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I. ANALYSIS

We consider  the problem of inferr ing the most probable location

of a ta rge t  g iven measurements  of its photon emiss ion collected f rom a

satellite equipped with a number of planar photon de tec tors .

Specifically, we assume that the satelli te ca r r ies  de tec tors

whose respective orientat ions are given b y the ang le of elevation

from the nadir  and the azimuthal ang le ci measured counter-clockwise

fr om the satell i t e ’ s d i r ec t ion  of motion. The count ra tes  f r o m  the

detectors are recorded at time s t~, i 1, 2 , ..., ni,. This provides  a

total of nS ~ D nT positive numbers des ignated by C 1, i 1, . . . ,  n S.

Because the C. include an unknown factor  depending on the s t reng th  of

the target  we rep lace then b y a corresponding set of scaled quant i t ies

S. Sha ving unit  mean. Thus ,

S. K(C. - CB); IC = n5/~~(C. - CB
) (1)

where CB 
is the back ground c ount rate (assumed isot ropic) .

The position of the satelli te is assumed to be known at each ins tant

t~. Thus , for a g iven target  location it is clearl y po ss ib le  to compute the

scaled quant i t ies  S. purely f rom the geometry:  each S
~ 

will be inversely

proportional to the distance to the ta rge t  and directly proport ional  to a

known func t ion  of the ang le subtended at the detector by th e t a r g et  and

the normal to the detector face. For an ideal detector this  funct ion is

just the cosine , but an empirical response funct ion given in tabular fo rm

can equally well be used. The actual location of the ta rge t  is taken to be

-3-
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t l 1 ~. one t h a t  m in i m i z eS  the  d i f f e re n c e s  b e t w e e n  t h e  ( - ( I m p u t e d  and m e a s u r e d

S. . The c o r n p t i t a t i o n  t a k e s  the  f o r m  of a Sc r i e s  of su c c e s s i v e  a p p r o x i m a -

t i o n s  s t a r t i n g  f r o m  an i n i t i a l  I g u e s s e d  t a r g e t  loc a t i o n .  Th i s  i n i t i a l  lo c a t i o n

is c o n v e n i e n t l y t a k e n  to be at the p o i n t  on the s u r f a c e  of the e a r t h  tha t  is

v i e w e d  b y the  d e t e c t o r  w i t h  the hi g hes t  c o u n t  r a te .

We d e s c r i b e  the  lo c a t io n  of the  t a r g e t  b y g i v i n g  i t s  l a t i t u d e  and

i t s  l o n g i t u d e  
~~T

• The n , in v e ct o r  n o t a t i o n

S = f(fl  ( 2 )

where  S = IS., i = 1, n~~ , r- kT’ ~T I  and f is  a n o n - l i n e ar  f u n c t i o n

g i v e n  by th~ g e o m m e t r y .  E q u a t i o n  (2 )  is ap p r o x i m a t e d  l o c a l l y by the  l i n e a r

eq oat ions

S = f ( J ~~) c~(r 0~~r ( 3 )

whe re  is  the c u r r e n t  a p p r o x i m a t i o n  and ~r the f i r s t  c o r r e c t i o n , and

G(fl = a f / a r  is a n S ~
. 2 m a t r i x  of f o r w a r d  d i f f e r e n c e s .  For example

f l (A T~ 
11T ~ ~~L~T) - ~l~~ ’T’ ~~~~

Eq u a t i o n s  (3)  c o n s t i t u t e  a set of n5 al g e b r a i c  eq u a t i on s  in 2

u n k n o w n s  whose l e a s t - s q u a r e s  so lu t ion  f o r m s  the bas i s  for  the i t e r a t i v e

so lu t ion  of the n o n - l i n e a r  equa t ions  (2)

-4-
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- - -

rk+l = + [ G T (J ~~) . C~~ . G(rk ) ] ’ Ek

(5)

Ek = GT 
~
1
~k~~

• C [S - f ( f ~ )]

Here the subscript k denotes the kth iteration, c
T is the matrix transpose

of G and C 1 is the inverse of the covariance of the measurements.  Since

the variance is equal to the mean for a Poisson process and since the

count rates are uncorrelated , C is a diagonal matrix with C1 on the main

diagonal.

It remains to determine the form of f(fl in Eq. (2) from which the

elements of the matrix G can be calculated. Let r T, r S, r D denote

respectively the radius vectors f r o m  the center of the earth to the target ,

the satellite , and the in tersect ion of the surface of the earth with  the line -

of -s i ght f rom the detector .  Then for each estimate

[(r
e
). - r

T J [(r e ). - (r D ) . J
f. ICcos .~~ TSD = K ( 6 )
1 (r~ ). - 

r
T I I (re). - (r D ) J

where K is a normalizing factor  which , for any given set of n5 measure-

rnents , is determined as in Eq. ( 1) .  Here the cosine function is used , but ,

as alread y mentioned , it can equally well be rep laced by an empirical

function in tabular form.

