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Chapter 1

Intruduction

1.1 General Remarks

In recent years there has been impressive progress in the

theoretical understanding of the structure , representation and

control of linear multivariable systems. In contrast ,workers

in the field have paid very little attention tc the computa-

tional aspects of systems problems. This does not mean that

algorithms for the solution of systems problems have not been

developed. But most of the algorithms that have been proposed

h ive never been seriously studied as far as stability , conver-

gence and similar issues are concerned .

In this thesis we undertake a study of solution methods

for Lyapunov ’s equation

PA + A ’P  -Q (1.1)

using the methods of modern algebra. The emphasis is on the

use of finite algebraic procedures which are easily implemented

on a di g i ta l  computer and which lead to an explicit solution

to the problem.

1.2 Importance of Equation

r t is well known that this is an important equation in the

stu d y  of stability of linear finite dimensional time—invariant

systems. If Q is symmetric and positive definite and if A is a

stability matrix (real parts of eigen - values of A strictly

nega t ive ) then the unique  positive definite solution to (1.1)

is g i v e n  by the convergent in tegra l .
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p = f  eA ’t .Q . eAt dt .  ( 1 .2)

[ 4  I

In Optimal Control it is frequently desired to evaluate

quadratic integrals of the form

J = f  x ’ (t )~~Q~x(t)dt (1.3)

0

under the constraint that x (t) satisfies

= A x ( t )  x ( 0 )  c

If P is the solution of equation (1.1) we have that

3 = c ’ ~P c . ( 1 . 4 )

Stochastic control is another area of importance ir~ the

evaluation of covariance matrices in filtering and estimation

for continuous systems.

The need for solving this equation also arises when one

uses New ton ’s Method to solve the Algebraic Riccati equation

PA + A ’ P + c ’c - PBR ’B’P = 0 (1.5)

where H is positive definite .

If (A,B) is a controllable pair and (A ,C) an observable

pair then there exists a unique positive definite solution P to

(1.5).

[n 1101 it is shown that  if 
~k ’ k=0, 1,2... is the

unique positive definite solution of the linear algebraic matrix

e q u a t i o n

A~
Pk + PkAk + c’c + LJ~

RL
k 

= 0 ( 1 . 6 )
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whor e  r e c u r siv e l y ,

= W~~B ’P ~~~1 k 1, 2 , . . .

Ak~~~
A _BL

k

where L0 is chosen such that the matrix A
0 

= - BL0 is a

st~~b i i i ty  m a t r i x  then

~) 
~ ~~ ± i~~ ~~~~ ... k = 0 , 1, 2 , . . .

ii) J i m  
~k =

k —

Equat ion ( 1 . 6 )  wi th  k = 0, 1, 2, .. .  is a Lyapunov equation .

1 . 3  Method s of Solution

The Lyapunov equa tion has many areas of application and

t h e r e f o r e  a great deal of effort has been put in both the theo—

r et i c al  as well as its computational aspects. There have been

levisecl several method s of solution which can broadly be charac-

t e r i z e ( 1  as e i the r  Direct , Transformation or Numerical. An

e x p o s i t i o n  accompanied by error ana lys i s  of several such methods

is con ta ined  in [ 1 , 2 1 -

The basic drawback wi th  such method s is the fact that the

s o l u t i o n  obtained is an approximate one. This becomes frustra-

ting when the problem is ill—conditioned . FL’rthermore if a

Riccati equation is to be solved which requires the solution of

several Lyapunov equations the matter becomes even more compli-

cated . Not only is the solution an approximate one but nothing

is said about the accuracy of the approximation.

The need for improvement is quite evident and in certain

crms=s demanded . In this thesis we have developed new algorithms

for obtaining the exact solution of the Lyapunov equation .
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1.4 Summary of Thesis

Let A ’P + PA -(• ) ~~e Lypunov equa tion wi th  A being a

stability matrix and both A and Q n dimensional matrices

w i t h  r e a l  e nt r i i s .  Let R [x ,y1 be the ring of polynomials in

x ~iiid y ove r the r e a l s  H , and M be the set of all nxn square

m~I t r i r ( s over the r e a l s .  The so lu t ion  P of th is  equat ion  is

(J 1V ( ’ I I  by

l - f~~( q ( x , y )  , Q )

wh ’~ re q ( x , y )  in R Ix ,y I

£ m f l ( J  f
A : R J x ,yI x ~~~~~ def ined  as

f A ( h ( x , y )  , M) = h (A’)~~~M (A ) k

j ,k

Ihis metho~ is based on an important paper by KALMAN

9j . Kalman ’s concern was the characterization of polynomials

whose zeros lie in ce rtain algebraic domains (and the unification

of t h e  ideas of lle~ m it e and Lyapunov ). In this thesis we cla ri f y

and complete some ideas contained in the paper and extend the

results by showing that the same ideas lead to finite algorithms

b r  the solution of Linear Matrix Equations.

‘rhe thesis is divided into four chapters. In chapter 2 we

introduce the algebraic structure in which we will be working and

p r o v id e  proofs  of several theorems related to a l inear matrix

( ‘qu a t  ion . This  chapter  provides the basis for  chapter 3 where

the  computational algorithms are presented . In chapter 4 we list

thu computer programs used in implementing the algorithms and

r~r e s vn t  several numerical examples. In chapter 5 we present

semi generalizations and extensions.
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Chapter  2

Algebraic S t ruc ture

2 . 1  I n t r o d u c t i o n

This chapter provides the theoretical basis on which our

method for solving the Lyapunov Equation lies.

There are two main themes. The first one is the association

of a unique matrix with every polynomial in R [x,y]  and the notion

of a positive polynomial. Lemmata (2.1) ,(2.2), (2.3) and part

(iii) of Lemma (2.4) refer to this idea. The above four Lernniata

are stated in section (2.2) but their proof is presented in

Appendix A.

The second theme is that of the action 
~A which is examined

in section (2.3).

The above two themes are used in proving the two theorems in

section (2.4), which are related to the Lyapunov Equation.

2.2 Four Lemmata from the Theory of Matrices and Polynomials

Let R be the field of real numbers R{x] the ring of polynomials

in x over H and R[x,y] the ring of polynomials in x and y over R.

The elements of R x i  are denoted as p(x) and the elements of

R [x ,yJ as h(x ,y). R[x] is a subring of R[x,y].

Suppose tha t  p ( x ,y) is in R[x,y] and 1(z) is the column vec-

tor
1
z

;~- 1
where n is one plus the largest power of p(x ,y), in either x or y. 

-~~~~~~ ——_ —-~~~~~~~~~~~~ —~~~~-_ -
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Then we can wr i t e

p (x ,y) = 1’ (y) -C(p) -1 (x)

fo r some uni que nxn matrix C (p)=(a
~~~

). (The element 
~~~ 

is the

coe f f icient  of the term x 3 yi 1  in p ( x ,y)). If n is allowed

to Lake a value larger than the one defined above for any par-

ticular p ( x , y )  the uniqueness of C(p) is lost.

We therefore can associate a unique matrix C(p) with any poly-

nomial p(x ,y). The reason behind this association is the intent

of assigning polynomials to value classes.

Definition 2.1. A polynomial p(x ,y) in R[x ,y] is positive if

and only if  C ( p )  is (i) symmetric and (ii) positive definite .

Let ~ denote the ideal (p (x ), p ( y ) )  in R[x ,y].

~~ =~~ g(x , y )  g ( x ,y) = a(x ,y)p (x)+b(x,y) p (y) for any
( a(x , y) ,b(x ,y) in R[x , y]

Let R [x ,y]/~ denote the associated quotient ring . The

elements of R1x ,y1/~ will be thought of as cosets or as equi-

valence classes (whichever is more advantageous at a given situa-

tion) denoted as t~~~+ p ( x ,y )  or [ p ( x ,y)] respectively. We shall

d enote by p(x ,y )mod~ the polynomial of minimal degree in the equi-

valence class [p (x ,y)II .

Let R
~~
(x) denote the vector space over R of all polynomials

of degree less than m in R[x].

Lemm a 2 . 1  - Let p ( x ,y) be a polynomial in R[x ,y] with C (p) being

an mxm matrix . Then p(x ,y) is positive if and only if there

ex ist polynomials rt1 (x )  r~~ ( x )  such that 

-~~~~--~~ - - .-- - _ ~~_ -~~~~ -- -.. - - -~~~~ - -_ - —----—---—---—— ~~ - -- -
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p(x , y )  = ~~~rtj(x)rtj(y )

where ln± (x ) }  are a basis for Rm (x)

Definition 2.2. Two polynomials a(x), b(x) in R[x] are

ca lled relatively prime if there exist polynomials Tu(x)  and

X
~~

(x ) such that T
~~

( x ) a ( x )  + Xu ( x ) b ( x )  = u where u is a

unit in R[x].

Lemma 2.2. Let n be the degree of q~(x). If p(x ,y)mod~ is

positive of degree n-l in both x and y then (a(x)a(y)p(x ,y))mod~
is positive of degree n-i in x and y, if and only if a(x) and

(p(x) are relatively prime.

Lemma 2.3. Let A11 A2 , .  . . A~ be complex numbers which are

distinct and have positive real parts. Then the nxn matrix

An ( ~~
_ ) is herrmi~ tean (A ~ = A~ where (*) the hermitean

Ai +Aj

a d j o i n t )  posi t ive  d e f i n i t e .

De f i n i t i o n  2.3. A polynomial g(x ,y) is called symmetric if

C ( g )  is a symmetric mat r ix .

A polynomial  g ( x ,y )  is symmetric if g~~(x,y) -
~ 

g ( x ,y)

where g~~(x ,y) is that polynomial obtained from g(x ,y) by

interchanging x and y.

1Lemmata 2.1, 2.2 and 2.3 correspond to Lemmata 2, 3 and
Main Lemma in [9] respectively, 2.1 and 2.3 being the same ,
with the idea of 3 being borrowed from KALMAN [ 9 ] ,  to arr ive
at the statement of Lemma 2.2. Lemma 2.4 captures the essential
idea of the Theorem in [9] .  In Kalma n ’s pape r only sketches of proof !
~ir~ given. Here we provide complete proofs. 

