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INTRODUCTION

This report contains results of numerical tests on a method of moments
algorithm for the solution of thin wire radiation and scattering problems.
The algorithm has convergence behavior similar to a highly overdetermined
field point matching scheme. It has been assumed, therefore, that informa-
tion about the range of applicability of overdetermined wire formulations
can be inferred from the results of these tests. Unfortunately, in the
tests performed so far, the algorithm has proven to be generally inferior
to the other formulations tested.

The report is divided into three sections. The algorithm, called MBCRE
(for Minimum Boundary Condition Residual Error) is described in Section I.
Section II explains the test result tables and also the connection between
the MBCRE algorithm and overdetermined point matching schemes. Section III

is a listing of the computer program used for the tests.




Section I.
The integral equation relating the current distribution on a thin wire

to the tangential component of some arbitrary impressed electromagnetic field

is
9
: nl
E (z) = Zt'(Kz + g~§) I G(z,z')I(z')dz'
dz 0

(1)

e—jK((z—z‘)2 + az)l/2

2)1/2

G(z,z') = 5
((z=z')"+ a

where z and z' are coordinates of distance along the wire; Ey(z) is the known
tangential component of the impressed electric field along the cylindrical
wire surface; 1(z') is the (unknown) current along the wire axis; ¢ is the
wire length; €, are the material parameters (electric permittivity and
magnetic permeability) of the medium in which the wire is imbedded; . is the
radian frequency; a is the wire radius; and k (= w V/ii£) is the wave number.
The algorithm discussed in this report for the solution of (1) assumes

a common moments approximation lq(i) to the axial current 1(2") of the form

ez

Ia(Z') =

1.f,(2) (2)
i s 1 |

1

where the fi(ZD are piecewise sinusoidal expansion functions given by




sin k(z'- z,)
= : Z 2'< 2
sin K(z2 - 21) il 2
sin k(z3 - zY
f Z') = Z : ’l j . P
i( sin v(z3 - 22) 29 2 B (3)
0 elsewhere

and the I. are a set of unknown amplitudes. (See Fig. 1)
When the approximation Ia(i) is inserted in (1) it will produce a tan-

gential field along the wire differing from the forcing function E7(z) by a

residual error r(z),

{

; Al 82
r(z) = E_(z2) - - &+ 25 | 6(z,2")1_(2")dz’ (4)
z We az2 a
0
It is desired to find the set of Ii for which the integrated mean square
error is minimum, i.e.
£
er = J r*(z)r(z)dz (*) denotes complex conjugate (5)
0

From equations (3), (4) and (5) it can be seen that e,

T is a positive definite

real quadratic function of the Ii with a unique minimum at the point where:

de de
il L 6)

k Yk
Ik = xk + jyk

Applying condition (6) to equation (5) gives:
'3
* *

[ (r (z) IiE) , _2E7ix) r(z))dz = 0 (7a)
J axk axk

0

3
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L

I (') B 4 2B ()4, = 0
0 {Yk ka

I = e N

The derivatives in (7) have the form

*
oz} . 9r (z) __*
T, hk(z) QXR hk(z)
irfz) : Jr*(z) Lk
£327 = 5h, (z 9L 120 - jhi(z
Y, jh, (2) Y, ih, (2)
S 2 \2 ) (.' > ' 1 '
hk(z) . (<7 + ;va f Gz, z )(k(z )dz

0

Inserting these back in (7) and simplifying the result gives
-2 Re[| r(z)h (z)dz] = 0
0

2] Im[? r(z)li(z)dz] =0

0
’
or

( N %
‘ (E (z) - iil lihi(z))hk(z)dz

]
e

0

which is an inhomogeneous set of linear equations

S Vv
;o= , = [z]1
YT L kil = el
i=1
3 L
B 2¥h, (2)ds . = I (z)h*(z)dz
Vk = hz(z)hk(z)dz 24 Y K
0 0
4

(7b)

(8)

(9a)

(9b)
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with soluticon

I = [2] v (10)

Numerical tests on the above algorithm were confined to cases involving
a single straight wire excited across a narrow gap. The extension to
collections of arbitrarily oriented skew wires, however, is reasonably

straightforward since the integral equation analogous to (1) is of a similar

form.
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Section II

In order to make a comparison between the MBCRE algorithm and other MOM
solutions to Equation (1), it is convenient to rewrite (1) in operator form.
Ez(z) = L(IL) (11la)

where the linear operator L is:

