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1. I n t r o d u c t i o n

A c o m p u t a t i o n a l  t echn ique is described in the  p resen t  paper .

to eva lua t e  s t e a dy , inv isc id, compress ible  f l ows  pas t  c e r t a i n

vehicles f ly ing at superson ic  speed . The object  of the

ana ly s i s  is twofold:

1) to provide a tool fo r  an a ccu ra t e  eva lua t i on  of

inviscici blunt body flows , even in the presence of imbedded

shocks , and of f lows about a f t e r b o d i e s  whose c r o s s — s e c t i o n s

are not f a r  f rom circles but whose long itu d i n al sec t ions

are s u b s t a n t i a l ly d i f f e r e n t  from sec t ions  of cones or cy l i n d e r s

a typ ical s i t u a t i o n  occurr ing  in vehicles ori g ina l ly designed

as cones , bicones , caries-cylinders , as a consequence of

a b l a t i o n )  and

2)  to provide  a r e l i a b l e  bas ic  c o mp u t a t i o n a l  tool for

a f u r t h e r  e x t e n s i o n  to the  an :t i ys i s  of viscous flows .

Since d e p a r t u r e  from a:’:ial]. y symme tr ic  genn~e t r i es  is

assumed to be not too strong (as opposed to geometries of

a i r c r a f t , see Ref. 1), we wi l l  stipulate to build our analysis

around a basic cy l ind r i cal f r ame of r e f erenc e, whose axis

( to  be called x) lies in the genera l d irec t ion of the leng th

of the vehicle. Mer i d i o n a l  p lane s , defined by an ang le c.~,

contain identical flows if the geometry is axially svmnietric

and the ang le of a t t a c k  is ze ro .  Three--d i m e n s io n a l  
f lows1



w i l l  be anal yzed by add ing  t h r e e — d i~ien s i on a 1  e f f e c t s  (a lo n g

the .~-coordina te)  to a ba sic axisymme tr i c anal ys is .  The

latter will thus be considered our initial goal , for the

sake of simp licity, and will be described in the present

paper . We wi l l  also l imi t  the a n a l y s i s  to f lows  w i t h o u t

imbeLided shocks.  ~x ten s i o n s  of the  t echn ique to f l ow  w i t h

shocks and t h r e e - d i m e n s i o n a l  f lows w i l l  be d iscussed e l s ewhe re .

2. Generali~~ies and Nomenclature

Let x be the axis of symmetry  of the vehicle , and y

the r a d ia l  coord ina te  in any m e r i d i o n a l  p lane  (x and y here

s tand for  the more f a m i l i a r  z and r of a cy l i n d r i c a l  coord—

A A
m ate  sys t em)  . Let I and J be the unit vectors an the x-

and y— d i r e c t i o n , r e s p e c t i v e l y .  As usua l  (Re f . 1) ,  we w i l l

choose P=ln(p/p ) and S as the rmodynamical  u n k n o w n s  ( w h e r e

S is the e n t r o p y  me ar u r e d  from i ts  value at i n f i n i t y ,  divided

by c )  and
-. A A
v = U i + v J  (1)

to repr esent the unk nown veloci ty vector wh ich , as well ~ it~ m~~iu-

lus q, will be considered in multiples of (p /~ 
) . . In

addition , we w i l l  make use of “i ,  the r a t i o  of sp e ci f i c  h e a t s ,

and of the va r iab le, nondimens ional  t em p er at u r e ,

p/p
(1, I —  

/ Co
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L e n e t h s  w i l l  be scaled to a reference value , X
r e f ~ 

typ ic al of

the  veh ic le .

Tw o r~roblems wi l l  be e x am i n e d :

1) the eva lua t ion  of the  s t e a dy , t r an s o n i c  f l ow p a s t

the blu nt nose of the vehicl e, for which a time-dependent

computational technique will be used , and

2) the evaluation of the steacb , supersonic flow about

the a f t erb o d v , for  which a ma rch ing  c o m p u t a t i o n a l  t e chn ique

w i l l  be used.

When t im e — d e p e n d e n t  c a l c u l a t i o n s  are p e r f o r m e d , all t imes

will be scaled to a r e f e r e n c e  time, t =x (p /~ )
ref ret cD cc

The e q u a t i o n s  of m ot i o n  are , t hen , co~~v en i c n~~lv wr i tt e n

in the  form :

-0~~~~~ .~~ - V
P +V. ~-~P+ ’1 . — = 0
t y

-Vx xV+~7 
p = ( 3 )

0

where jo~l for axisymmet r ic  flows . The same sy s t e m  may he

used for  two -~1 im e n si on al  problems by simp Jy letting j=0. It.

is also clear  tha t  s t e ady  problems are d e f i n e d  by (3) after

dropp ing -all time derivatives .

_________________________________ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

_
~
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3. Computational Frame and Basic Eauations of Notion

Most of the calcula tions  of b l u n t  body and a f t e r b o d y

flows have been per forme d , in the last decade , u s i no  a

cy l indr ical frame such as the one des cribed above , or a spher—

ical frame , and in many cases the results have been excellent .