~-- - -_ --- ------ ~ — _ .-  - _ ~~~~_ — - “ --- - -_--- ---_ --~~~



-13

l emma 2 . 4 .  Let A be an nxn stability matrix with

:) , ( x )  det  ( l x — A )  and let ‘Z — (~~2 (x), p2 ( y ) ) .  Def ine

P 1 ( x )  w 2 ( — x )  ( 2 . 1 )

( p 7 ( x )  
~~~~~~~~~~ 

( x ) ( p 1( y )
P (p (x~~y)  = ( 2 . 2 )

x + y

i) Polynomia ls  p1 (x), ~~~(x) are relatively prime . That is there

e x i s t  Tu ( X ) , ~u (x )  in R [x ,yi such that

T~~( x ) q 1 ( x )  + X~~( x ) ~~2 ( x )  = u ( 2 . 3 )

where u is a un i t  in R [x , yIl .

-~ i i )  P~~(x 1y )  is an element of R [x , y]

i i i)  Let q~1 (x , y)  = T~~( x ) T ~~( y )P~~(x ,y )mo d ~ ( 2 . 4 )

Then q~~(x ,y )  is positive of degree n-l in both x and y.

2 . 3  Defining_ the action 
~A

Let A be some nxn matrix over R with ~ (x) = det(Ix—A)

being its characteristic polynomial. Let ~ be the set of all

nxn m a t r i c e s  over H.

We define the action fA : R[x ,y1xM-~-~ in the following

manner -

f A ( h (x ,y ) ,
~

1) = 
~~~~ 

h~~~(A ’) 1 M- (A)k (2.6)

j , k

These are some properties of this map.

1) = uM (u a unit in R[x ,yJ

i i)  f~~( g ( x ,y )  + h(x ,y ) ,M) = f~~(g (x ,y),M) + f~~( h ( x , y ) , M)

iii) f~~(g(x ,y)q(x ,y) ,M) f~~(g ( x ,y)  , f~~(q(x , y)  ,M)

= f~~(q (x ,Y)1 f~~(g (x ,y) ,~~) )

~
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iv) f~~~~~~~~ y ) l M) 
~~~~~~~ 

mode , M)

v) fA (h ( x , y ) , Ml+M 2 )  f
A

(F
~~

,c ,Y ) ,Ml ) + f~~( h ( x , y) ,M~ )

Property i) follows directly from the definition.

Property ii) is shown as follows :

Let p(x ,y )  g ( x , y )  + h (x ,y)

g
~ j 

+ ~~~

f~~(p (x,y) ,M) 
~~~~~~~~ 

(A’)1 - M (A)J

= 
~~~~~~ 

(
~~ij  + h

~~~
) ((AI)~~. M .(A)J)

(A ’ )~ - . M - (A)J

÷ h.  . (A’)’- M - (A)3
1]

= f~~( g ( x ,Y ) ,M) + fA (h(x ,y) , M)

Proper ty iii) is shown as follows :

Let p(x , y)  = g ( x ,y ) q ( x , y )

3k 
gi~qlm

i + l=j
h+m=k

fA
(p ( x ,y ) , M) = Pjk  ( A ’ ) 3 - M

= 

~~~ ( ~~~ ~ ih~ lm) 
(A’)1 M .(A)k

jk  i + l = j
h+m=k

f~~(g(x , y )~~M) = 
~~~ 

( A ’ ) ’- M 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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f~~(q(x ,y),M) 

~E ~~~~ (A ’ )~~~M ( A ) m

Now im

1A~~~~~’~
’
~~’ 

f~~(q(x ,y),M) ~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~ 
(
~~~~~nl(iJm (A ’)’~~~.M- (A)m h)

suppose t h a t  we w r i t e  t h i s  sum d i f fe r e n t l y

]et  j i-f l k m+h

‘Ihen

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ =

~~~~~~~( 
~~~~~~~~~ (A~ )].M.(A)

k

jk ~ i+l=j
\hfm=k

= IA ,~~~ ,M)

simi larly fA (
p()(,y) ,M) = f~~(q(x ,y),f~~(g (x ,y ) ,M ) )

ProperLy iv) is shown as follows :

Let h(x ,y )  = h 1 (x,y ) p (x )  + h 2 ( x ,y)p (y) 1- r ( x ,y )

‘Ibis is obtained by first dividing h(x ,y) by ( p ( X )  and fol-

lowing that dividing the remainder by p(y). This means that

the degree of r(x ,y) in both x and y is less than n. This

decomposition of h(x ,y ) is uni que , and we also have tha t

r(x ,y) = h mod b

f A ( I
~~

X ,Y ) ,  M) -. f~~(h](x,y)p(x)+h 2 (x ,y)p (y )+r (x ,y ) , M)

+f
A (r(x ,y) , M)

M) M~~D(A ) = 0

ii) (P(A’)~~M = 0

b~ the  Cayley-Flamilton Theorem .
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Therefore

I (h(x ,y),M ) f (h mod~~,M)
A A

Property v)  is shown as fol lows:

~A~ 1’~~~
,y
~~’ 

M1+M2)~~~~~~ h~~
. (A’)’(M 1+M2

) A~

h~~. (A’)’M1AJ+h~~~(A’)1M2A
i

f
A

(h
~~~

Y)
~~
Ml~~ 

f
A~~~~~

,Y),M
2
)

The definition of f paves the way for the construction

of a particular module . Define the product (*) between cosets

-
~ h(x ,y ) and nxn matr ices  M by :

(c1+h(x ,y))* M = h. . (A ’)~~MA~

wi th the outcome in M .
Property iv) ensures that the product is well defined since

it does not matter which element in ~+ h (x ,y) we use.

Square nxn matrices under addition form an abelian group .

Property v )  makes cer tain that

1+ h ( x , y ) *  (A + B )  = (~~4~h ( x , y ) ) * A + (~~+ h (x ,y ) * B .

Property iii) ensures that

(~~±h(x ,y))* [(D+g(x ,y))*M]= [(s~b+h(x ,y))(cb+g (x,y))] *M.

1~nd property ii) ensures that

[(~~+h(x ,y))+(~~-+-g (x ,y)) ] *M = (~ +h(x ,y) ) kM + (~~+ g ( x , y ) ) * M .

The ring R[x , y]/ ~ has a nuit element ~+l and we have from

property i) that

(~~+l)*M =M.

The above can be summarized in
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Lemma 2.5. The set M of square nxn matrices is a module over
the quot ient  r ing R[x ,y]/’~.

Even though Lemma 2.5 will not be explicitly called upon

in any of the subsequent proofs it none the less gives great

insight in what is essentially taking place and the rationale

behind thir method of approach to the solution of

PA + A’P = -Q.

The matrix P is operated on by the matrix A. This can be

expressed as

(
~ + (x+y))* P = PA + A ’P  - — 0 .

Suppose that a multiplicative inverse of element ~+(x+y)

is found in R[x ,y]/ ~ denoted by ~+ ( x +y)~~ such that

(
~ +(x+y)) (~ +(x+y)~~~) =

We would then have the following :

(~~~(x+y) ’) *[~V + (x+y ) *P] = (~+(x+y)~~ )*(_Q)

Because of the properties mentioned above this can be written

as

= (c~+(x+yY~~)*(_ Q)

and the refore

2.4 Algebraic proofs of two theorems related to a Linear Matrix

System.

We now have all the necessary algebraic construction to

prove the following two theorems.

Theorem 2.1. Let A be an nxn square matrix over the reals.

A is a stability matrix if and only if for any symmetric positive

definite ma tr ix Q there exis ts  a unique symmetric positive 

~~~ _~~~~~~~~~~ - -_ --~~~~~~~~~~ - -~~~~~~~~~~~~~--- - -
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dot  inite solution P to the matrix equation

PA 4- A ’P  — Q ( 2 . 7 )

Theorem 2.2. Let A be an nxn square matrix over the reals.

If A is a s t a b i l i t y  ma t r i x  and (A ,C) is an observable pair

then the matrix equation

PA + A’P = —C ’C (C is pxn) (2.8)

has a unique symmetric positive definite solution P.

Proof of Theorem 2.1. Suppose that A is an nxn stability

matrix. We claim that for any Q1

~ =~~~~-~~ 
- f~~(q~~(x,y),Q1)

is the unique solution of PA + A ’P  = 

~~l’ 
where is defined

as in (2.6) and q~~(x ,y) as in (2.4). Using the properties of

ac t ion 
~A 

we have

PA + A ’P  = —s- (f ~~(q~~(x ,y)~~Q~ ).A + A ’ .f~~(q~~(x,y),Q 1))

= (f ~~(x l f~~(q~~(x , y ) , Q~~) )

+ f~~(y,f~~(q~~(x,y),Q~)))

1
=

__

~

_

~~

= . ( f ~~( ( x +y ) q~~(x ,y) , Q1 ) )

= . (f~~((x4y)q~ (x,y)mod~ ,Q1))

(—u2 .Q
1
)= Q1

Uniqueness follows by observing that the linear operator

L:R~
2 

.- R ZT1 2 def ined by

L ( P )  PA +A ’ P
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i s  o n t o  s ince  no restriction was placed on Q1. This impl ies

t h ~it  I is 0fl0 ()fle .

We now show that  P is positive definite .

Since q ( x ,y) is positive (Lemma 2.4) this implies that

(Lemma 2 . 1 )  there exis t  polynomials 1rt 1(x ) }  such tha t

q~~(x,y) = 
~~~~~ rt~~

( x ) r L
~~

(y )

whore ~‘t 1 (x)} is ~~~~asis for  R~~( x ) .

The re fo re

P = J f~~(q~~(x 1y ) ~~Q)

= 

~
2 ~~

~~~~

~;irice Q is symmetric from the uniqueness of the solution

P we a lso have P being symmetric . Since 0 > 0  we have from

the last expression that P is at least positive semi—definite .

Suppose therefore , that there exists an n-vector z~~0

such that z’Pz-=O. this implies that Tt~~(A) z=O for all l� i � n .