5 2 £
L—E) { G(z,z")[ ]dz' (11b)
2 ¢

0

i 2
L() = s (k- +
] 3

If the inner product of any two functions along the wire is defined as

2

(il = { f(z)g(z)dz (12)
0

then the error e, of equation (5) becomes
4

e, = (r*,r) (13a)
with
N
¥ B =B = E - ¥ 1 L(E,) (13b)
i=1
The generated set of linear equations becomes
*E ) = ? hy k=1,2 14
(hk’EZ) o= L Ii( k’ hi) i 19 9 wee N ( a)
i=1
or * N *
(L (f,),E, - 121 LL(f)) = (L (f),r) =0 (14b)

Consider now an arbitrary MOM solution to (1). For a given set of
fi(é), the solution is completely determined by the choice of a set of M
linearly independent weighting functions wk(z). The generated set of

linear equations becomes




N
(mk' Ez) = (w, , Z L.LCED ) k= 1,2, ‘M (15a)

or, using (13b)

(mk,r) =0 (15b)

If the set of equations (15b) is overdetermined, it has no solution,
but a unique pseudo-solution can be obtained by defining a discrete residual.

Byels S ’ D
error vector R and a positive definite error function eT(p as

= (w r)/(m* W )l/2 € R (16a)
el k> "k 'k U=
M
D = *
e, = | It (16b)
R

PRI ’ D ; ST !
The minimization of e over the set of Ii is analogous to the minimization

of QT in Section I. Define

Ij = x.j + iyi vy, - (wk,Ez)

i = (w, ,L(f
! zki (Uk,l( i))
1 Then
! N
{ B 1 o
'; TS T R T

(W, yw, ) i=1

k’ k
i
8

e - —— . 4--------‘--IIIII‘I
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The condition for

a minimum becomes

D
A %1 B, R T e o B
ax * 73 Tk Y2k
k=1 (wk,wk)
M
i sk o A .
= -2 Re[kgl S (r g )] = 0
K’k
(17a)
D
;Q—T -y ] —— 77 Tlng) - Bl )
yj k=1 (wk,wk) J J
M
1 *
= 2 Im[kzl e e
S
Therefore
M
1 *
Z S U rkzkj =0 = L5002 N (17b)
k=1 (mk,wk)
In matrix form this can be written as
1w v = 2wtz (18a)
; which has the solution
i
‘ 1= (2w ez ezt (18b)

P o

Here [Z]H is the conjugate transpose of [Z] and [W] is the MxM diagonal
matrix whose elements are given by
o *
In this way any moments scheme can be developed from an error minimiza-
Furthermore, any two schemes which minimize error functions

tion process.

with the same minimum point are equivalent.
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If the set of weighting functions is taken to be a contiguous set of
unit amplitude pulses of equal width covering the wire, the inner products

of (162 can be approximated by
Zk+Az/2

1 " Az
T =A4<;»—-;T7§ J r(z)dz r(zk) ;;;;T77 (19)
(s Wy 2, ~02/2

where z) is the coordinate of the center of the kth pulse and Az is the

. D
pulse width. The error function er becomes

*

ESTANE
1 k' k

M
* A
D kzlr (z )1 (5) b2 (72) (20)

1)
=3
l
[ e < 4

k

As the set of pulses become infinitely dense, the finite sum passes to the

defining integral for e,r

L %
lim &2 J r (z)r(z)dz = e (21)
A i 1

Az>0 0

Thus the MBCRE algorithm is equivalent to a highly overdetermined point

matching formulation. Conversely, the criteria of minimum BCRE can be

roughly enforced by a variety of overdetermined point matching schemes in

a way that is numerically cost competitive with singly determined formulations.
In the following numerical tests, the MBCRE algorithm is compared

with two other algorithms (pulse weighting and piecewise-sinusoidal or

Galerkin weighting) all using piecewise-sinusoidal expansion functions.

The purpose of the tests is to determine whether the MBCRE algorithm gives

better results for very sparse or minimal expansion function coverings of

thin wires. If the MBCRE algorithm were significantly better under these

circumstances, an overdetermined formulation of the type described above

10
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would be less costly to apply to large problems. Unfortunately, the

MBCRE algorithm proved to be generally inferior to the Galerkin formulation,

and often worse than the pulse formulation.

