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1. Introduction

A computational technique is described in the present paper,
to evaluate steady, inviscid, compressible flows past certain
vehicles flying at supersonic speed. The object of the

analysis is twofold:

1) to provide a tool for an accurate evaluation of
inviscid blunt body flows, even in the presence of imbedded
shocks, and of flows about afterbodies whose cross-sections
are not far from circles but whose longitudinal sections
are substantially different from sections of cones or cylinders
( a typical situation occurring in vehicles originally designed
as cones, bicones, cones-cylinders, as a consequence of
ablation) ; and

2) to provide a reliable basic computational tool for
a further extension to the analysis of viscous flows.

Since departure from axially symmetric geometries is
assumed to be not too strong (as opposed to geometries of
aircraft, see Ref. 1), we will stipulate to build our analysis
around a basic cylindrical frame of reference, whose axis
(to be called x) lies in the general direction of the length
of the vehicle. Meridional planes, defined by an angle o,
contain identical flows if the geometry is axially symmetric

and the angle of attack is zero. Three-dimensional flows
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will be analyzed by adding three-dimensional effects (along
the P-coordinate) to a basic axisymmetric analysis. The
latter will thus be considered our initial goal, for the
sake of simplicity, and will be described in the present
paper. We will also limit the analysis to flows without
imbedded shocks. Extensions of the technique to flow with

shocks and three-dimensional flows will be discussed elsewhere,.

2. Generalities and Nomenclature

Let x be the axis of symmetry of the vehicle, and y
the radial coordinate in any meridional plane (x and y here
stand for the more familiar z and r of a cylindrical coord-
inate system). Let f and 3 be the unit vectors in the x-
and y-direction,respectively. As usual (Ref. 1), we will
choose P:ln(p/poo) and S as thermodynamical unknowns (where
S is the entropy measured from its value at infinity, divided
by Cv) and

= A
V = Ui ¢ VO (1)

to represent the unknown velocity vector which, as well as its modu-

1

lus q, will be considered in multiples of (poo/:aa)s' In

addition, we will make use of Y, the ratio of specific heats,

and of the variable, nondimensional temperature,

p/pqD

2
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Lengths will be scaled to a reference value, X af! typical of
the vehicle.

Two problems will be examined:

1) the evaluation of the steady, transonic flow past

the blunt nose of the vehicle, for which a time-dependent

computational technique will be used, and

2) the evaluation of the steadv, supersonic flow about
the afterbody, for which a marching computational technique

will be used.

When time-dependent calculations are performed, all times
1
will be scaled to a reference time, t =X Lip Fo ¥ .
ref " ref @ oo
The equations of motion are, then, conveniently written

in the form:

= e
P _4+V-VP+Y" :V+jY — 0
t 5

I
o

§t+%Vq2—§xﬁx§+3TP (3)

VeVS = O
St+V
where j=1 for axisymmetric flows. The same system may be

used for two-dimensional problems by simply letting j=0. It

is also clear that steady problems are defined by (3) after

dropping all time derivatives.




3. Computational Frame and Basic Eguations of Motion

Most of the calculations of blunt body and afterbody
flows have been performed, in the last decade, using a
cylindrical frame such as the one described above, or a spher-
ical frame, and in many cases the results have been excellent.
Calculations about bcdies with concavities, such as ablated
cones or bodies with flares, may not be equally successful,
primarily because the computational grid cannot be properly
adjusted to the body geometry. It is well-known, indeed, that
one of the grid lines should intersect the body under an
angle as close as possible to a right angle, in order to im-
prove accuracy.

Therefore, following the same line of thought as exposed
in Ref. 1, but in meridional planes rather than in cross-
sectional planes, we will recast the equations of motion in

another, curvilinear, frame defined by two variables, and

T, such that the image of the body in the (2,7)-plane be as
close as possible to an Ti-constant line. To this effect, we
will use a conformal mapping to represent the correspondence

between the complex z-plane, where

z = x+iy (4}

and the complex {-plane, where

{ = 24170 (5)

L




Details on the nature of the conformal mapping will be

given later on (in Section 14). We can provide, however, a
large number of general formulas, valid regardless of the
particular mapping being used.
N N ; .
Let 1 and j be the unit vectors (in the z-plane) parallel
to the Ti=constant line and to the Z=constant line, respectively.