Clearly

rT = ( X T~ ~
‘T’ Z T I = (cos XT CO S ‘T’ C O S A T sin 

~~~ 
Sin lk

T I
-5 -
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To f ind  r 5
, r D it is c o n v e n i en t  to e xp r e s s  them f i r s t  in a p r imed

coord ina te  sy s t e m  such that r 5 is along the x ’ axis a rid the angu la r

ve loc i ty  v e c t o r  of the sa t e l l i t e  a long the z1 axis. Then

• 

• 

r
S (x ’3. y’~ z 5 1 (a 

~ 
hs) {i , 0, o l

rI
D 

= IX ’D, 
~~D’ 

Z ’ Dl = ( a  + h
5 

- SD C0S , SD sin cos~~~,

SD sin sina)

where a is the radius of the ear th  and SD = 
kD 

- r sl is readi l y obtained

by s q u a r i n g  the vec to r  r e la t ion

i
~S 

+ SD = r
D

and so lv ing  the r e s u l t i n g  quadra t i c  to get

SD (a + hS) cos ~ - [a
2 

- (a 
~ 
hs)

2 
~~n

2 
~ j

l / 2

Finally, the value s in the unpr irn ed sys t em can be obtained by

r5 = T r ~~

r
D 

= T r ’ D

-6-
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where

/ u cosci + u sina , v cosci + v sina , w cosa+ w
X y X X

- u sinci  ÷ u cosci , - v sin ci ÷ v cosci, -w si nc i +  w cosci
\ X y x y x y

u , v , w
z z z

Here u , v, w are a t r iad of unit vec tors  g iven by the satelli te ephemeris

program which specif y the position and veloci ty  of the satel l i te  in an

inert ial  coordinate  sys tem , and ci is the cor responding  ang le throug h

which the earth has rotated.  In par t i cu la r , u points  t owards the sa te l l i te,

v is along its hor izonta l  component of motion and w is perpendicular  to

its orbital plane.

- The resul t  given by Eq. (6)  must be checked in. each case to make

sure the ta rge t  is riot over the horizon with respect to the satellite. From

the geometry  it is clear that if

HI = cos .c~ T O S - s i n ( 6- ~~~ )

where cos 6 = a / ( a  + hT ) and sin ~ = a/ (a  + hs) , then HI < 0 implies

the ta rge t  is over the horizon. Similarly negative value s for f 1 in

Eq. (6) indicate radiat ion en te r ing  the detector f rom the rear .  In both of

these cases the cc r respond ing  ent r ies  in the matrix are set to zero.

Here hs and hT are the heig hts of the satellite and tar get above the

surface of the earth. (Unless  input d i f ferent ly ,  hT is assumed to be

2
50 krn , above which height there is about 1 g / cr r t  of air . )

- 7- 
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LI. Descr ip t ion  of data input and output.

The data are  read by su b r o u t i n e s  DATIN , START and EPHM.

The la t ter  subrout ines  are  called f rom DATIN and read the orbi tal

element sets provided by GWC; DATIN reads the input cards that

specif y the detector  posi t ions and readings .  A comp lete data set

consists  of the following:

CARD COL VALUE DE SCRIPTION FORMAT

1 1-10 ERR Back ground count rate floating point

11-20 EFLAG = 0 (or blank) , means read f loat ing point
orbit element set

� 0, new fli g ht not spec i f i ed

21 -22 MAXIT number of i tera t ions  integer

(cards  2 and 3 are read when EFLAG = 0 arid are  the 2-line
orbit  element set format ted  by Space Defense Cen te r )

2 3-7 ISAT satelli te number integer

19-20 IYR epoch year ( last  2 di g i t s )  in teger

2 1-32 DAY epoch day (day + fraction floating point
of day of year)

34-43 XNDOT 1 st time der iva t ive  of mean float ing point
motion or Ball is t ic  coe f f i c i en t .

45-52 XNDDOT 2n d time der ivat ive  of mean floating point
motion.

3 9-16 XlO inclination (deg)

18-25 ASNO ri ght ascens ion  of ascending float in g point
node (deg)

-8-
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C A R D  COL V A L U ~
- D E S C R I P T I O N  FORMAT

2 7 - 3 3  EO e c c e n t r i c i t y  f loat ing point

35-42 ARGO a r g u m e n t  of p e r i g e e  ( d e g )  f loa t ing  point

4 4 - 5 1  X .’.lc) mean anomal y ( d e g )  f loa t ing  point

53 -53  XN O  mean motion ( r e v / d a y )  f loat ing point

4 1-5 KDAY

6 10 KMON day, month and yea r  ( las t  i n t ege r
2 di g i t s )  of data a c q u i s i t i o n

11-15 KYR

1-2 ND number  of d e t e c t or s  i n t e g e r

AZ az imuth  and e l ev a t i o n  of f l o a t i n g  p o in t
de t ec to r s , read in p a i r s  (SF7. 0)
(deg)

6* 1-2 NT number of d e t ec t o r  in teger
readings

T IMES t i m e ( s )  ( s e c o n d s)  of f loa t ing  point
de tec to r  read ing s - (8F7. 0)

7* SM N T x  ND de tec to r  r e a d i n g s  f l o a t i n g  pc int
input so that  the f i r s t  NT (SF10. 0)
readings are for the first
detector , etc.

8 1 D = IHD , p rog ram ca l cu l a t es  al ph abet i c
ini t ial  es t imate  of t a r g e t
location

= IH , use fo l lowing  value s
as ini t ia l  guess

-9-
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CARD COL V A L U E  DESCRIPTION FORMA T

2- 1. 1 TARLOC ( 1 )  la t i tude (deg )  of t a r g e t  f loat ing point

12-2 1 TARLOC (2)  long itude (deg )  of t a r g e t  f loat ing point

22-3 1 TARLOC ( 3 )  a l t i tude (km) if d i f f e re n t  f loating point
from prese t  value

*Additional cards may be necessary for these inputs.

The p rog ram ends when a blank card is encoun te red  as the f i r s t

card of a data set.

The output of the p r o g r a m  at the kth i t e ra t ion  will cons i s t  of the

c u r r e n t  e s ti mat e  of the t a rge t  locat ion A T’ T r e p r e s e n t i n g  lat itude

and longitude in deg rees  toge ther  with the de te rminan t  of the covar iance

of e r ro r  matrix

COV = K [G T ( r )  . C 1 
. G (  rkn

where K is defined in Eq. ( 1)  and G, and C a f te r  Eq. (5 ) .

Also , the res idual  R = [~~~(S. - f . ) 2
]~~~

2 is pr inted at each i t e ra t ion .

Note that the procedure t r i e s  to minimize  the pos i t ive  def in i te  f o r m

Q ( A T ‘ ~~~ 
= E(S. - f . ) 2 /S.

giving the weig hted sum of squares of the residuals. In some cases the

i tera t ion  scheme may fail  to converge  if the data a n d/ o r  the ini t ial  guess

are too poor. In such cases it is helpful to have an i so residual  contour plot

obtained f r o m  a tabula t ion  of Q ( A T, 
~~~~ 

