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Interference Versus Frequency in Measurements in a Shallow Lake
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hiterference Versus Frequency in Measurements in a Shallow Lake

ROULT:T J. JIOIRnER
I'~. S. Xaiiy I Unier~r Soiunzd Re'ference Lzboralory, Ot1.:,do, IIltrida

(Rceived March 22, 1961)

When an oinidircctional projector and hvdroplione arc closely spaced and in shallow mater, and sound
i'. transmnittedl fronm one to the other, a large interference signal is superimnposevd on tire direct signal. If tile
ecedved signial is plotted as a function of frc.uoicy, as in a calibration mneasuremnent, the interference signal
amplitude appears to lbe anr incon!i'tent series of irregular sAtrp peaks and dlips. \ nathemnatical analysis
of the condition where tire transducers are niiiNav btettneen a %%ater-air surface and a I sui !'e -covered bottom

hosthat the shape, amiplitude, and fkequency of thr interference jiatternlare predictable as thre result of a
large nunber of inultireflection paths.

INTRODUCTION where Af is the freqiuency interval between adjacent

A Cf )tS'IICAL mecasuremients, particularly for the peak or adjatcent niulls, ris the speed of sounrd, and
I~calibration of underwater sound transdicers, are Ad is thv pth difference between the direct and the

often mlade in ,hallow water. For economnic or other suirfatce reflectedi Ainls. Figure I is a dciIbeI 0

p)ractical reasonis the absenice of goold free-field cond~i- logarithmic plot. Onl a linear plot the oscillating
tions miuA bie toler.,ted. pa:tternl would have all approximately sintisoidlal shape

T1hie Underwater Sound Reference Laboratory cthi- InI either cawe, tile correct level of tile (direct signal is

brates transducers in a lake 25 to 30 ft deep. This easlily ascertained front the miaxima and miiina levels

d1epth is amp~le for measurements at uiltrasonic fre- of thle oscillations.
quencies because mevasurenient transdiucers call be At attttio freqluencies the interference is not so sirrnple.

made directional to avoidl difficulties with reflections Figuire 2 is an exampjle of a hydrophione outputt voltage

front the top andl bottom boundaries. Suirface-reflected versuis frequiency. Tlhe sotud p~rojector w~as a USRL
soud n te iretin f min~ lbe o th r~litton type J9 which has at smnooth and almost constant

p~attern, and other types of interference, are easily tasitn epne 2 'h ylohn ~a as
recognized and accounted for. For example, Fig. I is tylpe ,111511, which has a conist,,tnt receivinig senisitivity.
aIt race of a hydrophione outlut voltage verss qunc T'he 1:8 ratio of transdlucer sep~arittion to water dep)th

The oli lie istheinesure votao. frequencyd was chosen to show the effect of interference ini somec
'Ihesoidlie s hememsre vltge ''h (ase detail ; it is not the minimumti ratio uised at the LUR.

line is the corrected voltage. TIhe oscillating patternl Teitreec silain pert eicn

canbe denifid a sufac relecionintrfeenc frm' sistent; they are of irregular shape and the amnplittide

ArclAd, (1) is mutch greater than canl be accountedl for by a single
murface or bottomn reflection. The oscillations do,

- -- - - - - - however, rep~eat at the saine frequency interv'al Af as
F f would a singde surface re'flection.

B ]ecause of the long wavelengths at ,tUdliO frequtencies,
directional transducers are not feasible. Short projector-

1 30-

CO vU.yg Im A.U, 1

-~r .. TOOT-H. I

a L___20

illustrating a typical oscillating interference pattern resulting 01 0.5 10 - 5

fromn a surface reflection, Solid line is measured suml of direct and FREQUENCY IN KC

reflected signals. Dashed line is computed direct signal. FIG. 2. M!easured liydrophone ouitput voltage where projector
IThis formpula is app~licable to wany types of interference. If air surface and bubble-covered bottomn. The transducers are

standing tnaves are set up betweeni t%%o planic and parallel trans s5.eparated by a distance equal to is of the water depth. The
ducers, Adis tliCe the &iStanCe between transducers. if "cross poetrrasntig epneadhyoloercivgtalkI" or the interference between the dlirect acoustic signal and sensitivity are both essenitially constant with frequency.
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suAFACC undergoes a phae reversal at encb pressure-release

boundary. Similarly, the signal from the two-reflection
path is 12 cos(wi-kd2-27r), or from the n-reflection

