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[xtrapo1ation ~~Jith S~~4_ne-co11ocation Methods for Two-point

~oundari-va1ue Problems [I: f -cubjcs with Detailed Results

b y

Andrew J. Martin and James W. Daniel

Abst ract

The methodology is very briefl y described and then numerical results

are presen L~ d for an implementation of a smooth-cubic-spline-collocation pro-

cedure accelerated via iterated deferred corrections to obtain approximate

solutions , accurate to a prescribed tolerance, of two-point boundary-value prob-

loins for second-order scalar ordinary differential equations. The results are

similar to those obtained via a less generally app licable finite-difference-

oriented code described elsewhere which competes well with the best codes avail-

able .

1. Introduction

The primary methods for the approximate solution of nonlinear two-point

boundary-value problems can be roughly classified into four types: (1.) Ray leigh-

Ritz -Cale rkin  and col locat ion methods [deBoor-Swartz (1973), Douglas-Dupont (1974’)

Russell (19 74), Russell-Shampine (1972). C t  cetera], (2) shooting me thods [Bulirsch

Ct alia (1975) , Keller (1968) , Scott-Watts (1975) , et cetera ], and (4) standard

finite-difference methods (Keller (1968 . 1974 , 1975), Lentini-Pereyra (1974 .

1975a , 1975b) , Pereyra (1968.1971) . et cetera j. Despite the dominance of the

Rayleigh-Ritz-Galerkin and collocation methods in the more theoretical literature ,

there seems to be a consensus A~~i;~ (1~~75) I that the most efficient practical

procedure s ~re the shooting, imheddin~,. and difference methods , although to be

L - — — ~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~•— ~~~~~~~~~~~~~ —.~~~~~~~~~ ‘



comp e t i  t i v t  t h e  d i f l e r e n c e  m e t h o d s mus t  he imp lemented w i t h  an acce le ra t ion

techni que such as ex t r a p o l a t i o n  H vce (~~~7l) . F~el l er  (1974 . 1975) J or d e f e r r e d

c o r re ct i o n  [Fox (1947 , 196 :’) , Joyce  ( 1) 7 1’) , L e n t i n i - Per ey r a  (1974 , 1975a , 1975b) ,

P ereyra  (1968 . l~) 7~ ’) , D an i e 1 - ~1ar t i n  ( 197 5 . 19 7 7 ) 1 .  To make the co l loca t ion  methods

a lso  c o m pet i t i v e  i t  has been propo sed [ R u s se l l  (1974) . Daniel (1974) ] that  they

be imp lem en ted  w i t h  a c c e l e r a t i o n  teci1ni~~ut ~s much as are d i f f e r e n c e  methods .

In [Daniel (1974)]. the second ot the present  au tho r s  descr ibed how de-

f e r r e d  correction could be uSed with various spline-collocation methods , al though

no results were given for any actual implemen tation . The present paper summarizes

the numerical results obtained with a care ful imp lementation of deferred cocrection

applied to one of the spline-collocation methods proposed in that paper , namely

the so-called extrapolated collocation method [Daniel-Swartz (1973), Hill (1973) 1

which uses twice-continuously-differentiable cubic spline functions and was moti-

vated by the work of [Fy fe (1969) 1 . The code SPLIDC ~~p~ ine iterated deferred

correction) implementing this is a modification of the code NUMIDC (Numerov ’s

method with ite rated deferred correction) developed by the authors and shown in

[Daniel-Mart in ( 1975~ 1977) 1 to be quite competitive with the best available codes

on appropr ia t e  classes of problems . The p resen t  paper compa res the behavior of

SPLIDC wi th  that  of NUNI DC on the tes t  problems ear l ie r  used f o r  NUMIDC , namel y

a set of some seventeen second-order  problems not involving the f i r s t  d e r i v a t i v e

of the unknown function (so tha t Numerov ’s method will be fourth-order accurate)

SPLIDC often follow s the same computational paths as did NUMIDC and is about as

reliable, alth ough SPLIDC involves more effort in term s of function eva’uations

and much more total time because of overhead in solving sys tems of linear equations .

We also presen t the results of using SPLIDC to solve some problems e~plicitfl

involving the first d e r i v a t i v e  in the differential equation, problems for which
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Numerov ’s method drops to  second-order accuracy (so NUM IDC is not appli cable)

while extrapolat ed collocation remains at fourth-order accuracy (so SPLIDC is

appli cable) . Altho ugh SPLIDC was designed to handle the involvement of the first

derivative in the bounda ry conditions , w e have ob served computationally some

puzzling behavior and significantl y greate r numerical difficulties in this case;

we therefore do not allow such boundary conditions in SPLIDC and we will devote

cons ide rab le  e f f o r t  to resolv ing  these difficulties as we p roceed to study the

use of d i f f e r e n t  sp line spaces (see the fo l lowing  paragrap h ) .

Ove r a l l , our r e su l t s  serve as a f e a s i b i l i t y  stud y fo r  us ing defe r red  cor-

rec t ion  w i t h  s pl i n e - c o llo c a t i o n  methods ;  they demons t r a t e  tha t the methods proposed

in ~Daniel (1974) 1 can in fact work in practice . Wha t is needed next is to de-

termine wha t spaces of spline functions can be used most efficiently as the basis

of such methods. We ar~ pursuing such ques tions now and w ill repor t later on the

results .

In the ne:~t section of this paper we describe b r i e f l y  the method imple-

mented by SPLIDC ; for more detail the reader is referred to [Daniel (1974)1. In

Section 3 we briefly descr ibe how SPLIDC imp lements the method of Section 2; since

the structure of SPLIDC is a sligh t modification of that of NUMIDC, the reader is

referred to [Daniel-Martin (1975 , 1977)1 and to the code for SPLIDC in Section 8

for more detail. The numeriLal results are summarized in Section 4; a fairly com-

p lete ‘“port of the results can be found in Section 7. Se ct ion 5 presen ts our

conc lusions and Section 6 the reterences . 
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~~~ The Method to Re ilup lemented

A det a i le d  d&”~cr i p t i o n  )t i ter~i t e d  d e fer r e d  correc  t ion used w i t h  ex t r a -

p o l a t ed  c o l l o c a t i o n  may be s ound in Se c t i o n  4 of [Daniel (1974)]; specifically.

the  m a t e r i a l  f rom the  p a r a g r a p h b e f o r e  E q u a t i o n  4 .6 through the paragrap h fo l low -

ing E q u a t i  on 4 . 10 exp la ins  the process  used . Here we w i l l  be very b r i e f  We

cons ide r  the differ ential equation

(~~.l) y”(t) f(t,y(t’),y ’ (t)) for a K t K b

subject to boundary conditions

(2.2) y (a) y
0 g

iven , y(b) = given ,

and we consider approximating y by a twice-continuously-differentiable cubic

spline Z on a uniform mesh

(2.3) a t
0 

t
1 ~ 

< t
N 

b with t~~ 1
- t~ h fo r O< i ’~N-l;

thus Z is given by a cubic polynomial on each piece (t.,t . 1 ) fo r  0 < ~ K N- i .

We let S be another cubic sp line which interpolates the solution y to Equation c. I

and 2.? at the mesh points of Equation 2.3 and which satisfies some additional

special boundary conditions . It follow s [Daniel (1974) 1 that S satisfies differ-

entia l equations similar to that in Equation 2.1; for examp le , wr it ing g
~ 

fo r

we have (fo r certain parameters and d~)

(~~.4) ~~~~
‘ 4(S~ -;~s~’ S~’ ) 

- 
~~~~~~~~~ ~~~~~ ~~~~~~ f(t. .5 ., ~~ 1 

~~2

L l? i-1 1 i • 1  
1 0

1 J i i i  j-O 1 3

~

f or i ‘~ i N - i .  w i t h  s i m il a r  c qu a t i on ~ fo i  1 0 and i N. A sequence oi 



-- ~~~~~~~~~~~~~
- ‘-- -~~~~~~~ 

:ip p r o x i m a t in  g s  p l i n k s ~ is  o ht a in e d es :~ t . t a  i i v  by u s i n g  su c c e s s i v e l y  more t e rm s

(h ighe r v a l u e s  ot  q) in l i t i : ~t i o n ~ ‘.
‘, . vi e id i i~~ a~)p r o x 1~m at i o n s  a c c u r a t e  a t  the

me sh p o i n t s  to s t I cce S ’ :  ive  lv  hL~Iie ’ r or dt ’  r s :  0:~h
4

’) . 0(h
8
) , ~ (h 1 

~ . et cetera .

M ’ r r  Sped f i c ai l y .  t i u  z e r o - t h  lev el  sp l ine  Z0, w i t h  va lues  Z
0 ~ 

a t

the mesh p o i n t s , sat  i s~~ies  
~~~~~~~~~ 

Y0 and Z
0 N ~F 

and so lves

L~~ O i - l 
- Z0 ~~~ 

f (t
~
.Z
0~~~

.Z
~~~

) f o r  1 5 i 5 N - i

w i t h  s i m i l a r  e q u a t i o n s  at i 0 and i ~~N; it t u rn s out t ha t  S ‘ 0(h
4
) so

t ha t  Z
0 

y ‘ 0(h ) and Z
0 . y. -t 0(h . The deferred correction step leads

f rom Z
0 to Zr 

the so lu t ion  at level one , via requiring Z
1 0  y0, ZI N  ~F 

and

(2.5) z~~~ -
~~~

(Z
~~~~~i 

- 

~‘L~ 
•Z ~~~.1 ) ~~~~Y

jtb)
h
23k4

e
1 

t (t
1~
Z
1~~ .

Z~~ 1

- 
~~ Y~~~~~~ h

2
~~
4
d .)

j O  .1

fo r  1 < i ~-. N- 1. w i t h s i m i l a r  e q u a t i o n s  f o r  i 0 and i = N; denotes  an

h 1° 3 - acc u r a te  di  f f L ’r e n c e ’  a p p r o x i m a t ion  to  computed  us ing  the values z
0 k

ra the r than the va lues  It turn s out tha t Z
1 S 0(h ) so tha t Z 1 y ~-( Ii

and Z
1 ~ 

y. 0(h
8
) . Simi la r ly , fu r t h r ~ de fer r ed  cor rec t ion  steps lead to su c -

4m-+4cess ive ly h ig her  level  s o l u t i o n s  .Z 3 s a t i s f y ing Z m 
— S 0(h ) ,  so tha t

Z y ~ (h
4

) ,  Z . y1 
O(h 4 m 4

) . i t  i s  a l so  poss ib l e’ easi ly to compute

a s y m p t o t i c a l ly c or r e c t  e s t i m a te s  of t h e  l eve l-rn  e r r o r s  E y .  - Z essert-

t i a  l i v  b y p e r f o r m i n g  oiic s t e p  of Newton ’ s method fo r  f i n d i n g  Z ,  - Z

The s i m p l e s t  imp l e men t a t i o n  of i ter a t ed  d e f er r e d  c o i r e c  don fo r  e x t r a p o l a te d

‘1 l o c a t i o n , given a u s er - p rov i d e d  e r ro r  t o l er a n c e  TOL. wou ld  thus  somehow s e l e c t

an init iol h and start (‘Ornp U t i f l )~ ~Q .E 0 .Z
1 . L 1.  . .  . on this m esh . idea lly until

L - -  - -.. ~~~-‘- -~~~~~~~~~~~~
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Z ( vj ~ t: m e t s  the  e r r o r  c r i t e r i o n ; i t~ this dOt~~ not  succeed or a t  leas t  pro-m m

gross satistactoril y, the code could inc rease  N ( f o r  exam p le, by doubling) and

start over with the resulting new grid . This is e s s e n t i a l ly how Numerov ’ s (or

C ow e l l ’ s) method was imp lemen ted  in [Pereyra  ( 1 9 7 3 ) ] .  Since our code NUM IDC

1Dani e1-M ~~r t in  ( 1 9 7 5 , 1 9 7 ’ ) ]  f o r  tha t- method  incorporated many improvements in

o v e r a ll  a l g o r i t h m  de s i gn , some of which were sugges ted  in [Lent in i -Pe reyra  (1974 ,

l9 5a , l 9 7 5b ’)  1. we l ikewise  i nco rpo ra t ed  these improvements f o r  extrapolated

col loca t ion  in our  code SPL IDC . We now turn to that code .

~~. The L~ 2~~ men t at i o n  of the Method

A d e t a i l e d  d e s c r i p t i o n  of the practical modifications in the basic ap-

p r o a c h  to i t e r a t e d  d e f e r r e d  c o r r e c t i o n  f o r  Numerov~ s method may be found in Sec-

t ions 3 turough 6 of [Daniel-Martin (1977) 1 and , in somewha t more detail , in

Sections 3 th roug h 7 of [Danie l -Mar t in  ( 1 9 7 5 ) ] .  Our code SPLIDC implementing

iterated deferred correction for extrapolated collocation follows almost exactly

tha t same’ s t r u c t u re as ou t l i ned  for NUMIDC in Figure 7 .1 of (Daniel-Martin ( 1 9 7 7 ) ] .

Some slight modifications in struc ture were required in going from N 1JMIDC to

SPLIDC to account for the differences in the two basic me thod s, the fact that

SPLIDC all ows y ’ to appear in the differential equation , et cetera. We still

allow at most only 256 intervals in the mesh. A thoroughly coomented code for

SPL1DC may be found in Section 8 and is, of course , the ultimate ~iuthority on

the s t r u c t u r e  of  our  algorithrn~s implementation. The fundamenta l improvements in

SPLID C , as in NI rM1OC , and as compared with the simplest imp lemneatation sketched

at the end of the preceding  sec t ion , a re : (1) avoiding use less  d e f e r r e d - c o r r e c t i o n

steps at high levels by che ckin~ to s that the numerical solutions are behaving

at the prope r order asymptoticall y in Ii before inc reasing the level; (2) avoiding 

.- - ~~—-. -~~~~~~~~~~~ - -—---~
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uflne e ~~s ,1tv c mnm p mmtat ion s  m t  r e f i n e d m e s he s  a t  l ow  l e v e l s  by u s i n g  i n t e r po l a t d

value s f i o m  t h e  h i  h — l e v e l c a I ~~es on time c -arse r mesh to s t a r t  a t  a non—zero

l~~v e i  rn t i m e  I n . , mesh ;  ( 3) s o l v i n g  t u e  n o n l in e a r  q e m a t i o n s  more e f f i c i e n t l y  and

r e l i a h l y :  i n N  (4) imnpt-ev i mr t h e  c o n t r o l  el both  d i s c r e t i z a t i o n  e r ro r s  and round—

i n , e r r e r s

4. S~ummiar ~~ of Num e r i ca  I Res~ il ts

in this section we describe t i te  overa l l  r e s u l t s  of our experience with

SPLLD C and g ive some’ examples to i l l u s t r a t e  s p e c i f i c  f e a t u r e s  of the implomenta-

tion . Data on tim e fina l accuracy and th e cost to achieve i t  for each individual

p r o b l e m  are’ presented in ~ectian 7. so we merely summarize here ; detailed infor-

mat ion  on the’ paths followed during the c o m p u t a t i o n , the number  of Newton i t e ra -

t ions , e t c e t e r a , is available from the authors . All problems were solv ed b y

our c~ dc SPLII)C aim the CI)C 6W0 at T ime ’ Un i v e  r s i t y  of Texas a t  Aus t in  us ing  the RUN

comp i l e r:  th ~’ - ‘~e c m t t i o n t i m e s g iven xclude output but arc still somewha t m dc’-

terminate (to . say , w i t h i n  ‘- i O - )  becau se  t im i n q  invo lves  a sys t em r e q u e s t .  In

each eas t ’ our  code’s attempt to approximate the true solution y by a spline V.

w i t h i n  a ~ iVe’fl to le rance ’  TOL in the sense tha t we desire’  max y .  -Z . ‘~- TOLimax N .- 
. 1 1~~~~~ . ~~ 1.- O~~~ N O~- i N

Ou r f t  vs t tab te’. T a b l e  4 . 1. summarizes the per fo rmanc e’ of SPLIDC on

t h i r t e e n  n a n — p , i t h o l e g i  c a l  p rob lems  f rom [ i) a n i e l— N a r t i n  ( 1 ) 7 5 ’ )  1, a l l  but  th ree  ot

which  invo lve  n on l i nc a r i t ic s  in  y (pol ynomial ,  exponen t ia l , or l o g a r i t h m i c ) ,  bu t

none a[ w h i c l m ex~~1f c f t l1 i n vo lv  
~~~

‘ . S 1’LIDC is provided w i t h  a logical  swi t ch  so

tha t tile mise r can l i i i  aim it if y ’ i s  absen t  f r o m  tite eq u a t i o n , a l l o w i n g  c o n s i d e r -

ab to c ) m p m m t ; t  t i iin.i I savings as shou hi be obvious t rom E q u a t i o n s  2. 4 and 2. 5 - We

pree n t t ar ‘a im ‘1 tomi r t o  I ralmce s tb. t o t a l  t ime ’ , t ot a l  nemiber 01 e ’va lua t  ions