Let us also define new velocity components, u and v, by

= N B
V = ui+vj (6)
Let us also define
ag iw

g = 3o = Ce (7)
.42 dlogg et

& g az = & +18; (8)

and
— 3.
C+i§ = §= e (9)

It is convenient to note that

Ja
1]
(9]
(9N

(VA
Il

¢S, M ==xcS, N =cC (10)
x y

28 ol g 2o 2
_X+>Y_G ; x§+xy—l/G (12)
G_=G¥;, , GT=—GC02~ ¢ V=0 , wn=¢1 (13)
> | =
A A A A AA AA
i-1=C, i-3=8 , j-I=-§ , j-3=C (14)

U=ul-vS , V=uS+vl , u=UC+VS , v=-US +VC (15)
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The basic vector operators in (3) can be expressed as follows:

A A
VP=G(P_1+PnJ)
a2 Ty By 18
xV=G L(G)g (G)m
(16)
‘7—._2'.‘_,._9. | A_A
Vx7xV=G '(G)é (G)TJ(Vl uj)
= u v
'\7-:2[— P
V=G (G)§+(G 1
so that (3) become:
P_+GuP_+GVP ,+YGU_+YGV. =Y (UG_+VG.,)+3Y LD 0
Ciinaet S W b g
u_+Guu_+Gvu,+v°G_-uvG,+ JGP_ = O
T & gl e i g
2 = 2 (17)
vT+Guv§+vaﬁ—qu§+u~Gﬂ+ JGPn = 0
ST+G(uS§+vSn) =0

where 7T has been used instead of t, although derivatives
with respect to t and with respect to T are identical, since
the mapping does not depend on time.

We will now make use o%f (13) and introduce the notations:

D=ve, +uey |, E=-UQ1+V:&:+j G'iy (18)

to rewrite (17) in the simpler form:
P_+G(uP_4+vP +YUu_+YV.+YE) = O
L 5 M 2 M

0]

uT+G(uu_+vu +vD+ JP_)

il

VT+G(uvg+vvn—uD+ 7Pn)

(VA

(19)
0

ST+G(uS=+vS,) = 0
. b




4. Coordinate Stretching and Final Eguations of Motion

In viscous flow problems, a strong concentration of grid

lines near the body is necessary, to describe the boundary
layer with sufficient resolution, and it can be achieved by
stretching the T-coordinate. We will define a stretching
function depending on one parameter, ¢; values of ¢ less than
1 produce almost undetectable stretchings, whereas the concen-
tration of grid lines near the body can be made as great as
necessary by using sufficiently large values of <.

In general, let

1 = B(e (20)

&1
~

and

=
I

ci(=,t) (21)

be the equations of the images of the body and of the shock
in the [-plane. We will define a new coordinate, X, as

follows:

X=1+ é'argtanh ﬂ§g~, TM=c+8tanhlz(X-1)1 (22)

where
-b
8 = 2 23
tanh © (23)
Therefore,
X y (24)
N ald® ~(M-e)?®]




< - - ..’ 2
Kg “Stanh L= o_)vcz Xn (25)
N-c
1 36
Xe Stanh a & le, M (26)
Letting ¥=£&, T=T,
A = X +GuX_+GvX, 27)
g 1

the equations of motion (19) become

PT+AQX+G(uP +Yu__+YX QX+YX v. +YE) = 0

AR g n'x
+ AU Luu =
u A X+c;\u D+ 7PY+ QX_:PX) 0
; (28)
+Av._+G (uv__-uD+ /X = (0]
b ( v = an)
+AS ¢ =
ST A_,X+Gu‘3Y 0
Note that, at the body, T=b, X=0, Xﬁzcosh:f/I@,
X.=-b_X,, X =0, and, at the shock, T=c, X=1, X =1/a8,
> i i g |
Xf='C§Xﬁ’ XTz-ct 1
In general,
€ =0, . =1, £ =0, M. =1/X., M.=-X_/X., N =-X_/X_.
X Y iy =1/%q :j/ 1 XX
(29)