Calculations abou t bcdies w i t h  co ncavi t ies, such as ablated

cones or bodies wi th  f la res , may not be equally success fu l ,

prim ar i l y because the compu ta t iona l  gr id canno t be proper ly

adjusted to the body geometry. It is well-known , indeed , tha t

one of the grid lines should in tersec t the body under  an

ang le as close as possible to a r i ght ang le , in order to im-

prove accuracy.

Therefo re, following the same line of thought as exposed

in  R e f .  1, but  in mer id ional  planes rather than in c r o s s —

sect ional  p lanes , we wil l  recast  the equa t ions  of mot ion  in

another , curvilinear , frame def ined  by two variables , and

~~~, such tha t  the image of the body in the ~~~~~ -p lane be as

close as possible to an 11—constant line. To this effect , we

will  use a con formal mapp ing to represent the correspondence

between the complex z—p lane , where

z = x+iy (4)

and the comp lex -p lane , where

= ~+i~ (5 )

4
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Details on the nature of the conformal mapninç will be

given later on ( i n  Sec t ion 14) . he can provide , however , a

large num ber  cf general formulas , v a l i d regard less of th e

particular mapp ing be ing  u sed .

A A
Let i and be the unit vectors  (in the z—olane) parallel

to the ~~ c o n st a nt  line and to the ~=constant line , respectively.

Let us also define new velocity components , u and v , by

A A
V = ui+vj (6)

Le t us al so d e f i ne

g = ~~~~~= G e  (7)

— ~~ - ~~~~~~~~~~~~~~~~~~~~ — - -  +i~~- (8)
~~~~ g dz

and
G -i-i.
— = e ( 9 )
g

I t  is conven ien t  to note that

=G( , =G.R , =-G~ . , ~ =GC (10)-x  -y x y

y = ~ /G . y,=C/G (11)

x~ +x’ =1/G2 (12)

G~~ Go1 , ~~~~~~~~~ , , .1 — ) . (1 3)

i. i= C , i-J=.~. , ~~~~~~~ ~~~~~ (14)

U=uC-v~ , v=u~+vC , i~ uC~v~ , v= -U~ +vC ( 15)

S 
5
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The basic vector operators in (3) can be expressed as follows :

7P=G (P~~ +P~~~)

~xV=G
2 

~~~ ~~~~) ~~
(16)

Vx~ xV=G~ ~ (~~) ~ (~~) 
~~~: (v~ -u~ )

~ (~~~
-
~ ~~

+ (
~~~~ ) ~:

so that  ( 3 )  become:

P _ +GuP ±GvP~~+ - C u +~~Gv~~- (uG +vG ) + j~ = 0
I Y

u +Guu +Gvu~~±v2 G -uvG~~+ ~ GP = 0
I 

(17)

v +Guv ± G vv ~~~u ;G +u G~ + ~ GP~ = 0

ST+G(uS ±vS
~
) = 0

where T has been used ins tead of t, al though d e r i v a t i v e s

with respec t to t and with respect to T are i d e n t i c a l, s ince

the mapp ing does no t depend on time .

We will  now make use o~ (13) and introduce the notations :

- VD v ~O+u~
)2 E U ± v t ~ +j (18)

to rewrite (17) in the simpler form :

P7+G (uP~ +vP~ +’ u ± ~~v~ +-E ) = 0

uT
.t
~
G ( u u

~ +vu.n
+vD+ 7 p )  = 0

- (1~~)
vT +G(uS +vv~~ uD+ ~

‘P r )  = 0

ST +G(uS +vS..) = 0

6 
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4. Coordinate Stretching and Final Equations of Motion

In viscous flow problems, a s t rong  concen tra tion of gr id

lines near th e body is necessary, to describe the bounda ry

layer w i t h  s u f f i c i e n t  r e s o l u t i o n, and it can be achieved by

stre tching the Ti—coordinate. We will define a stretching

f u n c t i o n  depending  on one parameter , 
~~
.; values of a less than

1 produce almost  unde tec t ab le  s t r e t c h i n g s, n.,;hereas the concen-

t r a t ion  of gr id l ines near  the body can be made as g rea t  as

necessary by using sufficiently large values of ~~~~.

In general , let

= b (~~) (2 0)

and
= c (~~, t)  (2 1)

be the equations of the images  of the body and of the shock

in the . -plane. We will defi ie a new coordinate , X , as

fol lows :

X =l+ 4 arg tar~h -~~~~ - ~=c+~~tanh~~o ( X - l)  ( 2 2 )

where

= 
c—b (23)

t anh  a

There fo re ,

x 1~= a :~~2 -r,-cr : ( 24)

7
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x ~~~~~~~~~~~~~~~~~~~~~~~~~ ( 2 5 )
~ ~‘tanh

X =-[ ~~~ + l c X ~ ( 2 6 )t i~tanh  o

L e t t i n g  Y=~~, T=T ,

A = X , +GuX .+GvX ,~ ( 2 7 )

the  equat ions  of mot ion  (19) become

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
= 0

u ±Au -~-G (uu +vD± ~
p + ~X P~~) = 0T X Y Y

v +A~ + G( ’~iv -uD+ ~~~~ = 0T ~( Y

S
T
+A

~X
÷GuS

Y 
= 0

Note t ha t , at the body ,  ~=h , X=0 , X ,rcosh~ ‘/ ‘ ~~
- ,

/~~=—b X~~, X = 0 , and , at the shock , ~=c , X=1 , X~ = l ’ o~- ,

X . =—c ...X ,.., XT =~
c X~~.

In general ,

~x
=0 ’ ~Y=1’ T °’ ~~~~~~ ~~~~~H’ T

’ ’
~~~~ I~

