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r+ 1We consi~’~ r The set o~ po~ r .t s x E ~r : L ~~i~~fy r.~~~~H ( x )  = 3 ,

n+1 n . 2 . - . - —where H :  B -
~ is a C fun~ t 1or~ ar~~ u ‘

~ r~ ru ar e.

set , H 1( 3) , i~ a C~ one— ~~i e n ~~i ~na ~~~~ ~~~~~ tn~ ~ ac~i ~~~~~~~~~~~

be descr ibed  by a cur-i c x ( O ) .  In t h i s  note a t ecr ~~ is pr~~z~ ’i u h i c ~

d ir ~~~~1y re iat~ I ~c and otL 7at  cd by a r~~:~~J ~ due Ta’io s ar~I

r1ece~~:ce ~~~ ea ~~ i r r i s . T h i s  t~~e r r ~ n r e l at es  ‘ f ’ -  ~ -n: :)f ~~~ ~~~ 11’ 7~~~

E~) ~ c t he  si~~s s of tn e  deter  ruan t s  of :ub na tr i c ~~s of t r ~~ Ja :  ~b i a r~ r~~~r i x

H ’  ~~. i t ~. i : r C .. ~c solvi ru- nor ~1~~n ’-~ar ~oua ’ ions  arc :res.

1. ~~~~. + ~~j~~~~— :~~ - 
~~~~~~ ::~ t a t i-~ .

A well k io~~i ~e o h n i ou e  1or ~r 1vin , - r . c~~. ~~~~ 
... ) = 3 , wh ’~ r’~

: iS t C )  imoe ’~ ln t~ a or ,.~—~~a: ~~~~~~~~~ of h r  ~ ny

H( x , ) 0 wn r’ r~ x E B~~, t € lu , i~~, H ( x . C )  r ( z ) ,  and ~ (x 7, 1) 0

f~~r scr~~ kn ’-wn x~ ~ . of 5uch a func t  io n  H are

H ( x , t )  = f ( x ) - t f ( x °)

H ( x , t )  = — x~~
) + ( 1 - t~ f~ x )

4-

T,~ e ~1or~; (,f i i  fl~~ i ~~~r w ’t ’ s ’j pv ~r l ~~ in  r i : t  by ~~~~~~ ~~~~ > .

~n n .  ‘
~~~~~. ::~; ( d — ~d 0 5 8 .

______ ____— - ~— ~~~.
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Many previous studies have analyzed conditions under which the equation

H(x , t )  = 0 has a solution x(t) which is a differentiable path for

which H (x( t ) , t) is nonsinguiar for all t ~ [0 , 1], where H

denotes the derivativ~ of H with respect to the x variables. This

requirement is equivalent to stating that the differential equation

—lx = _H
~

(x , t )  H
~

(x , t )  , x(l) = x

has a solution x(t) for t € [0, 1], where ± denotes the derivative

Indeed , in this latter case frH (x(t), t) 0 for t E [0 , 1] and

hence H(x(l) , 1) = 0 = H(x ( O ) ,  0) = f(x(0)) se that x~ = x(0) is a root

of f (x) = 0. One can then solve the equations f(x) = 0 by integratIng

the above differential equation (assuming x(t) is a differentiable path).

However, the requirement that x(t) be a differentiable path is quite severe .

For appropriat e discussions , see the papers of Meyer [9  1,  Davidenk o [1 ] ,

and Jacovlev [ 7] .

Alternative methods for solving f(x) = 0 involve tracking , in a

limiting sense, points (x, t) which satisfy H(x, t) = 0 by the so called

method of comolementary pivoting on a triangulation of R~ . All of these methods

are extensions of the seminal work of Scarf [12], [13] on the application of

complementary pivoting to general nonlinear problems . For detailed discussions

see for example works of Merrill [8],  Garcia [3], and Garcia and Gould [a ] ,  [5 1,

as well as numerous other papers noted in these bibliographies.