Fit'. 3. Schvmatic path is A,,cos(,d-kd,,-nr). The reflection path
dr:%% ing, f asulll-0"- distances are given by
litio for a projector

and iydroj linne in
%%atcr P'dtll- are sh,,wn Ii 2E(do!2):+ (Di/2) n,
for the direct ,,ignaland f-~r tile single- d=l(,/t'+h2 I

-l -, and trile.. . . . . . .

relrc mk it'll iath , wnen d1, = 2 [ (do/2n) 1+ (1)/2)"] .
tihe lInst reflctionl i

from tihe surface.
Since D>>,,, the do/2n term can be neglected, and the
0dtances reduce to

d2= 2D

to-llydroplhnne distance, help to reducC the inter-
ference by inurea-ing the ratio of direct-to-interfering d,=nzD.
signal anplitudl- It would appear helpful also to
work as far away a, po-ible from the nearest bound- The amplitudes of the reflected signals can all be given

aries, or io work at a depth midway between surface in terms of the path lengths and the amplitude A1

and bottomU. If the bottom happens to be a pre.,,ure
release surface, as it frequently is because of ga,)
bubble, from deLaying organic inatter," I the mid-depth If 2{(d,,/2n)2+(D/2-'I-nDKX, then the phase of
may be the wor.-t place to work. the reflected signals cal also be given in terms of the

It will be shown that there is a regularity to the thepreflectin n ald be genpinters f the
interference pattern shown in Fig. 2, and that the approximation ecomD and the expression for the

regularity, shape, and amplitude of the interference reflected signals then become

oscillations can be predicted as a result of placing two .11 cos(w-kD-r),
oinidirectional transducers midway between two (A/2) cos(wl-2D-
water-air surfaces.

THEORY (A lln) cos(wl-tkD-mr).

Consider tile condition shown in Fig. 3 where a The total signal H received by the hydrophone will be
projt ctor and hydrophone are separated by a distance tile suum of the direct and all reflected signals
do. The water depth is D, and both transducers are at
the depth D/2. The depth ik: much larger than the
distance do. Both transducers are omnidirectional. II=Aocos(w1-kdo)+r (Ai/l) cos(w-nkD-ir).
Both surface and bottom are pressure release surfaces. ,-1

There is an infinite number of possible ray patlhs The second term can be expanded as follows:
between the transducers. Tile direct path and paths
involving 1, 2, and 3 reflections are shown in Fig. 3.
For each number of reflections there are actually 2 F, (At/fl)cos(ow-nkD-Pmr)
paths, 1 for the first reflection at the surface and 1 for ,,-1
the first reflection at the bottom; only the surface-first
paths are shown in Fig. 3. =E (A l/n)[cosw cos(nkD+nr)
The signal received by the hydrophone via the t,-1

direct path is given by A ocos(og-kdo), where Ao is +sinw/ sin(nkD+nr)j.
the amplitude, o is 2rf or angular frequency, I is time, Then
and k is 27r/X or w1c or the wave number, X is wave- HiAo cos(ot-kdo)
length, c is the speed of sound in water.
The signal received by the hydrophone via the one-

reflection path is given by A1 cos(w1-kdl-7r) where +[A1  t -' cos(nkD-l-nr)]coscd
AI is tile amplitude and d1 the one-reflection path n-i (2)
distance. The expression includes 7r because the signal

3 J. L. Jones, C. 13. Leslie, and L. Barton, J. Acoust. Soc. Am. +EAs
30, 142 (1958). It -' sin(nkD+nr)] sinwi.

R. J. Bobber, J. acoust. Soc. Ain. 31, 250 (1959).
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If the substitutionso,( nkl,+ nr) - I-l),, co,,(tkD,)//

11:n(nkD~nrr)= -1)" sinonkD)

are made, Eq. (2) can be written o

11 .1 cos (co- kd,,)

"-I. -+E~~t 1 ( -l-cosizD]'oscot .