5. Characteristic Equation for the Time-Dependent Problemn

To evaluate points on the body surface or on the bow
shock, a characteristic equations in X and T, obtained from
the first three equations (28), is needed. With

R, = +VYE

1 uPY+YuY Y

Ry=uu_+vD+ JP 30
2=uu,, o (30)

Ra=uvY—uD




a linear combination of the first three equations (28) 1is

written in the form:

3
ul(PT+xPX)+u;(uT+auX)+%g(VT+va)+G ;}¢iRi= 0 (31)
il
whose A turns out to be defined by
A=AtaGY X2 +X3 (32)

i

and, consequently,

w1 =A-A, u>=-YGX_, uz=-YGX (33)

"

il

6. Body Calculation for the Time-Dependent Probklem

At body points, A is defined by the lower sign in (32)

and A=0. The boundary condition yields:

- A
VeN = uN;+vN: = 0 (34)

A A A
where N=N; i+N;j is the unit vector normal to the body. Since

A A
A -
_ —dyI+dxJd
ko (dx2+dyz)l/2 (35)

(11), (12), (14) and (20) can be applied, to obtain

A
—dyI+dx§;—(y:dE+yndﬂ)f+(x,d§+xndﬂ)3
1 A - A
s [-($dz+0aM) I+ (CAz-SAT) J]
1 o oA
= [-anNi+az7]
A _l_ o 2
Jzz v ? N::—b_N’__‘ ) V=Vl+bp (36)




It follows that
-ub_+v = 0 (37)
and

—uTb€+VT: 0 (38)

By replacing (33) into (31) and taking (38) into account,
one obtains:

— +‘\ ; = TR ==
A (P, \PX)+\YXn(b§UX V) + TH;R.=0
Therefore, the pressure is defined by:

G .
l(b_ -V )+-T-“;.Ri (39)

e X ;
i s XA Y

The entropy is obviously constant at the body, if initially
assumed equal to the stagnation entropy. The velocity can

ke computed as follows: Let

v 2
v = u-vb_=uv (40)

Multiply the third of (28) by b. and add to the second.

At the body,

u +va +”Eu(u

-‘Y —
p : +va Y VPYJ =0

¥

un

which, since

T LA i
vY—uy+va?+vb:,
can be written as
v +clu(v, -vb,_. 1 = ¢
oG u(vY v f‘_:)+ 7PY 0 (41)
10




This equation vields ¥: afterwards, u and v follow from

u=v/v* |, v=ub (42)

To evaluate b_ and b__, if the body is defined by a

function y(x) in the physical plane, we note that

b +b v’ S+ 0y’
dEr b ENEE C+Sy
= 2t o T4 S

by virtue of (10), if y’=dy/dx. A further differentiation

yields

2

Q,
o

5 =L-§. +C_y'+Cy'x_- gg((;+g:y’+5y“x:)f/(C+Sy')

Q,

so that, by taking (9), (11) and (13) into account,

a5, (1+y ) +0y" /G
-z = (44)

d 3
ds (C+Sy ")

7. Bow Shock Calculation for the Time-Dependent Problem

To compute the bow shock in the time-dependent problen,

we define the unit vector normal to the shock, N, as

A A N
N = N;1 + Nzj (45)
By arguments similar to the ones leading to (36), we obtain:
I\]:_,‘Zl/\’y ’ N1=_C:N:_‘ ’ V=V l+C:: (46)
Note, however, that c¢ depends on t as well as on £. Therefore,
v = /N = v 4
p=C:Cep CyCyr/ (47)
El

IR ———t



B @
am==V )i v v_/V
Nanp T/v e Nimp CYT/ +Cy T/ (48)

The free-stream velocity, for an axisymmetric flow, must be

parallel to the x-axis. Consequently,

u =U u ==\ W
(o o] coc 3 i

(49)

V4 = W

= - u
= T oo T

u
o o
If Q is a point on the shock, the velocity of the shock, W,

is given by

= 99 & _ AR 2.8
W= o *N = (xQ)tI +(yQ) JN (50)
but
. (e
(xQ) t+l(yQ) b (ZQ) .= g(\JQ) o (51)

Now, let Q be a point which remains on the same ZI=constant

line, as the shock moves. Therefore,

e

='¢ (52)

(XQ) t+i(yQ) & .