In general, these latter comp lementary pivot ing algorithms, although

slow by nature , converge under assumptions much weaker than the existence of a

- . 
- ~~~~~~~~~~~~~ - - - - — -- _— - -  

- 
- a
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di  f’~~ ~n .  ~b . u~ h x ( ~ ) . The bac~ requirement is th at  the  ~:et of i o in t s

x , t )  •._ 
- . :~ h t h a t  H ( x , t)  = 0 be a on~~—d irr - n : C i - ~n a I  ~~~~~~~~~~~~~ ‘~

r s ! o . f - ~~~ for  ~~~~~~~~ii x° nn d x~ are in the same ccmpor .ent  • where f( ;.~* )  = 0.

Th:s eric is 1~ ad to stjily d i f f e r e n t i a b l e  objects such as x ( 0 ) ,  t ( S ) ,  e ~ Id , IL

‘ .~~ . r — r -  t h - - L- 1 . f f - ’ - - n t i a l  i f l d  ~~~~~~~~~~~~~~~ t c r ,l - ~~ ’j. i’- u rh  ~~~~~~~~~~~~~~~ 0]

hard y r.c~~, h;r.’~ b eer. ror~ ly applie’i to the problem of ~;olving f ( x )  = 0 .

th  oaner s  of Ea’,es and y ca r f  12~ arJ :r.-ilc ~~~~~~~~ 
. ;~~

to  H~~rb- :-r -~r f  for r e fer r ing  us to the la t te r  p ar e r .

In t h i s  not e a theorem is prcved which lends  insi~ ht to tnc be:.av~ or’

of the s-’t of r - i nt s  (x , t )  f or whi c h H ( x , t )  3. Th i s  th e :rem r~~ a~~ S

the si .~ns of th e  der ivat . i - ies  *( O ) , ~ ( 0)  to th ’~ s igns  of the  dete~ rn in an ~ n

o f  sub~r a t r i n e z  of t h e  Jacobia n m a t r ix  H’ .

Let so c ’- r rer a l ly  n~~n c i~~er a ~~ (twio~ cent ir . :ounl:, ’ d i  f f ~~r-~ Y ah I

~~~~~~~~ H:  .~n+l An examp le of i nt e re~ i. is

H(x , t )  = f ( x )  - t f ( x0 ) ,  x E ?~~, t E R

‘Tfl ven y € ~~~ let

H~~~~~~~T)  = {x € R~~~~j H ( x )  = y}

and

- — --- ,__ - ...._a . ~~. - - I- 
- — 

—
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C = (x ~ P ’~~I r o n k  H ’(x )  < n}

~~i ..
where H ’  is the  :ioc t ; — ~n ro t r i x  of H with rcnrect tO X c  ~ 

-
.

X j
The SC~~ is sail to be the set of critie~~~_jci n~ of H, and u ( C . too

oct of o r it i c i t  oo~~ocs. R~ H ( c )  is t h e  set of rc:-ullr volo f. T hr d ’ ;

Thc c r -  s t a t es  t h n t :

~ i~ orerr o . H: R
n+l 

~ B be a map . Then ~~~~

measure aero .

Thus , as a corollary , tn e  set of regular vales d Cnse in ~~
° . b~ t

h e n c e f o r t h  t hr cu r T h e u t  th i s  paper assume tha t  0 is a regular ra~ ue 0:’ H .

The fo y o in~ lem~.a will be U 5~~ J [10] :

L ’r ~~a i .  Let R~~~
1
~~~~Rfl be a C

2 map and let 0 he

regular value of H. Then H~~~( 0 )  is a C1 o n e— d ir s c r m o i o r 4 a l

manifold.

- , 1 . -  . -

~~ o cw o - a ~~: t h a ~ any ~ or~n e c n cd  C o r : ’ :— :  .~~r . c i c n u~ .r r : . : ~~~~i .  i : s ~~~~~~

ror- :hic to a circi” or an interval (open , closed , or half—open ). Thus .

-i -n oI’ H 1( 0 )  oar .  b~ describ ed  by a c u r ;  x ( ’ )  .h~ oh

diffoomorphin to a circle or an interval . Furthe~~orC , for any x(~~
) € H~~(O),

we have

rank H’ (x (~ ) )  = n (1)

and ~~~~ is a u n i q n e  nonzero vector ( .~( 0 )  d~ n ot i r i~ the  J or i v a L i ’~ C em ’ x

C

~

- 
- ________ 

___________ -~~~~-~~~~
.
-~~~~~~~ - 

