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Abstract fixed bud get for estimation is considered .
The estimation effort is distributed according

A stochastic adaptive control problem that to the accuracy required to achieve a given
incorporates estimation cost considerations is control objective . This relationship between

~~~~ formulated. A sensitivity index is introduced estimation and accuracy is based on the assump-
to represent the extimation cost. The control tion that greater accuracy in the estimation
effort on estimation is distributed according of an unknown quantity implies a greater c~~~t.
to the accuracy required to achieve a given Parameters to which the state of the sv s t e r ~
control objective when there is a bound on the is more sensitive require more accurate
es t ima t ion  cos t .  The effect of the control estimation than th’se whose effect ut the
on the sensitivity functions is used to state is less  s i g n i f i c a n t .  We will ret•resent

influence the future uncertainties of the the fixed bud get for estimation by a sens lt i vit y
system. A dyna m ic feedba ck con tr o l al gorithm constraint which is related to the estimati

is proposed that explicitl y takes into account cost in the following fashion. It has been
the accuracy of estimation and distributes the shown [7] t ha t  fo r  t O t e  i n v a r i a n t  systems the
e s t i m a t i o n  effort in an optimal fashion , maximization of a sensitivity criterion 7,81

is e q u i v a l e n t  t o  the  m ax i m i z a t i o n  of  the Fisher
i n f o r m a t i o n  m a t r i x .  We will use tins tact to
exp l i c i t l y  mod i f y the control to affect th0

1. Int r od u c t i on f u t u r e  unc er t a i n t i e s  o f  the SV~~t e m .  When we
look at the estimation problem , the  Cramer -Ra o

When a control law is to be designed for an inequality [11] gives us a loser bound on the
uncertain system with unknown parameters , two covariance of the estimate of the unknown
roles of the control signal have to be consi- parameters. We will use the influence of the
dered 14] one is the effect of the control control on the sensitivity of the system to
signal on the estimation of the unknown decrease this lower bound .
plant parameters and/or state variables , and
another is the attainment of the control Tue exact computation of the state sensitivit y
objective . In general , these two roles of the functions represents an infinite dimensional
control are conflicting 7]. The optimal system when the feedback includes the sensi-
solution to the dual contro l problem is tivity terms ; due to this fact a dynamic
achieved through the use of a c l o s e d - l o o p  s y s t e m  whose s t a t e  closel y approximates
controller. The problem of getting the closed the sensitivity vector is used instead . This
loop control law leads in general to a nonlinear approximation to the sensitivity function has
problem and only approximate solutions can be been used by Kreindler 161 and has been shown to
obtained . Nuch effort has been made to obtain give good performance for deter min i .tic system s .
tractable methods of solution [1 ,2,10 ,121 ;
some are approximations to the optimal solution lie consider the problem of desi gning feedback
[10] and others use the conflicting characteristic control laws for a class ‘f m ulti-input -multi-
of the dua l property to constrain the control so output discrete time stochastic systems .ith
as t o  achieve a short term control objective unknown parameters. The performance index t be

> without exceeding a bound on the future minimized is quadratic in the state and the
0... . covariances of the unknown quantities [1 ,13]. control. The optim ization Is to  be pt’rfor :i d

so tha t  i measure of the energy th~ u t t  ro  I
We propose i way of formulating a stochastic spends in e s t i m at i o n  does not exceed the bud get
a d a p t iv e  con t ro l p r o b l e m  that  incorpora tes  a a v a i l a b l e  for  e s t i m a t i o n . We model co s t  of
cost assignment fo r  the  e s t i m a t i o n  e f f o r t  and e s t i m a ti o n  as .i q u a d r a t i c  f u n c t i o n  of the state

t h  i t  a u t om a t i c a l l y  d i s t r i b u t e s  the  e s t i m a t ion  s e n s i t i v i ty  f u n c t io n s .  We seek a iei dba c~
bud gc t in a r a t io n a l  way . In t h i s  approach a s o l u t i o n  for  the coot c ii  that ~ xp 11 cit I 
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j i l t -  ii c l i n t  the , t i i t i r  . 1 ’  ‘I the i ’ s t i n i i t  i n  and in  ord er  t o  e st i n ~~te t h o s e  l a r a i t t i t e r t  rn i re
t h a t  ! ‘ s t r i b t i t e s  ii l e s t l i i i  i a n  e f f o r t  in an ac c u r a t e l y .  l i te  d e s i g n  of  W ‘ w i l l  be , i c c o l ’ t —

- i i  f a s h i n .  
P u shed as f o l i a t e s : l i i i ’ S e n S i t i v i t y  , l s i r . i i n t

I )  is appended  t h roug h a ~t g r , l l t g t -  mii i tip l icr i
r a l i  lea F’rma l o t  ion the  c a s t  f ui , ct i o ~~i l  J1 and t h e  C l x i  f u n c t  i o n  i s

slj nimi- eelI w i t h  r e sp e c t  to  t he  c o n t r o l  law u.K and
I l l s  i d er  th e d i  i rote I inear S~ St  i i  

t lie i,’ i’ g u t i  up m a t r i x  Ii ‘l i ir oug h t l ie  bound r i l l 1

Ax + bit. +ie  (I) the desi gn of tile wei ghting matrix ~, as
I + I K K Is 

I nd icat id , t i l e  f o l l o w i n g  p’a is can be achieved

i )  ‘rite larg er sensitivity t e r ms  in ( I )  w i l l
ci ii . I e e e  I vi ’ less wei ght so that they wi 11 be less

u1 R , > 1 ~ R , and wk 
is norma l a f f e c t e d  by the c, ’n t r ’ 1  t i t a n  the  sn a t i l e r

i t l i  :s’~’, ’ t It an and , v ,i~ L i i l t c t ’  \ ‘~ . A m d  8 .t s e a s i  t i v i t y  terms w h i c h  w i l l  r e ce ive  moreu n k n o w n  random su t r i c  i’s of  al ipro P r i a t e  dimcns  t~~~ w e i g h t .  Thus t h e  c o n t ro l  w i l l  i n c r e , m s i  t h ea nd I t l i  Pht b0 t isle v.i rv ins.  ‘the t a t ’ a o l  the  , ,e cu racv  tei wit ich t h i ~ pa r am e t e r s  that a f f e c t
ii i t -  turbance at the  sante i n s ta n t  a re  s tO t  is ti c a  I i ) t he s ta t e  more a t  the e x l l en s i . of a d e c r e a s e
independent . li e t ’ntr m S’ S of  A and 8 are 

in t he  accuracy of the parameters that
i’ ’n s i  de ’ ri ’ I  independeflt . Tim e s ’r f ornunce  i n di te to ,i f f e c t  the sy s t e m  s ta te  l e s s .bc m i n i m i zed i s ’ , -

ii) Time estimation effort of the control will b0
J = Et — x,’Qx + u,’ Ru ) ( J )  r a t i o n a l ly d i s t r i b u t ed  to estima te bett er1 k =N 1, K k k t ime  pa r a m e t e r s  t ha t  have g r e a t e r  i n f l u e n c e

n the st a t es u b j e c t  t o

We r e s t a t e  our o r i g i n a l  p r ob lem as follows .A., = F (k ) w  ( k ) , t r ( 1 )  
c o n s i d e r  the augmented System

w h er e  
, k+l ‘~ e ’ k 

