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PREFACE

The Center f~ r Information Systems Research (CISR) is a research center

located and managed in M.I.T.’s Sloan School of Management; it consists of a

group of Management Information Systems specialists , including faculty members ,

full— time research staff and part—time students. The Center ’s general research

thrust is to devise better means for designing , generating and maintaining

applications sof tware , information systems and decision support systems.

Within the context of the research effort sponsored by the Naval Electronics

Systems Command under contract N00039—77-C-0255, CISR proposed to conduct basic

research on a systematic approach to the early phases of complex software

systems design , one of the main goals being the development of a well defined

methodology aimed at explicitly f i l l i ng  the gap between system requirements

and program specifications that characterizes most traditional system design

strategies. At the heart of such a methodology is the structuring of the

initial set of requirements so as to make apparent the design trade—of fs existing

among its elements; the decomposition of that set into subsets of strongly

interdependent requirements which would define a meaningful framework for system

design is the main focus of the proposed methodology . The research project is

organized so as to investiga te the following four areas:

1) Graph-like representation of requirements sets and suitable decomposition
techniques ,

2) Design and development of a set of software tools to support the set
decomposition activity,

3) Iden tif ica tion of a methodology for the assessment of in terdependencies
among requirements , as well as guidelines for the interpretation of the
obtained decompositions and for the coordination of design subproblems,
and

4) Experimental application of the methodology and supporting tools to a
specific case, with emphasis on recommendadtions for the~r practical use
and comparison with more traditional design approaches.

This document focuses on the activities carried out at CISR to investigate

the first area outlined above.

——--.—— - - - -- -
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EXECUTIVE SUMMARY

The main thrust of this research is to explore ways in which to bring more

structure to the early stages of the software system design process. These stages

are concerned with resolving trade — of fs among system requirements so as to identify

a collection of design subproblems which can be easily coordinated in the context

of the overall design . The approach taken has been to make the trade - of fs among

requirements explicit and to organize the requirements’ set in a graph — like

fashion , where nodes correspond to requirements and links to what we call “interdepen-

dencies ” among them. Strongly interdependent requirements should be considered

at the sam.2 time for design purposes; subsets of strongly interdependent requirements

can be thought of as defining a design subproblem . Consequently, one of the main

problems tha t this research is concerned with is the following:

Given a set of objects (requirements ) in which interdependencies have been

defined , identify subsets of objects such that:

(a) Elements in the same subset are strongly interdependent , and

(b) Elements in different subsets are as free of interdependencies as possible.

Several approaches to this problem are analyzed and compared in this report.

It is found that cluster analysis techniques constitute a good strategy for

solving it. Furthermore , a number of interesting correspondencies between

cluster analysis and graph decomposition techniques are identified which provide

a unified framework where decomposition problems can be analyzed . One of these

correspondencies suggests a new clustering algorithm which requires less

• a priori parameters than other more traditional ones. Experimental results

with this algorithm as applied to the problem outlined above will be included

in a future report.

____
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SET DECOMPOSITION: CLUSTER ANALYSIS AND GRAPH DECOMPOSITION TECHNIQUES

1.— Introduction

The purpose of this report is to survey a number of techniques that

address the problem of decomposing a given set, in which “interdependencies”

among its elements have been defined , into a collection of subsets characteri-

zed by:

a) Strong interdependericies among elements of a given subset, and

b) Weak interdependencies among elements of different subsets.

The motivation for this survey is discussed in fAndreu & Madnick 771 ,

where decomposing a set of system requirements into subsets of the characteristics

outlined above is presented as a means towards the end of developing a systematic

methodology applicable to the system development phase called “preliminary design”

or “architectural design” (see [Freeman 76]).

The emphasis of the discussion will be both on techniques proposed to

solve the decomposition problem and on the nature of the interdependencies among

set elements assumed by the different techniques. Since one of the goals of our

research is to investigate ways of assessing interdependencies among the rec~uirements

established for a given system , it is appropriate to consider how similar interde-

pendencies have been treated in the past in order to gain insight into how can we

approach ours.

The paper is organized as follows:

Section 2 describes the basic framework in which most of the so called

“cluster analysis” techniques are organized.

Section 3 discusses how cluster analysis problems are typically defined

in that framework.

Section 4 describes two basic approaches to cluster analysis and discusses

some of their pros and cons.

_ _ _ _ _ _ _ _ _ _  - -
~~~~~~~~~~ - - - -  - - - -
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Section 5 focuses on a decomposition problem that doesn’t quite fit

the framework of cluster analysis but which is relevant for our purposes

because (i) it represents a starting point for the formulation of our problem ,

(ii) it can be tra’~sformed to fit the framework , and (iii) it provides insight

as to how some “clustering algorithms” can be improved .

Section 6 briefly reviews a few techniques appropriate only in very

special cases, for completeness.

Section 7, finally, discusses some practical implications of sections

4 , 5 and 6, and proposes a strategy for choosing a decomposition technique given

the characteristics of the problem at hand.

-
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2.— The basic cluster analysis framework.

TLe purpose of cluster analysis, as defined by Hartigan (~ Hartigan 75))

is to “group similar objects”. Whatever the technique employed , this definition

implies that information is available regarding the extent to which objects in

the initial set are similar or dissimilar. Most cluster analysis techniques

assume that such information is available in the following way :

Let O:{o
i
, . . ., o~ , . . ., o }  be the initial set of (n) objects

in wh~ ;ters (“groups of similar objects”) are to be identified.

is object is characterized by a set of “attributes” ,

X: {x
1
, . . ., x ., . . 

~~~ 
x }  , measured in some scale(s).

Thus, an object o.CO is characterized by a vector

X.: (x.1, . . ., ~~~ . . xim
) (1)

In this sense, X . is a representation of object o. for the purposes

of the analysis.

Cluster analysis algorithms, as discussed in the next section, assume

that “similarity” or “dissimilarity” measures between any pair of objects

c~, o . C 0 are available. These measures are computed from the objects’ repre-

sentation X .; several ways of doing so have been proposed, as it is pointed

out briefly in the next section.

From a broader perspective, in the context of a set of objects 0

represented by a set of vectors X . of the form (1), there are two things that

can be “clustered” :

a) Objects (i.e., identifying groups of similar objects, the objective

of cluster analysis), and

- .

~ 

- -A -~
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b) Attributes (i.e., identifying groups of attributes that define the

“main components” of vectors X. representing objects in some set, the realm of

“factor analysis”).

In this paper , we focus on techniques that address the first of these

problems, although in the final section we suggest that the second can be rele-

vant for our purposes in order to give meaning to the subsets identified in a

decomposition process.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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3.- C h a r a c t e r i s t i c s  of d i s s i m i l a r i t y  measures.

As advanced above , cluster analysis techniques typically assume that

an n x n ma trix S(s . . )  of “diss imi lar i ty  (sometimes similarity ) coef f ic ien ts” ,

defined between any pair of objects 0
i 

o~ C 0 exists . These coefficients are

obtained by manipulating the representations X . of objects o. in some meaningful

way. The specific strategy employed to compute S depends upon the characteristics

of the attributes relevant to the set of objects 0. Attributes , in general , can be

classified according to two main characteristics: (i) the size of their range sets

(i.e., the sets from which attributes draw their values), and ( i i)  the scale of

measurement employed . Table 1, taken from [Anderberg 73], displays one possible

classification of attributes and shows some examples.

_________  ~~~~—- --- - - .- 

. 

- -  —-.- - 
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Size of r ange set 
-

Continuous : May 1I Discrete : Mayassume an un- I Binary :  Mayassume a f i n i t e
countably infi— , assume only

(at most countanite number of two values
bly infinite )Scale values number of valuesmeasurement

Ratio : If X
A > X

3
, Unit  price of

A is x /x times Temperature Counts such as drinks in vendinggreate~ tl~an B and in ‘K , wei ght , number of cars, 
machines , e.g.:x

A
x
B 

units greater height , age persons , etc . 
c~~~s , l01~; cans :l5~than B.

Interval: If
Temperature How many wives do

X
A

) X
8
, A is in °C, speci- 

Serial numbers , you have? (only
x — x  units grea— TV channel nos.
t~r t~ an B. 

fic gravity 0 or 1).

Ordinal: Either Human judgements Military rank , Tall—short ,
x

A
) x

B~ 
X

A
X

B 
of texture , etc. (wide , medium , good-bad , etc.

or X
A
( X

E
. narrow), etc.

Nominal: Either Eye color , place Yes—no , on-off ,
X

A
= X

B 
or of birth, etc. true-false.

x
A~~~

x
B

Table 1: Cross — classification of attributes with examples.

For the purpose of computing the dissimilarity matrix S, scale con-

versions may be needed prior to combining the representations of any pair of

objects X. and X . into an S entry of the form s. = f(X., X.). Scale conversion1 j  13 1.

techniques applicable to the attributes listed in Table 1 are available (see
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(Anderberg 73]). The specific strategy employed to compute S is of no central

concern to our discussion here; it will suffice to say that most cluster analysis

techniques assume that the dissimilarity coeffi:ients are “metrics”, one type

of distance functions. Several such functions are discussed in [Anderberg 73).

Metrics are characterized by the following properties:

1) s. . = 0 iff i = j.
1)

2) s~~ ~~ . 
0 Yi,j.

3) S.. = s~1 ~i,j. -

4) s~~ < 5ik + Ski 
Vi,j,k.

A distance function having properties 1, 2 and 3 but not property 4

is called a “semim~stric” . If, on the other hand , property 4 is replaced by

4’) S.. < max (s.k f ski ) Vi,j,k,

a distance function with properties 1, 2, 3 and 4’ is called an “ultrametric”,

since 4’ is considerably stronger than 4.