-
~~~~

--
~~~

———- -___________ 
a
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with respect to 6 at 6 = ~ ) ,  Consequently , we can differentiate

H(x( 6)) 0 with respect to 0 to obtain

B’ ( x ( 0 ) )  ± ( e)  = 0 . 
(2)

For a particular e , ± (8) is a vector tangent to the curve at 8 = 
-

~~

and spans the kernel of H’(x(6)).

For any I = 1, 2, ... , a + 1, let *~(e) and H~(x(0)) denote

the ~th component of 1(0) and the 1th column of H ’( x ( O ) ) , respectively ,

and let *~(8), H~(x(0)) be the remaining component s of *(0)  and columns

of H ’(x(8)), respectively .

2. The Main Theorem

Our followin g theorem for C2 maps is related to and motivated by a

theorem of Eaves and Scar f for piecewise linear maps [2 1.

Theorem 2. Let H: -~~ be a C2 map and 0 a regular

value of H. Then for any component x (9 )  of E~~ ( O )  we have

for all. i 1, 2, ..., a + 1:

s~~ *~(e )  = sgn det H1(x (0)) al]. 0

or

aga *1(e) —sgn det H~(x(9)) al.]. 0

( where sgn o A 0). 

- . 
~~~

..- - -—- 
~~~~~

- . - - 
~~~~~~~~~~

— - - - - - - —
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~‘e pr~~vc t o -  t .  o r - . in ~~~~~~~~~‘ p a r ts .

‘ ,--
~~- -  -

. ~r ~ . ( ‘ ~ ) 0 :~~ -~ det H 1( x ( O ) )  = 0.

P r o’ ’: P’~ ( 1 ) ~n d ( 2 )  we have H ’ ( y ( O f l * ( E ) ) = 0 = H .~~ . +

w~ e r -  r ao~c H ’ ( x ( ° ) )  = n -an i  ~~ O )  ~ 0. If *j 0 )  0 , th en

,.1
x , )  ~ 0 cc  t h o ,  ~et is ( x ( S ) )  sust  be zero . H

Le~~’.a_~ . Tf det H1 ( x ( - 3 ) )  = 0 then * . ( 8 )  = C .

P r o c f :  :i- -lot . H ( x ~~S ) )  0 , then f o r  some j  ~ i , we have

det H~ ( x ( 9 ) )  � 3 be cause  by ( 1 ) rank H ’ ( x ( 9 ) )  = i s .  For

s i m p l i c ity , ta~ o I = n and j = is + 1. Then . H~~~
1 ~~~~ + H ,~~~ =

fl+ j  ~~~+

.n+2. ,..n+1 —1irn~ 1ieo x = —
~~~~ 

) H
1x 1

. Hot c that the last comr ~cnent

n+ 1 -~~c:  — (~~ 
) ~~ - is zero , otherwise

r.+

det H is 
= det 

.,n+1 det

= det H~~ ’ det 1H~ , H 2 ,  . . . ,  H , ,  H ] ~~ [H 1, H , . . . ,  H , ,  H~~~

= det ~~~~ det -~~, wh er e  is th e

~~ X ~j  matrix. The first -- 1~ colunr:z

are given by ~I~~]. = [H°~
1r1[H 1,H2 . . ., , ]

and the last column j~ [ :~~~~~~]~~~ If the

last component of the l:tst colum n is not sort

then det H” ~ 0 , a c o n t r a d i c t i o n .

n+l
Hence , x - x 0. Hn n

—a- - --‘a 1:t ~. ~~~~ - --
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Lerwmrt ~~.

k . ( O )  de t fl~~( x ( 0 ) )  > 0 all 0 such that  ;~.(e) ~ 0

or

k . ( 0 )  det 111( x ( O ) )  < 0 all 0 such that ; r o ( S )  ~ 01 1

F H1(X (0)) , H . ( x ( S ) )
Proof: Let A CO ) = I . 

1

L .1( 0 ) t 
~~(O) j

~~(o)B(0) = IL 0 ,

where k1(o)t is the  transpose of k1( 0 ) .  Since k(0) is or t r o—

gormal to H ’ ( x ( e ) ) ,  we have rank A(0) = n + . for  all ~~~. ince

A(0) is con .inuous in 6 , we have det A(0) > 0 all 9 or

det ;~(0) < 3 for  all 0.

Now

, 0 
—

det A(8) E (O) = det
L *1(o )~~~ , ~(o )~ * (o )

= . ( 9 ) t 
~( “ ) ( d e t  H ’) 2 

> 0

since *.(0) ~ 0 implies det H 1 
~ 0 by Lemma 3. Thus t h e

de terminants  of A ( 9 )  and BCe) have the same n ono~~ro o ij ~n f r

all 0 such that i.(0) ~ 0. But

det B(0) = k~ ( O )  det fl’( x ( O ) )

whi~’h prove s the claim. H