Q|

From (52) and (50), using (45) and (14), we obtain

NQC (53)

W =
T

Q |+

Let U be the velocity component normal to the shock, and

urel= u-w (54)

Consequently,




and

o~ ; ! B e 1 ;
(B orel) g~ Vo " B Tk (8 Bk 5 6,80 @ Epg) Nek v, -
(56)
Note that & =0 but
K X
L W - A
== = ®1C, (57)
il
at the shock. Similarly,
GT=—C92CTG (58)
We will write (56) in the form:
=C; ¢
(U re1! p=C: SpptCa (59)
by letting
C, =-N, /G (60)
Com(U_Ne-v_ Nj)@ 4u Mgt (v = = c ) Neqt9ec2C (61)
0 = T w g G R R
We write now the Rankine-Hugoniot conditions in the form:
2 ~n y-1
=lf, e = - —— 2
B Y+1 +)Cn(uoorel 2 ) el
ol Y=1 ~ 2Y i
“rel® v+l "orel®™ Y4l T 3
wrel
By differentiation with respect to T, and by letting
b Yo rel PRI - T, S
17 g ¥=1 * 77 Y+l " vl W
- ocorel

corel 2

(64)

i
|




we obtain from (62) and (63) :

PT= CacTT+C4 (65)

(urel)Tz C;cTT+C5 (66)
with

Cz=DC; , C4i=D,C: (67)

C:=D2C; » Cs=D;Cx (68)
Since

(u_uaa)T=(urel_ua)rel)T (69)
from (59) and (66) it follows that

(u-uOO)T=CgcTT+C1: (70)
with

Co =Cs -C; » Cro=Cs-Cao (7 L)

Because of the conservation of the velocity component tangent
to the shock,

- R A
V=V _+(u-u_ )N (72)
o oo

if V is the velocity immediately behind the shock. Therefore,

o
Il
c
+
=3
|
c
Z

(73)

and

(74)

:C‘ .
VT 13CTT+C_¢

14




with

Cy.=CsN Cio=-v .xT+c.,,-N~_+(u-E ) Ny
75)
C; 3=CaN; C, 4= ¢ 4+C, aN=+ (u-u ) N: T
We use now the characteristic equation (31) with % defined
by (32) with the upper sign, and consequently
Uy =A-\ , ;-~S=YG:“{T“Cg v L~;;=-YGXT.I (76)
By replacing (74), (75) and (65) into it, and letting
D~ =l/(LJ,1 Cz+uzCy1+uUs C".S)
Dg=u; C4+u2C1z2+13Cy 4
(77)
D9=GSU..R.
G
=X\ +Uzu 3
(ulPX 2 Ut VX)
the following equation is obtained, to define Ciep
Cm=-D7 (Dg+Ds+1l) (78)

TIT

8. oOutline of the Computational Program for the Time-Dependent

Problem
The steady flow about the blunt nose of the vehicle is
determined as the asymptotic solution of an unsteady flow
problem. A computational region is chosen, subject to the
only condition that the sonic line, as anticipated in the

steady state, must lie entirely inside it. A guess is made

B




for the initial standoff distance of the bow shock, do, as
a multiple of the nose radius, as follows:

d =2.7687/(M° -1)+.36 for two-dimensional (79)
(@] (e o)
flows

d = 0.6137/(M° -1)+.13 for axisymmetric (80)
o] (e o)
flows

After evaluating the image of the normal shock point

in the [-plane, the other shock points are assumed to have

the same Tl-coordinate as the former. A computational grid
can be defined now, and the shape of the shock in the physical
plane can be found. We assume that the shock is initially at
rest; therefore, cT=O, W=0. The normal to the shock at each
point is defined by (45) and (46), the free stream velocity
components by the first set in (49) and (55) can be used,

with cT=O. Pressure and velocity behind the initial shock

are then defined by (62), (63) and (73), whereas the entropy

follows from

S = P-vZn(d /W)
(53] rel

The entropy on the body surface is assumed equal to the

stagnation entropy and initial guesses for P and the modulus
of the velocity on the body are made, assuming a Mach number
distribution along the body and using well-known expressions
for steady, isentropic flow. The two velocity components

along the body are obtained by applying the kinematic boundary ?