+
~~~

U
k 

+-  w~ (5)
: ( k )  = ( ‘ ‘ ( k )  ( k ) , . . . ,  1

(l~ fl1 
w i t h s r  b e t  s ta t e  i n f o rm a t i o n .  Ke want  t o

a l l  wh i c h  i s  desi gned t o  c l o s e ly  , ; p r ’ ’x 1 tt ~ i te  
itH ll t t ’ i l  20 with V t ’ s ; 1 - i t  it ’ IL

5 
jnd Ii t lii ~ pc ’r f o r —the  ‘t , i t  - - , e i t , i t i v i t y , sa L i s l i e s  t h e  l l l s , i l t g  stance index :

‘ q l l . i t  i ll : 
, +te —

J = 
‘ 5 + u .~Ru.~~i (6)

= dc -
~~~ 5

1
(k))5

1 
-F (A-ilk

1 
(k )). (lX ) k=N I F

J 
\,‘}ieri ’ 

—
- 

d 
R , , ~l, )~ - (F l  (- . ) 

- 

A 0 0 ... 0
i = i  - ,i .. 1 1

h -r e  A, , .in i Ii. . are the ’ d e r i v a t i v e s  a t  .-\ i n !  Ii A -  -1W 1 ( F l  -h o  k ,~~( k )  . . .

tei th l ’s I i .ct i ’ :,j~ ( 1 (k )  and k2
i~l s l  a r e  ‘ L i t r i i e S  

= 
—

~~~~ 
F

1
( k’i  — h ~~

_ N , 1 ( k 1

a be found in t lie a p 1 r i t im a nil A , II . i ri the ‘\ 1 1 
-l a l - - - t  , - - t i n i m t t ’x o f  A and ii r e s p e c t i v e l y . i

j ~~~ -
‘ N ( F )  - h I- K~ , ,t; ’ n ’ i i t  i i  t he  L’ t ’i’ t ’ t’ w h i c h  is t ’ ’r mi’d by ‘ . I

the u n k n o w n  e n t r i i . t— o f  t h e  t i t t  t i c  ‘ - A  intl ii 
~~
‘
~

— —h i ,
l i- i t  by r tes . is an unIt not et i d l  iFt ‘11 ,11 ‘1.1 1 c m x  

— 
1 d 

—he cl i ’s, ’ll by the  des i ’l , er  I I  t i t t  I , and

it i - f i t ’s g . 
~ 

� (1 i o r  i = I i i !  m n , !  8 1

t r W 
- ‘ 1 . ‘flic n 000eg t tt  ice’ n il ’ lI’ ’r - 1 . i r e  the 

— - — 
—i f I 1’d - - t i n  imum ri l i t  I cc i,- ’ i  ph t s teh re Ii . 

, 
—

~ 1 . 1) is i i i  t t ~~tt ‘ ‘ ~ 
i t  i s  I i , ’ f ini te 0

.11 1 5 .  i i i ! R is .i i t  tI~ ii p ’s I I  i t , ’ t l t ’  1 1 1 1 1 1 ,  ‘i, t i i . 

—Q ,mfl ! ~ t~~s ir s t , l t t  ~~~. 
-~ i l l . 1  ~l t ,  (d~~I ) l t , n e i t r l ,’s , I i s .i h~~ I t t t ~~m

I ‘ ,i t,l • I .1 I I 1 .int i  I S - i t
1 i ,  S I lO t I e ,  i i  Vie  i t  i I ’ . Ii i l  t t ~ ,i~( mis t o  h i  — 

d ~~~~~~~~~ ~~~~~I r I ‘i i  i’ ~~~ ‘ I i t . i t  i i i  ~‘ I ‘ i I , A t s ’  ru - I 0 1’’ it’
i t t  I — I t  i I l - i ; I l . t i  l i v  l ii - l , ,’tt I , . t l i . i t  h O  - i  t h e  i ‘ !‘ , . n t ’ ’r’ t i m t h t t  i i i  i t i  ( ‘ 1  . i t i t l a’) i . ,i -i mj ’ , i t i  n ‘ ‘ I  t h  , . ,  i i s t t  i i  i t  i. i t h I ,  ‘ i i i  I 

‘ht m cii b ’. P i ’~ l l , i i I 1 ~ I t t i  O t i ’ t l I O I ’ l , i i t t
i Uflk lI ’s ,~ I I I ’  I I  ~i t  I , I - r~ I - ‘ ht’ ~

- - — t I t O t e  5 I t  m ‘ t i ~ t t ‘ i i , - - i i i  t I on  ,I O I l ’

r e q u f  i , . i . Lh.’n ,~‘,‘ i’iI ~~ ’’. ’ ilit’ “sit r i  I,’ 
‘ 

-U I  Ii . 1  I u i t i~ sin i t  i I ’ i l e t  i s  e !  i ’ - , i i  Si ’  t ‘ t i t  ( I
I ~~ t t t l i i i  g. - I i t -  si’n ’. ml l v i I i i ’ - ’ i i . - ‘ i  I I,i i t ’ . . 11  1 s t  t i ’ .1
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3. Solution
t e h e ’ r ,  K .  ~~~k 1 ( i )  1:21 (i )  .