‘1 t , and ota  I iuun bt ’  i . a t  - v t  iu;i tm ens of ~ , needed to solve’ a l l  th~ rt t e l  at t m -
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p r o b l e m s ;  vi ,ilso list , tar c ac i .  t e t c m - a m m c , the total number of occurrences of

LNA HA lN ,\ i~l .~ A N N u L N ~ - .0 ,-:im -mm ti m code announce’s that it cannot attain the re-

quested tole ’ ranc i .stmd m f l’All,i Ri: ~whm’n tue code i nc o r rec~~~~ announc e’s that it

has a t t a i n e d  th e’ reques  ted t o l e r a n c e )  . This summary appears  in Table 4 .1; f o r

com p a r ison , we p r e s e n t  ti m e ’ ana logous  data  (D a n i e l - M a r t i n  ( 1977) 1 for  the f i n i t e-

di f fer c n ee  cede NYMI D C in Tab le  -~~ ,

‘I’ab l e 4 . l Per fo rmance ’  Summary f o r  SPLIDC on Th i r t een  problems

TOLERANCE 
1’

ME
~~

S
~ 

i ;VALUATIONS -~~~EVALUATLONS 
I~E FAILURE

10~~ 1. 403 125 1 118 3 

- 

0 0

3 .086 ,~963 2222 0 0

l0~~ 3.9~~7 343 3167 0 0

9 5 4 . 10 341 525 5 3 2
—

~~~~~~~~~~~~ — - ~~~~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~ -
-- - — _____________ ___________

Table  4 .2 Perfcnmtance’ Summary f o r  NU MIDC on Thir teen Problems

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~FAILURE~~~~

10 0. i)o 976 946 0 0

10
6 

1 , 1 m b  26~ 4 1866 0 0

10~~ ~~. 34 1 3 (4 2762 0 0

~=_~~~i

I 
~~~~~~~4.947 

___
1 0 o H  5244 2 0

__________________ — ~~~~~~~~~ .~iil~
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I I  ‘Ill 1 11) 1 ’  ~ . 1  ~-~~~‘ e , t i l  5 ’  t i u i t  i t ’ m ~~t - d  d e t e r r e d  corr ection ~or our  sp 1 imi —

c3LIo ~ at ion mn ’t imad as cnip l r i cnte ’d in Si ’IID C do’s in tact work , tha t is , it doe’s

S OlV e ’ t r ee  cf t i le’ t e S  I p rob t ent s ;  t i m i  s p rev Lies the’ p act Ic al justification for

[Daniel l’) 74) I . by c o m u m u i r i n g  a b l e  4 . 1 v i  t l~ Table ’ 4 .2 , we al so see , howev~- r ,

tha t in 5e ’Vt l m l  r e sp e c t s  SPLT1)C da~ s not  pt ’r f o r m n  as we l l  on these probl ems as

does Nl’~i

( ‘L ’) th e ’ two FA1I ,~’bVs m ’corded tar S1’LIDC occurred because’ the actual error

was fou r t e e t [ye ’ t ime ’s t i m e  e s tim a t e d  e r r o r , which  in tu rn  barely met the toler-

a m m e e ’ ;  t i n t s  an a c e u racv a t  o n ly  abou t 3 x 10
_ i  

r a t h e r  than 10 was achieved , i t

shou ld  be f lO te ’d t ha t  N17 ’llPC s i m i l a r l y u n d e r e s t i m a t e s  the e r ro r  on these t h i r t e en  - I:

p rob l~~ns abou t I t ) . a t t h e ’  t ime , b i t t  b y c o i n c i d en c e  th i s  never  caused  FAILU RE in

the t e s t  cas ’s.

(2 ) Tile ’ h i t c h  g r e a t  e’t time r e q u i r e d  b y SPI , IDC than b y NUMIDC is only

s l igh t l y  due ’ to  the’ ~r e a t e r  number  of  f u n c t i o n  e v a l u a t i o n s ;  it is pr imar i ly caused

by the n r e a t e  r ove’rhe ’ad invo lved  in  so lv ing  the more ce~np lex systems of equa t ion s

involved in SPLIDC than in NUMIDC.

(3) The la rger  number of f u n c t i o n  evaluations is par t i a l ly due to the

de si r to  g ive ’ t i l ls  pro gram the f l e x i b i l i t y  to hand l e  y t in the d i f f e r e n t i a l  e qua-

t ion  or time bounda ry  ~ondi t ions . The’ c u r r e n t  version ree ’valuates  the func t ion

and de’ri v a t  ly e ’ at  th e ’ end p o i n t s ;  w h i t e  t h i s  is necessary  i f  v is p re sen t  in the

tune  t ien m r t im e  b o u n d a ry  cond i t i ons , i t  is not n e c e s s a ry  f o r  the p rob l ems  used a

t~e’1i ’ r a t e ’ i t  leo 4 . 1 and 3 . 2 and could cattier easily be e limina ted . I f  these

e ’V , l  twi t ion s  v re el  im i n a  t e d  t h e’ ee l  r re ’sponding en t r i e s  f a t  SPLIDC would  be as

~dm wim in l a b  it  -~ . l a .  

- - - -- - - -- -_ — 
_——- —- —-— ~~ —.-
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TA NH . i i  3d j I s  t N  Pt r I  orman ce  Summ a ry f o r  SPLI[DC

on t h i r t e e n  P r o b l em s

To L ’r o e c ~~
_

Eva 1u at i on s  ~~~~~ Eva lua t ions

10 1111 103 1

10 
0 ,~72 7

1O~~ 3117 ,:939

10 9909 49 ;9

If we mak ’ this modifi cation , t hen f a r  the 47 cases in which both N1JMIDC and

SPLIDC reach the  t o l e r a n c e , Sl’i .IDC require’s no more evaluations than does NUMI D C

in I l cases . or 6 6 1  oil the time ’ .

Th us , it appears that if We ’ want a deferred correction version of a sp line

collocation process to compete with NUMID C for problems in which y ’ is not ex-

plicitl y present , we must use a basic collocation process tha t is more efficient

than is extrapolated collocation. We are presently examining the many spline-

collocation methods available with t i le ’ goal of finding such efficient processes .

kecall nue ; tha t SPLIO C , as opposed to N 1JNIDC, is able to handle equations

e x p l i c i t l y  de’~~ - i m d i n g  on v ’ . Table  4 . 3 sutmnariz es the behavior of SPLIDC on a

Se t  Ot  S i X  su ch  t e s t  p r o b l e m s  in Section 7.

TABLE 4 . . 1 Pe r ion ima n ce  Suimmiary f o r  SPLIDC on Six Problems Involving v ’
-~~~~ 

~~‘)f ~ for ~
---

~
- Unattainable

Tolerance Time (sees .) f i v a l u a t i o n s  . Announced F’ai lureh va irm a t ions

IO~~ 0 . r 7 t  te ’ ) i  62 7  0 1

10 ° 2.0~~ 4 ~l 1711 0 1

— 1)
10 1 .9 1t ‘1’) 24~~I 1 0

-12
10 ~ , N0 ’~+ 5)~~7 3240 2 2

~~~~~ - - —- ,,,- -~~~~~~~~~ -‘ -
- 

-— - -
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A g a i n we set ’ t h a t  i t c r a t &  d d e t e r r e d  correc t ion sf  extrapolated collocation

as i t r lb l emented  in S P L I N P  does  -j i rk  to SO l V e ’ p rob lems  i n v o l v i n g  y ’ exp lici  t l y Hi

the  e q u a t i o n , t hus  p rovl d itl b the ~~‘mputationa i justification lacking in [Daniel

( 19 4) ~~ . The one FA 1 LU OjI at  TOL l0~~ is relatively minor in tha t a t o l e r a n c e

of 2 x  10~~ was ac t u a l l y a c h i e v e d ; the F A I L U R E  was caused b y the f a c t  tha t the

t r u e ’ e r r o r  vie abou t two t o  t h r e e  t i m e s  the es t imated  e r r o r . The FAILU RE at

TOL 10 
6 

was n e g li g ib le  s i n c e  the to le rance  ac tua ll y  obtained was 1,00 18 x 10 6,

again caused by th e f a c t  t ha t  the t r ue e r ro r  was l a rge r  (b y a f a c t o r  of less than

1. 33) than i t s  e s t i m a te , One of the FAILURE s at TOL = 10 12 was s l igh t l y sig-

n i f i c a n t  in tha t  a t o l e r a n c e  of onl y 6 . 2 x  io~~
2 was achieved , due to t rue  e r r o r

being abou t  35 t imes es t ima ted  e r ro r;  the othe r FA I LU RE was minor , since

-12
1. 3 x 10 was a c t u a l l y ach ieved .

In o rder  to demons t r a t e  tha t the de fe r red  cor rec t ion  process  is a c t u a l l y

working  and tha t SPLIDC does not simpl y remain at  level zero  with fourth-o~~ er

accuracy  from the basic me thod, we present now some examples of the computationa l

paths followed by SPLIDC .

At a l a r g e  tolerance like ~~~~ as in NUMIDC, usually the tolerance is met

at leve l zero after changing the mesh spacing one or two times. On some more

d i f f i c u l t  probLems , correc t ion steps may he pe r fo rmed . This is exemp l i f ied for

TOL = lO~~ in Problem 6 of [Daniel-Martin (1975)]:

3 sin 4Trx 2 ,2 2sin 4itx 1
y y ‘ y e 1l&r (cos 4 i x  - sin 47rx) - e -lj for 0 ‘~ x ‘—. I.

sin 4mcy(O)  = y ( l )  - - I w i t h  so lu t i on  y (x) = e

The p e r f o r m a n c e  of SPLID C is d e s c r i b e d  in Table 4.4.

—--=———-
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TABLE 4 .4 PROBLE M -~6 W i t h  TOL 1O~~~, SO THA T THE MAXIMUM ABSOLUT E ERROR MI NT

NOr EXCEED 2 . 7 ~
=

8 16 32
m c  

_____________ _____________ ____________

1.5 @ 0 -t 1.8 @ -5 8.8 (~i -2  8. 2 @ -6 1.2 @ -3 3.8 @ -4

(1.0 @0) (2.6 @ -2) (1.1 @ -3)

0 NEWT = 5 NEWT - - 4 NEWT = 2
No d e f .  corr . s tep (Convergence!)  STOP

poss ib le

7 .9 @ -1 ~ 3.3 @ -4

1 (1.1 @ -1)

N E W T = 2

(Error  increased .)

An en t ry  “a ~ b(c ) ” means that estimated absolute discretization error is a. a

bound on the error  in solving the nonlinear equations G(z)  = 0 is b , whi le

c is the ac tua l  to ta l  error . I t  is a b  tha t est imates the total erro r and is

tes ted agains t  2 . 7 x 1 0  = YNOR M xTOL . “NEWT = p ” means that i tera tes  Z0 

were genera ted  to solve the nonlinear equations . Total time = . 194, tota l

f-evaluations 170 , total ‘
~ -~~ - evalua tions = 137.

At a moderate tolerance like i0
6
, one correction step is quite cmmmmnon ; on

harder problems . more corrections occu r . In Table 4 .5 we illus tra te the behav ior

of ti~is code on a somewhat easier problem (~ l3 of [Daniel-Martin (1975) ]):

y I y
3 

e~
1
~ ~~~ [4

2
(

2~~~ - sin 
~~~ ) - e

2 sin 
~~

_
~] fo r 0 ~~- x ~ I,

sin 2rrxy(O ) - y ( l )  1 w i t h  so lu t ion  y ( x )  e

- - ‘ — ~~—~- ---
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1AI3LiI N , ) PROBLE M a I WI TH ‘l’O L 10
6 SO r 1IA T ’I’HF: MAX IMUM ABSOLU TE E RRO R MUST NOT

EXCEED 2. 7 ~

8 
_  

16 32

8 . 3  it -2 2 , 5 - 9 9 . 6 b 1- 4  2 . 9 @ - 9  6 .4 @ -5 9.4 @ - 7

1 ( 2 .0 -~ -2 1 ( [ . 1 -3) (6 . 4 @ - 5)

NEW S’ 6 NEWT 3 NEWT = 2

( No d~~t . eo r r . step Net at correct order)
possible) 

2.1 @ -7 4.5 @ -7
- 

(7 .1 @ -7)

NEWT = 2

I 
(Convergence ) STOP

See’ 1 - m b ! . ’ - . . 3 t o t  t’ 1 l e :ron o: ‘- imt ries . Tota l time - .210, total f-evaluations

202. tot al — - ml ii ’ i - ‘i t ’ - i ‘ ‘4 .
‘V

l m o l e s  t’t . l and S A  a t  I~)anie 1- Ma r t i n  (1977)1 give the (very similar) be-

havior  of N l ’M [DC on thcs~ p r - ’ i l e m s  a t  these to lerances .  We feel  it is more inter-

esting to consid r problems with y ’ present for more d i f f i c u l t  tolerances.  The

n e x t  exam p le prob lem (- - I YP of Se’ctj of l  7) is qui te  badl y scaled .

y ” 
~
- ll y ’ -f l2y - 22e’~

w i t h  y(O ) — 1 and y( l5)  e 15
;

the exact solution is y(x)  e’~ so that

1 - 6
ly  e 3 .20 x 10

Table 4 .6 shows the path taken by SPLIDC on this problem wi th  TOL l0~~~.

“--- -~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~~~~—~~~~~ --. - _ _ _ _ _ _ _ _ _
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f I t .  tua l exam p le has ,i t t l l e r a n ’ .-e ot 10 ‘
. As can be noted from the per-

formance t ” . u i t S , t h i s  is a ve ry t ight  tolerance for  this program; we w i l l  give an

exainole in  wh ich  i t  v ie  ,t t t a in e d . The prob lem we w i l l  consider  is #5YP of Section 7:

y
’ 1 .2yy ’

y(O) 0, y(l) = t an( l )

with exact solution y tan x, ~~ = tan(l) ~ 1.5.

The resul ts  fo r  this problem w i t h  TOL io~~
2 are given in Table 4.7.

Thi s concludes our b r i e f  presentat ion of performance data for  SPLIDC ; more

detailed results may be found in Section 7 of [Mart in-Daniel  (1977) 1.

5. Conclusions

The first conclusion is that SPLIDC does work . The test cases mentioned

in Section 4 i l l u s t r a t e  that  i te ra ted  defer red  correct ions wi th  col locat ion  is a

feasible solution technique for  a substantial class of problem s; however, the

overall performance of SPLIDC leaves open the question of whether collocation methods

with  acce le ra t ion  can be made competitive with other solution techniques. If collo-

cat ion  is to be made compe t i t ive  wi th the other techniques , it seems clear tha t the

appropr ia te  sp line space’ mus t  be c a r e f u l ly chosen .

~—-. -
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7. De tailed Num4 rica l Re su l t s

In t h i s  s ec t i o n  we w i l l  l i s t  our  t e s t  p r ob l ems  and the  r e s u l t s  we o b t a i ned

f o r  them us ing  Si ’LID C , i1 ’ will l i s t  tir ~ t , for the reader ’ s convenience , the’

17 t e s t  p r o b l e m s  not involving y ’ front  f f l a n i e l — M a r t i n  (1975)1. The sources of

these  p r o b l e m s ~ ud s _inc m o t i v a t i o n  t o t  c i t - c o s i n g  tht~n can be found the re - The

13 problems used for Tables 4 l and 4 . .’ a l t  t h ose below numbe red I through 12

and 17 .

1 2
1. y ” v — (sin x) 11 ‘ s in  x) f o r  0 ‘~~ x - iT ,

y(0) y(;I) 0.

S o l u t i o n : y(x) sin x.

2 . y ” f o r  0 x ~ 1.

y(O )  y ( l )  0 .

So lu t ion : v(x) = - In 2 2 ln (c Sec (x -

where c ~ l . 33b O 5~~6949O61O8 

sin 2 u x  2 2 2 sin Z~x1 . y y y e C4~ 
(cos 27TX - sin 27rx) — e - 1]

f o r  0 < x ‘-.. 1,

y(O)  y ( l )  = 1.

- sin 271%
solut ion:  y (x )  e

_ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _  -—--~~~~~~~~~~~~~~~~~ ~~~~~~~~~~



~‘1)

4 . v ’ ~ ( y x ’  1) t t ’ r  0 ‘-~ x

v(d ) y ( l )  0 .

Solu tion : v~ x) 2 (2-x) 
1 

- x -1 .

y ” - .000 I y / ( . O O ( J ~ x 2
r for  - .1 ~~- x ~ . 1,

yLl) . 1// .010 1

Solution : v (x) X/ /~OO 1

J sin 4~-~x 2 2 2 sin 471%6. v ‘ e [L u v  (cos 4i~x — sin 4~’x) — e  — 1 ]

for  0 — x ‘— I,

y(0) y ( L~ 1.

