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We comsider the set of points x € R satisfying H(x) = 0,
e n+l TR 2 f T =S 2 A
where H: R == R is a C function and 0 1is a regular value. This

Ok, dsta € one-dimensional manifold, and each cocmponent can
be described by a curve x(6). In this note a theorem is proved which is
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irectly related to and motivated result/due to Faves and Gearfi on
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(8) to the signs of the determinants cof submatrice
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H'. Applications to solving nonlinear cquation

"

1. Int:oduction and Notaticn

¢

A well known technique for snlving nonlineur eguations f(») = 0, where
R is to imbed f into a one-parameter family of homotopy equatiocns

i
(x), epd Hix ;1) =0

L)

Hix, 6) =

)
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H(x, t) = 0 where «x € R, ¢ ¢ [0

0] pl & "
for some known x € R.,. Examples of such a function H are
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Many previous studies have analyzed conditions under which the equation

H(x, t) = 0 has a solution x(t) which is a differentiable path for

which Hx(x(t), t) is nonsingular for all t € [0, 1], where H
denctes the derivative of H with respect to the x variables. This

requirement is equivalent to stating that the differential equation

x = -K (x, g)L A SR 0

has a solution x(t) for t € [0, 1], wvhere x denotes the derivative

3t + [Indeed, in this latter case %{ H(x(t), t) =0 for t € [0, 1] and
hence H(x(1), 1) =0 = H(x(0), 0) = £(x(0)) s> that x* = x(0) is a root
of f(x) = 0. One can then solve the equations f(x) = 0 by integrating

the above differential equation (assuming x(t) is a differentiable path).
However, the requirement that x(t) be a differentiable path is quite severe.

For appropriate discussions, see the papers of Meyer (9 ], Davidenko [1 ],

and Jacovlev [ T].

Alternative methods for solving f(x) = 0 involve tracking, in a

limiting sense, points (x, t) which satisfy H(x, t) = O by the so called

method of complementary pivoting on a triangulation of R®. All of these methods
are extensions of the seminal work of Scarf [12], [13] on the applicaticn of
complementary pivoting to general nonlinear problems. For detailed discussions
see for example works of Merrill [8], Garcia (3], and Garcia and Gould (4], (5],
as well as numercus other papers noted in these bibliographies.

In general, these latter complementary pivoting algorithms, although

slow by nature, converge under assumptions much weaker than the existence of a




differcentiable path x(t). The basic requirement is that the set of points

n+1 e - : ; .
(x, ;A 18— » such that H(x, t) = 0 be a one-dimensional differentiable

. - . 0 . .
manlifold for which x and x* are in the same component, where f{x¥) = 0.
Thus one is lead to study differentiable objects such as x(8), t(8), © ¢ [0, 1],
using methods of differential and combinatorial topology. Such methods, although

L}
hardly new, have been rurely applied to the problem of seolving f(x) = 0.
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Notable exceptions are the papers of Eaves and Scarf [2] and Sma

In this note a theorem is proved which lends insight to the behavior
of the set of points (x, t) for which H(x, t) = O, This theorem relates
4 the signs of the derivatives x(8), t(8) to the signs of the determinants

of submatrices of the Jacobian matrix H'.

e

Let us generally consider a C (twice continuously differentiablc)
function H: R°'™} + R”. An example of interest is
TR
‘ filx, ) = 2{x) - t8(z°), =xe¢R%, ten
Given y € Hn, let
- n+l
B l(y) = {x € R*"Hu(x) = ¥}
and
é
&
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c = {x ¢ Rn+1|rank H'(x) < n}

aH \
- . +
where H' 1is the Jacobian matrix 1 at B R" ]-

with respect to x € &

The setl C 1is said to be the set of critical points of H, and H(C) the

set of critical values. R H(C) 4is the set of regular values. Sard's

Theorem [15] states that:

hervenl - Det Hr B4 e a c® map. Then H(C) has

measure zero.

3 . ; n =
Thus, as a corollary, the set of regular values is dense in R°. Let us

-

jae)

} henceforth throughout this paper assume that 0 is a regular value of

} The following lemma will be used [10]:

Lemma 1. Let H: R 4 R be a c? map and let O be a
regular value of H. Then H-l(O) is a ' one-dimensional

manifold.