-,(3) 0 V -2r 3 -4V 5
kD)

z Fi,. ,. Saw-t,,othi comlnent of rnc i l signa a+ [.11 (- ) n-1 sinnkD ] sin. functi,,n of av u num br tinits d elth ( Wl).

The ttal ,ignal then i, the uni of the diret igial or the second term in Eq. (3), il have a 90' or 270*
and two relict tion or intrfe~rcii component,. The pha.-e relation with tihe directsignal and can be neglec-
two interference comlpont,, given by the ec'ond and ted. FEquation (3) then simplifies to
third term, in E'q. (3), are (X' (out of phiae with each
other, and the phia,e of both with respect to the direct
signal depends onl the angle k. Since the direct path 11= [4-Ao+A I Z (- 1) - sinnkD] sinw/. (,4)

do is mutch shorter than the one-reflection path D, the '
amplitude .6, is much larger than the amplitude given
by either bracketed term in Eq. (3). Therefore, For conditions (b) and (d), the coie component will
ani interference component which i, in phave or 180* u have (0o or 180' phase relation with the direct signal.

of pa~ewit th diect ,inalwil ad arthm tial The sie component will have a 90' or 270* pha, e
of to~ t the direct ignal illderfith onenty relation with tihe direct signal and call be neglected.
which is 9,X) or 270* out of lphase with the direct signalEuain3)tesipfest
will have niegligible effect onl the amplitude of tihe total
signal-that is, 1/= [:: A -1)rn- cosnkD] coswi. (5)

11l =A 0:h A I- (-1"n-' 0°nD/ The summlation term in Eq. (,4)is the sanme as that for
.-tsill a the Fourier series for anl inverted' saw-toothed wave.'

(0° or 180* phase difference) If it is plotted as a function of kD or frequency, tile
saw-toothied interference wave in Fig. ,4 is obtained.

{ [Cos ]2 1 The ternm "wave" here aplplies to a lperiodic variableI/ A014-: Al I) (-1)n -1 snkD ZA
n. sil as a function of frequency rather than of time or

distance aa . i te u-al ca--e, anod wvi!! be referred to as
(90* or 270" phase difference). ant "interference wave" when necessary to distinguishi

it from the real acoustic wave. Where A o and A,1 have
. The relative phase of the interference conmponents and opposite igns, the(- inverted aw-tootled wave is

the diremt Agnal Uill dlhlnge Continuously as a function inverted again, and it normal or positive s a,w-toothed
of kd or frequency. Consider four conditions for do wave is obtained.
given in wavelengths X: The summation term in Eq. (5) is, in spite of its

-: (a) do= X14, 5X/,t, 9X/,,. etc. simple form, not commonly used and not found in

thenkdo ir2 an co~co- kd) =sinolthe usual references onl Fourier series or wave forms.
thenkdo~/2 nd cs( tk&,=sin~tA plot of the sum of the first five terms is shown in

(b) do= X/2, 3V,2, 5X/2, .. etc. Fig. 5. This interference wave shape will be referred
then kdo=7r and cos(wi- kdo)=-co.cet, to as a peak wave in the form shown, or when A.o and

(c) do= 3A/4, 7X/,4, I IX/4, .etc. A Il have the same sign, and as tan inverted peak wave

thenkdo3rl2andcos~1-k,))= siiw1,in the negative sense, or when A and A i have opposite
thenkdo=rr/ andcos~~l-do)=-sin~tsigns. Of special significance is tihe amplitude of the

(d) do= 0, X, 2N, ... etc. sharp peak. When kD=r, 3r, 57r, etc., the sunmation

thenkdo0 an co~w1-do)cosw. 6As used here, a positive or normnal saw-toothed wave has a
For conditions (a) and (c), the sine component, or the slant fine with a positive slope. A negative or inverted saw toothed

wave has aslant hnei with a negative slope.
third term in Eq. (3), will have a 0' or 180* phase 6 F. E. Terman, Radio Engineers' Handbook (McGraw Hlill
relation with the direct signal. The cosine component, Book. Complany , Itnc., New York, 19,13),1)pp. 21-22.