- . sin 4~rxSolution : v(x) I’

‘ 

- ) sin 2v x 2 2 , 4 sin 27xv v - y e I4i~ (cos 271% - sin 2ii~) - e - 1].

for 0 < x I,

v ( O) r ’ ( l )  I

• . sin 21: x
so l u t ion : y (x)  t ’

~ sin ‘;x  2 2 4 c1n47 x5 . V V V C’ ~cos 4- x — s i n 4 x ’l — e — i }

to t 0 —. x — 1.

‘( 0 )  y (l) 1 .

I t-t - t  ‘‘ xso l u t ion : y ( x )  ‘

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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3 x . , .7 2 2x
9. y” y ‘ y e (4” ens 2rrx ‘ sin 2 7 x  [-47 - (sin 2’ x) e

f or 0 — x K I ,

y(O ) v ( l )  0 .

S ‘ir i t i o n : y ( x )  i~~sin ~~~

2 2
10 . y ” 400 (y cos ~x) 271 COS 2_tx f o r  0 < x < I ,

y (O )  y ( l )  0

-20x -20(l-x)
- ‘  . e ~~ e 2

~‘ o I I t t L 1c’n : y ( x )  
~~~~~~ 

— — cos ITX .
I- c

r 0 i f x < O  or y < 0
11 . y ” f or 0 K x ‘—. I,

-6  24x y - by ln y o therwise

y (0)~ 0, y(l) ~
- 

-l

2
-l/x .Solution : y(x) c

12 . y ” = l600y - (1600 ‘ ; ) s i n  ~x for  0 ‘
~~ x K 1,

y(0)  y ( l )  = 0.

Solution : y(x) = sin _irx .

13. y ” = - (IT
2

’ .000I )y  ‘ .0001 sin ~x for  0 ‘- x K 1,

y ( O )  y ( l )  0 .

Solu tion : y(x) - sin ~~~~ .

- ----—- ---- ----- ---~~~~ - --- - -~~~~ -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ~~~
__ i_~~~~~
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-
~~

14 . v ’ - (  
2 
.0000I)y - .00001 sin 71x [or  0 ~ x ~ 1,

y(O)  y ( l ’  0 .

S o l u t i o n : y (x )  sin cx .

II 40 I’ 1\ 2 / 3  I 1\8 -I t . y ” ~/ I ~~~~ ~~X c~) 
- 

(~
x- 

~) fo r  0 ~-. x ~ 1,

y(O) = y(l) - (-i) -

Solu t ion : y ( x ) (~ - 1)8/3

16 . 
~ 

2 8 ( ~~~ l ) I l / 3  - (~~-~) ‘7 fo r  0 ‘— x ‘~- 1,

y ( 0 )  (
~ 

~ )l~~
/3 y ( I )  = ( 1) l 7 / 3

Solu t ion :  y(x)  
(

1) 17/3 

* x)
17 . y ” 400 (y cos Trx ) ‘ 2r ~ cos 2irx -t- 400 (e~

’-e~” ) f o r  0 ‘-. x ‘— 1.

y(0)  y ( l )  = 0.

-20x - 20 ( L - x \
where  y*i1x) 

e - 

-20 
- cos lrx .

l t e

So lu t ion : y(x)  - y*(x) .

We w i l l  now d i s c u s s  in inu re  d e t a i l  the test  problems we used that do involve

y’ in the d i f f e re n t i a l  equa t ion .

- ‘.- ~~-. . --
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2 i

Problem t/1 \’j

Y ” ~~~~~ fo r  0 K x K 2,
l-x

‘y (O) 1. v(2’) .2

S o l u t i o n : y L f ( 1 - x 2 )

This problem was taken iron {Fyfe (1969)].

Proble m ~2YP

I I 3 sin 7l x 2 2y ’ y I -
~~~~

- (
~~ 

) -
~ e (4ir [COS 2 cx-sin  2’ix 1-

~~ 
8~H (cos 2m~) 3 

e
2 sin~~~x 

- i) fo r  0 K x ~ 1,

y(O) y ( l )  - - 1.

sin 2rxSolution : y ( c )  = e

This problem was constructed from ~I 3  by f i r s t  subs t i tu t ing  y ’ fo r  y in the non-

l i nea r i ty .  Some form of cont inuat ion  me thod would be needed to handle tha t pr obl em

directly ; to avoid complications not relevant to the present work, we used the

factor -~ so that the present algorithm can solve the initial system .

The remaining prob lems  are  f rom [Scott  ( 19 7 5 ) ] .  They have a va r i e ty  of

interesting characteristics .

Problem ~3YP

y ” I l y ’ ‘ 12y - f o r  0 K x K Ut ,

y(0)  1. y ( l S )

Solution : v~ x~

This  l inea r p rob l em is very  b a d l y  cc. t  l e d .



I’ r o b l , ’m ~-4y p

I 1 7 IT IT
V ’ - I 2 .  tan x y ’ - —v for — ‘- x ~

,, —- L tan x t0 6 3

1 - - \ (1
~ 0 , Y~~~) 5.

No e’XOC L so l u t  i , ’ii known .

i 4 ~’ f i n a l  ti -tree problems are successive ly harder versions of one basic

problem .

I’ F O l _ i l I ’lTi S )\ P — 7YP

Y ” 2 yy ’ for 0~~~ x c a ’=~~~ ,

y(O) = 0, y (a) tan(a).

Solution v (x) tan(x) .

As a approaches :12. this problem become s extremely difficult, since we arc

trying to follow the function ’s behavior as it approaches a singularity . For

~5YP a 1 and the problem is r e l a t ive ly  simple . For ~6YP a 1.5 and the

c omputat ion of an i n i t i a l  solut ion is q u i te  d i f f i c u l t .  To discover how the c o de

would behave it it got started , we used the exact solution of the differential

equation at the initial grid points as an initial guess. For 0 7YP a = 1.55

and th is techni que f a i l e d  to produ ce  an adequate initial solution for any tolerance.

For those p r o b l em s , we will now sunnnarizc’ the performance of SPLIDC

at ”ach toleranc e tested . I”or each prob l~~ and each tolerance (TOL = 10 ~~~
, lo~~.

10 , 10 ‘ ) We l i s t  in Table 7 . 1 t 1 i i t t t i g h 7 . 24 the a c t u a l  errors achieved and

the cos t to acid eve them . (R ca 11 t h a t a requet s ted tole rance of TOL means ti_ia t

the goa t is to mak e tli , ’ ‘ r r or  be tween t i t i ’ computed  so luti on V and the trite ’ so l u t i o n

L - _ _ _ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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y ” Sa t i s t v  Y - v - -  / ‘.- - 
- 10 1..) As u s u a l , an e n t r y  a Id b deno tes a~ iO b

.

I f  s~’i , i: - t~: d t t - ~ t s  t i - t a t 11, r t c ;r i c s t e d  e r r o r  canno t  be a t ta ined, we w i l l  l i s t

the , ‘nd I i i  ‘n d1’ 1e t - J a ~, 
-
~~c I l as the error we were able to attain. (The its ted

f u n c t i o n  ~ u n t s  ~i ic ludc ~Tie u nn e c e s l .a r v  eva lua t ion  at the end points , as dis-

cussed in S e c t  ion 4 .)  

~~~~--
- -~~
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C A I ~ F T  END POINT OF IN TE G RAIII )N IN TE PVAL ,PROVIDED BY USER.
C B R ( ,HT END POINT OF INTF G RAT I 1 )N INTERVAL . PROVIDED BY
C US1- .-4~ A 4 IS AN I N V A L  ID INPUT .
C A L cO ,F3V O , c,o — COEFF ICIEN TS OF HOUNDi~P’i CONDITION E QUA~’ION AT 4.
C AL FN ,BVN ,G N - COEFF IC IENTS OF - OUNOARY CONDITION EOUAT :ON AT B.
C ~jv0 AND BVN - BO T H ?~~~RO RE~~OVE YP FROM THE BOUNDARY COND ITION Z .
C I t IS THIS CA SE WHICH IS FULLY MPLEMENTED. THE PRESENT THEORY
C REQUIRES THAT THE LINE AR INTEPPOL~C T IO N PROBLEM HAVE A UN~~QUF
C SOL I ,IT I c IN ~~ IF TH I S  IS NOT T kUE , EXECUTION IS TERM INAT ED.
C W A N  O U T P U T  A R R A Y ,  C O N T A I N I N G  T H E  CO’-4PUTFD A P P R O X IM A T E

C SOL uTION. UPON EXIT, THE F IR S T  F O U R  C OL UM N S  OF W C O R R E S P O N D

C T O  THE  E L EM E N T S  OF X . THEIR ELEMENTS AR E APP ROXIMAT IONS
C TO THE FUNCTION VA LUE AND THE FIRST THREE DE PIVA T IV ~~S OF THE
C S~~I INE SOUGHT BY THIS NUME R ICA L METHOD.
C IF YTNT ~S TRUE , w IS ALSO AN iNPUT P .RAMETER.
C X AN ‘)IJTPIJ T ARRAY CONTAINING THE N • 1 POINTS, INCl UDING
C A A ND Bt AT WHICH THE SOLUTION IS APPROX IMATED. UPON
C E X IT , SPLIOC WILL HAVE X (1 ) z A , X (N .1) B’ AND
C X (I ) = A • (I_ I )* H , WHERE H (B — A ) / N
C TOL : RFr ~3 IE ST FD ACCURACY , PROVIDED BY USER. SPLIDC ATTEMPTS
C TO COMPUTE AN APPROX IMAT E SQl UT ION Y WITH A MAX IMUM ERROR

C LESS THAN TOL TIMES THE MA X I MUM COMPUTED VALUE OF Y, A
C SORT OF SCALED MAX—NORM ERROR . TOL IS ALSO AN OUTPUT
C PARAMETER , CONTAINING ON EX i T FROM SPLIDC THE ESTIMATED
C UPPER BOUND ON T I-lET ERROR ; THIS ESTIMAT E IS THE SUM OF THE
C Iu SY ’IPTOT IC ESTIMAT E OF THE DISCRETIZAT ION ERROR AND THE
C ESTI MA TE OF THE ERROR IN SOLVING THE NON—LINEAR EQUATIONS.
C AN INPUT VALUE OF LESS THAN ~.E-l2 WOULD LEAD TO UNRELIABLE
C PERFORMANCE ON THIS MACHINE , SO SUCH VALUES ARE REPLACED
C BY I .E— ~~2 WITH AN APP ROPRIATE WA RNING MESSAGE TO THE USER .
C THF NUMBER ).E-12 IS APPROPR IATE FOR THE CURRENT
C CONFIGURATION. IN GENERAL WE WOULD RECOMMEND A NUMBER
C APP POX ’IMA TELY EQUA L TO THE PRODUCT OF THE MAXIMUM NUMBER OF
C POINTS AND THE PRECISION OF THE MACHINE .
C NOYP l OGICAL VARIAB LE. IF NOYP IS TRUE , V P IS NOT INVOL VED
C IN EITHER THE DIFFE RENTIAL EQUATION OP THE BOUNDARY
C CONDITIONS . SO THE ROUTINE SPLNYP IS USED. OTHERWISE,
C THE ROUTINE SPI,WYP IS USED.
C Y INT IF Y INT IS TRUE, THE USER SUPPLIES AN INITIA L GUESS
C TO THE SOLUTION Y. (OTHERWISE , THE CODE BEGINS WITH
C A LINEAR INTERPOLATION OF THE BOUNDARY DATA .) IF YINT
C IS  T~~I,E N IS M EA N ING FUL ON INPUT. THE FIRST
C N — i  ELEM ENTS CF T HE FIRST COLUMN OF W SHOUL D CONTAIN
C THF DFS’IRED IN I T I A L  APPRII)X IMAT ION TO THE SOLUTION.
C
C -

~ 
TNC F THE DIFFF~-EN C F IN THE CODE W ITH AN D WITHOUT

C YP IS S JB ST A N TI A L , WE SIMP I V -~RANCH TO THE AP PROPRIAT E
C POUr INI DEPENDING ON NIIYP•

C
EXTERN A l F,DFV ,DF YP
nI MENSION W (?59.5),~~(?5H)
LOGICAL NO VP,’YIN T
I FI I -OY P ;OTO ?0
CALL ~PL WY P(F ,DF V,DFY °.N,A,-~,4L~ O,t~VO ,GO ,4LFN ,RVN ,GN ,p,X ,
I T O L .Y T N T )

RE I UP’



SPLIDC -

20 CALL ~ PL’ .Y P f , D F V . r - F Y P , N ,A , I
~~.A L f 0 , ~~ -.- o , G U , A L . F N,H~~N. G N , W , X ,

I T~~~ • ~,T
RI- T I - ~N
r N

S U H P UI I T T N r J  s ’ - o  N 4 1 , ’ i l- ,f ) F Y ,D FY P , , A ,B ,A L (~’0,~~~v O ,G O , AL F N , BV N , G N , W,X ,

I 1fl 1 , “ N T )
C *E A L I O C A T~ S~~O~’AGE AT THIS POINT. W IS USED TO STORE THE
C M A T P I X  (‘-F TH~ I IN~~ A ’ - I ?E D  5~ ’STE ’4 D I I R IN C ,  E X E C U T I O N .

C FU,E0 .AN P El S1L .F THE COMPUTED VALUES OF F D F /DY  A N D  DF/DYP, RESP .

C T~’E A R R A Y  S IS PPI~’A P IL Y U SE [I TO STO R E  C OM PU T E D  A P P R O X I M A T I O N S

C TO T~~~t- D I S C P E T I Z A T I T h  E RR O P ;  T H E  A P R A Y  RHS IS U S E D  IN THE
C SOLUTI ON OE T HE N O N—L INEA ~ SY STEM : PHS CONTAINS THE COMPUTED
C RESIDU AL W H ICH IS OVE RWR ITT EN W I T H  T HE  CHANGE IN ‘ .

C W K IS ~ WO R K A R EA FOR THE  LINEAR EQUATION SOLVER .
C R H S T O T  C O N TA I N S  THE S P L IN E  C O EF F I C i EN T S  FOR THE C OM PU T E D

C S O L U T IO N .  ~~~~~~~ ANE ’ A Y ~~ P C O N TA I N  C O M P U T E D  A P P R O X IM A T I O N S

C TO Y .YP ‘~~D THE DIFFE PF~~CED SECOND DERIV ATIV E  OF THE
C C O M P . SO LU T IO N  PF SP ~~ i T I V L L Y .

OI MENSInN W (259,5),X(?59) ,PHS (25-fl ,~-O (?59),El (2S 9),wK(777)
DIM EN SION RHSTOT (?5’-~),Y (259),yP (?S9),.

.
~y2p (259),Fu (?59),S (2S9)

C WE WILL USE THE A RRAYS E R R ~~A V ,  TE ST1 , AND TEST? IN THE TEST
C FOQ CO RRECT ORDER . THE ~C’L I JTION AT LEVEL ~~~~~~~~~~~~~~ OR
C S SHO IJ O ~ EH~~VE A T OPOEP 4,~~,I2,i6 ,2I , OP 2~. PESP. WHEN
C T HE MESH-S PAC ING IS HALVE D THE ERROR ESTIMATE SHOULD DECREASE
C P-V FA CTOP~- O~

’ 16.?56,4006,FT CETERA. THE ELEMENTS OF
C TEST! AND TEST? CONSTTTIJTE (PAT HFP COARSE ) LOWER AND
C UPPER BOUNDS, RESPECTIVELY. ON WHAT IS AN ACCEPTABLE LEVEL
C OF DEC ~~EAS E , W HILE ERR SAV SAVES THE ERRORS FROM THE PREVIOUS
C N TO AL LOW COM PUTATION CE THESE FACTORS AND ALSO TO HELP
C DETER M IN E THi LEVEL AT WHICH INTERPOLATED VA LUES ARE
C ACCEPTED W H E N  N IS DOURLEE ’-.

DI MENSION EoPS .~v(~~),TESTl (~~),TEST2(~,)
DATA TE STl/~~.,64.,5l2.,L.O~~- .,3.E(.,?.~~5/
DA TA TEST?/32..1O2 4.,3.~~4,l.F 6, 3 .F7,I.E9/

C WE WILL IJ I: E LOCAL LOG ICAL VA R IA H L E S :
C DIV N~~-~ (TPUE WHEN NEWTON r S ‘-4ETHOD H-” S DTVE P 1~ED)
C NEWN (T R U E  WHEN WE A R f COMPUT ING AT A NEW VALUE OF’ N)
C REPPOP (TRUE W HE N WE H’.VE DETECTED DO M INANT ROUNDING ERROR )
C “ONv OR (TRUE WHEN WE HA VE HAD CONVERGENCE OF NEwTON�c METHOD
C AT l, EA -’- T ONE TIME.)
C N OEVA L (TRUE WHEN F AND DFY HA V I-. A L READY BEEN EVA LUATED. )

LOGIC AL VIN T ,PFPPOR ,OIVNEW ,CONVOA ,NETWN ,NOFVA L
CO MMON / r LA G /  IF- LA G
COMMON /~

‘fl JNT/ ~ -OoIN T 1 .KOUNT 2
DATA N A A X  /?56/
DATA NMA ~~

, / ! ? H/
C CHECK T H L  V A L I D I T Y  OF T i~~ INPu1 PA I-~A ¼4ETERc

IF ( A .FO. Hi~~T .’P?b
C 9.9~~F—! ’~ F’,IUA LS i .E— i ?  — F~~~

-
~ F (R  OUR PURPOsES

IF (T OL .Lf. 9.9’-~F—! ’~)S~~O P 3 O
IF ( . ‘. Yr . Y IN T)N~~

C IN I T I A : I ? F  5 l I 4~~ V A ’ - ’ T A P L E S

— -  ~~~~~~~~~~~~~~~~~~~ 
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SPLIDC — 4

C THF I N I T I A L  V A L U E  OF N IS STOPED AS NO; WHEN N~~NO NO BACKGROUND
C INFO RMA TION EXISTS.
C MAX i’ IS THE H I G H E S T  P R E V I O u S L E V E L  OF DEFERRED CORRECTION THAT
C HAS BEEN REACHED , WHILE ~ IS i’~~E P R ES E N T  L E V E L .

C EPNEWT 15 THE TOLERANCE FOP CONVERGENCE IN NFwTON~~S METHOD.
2 MA X~~~O

F PS N W T = T O  I - /~~~.
PERPUR= .FAL SE .
CONVOR- .~~AL SE.

C)
C BEGiNN I NG OF C O M P U T A T I O N  W I T H  A NEW VA t UE OF N.

3 E RR - i - = 1 .E2O

~~P 1 ~N+1
~~~~~~~ .2
,P 3=N,3

C ‘ M A X I~~ MAXI M UM ALLOWA BLE NUMBER OF EXTRA POLATIONS FOR A
C G IVEN N. THERE A PE THREE LIMITS . THERE MUST BE’ E N O U G H  POINTS
C TO COMPUTE THE EXPA NSIONS ; ~~ IS DETERMINED BY THE SIZE OF THE
C PELEVAN I A RRAY S ; MA X K+ 2 IS A RESTRICTION ON THE NUMBER OF
C EXTRA POL AT IONS WITHOUT HISTORY .