The p o l y n o m i a l s  
~
rt
~~
(x)I form a basis for R~~(x). Therefore

there exist constants k1,k2,. - .k~ such that

= 1

f~~( ~~~~~
k
~
m
~~
(x), I)=I (I nxn identity matrix)

~~~~ k1 r~~(A) = I

—_  
__ _~~~~~- - - ----- - -_ _- -- _ - --_“ --~-
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~ A ) - z = I • z

S ince  ic~~(A )  0 for  a l l  i , the l e f t  hand side of the

i I,ovu u g u a l i L ~ i s  zero .  This  is a c o n t r a d i c t i o n  since I is

f)o~;iLive de iinite . Ther e f o re P is posit ive de f i n i t e.

Suppose now that for any symmetric positive definite

m~i tr ix Q Lhere exixts a symmetric positive definite solution

P of (2.8).

Let z be some eigenvector corresponding to the eigenvalue A.

- ~~‘~~~Q .z  < 0  (~ denotes complex conjuga t e )

z ’ (PA+A’P)z < 0

~~~P ( X z )  + ( X ~~’) P z < 0
( A + ~~) ~~‘P z  < 0

Since P > 0 t h i s  implies  tha t  A+A < 0 (ie that

t~e (A) < :) . Therefore A is a stability matrix. This comoletes

t h e  proof of Theorem 2 . 1 .

Proo l of Theorem 2 . 2 .

Suppose that A is an nxn stability matrix. Using Lemma 2.4

th i s  implies  tha t

q~~(x,y) T (x)T~~( y ) P ~~(x,y) mo(l ‘t)

is positive . By Lemma 2.1 q~~(x ,y) can be written as :

q~~(x , y )  = ~~~~~~rt 1( x ) r t , ( y )

w i t h  1n 1(x)} being a basis for R~~(x). In a way similar to

the  proo f of theorem 2 .1  the so lu t ion  P of ( 2 . 8 )  exists  and can

be w r i L ten  as

- ,  
f~~~~r: .. 1:~~~1~~~~~~~ . ~~~~~~~~~~~~~~~~~~~~~~~
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P = H~r f~~(q~~(x~ Y)?C’c)

_
~~~~~ ~~~~~~TL ( A’ )  C’Crt1 (A).

Since C’C � 0 we have that for any n-vector z and l4i 4 n

z’~~~1 
(A ’)C’C rt~~(A)z = C1t~~(A) z 

~ 
� 0

where l i z i l  = (  
~~~~~~~~~~~ 

z~~
2)½ - This means that ~ � 0.

Suppose then that there exists z~~0 such that z ’~~P~ z = 0.

Th is implies that

Cii . (A) z = 0 for 1 � ~ . ~~ 
n

C1i
~~
(A)z = 0 for 1 � i � n

Since 
~
rt,(x)I are a basis for R~~(x) there exists an nxn

matrix K such that :

Tt1 (x)  1
T12 ( x )  x

K - . =

n- 1x

which is shorthand notation for the n equations

k~~1rt1 (x ) + k i2 rL (x) + . - . + k~~ rt~~(x) =

for 1 � i < n

with (ki1.ki2,...kin) being the 1th row of K.

Now then

fA (k
~~l

il (x ) + kj 21t2 (x )  + . . .  + k
~~

rLn ( x ) ,  I

k
~~j

.C-Tt
3

(A )  = CA~-’1 - 1 � i � fl

by multiplying both sides by C.
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Define the operator H : R~~—..-R~~ P by :

C
CA

H (w) = CA 2 W

Since (A ,C) is an observable pair the null space of H

is l o l  -

Since C - rt

~~(A)  = 0 1 � i� n this implies

_
~~ ~~~ 

:‘-
: 

~ i-~3 (A) = 0 for all 1 4 i 4 n

This is a contradiction since z ~ 0 and the null space

of H is 1 0 1 - This completes the proof of Theorem 2.2.

Theorem 2.2 is not an if and only if statement. But ad-

ding the condition that matrix C’C is invertible we have

Lemma 2.6. Let A be an - nxn square matrix , over the reals.

Let P be the unique positive definite solution of the matrix

equa tion

PA + A’P = -C’C (2.9)

where C’C is invertible. Then A is a stability matrix and

(A,C) is an observable pair.

Proof: We have that the eigenvalues of C’C are non-negative .

Since C’C is non-singular this implies that none of them is

zero and threfore C’C is positive definite. It then follows

as in the proo f of Theorem 2.1 that A is stability matrix.

We now show that  (A ,C) is observable. 

- , - - - - -.~~~~~~~~~- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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The soLution P of ( 2 . 9 )  can be written as:

-

~~ 2 ~ (q (x ,y) , C’C)
U / 11

w h er e  q (x ,y) as in (2.4), is posi tive . From Lemma (2.1) we

bjvc ’ that there exists lit (x.)1 which is a basis for R~~( x )  and

- q0(x ,y) =

~~> P = - 

~~~ 
~~~~ n .(x)n. (y), C’C)

= 

~~~l 

f~~(n~~(x)n 1
(y)~ C ’ C )

= - n~~(A’)C’Cn . (A)

S i n c e  P >0 we have tha t

n

z ’ Pz  ~~~~~ z ’ Tr
1

( A )  ‘C’Cn
1
(A ) z  =~~_1( I Crt j (A )  zif > a

j=l ~ -l

Therefore if z / 0 we must have II Cn j ( A ) z I 1 > 0 for at least one
i n  the ranqe 1 4 j4n. Suppose that II~~k~~ 2It> 0 which

implies that Cltk (A)z ~ 0.

Now (x) } is a basis for Rn (X) 
th,~refore there exists

in invertible nxn matrix K such that-.

1
rt2 (x) x

K

~
n-l

~ 

- - C
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The above represents n equations of the form

k~ uni (x) ± k
~ 2

rt2 ( x )  + .. .+ k . n (~~) = x~’~
wi th (k

~ i, k .2 ,. - k
~ 5

) being the ~
th row of K.

There fore :

fA (kilil (x)+ ...+kin hln ( x ) , I)  =

kii rti (A) + k
~~2

rt2 (A)  + . .  - ± k~~ it~ (A)  =

Multiply both sides by C.

k
~ j

C.tti (A) +k
~ 2

c
~

n 2 ( A ) + . . .+ kinC~ Ttn (A ) = CAi~~

for l � i � n

Let A be the matrix

k111p k121p . . .  k1~~Ip
k2 l Ip k 22 1p - . - k2~ Ip

A .

kni lp k~ 2.Ip - . - knnlp

wtiere Ip is the pxp identity matrix. ( Matrix C is pxn)

We then can write the above set of equations as:

Crt1 (A) C
Crt2 (A) CA

= L

Cit5 (A)  CAR ’

We can think of mat rix L as a linear operator from R5 to

R°
~~~~~~~ . We wish to show that L is one- one, (i.e. that the

null, space of L is 0

By construction matrix A is invertible since K is in-

ve rt ible , which means that if w ~ 
0 an n.px l vector then

A-W / 0.

— —- ---- — — _ - ----———-. S —- - 
- -- —



—25-

hu t w be the vecLor : 
-

C i t 1  ( J \ ) z
C:.2 (A) z

w~ -

Cit~ (A) z

where z / 0 is an nxl vector. We do have that w ~ 0 and

theretore Aw / 0. But

C ~z
CA~ z

A~~~~W - 
= L . Z

z

which implies that the null space of L is b land that (A,C)

is an observable pair.

- —.-~~~ .

---—

~ 

- _ t__ _— -- - - _ _  ~. -. _ - - ----_-- _ -
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Chapter 3

Computa t iona l  Algor i thms

Li Introduction

The proof of Theorem 2. 1 is constructive and pure ly

dqehraic. It therefore gives great insight into how a com-

putational algorithm should be constructed , for  ob ta in ing  the

solut ion P of an equat ion of the form

PA + A ’P = —Q (3.1)

wher e A is an nxn stability matrix. The algorithm so con-

structed , basically involves obtaining p2 (x) the character-

istic polynomial of A. Using the Extended Euclidean algorithm

‘ I  polynomial T
~~
(x) as in (2.3) can be obtained . Having these

polynomials , the polynomial  P~~(x ,y ) , q ( x ,y) and the solution

P are formed .

By restricting the field of interest R, to that of the

rational numbers F , the procedure for obtaining the exact

solution of (3.1.) is fully implementable , using the remark-

able fac ili t ies provided by the computer programming system

~-IACSYMA available at M.I.T.

Three a lgorithm s are presented here , the Rational , Integer ,

and Modular , which are based on the cons tructive proof of

Theorem (2.1).

MACSYMA (Project MAC ’s Symbolic MAnipulation System) is

. i  larqe computer programming system used for performing sym-

bolic as well as numerical mathematical computations. This

would easily allow us to make parametric studies. 

— 

— . __ i _ 
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2 t h e  !~a t ion .: I A I go r i Lhm

‘Ihis aI~ j o r i t h n i  is a mere imp lemen ta t i on  of the steps

out  I 1:1 / /I in the proof of Theorem (2.1).

Obtain w2 (x), the characteristic polynomial of A.