- ~~~~~~~~~~~~~~ - _.~~ . , ~~~• . ~~~~~~ — ~~~- —.__—-r~~ -
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From the previous 3 lemmas , we get Theorem 2 directly.

Note that the theorem holds it H is restricted to , say ,

H’1 x [0 , 1]. In most applicat ions to x [0 , 1] a further restriction

would be required on the boundaries x {o} and X {l}—ria ely , non—

singularity of the n ~ a submatrix H (x , t )  at point s Cx , t )  in the

boundary for which H(x , t) = 0. This condition assures that all loops which

occur are contained in x (0, 1). An interesting corollary to the theorem

is the following nonotonicity theorem ,

Corollary Let H: -
~ be a map and 0 a regular

value of H. Suppose for some I , E (x )  Is nonsingular for all

x in a particular component x ( 0 )  of H~~ ( 0 ) .  Then, on that corn—

ponent of H~~ ( 0 )  ~ x~ ( 8)  is either monotone increasing or monotone

decreasing as a function of 0.

Observe that under the assumptions of the Corollary the distinguished component

of B~~ ( 0 )  cannot be ditfeomorphic to a circle.

3. Il].u.strat lone

~~.lust rat ion 1:

The theorem is ill ustrated in Figure 1 for the function H: H 3 -
~ H2

gi ven by

H (x , t )  f (x )  — tf (x0), x E t E R

where

f1(x1, 12) = 
~~~~.

~
‘
2~~1 

x2 ) (x ~ + 4)
2 

— lD(x~ + 4) + 9

- - - a
- ~.d
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-

and f (x 0 ) = ( — ~4 , 93 .09) . The fu n cLi o n  :t ro ta t ion about the v~ r t Jca l

axis of F(x) Cx — 1) ( x  + l)(x — 3 ) ( x  + 3) whose graph is

- — r f . ; — -

— — - 
.
~~
. — ________________ 

~~~~~~~ 
...

~~~~~ 
—

.:~ / J ~~~~

:/ .

‘ 

H

- ‘j ,~~~ U B~cj~~!~r 
~ 

.

- - - 

~~ 
- . ~~~J I~ V I~ (L;~~~.~~ ~~~~

For this ex arn ~-~.e H~~ ( O )  is a sin~ lo component. ( x ( 9 ) , t ( 0 ) ) , e ~ :o , 11,

and th ’ p ro ject i :. ~f H~~ ( 0 )  into H 2 
is a loop . The matr ix  H ’ of

Theorem 2 is
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Vf1 — f1(x
0) 

= T 1 0

L7f2 — 12(x
0) t~x1(x~ 

+ x~~~) — 20x
1 ~~~~~ + 4) — 20x

2 - !i~~j

A ccord ing  ~o th e  Theor ems ,

(i) t (O) = 3 <=~ and Vf 2 are dependent i .e. , if  and o n ly  i f

= 3 , and t h e r e f o r e  <~~> + 4 5 or = 3

( i i )  x
2
(0) = 0 <=~ the f i rst  and t h i r d  coluxr.ns of H ’  are dependen ~~,

which is t rue if and only if 1~x1(x ~ + 4) - 20x
1 

-9 1G7/~~.

X
1

( 0 )  = 0 <-=- > the second and th i r~ collmns of H’  are ~e~~ n iors ~- ,

wh ich i s t r ue if 2n d on~~o if  —
~~~~ = 3 . 