d~~
i):,

i’hie optimal solution of problem (6) subject to 
-

(5) is extremel y involved and comp licated ; to  A , 0 0 0
seek a closed loop control late wou ld be imprac-
tical. A suboptima l solution which is of the - -

feedback form , is sough t.  First we will find a ‘~~ ‘ ~ Ii- N 9d~~
’). .

control late for a fixed F °. Next we will opti- K (k~ i~ K (F)
o N 1

mize w i th respect to w . - 
1

Ak 
= 

~~~- I’ , I (k )

3 .1. Computation of 
‘1

To find ti,e control UN ~~~V C f l  the i n f o r m a t i o n  up 7A7 - -10 K~~~(k)  .. A ,, -h, K
1

to N0 and F “ we proceed according to t i l e  
d d “a

following steps : 
-~~~~ K

1
(k )  ~~ B~~~ Nu,i ( k )

d

~m) Compute time estimates and based on N N

the information received up to N,,. 
= ‘~ . . .

b) App ly the certainty equivalence princi p le to and 
~N 

a r e  the  e s t im a t e s  of A and 8 eis’en
the augmented system. The p lant  matrices ‘ ° ‘
are as sumed to be AN , B,i . Although this will 

the information up to  N .

lead to a c e r t a i n t y  e q u i v a l e n t  c o n t r o l l e r  in l’roof: To f ind U 5- , K . aid K - we m - ‘ lv th -

the augmented state space , the error in the 
,, 

I -

estimates is incorporated through t h e sens i -  d ynamic  p rog ramming  ,m l g o r i t h r ,’, i l l s t find t ue

t i v i t y  c o n s t r a i n t  and the c o n t r o l l e r  w i l l  be co n t r o l  law tha t  r ’ l n i m i e c t  t h i s -  e a t  t o  o’ at

c a u t i o u s .  The app l i c a t i on  of the c e r t a i n t y  every  k .  For d e t a i l s  ‘f the  i r o o f  r e f e r  t”

e q u i v a l e n c e  p r i nc i ple  to the augmented system 
reference 9]

w i l l  r e su l t  in a b e t t e r  c o n t r o l  p e r f o r m a n c e
thta n the  c e r t a i n t y  e q u i v a l e n t  c o n t r o l l e r  f o r  In theorem 1 t h e  c e r t a i n t y  c ’ q u i s a i en t  n t r , i l l e r

t ime  o r ig ina l p r o b l e m  because  the u n c e r t a i n ty  f o r  t l ie enl1mr ge d ~.s -tea  ‘ a s  found . It t i ’  t h a t  t h e

‘1 the pa rameters  can be i n f l u e n c e d  th i roug hi ma t r i x  Ak in e p l i . m t  i n  (5) depends In t i m e - ’ L I t  r l ,

the s e n s i t i v i ty  con s t r a i n t .  T u e  s o l u t i o n  si l l  N 1 (k)  and K2 ( k )  e , i ,  t i l t  i r e  found t i l l ’ 1lI ~~
t t t h e  eI1

d i f f e r  f rom t h e  or i gina l c e r t a i n t y  e q u i v a l e n t  of  t ime  c o n t r o l  u5 .

con t r o l l e r  because the sys tem m a t r i x  A ‘ 
, -

con ta ins  unknow n feedback  ga i n s ,  the e x i s t e n c e  of tbte  so lut  ion  o f  (7) s-i 11 d, ’I ’ i ’U ,!
on w i m e t l l e r  (9)  wi t i c l l  i x  1 i near  in F , i d ’ i i  ts .1

The subopti nu l feedback solut i n  out  l ined  in t i ,  s o l u t i o n , Th i s  q u e s t i o n  is ,i e ! ! ress ~ d in

above steps is given in Theorem 1. Theorem 2.

Tbteorem 1 : For a fixed F ’’ and given A~. an d l h e , ’r e t . ,  2 ‘rite r ail, c m ’n c h i t i o n

if e q u a t i o n  (9) a d m i t s  a e l a t i o n , t i l t ’ 
ci- ‘ - , r ,n t ~~. I - ( I - F , ,K ) +  ‘l’~ ” 0 , 5  

~‘ )~ =

co n t r o l  U N t h a t  m i n i m i z es (6)  is : ~ ii (241 ~~~ i j = l  I i j ‘ 
-

, , N 0 N0 N ,> -l  , N 0 N ,, N 2
ti N ~ (R+ BN 1’N +I B N (~~ ~~ +i~~~

’ ‘

