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A NOTE ON A THEOREM OF YAMAMURO
by

*
C. B. Garcia and F. J. Gould /|
University of Chicago - f“

Conditions are presented which are necessary and sufficient for the

existence of a fixed point of a Cl map.

1. Introduction i

We consider the classical problem of characterizing the existence of
a fixed point of & map G. In 1963 the following extensiocn of the Leray-
Schauder Theorem was presented by Yamamuro [1]:

Let C ERn be an open bounded set, and assume that G: C —+ 3% is |

continuous (C denoting the closure of the set C). Suppose there is an

.
/

0 0 .
x €C such that Gx # Ax + (1L - A) x~ whenever A >1 and xc C (C
denoting the boundary of C). Then G has a fixed point in C.

The weakness of this theorem is indicated by the following trivial

example. Let

n

The point (1, 1) is a unique fixed point of G. However, bty looking at the

cases (i) x =1, A =2, it can be verified that

Yamamuro's assumptions fail. That is:
PR . v X -
Given any open bounded set C <R such that (1, 1) € C, and given any
0 . e & _ : N 3 #
x €C, then for some xe€ C and X > 1, we have CGx = kx # (1 =« X) x .

autior was surrortéed in nart by AR
oAMA 7L R A=R
PUTSAN | ® g ® ¥ 1 .




In this paper we shall further restrict (veyond mere continuity) the class of

functions to be considered. By so doing it will be shown that Yamemuro's assumptions,

applied to this restricted class, are the weakest possible conditions for

the existence of a fixed point, i.e., they are necessary and sufficient.

2. The Extension of Yamamuro's Theorem

Cur results are obtained by rfurther restricting the function G and then

transforming G to a new function H. The new function will have a fixed

point if and only if G does, and a fixed point of the new function can be
completely characterized. Let C‘E,Rn be an open bounded set on which the

function G: E'* Rn is continuously differentiable. Given any such C,

let J.(x)

G
define the subset S(C) as

s(c) = {x g ¢C:

We now make

dencte the Jacobian matrix of G at the point x,

det(I - J

the regularity assumption thet S(C) is not empty. It

and let us

G(x)) £0F .

1is

immediate

from Sard's Theorem that this will be “rue i£ (I - 3)(T) is not a set of measure
3 ;s 0 = ey = - n
zero in RO, Now given x ¢ S(C), define H: C+ R  as
ya ¢ ool el
B O(x) =l (05 uG(x T s el
X

Note that x* is a fixed point of G

B

of

if and only if x* is a

fixed point

Consequently Yamamuro's Thecrem applied to the functicen H immediately
yields the follcwing result.
Lemma 1. Suppose there exists a set C, as above, and suppcse there
‘ 0 5 5 g o
is an x € S(C) such that H O(x) # Ax ¢+ (1 = A\) x° whenever X > 1 and
. x —
x€C. Then H and hence G has a fixed point in C.




| l

Let us now say that x* is a regular fixed point of G if
(T - JG(X*)) is nonsingular. The following theorem demonstrates that,
for cl functions G with a regular fixed point, although the hypotheses
of Yamamuro may fail to hold, they will in fact be satisfied when applied
to the function H as in Lemma 1.

Theorem. Suppose G has a regular fixed point x* and suppose
G is continucusly differentiable in a neighborhocd of x*. Then there is

an open bounded set C S R®, with x* € C, and an 2 e s(C) such that

H O(x) #Ax + (1 -1X) xO whenever A > 1 and x € C.
X

Proof: By the assumptions of the theorem, [I - JG(x)]-l is con-
*
tinuous in an open neighborhocd N of x . Given any x € Rn, xO €N,

suppose that, for some A > 1,

To simplify notation, let F(x) = x - G(x). 3y assumption

#(x ) = 0. Now expression (1) beccmes
(2) 52Hx0) Flx) = nlx = x0)

for some n < 0. Then

J;l(xo) [F(x°) + J,(xo) (x = x%) + elx, X)||x - 2|1 = nlx - 29)
ahere £(x, ) + 0 as |lx - x°|| = 0. hus,
-] 5 . :
(3) JV-(XO’ [(F(x7) + elx, xo)llx -x°||1=(n=1) (x- %) .

the sphere) of radins & about x*. Pick & > 0 such that Bolx® = W

jenote, respectively, the open ball and its boundary
’ - J s - v



= -
we can find a positive number M for which [[JFl(xo)ll < M for % € 36(x Y.
Suppose Vv > O 1is chosen so that ]]x - xol! v = I!s(x, xo)ll < é%n Then

*
If X & Sv/e(x*) and x° ¢ 3v/2(x ) we have ||x - xoll < v and hence
||§(x, xo)ll < é?. Consequently,

: O|

(1) lete, 1 [fx - <[ <« Hxgedl

* .
Now since F(x ) = O there is a positive p < min{§, v/4} sueh that

# 0 v/4
(5) e = 70| < FE
- * ]
But if x € Sv/2(x ) and p < v/4 then
*
(6) © e Bp(x ) = »/b < [|x - xoll :
* 0 * ; ~
Hence, x € Sv/z(x ) and x € Bp(x ), along with (5) and (6). imply
0
0 [lx = x
(1) [7(x")]] < - B
Hence, using (4) and (7),
Hx - x° lx - x° x - x°
(8) 172+ e, <O - 0| |} « Hrpll Dol Lo ]
* A
Now, using (8), and recalling that, for 2" g 55(x ¥3 % lfxo)!f <M,

* *
it follows that, for x € S_,.(x ), < e 3D(x ), the no

v/2
of equality (3) is less than

0
I|x - x°||
L :
But the norm of the right side of equality (3), for 2ll x # x , 1S
| C e 0y
[In = 1] [Ix = x| > |[x = x7|]
3 . v _a : *
since 1 < 0. Thus, equality (3) cannot hold if x € 8_,.(x ) and
v/2
o 8 ( ) - +h taki N = 2 * Sk 0 B e
x 3p'x ). In cther words, taking C = ~v/2(x ). and taking x- ¢ 3 (x ),




s

since (2) => (3),

72Hx0) Fx) # nlx - x0)

.

whenever N <0 and x€ C, or

Ho(x)#kx-i-(l-l)xo

X

whenever A > 1 and x &€ C. #
As an illustration, we show that the conclusion of the theorem is

satisfied for the earlier example

Gl(xl’ x2) =1

=

GQ(xl’ x2) = 2x2 - :

. n
In this case, for all x € R

— O O = ‘/.‘._ -(_\\‘l= l O
Io(x) = g a|» T =Jglx) = (I - J50x)) J

Clearly the point (1, 1) is a regular fixed point of G. Also note that for all x

B (e} %% e (T JG<x°>>‘1 (x - 6(x)) = (1, 1) .

Now let xo be arbitrary and let C denote any open sphere containing

2 and for which (1, 1) € C. Then H (x) = (1, 1) # <° O)

+ A(x - x
whenever A > 1 and x ¢ é, as in the conclusion to Thecrem 1. For this
example, although the hypotheses of Yamamuro's theorem, applied to G, do
not hold, they are satisfied when applied to H. Morecver, Theorem 1 shows
that any conditions which guarantee the existence of a regular fixed point

also imply the assumptions of Lemma 1. In this sense, then, the assumptions

of Lemma 1 are 25 wWeak 25 possible for the existence of a regular fixed point.
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