~2 (x)~~2 (y) — o 1 (x) p1 (y)
~

-
~~~ ‘ P (x,y)

x i - y

~3 ) Using the E~<tended Euclidea:i Algorithm obtain T~~(x) and U.

B
4
) ~;ot q~~(x,y) T~~(x)T~~(y)E’~~(x,y)mod~

B -,) 1-orn: P 
~~

- 1
A 
(q~ ( X Y ) , Q)

B ) S e t  P ‘
~~ — - --- - P6 U

3. 3 T~ e Integer Algorithm

M u l tiplying A and Q in (3.1) by a suitable positive integer

in equivalent Lyapuriov equation

PA
1 

4 AjP (3.2)

is obtained with A 1 , Q1 having 
integer entries. Suppose

t h a t w~~(x) is the characteristic polynomial of A1. It is clear

that ct )~~(x) has integer coefficients and it can therefore be

consi (iered as an element of Z(x ,yI (the ring of polynomials

i n  - - and y over the Integers).

I,O t

“ (x) =P~~(—x)

w~~(x)w ~~(y) — ~~~(xkj(y) (3 3)
I’~~(x ,y) = 

--

x + y

We c l , , j r  t h a t  P~~ (~~ , y )  is an element of Zlx ,yl . Suppose

th a t - n i s  odd, it is clear that for n=1 or n=3

~ + 
~~ 

~~ + yn 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ,
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and that the quotient is an element of Z[x ,y] - Suppose

th en that for all m <n- 1 we have that x+y x
2m+l

+y2m~~

and that the quotient is an element of Z[x,yJ . Show that

hypothesis is true for m=n.

= (x2+y2) (X2n—l +y2n—l ) — x2 y2 (x 2~~
3 

+ ~2n_3 )

From the induction hypothesis we therefore have that

x + ~
2n+l 

+ y2n +l and that the quotient is an element

of ZIx ,y}. For the case when n is even we have that

x + y x~ — yn

and that quo tient is an element of Z [x ,y]. Following the proof

of Lemma 2 . 4  ii ) we have that P~~(x ,y )  is an element of Z [x ,y].

I t  is also clear tha t there exist polynomials T~~(x), A ’ ( x )

and integer u ’ such tha t

T~~(x)ipj (x) + A~~(x) q~~ (x )  = u ’ (3.4)

wi th T~~(x ) X~~(x) having integer coefficients.

Since the leading coefficient of w~~(x) is unity division

by w~~(x) is possible. If we then let ‘I” be the ideal

(~~~(x), co~~( y ) )  in Z [x ,y ]  we have

q~~(x,y) = T,~ ( x ) T ’ ( y ) P ~~(x ,y)mod ’Z”

being an element of Z{x ,y]. Consequently

P~ = f~~~(q ,~ (x , y )~ ~~~
has integer entries with the solution of (3.1) now being

expressed as:

P =
-) U

(u ’ )

In (3.4) it is required that polynomials T,’,(x ), A,~ (x ) and

in t e q er  U ’ be found such that (3.3) is satisfied . Existence
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can be shown in the following manner.

I ~e t

- ip~ (x) = a0x
’1 + a1x~’1 +. . .+ a.~. Def ine  S to be the

nxri matrix.

a1 ao 0 0 0 0 .. . 0
a3 a2 a1 a0 0 0 .. . 0
a5 a a3 a a a,., . - .  0

s = . 
4 

- 
2 1 

•
“ . ..  . (3.6)

a2 n l  a2n 2  : ..  :.. :.. :.. :.. a~

whe re ‘
~ 0 for k~~ n and a0 = 1. Since q~~(x )  is a s t ab i l i ty

polynomial S is positive definite ( cf. BROCKETT). Since

ijet S -> 0 it is clear that for each allowable integer value

of u ’ the re exis t  unique  polynomials T,~ ( x )  A~~(x ) of degree

less than n such tha t

T~~(x)~~~ ( x )  + A ’ (x)~~ (x) = U ’

I f  T,~(x) d1x~~~- + d2X
n-2 

+ . • . + dn then

d1 = 14 i 4 n

where Mn i =det 5ni wi th  Sni the (n-l)x(n-1) matrix obtained from

S by deleting the ~th row and ~
th column .

By letting u ’=k (2 det S), with k an integer greater than zero

we have u ’ in Z and T~~( x ) ,  A ’ ( x )  in  Z[x ,y].

The Integer algorithm proceeds as follows .

Obtain A 1, Q1

12) Find q
~~
(x)  the character is t ic  polynomial of A1

13) Set P~~(x , y )  = p~ (x)~~~(y) — p~~ ( X ) w ~~(y ) 

~~ -~~~~~~~~~~~~~~~~~~~~~ --~~~~ - -

~~

-- - -  _1I

y

~~.___ _ 
-_ - - _



1 4) Find T~~(x) and u ’

ir) Set q~~(x ,y) = T~~(x)T~,(y ) P~~(x , y )mod~~’

F6) ~~ 
= 

~A1 
~~~~~~~ (x,y) , Q1)

I ~~ P — 1 p *7/  C )C u
(u’)

Poin g all calculations in integer arithmetic may save

Lime since greatest common divisor comput;~tions will not be

performed in intermediate steps.

3 . 4  The Modular  Al gor i thm -

The integer algorithm pave s the way for a modular approach

to the solution . Suppose that p is a prime that does not di-

v1 (Ie 2-~det S with S defined in (3.6). If Al = (ai j ) and

() - (q. .)  let1

(a~~ mod p)

= 
~~~ 

mod p)

bet- h A and ~Q being considered as matrices over Z~~, the f i e ld

of integers modulo p. Let z~~Ix ,y1 be the ring of polynom ials

i n  x and y over

Let

pW2 (x) = det(Ix_~ A) ~~2 (x) in Z01x ,y]

and ~~1 (x) 
-
~~ p~~2~~~~

)

i t -  c-an be ea s i l y  shown that

p~ 2~~~ 
= p~~( x )  mod p

(x) = (x) mod p

- .-hvre the notation p~~(x) mod p means: reduce each coefficient of

p~~( x )  mo (Iulo p considering the derived polynomial as an element

~~ ‘/,
~,I x ,y 

—~~~-- --~~~~~ - — - --~~~~~~- - -~~~---
— — -~~~~~~~~ -
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It .-

P (x,y) 
~~~~~~~~~~~~ 

— ~(P1( x ) 1)t.P1 (y )

P w  
- -

x + y

where xfy is now thought as an element in Z~~1x ,y I the div’-

I SiOf l  done modulo p and ~P~~(x~~~) being an element of Z t :~,y1 .

I t  follows that there exist polynomials pTu
(x) pXu (X) in

z , v .~ u I  u in Z such that:p p

pT~~(X) p(P1 (x) * 
~
X
~

( x )
~

(P2 (x)

w h e r e :

pT~~
(X) = T,

’
,
(x) mod 

~

= X,~,(x) mod p

p ti u ’ mod 
~

-~‘t ~ i be th -  ideal ([)P2 (X)?p t.P2 (Y ) )  in Z~~lx ,yl

-i rid

~q (X , y )  - - ~T (x; T (y)~~P~~(x ,y ) mod

= + e
10 y+ e01 X + . . . + e(~ _1) (fl 1)x

n yn l

W(’ I-iav tha t

mod p

he L

p ”u ~~~~~Ck j ( pA ’ )
~~ ~Q (~A)J

w i t h  all operations done modulo p.

I f

- (q. , ) in ( 3 .5 ) then
1]

= (g. . mod p).

Now if P , u are obtained fur a sufficient numbe r of
p U P

pr im e s , the Chinese Remainder Theorem (cf. Knuth) can be

en (i t o  f i n d  N and u ’ making it possible to obtain the solu t ion 

- _- -~~~~~~-. -- - -—- ~~~~~~~ - - - - . - -_ - - - ---- _ ~~~~~~
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p =
(u~~)

2

The Chinese Remainder Theorem is used in the following

manner . Let m1 and in2 be rela tively prime so that

n,
1
> r n2. Let u1=u mod m 1 and u2=u mod m2 where O � u<m 1m 2.

I c ,k are integers such that

c- m1+ k m 2 = 1

then

u = m1 (Ic-(u2-u1)]mod m2) + u1.

Suppose now that m
1 P1 P2 - -P~ -i~ 

m2=pfl where p~ is the ~ th

pr ime  used. If  u is some integer for which we have u
1 

and u2
then we may obtain u mod m

1’m2 
by the above procedure -

The way by which we ensure that has been constructed

is, by checking element wise at each iteration whether

P*.A + A ’P* — Q
U U

The reason why the selected primes p must not divide

2-~
1
~ t S is because this guarantees that ~w1 (x )~ ~~ 2 (x) are

relatively prime over Z~~[x~ YJ .

Since considerable coefficient growth takes place in

intermediate computations of the Integer Algorithm it may be

advantageous to implement the Modular Algorithm .

The Modular Algortithm

M
i ) Obtain

M2) Let ~~2 (x) = det (Ix-~ A)

Set P~~(x,y) 
~~ 2 (x)~~(P2(Y) — 

pQ’i (x)p~~i (Y)

x + y

- —— -- -_- -- - _ - - - -—— - --- --- -~~~~~~~ - - _ - - - - — -~~~~~~~ - -
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M4) Obtain pTu (x) Pu

M5) Set ~~~~(x 1Y) = pT~~(X)p
T (Y)p

1)
q~ 

mod~~

M ) Obtain P
6 P u

M7) Repea t steps M1-M6 for a suff icient number of primes

and by use of the Chinese Remainder Theorem find P~~, u ’.