~~~~ 
( 7 )  r , i n l -  I , ( l - F . h14 - : H ( I .  SOb . ) ) ,

N0 
n(e i + i  ~~~ 

‘ J = l  I ~ I is51

teh ere P. is the s o l u t i o n  t i

N0 — 
N ,) N0 N N N N

P~ Q~+A ~
)P
~+iA~ 

(K~~ - ( A
1 

° (K~~) P 1
’
~ 1~~1

0 ) ( R  +

N N N — l  N N N 
ie!le~~c’ f ( F , A~ 

) a re  ‘l i e  c o l u m n s ‘f the s , t l  i-

+ B j  ~~~~~~~~ (A ° 
~~~~~~~~~~~~ 

‘ (8) F
~
A
~
” t~ r i t te I l  as a long t , -i t - ’r , i s  I I e e , ’s s, i r y  , i l l t I

su f f i c i e n t  f o r  t h e  e x i -  t i -n c , ’ ‘f a s o l n t  ‘i t  t o

N 
— . 

equ a t i o n  (10 , w h e r e

N 1 ~~-l 
= 

~N + v— l 1 ~~~~~~~ N 0’~~~ N N N -
~~ 

N l
i

and 
l~ = iR it . L~~~B . )  K , l’~ + i  ( 1 0 1

N N N~~~~1 N N N -

N i (R+~~ 
‘ i’ .~~1~~1

”) 01. ° (I i ) 1 ’ .~~i h t i ” ) (‘I )

= 0 i N ,, 

- ‘P
I - _ b ’ ’ ’ - ’

853 i



‘ i i i ,  t ’c I t ‘ ‘ t i l e  I t~~ , I I  ‘ ‘ l i t -  t r,, I I t !  S

-
~~ ‘ -. ~~, , t = I l i i i

s~ l~~ • I~ • I .~ 
‘ ‘~~ , I:d N 

= I 
(I-. )

(I  n t - t i  lsn 0 . . , (1 ,t,! +h 5 1 1 1 ’  “ ) t , !  l i l t ’ “ ‘ C i l l , !  1 1 1 , 1 1 ’ l i I l t ’ t i t e ’ i t  - i i i ’ Fi~~’en.

l i i i - i t t ’ ’ ! 1 -  l u l l _ i  t ’ l i  ~t ’ I ’ _ m I I , I I , I I I F :  I’m ’ ’’ ‘ i i i ’ ’  l i t

Is - s -’l Set h by t ’’, , , i t t j t t j  ON: .1 m t t h m ’ nd e a r  t I , ’ t ’

‘ i i  t i l t ’ f~~~.i - i b l

‘1 ~~~~~~~ 
‘ \

“ 

-

~~~~

‘

l

’ 

‘

~~~~ 0 

K’ ,
”

~~~~~~~~~ 1, i 1 , . . . n d , i~~~~~~~~ j 

h I 5 )

-~~~ 

‘ 

0 
‘ ‘

~~~ 
I - 

1’ ~

2 ii ,. ‘ I Ii . i i i , !  t~ i ’ chititise .m - te l , ,it t,’bi i~~ h ,h is mm t t t
.
. I t  l i l t -  i l l i c i t  i~ — l i i , ’ i ’ m - i- i t ,  i t  , i - ’ -t i p i , ’ t h  t

.1 - ‘ h ~t l i l t  t h U s , ‘ll t I ‘I -c ’ i ’ l t l ’ l i t t ’ i i  , S t  l i i i ’ t I ,

2 ~‘ , N , 1

‘‘el  i ’ ’ t ~ 5 1  I~
’ . I t  i t t , si try u t  ‘ 1 1 , - c  v t - r h --

I - - i l l ’  
i ’ l l ’s, ’ i i i  ‘t ii, -r ,‘ ,,iitr. ’l s i ’p t ., ’I l s I  . in ’1 I’ t ’ ; ’ m - i t

t h e  c x c ! , ’ , I f  .m s, ’ l i i t i ‘ i i  c x i i , l , t ’ ‘b t a i i ’  I I

I I Ret t’r i i -  e q it at  ‘‘ i i  I ’l l  I I .  t me t ’ i ; i i  i v , ,  I -n t  l i i  U - - ‘ I mid S te P s

t ’ q l i i I  I ‘i t :  
l i t  ‘‘ - I  i t l t t  l U ~~ t h e s , m i , i e i i  f r - n i l  i l l )

~~~ ‘ ‘ ) I  - b  s 11, I I’ F \
‘ (11) 

m i t t - ’ ( ( ‘ ) ~ t i t ~ c m l  lie ‘it I l i i i  h e 11  ci t  is

I I i i , . i j  I I

N N ,4’-I N ,
ii : ,, , i t i,’n (i l ~ is ‘ h ’ L , i i l i , ’I h 1 h i t e ’r m a l m i p i l l , i t l l I t l  h \ • \  

i’ .
’ ”

\ 
4 - - 

L I  n : h ’ _ ) i i i ’ ’
, - q u . I t  l iii (5 )  ,~ n l i  I d e I l t  I v  lil t ’  I e m I t s ’ . - , 

- 
-‘ “o - 

- ‘ ,b N  +1 -

ii) :1 - I L  , ‘ , , ‘1 , i , i t i ’ l t  ( I l l  , i t - . i v  s - c t  i t ’ I ; l t . i t i I ~ l l  ‘‘0 , - —
- ‘ ‘ ‘ whi e r s ’  h’ _ i i t im , - s- - ’ e a r i . m l l t  0 - ‘ I ’  c i t e  Ii  i i, -

i~ Lit ,,’ ~~i I  t r t t l l ’ - - ‘ f K . . Ib i s  I’c’sl i I t s  u I  -

time I i  t- ‘ I  e’qim .u t i ’ l l , - - -m n f , i i ’ at  ‘ ‘II up t i  L i t ’ s -  N ,  IL  ‘- i t  ~~s f 1 e , .  t f i ~
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The solution obtained above is open ioop optima l 
k 1 — “ - 

‘ k k - 
è~~~(~~)

f,’r time augmented system for a given estimate ~ e~~( + ) — (A-BK 1( ))e~~( ) 
- . .

1
8K
2j

-,,: . ( . )

and . We use the feedback gains K1 and K2
for implementation in feedback form at ime N,, . 

4. Example

As new information is received one time unit -
- . . We constder the systemlater , the value of N0 is increased by one and the

process is repeated to obtain the next feedback fo 11 [01 fol
ga in values. This is essentially an open ioop = I I ‘tk 

+ I ~~~ + I 1 I wk
optima l feedback solution. L

al a2j L J L J
The al goritltm presented above will automatically ~

‘k 
—

assign I-Ire weight to the small state sensitivity ‘ - -
- ‘ . where a (a a5) are random variables w i ts  pri or

functions arid less weight to the large state serial- I . ,....

tivity functions; this is so because the estima - , , r’~i 0.5
tion budget is fixed and the optii~ulity condition 

statistics , 
E{L~~~} 

= L0.J ‘ — i ’ t a t s b h . OOOl ,

for t~ has to be sati sfied . Since It is the
- - - . 0.0001). The noise w iS a rand ‘is - - equence w i t hweighting matrix of which is designed ~~s’ closel y - k , -5. zero mean and variance 1.0. The initial sLate

approximate the state sensitivity, and W ‘~ is xN is normal with mean = (5 5)’ and Varianc e
found to minimize the performance index J in equa- 

~ oiag(0.000l , 0.0001).
tion (6), then the components of F ‘ will be found “No N
such tha t less we ight will be assigned to large We seek a control law u.5 , and satri’ Ii ‘t ,si i
state sens i t iv i ty  functioris and more wei ght will that the following performance index is minimized ,
be assigned to sm a l l  state  sensitivit y functions.