I 

__________ ____________

p
— ..-,-- .— - .—

-. —.- 
-

-- 

— 
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4.— Basic cluster analysis approaches.

Once a dissimilarity matrix S(s..) of “distances” between pairs of

objects in a set 0 is available, there are two main approaches , discussed below ,

that make use of the information in that matrix to identify clusters , i.e., subsets

of 0 characterized by the fact that their elements are simiiar , or “close together” ,

in some sense. From a slightly different perspective , clusters can be viewed as

groups of objects such that the members of a given one are closer to any of the

objects in the same cluster than to some other object in another cluster. This

view is at the root of many cluster analysis algorithms.

The concept of cluster as decribed above is not very precise, in the

sense that no concrete characterization of cluster can be derived from it. For

example, how close must an object be to the members of a given cluster for it to

be considered an element of the same cluster (as opposed to being assigned to

a new cluster? This question hinges on two related aspects of the cluster

analysis methodology as it exists today , i.e.: (i) into how many subsets (clusters)

should the original set 0 be decomposed? , and (ii) how coherent should these

clusters be? There are two trivial answers to these questions:

i

- ~~~~~~~~~ 
.~
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(i) The minimum number of clusters that may result is 1, the entire

set 0; the maximum is n , n clusters with one object each.

(ii) Minimum cluster coherence is achieved with only one cluster

(assuming that the set 0 has more than one element); maximum cluster coherence

is achieved with n clusters of one object each.

Of course, neither extreme is meaningful. Cluster analysis is concerned

with some middle ground solution . Several parameters can be used to characterize

such a solution. For example , we can say that the distance between two elements

in any given cluster should not be greater than a given amount, or that we wish

to obtain a certain number of clusters. Alternatively , measures can be developed

to evaluate, globally, a given decomposition of the set 0, and algorithms devised

to optimize them.

The cluster analysis techniques currently available can be classified

in two main families. They work towards a middle ground solution starting at one

of the two extremes just mentioned. We discuss them briefly below.

4.1.— Agglomerative techniques.

The techniques in one of these families are generically called

“agglomerative”. They start with a set of n one-member clusters and try to reduce

the number of clusters as dictated by some meaningful criteria. Typically , these

techniques go all the way until the number of clusters is reduced to 1 (the

entire set 0). The order in which elements are assigned to clusters that will

_ _ _ _ _ _ _ _ _ _
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eventually merge into the complete original set is then used to identify a

reasonable set of clusters. The general structure of this family of techniques

is as follows:

1.— Begin with ii clusters, each containing one object. Let the clusters be

labelled with the numbers 1 through n.

2.— Search the dissimilarity matrix for the most similar pair of clusters.

Let the choosen clusters be p and q. -

3.— Reduce the number of clusters by 1 by merging clusters p and q. Label

the product of the merger q (say q < p by convention). Upda te the

dissimilarity matrix to reflect the revised dissimilarity coefficients

between the new cluster q and all other existing clusters. (Note, the

matrix now contains distances between clusters, not between objects).

Delete the row and column pertaining to cluster p.

4 . — If the current number of clusters is greater than 1, go to 2. Otherwise

stop: all objects are in one cluster.

Several techniques in this family can be developed by varying the

procedures used for defining the most similar pair of clusters at step 2 and

for updating the matrix at step 3. (Note that distances between clusters are

not as well defined as distances between objects are: for example , they can be

defined as the maximum, or the minimum , distance between any pair of objects, one

• in each cluster; or as the distance between the so called “centroids” of the two

clusters, etc.)

Agglomerative techniques of this kind are appealing for the following

reasons: 
-

— In a sense, they scan the ground between the two extreme solutions mentioned

above in such a way that when the process is complete the analyst can decide upon an

appropriate middle ground solution (see (Chof fray 77] for a method to make such

— ~~~~~ - - - .- -  . - . 
-
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a decision). For example, consider Fig. 1. The objects represented as points

there could be succesively clustered as shown (i.e., first A with B, then this

cluster with C, etc.). Cluster “5” is the compl’~te set. But clusters “2” and “4” ,

the only ones existing just prior to the merger that produces ‘5” , form possibly

(and intuitively) the best set of clusters for this case.

— — ,•- ‘
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Fig. 1

— They explicitly display a hierarchical arrangement of clusters that can

be useful to interpret the chosen partition.

- They scan the ground between the two extremes without enumerating all

the possible clusters, so that they tend to be fast.

On the other hand , they make early decisions that are never reconsi-

dered and which may not be appropriate. For example , consider Fig. 2 which

represents a two-dimensional case (i.e., two attributes) that can be drawn on

the plane. In the circumstances of Fig. 2, objects A and B, the closest pair,

_ _ _ _ _ _ _ _ _  - -
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Intuitive
clusters

S - s ~~• ••• I • • i • • • I
S

~~
~s 1

. • A ,’ ’ 0 . •
~~ • • . • 5

‘.
‘ S  S

Fig. 2

would be assigned to the same cluster at the very first step, but this is

intuitively wrong from looking at the plot.

4.2.— Partitioning techniques.

The other generic family of cluster analysis techniques can be called

“partitioning” techniques. The idea behind them is to start with the complete

set of objects as a single cluster and then proceed by partitioning it into subsets

by applying a series of rules whose goal is to improve the current partition. For

this purpose, some kind of “objective function” is used, that is the counterpart

of the function employed to decide what clusters to merge next in the agglomerative

techniques discussed above. There are two main subfamilies of partitioning tech—

niques:

—~~~ 
- 

~~~~~~~ ~~~~~~~ 
— . -  ,— 

. 

• i__ 
— -  ~~~~~~~~~ -- - — - -  -~~ 
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(a) “True” partitioning techniques, which start off with the entire

set of objects as a single cluster and keep partitioning it while an objective

function keeps im~-roving . The way in which succesive partitions are generate l

is not always “general” in the sense that not all possible partitions are

considered for adoption.

(b) “Initial partition” techniques, which proceed as follows: (1) An

eventual number of clusters k is decided upon a priori, (2) either a k-partition

or k so called “leader” objects ——each corresponding to one of the eventual

clusters—— are identified , and (3) objects are assigned or re—assigned to clusters

while improvement results . Several methods for identifying initial partitions

or leader objects have been proposed , but no one is recognized as the absolute

best.

Techniques in this family are in general more iterative (and thus more

time consuming) than agglomerative techniques; on the other hand , they tend to

avoid the main problem that characterizes agglomerative techniques: since early

decisions regarding which object goes to what cluster may be revised as the

algorithm proceeds, they have a chance to be changed if this seems appropriate .

The central idea driving most of these techniques can be expressed in

a mathematical programming framework ; however, solving the resulting optimization

problem is often impractical because of its characteristics (large size, binary

decision variables , non—linearity) . An example of this situation is presented

in the next section .

- - - - - -
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5.— Graph decomposition problems and technjques; similarities to cluster analysis.

While the decomposition techniques outlined in the preceding sections

work with a “dissimilarity matrix” whose entries meet certain conditions (basi-

cally they are assumed to be metrics), there is a general form of decomposi tion

problem that does not meet these conditions but which is of interest to us:

Consider a situation where pairs of objects in the initial set 0 are known to be

related in one of two ways, e.g., they are either related or unrelated.

If we try to put this problem in the framework described in sections

2 and 3, we immediately think of a distance matr ix whose entries are of only two

types: given a pair of objects , they are either “close” (related) or not, so

that matrix entries can take only two possible values. Assume we assign a value

of 1 to the entries corresponding to pairs of related objects and a value of 0

to those corresponding to pairs of unrelated objects. A matrix of this form would

be a “similarity” matrix rather than a dissimilarity one. Switching the assignmen t

strategy for l’s and 0’s would result in a matrix more like a dissimilarity

matrix , but its entries would not meet , in general , the conditions needed for

them to be metrics (see, for instance , the matrix in Fig. 3: > 
~l3 + ~32~~

1 0 1 0

2 1 0 0

3 0 0 0

Fig. 3

This means that such a matrix cannot be used in the cluster analysis

-- -
~~~ - 4

__________________  - - S -
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techniques discussed above. Nevertheless , we have intuitive feelings about how

the decomposition problem should be attacked in this case: The eventual clusters

should be groups of objects whose elemen ts are strongly pairwise related , while

elements in different subsets should have few pairwise relationships. This can

be formalized and a strategy devised for decomposing the initial set of objects

into subsets with these characteristics. Moreover , it is possible to derive

dissimilarity matrices from the in i t ia l  binary matr ix  in such a way that the re—

sulting entries are metrics. This means that we can look at this problem from

either the point of view of traditional cluster analysis or from that of methodo-

logies appropriate for binary matrices; as it turns out, this dual possibility

suggests ways of improving techniques in both settings.

In this section we discuss the binary matrix case with the convention

that l’ s are assigned to pairs of related objects . This convention permits the

representation of the ini t ial  set of objects as a graph whose “adjacency matrix ”

(see (Deo 743 ) corresponds to the similarity matrix in the terminology above.

Two ways of solving this decomposition problem will be briefly descri-

bed; two strategies for deriving a similarity matrix meeting the metric condi-

tions will be proposed , and the decomposition techniques applicable to the latter

compared with those suitable for the former —-both can benefit from the comparison.

5.1.— Graph decomposition techniques.

Given a set of objects whose interdependencies are characterized by a binary

similarity matrix , the decomposition problem becomes a graph decomposition problem.

As described in (Andreu & Madnick 77), a measure M can be developed that evaluates

how “good” a partition of the original set into subsets is. This measure is such

-~~ — -~
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that its value is higher the better the partition , so that it should be maximi-

zed across all possible partitions .

If the eventual number of subsets is set a priori (as in many non-agglo-

merative clustering techni ques) ,  the problem ca-i be formalized- as a non—1ine~.r

integer programming problem, as follows.

Let:

— S(s..) be the (n x n) similarity (graph adjacency) matrix, i.e.:

s.. = 1 if f objects o. and o . are related,
1) 3

(for the purposes of the formulat ion below , we assume that S . .  = 0 if

i j ,  although this is counterintuitive and will be changed later)

— K be the eventual number of clusters (set a priori),

— (k~sl, . . . ,  K; i=l, . . . ,  n) be a set of binary decision variables;

is set to 1 if object 0. is assigned to cluster k , to 0 otherwise.

- M (g 11, . . .,  g )  be the value of the measure M corresponding to the parti-

tion defined by 
~~~~~~ 

(k=l, . . . ,  K; i 1 , . . . ,  n).