. i : ; i oL % ;

We now recall that any connected C one-dimernisional manifold is diflfeo
morphic to a circle or an interval (open, closed, or half-open). Thus,
_1(

each (connected)component of 1 7(0) can be described by a curve x(8) which is

diffeomorphic to a circle or an interval. Furthermorc, for any x(9) € H_l(O),

we have

fi - :

| and x(0) is a unique nonzero vector (x(8) denoting the derivative of x
@

rank H (x(8)) = n Gl




with respect to 6 at 8 = 8). Consequently, we can differentiate

H(x(8)) = 0 with respect to 6 to obtain

B' (x(08)) x(8) =0 . (2)

For a particular 8, x(8) is a vector tangent to the curve at 6 = 9

and spans the kernel of H'(x(8)).

Foranmy { =1, 2, ..., n +1, let ii(a) and Hi(x(e)) denote

the 1P component of x(8) and the e

column of H'(x(8)), respectively,
and let ii(e), Hi(x(e)) be the remaining components of x(8) and columns

of H'(x(8)), respectively.

2. The Main Theorem

Our following theorem for C2 maps is related to and motivated by a

theorem of Eaves and Scarf for piecewise linear maps lail.

Theorem 2. Let H: Rn*l +R® be a C2 map and 0O a regular
value of H. Then for any component x(8) of H'l(o) we have

for a1l I = 1, 2, veeq ¥ L3

sen %,(8) = sen det gh(x(8)) al1 ©
or
sgn ii(e) = -sgn det gi(x(8)) a11

(where sgn 0 8 0).

b o
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We prove the theorem in three parts.

- Lemma 2.

Proof: By

where rank H'(x(8)) = n and x(8) # O. lige ii(ﬂ)

(1) and (2) we have H'(x(8))x(8) =0

= 0 then det H-(x(8)) = 0.

H.x, + H&",
U

0, then

%x*(8) # 0 so that det H'(x(8)) must be zero. #

Proof: I

f

If det H-(x(8)) = O then x,(8) = 0.

det H (x(8)) = 0, then for some j # i, we have

det HJ(X(S)) # 0 because by (1) rank H'(x(8)) = n. For

simplicity, take i = n and §j =n + 1. Then, Hn+l in+] Hn+lin+l =0
implies & L —(Hn+1)_1 Hn+lin+l' Note that the last component
of —(Hn+l)—lﬁn+l is zero, otherwise
det H® = det ™! get [(u™*1)~1y")
RS et N e & s S8 SEROIE GRS TS
= det H®*! get M, where M is the following
n xn matrix. The first n - 1 columns
are given by {Ig—lj = [Hn+l]—l[Hl.52...,Hn_l]
and the last columa is [#™"1]™h . If the
last component of the last column is not zero
then det H' # 0, a contradiction.
Hence, *n = ':+1 =0 #




Lemma b,

%,(0) det #h(x(8Y) 50 all 8 #uch that x,(8) # 0

or
ii(e) det H(x(6]) <@ all 6 such that x,(8) #0
; i
[wlexte)) ,  (x(e))]
Proof: Let A{B) = e |
o AR LR

-

BH(x(8)) , x(8)

B(8)
0 - ii(e) 5

where kl(e)t is the transpose of x*(9). Since x(8) 1is ortho-
gonal to H'(x(8)), we have rank A(B) = n + 1 for all 8. Since

A(®) is concinuous in 8, we have det A(8) >0 all 8 or

det A(B) < 0 for all 8.

Now

( gigt : 0 1
det A(6) B(8) = det | B i
Lz e)tet |, x(e)

= i(e)t x(6)(gdet Hi)2 >0

since ii(e) # 0 implies det Hi # 0 by Lemma 3. Thus the
determinants of A(H) and B(6) have the same nonzero sign for

all 06 such that ii(e) # 0. But

get B(8) = %,(0) det i'(x(0))

which proves the claim. #




From the previous 3 lemmas, we get Theorem 2 directly.