(29)

5. Characteristic Equation for the Time -Dependent  Problem

To evaluate points on the body s u r f a c e  or on the hcw

shock , a characteristic equations in X and T, obtained from

the f i r s t three equa tions ( 28) , is needed . With

R1 =uP~~+~ u~ ±~~E

R 2 = u u ~ ÷ vD+ ~~~~ ( 3 0 )

R~ =uv~~
uD8



a l i nea r  combina t ion  of the  f i r s t  three  equa t ions  (28)  is

written in the form :

3

~~i 
(P
T
+\P

x
)+az (u

T
+-
~
uX)+..~ 

(v
T
+’.v

x
)+G a.R. = 0 (31)

1

whose X t u rns  out to be def ined  by

( 32)

and , consequen tly,

~1 =A-~~, ~~=-~(GX~~, ~3=-~GX~. ( 33)

6. Body Calculation for the Time-Dependent Problem

At body po in t s , X is d e f i n e d  by the lower sign in ( 3 2 )

and A=0. The boundary condition yields :

V .N  = uN1+vN 2 = 0 (34)

A A A
where N=N 1 i+N2 j  is the un i t  vector normal  to the body . Since

A A

~~~~~~~ y~~~~xJ 1 ( 3 5 )— (dx 2 -~dy 2 )d

(11) , (12) , (14) and (20 )  can be app lied , to obta in

-dy~+dx~=- (y dF+y~ d1~) ~+ ( x d ~ +x~ d~ ) ~

= ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~

1 A i’~
= ~~ [— d ~~i+d~~j~

N2= , N~=—b N , Vz/~1+b~ (36)

L _____ 
. ,- --



I t  fo l lows  tha t

= 0 (37)

and

uTb
~~±v T= 0 (38 )

By replac ing ( 33 ) in to ( 31) and taking (38)  i n to  account ,

one obtains:

X,(b u -v ) ±

There fore , the pre ssur e is def ined by:

P
T
=_ iP

N+~
G
~~~

(bu
X
_v
X
)±
~~~ 

:a.R. (39)

The entropy is obviously constant at the body , if  in i t i a l ly

assumed equal to the stagnation entropy . The velocity can

be computed as fo l lows : Let

v = u~ vb~~ uw~ (4 0)

M u l t i pl y the  t h i r d  of (28 )  by b c~nd acid to the second .

A t the body ,

u
T
+I
T
b ÷G u (u

Y
+v
Y
b )+  ~~~~ = 0

which , since

V
T 

uT+v T
b

~

v
Y

U
Y

+v
Y
b
~
+ vb

can be wri t ten as

VT+G Y
7b _ ) +  ~~~~ = 0 (41)

10 
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This equa t ion  yields ~~ afterwards , U and  v f o l l ow  from

u=~ /’~ , v=ub (42)

To eva lua te b . .~nd b~~~, if the body is def ined by a

func t ion  v ( x )  in the phy s i ca l  p lane , we no te that

= 

l
~
1

-I
X+~~~ Y; 

= ~~~d- - + y
- - x y

by virtue of (10) , if  y ’=d /dx. A further differentiation

yields

d-~
2 _

~~~~~C y ’+( ’v X -  ~~~((~+jy
’+~ v x )  :/(c+~~’)

so tha t, by tak ing ( 9) , ( 11) and (1 3) in to accou nt ,

= 

(l+y ’2 ) o ~ +Cy”/G

d~ (C÷.~~-y

7. Bow Shock Calculation for the T i m e— D e p e n d e n t  P rob lem

To compu te the bow shock in the time-dependent problem ,

we d e f i n e the u n it vec tor nor mal to the shock , N , as

A A A

N = N:i + N2j (45)

By arguments similar to the ones leading to (au) , we obtain:

N1 =— c N , ~~~=‘ 1+c’. (46)

Note , however , that c depends on t as wel l  as on ~ . There lore ,

~ T °~ 
c = cYc

YT
/\ 

~~ 7)

11



N T=_cYT/~
+c
Y~T

/\) (48)

The free-stream velocity, f a r  an axisymme tric flow , must be

parallel to the x-anis. Consequently ,

U =U 
~~ 

U = — V  ~Co cc co T cc T
(4 9)

V —U �~ V U .1
Co cc coT cc T

If Q is a po in t on the shock , the velocity of the shock , W,

is g iven by

dQ A A ” A A
W = —_ •~~ (x Q

)
t I~~

N + ( Y
Q)

t
J •N  ( 50)

but 
-

l _
(x

Q
) .~

+ 1 (Y
Q

)
t 

= 

~~Q~ t g LQ
)
t 

(51)

Now , let Q be a p o i n t  which  r ema ins  on the  same ~~ c o n s t an t

l i n e , as t h e  shock moves.  T h e r e f o r e ,

(x
Q

) + i ( Y
Q
)
t
= 

~ 
(52)