- 
‘1

N 
~~~ 

k~~~N 
X

k
i,t 5

k
+t i~~R u

k~ ~ 3)
3.3. Sensitivity Approximations

subjec t  to
In this section we will analyze the sensitivit y N 0+- -l N
approximation used in the development ‘f Lb5 E’. : 

- ‘ 1~’ 
~~~~ 

~
‘ r 1,,..)

previous section . Consider the appros ‘mate feed- F N 0
back sensitivity [6] given by (.) and reproduced 4 N ,,
here : , ‘-

1
W~ 

= 1.0, ‘i’l’

(k+1 ) (A7 -B~ K
1

(k ) )~~ + (A-~K 1 (k))r~ (k)  
where W .° are the components of t h e  d iagona l  F ’ .

d In this’exam p le we take \ l = 4 , Q=Diag (1.0 , 1.0),
- B- K5.(k)t,(k) (18) r’cii=l - R 1 .0. The enlarged s~ stem~~i~j 

is given by

i , j l d , where p . depends on K and K , wh ich 
~
— 

~ 
— ir

are the feedback gain~ that define ~he fee~~ack I ~~~~ I A 0 0 11 X k
control law obtained from the algorithm. 

= -BK 0 ILI lk+l I A7 
I 

Ais i ~ 1k +

The exact sensitivity functions for the feedback -. I 0 A -BKsys tem ar e give n by Ln2k+lJ 
~~2 

N-,, :~i L~.(k+l) = (A-BK
1

(k ) )~~~(k) + (A5 -B9 K 1
(k))x ,,5 B~1 F;]

- F ( ~9 K2.(k)7i
(k) +

~
N2. 

se~~(k) 
(19)  + 

oj~~ + 
Oj w k 125)

iC (k) where ~[]. ‘
[l]~ 

,~~~ is the matrix
= (A-BK

1
(k)) ~~~, + (/t ~~ -B .. K

1
(k))~~, 2

j A with a1 and a2 replaced b y t h e i r  t I l e a l l s  at N ,

d ‘c .(k) arid K is the feedback contr ,’l gain which is
- ~ B9 I(2.(k) s~ ‘ (20) designed to achieve .u close approximati on ‘f I h ~’
i=l j ,j state s e n s i t i - i t v  by

The trtue feedback sensitivity — w ill be the solu- - - - -App ly i ng the s e r t a i l l t v  t’qiii s ’.il t ’nt p run ci p le t
tI,’n of four sets of ‘t imultaneous equations (1), - 

- ‘ 
‘ - - -‘ i y t  t en ,  ( .~ 1) w’~- - ‘ htii fit - , - — S t l  ‘i . is trig t Its sect —

(18) (19) and (20) using the mean values of A -
- - - — - -
it t i m  t i  approachu , J — . - - I , which is a g~~’el

and B in equation (I) Improvement in Li,,’ c os t  , I t ’ s  Table 1 se ‘- ec  t t a t

If we compare (18) with (19) by writing an error t u e  i C S i p I ! ’i(’lit -f t i l t -  \C,’I gl, t ing ss ’ tt r  l x  It’ i s  s’sch
, ‘ I 1 I I , m t l ’ ’ n , we see thu at w i l l  approximate -~‘ cl osel y that the sm all ,-st 5 , 1 1 5 1 1  I s V , ’, - f i le ! i - I l l ’- ri ’s, - iv e
II t i le first derivatives of with respect t’~ we ight 1 .0 ~nd t il e ‘thmi I sd p I l l  ‘i - u - ’ - ‘I b i s , ’ - t h e
,i re very small and if A-BK i s  stable. This can the oretie ,i l goal is ach ieved . This is s-i h’,’t~~t,,,,

be seen through the following error equation : we wanted t - ’ keep the large sensi t iv I t y functions
is large as possible s t ~~~ t h e -i rh — v t i r s  whose

855

I. - - _ _ _ _ _  -



ci t , t  I sin  time s t ,m t e  ‘‘ I  tI,,- - ,  - ,H ’ I t t  i s.  l . i r ce ’ i t s  ‘
‘ . N m i l I ~t t h ~ , 1’., ‘‘ hi I IiIis ’s ,i t i ’ll .‘l~~’~~’i  - I s  i s  s i  t -

,-$t it t slt C’h ai~ i s - ,’ I I c . i t s ’ i y  ~‘ ‘‘~~.t1lle A l t . - ’  t u e  -m t1,,ulres l I t  I l t i u t  t , i t t — ‘ 10,  1: ‘ 111 , - l i  I i  h t e r l u l p

t - ’lI L t ’ ’ l  il I s  , i f l s ’ e I ~~’ sb I’S I l l s ’ c i u t ’ , s ’e .0, ~ 
- ‘ 