14O



- *1 - - The amplituide for the -aw-tootlted wave wh~eni
it- w is Lh-1.57.1i, and for lte peak wave is +,0

20 - ___ - iand - 0.69.1i

I ~The ratio of .1'I for a single boundary rellectionl
- - -would be th./JJ; however, the amlitudle JlI is, thc sum,

of one surface and one bottom reflection. rherefore,

-5 -c A 2. 1 ob.' ID, ,ai1d the maximum amplitude of tile
00 interference waves betoie + 1.57(2.InI./1D) for thc

-C - - -aw-toothed wave, and ± x and -0.6()(2. I d#,/D) for

OlOin a dlecibel clthe interference wave amhlplitudeC
0 is given iby

f +20 log(1+3.11410 D) I (saw-tooth)
--20 iog(l -3.1ld/II

0 V 2W 31 4w (peak).
WO - 20 log~1 - 1.38Sd.,/D)

11,. 5. Sum lif firt (1VV turnio --f vxIprvsi on ftor the livakol
ollw~ilvid 'd1 rt-cut iw 'igna .%, .i uclt.' (of wave niiwnr For a typ~ical ratio dl,.'D= 0.12, these amp~litudes
linw ivplth 4WI) becomle + 2.8 and -4.1 db1 for the saw-toothed wave,

and~ + x and - 1.6 d11 for the peak wave. I-or similar
term ill Eq1. (5) or co~ine cerie, bel onic amplitudes resulting from a single reflection from a

I +1,'2+ 1, 3+1/4'-+ - ", . single boundary tile value,, are 4- 1.0 (lb.

This is a hiarmonic: series which is divergent. T1hus, the DATA AND DISCUSSION
amplitude of the sharp pleak intreases % ithiout limit a. The interferece~ waves inl the curve inl Fig. 2 clearly
)z inc-rea'-cs. T1he negative amplitudle is tile sumn of show tile sequence of shapes predlictedl by the theory.

-I + 1/ 2- 1,,'3+ 1 /4. .. which converges to - 1n2 or At frequencies of 300t to St)0 cps, the peak-to-peak
app~lroximately - 0-09. amplitudes of the sa'r-toothecd waves are approximately

The terms inl pitreltie-es inl Ebs. (4) andl (5) 7 db-- again inl good agreement withl theory. At hligher
dectribe the amp~litude of the total ac-oustic, signial frequencic-, tile assump~tion of olfniilirectional trans-
under four (lifferent c(nditions. Sic .I t and , I arc ducers lose, validlity. T1he effect of a (directional
almio-t oonstants witih frequiny, tile shapes of these trans,,ducer i5- to reduce the ratio of . ,10and of the
ampllitudle functions, or interferec-e 1uaves, %%liit WD interferenic WVCav am1plittRde. It (does not affect thle
or frequency is a variablie, are described by tlie wave shape.

summation terms. Tihe top and bottom boundairies inl any praicticalI labie I summariz/es tile relations among the four situation arc not perfect reflectors, and some energy is
,onlditions, lte form of Eq1s. (') or (5) whikh applies, lost through both boundaries. Because of this energy
and tile wave shape of thle amlpli tudte. Consequei tly, loss and tile ab~senlce of other ideal conditions, tile
for tile ct-mditions iLsuITed ill this analy sis, tile amlph- nlumb~er of reflcttion patihs effective ill forming tile
tude wave sampe shlould change from inverted saw- interference waves is limited. Cluies to how many
tootil to invertedl peak to saw-tootil to peak, andl tihen reflecLtion paths art. effective are available in. the nlumber
through tile samne sequenc-e again, ws lte fretiuemlcy is of necondary oscillattions on tile saw-toothled wave and
increased. the amp~litude of tile peak wave.

The frequencies at wiLil eacl) Wave Shap~e Will Analysis of data obtained whlen do1'D is 0.10 to 0.12
ap~pear are calkulated from the d0 Xratios. The inverted inidiutates that 20 to 30 refle tions are effective inl forming
saw-toothed wave, for example, will apl))Ca whien tile imterferentc waves a surp~risingly large ntumber.

do, X/ = l (f)It was assumed ill tile theory that d., was ap~proxi-
h~ X/' c/(4) (6) mately equal to nD. Thie errors inl tilis asbumiptioll are

or/ f c/=) largest for n = 1 or thle first reflection and at tile hilihst
frequencies. For d1o= 100 cmn and D=800 cm, the