Then the decomposition problem dan be written as:

Max M(g
11

, . . . ,  g~~)

E E = n (to ensure that each object is assigned to one and
k i only one cluster)

1 > g~~ > 0, ~~~ integers, k=l, . . . ,  K; i 1 , . .., n,

where H can be expressed as (see (Andreu & Madnick 772):

K ~ ~~~~~~~~~~~~~ - + 1 E 
~

M = 2  ~ —~~~~ 

~
)

k=l ~ ~~~~~~~~~ g~~ k’~l k’=l (Z ~~.)(E g~~~)

- ~~~~

-

~~~~
~•
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This formulation is impractical given the characteristics of the

resulting problem: non-linearity and a large number of binary decision variables

(nK). Although it conveys the general structure of the graph decomposition

problem , it suggests that heuristic approaches can be more appropriate . In the

next section we explore one such approach which is also useful to identify a

way for putting the graph problem in the framework of cluster analysis.

5.1. L— A heuristic ~pproach.

In this subsection we describe a heuristic approach that has proven

effective in a few graph decomposition problems where we have actually employed

it. It is “subgraph strength” driven, in the sense that it attempts to identify

the “core” of subsets of nodes likely to have high “strength” (see CAndreu &

Madnick 773 for a definition of this term).

For exposition purposes , the following terminolgy will be used :

Let the pair (0,A) represent a graph:

— O:{o ,, i=1, . . .,  n} , the set of (n) nodes,

— A:{a. ., a . l if nodes o . and o . are related , =0 otherwise) ; here we
13 1.] 1 3

(*)assume a . .=l when i~=j13

We define :

— The “core set” CS associated with a node o , to be the set
i 3.

CS :{o. 1° s.t. a. =1) , i.e., the set of all nodes related to o ,i 3 j 1) - 1

including o . itself , and

— The “connectivity” of node o~ to be

c~ ICS~~j - 1, where by lx i we mean the dimension of set X.

(*) If we think of A as the graph adjacency matrix , this would mean that all the
nodes have “self-loops” (Weo 74)); in our context this is intuitively correct:
a node is related to itself.

• -_— - - - - -
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Intuitively, we are interested in nodes o . C 0 with high connectivity

and whose associated cores sets do not interfere too much with one another , since

those are likely to be at the kerne l of subsets of nodes whose elements are

strongly related . Once a number of such “kernel subsets” are identified , the

remaining nodes can be assigned to the subsets in which they best “ f i t ” , according

to some criteria consistent with the maximization of the overall measure M (see

section 5.1.1).

Following this intui tion , the identification of kernel subsets can be

done iteratively using the procedure specified below :

0) Set J=0.

1) Compute c. ~ o. £ 0. If c . = c . ~ i , j ,  set J=J+l; KESU (J) 0; stop.

2) Consider the k (> 1, a number specified a priori; see the end of this
section for considerations about its value) nodes with highest c.. Without
loss of generali ty , assume that these are the nodes o

~~
, 

~~~
3) Determine CS . for o~ c to , • . . ,  o

3. 1 1 k

4) Compute KS. = (CS .flftj CS .)) ~o.cto1
, . . .,  o~}.

i~’j

5) Select o c(o
1
, . . .,  o

3~
) such that

KS mm (lKS . l)
P 4 — 1 , . . . ,

6) Set J J+l;

If iKS~i = iCS~~I~ 
set KESTJ(J) = 0 and stop,

else set KESU(J) = o I) (CS — KS ].p p p

7) Recompute 0:

0 = 0 KESU(J); if 101 = 0, stop.

8) Recompute A:

r old a . . i f f  o ,o.COA : {a~ 4 a . .  i j  } }

mark it “nonexistent” otherwise

I
—~ - ..- — - - -  . — - — — -  -- —~~~

-- - - - ---
~~ 

- —‘--- - 5  
-
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9) k = k - 1;

If k > 10 1, set k lo t ;
Go to 1.

Once this procedure is executed (stopping points are possible at steps

1, 6 and 7 ) ,  we are lef t  with J kernel subsets KESU(l), . . .,  KESU (J).

Two cases are possible :

1) J = 1.

This basically tells us that no subset of nodes stands out as a clear

candidate kernel subset, i.e., the graph has no meaningful structure . For example,

Figures 4 and 5 depict two cases where this situation arises (the execution of

the procedure described above is summarized next to each graph). The result is

intuitively correct in both cases , particularly for the graph in Fig. 5. The

value assumed for the a priori parameter k, ho’qever , determines the result which

is achieved . We will have something to say about such a value at the end of this

section ; an intuitive interpretation of the behavior generated by different k

values is presented later in section 5.2.2.

Fig. 5 also illustrates the rationale behind the stopping rule at step

1 of the procedure, which is not as intuitive as the ones at steps 6 and 7. The

rationale is as follows: If, for a given graph -it turns out that C
1 

= c .

there is no apparent structure in it. Note that c. = c~ = (say) a ~
1i,j implies

that every node in the graph has a links incident to it (incidentally,  note also

that this means that there are (na/2) links in the graph, so that this circums-

tance can only occur if na = 2 ——even-- , which is indeed the case in Fig. 5): thus,

there is no way that such links can be arranged so as to display clearly separable

. 5  - ----..---. ~~ -- —~~~~ ~~~~~~~~~~~~~~~
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Assume k = 4. Assume k = 2.
1.— c c.~~c =c4

.=3; Stop : KESTJ(l).0.
1.— c = c =l ; c c = 2 .  1 3

1 4 2 3 If we didn ’ t stop here , we would proceed :

3.— CSf~{o1
g o
2I 

2.-. (Arbitrad ly )  p ick

CS
2
=(o

1
,o
2
,o
3} 

3.— CS
1
=CS

2
=~o11o2

,o
3
,o4}

CS
3
=~o2

,o
3
,o
41

CS
4 {o3

,o
4} 4.- KS

1
=KS

2
=CS

1
=CS

2

4.— KS . = Cs., i=1 ,2,3,4. 5.— (Arbitrari ly )

5.— (Arbitrarily) KS =KS CS KS = KS = CS
p i i. p 1 1

6.- (KS t ICS i:Stop ; 6.- JKS ( JCS ( :  Stop;

J=l, KESU(l)= 0 3=1, KESU(l)= 0

Fig. 4 Fig. 5

subgraphs. An extreme case occurs for a = n—i (as in Fig. 5); it implies that the

graph is completely connected, i.e., we can interchange the labels of any pair of

nodes and still obtain the same adjacency matrix , which obviously suggests that

no single node is different in any respect, as far as graph structure is

concerned , from any other. The only reasonable alternative in this case is to

consider the entire graph to be a single subgraph. The stopping rule at step 1

makes this decision early, thus saving computations (note, for instance, that
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if we do not stop at step 1 in Fig. 5 we still reach the same conclusion) .

2) 3 > 1.

In this case, some subsets of nodes stand out as “good” kernel subsets

that can subsequently be completed with the remai ning nodes if they do not span

the complete set 0. An example is presented in Fig. 6. It results in two kernel

subsets, namely, to
1
, 0

3. 
0
4
) and to2

, 0
5

1 06
), that in this case span the

complete set 0 and thus represent a partition already . This partition turns out

to be the best of all possible partitions of that graph as evaluated by the

measure M introduced before.

Now we turn to a discussion about k, the parameter that has to be

specified a priori in order to use the procedure described above. Consider

again Fig. 4: we assumed k = 4; this led to the identification of a single

subgraph , the entire original graph. Had we taken k = 2, the procedure would

have produced two kernel subsets of nodes: to
1
, 0

2
) and to

3
, 0

4
1 ? that already

represent a partition. As measured by M, this is the best two way partition

of that graph, but still inferior to the “no partition” solution. However , from

a strict graph structure standpoint, the two way partition is superior, since

it is apparent that the subgraphs to
1
, °2~ 

and to
3
, 0

4
) are structurally identical

and thus display some special configuration inherent to the initial graph (see

section 5.2.2 below for a more intuitive interpretation of this).

What can then be said about possible values for k?.An obvious upper

bound is n, the total number of nodes in the initial graph . In most cases, how-

ever ? choosing k=n will result in a single kernel subset: the entire graph. The

reason for this is that if we take into consideration the “core sets” of all nodes ,

- 
~~~~~~~~
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2
N

Assume k = 2.