M )  Set
8 1

(u ’ 2

~~~~~~~~~~~~~~~~~~~ ..~~~~~~~~~~~~
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Chapter 4

Computer Programs and Numerical Results

4.1 Introduction

The three algorithms presented in chapter 3 have been pro-

qrammed on the extremely versatile computer programming sys— —

tern MACSYMA available here at M. I. T. Each algorithm has

been programmed as a FUNCTION on MACSYMA . The function

SL E A M R ( N , PA , PQ) corresponds to the Rational Algorithm , the

function SLEAM I (N , PA , PQ) corresponds to the Integer Algorithm

arid function SLEAMM (A,Q,PR,N,PA,PQ) to the Modular Algorthm .

Evaluating each function at some arbitrary values of their

arguements one obtains the solution of the corresponding

Lyapunov Equation. We proceed now to explain this in more

d etail. (SLEAM stands for, Solution of Lyapunov Equation using

Al gebraic Meth o d s .)
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4.2 The Function SLEAM R

Pu r t ) d ) s ’

The v.~ lue of this function is the solution of the

l y l  P ufl Qv l~qua t ion

PA +A ’P = 0 (4.1)

where A and Q have rational entries , with A being a stability

m a t r i x  and Q symmetric.

The arguements of the function

N = the d imension of the A m a t r i x

PA the A matrix

PQ = the Q matrix

13y evaluating SLEAMR at N PA=A and PQ=Q (ie SLEAMR(N , A , Q))

one obtains as the value of this function the solution of (4.1).

This is done using the Rational Algorithm .

‘I he d e f i n i t i o n  of f u n c t i o n  SLEAMR (N, PA , PQ)

j S shown in  Table (4 . 1 )

• • • •

Figure 4.1
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4.3 The Function SLEAM I

Purpose:

The value of this function is the solution of the

Lyapunov Equation

PA ± A ’P = Q (4.2)

where A and Q have integer entries , with A being a stability

matrix and Q symmetric .

The arguements of the function.

N = the di mension of the A ma t r i x

PA = the A ma tr ix

PQ = the Q matrix

By evaluating SLEAM I at N , PA=A,PQ=Q (ie SLEAMI(N, A , Q ) )

one obtains the solution of (4.1). This is done using

the Integer Algor i thm.

The def inition of function SLEAMI (N, PA , PQ ) is g iven

in Table ( 4 . 2) .
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4.4 The Function SLEAMN

Purpo se :

The value of this funcion is the solution of the

L~’- punov Equa t ion

P A + A ’ P = Q  (4.3)

where A and Q have integer entries , with A being a stability

matrix and Q symmetric.

‘Ihe arguements of the function

N the dimension of the A matrix

PA= A = the A matrix

PQ= Q = the Q matrix

PR = A LIST containing primes.

By evaluatinj SLEAMM at N , A , Q PR (ie SLEAMM (A , Q,PR ,

N , PA , PQ ) )  the solution of (4.3) is obtained as the value of

the function . This is done using the Modular Algorithm .

As the computation progresses an integer is printed out show—

in~ the number of primes used so far. One should make sure

that PR contains enough prime s for the computation.

A List of primes is given in Table(4.3). The definition

of the function i.s given in Table (4.4). 
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4•5 A Numerical Example

The example correspond s to the evaluation of

G = 
/ 

x ’ ( t )~ Q • ( t ) d t

where x(t) is a solution of

x(t) = Ax(t) x(O) = C (4.4)

The system modeled by (4.4) is given in Figure (4.1)

The A matrix of a system with five blocks evaluated at

c=i , E=l and M=l0000 (a vaue assignment which forces the system

to have characteristic roots close to the imaginary axis) the

matrix Q, and the solution P of the equation PA + A’P = Q

are given in Tables (4.5), (4.5), (4.6), respectively.
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4.6 The Parametric Case

With some minor alterations to the function SLEAN (N, PA , PQ),

the func tion PRMTRC (N , PA , PQ) was defined for the purpose of

obtaining a parametric solution to equation PA + ?‘‘P = -Q.

The de f i n it ion of PRMTRC (N , PA , PQ) is given in Table (4.7).

-rhe following example corresponds to the evaluation of

C = f x ’(t) . Q x(t)dt

where x(t) is a solution of

cc (t) A x(t) x(O) = c

The A matrix for a system as in Figure (4.1) with two

blocks , the ma tr ix Q and the parametric solution P are given

in Table (4.8). 
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Chapter  5

Generalizations and Extentions

5. 1 !he- Matr ix JOq~ a~~ ofl PA~~ P.:C

W ’ now employ  the ideas developed in Chapter 2 to show

l emln-1 5. I . Lot A be an nxn matrix over the reals and B an mxm

matr ix over the reals , and C an mxn matrix over the reals. Let

(02 (x) 
- det(Ix—A)

= det(Ix—B)

p1 (x) = (D
2

( X)

Suppose that  ~1 (x) and ~2 (x) are relatively prime such that

= u

.k .~ (x)’4i2(x) 
-
~ L~ (x)q1 (x) u

f o r  A 11 (x),~i~ (x), X~ (x),~~~(x) polynomials in R{x ,yj and u in R.

And let.
co 7 ( x ) ~b 2 ( y )  —~~1(y ) ~~1(x )

P~~~(x , y )  
~ +

I) P~~~(x,y) is an element of Rtx~ y1

ii ) Let RIx ,yl x ~1N—- MN be the action defined by
— 

f8~~(g(x ,y),M) -- B~ M Ak

where  MN is the space of all mxn matrices over the reals.
Let

q~~(x ,Y) = X~~( x ) i i~~( y ) P ~~~(x , y) m o d W

where P is the ideal (w2(x), tJ.i2 (y) ) in R[x ,yJ -

The n

PA + BP -C (5-1)

has 1i unique solution given by

p = ~~~ f8~~(q~~(x ,Y),C)

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Proo f of i). Let

anx~ 
+ an_ ix

n ’
~ + a~ = fOX

n 
+ f1x~~~+” - +  f

= (_l) m
b~ Y

m l .4. (_l) m_lbm l y
m_l+...+ b1

= e0y
m 

+ e1y m 1÷. - + em

In a similar manner to the proof of Lemma 2.4 , let

g(x ,y) = ~2 ( x ) ~~’2 ( y )  ~~ g1~~x k y )

h(x ,y) = ~1 (y)~~1 (x) = ~~~ h11x
1y~

It is clear that g~~ = akbj , (_l) 1+lajbl

Let b(x ,y)  = g ( x , y)  - h (x ,y) which can be written as

b(x ,y) = 
~ jk ~k~~J — hk j  ~)y

k

O< j <m

a~ b~ x
kyj - (

~~
1)
~~~~

akb~ ~ Jyk (5.2)

Now i f k~~j is even then the corresponding term in the abeve sum

becomes

i f k = m i n ( j ,k )

akbJ
x Y  (~~]k - x j k )

if j = min(j,k)

akb~
x Y ( x  - y k~~~)

And if k+j is odd then the corresponding term in the above sum

becomes:

if k = min(j,k)

akbJ
x Y  (y J~~ + x~~~) 

I- ~~~~~~~~~~~~~~~~~~~~~ — — - _ . _  
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i i  j — n iin ( j , k)

akb l
x y J 

~~~~~ +

i~u t  in any case x+y will divide each term (as in Lemma 2.4)

and the qrioti ent of b(x ,y) divided by x+y will be the sum of

~~~ quO ti l -!i L~ obtained by dividing each term in the sum (5.2)

by x+y .

root o l i i ) .  Iho proo f will proceed in three steps.

Stop !. We 1 i 5 ; t some properties of action

1) IRA (u ,M) =- u!i where u is a unit in ~ [x ,yJ

i )  t BA (Y~~~,Y) 
-4 h (x ,y) , M > = f

BA (;(>z ,y) ,M)+fBA (h ( x ,y) ,M)

~~~~1 )  h I~A
(d1 (> ,Y)h(x ,Y) ,~~

) = f~~~(q(x ,Y) ,f~~~(h (x ,y) ,M)

= f~~~(h (x ,y ) , fBA (q (x ,y),M))

i v )  t fl~~(~~(x , y )  M ) f~~~(g(x ,y)mod’!’,M)

v )  f~~~(q (x ,y) ,M+N )  f~~~(g(x , y )  ,M) + f~~~(g(x ,y) ,N)

I t h e above a r o  analogous to the properties of the action

and  in the case when B A ’ then

F~~~(g(x ,yl M )=I~~(g(x~ y),M)

or a l l  y ( x , y )  i n  R [x , y j  and M in M.

Pr op e r t i e s  i ) , i i )  and v)  are q u i t e  c l ea r .  We now show

t~ h - I t .  I,roporty i i i )  holds  -

Let -C
q (x ,y) ~~ ‘Jjk~~~~

- h (x,y) ~~ h~~ x1y~-

jk ii

q(x ,y) = q(x ,y)h(x ,y) = ~~~

St

= E
st i+~~~s

k + I = t

- ~~~~~~~~~~~~~~~~~~~ 
.-—-5

~~~~~~
-
~~~~~~~~~~~~

- - -  - -- --
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(x , y )  ,M) ~~

1.1 

~~~~~ 
(

. ~~ 
q]kh11) F35MAt

st i :-j -s
k - i  t

14- 

~~~~~

j k

= ~~ hi1B
~

- (  ~~~~~~~~~~~~~~~~~~

= ~~~ h~~1g
~~~B1+3MAk~~l

il jk

lo t s- if j , t>~k+1

= E ( ~~ h~~1g~~~) B 5MAt
St i+j - S

k+l= t

=f~~~( q ( x , y)  , M)

~3 S now show property iv ).

Any polynomial h (x ,y ) in R Ix ,y] can be uniquely written as :

h(x ,y) = a(x ,ykp2 (x) + b ( x , y ) .D 2 ( y )  + r(x ,y )

where the degree of r(x ,y) is less than m in y and less than n

in x , by first dividing h(x ,y) by p2 (x)and then dividing the

remainder by rii 2 (x) .Therefore

fBA (h(x , y ) ,M) = f3~~(a(x ,y )t~p2 ( x ) , M) + f8~~(b(x ,y)~~~(y ) , M)

+ fBA (r(x ,y),M)

= fBA (~~~
x ,y) ,fBA (~p2

(x),M ) )

+ f}3~~(b(x ,y) ,fHA (U2 (y),M))+f~~~( r (x ,y) ,M)

- fBA ( a ( x , y ) ,’
~w2

(A)) +

4-r BA (r(x , y )  , M)

- BA (r(x ,~.3 ) , Ii ) = f~~~(h (x ,y)mod~J ,M)

-- --I.
__

__
__

___
__

__
__

__ 
— _ ___________

-2 -CI~~~~~~~~~~~~~~~~ -- --____-- -~~~~~~~ 
— -—- _ __ •_____

_5_.t____ ___ •_______ _________ __I ___•_ ___I_

I- •~35.____ ~~i~~~~~~~~~ 3~4iI~~L5.. 
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h.~cause of the Cayley-Hamrnilton Theorem .

Step 2. Since

q~~(x ,y) = A
~~(x)~~~

( y ) P
~~~

(x ,y )modW

we w i l l  have

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ =

=

- 
~~~~~~~~~~~~~~~~~~~~~

=

- (U.- I~J.u
(X I (P 2 (X) ) (u—A ~~(y)iL’2 (y))

=

+ uu,~ (x)p2 (x)—i~~ ( x ) A .~ (y)p2 (x)~~2 (y)

which implies that

(x~- y)q~~(x ,y))modW = -U
2

.

Step 3. We now show that

P = ~~~~

is the unique solution of (5.1).

PA + BP = —
~

--
~~ ( f ~~~(q~~(x ,y) ,C ) A  + Bf~~~(q~~(x 1y) ,C ) )

1
— i ( f 3~~(x ,f3~~(q~~(x , y ) , C ) )  + f BA (y1 f~~~(q~~(x ,y),C)))

U-

1
= —-

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~

1
= 

~~~~ 
( f BA ((x+y)q~~(x ly) l C ) )

~~~ (f BA ((x+Y)q ~~(x,y)m0dW,C))

= ~~ (-u2C) —C

-— - -S  --- -—~~~ --- ~~~~~—-.- —~~~~ — - 5 — - —---— — __

~~~I~~~~~~ 
--

~~~~~~ 
___

~~~~~~~~~~~
_
~~~~.4~~ _5 __ — 4
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Uni queness follows by observing that the linear opera tor

II 1~
mn Rmn defined by

L ( P )  = PA + BP

is on to since no restriction was placed on C. This implies

that L is one-one . This completes the proof of Lemma 5.1.

We have shown that PA + BP = -C has a uni que solution if

and p2 ( x )  are relatively prime where

~~2
1
~~~ 

= det(Ix-B)

= det(Ix-A)

Uj
1

( x )  = ~2 (—x)

The usual statement of this theorem [cf- Bellman ]

is as follows.

The equation PA + BP -C has a unique solution for  all

C if A~~+~~j  ~ 0 where A . are the characteristic roots of A

and 
~~ 

the characteristic roots of B.