From ( 5 2 )  and ( 50)  , u s i n g  ( 4 5 )  and (14) , we obtain

W = N-’c (53)
G T S

Let U 1)0 the v e l o c i t y  component  norm-a l  t o  the  shock , :ind

= ~ -W (54)
rd

Consequently ,

U = u  N.+ (v - 1 c ) N. (55)cc r el cc C, T -

12
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ari d

~~oore 1~ T~~~~cc N~ T~~ co N1 T+ (u 
T~ G 

G TcT
_ 

G cTT) N2+ (v 
- 

G 
c
T

) N T

(5 6)

Note that -~ =0 but
t x

t
LU = -~~~~ = 0- c ( 57)
T X.r

at the shock . S imi la r ly ,

G
T
=_ cctc

T
G (58)

We wil l  wr i te  (56)  in the form :

(u ) = CC  +C2 (59)corel  T TT

S 
by letting

C1 =—N~/G (60)

C2= (u N2 -v N1)W +u N:T+ (v - C ) N ~ +~~ c
2 C1 (61)Co cc T cc cc G T T T

We write now the Rankine-Plugoniot conditions in the form :

P= ’n ~~~ +~~
n (
~~or  1 (62)

— 1
u = - u  (~~3)rel y-,- l corel ~±l ucc rel

By differentiat ion with respect to T, and by letting

2u
co rel ‘i—i 2y 1

D1 = D-~= ---— — -——~~~ 
—

- 

~
S
+l 

-
~ fi U

U — c-c relcore l  2

( .
~~)

~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ _



we obtain from (62) arid (63)

~T 
C
~
cTT+C4 (65)

~~rel~
’
T 

C... c
TT~

fC.
~ 

(66)

wi th

C~~ D~ C , C~~zD.C~ ( 67)

C.~~D2C’ , C~~rD-,C (68)

Si nce

(u_u ) =c~ —
~~~ 

) (69)cc T rel c or e l  T

from (59) and (66) it follows that

(
~~
_ u )

T
=C

~
c
TT

+ch
~ 

(7 0)

wi th

C~ =C~ —C- , C1 ~=C..- —C9 (71)

Because of the conservation of the velocity component tanqent

to the shock ,

-~ -. ~~~~~~~~~ A
V=V +(u-u )N (72)cc cc

if V is the velocity immediatel y behind the sheen . Therefore ,

u = u  + ( ‘t~-
’
~ )N-

CO (±0

( 7~fl
v v + ( I ~-

’
~ )N~-cc cc

and

U
T
= C11c~~ ,+C~~

(74
V
T 

C13c TT
+C

~~

14 
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wi th

C1~~~C N  C- 2 =—v I +C. :~~~~~-~T~ ) N ~c o T
(7 5)

C1 , =C3 N~ C- . U  .
~ +C ~~~~~~~ ) ‘

- . -cc T (0

We use now the characteristic eqaation (31) .-.-ith - . defined

by ( 32) w i th  the upper sign , and consequently

(7 6)

By rep lacing ( 7 4 )  , (75 )  an d (65) into it , and letting

D~ =~ 1 C4+u2Cl 2+03  C1 ~
( 7 7 )

D9=G~bs.R .m m

~= \ (~~~i PX
+a 2 

~~~~~~~~~~~~~ 
v,,~)

the  fo l lowing  equat ion is obta ined , to define C :

cTT
D 7 (D~ +D - 3 +h )  (78)

8. O u t l i n e  of the  Computa t ional  P rog ram for  the  T i m e— D e n e n d e n t

P roblem

The steady flow about the b lun t  nose of the vehic le  is

determined as the asymptotic solution of an unsteady flow

problem. A compu tational region is chosen , subject to the

only condition that the sonic line , as an ticipa ted in the

steady state , must lie entirely inside it . A quoss is macic

15 
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for  the i n i t i a l  sta n d o f f  dis tance of the bow shock , ci , as
0

a mul t iple of the nose radius , as fo l lows :

d = 2.7687/(M3 —l)+.36 for two—dimensional (79)o cc
f lows

d = 0.6137/(N2 —l)÷.13 for axisymmetric (80)o cc f lows

Af ter evaluat ing the image of the normal shock poin t

in the C-p lane, the other  shock points are assumed to have

the same n-coordinate as the former. A computational grid

can be def ined  now , and the shape of the shock in the physical

plane can be found. We assume that the shock is initially at

r e s t ;  there fore , CT=O
~ 

W=O. The normal to the shock at e~ach

poin t is de f i n ed by (45 )  and (46)  , the free stream velocity

components  by the f i r s t  set in (49) and (5 5)  ca n be u sed ,

with  CT=O~ 
P ressure  and ve loc i ty  behind  the ini t ial shock

are then  d e f i n e d  by ( 6 2 )  , (63)  and (7 3) , wh ereas the en tropy

fol lows from

S = p-’~~n ( ~~ /~ ) (811cc rel

The entropy on the body surface is assumed equal to the

stagnation entropy and i n i t i a l  guesses for P and the modulus

of the velocity on the body are made , assuming a N.~ch number

d i s t r i b u t i o n  along the body and u s i n g  w e l l - k n o w n  e~~pr c s s i o n s

for  steady , i s e n t r o pic f l o w .  The t w o  ve loc i ty  components

along th e body are obtai ned by ap p ly ing the kinomat~~c boun ..iary

16
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conait~ en , that ~s, vanishing of the normal ‘:elocitv  coopc :±ent

\. alues  of  P . S , u and v at  a l l  o t h e r  g r i d  n o i n t s  ~ re in i~~iall v

prescr ibed by l i ne a r ly  i n t e r p ol a t i no  b e tw e e n  body and shock .