ili, 1 
~~~

. I I I  .\sl , I i t i t c  N , ’ I I - c ’ , ” P H .  5 1 1 1  ‘II  \ I I I ’ i l , I t l,

t I n -  I e a ’ , l l , , t c k  - ‘ I  t i m e  i t i’ t t S I t I l ’ I t V  1,1110, i , l t i i t  lii s h l d i l  ~~- ‘ 1 l t I 0 l , \~‘l . 15 - l i , ‘7, I ’ , I ’ ’ l ’ - i , l c - I - i - i t .

.1 l i v  t b , , u t  t h u s  . ‘I l l r I  P e r  I , ‘ru i , , u i tc e I I I’I h’ rs ’ved 
. K u  i ’ i I h l l i t  r , I ‘‘0,1 SI t i i i  i t ,  ‘ i t  I - ‘ i t  ‘ i f  I i  I ’ t ‘ t ~~

S t I l t ’  i t i v i t s  , ‘ ‘  b a t  . .  I , s ~~t t t  r - I , v-U - it , I , - ’  -

‘i i ,  i n  ~
,j,, $5I _ ’I5 , , 151 K I I - - ’ Ill 1 ’ 2 t - L c a  5 - l i - I l l ’ . l t \

A I t.ij~~t t i S , 1 . I , , t’ruo , .I r , .  ‘ s l I t - c , i I ,
~ i. ,heII .

I u u  t I , i ~~ ‘ .1 St - c  s’e ’ ! t ’l ’ s c i  h051 mu f,’e,hb mu ck c t i u i t r , ’i l ,uw lute i ,ii,t - , ’n 1. Ro ss , i t t u - ’l ,d- -i’Il t I ’ , Pa . ,  I t i T

ih.iL t ’ i t I ’ I i c i t i \  l-i I,, -it l Ilt, ’ .i~~C, ’tutu t the ,,,e ’llI. lcv ”i ‘ i’ . 2 1 l t 2 1 7 .

, - i  j ILi L I “ I l  t ut u wit i C b I  ti i - I  u - i  hiu , t ~’it t h l t ’ , ‘st  iIILI L l i i i ,  7. i s 0 ’ i ’ o-  I” 10511 ’ , A. , “Opt I 01 I lIi’ut l , ’r I “t  I t  I -

e l  I - ’ r t  iuu  il l ‘~~l 111 111 1 , 1 0 1 1 - I l  tbl r. ’ilg hi  t h u s ’ t I s ’ sI , : n  ‘ I  I j e , I t l t ’t t ‘f SL ’ ’t b u .i ,-lIc 1’’, -4 t x ,
’ t ’ h u . I ’ . t i n - i ’ l l

t h e  mi - i ’ l i t i t I  ‘li i i ,iLt ti ’i it F .  I ’ h i i s  m i t  . u c b i l , ’v e t I  i, ’, SI , 1 . 1 . ,  Sep t , 1974 .

I l l e - . l c h ’ - ’ c , u L  l i i ”  this ’ c t  i lilt  ls ’t t  c ” ’ I I  ~b , .ti t si ties i g l I i u I g  ~ 
SIeNr,i , Il . K . , ‘S~~’ t iii h lu h’t lt S i P u l l I s  I a I’ar .u -

t i l t  ltt ’ i : I I t itlg u lc utc lx Is ’ I ’ ’ ,  I l l , ’ s,’u , S I L i V i t V  1 , - l i t , - , - te t e u - Ext 1 11 . 11 I - l I  u I  I’\ I i m l t l l e  5 \ t , t , ’ I , ’  - ‘ 1 . 1  \ , \  ‘ h I

u t  j, ,  iii sutc lm ,t nm ’,’ thu .mt u I  I the e’imt’ u’pv ,~ s , , j h ,i h t h , , - N - eu ,  R, ’ , . u i l t ~’ , ” l h , h I - 7 L ’.i u i I - , I n A t l t - I L i L l , , ( - ‘lIt S’I,

I - ‘r F ’t t  I t~~ I u - ‘ I l  I ‘ I  u sed  , tl”r,,”c’ r th u r o m l g l u  this ’ VI ’ I . A l _ i t ) , N”. i’, ‘i’. 
- 

‘ ‘-  (‘5 , li i  . I 97., -

C I I I  -t r ,t  I Oc’sh I l l I u l I l i l l  sit i - l i  with respect to F tIn- 
5I ~ i N - t O t  I l~~, ‘ ‘ I l , i l t ’ It ’ 1’ . , ‘‘It t 1 ,11,151 I t  5 1 1 1 1  ro l I

, iv , i i  I,ii’Ie ,‘ i t  Lit ‘Ii ,-n -t - p ’. i s  s i j , - t I i l ’ , , l , ’si ‘i s ’  t h i . i t  1 s t , a ~‘iL b , I l i s t  I t .Il Il i ’ h r ,,Ille ’ t e u I ’ , ’’ Phi l ’ .

bu s ’ 1,1 rIte r I- i ll S it I S  I ty It ’ 1 1111 . ct ’ t e ’ It’s’ b e , t s  We’ ig i u  I I t ’ I ‘ - , 1’u~ l \ t O - it S 01 i l l  i l l ’  ‘ i t , N i l  y

,u tmd Li t , ’ sui t I let’ ‘e l I  I I  iv it I cr 111 - lt l , ’ r  5 ’ lC, ’u  glut , I ’!.! hi, l’ - ’rt g— fl.’~.

I 1 - 1 , - i l ’ ,  I . ’r e  1111 h u e  c, ’nt irn ’ l t o  a h o ,  t t h u s ’ , h c s i l r , u c s  I ~l I - c ’ . h , . ,  ~‘ , a,, I - ‘-11 . 1  i , ’i ’i , , i l lc l  I . Nc ’ i s ’l . ‘
~~~ i t ie

‘1 e L  Is~~( i, ’ti in I t l I u ’ h t  .1 t C , I \ ’  thm,u L t h u u’ l ia r , ’ e r s u c  i~u 1 
5’ ,I~’-t - s~I .u i ’ t  I I , ’ PIh ,i I t ‘ I I I  I ‘ ‘1 ti f i t t ,~ s h I l t  Ic

‘ r u t - 1 , 1 ’  .1 I ’,’ t ’ i t t I I t L i I t ’si III , ’i ’e , i c c t I r , u t ~~’l \’ . N - ’ u , I i I I e - l u  h~ i c - - I -  Ll Ll _ I i a~~lisus5l5 ~~I I l ,~7’s l~ l~
I t  . )1-1-S . hp II ,5 _ J ~~l ,

i
~~ \ l ’ r~ I

I’ . I’he f e i e u u s ’ s’s I I .  \ , i I  h’u’ ee” . IL , I~~- ! s  s t I ~~ t I L h;  I l I L i t  ‘ I I  III ,!