We end this section by showing that these two statements

are equivalent.

Assume that 4i1 (x) and p 2 ( x )  are relatively prime .

Suppose then that there exist i,j such that A~ +U. = 0. This

means that A . = -u~ which implies tha t ~ 1
(x) and Q

2
(x )  have at

least one root incommon . This in turn implies that ~ 1 (x )  and

m 2 (x) have a nontrivial common divisor which is a contradiction.

Assu me on the other hand that A j4-U j ~ 0 for  al l  i,j.

Suppose then that there exists a k(x) of degree greater than

or equal to one , such that k(x) ( ~ti 1 (x) and k(x)

This would imply that ilj
1 (x) and cp 2 (x) have at least one root

in common which contradicts our initial assumption .

-

~

- -~~~~~~ -— - - - - - -- ---- - ~~~~~ - - - - - - -- -- ~~~~~~~~~— - - -~~~~~~~ - -



‘Ihe above suggests an algorithm for obtaining the sol-

ut ion of  equation (5.1) . As in the case of the Lyapunov

equation (3.1) Rational , Integer and Modular versions of

the algorithm can be constructed in a similar manner.

Al -;orithm for solving equation PA + BP = -C.

A 1 ) Obtain ~2 (x), .Li 2 (x) the characteristic polynomials of

A and B respectively.

w2 ( x ) P 2 ( y )  —

A2) Set P~~~(x ,y) = ________________________

x + y

A
3
) Usin g the Ex tended Euclidean Al gori thm obtain

A
~~(x), 

A~~(x) , 1.1
~~
(x), U1~(x) and u.

A 4) Set q~~(x,y) = A
~~

( x )
~~~~

( y ) P
~ 

(x , y )  mod P

A 5) Form = f~~~(q (x ,y) ,c)

A 1) Set P = -

U 

- - ~-------- 
- ---~~~~~--~~~~~~~~~---~~~~~~~-- - —-- - - _ _
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5 . 2  Conclusions

in c1osinq we wish to comment on what has been accom—

lished by this thesis , point out some disadvantages associated

with the method used in solving the Lyapunov equation and dis-

cuss several possibilities that can be persued in the future .

We have constructed purely algebraic algorithms for obtain-

inq the exact solution of the Lyapunov equation. The algebraic

structure on which the methods are based is qllite rich and can

further be expleited. The algorithms are quite simple requiring

no obscure al ebraic constructions , (the Extended Euclidean

!l gorithm providing a basis building block) and as demonstrated

fully implementable on existing computers.

‘l’he price we had to pay for an exact solution takes the

form of coefficient qrowth , creating space requirements. The

c r i t i c a l parameters which dictate the amount of storage required ,

i re dimension of the A matrix as well as the size of the entries

i n  both the A and the Q matrices. T~ e problem of space has

quite adequately been dealt with by the introduction of the

‘~1- --du iar algorithm. But in doing so the e~cecution time is in-

creased . In this thesis no serious time complexity evaluation

~~ pr (-Se.flt~ d.

in most engineering situations an exact solution is not

required , but merely a five or ten digit anproximation . Exist-

ing method s completely neglect the question of accuracy in the

approximation to the solution of the Tyapunov equation. Because

of t h e  nature of the method presented , which results in an exa r-t

5- - - - - --
---- --- -

5-5--- - - ---5-

~
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s o l u t  i Of l , i t  is q L li t(  possible that a closer examination may

revea l a scheme by which some control can be exercised on the

a c cu ra c y  of the approximation . As exhibited by the parametric

Ox un i o l e included in chapter 4 our method offers great possibil—

ties for parametric studies.

We hav e ex tended the resul ts and sugges ted a lgebraic  method s

Ce solution for t in e  more general matrix equation

I ’A - f BE ’

The Ri ccati equ a t ion did come unde r consider at ion and some

I e s n~ imp o r t a n t  2.~2 examples  were soved by Newton ’s Method wi th

o u r  n t  hod bei ng employed in the solut ion of the in termediate

I y npnnne v e qu a t  ions. The problem encountered hindering further

progresr; was again that of coefficient growth. It was felt

it that in order t~o attempt more r ea l i stic ex amples i t would

be wise to either first devise a method for obtaining appoxi-

mate solutions with controlled accuracy or re—examine the

H i  c~~~i t  i e q u a t i o n  unde r  the li g h t  of the present  work .

l-’ i na l ly  we have ga ined  great insight from all this work .

We f ee l t h a t  t h i s  i s  onl y the beg in i n g  of a more serious s tudy

on the computational aspects of Control Theory. 
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APPENDIX

T h i s  Appendix  conta ins  the proofs  of Lemmata ( 2 . 1 ) ,  ( 2 . 2 ) ,

( 2 .3)  and (2.4) found in section (2.2).

Lemma 2.1 .  Let p (x ,y) be a polynomial in RUx ,y ] wi th  C (p)

hc-in q an mxm matrix. Then p(x ,y) is positive if and only if

there exist polynomials n(x),...,rn~~(x )  such that

p(x,y) = rt
~~
(x)rt i (y )

where 
~

rt
~~

(x )  } are a basis for

proo f: Suppose that p(x ,y) is positive . This implies that

C(p) is positive definite and symmetric. From linear algebra

I 7 I we have that

C(p) = V V’

fo r  some real mxm matrix V= (v~ 3
). This implies that det V ~ 0

and therefore V is invertible.

since p ( x , y)  = l ’ ( y ) C ( p ) l ( x )

= (1’ (y) .V) . (V’ . ( x )  )

let n
1

( y )  = v11 + v21y + v 31y
2 

+ . ..+ VmlY

and rt~~(y )  v1~ + V2 iY + ... + v~ jy
m_l

l~~~~i~~~ m

and we have

p(x ,y) = Tt
~~

( y ) . T I
~~

( x )

Let g(x) be a polynomial in

q(x) = g1 + g 2 x + . . .  g~ xm~~

Since V is inverible it has m linearly independent columns

3 v 1 which  form a basis for all vectors of length m.

- - -- —-S 
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We I li on o I ore h ive n t ’ u i  n u n n h .’rs 0.1 0.2 .  . . o.~ such t h a t

‘I I

(i~ ~~~V + ( - -I ... + ( IV1 1 2 2  m m

~ifl (I hat

1 ~ ~m-l I CJ 1  I I  x x 2... ~~~~ I

= ~~~~‘T + ~~~V +  . .

which equivalently is written as :

q (x ) -~~ a1~~
It 1 (x) + a2R2 (x) ± ...

E 
a.rt1 ( x )

therefore 3 0 (x) } form a basis of R1.~ ( x ) .

~uppc )5r- now that there exist polynomials rti (x),rr2 (x),...rt m (x)

I orni I rig a basis for Rm (x) such that

o ( x ,y) =

= 
E 

i i  ~ ..•~~
m_ 1

1 
~ ~il

”
~~im

1 1

~m-l0im X

w h’ nv  r i . (x) = R -  I ~~~~. X + . . ~~~~~~ ~
m—l

3-i i2 

-
-5- - - - - — -S
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We can therefore write p(x ,y) as:

p(x ,y) = 11 , y ... ~m_ l ] ~ 
. i

x

L x
rn _ l

.
whore the ~

th column of 11= (n . . )  is
1J

nil
2

i f.  =
1

Tt .
im

SLnc ( 3 r t . ( x ) }  form a basis we must have -j rt1} being linearly

independent and detfl ~ 0.

I also cla im tha t the larges t  power of p(x ,y) in x or y

is rn —I . Since if we assume that there are no terms in p(x ,y)

w h i ch arc of degree m—l in either x or y we must have

TL j~~1 
- 0

imply n rnq that 0 =0 , 1 ~ i ~ m , and therefore a contradic tion

to the hypothesis thatiTiji are linearly independent.

This ensures that C(p) -= Ii . 11 ’ and that it is symmetric

and ee-itive semidefiniue .

Assume now that there exists some vector z ~ 0 such that

~. ‘Ilfi ’z = 0

5~~~~f l (~~O 11 is inverible this cannot ha ppen and therefore ~
‘(p) = fl •fl’

F ) O ’ - i it i Ve  definite.
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Lemma 2.2. Let n be the degree of p (x). if p(x ,y) mode

is positive of degree n-i in both x and y then c(x)o (y)p (x ,y)mod~

is pos i t ive  of degree n-i  in x and y , if and only if p(x)

and 0(x) are relatively prime .

proof: The proof will proceed in three steps.

s~~ p i. We first show that there exists a vector space iso—

morphism between Rn (x) (the vector space over R of polynomials

of deg ree less than n under addition) and the quotient space

R i x  I - o (where q~~~ (w (x)) considered as a vector space over R

under addition . (Rix]/w i s actually an algebra if we also include

multiplicity.)

Let t: R (x) —
~~ RUx]/ip be defined by

t(g(x)) = p + g ( x ).

it  is a vec tor space homomorphism since

t(o.1g11 (x) + a2g2 (x)) = ct1t ( g 1 (x) ÷ a2t(g2(x))

Let ~
p+ g(x) be an element of RIxi/p . if g mod~ denotes the

polynomial in p-s.-g(x) of minimal degree (which must be less

than n) we have

t(g mod (p) = (P + g mod (~ =(p + g(x)

Let q 1 ( x )  ~ g~~( x )  be elements in R~~(x). Then it is clear that

w + q 1 (x) ~ w + g2 (x) and this shows that t is an isomorphism.

step 2. We now show that if 3 rtjjx)j 1 � i ~ n is a basis

fo r  Rn (X) then 3 a (x)Tt~~( x )  ~ is also a basis for R~~(x )  if and

only if 0(X), (P(x) are relatively prime .

If 3 if
~~
(x) } is a basis for Rn (x) then ~ + Tti ( x )

i~; a basis for R[xl/(D. 

—- - - - -
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Suppose that 0(x), (P(x) are relatively prime . This

implies that there exists A(x) in Rn (x) such that

((P + A (x) ) ( (P + °(x)) = (P 1- 1

where D-f l denotes the multiplicative indentity in R[x]/(P

For any cose t ~‘ + a(x)there exist k~ in R such that

((P + A (x))~ ((P + a ( x ) )  
i—l 

k
~ 

((P +

= ( + 1) . ( 

~~ 

k~~((P +n ~
(x ) ) )

= (w + ~~~~~~ 
i~~l 

ki ((P+o(x)n~ (x)))

((P + a(x)) 

~~ 

k~~((P + G(x)Ti (x))

and therefore~ (P + o(x)Tt
~
(x)

~ 
is a basis for R[x]/(P . By

step 1 we have tha t

{(o(x) I t.  (x ))mod np~ is basis for R~~(x )  .

Suppose that 0(x), (P(x) have a nontrivial factor in common ,

Ic there exists T ( x )  in R~~(x), ((P+T(x))~ 0 such that

((P + t (x)) ((P + o(x)) =(p + 0

where cp+ 0 is the addi t ive  ident i ty  in R[x]/ (P.

Suppose then that 30 (x)1t1(x) mod (PJ- is a basis for L(~~(x).

((P + t ( x ) )  = (~~ 
+ x ) . ( ~~p + 1)

(
~ +‘(x)). 