K M A X =  (NP 1— ’.) /4

K M A x = M T N O (KMAX, 6,MAXK .2)
4’~~W N — . TRU E.
£0 (1 )  A L FO
E l  (1 1 ~~ V 0
EO (N23 =ALFN
E l ( N P I u = R ’ i N

~~ (B—- ~) 
/ r ~j

C W E  ST AR T PREPARING TO USE NETWTON~.S METHOD TO SOLVE THE
C NON- LINEA R EQUATIONS AP PROPRIATE TO THE SPLINE COLLOCATION METHOD
C USED. THE VARIOUS CORRECTION TERMS MUST BE INITIALIZED
C APPR O PRIATEL Y, TO ZERO AT LEVEL ZERO.
C ITL IM AND ITLIM ? L I M I T  THE NUMBER OF NEWTON ITERATIONS AS 

S

C 1)E’CPTBED LATE R .

T TL IM2 = 1 ~3
10 ~~ I=2,~ -P2

6

flO 1 0 I=2 .N
10 X ( I )~~x ( I ), (I— 1 ;~~H

fl u) 1? 1 1.NP3
12

IF( u .~~Q. N0 )GOTO l~
C FILL IN Y VA LUE S AFT E R DOUBLING N

CALL c,ETVAL (N ,H,PHcTOT .Y,YP,AY?P)
C A F T E R  AN INTERPOLATION, W F US~ THE PREVIOUSLY COMPUTED VALUES
C OF F ~ ND OF / D Y . THE N E X T  F E W  L I N E S  H A NN E T H A T .

NHA LF - N / ?
N1~~~N HA !  E , I

N?~~NHAI F.?
E IJ ( ? ’ J P I  ) F U ( N 1
Fl) (NP?) =E0 ( N ?)
1)0 14 T~~1 .N r -4 A (  F

N O T  ~N I — I

-- — ‘-‘a-- . -
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SPLIDC

NI = N~ I _ ?* I

~~I J  ( NI )  =~~u (NOI
N I =N I • I
EQ (N I )  =E 0 ( N O T  • 1)

~ (NI ) f (X ( N I)  ,Y (N1 ,YP (NI ))
14 E n  (N i~~1 ) 

— I~~~Y C ( N I )  ,Y ( NI  .V P  (N I

~ OUN1 I ~ KO1J NT 1 •NHALF
4’ OUNT 2 = K O ( j NT ? .N H~i~~E
IF (~ •

c~~;~~ 0)u u T O  3~~
C A L L  M A T ~’lAN ~~W , ~~ H S ,FQ,E i .W 4’-,N ,H,1)
IF (I FI AG .GT. 0)GOtO 1002
C A LL ~

‘RSUR (N,2B,EP RNOR , X ,PHSTOT )
10 02 EONT T~~UE

C NEXT. EVALUATE THE t~f W  C (IRRECY ION S FOR THE NON—LINEA R
C E Q U A T I O N S  T H A T  M 1ST RE SOLVED AT THE NEW LEVEL K AFTER AN
C IN TERPO LA T ION FOR THE VA LUE S ACCEPTED AT LEVEL K—I .
C WHEN NEWN IS TRUE , DIV IS EVA I UATED DURING THE NEWTON
C I T E P A T I O ~~~- .

NEWN= .F A L — F .
I T L I M —

I T IM -y

C A LL SPLDCC,(’~ .N,FU ,-,IERPOR )
)O 1.R j l .K

18 ETRPSAv (I)=ERPS A V (I )* 16 .4* (_ I)
‘;OT(’u ~~

1 9 IF ( .NOT. Y IN T)CA LL L INST (G0 .ALFO ,C ,N ,ALFN,A,R ,N .H ,RHSTOT )
IF (YINT )C ~~L L  GET ST (W,- ~HcTOT,W K,N,,-fl
IF (IFI A G .E Q . 0 )CA LL PRSU8 (N,?~~,TWOPI,X ,RHSTOT )

C ‘~,IN PORTION OF NEWTON -~S METHOD
C WE ENTER HERE WIT H AN INIT I A L  GUESS FOR V. EITHER THE LINEA R
C INTE R POLATION OF THE BOUNDARY DATA OR AN IMPROVED ESTIMAT E
C FROM A LOWER LEVEL AT THIS N OR A HIGHER LEVEL A T A SMALLER N
C O~ A USER SUPPLIED INITIAL GUESS.
C A T  LEVEL 4 ’=0 WE ALLOW 11 ITERATIONS BEFORE TERMINATING THE
C PQOCF nu I R~~. A T HIGHER LEVELS. ONLY 4 ITERATIONS ARE ALLOWED.
C A T LF~ ’’~L ~ =0 NEWN IS TRUE AND wE EVALUA TE DFY AT EACH
C IT Fi I’ A~~ • IN MOST CASES F’ AN D DFY ARE EVALUATED BEFORE ENTERING THE
C LOOP AND ARE NOT REEVALU A TED ON THE FIRST ITERATION ; IF NO SYSTEM
C IS SOLVED AT ~~~0 THIS IS THE ONLY TIME DFY I~ EVALUATED.
C N O RM ,’ E X I T  OF THI NI WT ’)N ITER A TION OCCURS WHEN THE NORM
C (PNOPM) OF THE CHANGE T N  THE SOLUTION V IS LESS THAN OR
C E QUA L TO HALF THE USEP~’~ TOLERANCE TIMES THE NORM OF V .
C ABNOP~A A L E X I T S :
C (H THE NORM OF THF PESIDUA ’ INCREASES FROM STEP N TO
C N • 1 WH FPF u > ()

C
C (2) THE NUMBER OF ITE RAT IONS EXCEEDS IT L I M  AND CONVERGENCE
C I - ~ NOT EXPECTED ~Y IT L I~~ - .
C I F’ THF CHANGE IN Y (PNORM) INCREASES HUT THE RESIDUAL DECREASES ,
C THIS IS lAIr-EN AS A SIGN THAT ROUNDING ERROR IS PREVENTING
C CONVE RGENCE TO THE IOu ERANCE AND THE PROGRAM G IVE S AN ERROR
C - FSSA (~E AND IE~~~ 1N A TE S.

I’ F~~ =~-
DI JNE W~~.f A l -E
N - FV AL~~.TPLlF
I~~ ( ( N  .FQ .  ~-u0 ) • A N (j .  ~~ •FQ, O )NOEVAL .FALSE .

40 CA LL SfTV A L (N,H.RHSTOT ,Y,~v P,A Y2P) 

~~ - .. - — -~~~~~~ 
- 

~~ - ‘ ~~~,- -~~~‘~~~- ~~~ 
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RE SN~~4 --- A X , I(  AH ’~~( RHS ( 1) ) • A B S  ( RHS (NP3)
IF ( N O E V AI ) C ,O T O  u~s
nO ‘- - 0 1= 1 •t~JPl
y P T f H P~~O .O
F’U (I ) F ( X (I )  •Y (I ) ,YPTE MP)
I F - I  .NO T . ~~ WN )C ,OTO ~,0
F0 (I .1 )~~—D ’Y (X U ),Y (T ),YPTEM P )

f~O

~ OUNT i ~~ O U NT 1  .NPI
IF ( .NO T . NIWN )GOTO (~~‘~
i<OUNT ,?=IcOUNT2 .NP 1

65 NOEV AL~~.FAL ’E.
‘)O 70 I~~1 , -’u Pl -

Ru-IS (I • I) -z S  (I • 1 )  ‘EU (I) —AY? P (I)
IF (RESN .LT • ABS (RHS (I • I)) ) RESN=AB5 (RI-i S (1.1))

70 CO NT INUE
I JO~~=?
IF (NE.’JN) IJOB=0
CALL MA TMAN (*.~~H-,E 0 ,E1 ,WK ,N,H ,IJ0R )
RNOR~~~ 0.
RT N O k M~~0.
nO 100 1 1.NPJ
PHS TOT (I) =PHSTOT (I) +R HS (I)
IF(PNORM .t I. ABS (RHS (I) ) )PNORM=ABS(RHS (I)

~00 IF (RTNOP M .LT. ABS (RHSTOT (I)))RTNORM=A RS (RHSTOT (J ))
C A YNOR~” I S AN AP PROX Ir~IAT ION TO THE NORM OF V BASED ON THE
C THEORETICAL BOUND ON THE RA TIO OF THE NORMS OF THE SPLINE COEF.
C AN D THE FUNCTION V.

A YNORM=RTNOPM/’(
I N DFX= INDEX.]
IF (INr~E x  •EO . 1)RNOR M1~~RNOP~l
F PS~~EP SN WT A V NOR M
TF (RNOPM .lE . FP S)GOTO .190
IF (IN DEX .LE. 2) 6010 120
IF(RESN •(,T. PSNSA V GOTO 300
IF( (PNORM .61. RNS A V ) .ANO. CONVOB )GOTO 350

120 RNS?=PNSAV
PNSA V - RNOPM
PSNSAV~~RESN
IF(rNnE~ •LF. IT LI M)GOTO 40
I F I I N D E X  .61 . ITL I M?)GUTO 300
IFNPNOPM * (PNO ~~M /PNS? ** I T L I M 2 _ I N  E X H  .LT. EPS GOTO ~.n

C NEwI ON - ’S M ET HOD IS fl~~vE’Wr,f~ju , A N D  WE MUST D OUB LE N IF
C PO SS I R L E .  IF T~* IN AL NEWTON ITE ~~AT E SOLVES THE NON —
C I IN E A P  SYSTE M B E T T E R  THAN THE F I R S T  I T E R A T E ,  THEN W E GET
C AN FRR O P ESU SA T E  FOP I I -O-  IN TFSTIN (, ORDER AND WE USE
C V AI UES tN T F P P O L A T ~~D FROM 1-~F L A S T  lT[ 1-~’A T E  IN ORDER TO
C ST A Q T N FWT-)N- N M E T H O D  A l I E V F L  /FRO AN D W I T H  N DOUBLED ;
C IF THE F I N A L  ITER AT E WAS ~ Oc- ’~’F • H O W E V E R ,  W E START W I T H
C THF L INFAP IN TER POl A T T O N  I~~~~ THE B O U N D A R Y  D A T A .

300
I~~~( (R N O R M 1  .61. RP~~~~~ V •OR . C H NV O k ) G O T O  400

InN  •&i. NMA ~~H) ( , u) T O ~“)0
V (YINT )GOTO u~?0
N~ 7~~N

- —  — 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -~~~~~~~~~~~~~~~~~~~~~ -
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OnT O ?
C W~ NO W THIN P’ THAT ROI INI IN,  FP~~I)P HAS CONTA M INAT ED OUR
C PRSULTS, SO WE PPE~~A PE TO QUIT COMPLETELY AFT ER ESTIMAT ING
C T~-~ ERROR WE 011) A CHI EVE.

350 PE~~R)R~~.f~~U E .
(‘,f lT (’I 4 0 0

C WE NOT ~ FOR I - uT l l R ~ PEFEPE JCF THAT CONVERGENCE HAS BEEN
C ORTAI NE [ AT LEA ~~T ONCE.

3’~0 CO vOH= .TRu~
C WE WANT TO E ST IM~—T E THE DISCPETIZAT !ON ERROR, ESSENTIALLY
C ~ Y ONE ’ STEP OF NEW TON r+S METHOD . WE SET UP THE RIGHT HAND
C SIDE RHS NEEDED ~OP THE I INEAP EQUATIONS OF THIS ONE STEP
C W HILE COMPUTING RHS WE WIL L ALSO COMPUTE S~ THE CORRECTION
C (E cT IMAT ING LOCAL TRUNCA TION ERROR ) THAT WE WILL
C NrED FOR THE NON—L INEAR EQUATIONS AT THE NEXT LEVEL UP IF
C W E GET T r IA l  FA R . -

‘.00 ~~~~+I 
- -

T T (  T M = 1  -

V
C4LL SPLDCG (< ,N ,FU,RHS,IERPOR )

- - - ‘ ‘ 
‘~~ ‘

DO 450 V2,NP2
ST u =RHS (I)
‘HS ( I )  = S (1 ) — ST~

‘+50 S ’I )=ST ’
C W IT H THE N~~w RIGH T HAND SIDF. WE GENERATE AND SOLVE THE
C NE~ SYSTE~~.

CALL MA TMAN (W ,PHS,E0 ,F1 ,W K ,N,H,2)
C
C ERROR CONIROL AND DECI SION CENTER
C ~~iS NOW CONTAI N~ OUR ESTI”~AT E OF DISCRETI7 A T IO N ERROR.
C WE COMPUTE ITS NORM IN EPRNOR, A LLOWING US TO TEST FOR
C CONVERGENCE OF THE OVERALL ALGORITHM .

N~~~iN~ .F A L  SE.

NOP”i~~fl .
O 460 1 1 . ’- I P l

T F=A8S ((RHS(I),4.-~PHS(J .1),pHS (I.2))/6.)
T~~~T~ .OT . ERRNOR)~- RPNOR~~TF

4t- Q IF (YNOPM .LT . AR S(y (I,))yN- )~~M~~AB5 (Y(I))
I F (I F L AE , .61 . 0)0010 1001
K 1 - K 1

~PINT ‘~70,1NPF X, PE SN.RNOR’~
C-’-L L PpSUB (N,Ir1 ,ERpNOR ,X ,RHc~TOT )

10 0 1
C NF~~T WE TE ST OUR ESTIMATE OF OVERALL ERROR AGAINST
C THE USER-’S TOI,ERANCE. ERRN OP ESTIMATE S THE
C D I~~C R ET I7AT ION ERROR FUR THE E X A C T  SOLUTION OF THE
C NON-LINEAR SYSTE M, WH ILE RNORM ES TIMAT ES THE ERROR IN
C 501 V INC THAT NON-LINEAR SYSTEM. ERREIST EST IMATES THE
C TOT AL, ~PPOR UNI)~~P TH PES SIM ISTIC ASS UMPTION THAT
C THE OTHER fRQØP~ SUM .