1.— c3
c
4
c
5~
=c
6
2 ; c

1
c~~3

3.— CS1 {0
l
,0

2
,0

3
.0
4}

CS2 =

4.— KS
1 

= 
~

KS
2 

= {o1
,o
2~

.

5.— (Arbitrarily)  KS KS
1

6.— lKS~ I ~

KESU (1) .
~
0
l
,O
3
,041

i.— o = {o2,o5,
o
6~

8.—
__~~~.

0
5

2

6

1.— c2 c5 c6 2

3.— CS
2 

= 
~~
0
2
,0
5
,O
6}

• KS =CSp 2

• KE SU(2)  = tOi
,0
3
,04} stop

FJg. 6

• 
- 5 — - — - • . - - - -- —-- -  - - — — - -

—--•~~~~~~. 
- _.,
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chances are that their interferences will be so considerable that no one of them

will stand out as clearly isolated ; the procedure will tend to stop at step 6

(i.e, the best core set is completely interferred by all the others). This is

illustrated in Fig. 5. Thus, k should not be set as hi gh as n or any close

value.

A lower bound is 1, but in general this is not an appropriate value

either. The reason is that it can lead to very undesirable results because

basically it is equivalent to picking a good core set without worrying about

whether it interferes with others or not. For example , consider the graph in

Fig. 7. Taking k=l results in the kernel subset to
1
, 0

2
? 0

5
? 0

8~ ~~~~~~ 
likely

to preclude from further consideration the intuitive partition shown in the

figure

0
~~~~~

/6 (7
- .  ~~

. — 

~~~

_

~

_

~~~~~~

_ 

___

~~~

__•
~~~o 
,/

~/
/“~ 

— 
— 

— 
/ 

/

- — - 

~~~~~(78N ~ \ /
012

• 
0
9 

010 / o
il 013 ‘

• \ 
‘

S 

/

Fig . 7

Therefore , k should be such that 1 k < ii. This is not a very strong
—

- • - - -.-
~~~~~~~~~~~~ —~~~~~~ - •.  .

. 

. . • 
-
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assertion. Our experience indicates that k can be set to a value somewhat higher

than the expected number of subgraphs. Furthermore , vary ing k has the following

intuitive effect: the greater k, the more “conservative” we are, in the sense

that less subgraphs wi l l  be identified because we consider interferences among

many core sets . Experimenting with a few k values and looking for stability in

the results is usually a good strategy .

A less ad—hoc strategy for choosing k is as follows: Af ter step 1, order

the cS ’s (i=1 , . . . ,  a) in decreasing order (this has to be done anyway). Then,

pick the node with maximum c . and all the following ones that have a c. hi gher

than a given percentage (< 100) of that maximum . This percentage figure still has

to be specified a priori, but it seems a more unified measure of “how risky ” we

wish to be. For example , picking 80% leads to k=2 for th3 examples in Figs. 4

and 6. ~~~ percen tage f i gure leads to k=4 for Fig. 5, which is consisten t wi th the

fact that the graph has no apparent subgraphs in the sense we are interested i.n

here

5.1.1.1 — Comments on a poss ib le  g e n e r a l i za t i o n  of the  core set concept .

At this point , a possibility for generalizing the core set

concept comes to -nind. It Is worth Investiga t ing, b r i e f l y , what happens

if we genralize the definition of core set CS~ to read as fol lows :

CS1
: {o1,o., s.t. minimum path (o1

4o~) i ; r 11

where p 1 would produce the definition given before.

Althoug h this d e f i n i t i o n  seems intuitively sound , a more ca re fu l

investigatio n shows tha t  it makes no good sense in general . To see why ,

It Is useful  to view the concept of core set from the following perspective : 

—•-- - —-~~~---- . - 
-
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The construction of a core set  in a given gr aph is eq uiva len t to mark ing

each node in the graph in a b ina ry  fas) : ion  ( i . e . ,  a spec i f i c  node e ither

belongs to the core set of it doesn ’t). In th is sense , two nodes are

considered equivalent (with respect to the node whose core set is being

constructed , wh ich can be ca l 1 e~ the “core set node”, CSN) when the

minimum paths from the CSN to either of these two nodes is < p . From

a strict graph structure viewpoint , thi s is wrong , unless p = 1. The

reason is that if p > I the two paths may in fact (I) differ in length or

(Ii) be completely different even if their lengths are equal. Thus, taking

p > 1 in the definition of core set loses information because it leads to

summarize in a binar y output a comparison t h a t  can produce more than two

outcomes in general.

Therefore , i f we wish to general i ze the d e f i n iti on of core se t to

appl y f or p > 1 we should take in to  account  a l l  pos s ib l e  compar ison  outcomes

and make two nodes equivalent with respect to a third (the CSN), in the

sense above , only when these two coincide exactly, i.e., when:

(a) The minimum path length from either node to the CSN is the

same ; and

(b) The two minimum paths are exactly the same, except for the

last node .

It can be shown in general that these two conditions imply taking

p 1, as illustrated below.

Since condition (b) implies condition (a), all we need to prove

is the fol lowing:
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Propos ition

If in a given graph it is true that:

Minimum p a t h  (o .-o .) E Minimum path (o.
~
*o
k
) (except for the

last nod e ) ,  then either

1) °j’°k 
are bo th adjacen t to o~~, or

2) o~ is adjacent to neither o~ iia~

(i.e., o . and °k are made equivalent by assigning them to CS .

p~~ y when they both belong to the CS~ de f ined  wi th  p = 1).

Consider Figure 8:

~ 
‘: 

i ~%
%

l 

Figure 8

For the proposition condition to be true , t he path inside the

dot ted circle must be par t  of both the minimum path  (o~-~o~ ) 
~~~ 

the minimum

path (0
1
+0

k
). If we assume this to be true , only two cases need to be

considered. E i the r :

I
_ _  

~~~~~~~~~~~~~.
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The circled pa th  is e m p t y ,  wh ich  implies  ( 1) above ;

or

The c i rc led  path  is n o n — e m p t y ,  which implies  (2) above

because if e i t he r  o~ or °k (or both)  were ad jacen t  to 01,

the circled pa th  would not be par t  of a path of minimum

length .  Q . E . D .

5.2.— Putting the graph decomposi tion problem in the clus ter analysis framework.

As was mentioned earlier in section 5 , graph decomposition problems

are not readily approachable by means of cluster analytic techniques because the

adjacency matrix of a graph fails to meet the conditions assumed for similarity

matrices. Since many cluster analytic techniques already exist, resolving this

incompatibility would permit the use of this available knowledge.

There are at least two ways of doing so, as described below.

5.2.1.— “Minimum path” dissimilarity measures.

One way is to derive a dissimilarity (distance) matrix from the graph

adjacency matrix as follows : -

Using the same notation as in section 5.1.2 and calling the resulting

distance matrix S(s. . ) ,  let
1)

B = Number of links in the minimum path from o. to ~~~. .ii 1. )

The resulting s . . ’ s can be shown to be metrics (see Appendix I).

For example, the graph in Fig. 6 results in the S matrix shown in Fig. 9.

— 

- 

- 
-— 4
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\i
1 2 3 4 5 6

1 0 1 1 1 2 2

2 1 0 2 2 1 1

3 1 2 0 1 3 3

4 1 2 1 0 3 3

5 2 1 3 3 0 1

6 2 1 3 3 1 0

Fig. 9

-.5 —--~ -- - -
~~

--•-t--•:-. - - s -  - ~~~~~ - -~~~~~ - - -~~~-~~~~~~~
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5.2 .2.— “Connect ivi ty”  d i s s imi l a r i ty  measures.

Another way of deriving a distance matrix for the nodes in a graph is

inspired by the concept of “core set” introducec~ in the heuristic approach discussed

in section 5.1.2. Entries in the distance matrix can be computed as follows:

ICSi ~ CS .
s.. = l —
13 Ics~. ~j  cs.

where CS . is the core set of node o. (see 5.1.2).1. 1

It can be shown (see Appendix II) that the s.. ’s so defined meet condi-

tions 2 , 3 and 4 of section 3, which characterize metric distances. Condition 1

is not met in general but the strategy is still useful as we discuss below .

Consider , for example, the graph in Fig. 6. Its associated S matrix is

shown in Fig. 10.

2 3 4 5 6

1 0 0.66 0.25 0.25 0.83 0.83

2 0.66 0 0.83 0.83 0.25 0.25

3 0.25 0.83 0 0 1 1

4 0.25 0.83 0 
— 

0 1 1

0.83 0.25 1 
— 

1 0 0

0.83 0.2 5 1 1 0 0

Fig . 10

. • —
~~~~ .—— --- - -- - - - . • • _~~~~~ _ . i  

.

~~— .-- -- -



-30-

The following circumstances can be noticed in Fig. 10:

i) The rows (or columns) corresponding to 0
3 

and 0
4 
and to 0

5 
and 0

6 
are

exactly identical.

ii) s
3~
=s56=0, which violates metric property 

1 (see section 3).

It can be shown in general that these circumstances , if they arise,

do so for the same pairs of related nodes, i.e.:

5ik 
0 = 5

kj (a)
s = 0 ~~ o. and o are related )ik k

Th show this , we proceed as follows:
CS. (~ CSk I

1) 5ik = 0 ~~ (by def ini t ion of 1 
= 1, i . e . :

Jcs . L/ CSk 1

ICS .fl CSk I = ICS .LICSkI, which is only possible when

CS~ E CS
k
.

This implies a.k = 1, i.e., nodes and °k 
are related : otherwise,

% CS. while --by definition of CSk
__ 0

k ~ 
CS
k. 

so that CS~ CS
k 
would not hold.