SI, ’s i i t i a t t ” m i  ‘ 1 .  l \ , O u t  I , l - ’ l t , t  , I I , s , ~~t - I ,

I t - i c r , .1. ,unsl I’ . lie’ I ,u llp , ’ t’. ‘‘ A !‘ t ’ t i l l, u c~u u,- I or - ‘ u I, • I ‘ N - I ’  -

I i u , u I  \J , u I ’ l  I c e  i ’ ’, I t r - ’l , ” \ 1 i t , ’ I I L I I I C , i . t s ’ l .  I l l , I ,’ , !,It I t S l ’ L l I  , f , , ” \11 5, 1 1 ’ ,  ‘, s t i ’ ’I ’ l  i ’ i , i h t t I , u l

1’ 7 — ( i  1’. , l ’,’c , h i t 7- ’, . I ‘ - ‘I I  I r- ’ I I ,‘r I ‘u ‘ - S  - I , ‘ I  I I ’  IC i t  i u  I t  ,~~ 
I l I  ,

~ I t  I - i

2 -  hhmu r -Si u .uioIIl . S , ,ut t ei F .  i t ,’ , “ l l s i , u l  i - f I 5 ’cl , u I  C r - - . ” \ !t  ‘ S L , t  ‘I L , ’ a t r - ’l  i l l  ‘r’ 111 , 1  A ihl’ i l

I ’ ,- r i , u i I l t  s l- ’ s , u u i s ,u l t ’ u u e , ’ .mi tel St - l I m I t  i ’ l l  i l l  c i t  , mn , \ i l , I , N- ’ - l j~ - ‘ - I 1 . 1 ’ ’ , l iii - 1 1  5,

it ’chhlI , I IC I ’ 1’ u t t r ~i l , ” h F , E E  H a n . , em ,\ ll t - ’sL i t i e  i i , N , t t , - l l ’ t s i r l , . it . , ’’ ~~t - ~e l . i ~~ m c  A ,i ,u - t l s , ’ t , -~,t i ’.’t

l - ’ l ’ I r ~~ I . It O . A l - I ” , ‘p. ‘C - OI l , l e t ,  1 1 7 . 
- 

h e N - l i - S l i t : A 5 1 1 1 1 5 0 , l i i i .  l ’ I I t I  ‘I , 5 1 . 21 ,

I i ,  l ’t I , ,l i , N .  . l ’ s I t - , i t 5 i ~~ h , - ’ , i u , 0 I u l I I n ~~~. i’r iu c ,’t ’n N ’  - ~, ps,, 7 t 1 t -  i l . 1 5 7  -

lii I ~~t ’iI i It s i’ cs ’s,t  , ‘ x l  I l c c t  - ‘I I , N , I , h 1 i ’ , 7
s l- , - I h i h l t t t . 1. ,  “h ) mi.u l l - ’ I I L r u ’ I  i ’ iI ~’- ’rv , l - I V , ”

\ a I  ‘I t . L t  l ilt h i l l 1  hi ’ i t 5 ’ t ~~’ & ‘ a t r - ’ I , \‘o I  . 2 1 ,
- ,t

~ H 
‘ ‘I  ( l t ( , (l 5 - ’ l ,  ‘ b , ‘~~‘ - I , ” l - l - s b , , 111 1,5 1 :

I s i l .  - ‘ - ‘ . ‘p. ( — I I I ; 5 , ’ 1 - . 2 , i’i’ . 1 ~~~~ I - ’~3 . 1% 1

I i i ’  l e  I , \ s , - u  a k ’, , - l ’ I 1 b e e t ‘ ‘ I V  t i  I th u e I, - ,’di ’ ,1c h ~~, , i , i t K , s - l I l t  i - - I i mmt ~ . 1 , 1 1 1 - , ,I
~’l’ l ‘ S I t - O i -

S l I t ’  I I  h V I I I  It tel IC , ’ H’, I , t  l og  sl ut u_ i s  F ,

- 

N , 1 N , ’- .’ N , = l  N- ‘-s

K
11  J 

- 
5 1 7 1) 0 . i- ~~t , i I ,  ~~~~~~~~~~~~~~~~ 

- -

K 1 ,  ~ l l , ‘ , ‘ 1~~’l’ -~ t , ,‘t’ 181’ -Il ,,‘t (15 1 ~~ ~‘ ‘ i ,

K , 1 1  0.0 11 .0 11 .0 11 .0171 1 1

K , I . _‘ 
1~ .1 1 11 ,0  1 ’ - h~ 

— I t , 11(1 1 1 1,,

I 
I , 11 111,151’ — 0 . 111 ’ , I - .  —11 , 111 ‘ i , ( l

0.0 .18 11 , 1 1 1 7 1 , 1 1  I~ .017 (17 -0 O h
- - ----~~~~~~~~~~~_- 

It ,) ‘P hO I 11 -I I 
— 

0 (1 I I  
— 

0 1 I”

1 ,
~ 

lu t~
_, ~0 0 0 1’ 1 11 i l l  i (1 ) I~1 0 1’ Il I I I I  i I l l~~ 5 u 1  I I’ I 1 (11 I I  I I I I P 

—

______ 
h , :l l  

- 
I l l) I , O,~

X ‘ .0 0 1 1 . 1 ’ 11 ,1,10 1 8 
- — - 

‘, ‘.‘iS-, 
—— 

O OdNIu ’

- - 

1 1 , 1, 11 18 I ’ , t i ’S s - 0 . 1 1 ( 1 1  - 11 ,

i ’ I ’ t ( , 2

~ 

~
‘

l ’ ’ 5 ’ 
- 

S H I S

I.’ ‘ ~~~~~~ ~ I - , ‘~ 1 ’  1 1  I . 
- i I lls - , I —

11 ,11 ‘ , l ~ 0 i x I  l . ., N’ t ’ i7

— - — 

5 . 11011, , t I I , ( ‘ I  IS I - lit - u . ’’ 0 ., ’ _ I

A t ‘ i  . u1 : , ’ , . ’ t -  t I — ‘ i .’ . 70’m ( 
—- —

856

-~~~ 
--- -- _ - -



C - A ~~~ i ) ’ I F  I)
,S E C U R I T ’ Y  C L A S S i F I C A T I O N  OF THIS  P A G E  W), ~ n Data F ,u Ie r . d ,l 