-

ax

The Lath cho;cn in Fi gure 1 i l lustrates  these proper t ies .

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - 
- 

- :4
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~~~~~~~~~~~~~~~ ~~~~~~~

I1lu.;t r’i~ cn 2:

The ti .eoron L i  lu st  r - tL ~~d in F i :u r : 2 f~r the rmct ion

0
H : H —

~ R ’ ,~ y en Ly

H (x, t )  = f ( x )  — t f ( x ° ) , x E ~~~~~~, 
-

where

f1
(x 1, x9 ) = x , 

-

th , . - . - .

an I x 1,  x . ) is an 8 degree po ~ynor i t l  cm t a~ ne-s . y r~ at -

f o f l c w i n~ ~r-ams h abcut the  r t i -~al axis .

- /
~~~~~~~

‘
\~~ 

~
‘1T

~ -

-- -

-L~ I L/ • L ” ~~~ -

.

Again f o r  ~~h i :  exarr .r H t r i t ~r~ is a s ir .~ 1( 00c m ‘~ ‘nt in th~ p r oj e c t i o n  of H~~~( 0 )

i n to H 2 
and t n i s  i a th  is a ~~~~~ It can be von f~ed t hat  n the r~~r ~Ofl 0 1 ~~~~~~

path conn ect ~r ir to the  “ fi r s t ” ..~~50 ( ~ o i t  \ )  t d ’ ’r e a s e s  , U is ins  r a e :

the n decr’2asc- i to 0. H- nec t h i n  so, a n t  o rw o t  be repr ’sentLd as is 1ifi’orcnt~ : t l - l e

path x ( i i .

_ _ _ _ _  _ _ _ _ _ _  ___________  :4
_________________ — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - 

——-- - - -- - —
~

———---- -- —  
-‘ 

- -



13

a~~~~~~~ . ~ - .. ..~

_ N. _ 
_ _ _ _ _ _  -- _ _  _ _ _ _ _ _ _ _ _ _

- _ _ _ _ _  - -— s—- _ -~~~~~~~~~~~~ ~-~~L______ — -_ _ _ _  _ _ _ _

_ _ _ _  

,J 
_ _  _ _ _ _ _ _ _  

- 

~~~~7; ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _-  _ 
1

,
1 /7Z 

_ _  _ _ _ _ _ _ _ _

-~~‘- 
:~~~~7ff~~~~~~~ 

~~~f \ 
_ _ _ _ _ _ _

/ ~f / /  £tc~o~~~~~o
/ 1 1

I 1 
‘
\ .  1

______ 
I .

_ _ _ _  — 

‘ \~
_ / — 

t _ _ _ _ _ _  ____________—

_ _  _  _ _ _ _  1 / .  

_  _ _  
~~~~~~ I 

_ _ _ _ _

•1 

_ _ _  

/
\ -~~~~~~~~~~~~ 

: ~~~ 
. 

-
,

X ~~~~~. 

-_______________

_ _  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

__ _ _ _ _  
a] LQLh.~~~I~ *=&~~~~ dcr::o~

_

&~~~1iL 

- —--- -----—-_— - — . 4



1 h

A t -~ ~~~ c t . : n : ;

A ppi ; C l t i O f l  L

A: a f i rs t  a r a i i e at ~~on we s~~r.rnar ~~:. u . n  of r h ~- c5m::s cnt:; in [
or. ~- l l~ L : : :  b~~t w s e n  m .i~~ set of :~~i- :~. * C

H(x , t )  = f ( x )  - t f~~x~~) 3, x E ~~~~~~
, t E R ( 3 )

to tee Sct of

f ’ ( x ( 8 )  :~( O )  = - h ( ~~) c~ 1J 0 ) ) , x~0) = x° (
~~

)

~ is a -~as ~~ in f’(x ’ ) n c n o i n 1 -a:ar m l  ~ is -a real value d

fusoo~ Ic- n of ‘~ -;at~~r: f v H -~ t i n - -  c o n d i t i o n  z~ r: A w-n lo t  f ’ -
~~x~