Each c o m p u t a t i o n a l  s tep consists of a rrcdictor level and

a corrector  l eve l .

Predictor level.

Given or i g inal  va lues  of P , S , u , v , ~~, c , c
T~ 

z, -
,

and 0 ,

At a l l  va lues  of ~~~, compu te c~~. c~~~.

At al l  va lues  of and ~~~,

compute  X —  and Y — d e r iv a t iv e s  of P .  S . u , v (see nex t  s e ct i o n~

compu te  X ,  N~~, X

compute  C, A, D , E .

For a l l  p o i n t s  except  body and shock po in t s , d e t e r m i n e

5T ’ UT 
and “ T 

f rom (28 )

Foo body p o i n t s , compute  R 1 , , R. from ( 3 0 )  , \ from (32)

and a- , ~~:- , a.- from (33) . Then , use ( 3 9 )  to o b t a i n  
~ T ’ (41)

to obtain ‘T 
arid set.. S

T
=O.

For shock p o i n t s , compute  R 1 , R~ , R~ from (301 , e\-aiu~at 0

N~ and N . f rom ( 36 )  and compute  a l l  coefficients (C1 through

C 1 ~ ) . Compute I)— , D9 , D~ and and dot  e r m i n e  C
TT 

f rom (7~~1

Up d a t e  P ,  S, u , v at a l l  i n t e r i o r  p o i n t s , p and ~ at  a l l

body poin ts , as we ll as c
T 

nJ c, usino the f o l in w i  rig r u le

(where  is an a r b i t r a r y  f u n c t  ion :

17
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~ (T÷ 1T) = ~
( T ) +

~~T
f T  ( 8 2 )

From the new geometry of the shock (determined by the

up dated values of c) de te rmine  the  basic  p a r a m e t e r s  fo r  a new

mapp ing . From the updated values of c , determi ne new values

of c , and new values of N1 , N2. Then , new valu es of uY co rel

are determi ned and ( 62 ) , ( 63 ) , (7 3 ) , (81) used to evaluate

P, u, v, S behind the shock . Values of .~ are now compu ted

t h roughout  by u s i n g :

~~ 

‘I
,
-

= e x p ( -~— P+ S) (83)

Symmetry conditions are imposed where necessary. The initial

values of p, S, u, v are t emporari ly saved .

A new gr id  ( cons i s t en t  wi th  the new shock loca t ion)  is

compu ted , including the values of g and ~~.

Corrector level.

The computation is restarted as at the begin n i n g  of the

predictor  s tage , us ing  all new valu es. The up dat ing is now

per fo rmed  us ing  the fo l lowing  ru l e  in lieu of (82)

~ (T÷~ T)= ~~~~~~~~~~~~~~~~~~~~~~ 
( 84)

where ~(T÷ilT) is the left-hand side of (82) ari d 
T 

is the

T—derivative computed in the corrector stage. The computa-

t i ona l  grid must be re—evaluated since the Low shock loca t ion

may have changed slightly. The values at the shock them-

selves have to be recomputed as t the end of the predictor

18
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level . Symmetry conditions are imposed again . Fi nall e, the

up dated values of p , S, u , v , ~~~~, c and C
T 

are stored as initial

values for a new step .

9. Discretization of X- and Y-Derivatives

In p r i n c iple, the MacCormack scheme (Ref. 2) for inte-

grating the equations of motion at all interior points is

adopted. This policy is r e f l e c t e d  by the use of (82) and (~~4)

at the predictor and corrector level , respectively. In addi-

tion , whe never possible, the X- arid Y-derivatives should be

a?oroximated by 2-point differences taken , fo r ex amp le , fo rward s

ca t  the predictor  level and backw ards at the corrector level.

There are several  excep t ions  to the above ru le :

1) At body boundary  poi nt s , where X=0 , backward approx-

imations cannot be taken and are rep laced by the approximation :

(85)

which maintains a second order accuracy if the equations are

linear throug hout the integration step (Ref. 3) . Here ,

=~ (i  ~,Y)
1

2) Similarly, at shock po ints, where >0.nl , forward ~inprox-

imations cannot be taken and are replaced by the approxima tion:

(86)

where ~~=~~(l-i .X , 6Y ) .

19
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3) The last of (28) simply expresses the fact that

entropy is transported unaltered by the moving particles.