Explanation of the Tables
The following set of test problems all involve a single straight

thin wire excited across a narrow gap by a unit voltage source. For each

test problem, a single set of expansion functions fi(z) was chosen, along

with three different sets of weighting functions wk(z) and three different

functional models of the excitation field due to the voltage source. The

three weighting function sets (pulse, Galerkin, MBCRE) were defined in

a manner shown in Figure (1lb). The MBCRE weighting functions are

(from 14b) the set of conjugate fields of each of the fi(z). The three

gap field models were a unit impulse located at the feed point, a one volt

pulse centered at the feed point with a width of the "gap width" of the

table, and a one volt isosceles triangle centered at the feed point with

a width of twice the gap width as shown in Figure (lc). For each test

problem, sets of amplitudes Ii were calculated for all possible

combinations of weighting functions and field models, making a total of

nine amplitude sets for each set of expansion tunctions. The expansion

functions are licted with their three defining points z

and z., of

e 3

Figure (la).

11
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The tabulated error figures '"Datum Relative Error" and '"Minimum Possible
Error" (CREm) are defined below. In order to have a measure of error for

each calculation of the current amplitudes I, it is necessary to calculate an

i
approximate "true solution" IT(z) for each test problem. This was done by
the method of moments using a very dense covering of piecewise sinusoidal

expansion functions with Galerkin weighting and using a one volt impulse to
model the field in the gap. The "true solution' was verified whenever pos-
sible by comparison with measured data (Ref. 1) or with results obtained by

other calculations (Ref. 2). Once IT(z) is found, it is possible to define

for each set of Ii a current error function e(z) and a total RMS error EC by

e(z) = IT(Z) = Iifi(z) (22a)

o~ 2

i=1

E = (e (2),e(z)) (22b)

C

g [¢) s T e g " : :
l'he set of currents li which minimize E are derived in a manner com-
c
: TR ; D ; .
pletely analagous with the minimization of er and are given by the solution

of the set of linear equations
(e(z),f,(2)) =0 IS A et N (23)

The error function can now be broken up into two components

N
e (2) = 1,(2) ~ ] 10f (2) (24a)
i=1
. N
e,(z) = e(z) - e,(2) = i>=41 I,f,(2) - 121 I,f,(2) (24b)




Because of the orthogonality condition (23):

(o] (2),e,(2)) = (e (2) ,e5(2)) = 0 (25)

and it follows that

* * *
(e (2),e(z)) (el(Z) + ez(Z).el(2)+e2(2))

(] (2),e,(2)) + (e](2),e,(2)) + (e;(2),e,(2))
(26)

+

(e, (2) e, (2))

le, @)% + ley@)|?

The terms '"'Datum Relative Error (DRE)" and '"Minimum Possible Error

(CREm)" are defined as

el 27
CRE_ = ml (27a)

ley(2) |
DRE = — 2

§ 1%f, (2)
g=1 11

The total error was partitioned in this way because CREm is an error
which is due entirely to the choice of the set of fi(z) and can not be re-
moved by any solution algorithm., The DRE is the error component which is
entirely the fault of the solution algorithm and is therefore a better

measure of accuracy than the total RMS error Ec.

] 13
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Section III

The computer program "MOP" is designed to be run on the Honeywell GECOS
time-sharing system in the Fortran CARDIN subsystem. Input data is read from
the end of the program and output is written onto a sequential file (with
PRMFL designation "02"), as well as on the on-line printer.

The following is a list of input variables and their units. The wire

parameters are

WL = wire length (meters)
B = wave number/2m = 1/\ (meters).
RAD = wire radius (meters)

The solution for the IT(z) is specified by:

NPS = number of expansion functions (always equally sized and equally
spaced)
KPS = the number of the expansion function on which the unit impulse

excitation is centered.

The test problem is specified by,

NC = Number of expansion functions

NE = number of nodes needed to define the three expansion function end
points and the gap end points

TE(K) (K = 1,NE) = the z coordinate of node k.

TI(K,J) (K = 1,NC, J=1,3= zj (see Eq. 3) for the kth expansion

function
KL = node number for one end of the gap (lowest z).
KH = node number for the other end of the gap (highest z)

There is also an input variable KDEL which is the number of the expan-

14
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sion function amplitude to which the calculated input impedance is referred,
i.e.

Ain = vin/[in = 1./1(KDEL)

The calculation of Zin will only be meaningful if the expansion function
f S c
KDEL straddles the gap

All variables are read in at the end of the program in the order and

with the formats given below:

WL, B, RAD (3F10.6)
NPS, KPS, KDEL (314)
NC, NE ' (214)
TE (K) K = 1,NE (F10.6)

(each node on a separate l|ine)

TI(K,J) (K= 1,NC),(J = 1,3) (314)

(The three defining points for each
expansion function on one line)

KL ,KH (214)

Example:

Assume as a test problem a center excited half wave dipole of radius
0.01X. Assume also that it is desired to test the three MOM formulations
for a set of three equally spaced expansion functions of equal size covering
the wire. If we assume an excitation gap width of 0.05)A and a set of 9 ex-

pansion functions for IT(Z), the data cards would look like this.