(CS. E Cs
j kThus, Si

k 
= 0 ~ . ~ç(~o~ and °k are related.

Now, by definitipa of s.. and s.

IC~i 11 CS~ ICSk ~ CSjj~
s 1 —  ; s . l —

Icsj u cs. kj 
ICSk 

I.) CS~

But if CS~ E CS
k
, then 

~~ 
= Yi~ 

and therefore

= 5
k ~~ 

(b)

~~~ °k are related
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2) If we assume that

s~~. = S
ki ~ j, this cer tainly holds for j

5ik 5kk

Bu t s  = 0 , and so s. = 0 .kk

Thus,

= S
k

i Vj 
~~ 

S~~~ = 0 (=sk i because S is symmetric) Cc)

Equations (b) and (c) together produce equation (a) . Q . E . D .

These are very nice properties of the resulting matrix 5:

If it turns out that for some pair of nodes o . and o , s. = 0 (i.e., CS .1. k ik

CS ), then it is true that s. = s Vj. In other words , nodes o. and o arek ij kj k

equivalent with respect to the rest of the graph as described by the matrix S.

As far as we consider this matrix an appropriate distance matrix for cluster

analysis purposes, the two nodes in that pair can be collapsed into one. This is

intuitively appealing since Ci) = 0 (as s , . = 0 Vi) , and (ui~) o. and °k 
are

related; in fact, it suggests that these nodes should be put in the same subgraph

in an eventual partition.

Thus , whenever we come across a = 0, we can delete one of the nodes

from further consideration, and assign it to whatever subgraph the other one ends

up in. - .

In the case of the graph shown in Fig. 6, doing so with the pairs

(O
3~ 

0
4
) and Co5

, 0
6
), and deleting 0

4 
and 0

61 produces the distance matrix S

shown in Fig. lil a, corresponding to the “collapsed” graph depicted in Fig. llb .

-4
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1 . 3 (4 )  5 ( 6 )

1 0 0.66 0.25 0.83

2 0.66 0 0.83 0.25 0
3 

0~
(04

) 1 2

3(4) 0.25 0.83 0 1

5(6) 0.83 0.25 1 0

Fig. 11a Fig . 11 b

If this is done for all the possible pairs of nodes whose computed

distance is zero, the S matrix is reduced in size, its entries are made to meet

the first condition for them to be metrics (see section 3), and preliminary

clustering is performed.

With the matrix of Fig. Ii a, most clustering algorithms would cluster

0
3
(0
4
) with o

~ 
and 0

5
(0
6
) with 0

21 the best partition for the graph of Fig. 6.

From a ~.,..e general standpoint, it is interesting to observe that, in a

sense , the procedure described above treats the nodes of a graph as described by

their corresponding rows (columns ) of the associated graph adjacency matrix; in

other words , it considers each node as described by a set of n attributes: its

relationships with all the nodes in the graph. Consequently, the resulting

distances (entries in the distance matrix S) tell us something about the overall

Structure of the graph that was not clearly apparent in the original data (e.g.,

“collapsable” nodes). This is in contrast with traditional distance matrices , which

_ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _  ___
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do not display such a structu~re as directly. In this sense, the results obtained

when setting k=2 in the procedure of section 5.1.2 as applied to the graph in Fi g. 4

(i .e., the two way parti t ion 
~~~~~~ 

0
2
), {o

31 0
4

)) reflect more accurately the

inherent structure of that graph . As it turns out , the stra tegy proposed above re-

sembles one described in (Curry 761 for computing distances between two objects

characterized by a set of attributes measured in a binary scale. The difference

with respect to our approach is that we consider the attributes to be the relation-

ships (i.e., similarities) between ob-jects (nodes) that characterize the actual

set (graph) under decomposition, as opposed to some external set of attributes.

This suggests that perhaps a similar strategy could be employed in general , to

make the intr insic  structure of the initial set more apparen t in the matrices

used in cluster analysis, be they binary or not;  we shall explore this possibility

in sections 5.3.2 and 5.3.3 below .

Finally,  note that the resul t ing distance matr ix  is normalized : all its

entries assume values in the interval [0,1).

- — - .  - - - - 

- 4
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5.2.2.1. An altcrnjtive approach to compute distance matrices when pr eclu s—

tering tak~~~ p 1ace .

The strategy proposed in the preceding section for computing

dissimilarity (distance) matrices is basically a two—step process as

fol lows :

(1) Compute d i s t ances  between all p a i r s  of nodes.

(2)  Check whethe r any computed distance is zero . If so, delete

the row and column cor responding  to the zero en t ry  in the

distance matrix.

Note that since distances are computed before collapsing nodes ,

they correspond to the s t r u c t u r e  of the ori g inal g r a p h :  collapsed  nodes are

taken as ~~p~rate nodes for the purposes of d i s t ance  computation.

It can be shown in general , however , that any two nodes o . and

°k 
such that = 0 ei ther  appear both or do not appear at all in a given core

set CSp

By the definition of core set, it follows that

.j 
— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -.~ --~~~- --~~~ - -  ~~~~ —- -—-
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oi C CS~ ~~ °k ~ 
CS.

because 0. € CS
k ~~ a.k = 1 = ak. 

~~ 
°k 

C CS . and vice versa.

So, since s. = 0 
~~~~

‘ CS . E CS , it follows tha t:
ik i k

I f s ik = O l 
-

a) o~ C CSp 4. o~ C CS~ ~ o~ C CS~ ~~ °k 
C CS~, and

b) °
~~ 

~ CS~ 
~~ 

0 ~ Cs. 
~ 

0 0 CS~ ~~ °k ~ 
, q.e.d.

This suggests that entries in the distance matrix can be alterna-

tively computed by considering collapsed nodes as sing le nodes , i.e., by

basically reversing the order ot steps (1) and (2) above. The resulting

entri es in the distance matrix will still he metrics , and they won ’ t

coinc ide , in general , with entries computed as described above .

A simple example will make th is  point clearer: Consider the

grap h in Fi gure 6 (page 22). The distance matrix computed as proposed in

the preceding section (after collapsing nodes) is that in Figure h a .

The alternative distance matrix computation would proceed as

follows:

Upon recognition that nodes 0
3 

and O
4~ 

and O~ and 0
6 

collapse ,

the graph ir Fig. 2 is in fact reduced to that shown in Fig. llb.

The core sets for this graph are as follows :

CS
1
: {0

l~
o
2~
0
3
(o
4

)}

CS 2 : (01, 02 ,05(06) )

CS3(4 ) :  (01, 03(04
) )

CS5(6) : {02, 05 (0
6

)}

_______ 

.4
— 

- --—- 
~~~~