~PPFST FPRNOR .RNORM
I OL L 0 1 1 OL * V NI ()

C T E S T  F - P SUC I 55
I F frP R F ST .LT. TOLLOC)C ,OTO ~i00

-- r ~~ ‘~~ — —-- — __________________ -
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C I F - M I N A T E  A L G O R I T H M  IF RERPOP TRUE
IF (R~~RROR )GOTO 980

C IF u- .LE. MA X’< (SO THAT THERE IS HISTORY TO COMPARE
C AGA INST) W E’ NEXT CHECK W HETHER THE ERROR IS BEHAV ING
C A T TH E CORR ECT 0-’DER .

in~ .G T .  MA ~jc;(jOTO 4’-i O
R A T EPPSAV (K) /FRRNOR
FR~~CAV ( K )  =F PPNOP
IFU FLA G .EQ. 0)PPINT 475,PAT

C THIS Ic THE TEST FOR CORRECT ORDER.
JF (P AT .LT. TE ST1 (K) .OR. RAT .GT. TEST2 (K))GOTO 700

‘.80 ERP~~AV (r’- )~~ERRNOR
C T HE NEXT STATEA EN T TESTS WHETHER THE PREVIOUS DEFERRED
C COR RECTION IMPROVED THE ACCURACY ACCEPTABLY AND
C W HETHER AN ERROR ESTIMATE WOULD BE ALLOWED AFTER
C THE ~JEX T CORRECTION.

IflFRRNOP .GE. .1-°ERROLD .OR. c.1 .GT. KMAX )GOTO 700
C CHFC’( FOR NEWTON DIVERGENCE

I F (nIV ~~EW )GOTO 700
ERPOLD=ERPNOR

C GO AHEAD AND SOLVE THE’ SYSTEM AT THE HIGHER ORDER
Of l T f l  38

C WE NEED TO INCREA SE N AND THE NEXT SECTION OF CODE HANDLES
C THAT. WE FIRST COMPUTE THE LEVEL INTERPOLATED VALUES WILL BE
C ACCEPTED A T . THEN WE DO THE INTERPOLATION.

700 IF (N .GT. N~IAXH)GOTO 800
M A ~~ ~~I(

NOL~’=N

~ TNr ~~
ERROL D :-A M IN 1 (ERPOLD .ERRNOR )

C ~ECIDF LEVEL TO INTERPOLATE TO
~~(
‘) 7 1 fl I = 1

IF (EPROLD .LT. EPRS~.v (I )*1~-,.**(_ I))GOTO 710
,OT0 7?’~

710 CO’~1T INUE
720 K 1—I

IF (DI -/NEW )
C INSPL PERFORMS THE INTERPOLAT ION AND FILLS IN Y VALUES .

CALL INSPL (K  INT .N ,Y,W .S .RHSTOT .WK,K,H )

C THIS IS THE u-i TOO ~ IG EX IT
800 PRT ’’T R I S

GOTO ~~~0

C 42”) IR THE EPROR EXI T  T A K E N  WHEN AN INITIAL GUESS FAILS.
820 PRT~~T 870

C THE FOu LOW ING CODE SEGMENT PREPARES ID RETURN 1(1 THE USER .
C IN THE ABSENCE OF EPPOR MESSAGES. THE RETURN IS SUCCESSFUL .
900 TOL FPRF~~T

I F (I F I . AG .FO. O)PPINT -~?O ,YNOR M
CALL —~PL 0FN (W,N,H,RHSTOfl
RETURN

C 980 IS THE ROUNDING F-PROP ~ x I T .
980 PRIN T ‘49~

6010 -~)0
470 FORMAT I IlO ’2~ 20.1

0)
47S FOP M A T (- -~0X ,Fl2 .4 )

- - - - -  ~~~ - ~~~~~ - -—- ~~-.  - - -‘ - - -‘ -‘~~~~~~ —- -
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SPL I DC

~~~ rOR~-~a r (~ N i’OO r)I (~;*l

~i~~5 FOR MAT ( *  IL.,.E GAL TO R E I N I T I A L I ? E  WHE N INI T IAL GUESS GIVEN * )
-~?0 FORVA T( * Y N O k ~’ =

9-3 0 FOP~~AT( * RO ’IN flING EPPOP E- ~IT~~)
F

SUBROUTINE S~~LWY P (F,Dr’y,DFYp- ~N .A,p,4LFo,Bv0,G0 ,ALFN ,BvN ,GN ,w,x ,
1 TO L ,v T r s J T )

C WE ALLOCATE ST0RAC~ A T  THIS ~ O1 NT . W IS USED TO STORE THE
C MAT R IX OF TH~ L I N F A P I Z E D  s - -(srEr -i DO~~ING EXECUTION.
C FU .EO,AHr) El SlOPE T’~E COMPUTED VALUES OF F OF/DY AND OF/DIP. PESP.
C THE ARRAY S IS PR I MA R I L y  JSEI) TO STORE COMPUTED AP PROXIMATIONS
C T ) THE OI SC PE T IZ4 T IflN ~- PP~-P THE ARRAY RHS IS USED I’J THE
C SOLUTION OF THE NO N—L IN~~A~ SYST r-~ - ; PHS CONTA INS THE COMPUTED
C R E S I D U A L  W H I C H  IS OV E R ~~R~~TTEN W I T H  THE CHANGE IN Y .
C WK IS A -~OPK AREA FOR THE L INEA R EQUATION SOLVER .
C RHSTOT CONTAINS THE SPLINC COEFFICIENTS FOR THE COMPUTED
C SOLUTIO N . Y ,Y P  AN D AY:~P CONTAIN COM~~tITED A PPROXIMATIONS
C TO Y . Y P  -~~iD THE D I F F E P E N C E D  5 ECO ND DE RIV A TIV E OF THE
C COMP . SOI l ION RES PEC TIV EL Y .

‘u IM ENSION w ?59,5) ,X (?59) ,PHS (25Q1 ,E0 259) ,E1 (259) ,WK (777)
DIMENSION RHSTOT (?S9),Y(?59),yP(?59),AV2P (259),FU (259),S (259)

C VPC CONTAIN S THE CURRENT VA ~~’ ftS OF THE VP CORRECTION. YPCOLD
C CONTAINS THE P EV IOUS VAI U FS.

D I M E N S I O N  YPC (?59).YPCOLD(?~~-4 )

C WE WILL SE T-~f A P~~4 Y 5  EPRSAV , TEST 1. AND TEST2 IN THE TEST
C FOR COPP~ CT OR DE R . TH~ SOL UTI~~N AT LEVEL pc~~0,1,2,3,4, OR
C 5 ~HOULD B EHA VE A T ORUER 4.8.1~~,1~’.2O~ OR 24 RE~~P. WHEN
C THE MESH-S PAC INO IS HA I~V F f l  THE ERROR ESTIMATE SHOULD DECREASE
C BY F ACTO RS OF 1~~.?56,40— ~~,ET CETER A . THE ELEMENTS OF
C TEST 1 AN”) TEST2 CONSTITUTE ORAT HEP COARSE) LOWER AN D
C UPPER BO INJOS. RESPECTIVELY , ON W H A T IS AN ACCEPTABLE LEVEL
C OF DEC RIA S I , WH ILE ERR SAV SAVES THE ERRORS FROM THE PREVIOUS
C N T~ AL ( ;~ COMPUTAT ION OF THESE FACTORS AND ALSO TO MELP
C DETE- .M INE TH” LEVEL AT WHIC H INTERPOLATED VALUES ARE
C ACCE PTED W HEN N I~ 00W-i t En .

DI MEN S ION E P P 5A V (A),TESTI(~.),TFST? (f,)
DAT A TE ch /B . .t4. ,~~I2. .409”. .3.E4,2.E5/
DAT A TFST2, ~?. .10?’... ~~~~~~~~~ 1 .E(— . 3.F7 , 1 .F’i /

C WE WILL l I C E  L O C A L  L~~) G T C A L  V 4 R I A R L E S :
C D Iv N cw  IT RUE 1EN NF~~T~~~~.S ~FTHOD H~~S DIVE RGED )
C NFwN (TR Ill WHE N W I  A RE Cfl-M~-flIT ING AT A NEW VALUE OF N)
C ~~~‘)P (T~~~I’ ~- ‘EN WE HAVE If TFCTED DOMINANT ROUNDING ERROR )
C CUNv-o ’~ T~~ ’F ~~ FN WE RA V E  HA D CO N4V FP~,ENCE OF NEWTON ~~c METHOD
C A T  A - ~ T ONI T I M E  •
C ~J OF V A l (1 -~UE ~ -~F N ANf l  ~~ V - -i~- V E  A L R E A D Y  BEEN E V A L U A T E D . )

L0 ( ’ IC~~ . Y 1 NT ,~~~~~~~ P , D IV ~~~w , C~~N V O o , N E W N , N 0 E VA L
CO MMON / v LA~~/ IF) A ’
(‘ ()MM )N ‘ K O U NT  / ~~i ‘NT 1 . I r U  ‘N I?
1~A T A  N~’A /~~~ — ‘ /

n A T A ~~~~~~~ /) ~~~~~
C CHEC’ THL V A L I D I T Y OF F’-~ IN P u T  ~‘AR A ~4 FTE- Q

iIiu u

~

c: uiilr

~ 

‘ lu: - -
~~~

- - .~~~~~~~~~~~~~ ~~~~~
- -

~~~~~~~~~~~~~
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IF~~ •En . B S E O P ? 6
C FO R THE PRESENT, WE STOP WH EN TH f L I N E A R  IN TIR POLA T ION
C PROBL EM -4P ~S NO SOLUTION .

I F C (  ( A L F O * A , k v O )  *A L F N )  .EQ. I (A L F N * f ” , RV N )  DA L F O )  ) STOP27
C 9.~~9F— I3 EQ UA LS I . E — I ?  - F- PS Fu~ OUR PUPPOS ES

IF (TOL .LF’ . ~.~~9F — 1 U S T f l P 3 0

I F( .NOT. ~ INl )N= -~
C I N I T I A L I Z E  ~OMF V A R IAB LES
C T P-IE I N I T I A L  IALU F fli N IS S T O P ~~D AS N0 WH EN N=N0 NO BACKGROUND
C INFOR~~-~T I0N E X I S T S .
C M A X K  IS TH E HIGHEST PR EVIOU S LEVE L OF’ DE F E RR ED CO RRECTION T H A T
C P-l A S  B EEN R E A C H E D ,  WHILE K IS THE PRESENT LEVEL.
C FP N EW T V T HI T O L E R A N C E  FOP CONVFRGE ”~CE IN NE WTON-’S METHOD.

? M A ( - 0

E P S Nw T = T ) l  I,-’ .
R E P R Q R = .FA L ’f
CO NVO B= .F A L SF.

C BEGINN INI OF C O M P U T A T I O N  W I T H  A NEW VAL UE OF N.
3 FP~~~’

NP 1 =N * 1
NP?=N.?
N P  3 N • 3

C ~M A X  IS MA X IM uM A L L O W A BLE NUMBER OF EXT RAP OLATIONS FOR A
C G I V E N  N. THERE A PE THR EE L I M I T S .  THERE MUST BE ENOUGH POINTS
C TO CO’~PUTF THE E X P A N S I O N S ;  ~ [S  DETER MINED BY THE SIZE OF THE
C -Q E L E V A N T  A R R A Y S (  MAX K .? I s  A R F S T R I C T I O N  ON THE NUMBER OF
C E X T P A - ’ OLAT IONS WITHOUT HISTORY.

KHA X ( N P ) — 4 )  /4
M M 4 X ~~M~~N O \ p P . j 4 X , N ,P4A ~~k .~~)
0~ WN~~.TR UE .
F O (  1 - A L F O
E l  ( It  — R V O
~0 (NP 1) A~~FN
E l  (0P3 = •—‘u N
-- (B— -’ 1/ N

C WF STA R T PREPA RING TO USE NEW TON- S METHOD TO SO’ VE THE
C NON—L INEA R EQUAT IONs AP PROPRIATE TO TIlE SPLINE COLLOCATION ME T ’~OD
C USED. TH~ VA RI OUS CO RRECTION TERMS MUST RE INITIAL IZED
C A PP~~-)~~PI A T E L Y ,  TO ZERO AT LEVEL ZERO.
C ITL IM AN D I T L I M ?  L I M I T  THE NUMBER OF NEWTON ITERAT IONS AS
C r -E S CRj R~ D LAT ER .

I ” L  I M — I l
I ~ L I U? 1 3

~

~ ( N P 1
-0 I (~ V2,s

1 0 (I )~~x (1) • (I—i )*H--0 1? ~~~~~~~
~‘~- C  C T )  =0 .
Y P C O t f l ( I ) - = O.

12 5 (1 1 :- fl.
I F ( N  • c Q •  N 0 ) G O T O  1~C F ILL IN Y V A L U E S  A F T E R  000HL INI~, N
C AL L r,FTVAL (N,~- l,RH~~T O T , Y , Y P . 4 Y 2 P )

C WE USE 011FF-PENT YR V A L U t s A F T E R  A N INTF PPOLA T ION

- - ~~: -
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C TO E V A L U A T E  1H, F u N C TION. SO ~ V A L J A T IJN IS PE~~E A TED.

~tO IS V1 .NPI
rI) (J ) F C .~ C — ) .Y I I )  ‘ V  (I))
E0 C + I) =— DF C I ) ‘ (I) Y— ’ (I I

iS F (I • ) —OF ~ -
-
~ ( x (1) Y (I) • VP C I )  1

OUNT 1 =~~ 1) 1 ~. T 1 • N~’ 1

~ OlIN T ? =uc 01 ‘ NT ?  •N~ I
IF(~ •1 0 . 016010 i- ~
C A LL M A T  A ’~ (w ~~RHS,E0,E 1 ,W~’ .N,H.~~~)

I F I I F A G .UT. 0)6010 100?
CA L L  p IOIN ,?R ,ESPNOR .X , RH’ TOT )

10 02 CON T IN E
C NEX T , FV A L t ’A ~~E THE NEw C ’)~ P~~CT~~c)NS S AND YPC FOR THE NON—LINE A R
C EQ UA T T O N c, T HA i MU0~ B~ SOL~~~D AT THE NEW LEVEL K AFTER AN
C I NTEP POLA’ tON ~ QP THU VAL U E S ACCEPTED AT LEVEL K — j o
C W H E N  SION IS TPUE • O F Y  IS EVA UA TED DURING THE NEWTON
C 1TER ~~T I fl~~

c
NEWN= . f A [  ~~~~ .

I TL I ~ — 1
I V
CA LL SP L D C c , ( r , N , F ; j . S . I F R R O P )
CA L L  ny DCG (~~,N,H,f ,Y P C , I E R R O R )
0-) 17 V1 .NPL

1 7 YPCO ( 0 (l) =YPC (I )
“‘O I - ’~ I= 1 . c

18 E Q R S A V I)  = FPi~~ AV ( II * ‘() ** (— I )

19 I~
’(
~~I 1)6010 3?

~O 20 ~~~~~~
?0 R’-~, T T IH=0.0

IF I U Vi ) •~
-
~~ • 0.) .~‘)R. (~-~VN .‘~E. 0.) (6010 38

CA LL I, INST ( L O . A L F 0 . G N ,A L ~~N.A ,H ,N , H ,PHS T 0 T )
~.OT O ~P

32 CA LL r,F~~S T ( W , R H S T O T . W ~- , N , H 1
I R ( I F L 4 G  . r O .  OI CALL PRSUB (N.?~’,TWOPI,X ,RHST 0T)

C ‘~A IN PO~’T IO N  OF N E W T O N - S  M ET HOD
C W E E N T , R  i~~RE W I T H  AN I N I T I A L  GUESS FOR I,  E I T H E R  THE L I N E A R
C I N T E P P O L A I I O N  OF THE 1300NDARY D A T A  OR AN IMPROVED ESTI MAT E
C F RO M A L O w E R  LEV EL A T  TH IS N OP A HIGHER LEVEL AT A SMA LLE R N
C OR -A ,IS ER SURPL lED I N I T I A L  GUESS.
C A T  L~~V F L  ~~=(‘ WE A L L C~ 11 I TERATIONS BEFORE T E R M I N A T I N G  T H F
C P R O C F ’ t J P r . A T  i- t Ir,HF LEVELS. ONLY 4 I T E R A T I O N S  AP E A L L O W E r .
C AT L E V f L  ~- = 0  NE~~N IS T~~tJ E AND WE EVALUA TE DFY AT EACH
C I lE -~A T E .  A L L O * IN(~ A \ INTER POLATION ACCEPTED AT HIGH ORDER F . f l F T- .
C t.Nfl r~~~y1-’ A~~E E~~A L U A T FD BEFO RE ENTERING TH E LOOP AN D APE NOT
C ~“ E V A  UA TEI ) ‘ON E N T - ? Y .  O FY AN D DFYP ARE NEVE R EVALUA TE D
C W I T H I N  TH F I )OP IN TH IS CAS E.
C NORM ,’, E X I T  OF IH’ N ” w T - ) N  I T E R A T I O N  OCCU RS WH EN THE NORM
C (R NO PM ) O’~ T~u1- CHA N ( -~ IN T HE SOLUTION I IS LESS THAN OR
C EQ UA l  TO HA Ll’ T,~ U~~FR- . -- T O L L P A N C F  T I M E S  THE NORM OF I.
C A BNU~-~’A L  E X I T S :
C H)  TH E N~fl~~ OF T H E RrS IDUA, INC R EASES FROM ST E P N TO
C N • 1’ _

~lE R F N 0.
C (uP
C ( ? )  T~’~ N 0~- ” E P  Ol’ ITE~~~T I ’ ) - JS EXC EE DS IILI M AND CONVERGENCE
C IS NOT X l” ( T E D  -‘V IT L U? .
C IF TH~ C u-i A S’l, IN V (RN )’~~1) I \CPF A - F  S BUT THE R f  S IDUA L DECRE AS I S~

_ _  

- 
-

‘ r n L ~~~
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C T ’-iIs IS T A~~~N AS A SIGN THAT ROUNDING ERROR IS PREVENTING
C CONv’F’)GENCE TO THE TOLE RANCE AND THE PROGRAM GIVES AN ERROR
C ~- F S SAC.FT ANI) TE~~I INA T FS .

JR T ’ f l F X = t )
DI VNE W= .FALSE
N °FVAL • T RUE .
I F ( ( N  .EQ. NO) .OR . (~ .GT • 0) )NOEVAL .FALSE .

40 CALL GETVAL (N ,H ,PHSTOT ,Y ,YP.AY 2P )
CALL SC C ALFO,BV ,),c,O,ALFN,RVN,GN,H,N,RHS .RHSTOT)
PES N 4 ’ ~l A X 1  (ABS (PI-iS (1) I ‘A PStQI-IS (NP3 ) I I
I F ( N O F V A L ) G O T O  65
:0 60 I=1 . ’Pl
YPTEM P YP (I ) —YP C (I)
EU ( I )  =1 ( X C I )  .Y ( I )  . Y P T E P P )
IF ( .NO 1. NEWN )GO TO 60
EO (I • 1 ) =—DFY ( XC I )  .1(1) ,Y P T E M P )
F 1 (1  • 1) =—OF Y P (XC 11 .1 (1 ) ,YPTEMP)

60 CON1 I NUE
c O U N T 1 ~~~0UNTl’NP .i
IF ( .NOT. N F W N ) G O T O  6~
I’OCJNT2 KOUNT2 .NP )

65 NOEVA L .FAI S~~.
00 70 I=1.NP1

PBS CI + 1) 5 1  + 1 ) •FU (I) —A Y2P (H
!F( PESN .LT.  A R S ( R H S C I . i ) ) ) P E S N = A B S ( P H S ( I . I ) )

70 CONTINUE
T ‘O ’=?
IF (NEt -N) IJOFI=O
CAL L M A T M A N ( . 4 ,’-~HS, E O , E 1 , - ~K,NJ,H, IJO B)
PNOP’~~~1).
PTNORP~~ 0.

~0 100 I=1 .~~P3
PHSTOT (I) =RHSTOT (I) •PHS C I)
IF(R NOPM .LT. ABS (RMS (I)))RNORM ABS (RHS (I))

100 !F (PTNORM .LT. ABS (PHSTOT (I )))PTNORM=ABSC RHSTOT (I ))
C AY NORM I~ AN APPRO XI MAT ION TO THE NORM OF Y BASED ON THE
C THEORETICAL BOUND ON THE RATI O OF THE NORMS OF THE SPLINE COEF.
C AN D THE FUNCTION Y~

A Y N O R M R TN O R M / 3 .

INDEX~~INDE X.1
IF (INDEX .10. 1)PNORM1 RNORM
FPS=EPSNWT *AYNORM
I F ( I F L A U  .EQ. O ) P P I N T  4 70 , INPEX , REc N ,R NOR M
!F(RNORM .11. FPS)GOTO 390
IF (I N’)EX .LE. ?) GOTO 120
IF (PUSN .GT. RSNS.AV)GOTO 300
I F (C PNORM .GT. RNC AV) .AND. CONVOB )GOTO 350

120 QNS?—- RNS AV
RN S A V = RN OP
PSN SAV = PE SN
IF(INT)E X .LE. ITL IM) GOTO 40
T F C I N D F X .GT .  I T L I M Z ) G O T O  300
IF ((RNORM *(RNURM/PNS~~)** (ITLIM2 ..jNnEX)) .LT. EPS)GOTO 40

C N FWT ON~~5 METHO D IS D IV E TRUIN C , AND WE MUST DOUBLE N IF
C POSSIBLE. IF THE F INAL N EWTON ITERATE SOLVES THE NON—
C I T N FAR Sy~ r f M  ~~~ T I’ P THAN THE F PST IT E RATE , THEN WE GET
C A N  F-PROP ESTI M A T E FO ~ u F  IN TESTING ORDER AN D WE USE

Ipr~ 
-— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- T
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C v -’- L I i ~~S INT rR POLA TED F - u M  f -iE LAST ITERAT E IN ORDER TO
C ~ TA PT NER TON 5 METHOD AT LIVEL ZERO AND WITH N DOUBLED;
C I F THE FINAL ITF PA T E WAS WOPSE , HOWEVER , WE START W ITH
C THE L I N E A R  INTER POLATION OF T I-I F BOUNDARY DATA .

3C0 )IV EW~~.TP UE .
I F’HRN ()P11 .51. PNORM) •O~- . CON~ OfflGOTO 400
I1 (N . O T .  N~~AXH )GO TC P00
J r  (VIN T )GOTO -‘~~O

~,( ) T Q  ?
C wE NOw THIN THAT ROUN[)INS ERROR HAS CONTAMINATED OUR
C PFStuL J~ - , SO WE ~PfPA PE TO (‘W IT COM PLETELY AFT ER ESTIMATING
C THE ERROR wE DID fCHI FVE.

350 RFPROR= .IPUF.
(.0,0 400

C WE NOTE F-OR FUT u RE REF’E~~E NCE T u-:AT CONVERGENCE HAS BEEN
C O R TAI NED AT I l’ A S T ONCE.

390 CD- V ’O-~~.T QUE.
C W~ WANT TO ESTI MAT E THE DISCRET IZA T ION ERROR , ESSENTIALLY
C PY ONE STEP OF NEWT0N~.S ’-’ET HOD. WE SET UP THE RIGHT HAND
C SII~ PBS NEEDED FOR THE LINEA R EQUATION S OF THIS ONE STEP;
C WHI) F’ COMPUTING PBS WE W ILL ALSO COMPUTE S AND Yp, THE
C CO R’~FCT10N (ES T IMAT INC , LOCAL TP- )NCA TION ERROR ) THAT WE WILL
C N)FED FOP THF NON— L INFA ~ EQUATI ON S AT THE NEXT LEVEL UP IF
C WE GET THAT F A~- .
4(0 •~~-~c :+ 1

1 1

I~ P&”=5
CA LL ‘LDCGCV .N.F’’ ,PHS,IE~~PC’~~u
CA L L  DYI)CG( ,N.H,Ft ,,YPC, IE 0ROR )
CALL HC (A L F0 ,kV~~,C,0,A L l ’~~,-v N,GN,B,N,PHS,PHSTOT)

() 450 I=2.~ i~~2ST  -H S (I )

~HS (I) :-S (I ) —S T~
S ’ T )  = S T F
PH5 (J ) = R u-iS (1 )—El (I) * (YPC (I—i ) — YPCOLD (1— 1 ))

‘.50 YP ,Q L[) I—i )  zYPC (1—1 )
C W I T H THE NEW RIGHT HAND SI-O F. WE GENERATE AND SOLVE THE
C NEW SYSTE ‘- .

C ALL MA TMAN( W ,RHS ,EO .f’ l .w ’ .N.H,?)
C
C F- P P (~-Q CON TRO L AND D ECI S ION CENTE R
C PH5 NO W CONTAINS OUR ESTI’~AT E OF DISCR ET I?ATIO N ERROR.
C WF COMPUTE ITS NORM IN ERRNOP . A LLOWING US TO TEST FOR
C CO NVERGENCE OF THE OVERALL AL GORITHM .

NE-~)N= .F’ A L SF .

Y NOP’I=0 .
In 4f~0 V1.~ -~~1
T F=AB S C ( PH SfJ .6.~~4HS(I.fl.qHS(J•2) /6.)
IFME .GT. EPP”iflP)l ’PPNO P TF

4’~0 T F ( Y N O P M  . t T .  A Br , ( Y ( I ) ) ) Y N O P M = A 5 5 ( Y ( I ) )
IF I IF I A G .GT. 0)COTO 100 1

~~ I NT ‘.70, INOE ~ , PF ~N ,
CA LL PPSUb (N.~ 1. PRNO P,X,~~- --~TOT )

10 0 1 ~oNr r NuE 

— - 

- -