16




condition, that is, vanishing of the normal velocity component.
Values of P, S, u and v at all other grid points are initially
prescribed by linearly interpolating between body and shock.

Each computational step consists of a predictor level and
a corrector level.

Predictor level.

Given original values of P, S, u, v, 4. <, Cpr 2o T4 9

and o,

At all values of I, compute CY' v

and T,

6

At all values of
compute X- and Y-derivatives of P, S, u, v (see next section)
compute X_, Xn, X
compute G, A, D, E.
For all points except body and shock points, determine PT,
p* Y and Vip from (28).
For body points, compute R:, Rz, Rs from (30), \ from (32),
and uy, w2, s from (33). Then, use (39) to obtain PT' (41)
to obtain ;T and set ST=O.
For shock points, compute Ry, Rz, Rz from (30), evaluate
N1 and N: from (46) and compute all coefficients (C; through
Cis). Compute D-, Ds, Dg and 1 and determine € up from (78).
Update P, S, u, v at all interior points, P and vV at all
body points, as well as S and ¢, using the following rule

(where ¢ is an arbitrary function:

17




3 (T+AT) =

O
3
+
]
H

(82)

From the new geometry of the shock (determined by the
updated values of c) determine the basic parameters for a new
mapping. From the updated values of ¢, determine new values
of c.., and new values of N;, Nz. Then, new values of u

Y ocorel
are determined and (62), (63), (73), (8l) used to evaluate
P, u, v, S behind the shock. Values of .7 are now computed
throughout by using:

ik

y-1 LY
J = exp( T Bt = &) (83)

Symmetry conditions are imposed where necessary. The initial
[ values of P, S, u, v are temporarily saved.

A new grid (consistent with the new shock location) is

| computed, including the values of g and ©.

Corrector level.

The computation is restarted as at the beginning of the
predictor stage, using all new values. The updating is now

performed using the following rule in lieu of (82):

3 (T+AT) = %[v (T)+3(T+;;T)+éT;T] (84)

where 2 (T+AT) is the left-hand side of (82) and éT is the
T-derivative computed in the corrector stage. The computa-
tional grid must be re-evaluated since the bow shock location

may have changed slightly. The values at the shock them-

selves have to be recomputed as at the end of the predictor

18




level. Symmetry conditions are imposed again. Finally, the
updated values of P, S, u, v, J, ¢ and cT are stored as initial

values for a new step.

9., Discretization of X- and Y-Derivatives

In principle, the MacCormack scheme (Ref. 2) for inte-
grating the equations of motion at all interior points is
adopted. This policy is reflected by the use of (82) and (84)
at the predictor and corrector level, respectively. In addi-
tion, whenever possible, the X- and Y-derivatives should be
aoproximated by 2-point differences taken, for example, forwards
at the predictor level and backwards at the corrector level.

There are several exceptions to the above rule:

1) At body boundary points, where X=0, backward approx-

imations cannot be taken and are replaced by the approximation:
=N (85)
which maintains a second order accuracy if the equations are
linear throughout the integration step (Ref. 3). Here,

9, =9(14X,Y).

&

2) Similarly, at shock points, where X=1, forward approx-

imations cannot be taken and are replaced by the approximation:
§ ®(23 -38148.) /0K (86)
where §i=§(l~ijx,5Y).