-,---
~~~~

- . -
~~~~~~

- - - .
~~ 

~~~~~~~~~~~~~~~~ - -
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so that the resulting distance matrix would be that in Fig. 12.

1 2 3(4) 5(6)

1 0.00 0 .50 0.33 0 .75

2 0.50 0.00 0.75 0.33

3(4) 0.33 0.75 0.00 1.00

5(6) 0.75 0.33 1.00 0.00

Figure 12

The quest ion thus  arises:  Which of the two s t r a t e gies should be

employed to compute distance matrices for a grap h?

Fi rst of all , note that  t he two s t ra teg ies  t r iv ia l ly coincide

when no collapsing of nodes occurs. On the other hand , it seems in tu it ively

appealing to use the f i r s t s t rategy when co l laps ing  does occur , since the

dis tances so compu ted re f lect more accura tely the s truc tu re of the ori ginal

grap h. For example , compa re the gr ap hs in Figs . lib and 4. Using the

second strategy would produce the same distance matrix for these graphs.

This is intuitivel y w rong, since we know that in Fig. lib , node c~ (04)

corresponds to two original nodes. The fdct that d1( 3 4) in Fig. lla

is less than d
1 ~ 

in Fig. 12 confirms this intuition : the two collapsed,(  , /

nodes 0
3 

and O
4~ 

both close to 0
1 

in the or ig ina l  graph (Fig. 6) in fact

“pull” 0
1 

closer to the node resulting from collapsing 0
3 

and 0
4 

than it

would otherwise be , in a gr ap h such as tha t  of Fi g. 4.

__________ -
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4
For these reasons , we will predominantly use the first strategy

to compute distance mat r i ces  for  grap hs in which col lapsing occu rs.

- ./
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5.3.— Graph decomposition techniques applied to cluster analysis.

Section 5.2 discussed some strateg ies for constructing a metric dis tance

matrix from a grapa adjacency matrix , so that the graph decomposition problem can

be treated in a cluster analytic framework . In this section we explore the

opposite move , i . e . ,  is it possible to represent a clus ter analysis problem as

a graph decomposition one? The motivation for this is that F such a tra nsforma tion

were possible, some of the techni çues suitable for graph decomposition problems

like the heuristics described in section 5.1.2 could be employed in cluster

analytic al gori thms and their effectiveness investigated .

In general , and from a strict point of view , the answer to the above

question is no. Of course , some distance matrices can be made to correspond

to a graph adjacency matrix (e.g., we know that the matrix in Fig. S corresponds

to the graph in Fig. 6), but there is no straight forward algorithm that we know

of which would permi t us even to assess whether or not a given distance matrix

corresponds to some graph , in general , let alone what that graph would be.

Nevertheless, we sti l l  feel  tha t some insight can be gained from exploring this

n~~ve. The next section proposes a way of apply ing the ideas behind the heuristics

of section 5.1.2 to cluster analysis problems . Prior to that discussion , however,

we point out a crude method for putting cluster analysis problems in graph form .

This approach , which was proposed in (Hubert 74J, works as follows :

Given an nxn distance matrix S(s . . ) ,  choose a threshold value T > 0 and

define

(O i f s . .  > T
S I = .

~ 
1:3—

i j  
t i  if s

~~
. < P

.1
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We can then think of the matrix 5’ ( s ! . )  as the adjacency matrix of a

graph in which pairs of rela ted nodes correspond to objects in the original

problem whose distance is less than T. Of course , this tra nsforma tion losses

a great deal of information , because all the resulting s~~.’s are either 0 or 1,

while the original s.. ’s, in general , would vary more smoothly in a wider

interval; fur thermore , different T values can produce different graphs. However ,

this strategy can be appropriate when the ori g inal entries in S take values

that are either very hi gh or very low , by choosing a T value in between. The

resulting graph can be drawn and maybe even visual insight employed to ident i fy

an initial partition.

A more sophisticated approach could proceed as follows :

1) Choose several T values T
1
, T2

, . . . ,  T .

For each T value ,

2) Derive a graph as described above .

3) Using one of the transformations in 5 .2 . 1  or 5.2.2, construct a distance

matrix for the graphs generated in 2 .

4) Conduct a statistical comparison test between the distance matrices

computed in 3 and the or iginal one .

5) Retain th-” T value that produced the graph which resulted in the best

t.~t in 4.

Thi.3, however , would probably be very time consuming and not worth the

effort if the output was to be only an initial partition. ~ more direct approach

that takes advantage of the heuristics discussed in section 5.1.2 is proposed in the

next section .

I

- -
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5.3.1 — A strategy for cons t ruc t ing  i n i t i a l  p a r t i t i o n s  in non-agglomerat ive

cluster_analysis.

As was pointed out in section 4.2, no par ticularly “good” methods to

identify i nit ial partitions for non-agglomerative cluster analysis techniques

are available. We think that a potentially appropriate method can result

from the applicat ion o f a stra tegy similar to that employed to construct

kernel subsets in the graph case (see 5.1.2).

We describe one such strategy below . Its parallelism with the

procedure in 5.1.2 should be apparent.

Given an nX n distance ma t r ix  S( s . . )  def ined over a set of n objects.13
0: (0

1102
, - . . , o), this procedure would proceed as follows :

1) Pick a thr eshold value T, 0 < T < max (s.. C S).

2) Set J 0.

3) For each o. C 0, compute:

CS. = {o.~ O . C 0 and s. < T}
.1 i .J 1)—

c~ = ICSi I — 1.

4) Consider the k > 1 objects with highest c
1
. Without loss of generality,

assume that these objects are o
~
, . . 

‘

From this point on , this procedure is very similar to one proposed
a’

in (Astrah an 701 for identifying leader objects (see 4.2). Since Astrahan ’s

technique is considered to be one of the most intuitively sound for these

purposes (see (Anderberg 73]), we believe that the one described above would

also perform well; furthermore , it requires fewer a priori parameters than

Astrahan’s (only two, P and k as compared with three requires by Astrahan ’s

method).

____________ ________ - _________
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5.3.2 - Workinq with the similarity m a t r i x  as a whole prior to apply ing

cluster ing_algorithrn.s;_ normalization of distance matrices.

In this section we propose a strategy for transforming a given

similarity (or dissimilarity ) matrix into a new , normalized one , by means of

a procedure similar to that described in section 5.2.2 for transforming

adjacency matrices into distance matrices. 
-

For exposition purposes , it is useful  to describe the computations

discussed in 5.2.2 in a more generalizable way .

Recall (section 5.2.2) that the entries in the resulting distance

matrix were computed as

ICS . (~ CS . I
1 :3

ICS . u CS .I1 :3

where CS . stands for the “core set” of node o. as defined in 5.1.2. New

expressions for ~CS. fl CS.~ and Jcs . ti CS . J can be derived as follows:
2. 3 1. 3

- For each 0. C 0 (the original set of nodes) , def ine  a vector

• v~ = (a.1,a.~~, . . . , a.), i.e., the row of the adjacency matrix

corresponding to node a.; recall that a.. = 1 V i , here.

It is clear now that

Ics (‘ CS . I  = v • v , the inner product of vectors v . and V .;
3 i j 1 3

recall that their components are either zero or one.

. Furthermore, since

ICS~ U CS~I = tcs~j 
+ ~CS~~ 

— ~cS~ “~ cs~l , and

.- -
~~~~~

- .. -—--—
-~~~

•
-• 

.—•-
~~

•
~~

-,_
~~~ ——=‘,- ‘ ,‘ —-- - . ._ — - -
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ICSi I = v. v~, it follows that

Ics u cs .~ = v . • v. + v. • v .  - v. • v.
i 3 2. 1 3 3 1 3

Thus , the expression for S.. can now be written

V . •v .
1 3s.. = 1 -

1) -

V. v . + V .~~v . — v . ~v .
1 )  3 3  1 . 3

Note that:

1) When v . E v .,  5 . .  = 0;
1 3 13

2) When v~ v. = 0 (i.e., v. and v . are orthogonal), s. . = 1.
1 J 1 3 13

With this formalization , by analogy , a given similarity matrix S

can be transformed into a normalized distance matr ix D (d . • )  as follows:
13

— Define n vectors s ,,,, i = 1, . . . , n , as fol lows :

= 
~~il ’~~i2 ’ ‘ ~in~~

— Compute D’s entries as:

5. *
_
s .*1 
~ -3 si*

.s
i* + s

~~*
. 5

j~ 
—

Unfortunately , the distances a . .  computed this way cannot be shown

to be metrics, due to the fact that the components of vectors v ,~ are not

binary as they were with v .. (In general, they do not meet condition (4) of

section 3). An adjustment can be made, however, to overcome this problem. If

we define the entries in a distance matrix D*(d~~) as:

S as.
= 1 — 

j *  3 * 
, where

sj*esj* + s~~Gsj~ 
— ~~~~~~

—~~~ ~
- ---

~~~~~~
• -

~~ 
— ---

~~
-
~~~

-
~~~~ 

- - 
~~

- -  
~~~ 

- - — - 
-
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= 
k=l 

i k j k

it can be shown that the entries in D* are metrics (see Appendix III) .

Actually,  assuming that s.. > 0 Vi ,j ,  as it would be in most

similarity matrices , the above definition can be changed to

= 
~~

m i n( s .k , s .k )

and the entries in D* would still be metrics.

This adjustment intui t ively follows the strategy used in the graph

case: Given two vectors v. and v. ,  we compute v.  • v .  as
1 3 1 3

n
v. v . = E s . s.

3.

but since S . C (O ,l} ~~~~~ what we really do is the following : If both nodes

o. and o. are rela ted to 0 , we set s. 5. to 1, but to 0 if either one (or both)
1 j— p ip jp

are not related to o . In the new setting, the definition of s. @5. tries to
1* 3 *

do the same: since~~~e s. • ‘s are similarity measures , when we come across
13

a pair of objects (o.,o .) not equally similar to a third o , we are “conservative ”

and use only the smaller similarity measure.

The similarity matrix D* computed as above can be used in any

cluster analysis algorithm.

The following observations need to be made at this point:

a) Most similarity matrices constructed for cluster analysis

purposes pay no attention to their main diagonal entries, since~they are not

used in cluster analysis algorithms. The normalization procedure described

above requires that these entries be consistent with the remaining ones,

because they are used in the normalization process. More concretely, in a

-
• 

given similarity matrix S(s.. ), it should be true that s.. = S
jj 

V i,j

- - A -~—



—44—

and that s.. > max {s.. c S, i~’j}. With this provision, if any d* . computed

as indicated above turns out to be zero, objects o~ and 0. can be collapsed

into a new one, (arLd thus clustered together), as was done in the graph case.

If the-- ~ conditions are not met by the entries in 5, the normalization procedure

can produce misleading results: For example, assume that s. = s.,. = s.. =
13 11 33

mm {s . . c s} ,  and that s .  = s . ; this would lead to d~~. = 0 and thus to one3.3 1* j* 13

cluster containing o. and o ., but o . and o . are the most dissimilar pair of
1 3 1 3

objects in 0, since s . • mm Cs. c s}
13 13

b) “Collapsable” objects can still result. Since such objects will

end up in the same cluster , the normalization procedure also gives more

“apparent structure” to the original data.

c) The discussion above assumed that S was a similarity matrix. If it

was a dissimilarity one, we can still apply the procedure by first defining

B = max (s . . ) ,  then computing S’( s ’..) by letting 
~~~~~~~~~ 

= B — 5~~~ ’ and working

with S’. Note that for S’ to meet the conditions set forth in (a) above, S

should be such that 5 . .  = s .. ~ i,j and 5 . , .  < mm Cs .. C s, i~ j) (i.e.,

a given object shouldn ’t be more dissimilar -— less similar —— to itself than
to another object).

d) By letting

d~~ 
= l _ d~~

the resulting matrix would be a normalized similarity matrix.. So, the procedure

described above can produce a normalized ~~~~~~~~~~~~~ matrix out of a

similarity

~
dissimilarity

~ 

one.
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5 . 3 . 2.l . — I t e r . i t i v e  c o mp u t a t i o n  of distance m a t r i c e s .

The n a t u r e  of the s t r a t e g y  proposed  above f o r  c o m p u t i ng  n o r m a l i z e d

distance . d i s t a n c e
C . . . } m a t r i c e s  f r o m  C . . . } matrices ~s such t ha t  n o t h i n gsimil arity similarity

precludes us from using it iterativel y, i.e.: computing a normalized

distance m a t r i x , t h e n  us ing  i t  as inpu t  to compute  a second one , and so on.