~~~~~~~~~~~~~~~~~~~~~~ 
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C ‘NL~~T wE TE S T OU~ c S T I ’ 4 A T E  IF OVERALL ERROR AGA INST
C THE USE~~-’ N TOt ER -AN CE • NOR ESTI MAT ES TH[
C DIcC -~F T I Z A T I ON E~~PUR FOP THE EXACT SOLUTION OF THE
C NO N— LIN EA ,- ? SY~~TF M , WHILE -~NOPM ESTIMATES THE ERROR IN
C sOLvI ’~G THAT N U N — L I N F A W SYSTEM . EPREST ESTIMATES THE
C TO T A L  FRP0~ UNDER THE PE SS IM ISTIC ASSUMPT ION THAT
C T HE OTHER EPPOPS SI)W~

~~ E ST= E RPNOP .pNOR~-4
TOt .LOC= TOL *YNORM

C TE ST F~ - R SUCCESS
IF CE PRE ST .LT. TOLLOC )GOTO -~ 00

C TF~~MIN AT E Al GOP ITHM IF REPROR TRUE
IE,PFPROR)GOTO 980

C I F’ 
~ .LF. MA XK (SO THAT THERE IS HISTORY TO COMPARE

C A G A J N ’ T )  ~E NE I(T CHEC~ W HETHER THE ERROR IS BEHAVING
C A T THE CORRECT ORDER.

I F ( K  .GT .  M A X K ) GOTO 4 10
R A T :- E P R S A V  (K) /E PPNO P

ER~~cAV (Pc ) ~EPRNOR
IF (IFL AG .EQ. O)PRINT ~ 75,R A T

C THIS IS THE TEST FOR CORRECT ORDER.
IF (RAT .LT. TFSTI (K) .OR. ‘RAT .GT. TEST2 (uc) )GOTO 700

‘.80 EPRSAV ( K )  ERRNOR
C F HF NEXT STATEMENT TESTS WHETHER THE PREVIOUS DEFERRED
C CORRECTION IMPROVED THE AC CURACY ACCEPTA BI Y AND
C ~HE’THEP AN ERROR E sT IMATE WOULD BE ALLOWE ’D AFTER
C THE NEXT CORRECTIO N.

I F FRPNOR .GE. .1*ERPOLD .OR. ‘c~~i .GT . KMAX)G O TO 700
C CHECK - FOR NFW 1ON DIVERGENCE

IFrn IVN EW )GOTO 700
ER ROL ~~ EPPNOR

C GO AHEAD AND SOL VE THE SYSTEM AT THE HIGHER ORDER
.o rf l  35

C WE NEED TO INCREASE : N AND THE NEXT SECTION OF CODE HAND lES
C THAT. WE FIR ST COMPUTE THE LEVEL INTERPOLATE D VALUES WILL BE
C ACCEPTFD A T . THEN wE DO THE INTEPP0LATrON .

700 IF (N •~~T . NM AX H )GOTO 800
M A  X ’ K ~ K

NOL o~~ j
N

~ I N T —

E R R O l  I)
~~A M I N 1 lEppOLf),ERRNOP)

C DECIDE LEVEL TO I N TE R P O L A T E .  TO
r)O 710 1: -i ,K
IF (ERPOLD .LT. ERRS A v (I )*16 .**(_ I))GOTO 710
.OTO 121

710 CON T I NuE
720 pu: - I~~~

IF (flT NEW )’~~ O
C INSPI PERFOR MS THE INTERPOLAT ION AND FILLS IN V VALUES.

CA LL TN SPL (KINT ,N ,Y,w ,S,PHSTOT ,WK,K,H)
1

C Il l s  IS THE I TOO R IG F X I T
800 PPT’-u T ~ 1~~

SOlO ~~f l 0

C 520 Is THE F~~PO~ E X I T  TA ~~EN WHEN AN INITIAL GUESS FAILS.
82(1 PRI ’T ~~~~~~ 

~~~~~--~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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C T - ’ E  FO~, ~~ING CO LE -~E 
(~v F N T  PP ’ A ~~FS TO ‘.E TuR~ TO THE USER .

C IN T H E ~~~c E Nr E  OF ERRO R M E S S A O ~~S. THE R ETURN IS SUCCESSFUL .
-
~ OO TOL ~ 

- T
IF ( IFLA( , • E Q .  U~~-P :’-4~ ~?O,YN-j I~M

CA L L  ~PLU~~N (w.N,
H .NHC T u)T I

P~ ~u uR r~
C 98’~ I~ THE ~-~‘“ u’4( )I-U F ‘

~-~~-~ ( IP  E X I T
9~~0 PRl~- . I ~ —~ (A

‘~O TO ‘ .f l()

‘,7C Fu”~’~~T ( 10.2~~2O.~~0
475 FO~~M : T ( R o ~~.F 1? .~+
3 15 FO PM ,’ T ~~~ N T O O  t-~~~~*)
H?5 F O R MA T ( °  I~~L~~G~~L TO R E I N I T I A L I Z E  WH EN I N I T I A L  GUESS GIVEN*)
920 FO PMAt (* Y NOR ~’ * , E 2 0 . 1 0 )
9q0 FOR~~A T( * ROUNDING ERROR EXIT * )

END

cUBROUT~~’~ F’ G F T V A I  (N ,H ,RHL .Y , YP ,A Y ? P )

C T H IS  ~‘ O u j T I N~ T A ’ < F S  T H~ V A L U E  OF THE SPLINE COEFFICIE NT S
C AND CO M PuTES THE V A ’  UES OF y ,Y P .  A ND A Y ~?P FOR USE
C IN EV AL UATING THE. USER F U N C T I O N S  F,D FY,ANI )  DFYP .

DP~ENSION RH S (1 ) .Y (1) ,YP (1), A Y2 P( 1 )
NPI N .l
flO 30 I~~1 .N P1
V (I ) ( °HS (I).4 • - ‘PH S (I • 1) •RHS (1~~2)) /6.

30 Y P ( J ) ~~ C R H 5 ( I . 2 ) _ R H 5 ( I H , C H * 2 . )
A V 2P C 1)  7 • *RHS (1 )—I 6 • S*PHS ( 2 )  • 14 .*RHS ( 3 )  — 7~ * ‘ Rp~4 5 4 )

1 •3. *PH 5  (5)— .SDRHS (6)

DO 40 I = 2.~
AY2P (I )= .5*PHSC I_ 1 ),4 .*R I’15 (T )_ 9 ,*RHS (I,1),4.*RH S (I+2)

1 • .5*~~ , c ( j , 3 )
40 CONT INUE

AY2P (NP1 )=_ .5*Pi’4S(N_?),3 .*PC~4S (N_ 1 )_ 7 .*RHS (N).14.*RHS (Np1)
1 _16.5*P~~c (N,2) ,7.*PBS (N,3)
00 SO :=i. ’iPl

50 A Y 2 P  ( I )  ~ A Y 2P ( I )  / (6. *H*H)
R FT UP ~,

EU

S U BR O U T IN E  MA TM AN (w,PHS,EO ,Fj ,W~~,N,H,1,;OA)
C THIS  PO t J T I N~ G E N E R A T ES  TH E SOLU T ION M A T R I X  W FROM THE
C VECTORS OF PA R T IA L  D E P IV A T I V E  VA l u ES EU AND El .
C D I V I  ANO O R ?  A R E  A 5S~J-4 f [ PRF -~ -~VE D B E T W E E N  C A L L S  TO
C F A C I L I T A T ~- R E P E A T E D  C P u  I S  W I T H  T HE SAME FO AND El
C VALU ES F(uP 1) IFFEPENT Pishi  HAND S I D E S .  IJOB IS
C DEFINED ‘S IN L E O T J A .
C A F T E R  T kF  M A T R I X  IS GENERAT ED T4 F L I N EA R  SYSTEM
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SPLIDC — 16

C I s  ~ OLV~~n RY CA L L I N G  LE - ~ T~~~.
T)I’~’E NSION W (259,S).~~HS (?5q),F0(?S9),E1 (259),Wpc(777)
H’ ~~~H’~H
NP1 ~N • 1
NPc~~N•?
NP~~~N . 3
HSQ h I I • / (~~ •
IF (I JO U  •FQ . 2)GOf :u 1 0 - 3

C ROWS I AND N.3 DEPEND ONLY ON T i~ BOUNDARY DATA WHICH WE STORE
C I N F) p - N f l  E l

W ( • 3 )  = (~~O ( 1 )  * H —3  • *E 1 ( 1 ) )  / (6  • *H)

~~(NP 3 , 1 ) = ( E O ( N P 3 ) * H _ 3 . * E 1 ( N p 3 ) ) / ( 6 .* H)
W ( N P 3 .?)  ~?. * F 0 ( N P 3) / 3 .
w( NP3,3)~~~E0 (NP3)*H,3.*Fl(NP3))/( I- .*H)

C RO WS 3 THROUGH N - i  A R E  ~ T A N D A R D  F I V E  BAND ROWS BASE D ON THE
C D I F F ER E N T IA L  E Q U A T I ON .

nO 50 I=3 , ’JP1
CO N1 — 3 • *H*F 1 ( I )
C ON ?~’~,(Q*E C) (I
W (I,?) (4.-CONk .CON2 , *HSQ6I
W ( J  , ‘3 ) = (—9 • .4 • *~~()E4~~) *H SQ6I
W (I..)= (4..CON1,CON2) *HSQ6I
W (I ,1 )= 0 .5*HSO6I

50 W ( I , 5 ) = 0 .5* HSQÔI
C ROW S 2 AND N.2 HAVE SIX ELEM ENTS IN THE ORIGINAL M A T R I X ;  PRE—
C ELIMINAT ION IS USED TO EL IM INA T E TWO ELEMENTS OF EA CH .

CONL 3.*EI (fl*H
CON2~~HSO-~FO (?)
DIV2 _2 .0* (3.~~W (’.,4)/HSQ6I)
W ( 2 , 2 ) = ( 7 ._ C O N 1 .C O N 2 ) * H S Q6 I , D IV 2 * W ( 3 , 1)
W ( 2 , 3 ) = ( _ 1 6 .5,4 .* C O N2 ) * H~~Q6 I . D IV 2 * W ( 3 , 2 ) .w ( 4 , 1 )
W ( 2 . 4 ) = ( 14 .,C O N 1. C O N2 ) * H S Q6 I , D IV 2 * W ( 3 , 3 ) .W (4 ,2 )
W ( 2 , 5 ) =_ 7 . *HSO 6 I , D IV ? * W ( 3 ,4 ) . W ( 4 , 3 )
CON 1 3. *F 1 ( N P2 ) * H
CON2 HSQ ” FO (NP?)
DIVN _?.)*(3.,W (N,2)/HSQoI)
W (NP2, 1) ..7,*HSQbI ,DIVNGW (NP 1 .2) .W (N,3)
W ( N P 2 ,2 )~~ ( 14 ._ C O N 1 ,C O N2 ) * H S Q 6 I , D Iv N * W ( N P 1 ,3 ) .W ( N ,4 )
W ( N P 2 , 3 ) = (_ 1 6 . 5.4 .* C O N2 ) * H S O 6 I + O I v N * W ( N P 1 S4 ) .W ( N , 5 )
W (NP? ~ 4 )  (7  • .CON 1 .CON2) *HSQoI .O IV N * W  (NPI ,5)

100 CONTINUE
IF( IJO ’ R  •EQ .  1 ) G O T O  150
RH S ( 2 ) R H 5 ( 2 ) . R H S ( 4 ) . D J V ? * P H S ( 3 )
RHS (NP?) ~RHS ( NP?)  .RHS ( N )  ,DIVN *RHS ( N P J )

150 CALL L E Q T 1 B  (W , N P3 ,2 ,2 , R H S ,W t ( , IJOB, IER)
IF (IF ’R .NE. 0)5T0P44
RE TURN
END

- “ - - -
~~~~~~~~~~~~~-~~~~~~~~~~~ 
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~~IJ~~ ’~~ I l ~~ I.,
; I N S P L ( K . N ,Y ,w , S , R H S ,w ~~,KN Ew , p - p )