Note that the theorem holds if H 1is restricted to, say,
R® x [0, 1]. In most applications to R® x [0, 1] a further restriction
would be required on the boundaries R" x {0} and R" x {1}--namely, non-
singularity of the n X n submatrix Hx(x, t) at points (x, t) in the
boundary for which H(x, t) = 0. This condition assures that all loops which
occur are contained in RT x (0, 1). An interesting corollary to the theorem
is the following monotonicity thecrem,

Rn+l +g®

Corollary Let H: be a 02 map and O a regular

3
value of H. Suppose for some i, H (x) is nonsingular for all
x in a particular component x(8) of a'l(o). Then, on that com-
ponent of H°1(O) ,xi(e) is either monotone increasing or monotone

decreasing as a function of 8.

Observe that under the assumptions of the Corollary the distinguished ccomponent

of n'l(o) cannot be diffeomorphic to a circle.

3. Illustrations

INlustration 1:

The theorem is illustrated in Figure 1 for the function H: R3 - Ra

given by

H(x, t) = £(x) - tf(xo), x € Rz, t e R
wvhere
f(x, x)) =y
2)2

fz(xl. xz) = (xi + x,)" - lO(xi + xg) +9




L

and f(xo) = f
2

axis  of F(x) = (x = 1)(x + 1)(x - 3)(x + 3) whose graph is

= (-h, 9109). The function f is a rotation about the vertical

For this example H-I(O) is a single component (x(8), t(8)), 6
and the projection of H-I(O) into R2 is a loop. The matrix

Theorem 2 is

€ (0, 1],

B" of
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fis
1 xplx

According to the Theorem,

(1) 8) = 0 <=> Vfl
, and therefore <=> xi + xg =5

(ii) x.(6) = 0 <=> the first and third columns of

b 4 )

2

which is true if and only if hxl X; *x

(1ii) xl(e) = 0 <=> the second and third column

3f2

which is true if and only if _— = 0
8x2

The path shown in Figure 1 illustrates these properties.

2

- 20x2 -2109

and Vf2 are dependent i.e., if and only if

= 0

are .dependent,

= -9109/L.

are dependent,
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Illustration 2:
The theorem is illustrated in Figure 2 for the function
3 2 "
|3 ST S e given by
0 2
Hile, b =R B~ el e B L & € R
where
fl(xl, 12) =
: th = - : - ST o Rt R
and fo(xl, x,) 1is an 8" degree polynomial obtained by rotating the

following graph about the vertical axis.

T e /
4 /

J \ /1t
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0 \
¥ \/ o e
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RaEe D ol S R TR R VST
il :

Again for thic example there is a single component in the projection of H-l(o)

into R2 and this path is a loop. It can be verified that on the portion of the

path conneccting xo to the "first" zero (point A) t decreases, then increaces,

then decrcases to 0. lience this segment cannot be represented as a differentiable

path x(t).
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L. Applications
Application 1:
.

As a first application we summarize some of the comments in [5 ]

on relations between the set of solutions to
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to the set of solutions to

r'(x(8) x(8) = - A(8) r(x(8)), x(0) = x (4)

. : 0 . : -
where f is a C map with f£'(x ) nonsingular and A 1is a real valued
function of 6 satisfying the condition sgn A = sgn det £'(x(9)). The

set of points satisfying equation (3) can be followed (in a precise limiting

(1)

csense) by a scalar labeling simplicial pivoting algorithm similar to th

method introduced by the authors in [ 4 ]J. The differential equation (k) was

| 1 3 ML) iala o HWadAahnl NatrEs \ ~Aa
ntroduced by Smale in {14)] and has the credentials of a "global Newton method.

& . ; & : -
Since by assumption f 1is C and O 1is a regular value of H,

B ; 1 i : .
the solutions to (3) comprise a C one-dimensional manifold, so that the

< 0

component of H (0) containing the "initial point" (x ', 1) may be described

by a curve

(x(8), t(0)), (x(0), t(0)) = (x

Differentiating (3) we obtain

£ (x(0)) %(0) = t(9) f(x ) = ey f(x(8)) (5)




- ——— I .

if t(8) # 0. Thus if +(8) # 0 it follows from Theorem 2 that

det £(x(0)) # 0 so that

$8) = %%%% er(x(8))™Y £(x(8))

In this particular case our theorem says

san t(8) = spgu det £'(x(8)) all 8

or

sgn £(8) = -sgn det £'(x(8)) all 8 .