L9




3) The last of (28) simply expresses the fact that
entropy is transported unaltered by the moving particles.
That means that no entropy signal travels backwards along a
particle path. Consequently, no approximations to X- or Y-
derivatives are allowed which imply forward differences of
S along a particle path. Violation of this physical principle,
as a consequence of straightforward application of the
MacCormack scheme, affects the results along the symmetry
streamline in a blunt body problem, and neighboring points
are also-éffected conseguently, with an overall unnecessary
lengthening of the computational time for reaching a steady
state (Ref. 4). It is therefore advisable to adopt the

following scheme systematically:

2S00 ~3S10+Sz20

Predictor level: S _ =~ sgnA

X AX
2S00~3501+Sc2
Sya,sgnu oy
(87)
Sooc -S10
Corrector level: SXg;sgnA ““Ez“——‘,
Soo -So1
¢~ sgnu Y
where
So00=8(X,Y) , S;10=S (X—.‘lXSgnA. )
S20=8 (X-22XsgnAa, Y) (88)
Sc1=5(X,Y-A¥sgnu) , Sez2=S(X,Y¥-24Ysgnu)
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4) Similarly, the terms 3&+Gu7¥ in (41) express the

Lagrangian derivative of V. Forward differencing of ¥ is

forbidden and VY should be approximated as follows:

Predictor level: V. = (¥,-V.)/.Y

T A Oy Ty

N
(89)
Corrector level: U& & (2Vo -3V +V2 ) /AY
with
Yo=V(0,Y) , %.=V(o,Y-LY) , 2=V (0,Y-22Y) (90)

5) For the same reason, that is, for a better evalua-
tion of Lagrangian derivatives in the momentum equations, the

u., v.. in the second and third of (28) should

values of u_, v ”

x Xy
be approximated following the same rule as described by (87).
6) Y-derivatives at the bow shock are conveniently
approximated by centered differences, except for Sy at the

last two points, where two-point backward differences are used

(Ref. 4).

10. Eguations of Motion for the Afterbodv Flow

In studying the steady, supersonic, axisymmetric flow in
the shock layer, we may start again from (17), after dropping

the time derivatives, and introducing an angular variable,
v
o = — (91)
u

After some algebraic manipulations, the following set of equa-

tions is obtained:

o

| - 4




wP_+0P. +Y[o, - (1+c?) 7§-+j —ELJ =0

2 m Gyu
:§+:5ﬂ+ é;(Pn—:Pg)+(l+:2)(é§-—: %5) =0 (92)
S§+an =0
where
k= 1 - E;— (93)

These are the only equations which require integration since,

for a steady, isenergic flow,

1)

2Y g _
¢ = 53(3,-9) (94)

where 75 is the stagnation value of J, and, in turn,

Y-1 i
= > s vl 5
J= exp( Y + g S) (95)

If the same stretching function as in Section 4 is used, and
X is given the same meaning, but T is now made equal to %,

we mav use the following definitions in order to maintain our
present notation as close as possible to the one used in

Ref. 1:

A = X_+ ;’Xn 7 B = XE+3XTl (95)
C= n-3X, s D=(1l40) =] ——— , E=(1+0%) (9% +%2) (97)
5

Since, for any function, F:

F.=F +F X_ , F.=F X 8
T Fx g il Fx il o

22




the system (92) becomes:

+ — (X.06.-D) =0
P +AP F 7 ( g )

I .
Cp+BC (cpx—wp )-E = 0 {99)

Egs. (29) must be replaced by

AN}
]
o

[PAl}
]
=

T v 3X=l/x... ¢ I ==X /X,.. . (lOO)

11. Characteristic Egquation for the Steady Flow Problem.

Body Calculation

To evaluate points on the body or on the bow shock, a
characteristic eguation in X and T, obtained from the first

two equations (99), is needed, in the form of a linear combination:

J ! Y
(uy ~C _E'uz)(PT+APX)+L2(3T+\?X)= :‘Dd1+E¢: (101)

whose A is defined by

jv))
=

H
(9]

| S5
~
m

7~ X

Q

1 ®=(140%) = -1 (102)

and, consequently,

Y J -
=B~ , Uz==- T X , M1 -0 5 d2= = 3
Wi o % 1 o i X l (103)
At the body, the lower sign must be used; in addition, B=0.
From (37},
J = b: (104)
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and

g =0 _+0,. = Db (105)

Therefore, the equation (10l1) defining the pressure at the

body becomes:

. u® - S
PT= = /\Px+ ?i(b?§+ o -E) - (c-3)D (106)

Obviously, b, and b__ will be evaluated according to (43) and

?
-

Al

(44) .

