
Ao~
AOIl. 725 YALE (%IIV NEW HAVEN CONN SYSTEMS AND INFORMATION SCIENCES F/S 12/2

AN UNSTABLE DYNAMICAL SYSTEM ASSOCIATED WITH MODEL REFERENCE AD—€TC (U)
MAY 77 A FEUCRi B R BARMISH . A S MORSE AFOSR—77 3176

LNICLASSIFIED S/IS 7702 AFOSR—TR 77—1172 It.

i~~~i k END
AD
4044725 

Io:n

I



I ~ ~~ 
I!2_~

~ lII~2

I • I
I HH~
~I~I ‘ 25 IIlfli~. n~n~
MICRO~ ()PY R[~~( W ~~( 4 T~ SI ~~‘fl



—4



AIR FORC~ OTPI~~ OF SCIEl~1TIFIC RESEARCH ( AFSC)
NOTICE OF TRANSMITTAL TO DDC
7b i~ t echn~Lc: ’ ~~~ . hns h~,cn reviewed and is
approv c~1 pu~ 1. L~c1ea~ e lAW Ai’R 190—12 (7b).
Di~ t r i b ut i~~ is un 1i~~i ted .
A. D. ELCSE
Technical Ini ozieation Officer

‘UI

I~i 
L:J~~L~~ L~~~~~4 

~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_ _ _ _ _



/ /

/

~2—
JN UNSTABLE DYNAMI CAL SYSTEM ASSOCIATED

WITh MODEL REFERENCE ADAPTIVE CONTROL* —

• (/ ‘A ./ }euer , B. R. Bartnish~~~~~~ A. S. Morse I

• / / .  ~~~~~~~~~~~~~~~~~~~~~~~
— 

- -—— —-- 

/ F- ~

‘ 

~‘J May,~*77 / ‘ ~

. 

~~~~~~~~~~ ‘ 
“

/ - 
- 

~ ~~ ; ~/ f  — — 
, /_  —

—
I — - —

-— D D C
- ~ — / /  ~ 

~~~~~~Depart;ent of Engineering and Applied Science SEP 2~ 
1?T1

Yale University j
New hIaven , Ct. 06520, U.S.A.

* This research was supported by the United States Air Force Office of
Scientific. Research under Grant No. 77—3176.

[bI ~rruBUT~QN~ TT: r~ 
1

~ ~Approvsd for i

L± ~~~~~~~~~~~~~



F W -~~~~~ • -~—--—-~~

ARSTRACT

it Is shown that a certain ‘ ystem of differential equations of

impor tance to the proof of stability of the adaptive ~;vstem proposed in

[I], admi t unbounded solutions. The i~:.~’1ica tIon of this result is that

a much more elaborate argument than ht-r* t ofore thought necessary is

required to prove that the adaptive syster~ of El] is stable, If it is stable

at all.
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In studying the asymptotic behaviour of the adaptive control system proposed

in [1], one encounters equations of the form

• 
n = — n 4  4)(t)6 (1)

= — 4 ) ( t ) n  (2)

(3)

where as in [1], ri,~~,w1 
and 4) are the augmented error , parameter error , auxi]Iary

£
signc l and sensitivity function respectively, of the adaptive system. These

• particular equations result if one assumes (for simplicity) that D (P) =

Df(P) p + 1 and N = 1, where Dm~
D )Df and N arc as defined in [1].

To prove that the adaptive system of [1.] is stable , it is necessary to show

that r~,.5 and w are bounded . Since the structure of the adaptive . system makes it

difficult to deduce very much about 4) unless ri,~ and w
1 
are known apriori to be

bounded , the approach in [1] and elsewhere has been to try to establish the bounded—

ness of ~~~~~ without first assuming that 4) is bounded . To get some idea of ~ .

involved , observe that the time function

a 1 (
2~~ ~2) (4)

satisfies

- 2  
(5)

from which boundedness of ii and ~ directly follow. This and (2) imply that the

output of any stable first—order linear system with input 4) n , Is bounded. It is thus

reasonable to expect that w , the output of a stable first—oiaer linear system forced1

by n4) , will be bounded as well. The following counterexamp ie shows that this is

not the case.
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Proposition: If

4, = 0 + (sIn O)(cos 0) (6)

where

—t 2 6t
0 = e  sin (e ) (7)

then there exists an unbounded solution to (l)—(3).