C T~iF D I F~~F N C E  C O R R E C T I O N  G E N E RA T I O N  P A R T  OF TH E NEX T
C T~~~EE POU T INFS IS BA SED ON U2DCG OF PEPEYRA .
C S~~E ~HIc OR fl~. R FINITE DIFFERENCE SOLUTION OF
C DIFFERE N T I A l  E uuA T ION S~~, BY V. PEREY PA , STANFORD
C UNIV. Cs PFPORT STAN— CS—73—348 ,APPIL ,1973 .
C T H I6  Q O l I T I N E  DOES THE INTE R POLAT ION OF THE V VALUE S
C AND THE N CA L L S  G ET C ()  TO GET SPLINE COEFFICIENTS.

2 IMFNS ION V t  I , W ( 1 )  • 5 ( 1 )  , RHS I 1 )  • WK (1)
DI’ PENS ION A C ?~~) .C(?8) ,CCON(?8) ,A FX P (2R)
DATA CCO ,?*O. .?.,0.._2. ,O.,2 •,0 .,I I.3333333333333.0..—198..0.,

1 2157.•0 .,— 12 1 11 .31333 13333,0.,—3.482286666666666F5,0.,
2 i 94Q?20?.,o.,—5.~~.,?991’.866b6b6E8,0.,7.76269413533333E9,0.,
3 6 .0 7 7q~15 5 47 3 l 3 3 3 F l 1 .0 . ,~~ — .8’ .2?14 76827757F’ 13,o ./
DATA 4/1.0,23<0.0,
NO?~~N /2
NO2l~~NC?. I
DO 10 I=1.~ ,O21

10 w ( T ) ~~Y ( I)
K ~c 1 - K

II =NO2 1 —K K 1
KK KK 1 — 1
KM 1D (KK I • 1) ,‘ ,‘
K M I I ) i = P ( M T r ) — 1
KK IP1 ~~K 1 • I
KK I JP 1 XK • 11 • 1

C A S Y M M E T R I C  A P P R O X I M A T I O N S  NEAR LEFT BOUNDARY
1)0 20 I= i . ’<HIDl

X I = I , U .5
CA L L  C O E G E N ( K K 1 , X I , C ,4 )

C U~~E REFl ECTION NEAR RIGHT BOUNDARY
A C~’ ’ = 0 .
1)0 1? j=i ,KK I

12 A C U M = A C I , M , C ( K K 1 P 1_ J ) * Y ( I I , J )
IF ( K 

• NE • 0 )  5 ( K K I  IP1 — I) =ACU M
I F -  .E Q . 0 )  S ( N O ? 1 . 1 ) =A C U M
AC ‘ < =0
DO is j =i ,~~tc i

15 A C U M = A C J M , C ( J ) * v ( J
20 S ( I u = A C L J M

C S Y M M ET R I C  A P P R OX I HA T I O N S  C O N S T A N T  THR OUGHOUT CENT ER RANGE
= ~ ~ ID. r, •

CALL c O E G E N ( K K I , x r , C , A ;
NF NO2I —KM ID
00 40 I~~~M Il ).NF

A C ’  ~=0 .
II = i—KM In
r () 32 J= 1 . K K 1

38 AC ,iM=ACuJM ,C (J )4.~Y (II,J )
40 S( 1 )= A C I J M

00 ôø 1= 1 , 02
I? = 2 * I
Y (  1 2 — 1 1 =  ( 1 )

~ 0 Y (I 2 ) = ’(1
V (N’ I) (N O? I
NP 1 N • 1 

---- - ---—~~ - -- -~~~~- ~~- —- - - -- —--~~~~~~~~_— - - —-~~~~~~-~~~--~~~~~~~~~~~—-— -‘  -
~~~~~
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NO /0 1 1 . N P I

70 ~~~S( I ’1)= Y (I )
CA LL GE TCO (W ,R HS ,WK ,N•H, r-N EW )
R~ TUP’4

SUBROUT INE SPLDCG (K,N ,Y,S,!FRROR)
C THI C POrJ T IN E C0”PUTES THE DIFFERENCE CORRECT ION FOR
C THE BA SIC METHOD. IT COM PUTES THE CORRECTION FOR
C POINTS l....,N.I. SEE THE REFERENCES ON DIFFERENCE
C CORRECT ION FOR THIS HETHOD.

DIME NSION A (25 ) •YU) ,S (1) ,C (28) ,GA (28),GB (28)
DATA A/4*0.,6.66666666666667F—2,O.,1.19047619047619E_1,O,,

1 —1.08585688838h88,O.,B.13181818151818,O .,—33.3223443223443,O.,
2 -725.472222222222,0. .— 3185 .00065359477,0. ,—7 .81972561403509F’5,
3 0.,8.401 18413131313E6,0. .5.50542169142512F8,0..
4 —5.2632’+212944414E10,0. ,2.66683028642333E1?,0.,
DATA GA,4*0.,_1 .93333333333333.—10.-,—34.8809523809524,—105.,

1 -?85.75555555S555,—7j4~ .-1.75181818181818E3,—4620.,
2 — 1. 31233223443223E4,-37466..—9.774&638888888E4,136777 ,5,
3 —2.147066601 30718E5,— 1 .5442?333333333E6.—1 .47397205614035E7,
4 —5181695?. ,7.52986007979798E7,174889O150.,6.90137631080~~17E 9, j
5 —5 .11509595563333F10,— 6.86176242012174E11,—S.0O936861343333F11,
S 346 536~~5 34 5 1 3 0 . . 1999784 ?5O62622O .,
DATA GB/ .-~0. .— l .93333333333333. 10.,—34.8809523809524,105.,

1 —2-B5 .755555555555,714. .-1.75181818181818E3,4620.,
2 -l. 31233?23443223F4,37466.,—9.1746638888888F4,—186177.5,
3 —2. 14706660130715E5, 1 .544??333333333E6,—1 .47397205614035E7,
5181695?. ,7.52986007979795F7,—1748890150.,6.90137631080917F’9,

5 5.115O9’~955~~3333F10,— 6.8617b242O12174E11,5 .00936861343333E11,
6 34653655345130.,-1999754?506262?0./

C CHECK INPUTS
IF ((K •L- ’. 0) .OR . (K •(‘,T. (N—3 )’4))GOTO 100
KPc1 = 4 * (<~.I)
Pc P( = Pc K I — i
K M I I )  ~~~~ 1 • 1 1 ,’?
I~ R~ ~~~~
P S M I  1~~ P c M I f l — 1
K IN ~ ~ II I  ‘N—KP (

~ 1 ~ 1 =~ K 1 • I
Kp I I P 3 = ~~~ .11 .3

C SPECIAL APP ROXI MATION AT (FF1 BOUNDA RY
CA LL C 0 E r , c N ( K ~~i, l . , C , G A )
A c t ’  = 0.
DC) 2 )=1 .K ~c~1

2 AC EJM=AC UM ,C (J ’ Y ( J )
5(2) AC E J  A

C A N - ~’M M E T R f C  A P P R O X I M A T I O N S  N E A R  L E F T  B O U N D A R Y

00 5 I~~ <-’< .~~ M 1 f l I

~

C A I j C O F G E N ( P O A I . X I ,C , A )

_______
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C U’~ REFLECTION NE AR RIGHT BOUNDARY
A Ci -~~ =0.
DO 3 J 1 . KK 1

3 A C ICM = A C IJM .C (PcK 1P I_ J )*Y (II ,J )
S (((K! IP ~— I ) =A CUM
4C’~ 1’

~)O 4 J = l ,X K I
4 AC u’i=ACIJ M .C (J) ~-‘Y (J)
S S (r .I )=ACU M

C SYM M ETRIC A PPROXI ” IA TIO N S CONSTANT THROUGHOUT CENTER RANGE
K I N = Kr-
X I=~ 

MIT)
CALL CO~~DE N(~c 1 N T , X I , C , A )
NF N. i—K IN T .PcM ID
DO 40 I = — M I D . N F

AC ‘O .
I I = I — t c M I f l

DO -

~~~~ J 1 ~~K I N T
33 AC ’ M=A CUM .C (J) ~- Y (II +J )
40 ‘-‘( T.l) ACUM

~
- I = K K  1

II N—KK
CALL C O F G F N ( p ( K 1 ,X I , C . C , B )
AC (JM O .
00 60 J=1. K K 1

60 AC LIM A C (JM. C (J )*Y (II• J )
c (N .2 ) =A C I JM
RE TUP ~

10 0 I~~RR~ P=1
R~ TURs
E ‘~

- SURROUT INE DYDCG (r ,N,’-,Y,S,IERPOR)
C THIS R O U T I N E  CO~-1PUTFS THE CORRECTION TERM FOR VP IN THIS
C METHOD.

DIMENSION DCON (27) ,D(27) ,C (?7) •Y(1),S (1)
DATA DCON/3*0.,_3.33333333333333F_2,0.,7.93650793650794F_2.0..

1 .1944444444444’p4,O., 9.09090909090909E—2.O .,1?.6452991452991,
2 0. .—226 .777777777778.0. .2677 .95506535948,0. ,8184.68810916179,
3 O..—?.18828425555556E6,O..1.0232411751?077E8,0. ,
4 —2.8025105519640719.0. ,—2.75281377816667E10,0.,