12. Bow Shock Calculation for the Steady State Problem

Equations (45) and (46) still hold, as well as (49).

By writing ¢’ and ¢’ in lieu of c¢_ and c respectively,

(PAY)

zet
we have now:

!

ol Vi " —t " b ol ) " 3
vT—c Gl 0N Nep =- c'c /v? ., Nip=-c /v (107)

The basic unknown is still Bt that is, <¢”. To determine

it, we note first that

T =u N +v_N: (108)
[e0) @ e o)
Then,
a = u Ny +v No+4+u N, N,
o T oOT = T %8 &0 ‘T+Voo it
e U By = K= AN PR |
CD(CTI S Nz Cc’"/v3+ e’ /v®)
but
- ~iw ’ , =iw y
= - W L3 =10 Do D
CT+1AT ie (w_+ ﬂc y=-~ie (924C @& )
so that
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uaaTz CICTT+C2 (110)
with
e / 3 gl it B
C: (u®+c wb)/» (111)
Ca=(-v Ny +u  Np) (wz+c’ @ ) ==Cy v® (watc’oy ) (112)
fee) oo

Since (62) and (63) still hold, with u and GOO in lieu of

u and U respectively, it follows that Egs. (64)

. rel oorel’

through (68) are valid. Egs. (70) and (71) are also valid.

So are (72) and (73); therefore, (74) can still be used, pro-

vided that Cy;, Ci2, Cis, Cis are redefined as follows:
C11=C9N1—(E—Ew)/\)3 Cl:z—Vm(Q:-PC/:‘-_)-FC;JN‘_ i
(LL3)
Cya=Cylly = (d-u_ Yo'/v® Cia=u__ (wo+c’'® )+Cy oN:
0 (00)]
Consequently,
o = & Cis 114
T C1 ,,CTT+ 3 ( )
with
Cis=(Cy3-CCy,y) /u
(115)

Ci58=(Cy4-0Cy2)/u
We use now the characteristic equation (101l) with the upper

sign in the definition of \; by letting:

N
(93]




Dy;=1/(J3Cs+C; EUS)

Dg=JBCs+Cy 5 u°

(116)
De=1" (u, D/X,.-E)
™ =k(78PX+u2:X)
the following equation is obtained, to define e
c__=-Dy (Dg+Dg+T) (117)

TP

This eguation is formally the same as (78).

13. Outline of the Computational Program for the Afterbody

Flow

Initial conditions for a marching integration technique
are the converged steady values on the next to the last
E=constant line of the blunt body flow calculation.

Each computational step consists of a predictor level
and a corrector level.

Predictor level

Given original values of P, ¢, d, S, ¢, ¢, 2, [, 9
and © (at a constant £),

compute the X-derivatives of P, ¢, S,

compute X_ and X,

n
compute 6, A, B, C, b, E.

iy

For all points except the body point and the shock point,

i 51 s IR,
determine PT T and ST from (99)
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For body points, determine PT from (106) and let ST=O.

For shock points, compute all the coefficients (C, through
Cys, D>, Ds, Dg, T) necessary to determine cTT from (117).

Update P, S and @ at all interior points, P and S at the
body and c¢ and S using (82).

With the new value of T, that is, T=3+.2Z, new values of

b, b_and b_. are evaluated, and an updated ¢ at the body is

2

[PA
Ja

taken equal to b

(VA1)

Moreover, a new grid line is obtained, extending from b
to the updated value of c. New grid points are determined
and the updated values of P, S and ¢ are affixed to them.

At the new shock point, the new value of S is used to
evaluate a new normal and then (62), (63), (8l1), (72) and (91)
determine P, S, and ¢ behind the shock. Values of J are ob-

tained throughout from (95) and values of u from (94) and
2 2 ~3
e = @ [ (1ec®) (118)

The new values of P, S, ¢, c, and ¢, are temporarily saved.
At the new grid points, g and ¥ are computed.

Corrector level

The computation is restarted as in the predictor stage,
using all new values. The updating is performed using (84).

The computational grid must be re-evaluated after correcting c.

Finally, the updated values of P, S, 7, o, ¢, and cT are stored

as initial values for a new step.