We now observe that (5) provides a special instance of (4) if

sgn tggg = -sgn det £'(x(8)). Recall that t(0) = 1, and adopt the
if det f'(xo) >0 (< 0) we initially move on the path in such a directi
: By s £(0)
decreases (increases) from its initial value 1. Then sgn to) = ~sen
A
and by Theorem 2 this will be true for all 6 such that t(8) >0

proves that a piece of the solution to (3) is a solution to (4), for &
-—

algorithm terminates the moment the first zero is encountered (t(0)

~ . - 0 :
whereas (3) can be "continued." 1In Figure 1, the path from x to the pcint

labeled A is the Smale path (solution to (L)). The solution to (3) is

entire closed loop which contains all of the zeros of f.
Now consider Figures 3 and 4. Here we are solving thc equations
fl(xl, x2) Wiy ~ F%0

S T
f(xy5 x5) = (x) + %)




—
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The obvious relation to the function f§ in Illustration 1 should be
noted. It is seen in Figure 3 that the projection of H—I(O) into

82 contains two components. That component passing through the "starting
point" xo does not pass through a root. However, consider Figure b where
the starting point xo is chosen "at infinity." 1In this case the projection
of H_l(O) into R2 is a single path x(8) which passes through both

roots of f. Tt can be verified that this interesting behavior will occur,

for this example, with any xO sufficiently large in norm.

In [14] Smale has demonstrated a result which can be restated as follows:

Supvose there is a bounded open set C such that £ C -+ Rn,

C and 9C are connected, 9C smooth, and x € 3C => det f'(x) > O and

2

b

(f'(x)).l f(x) intersects 9C transversally at x. Suppose f € C
x° € 3¢ and O 1is a regular value of H(x, t) = f(x) -t £(x°). Then
the connected component of H-l(O) containing (xo, 1) will contain a zero

of 1.

Figure 4 demonstrates a set C satisfying Smale's assumptions. Note

that only 1 of the roots is contained in this set.
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Application 2:
In [ 6], Garcia and Zangwill showed how to find all solutions to
certain systems of n nonlinear equations in n complex variables. For
example, they show how to construct all solutions to an arbitrary system of
n polynomial equations in n unknowns.
The underlying theorem in [ 6 ] proves a monotonic behavicr of the paths
of solutions to a particular set of homotopy equations. This result is |

achieved by use of the Cauchy-Reimann conditions to show that det Hx(x, .20

n

for any (x, t) in ¢  x [0, 1], (where H is the Jacobian of H written

o .
as a function in R°" x (o, l})- The result is therefore a special case of
our corollary to Thecrem 2, which in this instance states that the path must
be monotonic nondecreasing (or monotonic nonincreasing) in the variable t.

This key result may then be used in [6] to show that starting from any solution

to H(x, 0) = 0, the path x(t) satisfying

! H(x(t), t) =0

must yield an x(1) which solves the given system of equations. See [6 ] for
a complete treatment of this problem.

Application 3:

n

Let us consider a C2 function f: R"™ + R” where det Fiix) 20

all x and l?mil [I£(x)|| == (f satisfying the latter condition is caid
x| | i

to be norm-coercive),

This condition on  is essentially that for the Hadumuard theorom (sce

L —

! Theorems 5.3.9 and 5.3.10 of (11], See also Theorem 10.4.3). t is known that !
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any Yy € Hn, the above assumptiong assure the existence of a unique
satisfying
f(x*) =y .
To find x*, consider the homotopy
H(x, t) = £(x) - [t £(x°) + (1 -t) y] =0 (x € R%, t € R)
an arbitrary xo € R" (This is the limiting path zenerated by the
lementary pivoting algorithm of Garcia-Gould in [ 4L]). Then
det Hx(x, tl = det £'(x] > 0

any [(x, t), so that the algorithm of CGarcia-Gould will trace a

(x{8), t(8)) which by the corollary to Theorem 2 will bz monctonic
t. This monotonicity, along with the assumption 1lim [[e() ]| =

| 1] [+e0

ies that t cannot be asymptotic. One is therefore assured of finding
unique solution (x(0), t(0)) = (x*, 0) of

f(x) =y

an arbitrary y € B
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