This p o s s i b i l i t y  b r ings  up i n t e r e s t i n g  ques t i ons .  For example:

• Does the i t e r a t i v e  a p p l i c a t i o n  of the procedure  even tua l ly

con~ erge to a “stable” matrix?

• If collapsable objects can result at each iteration , wo uld

this iterative procedure behai,e as a hierarchical clustering

al gor i thm?

These questions are , at least in principle , more of a theoretical

interest than of a practical one , given that such an iterative procedure

is like l y to be slow (at each iteration an entire new matrix is computed) .

Nevertheless they are relevant in order to gain insi gh t abo ut how well  the

dis tance ma t r i ces comp ut ed as proposed convey the overall structure of the

set of objects under analysis.

Although we haven ’t appr oached the above ques t ions from an anal y tical

viewpoint , we have conducted some experiments which seem to indicate that

the answer to both questions is yes.

We illustrate this by means of a few examples below.,

Prior to introducing these examples , the following observation

needs to be made :

i$
- - ~~~. ~~~~~~~~~~ --
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The nature of metric distance matrices is such that it precludes

the result d
~

. = 0 with i 
~ 

j from occurring (recall that one metric

property precisely statesthat d .. =O < >  i = j). Therefore , we wou ld never

be capable of collapsing objects in the iterative procedure that we are

about to explore . Howeve r , it turns out that , as the iterations proceed ,

there are distances (entries in the computed distance matrix) which keep

decreasing and taking values more and more close to zero. For our purposes

here , we allow the specification of a parameter ~~, close to zero , to be

used in conjunction with the iterative procedure as follows : whenever a

computed distance d . . is less t h a n  c, objects o. and o . are clustered together.
iJ — 1 J

Some Exampl es

Examp le 1

The first examp le was chosen to be trivial from a decomposition

viewpoint; its main thrust is to show that the iterative procedure behaves

as expe ct ed in the simp lest case imaginable. Consider the graph in Fig. 13:

Li i i
Figure 13

It is not completely connected and consists of two disjoint subgraphs. We

would expect a decomposition procedure to result in the partition {l,2,3,4),

{5,6,7,8}. Below we show that the iterative procedure does indeed obtain this

— — ---. -~~~- —~~ - - -—  
- — - _ _ _ _•i- --•.—
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partition ; in addition , there are other interesting observations to be made.

The adjacency matrix corresponding to the graph in Fig. 13 is

shown below . Note that this matrix can be viewed as its initial similarity

matrix; it is interesting to compare it with the current similarit y matrix

after a number of iterations .

1 2 3 4 5 6 7 8

1 1 1 0 1 0 0 0 0

2 1 1 1 0 0 0 0 0

3 0 1 1 1 0 0 0 0

4 1 0 1 1 0 0 0 0

5 0 0 0 0 1 1 0 1

6 0 0 0 0 1 1 1 0

7 0 0 0 0 0 1 1

8 0 0 0 0 1 0 1 1

After four iterations , the similari ty ma tr ix looks as f ollows :

1 2 3 4 5 6 7 8

1 1.00 0.94 0.94 0.94 0.00 0.00 0.00 0.00

2 0.94 1.00 0.94 0.94 0.00 0.00 0.00 0.00

3 0.94 0.94 1.00 0.94 0.00 0.00 0.00 0.00

4 0.94 0.94 0.94 1.00 0.00 0.00 0.00 0.00

5 0.00 0.00 0.00 0•00 1.00 0.94 0.94 0.94

6 0.00 0.00 0.00 0.00 0.94 1.00 0.94 0.94

7 0.00 0.00 0.00 0.00 0.94 0.94 1.00 0.94

8 0.00 0.00 0.00 0.00 0.94 0.94 0.94 1.00

After four more iterations , It appears like :
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— 
1 2 3 4 5 6 7 8

1 1.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00

2 1.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00

3 1.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00

4 1.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00

5 0.00 0.00 0.00 0.00 1.00 1.00 1.00 1.00

6 0.00 0.00 0.00 0.00 1.00 1.00 1.00 1.00

7 0.00 0.00 0.00 0.00 1.00 1.00 1.00 1.00

8 0.00 0.00 0.00 0.00 1.00 1.00 1.00 1.00

where entry values have been rounded to the nearest two decima l numbers.

If we compare t h i s  m a t r i x  w i t h  the  or ig inal  s i m i l a r i t y  ( a d j a c e n c y)  matrix ,

it is obvious that the graph s t ru c t u r e  has been made much more a p p a r e n t .

Taking C = 0.001, the expected partition is obtained after three

more iterations. Furthermore , the matrix becomes completely stable. After

this iteration , the current distance matrix has only two rows and two

columns , corresponding to the two subgraphs. It looks like :

~~~~~1 2

1 0.00 1.00

2 1.00 0.00

It is interesting to note that the entries other than the main

diagonal entries have the maximum possible value (1, recall that distance

matrices are normalized) , indica t ing tha t the two sub groups iden t if ied are

—— — -  —~~~~~~~. — — .—-~~~~~~
- 

- -~~ — , — - - - — ~~~.—— ~~~~~~~~~ -—

- 2
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completely independent for our purposes; this is i n t u i t i v e l y  c o r r ec t  given

that they were disjoint front the start.

~~~l e 2

The next example takes a less trivial case. We use the graph in

Fig. 6, reproduced in Fig. 14.

2
~~~~~~~I

4~~~~~

Figure 14

Taking an C value of 0.001 , the distance matrix becomes stable

after 20 iterations. Two subgraphs are identified, {l ,3,4} and {2,5,6}

The final distance matrix is shown below :

T 1 2
1 0.00 0.43

2 0 .43 0.00

Note that in contrast with the preceding example , entries not in the main
.1

diagonal take values below 1., indica ting that the two subgroups were not

originally disjoin t.

-—

~ 

- - - - 
- ~

;---
~~~~~~~~~~~

_

~~ 

.

~~~~~
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We saw in the previous examp le tha t when the identified subgraphs

are not ori g i n a l l y  d i s j o i n t , the f i n a l  d i s t a n c e  matrix reflects this circum-

stance by setting non—main diagonal entries to values less than 1. A natural

question to ask is whethe r this intuitive behavior continues when the coupling

between identified sub grap hs varies in importance. This example and the

next explore this question.

The gr aph in Fig. 15 differs from tha t in Fig. 14 in the number

of l inks  between the two eventua l  sub graphs .

2

4~~~~~~

Fi gure 15

With an C value of 0.001 as before , the iterative procedure produces the

same partition (1 ,3,41 , (2,5,61 after 16 iteratIons , bu t the f inal dis tance

matrix is as follows :

1 2

1 0.00 0.13

2 0.13 0.00

Note that compared with that in Example 2, it behaves as expected.

_
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Examp le 4

The graph in Fig. 16 represents another step towards more coupling

be tween s u b g raph s .

~~~~~~~~~~~~~ 
2~~~~~~

4~~~~~ ~~~~~~~~~~~~~ 6

Figure 16

After 18 iterations , the same partition is identified but the f ina l  d is tance

matrix indicates that the two subgraphs are closer toge ther :

1 2 J

1 0.00 0.08

2 0.08 0.00

* * *



—53—

The preceding examples have shown that the proposed iterative

procedure works in an intuitively appealing way . They raise some

questions , however. For example :

(a) What about L values? -

(b) Does the procedure always end up with two subgraphs

(subse ts )?

We have explored these questions working with several additional examples.

Our results are summarized below :

(a) The chosen c value doesn ’t seem to matter much as long as it is

teasonably close to zero . For instance , al l  the examp le s above rea ch the

same final result with L = 0.01 , 0.001 and 0.0001 . Of course , the smaller ~~~,

the 1ar~’er the number of iterations needed to achieve stab ility in the distance

matrix. Moreove r , as c increases , the intermediate clustering may vary

although the final result remains t h e  same . If C is increased substantially,

the final result may change significantly. For example , taking c = 0.09

in example 4 above (see the final distance matrix in which the largest ei.try

is 0.08) would result in clustering the entire graph together.

(b) The procedure doesn ’ t always end up with two subgraph s, although this

is the most common result. Exceptions have been experienced when :

1. There are more than two disjoint subgraphs initially : as many

subgrap hs are iden t i f i e d  wh atever the c value employed .
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2. The graph is so compact that it is not partitioned at all.

This may depend upon C~ as suggested above . However, our

experience indicates that if no partition is identified

with a reasonably small C , the initial grap h or set is indeed

too compact to be partitioned in any way.

The fact that more than two subgraphs (subsets) are not identified

unless disjoint subgraphs exist at the begin n i n g  is somewhat disturbin g.

We have observed the following behav ior , however: Whenever the result is

in the form of two subgraphs , either one of them or both are such that taken

independentl y are not partitioned by the procedure . This suggests that the

follow ing strategy can be used to partition a given graph using this i tera ti ve

appr oach:

1) Set “cur ren t  graph”  to be the  i n i t i a l  g raph ;

2) Use the i t e r a t i v e  techni que to p a r t i t i o n  i t ;

3) If the outcome is no partition , save the “current

graph” as a final subgraph. Go to 5;

4) Otherwise , put the two (or more) resulting subgraphs in a

“subgraph pool”.

5) Check the “subgraph pool” . If it is emp ty ,  stop : The subgrap hs

saved at step (3) represent a partition . If not , take one

subgraph from the pool. Make it the “cu r rent grap k” . Go to 2.