C CH EC K INPUTS
IF ((K .L’ • 0) •O~~. (K .51. (N—3)/ 4flGOTO 100
((((1:4—;- 

~~~ I
KK~~

< K 1 — 1
KM ID= C ‘ - ~ 1 • 1 ) 

/?

I F RPI)P=rI
( (M Ir , 1 - u J O _ 1
j j N. I— Pc ’<’
K~c 1 1 1  K I ‘- I t

‘0 P ! = 1 . K K
2 0 (1 ) :H*DCON ( I )

-

~

- - - -~~~~~~~~~~~~~ -~~~~~ ~~~~~~~~~~~ --~~-
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C A S - M ~~ET PIC A PPROXIMATION S AT OR NEAR LEFT BOUNDARY
DO S t~~1.

<4 IDl

~ I=I
CA L L  C OE G E N (K ~~ ,X I ,C ,D )

C 1) F REFLECTION NEAR RIGHT BOUNDA RY
A CU~’=0 .

-~ O 3 J=I ,K Pc
3 A C u IM = A C tJM _ C (KK1— J )<~Y (T7 .J )

~‘ (K K I  I I — ! )  =ACU~1
AC t  - < =0
1)0 

~. .J= 1 ,KK
4 A C u i < .~=A C u M ,C (J )  ‘ - Y ( J )

C SYMME TR IC A PPRO *IMAT IONS CONSTANT THROUGHOUT CENTER RANGE
X 1=-’ M ID
CALL COE GEN (KK , X I,C.O )
NF N •1—KK .KM Ii )
00 ‘.0 I=- MI D ,NF

AC ’ ‘~=O .
II I — ((M ID
1)0 3P J=1.KP<

18 AC IIM=AC IJM .C (J )*Y (It• J )
40 S (fl=A CU 4

RE TURN
100 I~~PRflP=1

RI T UR

S UB R O U T ’ NE  SPI GEN (W ,N ,H .RHS )

C T H IS  ROUTINE T A K E S  THE SPLINE CO EFFIC IENTS USED
C I N T E R N A L L Y  AND COMPUTES THE RESUL T GIVEN TO THE USER.

DIMENSION W (?59,5),PHS (?59)
NP1 zN • I
1)0 30 I=I.N P 1
W (I • 1 C RHS (I) •4 • *RHS (1.1) •RHS (1.2)1/6.
W (i,?) (PHS (l,2)—PHS (I) )/(?.*H)
W (I,3)=U .~HS (I)_ 2.øRHS (I,1),RHS (I.?))/(H*H)
IF (I •EQ~ NPI)GOTO 40

30 W (I • 4) (PHS (1.3) —PHS (1) • 3. * (PHS( I • 1) —PHS (I•? ) ) / (6 .*M**3)
40 RETU RN

F

SU5POUTIN~ ( OE 1, E N ( N , X N P , C , ~~P )

DIMFN’~ I ~)N C I  ,I1 L--1 (1)

C **** ~~*~~~**
C THIS IS S L I G H T L Y  ‘~‘))IF t E D  F 0 ~~I P ~~N V E R S I O N  OF T HE A LGOL
C PPOC F fl -~~~~ Pv A N D, P • ~O I OF’

- -~~ --* —- 
--
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C SOl U T I O N  OF V A N D~’PM0N DE- S Y 5 T E ~~S (‘IF E Q U A T I O N S  BY
C A .  BJ OPC K ANT ) V .  P E R E Y R A ,  MATH . COMP. ?4, PP .89 1—903 ( 1 9 7 0)
C w HERE A DFSC~~IPT I ON OF THE ME1TH’)D CAN BE FOUND.
C
C IN THI S  IMP LF M ENT t ~T ( O N ,  G I V E N  G PID P O I N T S  1, ...,N,
C SE PARA T F~~i BY A CONSTANT H, THE COEFF ICIENTS APE COMPUTED FOR
C A PO I N T  (XNP— IXNP J )°H E~EYOND UR Iu)  POINT ( - ~NP) .

DO 1 1 1 . N

1
NN N - l

DO ~‘ I l.N\
LL-~ ’ — I
A L E  I = I — X N P
i)() &~ Jz I ,L L
K~~N-J .j

6 C ( K )  =C (K) —ALE I ~C (K— i )
DO ~-‘ I l .NN

K~~N — I
X K l 1 •
K P 1  ‘K • 1

J=K PI,N
C (J) C (J) * X K I N

S C (J—l ) C (J—1 I — C  U)
RE TURN
E~ -~fl

SU’~POUTINF - .ETST (W,PHS,WK,N,H)
C THI S ROUTI NE IS USED WHEN INIT IS TRUE TO GET 5T~~RTFD .
C iT SIMPL Y COPIES THE I N I T I A L  GUESS AND CALLS
C GETC” .

r I MENSION X C I )  ,PHS (1) ,W(259,5) ,WK( 1)
NP1 N,I
DO 10 1=1 , J P 1

10 P<—i (I • 1) =~ (1 • 1)
CALL GETCO (W ,RHS,WK .N,H.0)
P~ T U R N
END

SU ~-<PO UT1NF ( 7 E T C O ( W . P H c , W K , N , H ,~~’
C THIS  RO UTI NE T A ~~ES AN A P P R O X I M A T I O N  TO V AT N.I GRID POINTS ,
C G ET < A N IJ M EP ICA L  A P P R O X I M A T I O N  TO THE D E R I V A T I V E
C EXPA NSIO N FOP THE SPLINE WH IC H T H IS  MET HOD S EE KS AN D THEN
C CALLS LEiN T1B TO SOLVE THE L I N E A R  EQUATIONS FOR THE SPLINE
C COF F FI C T c~~T - -~.

DP’<EN SION x c i i  , R H S C I ) , w 259, 5  .WK(1),C(?9),A(29),CTE (29)
DATA C/?*0. ,?. .0. .—2. .0. .2. .0. • 11. 3333 ’s ~3333333,0. ,— 1 98. ,0.,

1 ?157 ..~~~,— 1213 1. ~3333 l3331.0. .—3. 4R2?R66666666b#~~5,0.,
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2 1944??02.,0.,— S.942991486666h6F’B,0.,7.7626941 1533333E9,0.,
3 6.07798554731333E11,0 ,.— f,.84221476827757E13,0.,
4 4.032?4739307208F15/

NP1=N, 1
NP3 N .3
I F( K  •G1 . e < ) c T 0 P 2 7
((K 4*(P(,1 I
1)0 10 I~~I, KK

10 CTE (I) zC II )  / (H*F-4 )
CALL C O F O E N ( K K , 1 . ,A , C T E )
)‘ 

~ ‘

x2= ’.
‘~0 21 I=1. r - P’.

20 X2=X? .A(MOP JS (NP3_ I )
- ‘iS (1) x I

w (1 • 3) zW (1 • 5) ~~ • / (H*H)
W (I ,4 ) z_ ?. / ( H * H )
~ ( K ~ . 3.1) =W (N .3. 3) =1./ (H~~H)
W (N.3,2) =- 2 ./ ( H~’H)
NP? N .2

DO 100 !=?,NP2
W ( 1.1 ) W (I .5) =0.
W(T ,? )zW (l,4) 1./6.

100 ~.‘ ( t  .3) =? . ‘3.
CALL L E : T l b ( w , N . 3 , 2 , P . R H S , W K  .0 , I FR)
IF (I~- R • 6 • O)5T0P33
Pt- TUR<’-

SUBPOUT1 r~F BC (ALFO,AVO ,G0. ALFN,BVW ,GN,H,N,RHS,RE1STOT)
C THIS ROUTINE HANDLES THE BOUNDARY CONDITIONS FOR THE CASE WHEN
C V P IS PRFSENT IN THE BOUNDARY CONDITIONS. IT COMPUTES THE
C AMOUNT BY WHICH THE CURRENT SOLUTION FAILS TO SATISFY THE
C BOUNDARY CONDITIONS AND RETURNS THOSE VALUES AS RHS (1) AND
C RHS (N .fl~ THIS ROUT INE WORKS - ‘C I RECTLY ON THE SPLINE
C COEEFIC IFN Ts AND DOES NOT TRY TO DO DIFFERENCE CORRECTION
C ON VP AS IS REQUIRED BY THE THEORY. IT WOULD PROBABLY BE
C EASIE R TO DO THAT DIRECTLY ON THE V ~ND VP V A L U E S  T HA N ON THE
C COEFF ICI F T S .

DIMENSIO N PHS (I),RHSTOT (1),13CO0 (3),F3CON (3)
B CO OCI )z(AL FO G H_ 3 . *B VO )/ (6.*H)
BCOO ( )  =? . * A 1  F0/3.
BCO0 (3)= (ALF’O*H,3.*BVO )/ (e<.*H)
ACON (1) (ALFN*H ~ 3.*SVN ) / (6.*H)
BCON (?)=?. *A I FN/3•
BCON (3) (ALFN*H .3. *FIVN ) / (h.*H)
TE 1= 0 .
TE? 0.
r~’~ 1 0 I I • 3
TE l TE I •F3COO C I )  *RHSTOT (I)



flA TA ~ “A ~‘

C CHECK TH~ V A L  1 D I T  OF T H E  1 N ” ’ T  RA RA M F T E - S

-
~~~~~~~~ 1~~umT T T ~~~~~~T u’ TT~~IT’ ~Thfl~~ L~~- ’’~~ 

“-

- SPLIDC — 23 c

10 TF 12=  T F ? . ~~(~i~, C [)~~~~~H -  T O T  (N  • I )

-. -
~~

- - (I ~ ~~~
- — T~ I

PH~’ (N.)) ~c- ~—T ~ ?
R~~TU P’ .

SUHI1)(JTINF L IN’7T (G 0 .A L 1 0 . , N . A 1~~N . A , B . N , ~i . R H S T r ) T )
)t ~~E N- ION —< S TO T ‘ I )

C T H I S  R,,, T !N f P-~’ ) f l ’ J C~ S T- .~ -~ I ‘~~~ COf ~ F’ I C I E N T S  FOP A
C t~ INE AR INTE~’~~n 1 L A T  ION ‘~ I ‘-- f H~ iN’ f t ~ Y DATA WHEN yP Ic NOT
C INV OLV r D IN THE HntJ Nt )A i - Y C’~5D1 TLONS .

Yl~~G1’’ ’ 0

YN GN/4 N
SLOP~ (YN—Yl ) / (H — A )
RHST~)T (2t zY I

~O 30 ~~1,N
30 PkSTOT (I+?)~~PHSTOT (2 ,I~~H*SLOP

PHSTOT (1) 2.*PHST,jT (~fl— ?H ST fl T (3 )
R H ST O I ( N , 3 ) =2 . * P H S T U T ( N J . ? ) _ P H S T U T ( N , 1 )
R ~ I U P ’

S UBRO UT INF L F O T 1 B  (A , N . N L C , N UC , B ,X L , 1JOB , IEP)
C
C TH IS Rfl I JT INE IS ADAPTED FROM THE ROUTINE OF THE SAME NAME
C IN THE I-ASL L I B R A R Y .  THE CHANGES AP E:
C (I) THE POW DIMENSION OF A AND XL IS F IX ED AT 2SP .
C ( 2 )  R Ic A VECTOR RATH E R THAN A M A T R I X .
C
C
C—L EQTI B C L I B R A R Y  I 

C
C FUNCTION — M A T R I X  DECOM POSITION. LINE AR EQUATION
C SOLUT ION - SPACE ECONOM I7ER SOLUTION -
C HAND STORA GE MODE —

C USAGE — CALL L E O T L B  (A ,N ,NLC,NUC, B . IJOB . IE R)
C PA RAM ET E RS A — INPu T/OUTPUT MA T R I X  OF DIMENSION N BY
C (N UC •NLC •1). SEE PARAMETE R IJOB .
C N - O R DER  OF M A T R I X  A AND THE NUMBER OF ROWS IN
C - . ( INPU I)
C NLC — NI )MC~FP OF L- ) W E P COD IAGONAL S IN M A T R I X  A .
C (INPUT )
C Nt)C — N t JM~iE~~ OF )PPER COD I AG ONALS IN MATR IX A.
C I I ‘ P 1 ) 1 )
C TA — POW 1) IM FNS IO N (‘iF A AS SPEC IC IE D IN THE
C (ALL IN (, -~O G l - A M . (25-fl
C k — IN PUT /OUTPUT ‘AAT ’~I~ OF DIM ENS ION N BY U~



C F ILL IN VALU E S AFT ER DOUHL INC, NCALL  r , F TV A L  ( N .H,PH~~T O T  .Y,YP,Ay?p )C 
~E USE 0!F FFRE~iT YP V A L U E S  A F T E R  AN INT FI~P O LA T ION

- - - ‘ - 
- - ‘

S PLJD C - ?~

C ON INPUT. ~ C O N T A I N S  THE M P I - ’,HT— HAND SIDES
C OF TH E E n JA t I O N  AX B. ON OUT P UT ,  TH E
C ~PIUTI;3 N MA f~~IX X REPLACES P. IF !J08 = 1’
C iS NOT SET).
C THI S VE RSITN ASSUMES ONE RIGHT HAND SIDE
C XL — !NPUT/ OU TP ~ ’T M A T R I X  LF SIZE 777 WHICH CONTAINS
C P IVOTI N( ,  INFO RMAT ION W HICH SHOUL D NOT BE
C 

- 
DESTROYED 3Y TH E CALL ING PROG RAM.

C (H - POw DIMENSION O~ B ~S SP ECIFIED IN THE
c CA LLING PROGRAM. (25c)
C IJOB - INPUT OPTION P A RA M E T E R .  IJOP I IMPLIES WHE N
C I = 0, FACTOR THE MATRIX A AND ~0LVE THE
C EQUA TION AX B. ON INPUT, A CO NTA I NS THE
C COEFr T C I E NT M A T R I X  OF THE EQUATION A X  = B.
C WHERE A IS ASSUMED TO BE AN N BY N BAND
C M A TRIX . A IS STORED IN BAND STOR AGE MODE
C AND THE REFO RE HAS DIMENSIO N N BY
C (NLC.NUC .l ) . ON O U T PU T ,  A Is REPLACED
C BY THE U MA T R I X  OF’ THE L—U OECOMPOSITION
C OF A PDWwJ SE PERMUTAT ION OF MATRIX A . U IS
C STORED IN BAND STORAGE MODE.
C I = I. FACTOR THE MATRIX A . A CONTAINS THE
C SAME INPUT/OUTPUT INFOR MATION AS IF
C I JflB = i) •
C I = 2. SOC ~~ T I-CE EQ UAT ION AX = B. THIS
C OPTION IP4P1 IES THAT LEQTIB HAS ALREADY
C BEEN CALLED USING 1 (08 0 OR I SO THAT
C THE M AT P J . A HA c ALR EADY BEEN FACTORED.
C T N TI- IN CASE ,  OUT PUT M A T R IX  A
C ‘UST iAVE BEEN SAVED FOP REUSE IN THE
C CALL TO L~~QT1B .
C I E R  — E RROR P A R A M E T E R .

C TERM INAL ERRnP l2~~.N.
C N = I INDICATES THAT MATRIX A IS
C ALGORITHMICALLY SINGULAR. (SEE THE
C CHAPTER L PRELUDE).

DI MENSION A (259,1),XL (259,3),B (259)
DATA 7ER0/0 ./,ONE/1.0/
I EP

JPEG N LC •1
NLC I =

IF ‘ I - iO~ .EQ . 2) GO TO HO
RN N

C RESTRUCTURE THE AT PI X
C EINr) RECIPROC AL OF THE LARGEST
C AB SOLUTE VALUE IN POW I

NC JHEC ..N’IC
NN NC
JEND =

IF (N .EQ. I .OR . NL C .FQ. I)) 6’) TO 25
5 ’  = 1
P =

00 10 J Jl~f G .J EN( )
A ( T .P c ) A (I. J )

AP S(A (t . K )

IF 1 - ) •C,7, P) P -
~~ 

-~~-- —-—- -~~~~~- - - -—------— 



C JS N~~T I’ ~P(-’C tr () -Y  I l L  1 M 2 .

C IF TM, C-i~~~ - IN ( H N ) R ~~ ) I’~(PE 4SF S BUT THE RE SIDUA L DECRE A S F  S.
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SPLIDC — 75 <

= ‘c.i
10 CO NTIN ;’~

j E  ( P • F ) •  / i  ~~f l )  (,O TO 13 ’
*L (I .NL CI) 1~NE/P
IF U’ •c~t~ N i) 1,0 TO 20
DO l~- )

A C ! .  I) =

15 CO NT1Nu~
20 I = 1+1

JHEG = J~lE G-l
IF (JEND— J’~FG .EQ. N) JEND = JEN D— 1
IF (I •LF. NI C) C~O TO ~‘

J HEG = I
NN JEN ’

25 JEND = ~- ‘—NUC
DO 40 1 ‘ JHFC,,N

=

00 30 j ~.NN
C A PC,(A (T.J))
I~ (0 .61. P) P = 0

30 O N T IN I ’F
IF (P .FQ. ZERO) GO ‘0 135
X L (I ,~’JLC1 ) ONE/P
IF (I .E ;. JENfl) GO TO 37
IF (I ,L T . JENO ) GO TO 40

= NN .1
DO ~5 J = K.NC

A (  r~~J) /~~R1j
IS CO N r i~i -F
37 NN NN— 1
60 C 0 N T IN U ~

L = ~ LC
C L-U DECOMPOSITION

)O 75 ‘~
‘ 1.N4

P A R S ( A ( K , 1 ) ) * X L ( K , N L C 1 )

IF (L ,LT . N) L = L 1
‘< 1 = “<+ 1
IF C -  1 .GT. L I GO TO SO
‘~O 45 ‘ = K 1 ,L

= A8S (A (J,1 ))~~X L (J ,p - j~ C 1 )
IF’ 0 .LF • P)  GO T O 45
P~~~~~J
I — J

45 ( ON If-JUE
*L (I,NLCI ) = ~L ( K , N L C 1)
* L ( K . N L C H  I

C ~ ING(J ( t~R ITY FOUND
I F  (~“ •- ‘ •FQ . RN ) 1,0 TO 135

C INTE RCHANGE ROWS I AND ‘
IF (~ •FO . I) C,() TO ‘-0
DO 55 I = l.NC

P A (Ic ,J)
A ( K ,J) A( t ,J
A (T .J )  = P

~~ T)N I~i’iE
f F (

~~ 1 .C,T . L ) (.0 T( 15



C PO S SICI L E.  I~ tH~ ~ INAL ~J t W I U N  j I ~~~~ A I t  ~~U L V t ~~ ~~~ ‘~ ur, —

C I~ ~N FA R  S Y S T E M  H E l T E R  TH AN THE F!RST ITERATE. THEN WE GET

C A N ERROR FSTNAT )- F O P  UN E IN TESTING ORDER AND WE USE

1 ~~~~~~~~~~~~~~~~~~~~~~~~ -w -

SPL IDC - 26

-0 - ‘0 T K1 .L
— A( T , 1 )/A( — .1)

( K  = I—Ic

~L ( K 1 , I K )  = P
DO C~5 I = ?.Nr

A (I .J— 1 ) = A( I ,J)— P~~4(K ,J)
65 CONT INUE

7ERO
70 rONT INUE
75 CONTIN UE

IF (I - J0- -~ .E~~. 1) GO 10 9005
C F0PW -~PD SU8ST IT UT IO ~-HO L = NLt ’

~ 0 105 I.N

IF (J •E Q •  ,c) 1,0 10 ~0

- I l ’ )  = R ( I )
‘fi T )  = P

90 IF CL .Lt. N) L L •1
=

j F  (
~~1 .GT . L) GO TO 105

DO 100 I = ~~1 .L
1K = I— K
P = 4 L ( K 1 , I K )

RU)  = B (I)— P*B CK)
100 CONT INUE
i flS CONT INUE

C BA CV W A R D  SUBST ITU TION
JPEG N -C’NLC

“ 1  = N.J
ro  12- ~ I

K -

P = k ( K )

IF IL .F0. 1) GO T O 115
0 110 KIc = 2.L

= KK+Pc
P = P_ A (I c . K I c ) * B C J K _ 1 )

11 0 C ONTINUE
115 B (K ) = P / A (K, 1)

IF CL .LE. JPEG) L = L.1
12 0 - O N T T~.J(JE

“~O to 9ons
135 I”’ =

9000 CON1 INUF
9005 RETUR N
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-— Mathemat ics  Branch , O f f i c e  of Naval
Res earch , Washington D.C.

I j  .es ’rfl 4C 1

The methodology is very b r i e f l y described and then numerical results are
presented for an imp lementation of a smooth—cubic—sp line—collocation procedure
accelerated via iterated deferred corrections to nbta~ n approximate solutions ,
accurate to a pres cribed tolerance , of two—point boundary—value problems for
second—order scalar ordinary different ial equations. The results are similar
to those obtai ned via a less )~E’ncral JY ap ol icahle ( ‘ m i  t e — d i f f e r e n c e — o r i e n t e d  A

code clescril-ed elsewhere which competes well with the best codes available.

key Wo rds :  B ou nd ary — v a C u e , - a l  l o c a t i o n , s~d m c , d e f e rred co r r ec t ion
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