’ O ) ) .  The

sea of -~o n t ~ s a t i s f ~~~n~ eauat i r. C ~
) can be f o i . c~wed ( i r .  a p r e c i  .m e l i n i t i nt

zee -e) :-, a sc~h. ar i t c ~~:in: uira -~ : i a l  r i ’r c t i n~ al?o~-~~t ina .sini .ar to tao

n- -~s~ce iatr. - :u:o i by e au t h o r s  is. ~~ .1. Pine . l i f f -~:-~- n . i  - - s - :~ a i o n  ( i n ) _oi :

— ‘: 0 - : in  - arm inas a ’ : - -  cc 1 : 0 ,  Jo of ‘ -~ i c L  in-- a-j . ~~~. noa :-~ 
-

- •

~~~~nc o  ty  a: :us~r t  ion  f is C2 un ’I 0 is a re .~1ar ra~ ue of H~

~~~~~~~~~ :~~~r.~~ t’: (~~
) - - cn r r i s e  a on e — d i m e n s i on a l  .r : i f o l d , so t h at  ~iie

o -: a~~r.t of  d ( 3 )  s o n t ain i n c  the  “ in it i a l  po in t ” (x 0 , 1) may be d esc r ib e s

by  a cur v e

(x (~~), t ( e ) ) ,  ( x ( 0 ) ,  t ( 0 ) )  = (x 0, 1)

C :) ‘~~~~ ‘~~~~-~~ - t i n

f’(x(°)) *(0) ~( 0 )  f(x 0) = f ( x ( 0 ) )  (5 )

I~~~~~ - 

~4

~ 
-. —-. — — 

r
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if a ( 0 )  ~ 0. Thus i f  t ( 0 )  ~ 0 j t  fof l  own from T~v ’or - ’:: 2 thu

det f(x (O)) � -3 so t h u r .

k ( O )  = ~~~~ f ’ ( :~(~~) ) ~~ f(x (~~
) )

In t h i s  t n r ti cu T h r  care our theorem says

sgn t ( 8 )  = sgu det f’(x (O)) all 3

or
sgn t ( O )  = —sgn det f’(x (O)) all 0

We now observe that (5) provide s a special i n s t an ce  of ( 4 )  i f

sgn = — sgr.  det f’(x(efl. Heca l that t(0) = 1, and adopt t i n e  Oor.oonO ~~or.

if det f’(x~~ -, 0 ( <  0)  we I n It I a l l y  n0 ;e on t he  pat: sm: : . a i l 0 0 0 t L n m .  •.aa~.

decreases ( i nc r e a s e s )  fr om i t s  i nit i a l  value 1. m en s~ n = — s a. set f ( u )

and by Theorem 2 th i s  wi ll  be true for all 0 such t h a t  t ( S )  ;- - : .

prove: that a piece of the solution to (
~~

) is a solution to ~~4 ) ,  f - .s ralc ’s

al~t o n i t h m  t ex~iiinates the moment the f i r s t  zero is  en- :our .  ore-i (a~ O) = 3 )

- ,t . II • . 0
wher-- as (~~) can be continued. In Figure 1 , tee j ane f~ cm x to  te~ p - l n t

labeled A is the ~ma3e path (solution to (L)). The solution to (3) is  tee

entire closed loop which contains all of th e zeros of f.

Nov consider Figures 3 and 1~. Here we are solving t h e  -~~1aslln.:

f1
(x 1, x

2
) = x

1 — 3 0

) f2
(x 1, x2

) = (x~ + 4)
2 

- iO( x~ + 4) - 3 0

-.



The obvious r.~1ation to the function f in Illustration 1 should be

noted . It is neon in Figure 3 that the projection of H
1(0) into

R2 contains two components. That component passing through the “starting

point” x° does not pass through a root . However , consider Figure 14 ~here

the starting point x° is chosen “at in fi n ity.” In t h in  case the projection

of H~~(0) into H2 is a single pat h x(0) which passes through both

roots of f. It can be ver i f ied that th is  interes t ing behavior will occ ur ,

for t h is  example , with any x° suf f i c ien t ly  large in norm .