15
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The program output is written onto the printer and specified permanent

file in the following order.

(1) The input impedance calculated from IT(z)
(2) The current amplitudes of IT(z)
(3) The test problem specifications:

a) wire length

b) wave number

c) wire radius

d) the three defining points Zl, 22, 23 for each of the speeified

expansion functions

e) the end points of the gap.
(4) CREm
(5) The input impedance calculated from the Ii
(6) The amplitudes I]

For each combination of excitation field model and weighting function

the program prints

(7) The input impedance (referred to IKDEL)

(8) The DRE

(9) The I1

Above 1items 7, 8 and 9 will appear two numbers (L1 and L2) which

both vary from one to three and which designate the type of excitation field

and weighting
L1 =1
Ll =2

Ll =3

functions 1i.e.
for pulse weighting
for Galerkin weighting

for MBCRE weighting

17
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[}

1 for
2 for
3 for

All printed currents are

K,

REAL (I(K)), AIMAG(I(K)), CMAG (I(K)), PHASE (I(K))

impulse excitation
pulse excitation
triangle excitation

in amperes in the format

18
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TEST PROBLEM 1

Wire Length 0.50 Radius 0.015
Feed Point 0.25 Gap Width 0.05
Minimum Possible Error (CRE ) 0. 049

m

Expansion Functions

No. zy z, z,
) 0.000 0.083 0.166
2e 0.083 0.166 0.250
3. 0.166 0.250 0.333
4, 0.250 0.333 0.417
5. 0.333 0.417 0.500
6.

1.
8.
9.

10.

11,

12,

20




TEST PROBLEM 1

Datum Relative Error

wi(z) Piecewise
Pulse Sinusoid MBCRE
(Galerkin)
ES(Z)
Impulse 017 0.045 0.10
Pulse 0.17 0.048 0.13
Triangle 0.17 0.049 0.15

21
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Wire Length _ 50

Feed Point Q.25

Minimum Possible Error

11.

12.

TEST PROBLEM 2

Radius

0.015

Gap Width _ 0.125

0.076
(CRE )

Expansion Functions

b £
U.000 0.125
0.125 0.250
0.250 0375

22

o
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TEST PROBLEM 2

Datum Relative Error

w, (z) Piecewise
- Pulse Sinusoid MBCRE
(Galerkin)
ES(Z)
Impulse 0.29 0.078 0.095
Pulse 0.29 0.070 0.33
Triangle 0.24 0.091 0.35
23
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TEST PROBLEM 3

Wire Length  0.50 Radius 0.015
Feed Point 0.25 Gap Width 0.05
Minimum Possible Error (cnzm) 0.107

Expansion Functions

1 *3
1. 0. 000 0.200 0.250
2. 0.200 0.250 0.300

3. 0.250 0.300 0.500

11.

12.
24
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TEST PROBLEM 3

Datum Relative Error

w, (z) Piecewise
# Pulse Sinusoid MBCRE
(Galerkin)
Es(z)
Impulse 0.53 0.13 0.42
{
! Pulse 0.53 0.14 0.46
]
|
i
i
t Triangle 0.67 0.15 0.47
25

AR s
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TEST PROBLEM 4

Wire Length 0.50 Radius 0.015
Feed Point 0.250 Gap Width 0.Cs

Minimum Possible Error (CRE ) 0.103
m

Expansion Functions

1. 0.000 0.250 0.500

2, 0.200 0.250 0.300

26
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TEST PROBLEM %

Datum Relative Error

wi(z) Piecewise
Pulse Sinusoid MBCRE
(Galerkin)
ES(Z)
Impulse 0.78 0.13 0.42
Pulse 0.78 0.14 0.46
Triangle 0.77 0.15 0.47
27




TEST PROBLEM 5

Wire Length 1.000 Radius 0.015
Feed Point 0.500 Gap Width 0.100

Minimum Possible Error (CRE ) 0.08
m

Expansion Functions

No. zl 22 23
1. 0.000 0.250 0.400
Z. 0.250 0.400 0.500
3. 0.400 0.500 0.600
4. 0. 500 0.600 0.750
5. 0.600 0.750 1.000
6.

7.
8.
9,

10.

11.

12.