over a g r id  of values  of A T, 
~~~~
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Such a tabulation is provided at the end of the printout. From it one can

de te rrnLne  if any wel l  d e f i n e d  minima exist , and if so selec t the most l ikel y

one as the in i t ia l  guess .

Ill. Sample Problem

Following a re  the p r in tou t s f r o m  two sample runs.  The f i r s t  uses ideal

data to tes t  the p r o g r a m , and the second uses s imulated real data. Four

de tec tors  are placed at az imuth , e levat ion  ang les of (45 0 
, 30°), (135 ° , 30°) ,

(225 ° , 30 °), ( 3 15 ° , 30°) ; the t a r g e t  is p laced at lati tude 30 0, long itude 20 °.

In the f i r s t  run count  ra tes  are  input cor responding  to 3 satel l i te  locat ions

taken 2 seconds a?ar t .  The count rates are  proport ional  to the number

obtained by comput ing  the cosine of the ang le between the t ar g e t  and the

detector normal and then d iv id ing  it by the square of the range.  The back-

ground count ra te  is taken to be zero .  From the pr in tout  it is clear that

the p rog ram f inds  the t a rge t  a f t e r  2 i te ra t ions .

In the second run a set of phys ica l ly  r ea l i s t i c  count rates are selected

f rom Poisson’s d i s t r ibu t ion  having the count rate s of the f i r s t  example as

means. This is accomplished approximatel y by rep lacing the count rate

C L by C 1 + Z . ’I/~~ where  Z. is taken f rom a table of no rmal  dev ia tes

with zero  mean and unit  var iance .  A backgroun d count rate of 10 is assumed.

We see that the p rogram come s to wi thin  I degree  of the ta rge t  af t e r  2

i terat ions.
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