~~~~~ 

k1 (p + o(x)1t1(x) mod

= 

~~~l 
k~~(w + T (x)o (x)R

~~
(x))

(P + 0

5--—- -
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which is a contradiction . This provc~ step 2.

S tep  3. We now Prove the le”ma . If pmod$ is positive then

pmod~ = n~~( y ) i f~~( x )

~~~~~~~~~ =~~~+ ( 
~~ ~~ 

(Y) Wi (x))

i~~l

o ( x ) n ( y )  (pmod~l) = ~~ (o(y)rt~~(y)) (o (x)rt~~
(x))

i=i

o (x)o (y)p(x,y )  = ~~ + ~~~(o(y)n~~(y)) (o(x)R i (x))

(o(x)o (y)p (x , y ) )mod~ =

a(x)o (y)p(x ,y )mod~ = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

F’rom Lemma 2 .1  and step 2 o ( x ) o ( y ) p ( x ,y )mo d ~ w i l l  be

positive of degree n-i in x and y if and only if o (x)rt~ (x)mod$

Form a basis of ~0(x). This completes the proof of Lemma 2.2.

l,eriima 2.3. Let 
~~~~~~~~~~~~ 

be complex numbers which are distinct

and h ave pos it ive real ~:nrts. Then the nxn matrix An = ( ~~~
_

\x i+x j
i s  h e r m i t e a n  (A n = A~ where (*) the herm itean ad join t ) positive

- F i ri ito

t roo f~ We first show that if the mxm matrix ~ = ( 
1 

\ is

positive definite so is the mxm matrix Sm = (c
icJ 

~ provided

that each c1 / 0.

Let he defined as:

c1 0 0 . . .  0 c1 2  0 ... 0
0 C2 . . .  0 0 c2 0 ... 0

S1 = 0 0 c3 . . . A 1 0 0 c3 . . . 0
0 0 ... c1 0 0 0 . . .c 1 

- 5-- —— - - - -5- - ------ 5-- -~~~~~~~~~~~~~
- —-~~~~~

- --S- 5---
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whe re l~~~l� m. In order for Sm to be positive definite we must

have detS1> 0 for 1 5 1 5m (Sylvester Criterion) .

1 1
det S1 = ( j ] c~~)d e t A~~( J~ 

c3 )
i-z i i= l

since c1~ ~ 0 and A m is positive definite we have that

detS1 > 0 for l � l � m

This  therfore en sures tha t  if An_i is positive definite

so is the ma t r ix

i n\(
Xj~~~n

/ 1 
An+A n \ ~A . +X nI~ X j +5~nKn_i -- 

~~~~~~~~~~~~~~~~ 
(A i+x n ) ( x j +xn )1

We now prove the Lemma by induction on n.

It is true that A~ =A~1 for all n since

= (Cij ) = ( 
l_ ) = ( ~~~

_ ) = (ad ) = An

where cj~ = 
~-ji . It is clear that A1 > 0 since

>0

Suppose tha t  Am >O for all m~~ n-1. Applying the Sylvester

Criterion on A~ we see that all determinants of intermediate

minors are positive , by the induction hypothesis. We just have

to show that detA~~> 0. By observing the structure of K~ _1 and

using elementary properties of determinants we now show that

_ _
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~~
_ )detK~ _ 1 detA n .

I - ‘ -

- - - (A + A )  — -

I n fl 1

( X i+X n ) (X~ -t-A~~) k1+~ n

— (A +A1 n~~~ 1

bi -
~~ L i  C1 = (A 2 +X n ) (

~k i+A n ) a~ = A 2 +A n

- (A~ +A~ ) 1

- 

(A n_i +A n ) (
~‘i~~~n

) 
- ~‘fl-1~~~~_

Then

[b 1+c1, b2+c2,... b~ _i +c~ _1 ]

an I

det K~~.1 det [b 1, b21~~.. b~ ...i
] +det [c 1,b2 , b39...b~ _1]

+ ... +Idet b1, b2,... b~ _1 ]

det [b 1, b2,.. . b~ _~~]

A + X
+ — det [-an, b2 , b3. .

+ 
Xn~~ n det [b 1, -a

~~,
b3,...bn i ]

X X
[b 1, b2,...b~ _2, -an]

-- -- -S — - --- 5--- -—5-~~~~~~~~~~~-
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dot det [b 1, b2 ,  b3 , . . . bn..i I

+ -. 
1 det I

~~
an , b2,...b~~ 1 1

A 1 +X n

+ det 1b 1, ~~~~~~ ~
bn_ l J

A +X
2 n

+ ...

+ ____~~ det 1b 1, b21. . .b~ _2, 
— a ]

An_ i +Xn

= (_ 1) f h  
- 

1 det 1b2, b31.. bn_ 1~ 
a~~]

Xi+Xn

— det [b
1
, b 31 . . •b n l , a~~]

A2

-F- .

+ det [b 1, b2,. . .b~ _i ]
An+X

Expanding det A by the last row gives :

det A = (_ 1) fl+i ~~ 1 det Ub 2 ,  b3,. . .b~ _ 1, a~~
]

+ ( 1 ) n+2 det [b 1, b3,.. ~~~~~~ a ]

+ . .
+ (_1) 2fl J det [b 1, b2,. . .b~~

]

no d therefore L det K0 1  = de t An
Xn+Xn
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Since is positive definite and X~ has posi tive

real part we have tha t

det A
0> 0

and that A
0 > 0 .

We can also note as a consequence of th i s  lemma tha t if

A 1 k2 . . . A0 are complex numbers with negative real parts then

the matrix T = (-  -
~~

-
~~
--) where u ~ 0 is a real number is alson

f,-)sitive definite. This completes the proof of the Lemma .

-— — ---~~~~~~~~- —— - - — - - -  - — — -  - - -  -- -~~~— -~~~~~~~~— -~~~~~~~~~~- -~~~~~~~ -—--—-—~~~~- -
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l oinni n i  2.4. l o t  A be an nxn ~itab i 1it :y matrix with

- f l . , (‘:) dot C rx — A) ann! let ~ ( (P
2 

( x )  , 
(~~

2 
(y) ) . Def inc

(x -
- (P

2 
(—x) (2. 1)

~2 
(x~~ p

2 (~ ’) — 

~ l (x)(P1 
(y)

P (x ,y) - -- -- 
(4) x +

Polynomials (P1 (x),(P
2

(x ~ are relatively prime . That is

there exist Tu (x)i Au (X) in R Ix ,y] such that

rp (x)w (x) -F- A (x)w (x) (2.3)
u I u 2

where u is a unit in RI x , y  I .

i i )  P~~(x 1v)  is an elenent of R Fx ,y]

i i i )  l O t ~~~~ ( X ’~~~ ) = TU (x)TU (Y)P (P
(x
~
Y) mod ~ (2.4)

‘l’hen q~~(x ,y) is positive of degree n—i in both x and y.

I ’ noof of i). Suppose that there exists a k~ x) of degree

ureater than or equal to I such that

k (x) 
~~ 

(x) . k 
~~
‘-

~~~ 
~2 

(x)

(4)
1 (x) = 1~ (x)k(x) 

(p 2 ( x )  = I 2 (x)k(x)

this implies that. p1 (x) and (n-~(x) have a t  least  one common

root . This cannot happen since (P1 (x) ~2 (-x) and (p
2 (x)

is a stability polynomial. Therefore no such k(x) exists and

( x ) .~~2 (x) are relatively prime .

Proof  of i i ) .

Lot

- -  + a 1 x + . . . +

~p
1 
(x) = -‘0 + (—l)a1x + . . . + (_i) na~ x

n

T n t

q (x ,y) ~i2
(x)ip 2 (y) ~~ g.~~x

ky 3

jk
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h ( x ,y) ‘n ( x ) p
1 

( y )  ~~ h~~1
x

l
y~

b(x ,y )  - q(x ,y )  — h ( x , y )  = ~~~~ b~~~x~~y~

whore b 5t = g~~ 
— h 5t = atas 

- -  (_l) tat 
(_l) Sa~;

t+s
= a

~
a5 

— ata5 (—l )

let t~~~ 0 4 in 4 0

3
~~ m 

_ (1 ) 2mamarn 0 for all in.

l e t s=m t~~ k 0 < m n 0 < k < n m~ k

1’mk 
— ( — 1  ) mf k 1~~ 0 i f  rn -F -k even

2a rnak 
if m÷k odd

I t  in be shown by induction that

i ) x -n y ~
m

+~~m i f  in is odd

i )  -~~ —y ’~ i f  m is even

W i t h  this in mind and that b(x ,y) is symmetric the

i L V U f l O O  of h(x ,y )  by •~+y is performed by summing the quotiont~

obtained from the d i v i s i o n s  of a l l  terms of the  form

- . r i ~~> /
m 

~ dlkm x
m
Y by x-t y.

Pt oof of iii~ -

Ti~~- proof wil l proceed in three steps.

-
~~~~~~~

-p I: A~~ umc tha t the eiqcn - va.lues of A A 1 , A 2, . . . k

- i ro - il l  (1i ~;t b et. Show that q (x , y )  is of degree n—i in

1)0th and y anJ th at it is positive .