That means tha t  no entropy signal travels backwards along a

particle path. Consequently, no approximations to X- or Y—

derivatives are allowed which imp ly forward  d i f f e r e n c e s  of

S along a particle path . Violation of this physical princ iple ,

as a consequence of s t r a igh t f o r w a r d  app lica tion of th e

MacCormack scheme , affects the results along the symmetry

streamline in a blunt body problem , and neighboring poin ts

are also. affected consequently, with an overall unnecessary

lengthening of the computational time for reaching a steady

state (Ref. 4) . It is therefore advisable to adopt the

following scheme systematically:

2S~~~~3S’~~+S20
Predictor  level: ~~~~ sgnA -

2S~~~—3S01 +S22
S~~~ sgnu

( 87)
Soc— S 10

Corrector level: ~~~~ sgnA 
~~

Soo —S0
S~~~~sgnu f.Y

where

S~ o=S (X ,Y) , S1 0=S (X— .~XsgnA, Y) ±

S~ o=S (X—26XsgnA ,Y) (dO)

Sc =S(X,Y—~Ysgnu) , S2~ =5 (X , Y—2 y a qn u )

20
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4) Similarly , the terms 
~T

±CU
~Y 

in (41) expres s the

Lagrang ian deriva tive of ~~. Forward d i f f e r e n c i n g  of ~ is

forb idden  and should be approximated  as follows :

Predictor level:

(89)
Corrector level : 7~

wi th

ad ad ad

vo=v(o ,Y) , v’ =v(o,Y— _ Y) , v2=v(o,Y-2i~Y) (90)

5) For the same reason , that  is , for a better evalua-

tion of Lagrang ian derivatives in the momentum equat ions , the

values of 
~~~ 

v~~, u,~, v~ in the second and third of (2$) should

be approximated following the same rule as described by (87)

6) Y-derivatives at the bow shock are conveniently

aporoximated by centered differences, except fo r c
~ 

at the

las t two points , where two—point backward differences are used

(Ref. 4)

10. Equations of Motion for the Afterbodv Flow

In study ing the steady , supersonic , axisymmetric flow in

the shock layer , we may s t a r t again from (17) , a f t er dropp ing

the time derivatives , and in troducing an angular variable ,

( 91)
U

Af ter some algebraic ma nipulations, the fol1o~~ing set of equa-

t ions  is obtained :

21
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= 0

7+~~~~~~+ 
4(p~~_ : P j÷ ( l+ O 2 ) (~~~ 

-: ~~~) = 0 (92)

S +:S. = 0

where

a2
= 1 — —

~~
- (93)

Th ese are the onl y equations which require in tegra tion s ince ,

for a steady, isenerg ic flow ,

q = 
~—l~~ o~~~

where 7 is the st agn a t ion  value of 7, and , in tu rn ,

7= exp (~ -~~ P± ~~
- S) (95)

If the same s tretching fu n c t i o n  as in Section 4 is used , and

X is given the same meaning, bu t T is now made equal to ~~~,

we may use the following definitions in order to maintain oar

present notation as close as possible to the one used ~n

Ref. 1:

A = X .+ ~~ X~ , B = X~ -i-cX~ (93)

E=(1+:~~) ( :o~+-;
~ ) 

()7)

Since , for  any f u n c t i o n , F:

F~~- F X ,. 
( 9 0 )

22 
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the system ( 9 2 )  becomes :

P
T
±P
~
P
x

+ (X
~
:
x
_D) 0

:
T
+B:

X
+ 

~~
— (CP

X
_:P

T
)_E = 0 (99)

S
T
+BS

X 
= 0

Eqs. (29) must be rep laced by

(100)

11. Characteristic Equation for the Steady Flow Problem.

Body Calculation

To evaluate points on the body or on the bow shock , a

cha~ acter is tic  equation in X and T , obtained from the first

two equations (99) , is needed , in the form of a linear combination:

~~2 )  (P
T
+XP

X
)+a2 

~~~~~~~ 
~ Da- +E~ 2 (101)

whose X is def ined  by

\=B+ ~—~- x ~~~a?: , E 2 = (1+:2 ) ~~
-

~
- - 1 (102)

arid , consequently,

a1—  ~~~~~~~~~~~~~~~~~ (10 3)

At the body, thc- lower sign must be used; in add ul ion , P- - U.

From ( 37)

= }±~~ 
(lo.i )

23
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and

= b~~ ~l05)

Therefore , the equation (101) defining the pressure at the

body becomes :

- p~~ 
~~~~~~~~~~~~ 

~~~(~~-~ ) D  (106)

Obviously, b? and b~~ will be evalua ted according to (4 3 ) and

( 4 4 )

12. Bow Shock Calculation for the Steady State Problem

Equa t ions  (4 5 )  and (4 6 )  s t i l l  hold , as wel l  as (49)

By wr i t ing  c ’ and c” in lieu of c . and c~~~, respectively,

we have flow :

T
c c /  , N~~ = —  c ’c”/~

3 
, N~~ =— c”/v 3 (107)

The basic unknown is still OTT ’ that is , c” . To determine

it, we no te f i r s t tha t

= u N-+v N~ (10$)
cc cc - to

Then ,

u N1+v N2 +u N- rp+ V N~coT coT coT cc - cc

= U (CTNI 
- 

~ T
N
~ 

- Cc ’/ ~
3 
~ ~~c 

‘c”/-3)

but
— - 

_ i_ 5t - — i’ .
(
T
+1

~ T
= 10 ~~~~~~~ ) = — i c  ( ;~~4 c  . )