Since the sensitivity function 4) actually generated by the adaptive system of

[1] is not completely arbitrary , the preceding is not quite a counterexample to

the claim of stability of the adaptive system proposed in [1]. On the other hand ,

the example does imply that a much more elaborate argument involving the differ-

ential equations which generate 4) is required to prove that the adaptive system

is stable, if it is stable at all.

• To prove the prófbsition, first observe from (1), (2) and (7), with

r~(O) 
= sin(sin 1) and ~(O) = cos(~{ñ 1),~

that r = ~ sin 0 where ~ 
= ~ cos U and

—J sin
2 

O (t)dt

~ (t) = e 0 (8)

Hence

4)
2 

4)
2 
sin e (9)

The definition of 0 in (5) implies that

sin 0 ~ 0
2/2 ~ 0 (10)

and that ~
2 
~ e

_2t
; from the last inequality, the trigonometric relation sin

2 e ~ o 2

and (8) it follows that ç(t) ~ c1 ~~
h/2

. This (9) and (10) thus yield

~ c~~
2 sin 0. Using (4) to substitute for 4), we obtain

4)
2 
~ c1 

sin 0(0
2 + 20(sin 0)(cos 0) + (sin2 8)(cos2 0))  (11)
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Now observe that from (5) , 0 + 0 = 6eSt 
sin (2y) where

6t• y e  (12)

4.Hence

e 2 
sin 0 =  (6e

St 
sin 2y)

2 
sin 0 — (200 + 0

2) ( sin 0) (13)

If we now define

b
1 

((sin
2 
0)(cos

2 
0) — 02)sin 0 c

1

• 
(14)

b2 
= (2/3 sin

3 0 + 2(0 cos 0-sin 0))c
1 J 4

then using (11) and (12),

~ C1 sin 0(6e
St 

sin 2y)
2 + b

1 + b2 
(15)

From (10), and then (7) and (12)

sin 0(6e
Stsin 2y)

2 
18 ~

2 
~
l0t 

S~~~
2 
2y

8t . 4 . 2
= iSe (sin y)(sin 2y)

8t 2 2  . 2
= 18e (1—cos y) (sin 2y)

8t 2 2
~ 18e (1—2 cos y)(sin 2y)

St . 2
= — l8e (cos 2y)(sin 2y)

1 2t d 3
= — ~~~e ~-~- (sin 2y)

This and (15) thus show that

4)
2 ~ — C

2 
e~~ ~~ 

(sin 3 2y) + b1 + (16)

where c
2 

= c]/2 > 

0 . 3
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• From the easily verified identities

— fe
31 

~~ (sin
3 2y)dT = _e3t sin

3 2y + ~ fe
3t 

sin
3 21d~

and

3e
3t 

sin3 2y = 3/4 b3 + 1/4 b
3

where

• b3 
e
_3t

(l/3 cos
3 

2y—cos 2y) (17)

it follows that

J

t
e
3T 

~
j-
~

- (sin
3 2y)dt = _e3t sin3 2y + 

~ J0
(3b 3 3 ~~ T

Thus from (16)

2 2t 3
j
e n(i)4 dt ~ — c2 

e sin 2y + b(t) (18)

where

b(t) = - f (3b + b )dT ÷ 
J

t
e
(T_t)

(b +~ )d’
~ 2 j~~ ~ 0 1 2

Since (14) and (17) show that b
1
,b
2 
and b

3 
are bounded , b(t) is a bounded function

as well.

Thus if we take w
1
(t) to be the zero initial condition solution to (3), then

from (18), and (12) •

w1(t) ~ 
— c

2
e
2t
sin

3
(2e

6t
) + b(t).

Clearly v1
(t) is unbounded. 0
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