14, Mapping Technigue

The preceding analysis holds, regardless of the technique
used to generate the computational grid. 1In the current
series of tests, a very simple mapping technigque was used,
suggested by D. Hall* in a private commuﬁication. The tech-
nique is easier to analyze and to code than the one originally
considered, which was a byproduct of the method I developed
for three-dimensional calculations of supersonic flows (Refs.
1 and 5). The original mapping maintains the geometrical
symmetry about the body axis, if the body is symmetrical,
whereas the present one does not. If the body is not symmet-
rical, and for three-dimensional problems in general, con-

servation of symmetry trhoughout the mapping seems not to be

a necessary requirement. In the current series of tests, where

symmetry is still a typical feature of the flow, loss of
symmetry in the calculation of the blunt body flow seems
not to affect the results.

A number of "hinge-points" are selected inside the body,
to represent a coarse skeleton of the body itself. Let J be
the total number of hinge-points, the first of which lies on
the x-axis, in the vicinity of the body stagnation point.

Let us consider a succession of J+l1 planes, called the zj-
planes (j=1, J+1), the first of which is identical with

the original physical plane (the z-plane), so that

*General Electric Co., Valley Forge, Pa.
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All these planes are related to each other in a similar way,

that is, through the general function:

8.

z. .= 1l+(z.-h, . J 119
( : JJ) ( )

J+1

where hjj is the image of the j-th hinge-point in the zj-plane,

and éj is défined as

8 - (120)
;= 8-arg (h. .-h. . =
; EA J+1, 3 JJ)
where hj+l 3 is the image of the (j+1)-th hinge-point in the

zj—plane. Since all points of interest (including the hinge-
points) lie in the upper half of the z-plane, the set of hinge-
points will finally result aligned along the real axis of the
2J+1—plane. Note that the image of the x-axis to the left of
the first hinge-point will result into a portion of the real
axis on the zJ+l-plane, to the left of the image of the first
hinge-point (h; 5;31). Note also that, with the exception of
the first, straight segments in the z-plane between two
successive hinge-points are not mapped onto straight segments

in the zJ+l—plane.

For each partial mapping, let

dz. 1 z. -1

g,= —atd _ g i - - (121)
3 dz. 3 2=l
J J g5

A final mapping is then applied, of the form:




¢ =Nz 51,31 (122)

for which

dc Ll
= 9f
dzJ+l 2¢

{123)

In the (-plane, the image of the body becomes a line defined
by an almost constant value of T, starting at =0, whereas
the portion of the x-axis in front of the body becomes a
portion of the imaginary axis. From (121) and (123) it

follows that

Q
I

[\

o ,H
Q
(=]
0o
=

u
N —
[
(-]

According to the defnition (8),

©
]

and, since

it follows that




15. Results of Test Calculations

We report here results for the following test calculations:

Case No. 1 3 4 5 6 7
Free stream Mach number 3 4 4 4 4 4
Flow (two-dimensional 2-D 2-D A-S 2-D A-S A-S

or axisymmetric)
Body geometry parabola| sphere- sphere-cone |see Fig. 9

cylinder
Location of hinge- -0.75 -0.9 -0.9
points in physical 2 -0.63(1-1) -0.63(1-1)
plane 0. 94 2411
3+0.91 4

Number of intervals in 5312 6x6 6x6 6x6 6x6 6x7
blunt body calculation
Number of intervals in 10 24 24 24 24 24
afterbody calculation

Stretching is not used in any of the preceding cases. In
case No. 8, the same data are used as in case 6 but a strong
stretching, with o=2 and 12 intervals between shock and body, is
used. Fig. 1 shows the grids as they appear in the physical plane
in both cases, for comparison. Figs. 2 through 8 show isobars as
computed. Note that there is no difference between Fig. 6 and
Fig. 8. Finally, Fig. 9 shows some lines from the grid for case 7,
to demonstrate the ability of the mapping to adjust to bodies of
unusual shape.

All calculations were performed on Polytechnic's IBM 360/65.
Their success is due to the dedicated cooperation of Miss Catherine

Fahy, without whose help I would not have been able to get my
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program to operate on the machine's extremely complicated

system,
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