So th~~ 

~~~~~~~~~ - -~~-- -- - .~~~~~~ -



U = ( — :  N1 +u N:) (- : +C ’ ’~~) ( u  +c ’v ) c ’/-~ (109)
coT cc to cc cc

We will  the n wr ite

U
cOT 

CI cTT
+C2 (110)

wi th
C1 =—(u +c ’v ) / v 3 (111)cc cc

C2=(—v N1 -s-u ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (112)cc cc - - -

S ince (62) and (63) still hold , wi th ‘

~~ and ‘

~~ in lieu of
cc

u and ~ , respect ively, it fol lows tha t Eqs . (64)rel corel

through (68) are va l id .  Ec~~. (70)  and (71 ) are also va l id .

So are ( 7 2 )  and (7 3) ; t he re fore, (74) can still be used , pro-

vided that C11 , C12 , C:3, C14 are redefined as follows :

C11 C9N1 -(u-a )/ v 3 C12 =-v (o- +c o- )+C 13N - -

cc cc
(11 3 )

C 1 3 r r C2 N:. ( t ~~U ) c ’ /’~
3 C 1 4 = u  ( a 2 +c ’ o1 ) + C . 0 N:cc cc

Consequ en t ly,

~T 
C1Ec TT+Ci .

~ 
(11- 1 )

w i t h

C1 = (C 1 ~ — C 1 i~ 
) /u

(115)
C1 ~ = (C 1 ~ —: ) /u

We use now the c h a r a c t e r i s t i c  equa t ion  (101) with the uppe r

sign in the definition of \; by letting:

2 5

a .~~~ . ~~~~~~~~~~~~~~~~~~~~~~ 
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D0=l/ (7~c~ ÷C1 u°)

D9=7~C4+C1 .3u
2

(116)
=u2 ( D/X~,-E)

the follo.ving equation is obtained , to define C
TT
:

cTT D7 (D3+D2+~~) (117)

This equation is formally the sam e as (7 8)

13. Outline of the Computational Pro-cram for the A ft: ;.bodv

F low

I n i t i a l  condi tions for  a ma rch ing  integration tcchnic~ue

are the converged steady values on the next to the la~~t

~=cons t an t  l ine  of the blunt body flow calcul ation.

Each comput at ion al step consi sts o~ a predictor 1cr-el

and a correc tor level.

Predic tor level

Give n o r ig inal  values  of P , t , 7 , S. c, c~~, z , , a

and (a t a con stant  ~)

compu te the X-derivatives of P , ~ , S,

compute X .. and X ,,

compute G, A, B, C, D, E.

For all points ex cep t  the bo dy po int and he shock  pnin l

determine 
~
‘T’ T 

and S from (e))

( 1  
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For body poirir s , determine 8
T 

from (106) and let S = O .

For shock points , compute all the c o e f f ic i e n t s  (C - chrouch

C’4, D-., D~~, D9, ) necessary to determine c
TT 

from (117) .

Up date P, S and at all inter ior poi nt s , P and S at the

body and c and C
T 

us ing  ( 8 2 )

With the new value of T , that is , T=~ +~~~, new values  of

b , b .and b .. are evaluated , and an upda ted : a t the body is

taken equal to b .

Moreover , a new gr id l ine  is obtained , extendino from b

to the updated value of c. New grid points are determined

and the up dated values of P. S and are affixed to them.

At the new shock poin t , the new value of c
T is used to

evaluate  a new normal  and then  ( 6 2 )  , (6 3) , (81) , ( 7 2 )  an d ( 91)

de te rmine  P , 5 , and behind the shock . Values of 7 are ob-

ta ined throughout from ( 95) and valu es of u f ro m ( 9 4 )  and

u2 = q2/(l÷o 2 ) (118)

The new values of P, 5, :, c , and CT are t empora r i ly saved.

At the new gri d poi nt s , g and - are c o mp u t e d .

Cor rec to r  level

The computa t ion is res tar ted as in th e  pr ed icto r st age ,

u s i n g  all new values . Th e u p d a t i n g  is performed using (Hi).

The compu ta tional grid must be re—evaluated after carrectina c.

Fina l ly ,  t h e  up da ted  val u e s  of p , S . 7 , ~~~, c , an :~ CT a re s t ( i e d

as initial values for a ne~.’ st ep.

27
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14 . Mapping Technique

The preceding analysis holds , regardless  of the technique

used to g e n e r a t e  the  compu ta t i ona l  g r id .  In the cu r r en t

series of t es t s , a very simp le mapp ing technique was used ,

*
suggested by D. Hall  in a private communication . The tech-

ni que is easier to analyze and to code than the one orig in ally

considered, which was a byproduct  of the method I developed

for th ree-d imens iona l  ca lcu la t ions  of supersonic  f lows ( R e f s .

1 and 5) . The ori g inal mapp ing m a i n t a i n s  the  geometr ica l

symme try  about the body axis , if the body is symme tr ical ,

whereas the present one does not . If the body is not symmet-

rical , and for three—dimensional prob lems in general , con-

servation of symmetry trhoughou t the mapp ing seems not to be

a necessary requirement. In the current series of tests , wher e

symmetry is s t i l l  a typ ical f e a t u r e  of the f low , loss of

symmetry  in the c a l c u l a t i o n  of the b lun t  bod y f low seems

not to affect the results .

A number of “ h i n g e — p o i n t s ” are selected inside the body,

to represen t  a coarse ske le ton  of the body i t s e l f . Let J be

the to t a l  number of h i n g e — p o i n t s , the f i r s t  of which l ies  on

the  x - ax i s , in  the v i c i nit y  of the body s ta g n a t i o n  p o i n t .

Let us consider a succession of J-i-l planes , called the z.-

p l anes  (j = l , J+l) , the f i r s t  of which i~ i den t i c a l  w i t h

the  o r i g i n a l  phys i ca l  p lane  ( the a— p lane)  , so t h u t

*G e n er aj  E l e c t r i c  C o . ,  Val ley  Forge , Pu .
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z 1 = z

All these p lanes are re la ted  to each o the r  in a s i m i l a r  way ,

t ha t  is , th rough the genera l  f u n c t i o n :

5 -

z. = l+(z . -h . •) J (119)j+ l  j  j j

where h . . is the image of the  j -th h inge -po in t  in the  z . -plane ,

and ~~~~. is de f ined  as:~
IT

(120)
j  — a r g ( h . 1 . -h . . )

where h~ ÷1~~ is the image of the ( j ÷ l ) —th  h i nge -po in t  in the

z . -plane .  Since all points  of i n t e r e s t  ( i n c l u d i n g  the hinge -

p o i n t s)  lie in the upper ha l f  of the z-p lane , the set of h inge -

po in t s  w i l l  f i n a l l y  resul t  aligned along the real axis of the

z~~~1-p lane . Note tha t  the image of the x-axis to the l e f t  of

the f i r s t  h i n g e — p o i n t  wi l l  resu l t  i n t o  a por t ion  of the  r eal

axis on the z
~ +1

_p lane
~ 

to the l e f t  of the image of the f i r s t

h inge-poin t  (h 1 ,j +l)  . Note also tha t , w i th  the excep t ion  of

the f i rst, s t ra ight segments  in the z — p lane be tween  two

successive h inge-poin ts  are not mapped onto  s t ra ic ih t s v .J I l l c n t s

in the z~~~1
_P lane .

For each p a r t i a l  mapp ing ,  let

dz . 0 . — l
= 

j + l  
= ~ ~J± l  ( 121)

do . j  z .-h . -- J J J J

A f in a l  mapp ing is then  app lied , of the  form :
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= \ z ~~÷1
-h 1 , J+l ( 1 2 2 )

for  which

d 
= ~~~~~~~ ( 12 3)dz~~~1

In the a - p lane , the image of the body becomes a l i ne  d e f i n e d

by an almost cons tan t  value of ~, s t a r t i n g  at  ~=0 , whereas

the por t ion  of the x-axis  ir, f r on t  of the body becomes a

port ion of the imag inary axis. From (121) and (123) it

follows tha t
J

g = ~~~ ’ H g .  (124)
j=l

According to the defnition (8)