—

(
~ 

I)REPORT DOCUMENTATION PAGE BEFOR c FORM
- i’T REPOR#~~~ I g.LJ1 .-. - - - 2, GOVT ACCESSION NO, 3 R E C I P I E N T ’ S  C A T A L O G  NUM B ER

h
~~ ,r-  - -

~~~~~~~ 
-,,>— 1A F O sR~.TR~- 7 7 - 1 1 71’  — 

_ _ _ _ _ _ _ _ _ _ _ _ _ _

/ z 4. T I T L E  (and S11b1(It e) , , ‘ S TYPE OF REPORT & PERIOO CO V E R E D( ( S NSTT 1V I TY A i’i’}~ (~A C  H ‘I 0 ‘F U ~ I ) U  AL  ( ‘ON ’FROI .  J -— - ,‘ . I n h i ’r h  111

II PE’RF O RMING ORG.  REPORT NUMBER

I ’ I ~(’1I ~ I , I - ’’ .1 • _______________________________________________________
At) T$O~~rs) - 

_

5~ 
- L COs~’TR*C1’ O~~~~*AN’T~ U~~~E~~’)  ~~~

— — 
, ~~~~~~ .‘ ‘ i- - / . — ,., — /

Consuelo S ./Padi l la  a~d •J. B . / Cruz , J r .  -‘ A F O S R — 7 i— 2 5 7 ~) —‘ —

9~ PE R F O R M I N G  O R G A N I Z A T I O N  NAM E AN D A 0 0 0 E S S  I C  P R O G R A M  E L E M E N T . PROJECT , T A S K
• . . . A R E A  & * O R K  UNIT  NUMBERSUniversity of Illinois at Urbana-. Champaign

Coordinated Science l abo r a to ry  ~~, ,. ~~~t I’  .

Urbana , I l l i no i s  61801 ~~ ~~~~~ —

I i  CONTROLL I NG OFF ICE  NAME AND ADDRESS l~~ RE P O R T  D A T E  -

Air Force Office of Scientific Research/~~~m 
j’,)A ugu&t, 1977 , ~~

Boiling Air ForceBase , 0. C. 6
14 M O N I T O R I N G  A G E N C Y  N A M E  & A DDR ESS ( i I  dfift.?en’ irs,,,, Conur o i l ln a  010cc) IS .  S E C U R I T Y  C L A S S .  (oI thia report)

~~N C I , A H - ~~ I I I  I ’ l l )

- / ISa D E C L A S S I F I C A T I O N  DO*N~~R A D IN G
S C H E D I J L E

15 D I S T R I B U T I O N  S T A T E M E N T  (of IhI,, Report)

D n c -
Approved for public releace distribut ion unlimited

77 ,  D I S T R I B U T I O N  S T A T E M E N T  I s, ! Ih, alS,( ra,’ t  ..,,ter.d i i ,  AI,,xj, 111 , Ii dilierenI fr ’,,, R~~1ssi,i)

~~

t o  SUPPL~~M E N T A R V  N O T E S

‘~ K E Y  A - t t tr l c ,i ’,.,, f ,, ,i, , .  ~~~~~~~~ ~~~~~~~~ ~~~~~ c.iert t,,,~ ,sI-,.~~~ ~‘, ~~~~~~~~~~ 
— — ——-- - - j

Sto ’I i a g t  I p  m\ u iap t  Vt ’ ( i ’n  t ro
I) yn am i c Fee t lba r k  Cent  r o t  A! 

~y’ r i t  I t m
/

‘- . 7 7  ~~
20 7” , - 

~~~~~~~~~~~~~~~~~~ ,,. ‘, I,- 1 ,,, . ‘ ‘ i , ’ , i i , . I  1 - ; . - , ’ , I ,  ~~., I I  - I ,,- “- ‘

A i ’it ot ’ h ;ii-U I I ’ •i ’Lt ~’i ‘.0 m o n t  r i I  h I ’o h l e m  t h a t  1 I 1 1 -o rp iit;uI(’s o-; t 1 11,11 Ii ’ Ii t ’Opt h ’i ’ tl! -iluh -

o rat  i i t t i s  is itt rltni it i ’d .  A 5( 115 i t  I v i i  v in d ex  is  i n  I rot l t ic ’e ’ d t o rep t’ & ’ ’mi n I t hi , -

i mat  1011 b l i n t  . Iht ~ coot ro 1 of I or t  on t ’st i mat 1 1)11 18 (Ii St  1- 1 h u t  ‘d mi , s t  d i n g  I ’
I f t c ’  : I i ’ u ’ I u r , I ( ’ v  r ’ u I t t i  r i . ’t l t o  a c hi e ve  a gt v ( ’n  ron t m l  oh j i ’ u  I l v i ’ w i ton  t he re l i-i .1

hound on I h~ - t ’ sS t mat ion (‘u’s t . ‘I ’tie i f  fec’  t (1 f I Ito 1 071 t P01 07) I, I i , ’ 0* 1 1 1 1 !  i N - ’  I t  V
I I I f l  ( ‘1 1 , 1 1 1  15 , t a , - s I  t u ’  I ii  11 I t t ’ ! )  m ’ ( ’  t In ’ itt III Pt’ 110 I ’ l l  : 1 1 1 1  t l i i i  iii I he ’ n ’s ’ i t  i ‘t’ i . A

d v n , i m i c  t t ’ ( ’ d l b ; I I ’k (‘‘‘ I t t m e l  . I I g m ) r i  t h n i  u s  1 1 1 1 i 1 ’ I i i m ’ I I  t h a t  ~‘x i ’ 1  i c i t  l v  I , - i k ’ ’ 1 i n t o
a t I ’W t I I  t t iit’ I i i  I t  r a m - v  i l l  * ‘ st  I CLII  i on  m ind d ist r i ?‘ i i h i ’s (itt’ , ‘ ‘ . I I mmli i (171 o h  ( i i i ’ ! i l l  m I t t

im _ sI f ’ , ., l , i , , , ,

rir~ “ 14~~S . - . ~ ~, - - .  -

---— - - - ---- 
—