~- i n - e  P (x, \’) is syrnrnetr ic 50 is

~~~(x ,y) ~J~~(x)T~~(Y)1)(P
(x.~~)) mod~~

- - - -~~ - - - —  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



5- —-

~

--—--

~

-—-- — —-- — — - -  
~~~~~~~~~~~~~~ - _ - -.~~~~ -.-—- 

. .5- ______

— 6 9 —

On the othe r hand

(xny ) (T~~(x)T~~( y ) P ,0(x~ y ) )  = Tu (X)Tu (Y) 
[(P
2
(x)(P

2
(y)— (P

1
(x)~~1

(y) I

= T
~~
(x)T (y)( P 2 (X)(P

2
(Y ) - T~~( x ) T ~~( y ) W1 (x)W l (Y)

= (Tu (x)T (Y) -

+ uX ( x )~~ (x) + u.k (y)(P (y) -

u 2 u 2
which implies that

((x+y).q ~~(x,y)) mod ~ = -u2 (2.5)

In order for  th i s  to happen the degree of q~~(x,Y) in both

~ and y which is less than 
or equal to n-i , must actua l ly  be

n— I.

On the other hand

(A + A ) .  q (A . A. ) = -u2
u 1 J

and therefore
-

q~~( A~~, A . )  =

A. + X .
1 ]

Since we have assumed that the Xi ’s are distinct then

1( A i ) ,  l(X 2),...,l(X~~
) by the Van-dermonde determinant

theor em must be l i nea r ly  independent vectors.

We now wi sh to show that C (q~~(x~ y)) is positivc definite .

Let z ~ 0

~~
‘ ( (~~

) z = 
~ 

i~~~~1 

~~~~.l ’  (~~ ) )  C(q~) 

~~ 

k~ l ( X ~ ))

= 

i~~l 

k
~
k
~ 

1’ (X i ) C(q~ ) l ( X~)

= 

i~~l ~~~ 

~~~~~~~~~~ ~~. )
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= 
~~~~ 

k2...R~~I 
~~

2
- - , — Uw i t  F,

, 
- q (

~ - , A.) ) =
- U ‘ A~~-t- A .i i

Sin on- / ./ 0 not all of the k. s are zero. Lemma 2.3
1

ensiire ~-; us that K0
is positive definite and therefore

‘C(q )z > O  if z~~0

t f l dk i l i ( J  C(q ) positive definite.
U

step 2 . Since (x)(P (y)T (x)T (y ) P~~ (x ,y)  mod~ = l’n_p (x,’;) mod~- 1 - U u

W ( ’  (iso have P~~(x ,y )  mod ~ = P),)(x,y) being positive as a

e o n s e n_ fu en c e  of Lemma 2 . 2 .

t~ t np 3. Su ppos e now t h a t  the eigen—values of A are not distinct.

~how that q 12 (x ,y) is positive .

In order to simnlify the notation we let

~ (x) = on
2 (x)

~i (x) = (
~
)
~~ 
(x)

A l l  we have to do in showing that q~~(x ,y) is positive is

t~o show t h a t  P n_,, (x , y )  is positive . Then by Lemm a 2 . 2  i t  is

asser n - J  that q~~(x ~~Y) is positive .

~-~° prove t h a t  P(P (~~,y) is positive by showing that it

-~~ (fl he exriresges as:

P) (x , y )  = 
~~~ 

It . (x) L~ ~~~~~~

- (x)} is a b-isis For R (x)n



n 

- 
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- -  

~~~~

w hor e  each ~P .(x) has distinct zeros and

~ s-i ~ s-1l  ~ s 2 ~~” ~ 1 ) 
~~~
.

~~~~~
- then have

P0~ (x,y) = - iU-~k L L T _ Y J~
x + y

We know that the degree of P~~(x ,y) is less t h a n  n in both

x a nd y .

Let r i .  ( x )  ~
- ~~~( x ) ~~~ ( x )  . .. n _~~~1

(x) ~ i~~ 1 (x) .. .n_jj (x)

f or I < j < s.

I Wi -’ ‘I( ’ t

P (x , y )

it c.in too shown that

P~~(x , y )  = 

‘:1 
fl.~ (x)fl~~(Y)P~ (x,y)

by substitutin g in the expression what n .(x) and P 1, (x ,y)
] ]

are and cancelling terms.

Prom step 2 we know that each Pn_1, (x,y) is positive and
:~hercforu- by Lemma 2.1

P~~~(x ,y) = ~~~ n . k
( x ) I t . ( y )

.;Fo ’-ro n~~ s the degree of ~~~~~ and 1n .
k
(x)} are a basis for

N) .

- - -  j
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There fore

l~(4)(x lY ) --‘ ~~ nj(x)n jk (x) 
~~~~~~~~~1= ] k-- i

We show that fri- (x)n. . (x) }  is a basis for R~~(x).1 1k
Suppose that there exists ical numbers rn

~ k 
not all zero

such that

S

~~~ ~~~ ~~~~~~~~~~~~~~~~ 
= 0

j -=1 k=l

We can write this as

s—i 0] n s

~~ ~~~
m .

k
fl . (x)rt

k
(x) = E rn sk ns x)TtSk (x)

j=l k-- i 
- k=l

i i  a l l  m sk 1 5 k 5 are zero we can proceed by writing

s-2 n . ns_l

~~ ~~
m
~k

n
~~

(x)rt
~k

(x) = L ms_lkn s_l (x)Tts....lk (x)

j = l  k= 1 k=l

and continue . Suppose then that j=s ’ is the first time that

we encounter non zero elements in lrn s.k} 1 5 k < rig
,. Then

s’—l fl~~~~’

(*) L ~~~ j k fj )Ttjk (~~ = 
~~ 

m5I)~fl5. (x)Tt s ,k (x).

j=1 k=l k=l

Multiply both sides by b
~~
, (x) =

The right hand side of (*) can then be written as :

p (x) w (x)
for some p (x)

n5’
b5 , ( x )  

~~ ms ,k rl S . ( x ) r t s I k (x )  = p ( x ) • w ( x )
k=l



if p (x) -
~~ 0 we then have that

• 
~~ ms.krts ’ k ( x )  0
k= l

But since ~
Tt S u k (x ) I  are a basis for Rn ,  (x) this would

imply that ms.k = 0 , 1 5 k � ‘
~~~

‘ cont rad ic ting  the assurLip-

tion tha t  ~=s ’ is the first such j for which not all ms,k =O.

Suppose then that p ( x ) ~ 0.

This would mean that

p ( x )  b5 , ( x )  
~~ 

mS,kns~~
(x)rt S ,k (x)

k=l

or that ns,

~~S ’ (x) j (~~~(x) ~P~~(x) . . ~~~~~~~~~~~~~ (x) ~~ mSI krt5~k
(x) -

k=l

But ~ 51 (x) and ~~~(x )~~~(x)... ~~~1 _l (x) are relatively

pr ime th re fo re

fl~~•

(‘) J E m ,k ,k (x) -

k~ i

ns,

Since the degree of 
~~ 

mS.krt S.k
(x ) is less than n 5’

k= 1

ns I

t h i s  can only happen if ~~ ms!kTt s~ k ( x ) = 0 or

k= 1

e q u i v a le n t l y ,  when ms.k = 0 for 1 5 k � n5,.

This again leads to a contradiction since we have assumed

that j=s ’ is the first time we have ms.k , 1 5 k � n 5~ not a l l

being zero .

~~~~~~~~~~~~~~~~~~~ ~~~~~~~~
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lthe process is repeated until all m • are shown to be
1k

zero contradicting our original assumption.

The refore
~

r1 (x)rc .k (x)~

is a basis for R~~(x). and P(P (x,y) is positive . Since

n=r1 1+n 2 + . . +n5 we also have tha t  P~~(x ,y) is of degree n— i in

both x and y .

This completes the proof of step 3 and the proof of

Lemma 2.4.

— - — — — -  — . 5- — -- ‘ ‘ ‘ -—~~~~~~~~~ — - 5 -  r . : : _ - rnlr[ - .: 



—7 5—

REFERENCES

‘I - . ~1. Ath .n y ‘Numerical Analy sis of the Lyapunov Equation

W i t h  App ] icit ion to Intercornected Power Systems ” ,

‘
~~~.

- . “hesis M .I.T. June 1976.

2. ‘1’ . ~1. Athay and ~~. R. Sandell , “An Iterative Decoupling

Solution Method For Large Scale Lyaounov Equations ” .

3. ‘~~~. Bellman , Introduction To Matrix Analysis , McGraw--IlilI ,

Now ~ofl c , 1960.

4. °~~~. W . Brockett , Finite Dimensional_ Linear  Sy stems ,

.‘°Lie . , hew .‘o rk , 1970.

~~~. W .  S. Brown , “On Euclid ’s Algorithm and the Computation of

Polynomial Greatest Common Divisors ” , A . C . M .  Jou rna l ,

Vol. 18 , No.~
t , Octorber 1971.

6. W . S. Brown and J. F. Traub “On Euclid ’s Algorithm and

the Theory of Subresuitants ” , A.C.M. JournaL vol. iN .

No. 4, October 1971.

1 . i . N. Ilerstein , ‘Po:ui cs n ~.i ‘;ehra, ‘-‘c m x , L.:~ Hgton , Mass.

1964 .

8. N . Jacobson , Basic Aloebra 1 , W .H. Freeman , San F r a n c i s c o ,

1 9 7 4 .

) . R .  B .  K a l m a n , “I’l ~ebraic Characteri : , 1 1 i - - n  of Polynomials

t’/hose Zeroes Lie in Cert ain Algebraic Domains ” , Proc N . A . S .,

Mat h~~m at i c s , Vol. 64 , No. 3 , Novembe r 1969.  

-- —-—5-- - — - — -5-- -— -



- - —- --- - -

-7 6--

1 0. . I,. Kl c’ i nman , “On An I te ra t i ve  ‘~echnique for I~ico. I i

I-: guat ion Computations ” , IEEE Trans A.C., vol. AC—1 3 , No. 1 ,

-ebt uary 1968 .

I . I). I.. Kleinm an , ‘An Easy Way to Stabilize a Linear Constant

S y s t e m ” , [EEE TI-3ns A .C ., vo l .  AC— l5 , No. 6, December 1970.

12 . 1). F’ . K n u t li , “he Art of Computer_Programming Vol.2~ Semi-

numerica l Al ,orithms , Addison—Wesley , Reading , Ma- - s., 1969.

I t . ~-iAC -~YMA Reference Manual , R. Bogen et al ., Project MAC ,

!.T., Cambridge , Mass., 1975.

I - I . 1.. Mirsk y, An i n t r o d u c t i o n  To Linear Al-3ebra , Oxfo rd

t J n i v e r s i L y  I’rc’ss , 19 6 1 .  

- —  -- — - -- -- 
- — - ~~~~~~~ - -a~~~~~-- -St