~~~

.

- 
_

~~~~~~ _;~_

g ~.- g dz
j =l

d j - l
= 

~~~~~~~~~~~~ ~~~~ ~~~~~~~ 

(g
0
::l)

and , since

d g .
~~~~~~~ ‘d z .  

— 

z . —h . .

J J J J

it fol lows t h a t

J 5 
~~~~~ 

j — l
1 l r  —

+ — ( 12 t )
~ g 

j = l  
z

1
_h~~ ~~~~~
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15. R e s u l t s  of Test Calc’alat  ions

We repor t  here  results for the following test calculations:

Case Nc .  1 3 4 5 6 7

Free s t ream Mach number 3 4 4 4 4 4

Flow (two—dimension al 2—D 2—D A— S 2—D A—S A—S
or a x i s y m m e t r i c )

Body g e o m e t i v  ~arabola sph e r e —  sph e r e — c o n e  see F ig .  ~
cy l inder

Locat ion of h i n g e —  — 0 . 7 5  — 0 . 9  — 0 . 9
poin ts  in phys ica l  2 —0.63(1—i) —0.63(1—i)
p lane 0. 9i 2÷1 .1±

3+0.9i 4

Number of in te rva ls  in 5x l2  6x6 6x6 6x6 6x6 6x7
blun t body calculat ion

Number of in tervals in 10 24 24 24 24 24
af terbody calcula tion

Stretching is not used in any of the preceding cases. In

case No. 8, the same dat a are used as in case 6 bu t a strong

stretching, wi th a=2 and 12 intervals between shock and body , is

used. Fig. 1 show s the grids as they appe ar in the physical plane

in bo th cases, for comparison. Figs. 2 through 8 show isobars as

computed. Note that there is no difference between Fig. 6 and

Fio. 8. Finall y, Fi g. 9 shows some lines from the grid for care 7,

to demonstrate the ability of the mapping to adjust to bodies of

unusual shape .

All calculations were performed on Polytechnic ’s IBM 360/ e S.

Their success is due to the dedicated cooperation of  Miss Catherine

Fahy , without whose help I would not have been able to qet  my



- — —- - —-..- .- —--~~ —- -. 

program to ope ra te on th e machine ’ s extremely comp l ica ted

sys tem . -
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