Similarly, thle inverted peak wave will appear distance or magnitude error for n= I is 7 cmn or less
wihen = (12)(c/dn), tile saw-toothed wave when than 1 p~ercent. Thle 1)ilase error is 33.60 at 2 kc and
f= (3/4) (c/d,, amnd tile peak wave whenl f= c/d.. At 8.40 at 500) cps. lile phiase error is olbviously thle more
intermediate frequencies, tile wave shape will, of important of the 2, and along withl tile (directivity, is
course, be a complex combination of saw-toothed and responsible for degeneratioit of the interferenlce pattern
peak waves, at high audlio frequencies.
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Tiu." I. Sunnar- of interference msawc .v,e analysis.

0,.n4litioin Total signal amplitude Amplitude uave liae

&- X/4. 5XI., etc. + . (- 1)"n- sinnklD Inverted mw-tooth

d,, 12, 3X/2, etc. -. l.+! i (-I)- IcosnkD Inverted peak

d,-3X/.l, 7\/!4, etc. -A,+.1I (- I)"sn-r sinkD Saw-tooth
's-I

d(,-O,A, 2%X, etc. +A,4-41 (-l) I-cosnkD Peak

The four types of interferenc waves appear at Under some practical conditions, larticularly in air
frequencie, very tose to those predicted by Eq. (6) acoustics, the top and bottom boundaries may both be
and theory. A small, but tonistent and unexplained, rigid instead of pressure release a large, low-ceilinged
di-crepancy n be notk ed at the higher frequen ies. room with hard floorsand ceilings, for example. It can be
The peak wave in Fig. 2, for example, appears at 1.5 to shown that thelc boundary conditions merely eliminate
1.9 kc, \,',ere the computed value (f=c/d'h) is 1.525 kc. the (- 1)" terms in E'q. (3), and that this results in a

shift of ,r in the interference waves-that is, in Figs. 4
OTHER BOUNDARY CONDITIONS and 5, the 0, 2r, -It, etc., points on the abscissa would

be shifted by rt in either direction. Otherwise, the rigid
With a single l)hane boundary such as the water-air boundary condition k the same as the pressure-release

surface, the total signal is the sum of the direct signal condition.
and one reflection An implication of the theory is that when one

H/= B,, cos(ot)+l 1 cos(/+O), boundary is rigid and the other is pressure release, the
interference at poinLs midway between will completely

here A. and B are thme amplitudes of the direct and tancel. Attempts have been made to test this a.pect
• _reflectted ignal and 9 is the phac difference betCMen of the theor). The result, %%ere inondtlusive bcause of

them. This exprcssiun aln be expandcd and rearranged the l)ractical dilliculty of obtaining a large or "ide-

II= Bo cos&t+Bi[cow,1 cos0-sin w sin0], spread, rigid, bottom boundary in water.

=(J3-+B 1 cosO0) o,-u& - (B, siniO) nt\orking at a depth shallower or deeper than the
mid-depth does not eliminate the interference problem,

If Bo>>B, the second term can be neglected and it merely complicates the analysis of the situation.
S= Illouvi, bectuse vf the symmctrical boundary condi-

i- = (I,,+B1 cos) cosl, tions, the nmaximum coherence of the many interfering

The amplitude (B,+B cos0) will oscillate as a function signals and therefore maximum interference would be
of 0 and will repeat when expLcted at nid-depth.

0= 2nre CONCLUSION
or Where an omnidirectional projector and hydrophone

2irAd/X =2tir, are closely spaced in shallow water, the acoustical

where n is an integer and Ad is the difference in path interference measured as a function of frequency can
length between the direct and reflected signal. Then be explained on the basis of a large number of multi- -

reflected sound rays. When the transducers are half""l0
Ad=nXA=c/f, way between the water-air surface and a bubble '  b"
f= nc/Ad, pressure-release bottom, the true frequency response 01

or curve has superimposed upon it an interference patternAf= clAd, (7) which is a sequence of saw-tooth and peak wave shapes.
For a projector-to-hydrophone distance equal to one-

where Af is the repetition frequency or frequency differ- tenth tu one-eighth of the total water depth, the
ence between adjacent interference peaks. Equation (7) interferenie wave shapes -,an be expected to have
is the same as Eq. (1). amplitudes of 7 to 8 db.