In ( iii ] Smal e has demonstrated a result which can be restated as foJ iows :

Supnose there is a bounded open set C such that 1’: C -,

C and aC are connected , ac smooth , and x E ~C ~~~> det f ’ C x )  > 0 and

(f’ (x))~~ f (x) intersect s ac transversally at x.  Suppose f E C2
,

E ac and 0 is a regular value of H ( x , t )  f ( x )  - t f(x0) .  Then

the connected component of 11 1(0) containing,  (x ° , 1) will  con ta in  a zero

of f .

Figure 1~ demonstrates  a set C’ sat isf yi ng ~ir al e ’ s assur n t i o n s .  ~iote

that only 1 of the roots is contained in this set .

- —-~~~- —~~ . —.
~~~~~~~~~~~~~~~~

. - - .—-—— —- - - - ..______________
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Appiic -’.t son

In [ 6 ) , ~Ptr~~i.i ‘in-I Zarm ~ wi Ii .oh~~ ed how t -  f i n d  all u o l : t i o n u  to

ce r ta in systems of n n ae l inear  equations in cempi~ x variables. For

exa~1pI e , they show how * o - -s ns~-ruct all solutions to an arbitrary ::,,st,,n of

n polynomial equations in n unknowns.

The un d e r l ’. i’:c i m c - - : r - - r  in 6 J proves a mcnctcr :ic behav~ ..,r of t h .~

of solutions tc a particular set of liorsotop,’ equations. This resrilt is

achiev~ ~y use of the 2aucny—r .eimnnn conditions to show thnt det :~~(x , a )  > 3

for arm y ( x , t )  in x [0 , 1], (where  H is tne Jacobian of H wrstzm

~.s a function in ~ [0 , 1] ). The res~~t is there fore a ~-c~ a case of

• . our corollary to Theorem 2, which in this instance :;tates that the path must

be nonotonic nondecre-asing (Cr monotonic nonincreasin~ ) in the variable t.

This key result nay then be used in [61 to show that starting from any sclot i

to H (x, 0) = 0, the path x~t) satisfying

H(x( t ) , t )  = o

must yield an x (i) whion solve s the  :3~ y en system of ~ ~u. ’1m- ion:: . Peo ~ J f-o r

a complete treatnent of thi:~ problem.

Application 3:

Let us consider a C2 function f: 1~ ~ where Jet f’(x) > 0

all x and u r n  I I f ’ ( x ) Ij  = (i’ satisfying, the latter condition is said
I Ix H- ~

to be nr-rrr~-r : ri~~r~-; ’ 1 r.),

Th is  condition on f Is essentiall y tha t  for the 1!~~ J:LnaF I the -~~ sr’~

Theorems 5 .j . 9  and ~.3.l0 of [11]. See also Theorem 10J~.3). It is known th at

_______________________________ - — 
a _ooocTaia. ~~~~~~~~~ tT~~~ 

—
~~~~~~~~~~

‘ - ~~~
‘ -~
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for -any y ~ I~~, the above azslLm~ ti .orm s ~~~~~~~ t I e  ex is t ence of a unique

x~ o—i ~ - 1

f(x*) =

To ~‘ind x~ , consider the homotopy

H(x , t) = f(x) — [t f(x0) + (1 — t )  yl = 0 Cx € ~~~~~~
, t ~ R )

0 i•’ •an ~rhitrary x E R (This  is the limiting path ~encrated by tee

cem~ l-smentary p i l o t i ng algoritlun of Garcia—Gould in [ h I) .  Then

det H(x , t) = det f’(x) > 0

f o r  ~ny Cx , t ) ,  so that the algorithm of Garcia—Gould wil l  t r ac e  a

path (x(~~), t(e)) which by the corollary to Theorem 2 will b-c m o n o t on i c

in t. This monotonicity, along with the assunpti-cn Urn I f f ( x ) H
I Ix LH

implie s th a t  t cannot be as~~ptotic . One is there fore assured of findin-

~ uia s-~~ sc lot ion  (x(0), t ( 0 ) )  = (x * , 0) of

f ( x )  = y

for an arbitrary y E

—
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