28
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TEST PROBLEM 5

Datum Relative Error

w, (z) Piecewise
i
Pulse Sinusoid MBCRE
(Galerkin)
E (z)
s
Impulse 0.13 0.058 0.32
Pulse 0.13 0.125 0.25
Triangle 0.22 0.161 0.28
29




TEST PROBLEM 6

Wire Length 1.0 Radius _0.015
Feed Point 0.50 Gap Width 0.10
Minimum Possible Error (CREm) 0.090

Expansion Functions

No. zy z, z,
1. 0. 000 0.100 0.200
2. 0.100 0.200 0.300
é 3. 0.200 0.300 0.400
i 4. 0.300 0.400 0.500
5. 0.400 0.500 0.600
6. 0.500 0.600 0.700
7. 0.600 0.700 0.800
8. 0.700 0.800 0.900
9. 0.800 0.900 1.000
10.
11.
12.

30




TEST PROBLEM °©

Datum Relative Error

wi (z) Piecewise
Pulse Sinusoid MBCRE
(Galerkin)
ES(Z)
Impulse 0.072 0.020 0.336
Pulse 0.072 0.097 0.179
Triangle 0.165 0.134 0.212

31




TEST PROBLEM 7

Wire Length 1.0 Radius 0.015
Feed Point 0.50 Gap Width 0.10
Minimum Possible Error (cng-) 0.141

Expansion Functions

e o | %2 3
1. 0.000 0.166 0.333
2. 0.166 0.333 0.500
3. 0.333 0.500 0.666
4. 0.500 0.666 0.833
5. 0.666 0.833 1.000
6.

7.
8.
9.

10.

11,

12,

32




TEST PROBLEM /

Datum Relative Error

w, (2) Piecewise
& Pulse Sinusoid MBCRE
(Galerkin)
E (2)
s
Impulse 0.092 0.045 0.59
Pulse 0.092 0.070 0.18
Triangle 0.109 0.105 0.22
33




TEST PROBLEM 8

Wire Length 1.0 Radius

Feed Point 0.50 Gap Width

Minimum Possible Error (CREm) 0.189

Expansion Functions

No. zy z,
1. 0. 000 0.400
2. 0.400 0.450
3. 0.450 0.500
4. 0.500 0.550
5. 0.550 0.600
6.

7.
8.
9.

10.

11.

12,

34
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0.015

0.10

.450

.500

.550

.600

.000




TEST PROBLEM 8

Datum Relative Error

w, (2) Piecewise
i
Pulse Sinusoid MBCRE
(Galerkin)
Es(z)
Impulse 0.24 0.29 0. 27
Pulse 0.31 0529 0.30
Triangle 0.31 0.33 0.34
35




Wire Length

Feed Point

TEST PROBLEM 9

Radius

Gap Width

Minimum Possible Error (CRE ) 0.19

11.

12.

Expansion Functions

0.000 0.250
0. 400 0.500

0.500 0.750

36

0.015

0.10

0.500
0.600

1.000




S nasreora.. .-

LS B e L e

TEST PROBLEM 9

Datum Relative Error

v, (z) Piecewise
Pulse Sinusoid MBCRE

(Galerkin)

ES(Z)
Impulse 0.42 0.22 0.36
Pulse 0.42 0.31 0.32
Triangle 0.54 0.35 0.36
37
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TEST PROBLEM 10

Wire Length 1.0 Radius 0.015
Feed Point 0.500 Gap Width 0.-10

0.20

Minimum Possible Error (CRE )
m

Expansion Functions

No. z1 z2
) I 0.000 0.500 1.000

2. 0.400 0.500 0.600

38




TEST PROBLEM

10

Datum Relative Error

o ——

w, (z) Piecewise
i -
Pulse Sinusoid MBCRE
(Galerkin)
ES(Z)
Impulse 0.22 0.21 0.36
Pulse 0.22 0.31 0.31
Triangle 0.32 0.35 0.36
39




e

TEST PROBLEM 11"

Wire Length 2.0 Radius 0.015
Feed Point 1.0 Gap Width _ 0.250
Minimun Possible Error (CRE ) 0.13

Expansion Functions

No. z; z, z3
1. 0.066 0.250 0.500
2, 0.250 0.500 0.750
3. 0.500 0.750 1.000
4. 0.750 1.000 1.250
5. 1.000 1.250 1.500
6. 1.250 1.500 1.750
7 P 1.500 1.750 2.000
8.

9,

10.

11.

12.

40
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TEST PROBLEM 1l

Datum Relative Error

w, (z) Plecewise
A Pulse Sinusoid MBCRE
(Galerkin)
E (z)
s
Impulse 0.13 0.075 0.75
Pulse 0.13 0.185 0.45
Triangle 0.33 0.284 0.51
41
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