
BB Width  (Inches) 1.0
T Ply Thickness (Inches) 10 .25, .25, .10, .25,
(5 Structural Plies and .10, .25, .10, .25
4 Interlayer Plies)
E Modulus of Elasticity 107, 183, 340,000, 183,
(PSI) 340,000, 183, 340,000,
183, 340,000
G Shear Modulus (PSI) 4 x 108, 73, 109,000, 73,
109,000, 73, 109,000, 73,
109,000
X Distance from Center of 0, .50, 1.0, 1.5, 2.0,
Beam (Inches) 2.5, 3.0, 3.5, 4.0, 4.5,
5.0
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TABLE 2.

SUMMARY OF OUTPUT DATA FOR CASE A

COMPUTER PROGRAM

SYMBOLS DESCRIPTION OUTPUT DATA
X(0) Increment Number 0
U Horizontal Displacement of 0
Center of Structural Plies
(Inches)
H Axial Load in Structural -.0959, -0979, -00192,
Plies (Pounds) -.00389, -.1918
VEE Vertical Deflection 0
(Inches) (Zero Deflection is
Point of Maximum Deflection
at Center)
QXJ Shear Flow in Interlayer 0
(Pounds Per Inch)
VXJ Shear Force in Ply .16, .085, .085, .085,
(Pounds) .085
MXJ Moment on Structural Ply 322, AN, an, an,
(Inch-Pounds) AN
THETA Slope (Radians) -5.551115E-17
BETA Rate of Change of Slope .000386
PHI Rate of Change of BETA -.000192
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TABLE 3. DEFLECTION - (INCHES)
OUTPUT FROM PROGRAM

LENG