We have used this strategy with a number of graphs ; the results have been

encourag ing.

In summa ry , two main comments can be made about this approach :

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~—-. ....-- . - - 
-
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It requires a singie parameter: c

l’~ seems t o  be very robust  w i t h  respect to d i f f e r en t  “reasonable”

C values.

• The fin al result gives a “feel” for how interrelated the

identified subsets are , through the final distance matrix.

I

• - - - - - -
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5.3.3. — The strategy of section 5.3.1 revi sed.

Now that we have developed a generali2ation of the normalization

procedure originally introduced for the binary matrix case, we are in a pos ition

where the strategy of section 5.3.1 for obtaining initial partitions in a non-

agglomerative cluster analysis algorithm can be revised in a very appealing

way . The revision permits us to eliminate the need for the threshold parameter

¶F, whose choice was not obvious ; also, by using a percentage parameter p of the

type suggested at the end of section 5.1.2, we eliminate the need for k.

If we keep in mind that one possible generalization of the expression

(in the terminology of the preceding section) is

n

s . es . ~ min(s . ,s.
1* 3* k=1 ik jk

the following procedure can be used (note the parallelism with that in

section 5.1.2), where we assume S(s.~~) to be a similarity r atrix (see Appendix IV

for a way of converting dissimilarity matrices into similarity ones so that

the procedure below is generally applicable):

Given E’ a percentage parameter

0) J = 0 .

1) Compute c
1 

= Z 5iq ~~~~~ . . n. and
q l

ICSi I = ci. 
+ s

~~i 
, i~1, . . . ,

2) Compute C
0 

= max
i—l,...,n

Select all objects o. such that

1



- _ _ _  
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c > —2-- c
j—100 0

Assume there are k such nodes ; without loss of generality , let

them be the nodes Ol~ . . o~~.

If k n, set .1 = 3+1 , KE STJ (J ) = 0 and stop.

3) For all 0. C {o
1
, . . . , o

J~
} compute

fl k
= E min(s. , max (S . )).

1. q=l iq 
j=1 

jq

j~ 1

4) Select o such that

k
= mm ( t KS~I) .

j =l

5) J = J + l ,

If ‘KS I = ICS I, set KESU(J) = 0 and stop;

else, set KEStJ (J) = o o it, where

k
ii = (o~~Jo s.t. 5rt > max (s.

t
)
~ 

t l , . . . , n)

j#r

6) Recompute 0: 0 = 0 — KESU(3) ; if lo l = 0, stop.

7) Recompute S:

5: ~~~ . . ~~~ . = 
,Jold s3~ 

iff c 0

1) 13 
[mark it “nonexistent” otherwise) )

Go to 1.

Two examples of this procedure are illustrated below. They refer

to the same problem but use different matrices. The first step in both is

_ . _ i 
— -  — L

_
~~~~~~.:

_ — 



—58—

to transform a distance matrix into a similarity matrix as indicated in

Appendix IV. Although this is not really necessary , since we can always change

umax n to “nun ”, “>“ to “<“ and vice versa in the above procedure for it to be

applicable to dissimilarity matrices , we do it for clarity. A parameter p = 80

is assumed in both.

A) The matrix in Fig. 8, corresponding to the “minimum path ’ metric

distances of the graph in Fig. 6 is transformed to the similarity matrix shown

in Fig. 17 using the strategy of Appendix IV.

_ _ _  

: —: 
_ _ _ _  _ _ _  _ _ _

2 2 3 1 1 2 2

- 3 2 1 3 2 0 0

4 2 1 2 3 0 0

5 1 2 0 0 3 2

6 1 2 0 0 2 3

Fig. 17

The procedure then proceeds as follows:

0) J 0

1) c1 = c 2
8, c3

= c 4
c
5

c6 5.

1cs11 ~cS~~ = 11, 1cs31 = Ics4t = Ics5I = = 8.
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2) c0 = max (8,5) = 9;

since 0.8*8 = 6.4 > 5, k 2 , 0
1 
and 0

2 
are selected.

3) = 8 (<11)

~ 0r 
= o~ (arbitrarily )

5) 3= 1 ,

txs 1l < Ics1I, , -

KESU( l)  =

6) 0 = {o2IosIo6
)

7) Delete rows and columns correponding to 0
1~

O
3l 04•

1) c
2 

c
5 

= C
6 

= 4; ~CS
2~ ~cs5~ = (cs6~ =

2) c
0
= 4 ,

0
210

5
10
6 

are selected .

Since k = n here , 3 = 2 and

KE SU (2)  = (0
2 1 05

10
6
)

and the procedure terminates.

Thus, the graph in Fig. 6 is partitioned in the best possible way.

B) For the same graph in Fig. 6, we can use the noramlized matrix in

Fig. 10, which was derived in a different way. Transforming it into a

aimilarity matrix as before yields the matrix in Pig. j$~

-
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1. 2 3(4) 5(6)

1 1 0.34 0.75 0.17

2 0.34 1 0.17 0.75

3(4) 0.75 0.17 1 0

5(6) 0.17 0.75 0 1

Fig. 18

Operating upon this matrix, the procedure unfolds as follows :

0) 3 = 1 .

1) c
1 

= c
2 

= 1.26, 03(4) 
= C5(6)  

= 0.92.

= = 2.26, !CS3(4)J = ICS5(6) I = 1.92.

2) c
0 

= max (1.26, 0.92) = 1.26

since 0.8*1.26 = 1.008 > 0.92, 01 
and 0

2 
are selected.

3) 1xs11 = IKS 2 I = 1.02 (<2.26 )

4) = 0
1 

(arbitrarily )

5) 3= 1 ,

< tcs1I
XESU(l) = {o

llo3(4 ) }

I 
- 

6) O=(02,:5(6) 1 

- - -

~~~

- -

~

-

~~~~~~~~~ ~~~~ 

- -

~~ ~~~~ ~~~~

- -
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7) Delete rows and columns corresponding to 0
1 
and 03 ( 4 )~

1) C
2 

= C5(6)  0.75; Ics2 I = lcs 5(6 )~ = 1.75.

2) c
0 

= 0.75, and 0
2 

and 05(6 )  are selected .

Since k = n here, 3 = 2 and

KESU (2 )  = {o
2l os(6)

}

and the procedur e terminates. 
-

Note that the obtained result , taking into account the preliminary

clustering performed as a byproduct while computing the normalized dissimilarity

matrix of Fig. 10, coincides with the result in (A) above, so that the best

partition for the graph in Fig. 6 is again identified.

.-. -
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6. - Othe ~~~pproacI1~~ and robi ems.

Section 5 assumed that the graph under decomposition was “undirected”

(i.e., its adjacency matrix was symmetric). When the links of a graph bear a

certain direction , the graph is called “directed ,” or sometimes “digraph .”

Note that in the context of our problem a directed graph would mean that a certain

requirement may be related to another , but that the opposite is not necessarily

true. It turns out that the problem of digraph decomposi tion is easier to

solve than the general graph decomposition problem. Several effective heuristic

approaches have been proposed for this purpose (see, for instance , [Haralick 74]

or [Boesch & Gimpel 7 7 ] ) .  -

A formal treatment of the digraph decomposition problem can be

found in [Kevo rian & Snoek 711. They propose a methodology that decomposes

digraphs in a hierarchical  fashion ; the resulting hierarchy explicitly points
‘I

out how the identified sub graphs interact, as a consequence of the ‘~precedence ”

characteristic implicit in a digraph . In addition , a very nice correspondence

is shown: the digraph decomposition problem is equivalent to the decomposition

of a set of objects characterized by a number of attributes in the following

way:

(a) The number of objects is the same as the number of attributes, and

(b) Objects ’ respresentations in terms of attributes take the form of

binary vectors (i.e., in a sense, an attribute is either “relevant” or

not to a given object).

Limitation (a) makes this approach unsuited to our problem , but

(b) suggests a way of assessing interdependencies anong objects (system

requirements in our case) that may be worth investigating.
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7. - Summa ry~~ nd irrp 1ir ~t tin’~~.

The discussion above has described some cluster analysis and graph

decomposition techniques , and has pointed out strategies tha t mak e possible

the application of the former to graph decomposition and vice versa. In this

section we summar iz e these techniques and strategies and comment on their

application .

The discussion in sections 4 and 5 can be summarized as fo l l ows :

1) It is possible to put a graph decomposition problem 15 t~ c- framework of

cluster analysis. Since many cluster analysis techniques exist , thi:; c~ n be usefu l

to solve graph decomposition problems .

2) Certain heuristics that are useful  in graph decomposi tion have a clear

counterpart in cluster analysis. In particular, they can be employed to

identify initial partitions in non-agglomerative cluster analysis methods .

3) Normalized similarity (or dissimilarity) matrices can be derived for

both graph decomposition and cluster analysis problems. In addition , the

resulting matrices display the structure of the decompositioa problem better

than the original data (e.g., “collapsable ” objects are made apparent).

4) Agglomerative cluster analysis algorithms are usua lly fast but make

early commitments that are never revised and which can lead to undesirable

results.

_ _  -~~~~~~~~~~~~~~~~~~~
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Use Kevorian ’s Decomposition)
approach( 6) problem ,~

)

yes

In
irected? es gr aph

form?

no no

Ini tial yes Normal izat ion
partition B

needed?D by
heuristics no
(5.l.2)or
(5.3.1—3)

Use agglomerative
techniques to ge t C
initial par tition

Put problem (4.1)

A 
in cluster
analysis
form (norma-
lize)
(5.3.2) Use partitioning

techniques to re
fine the subsets

(4.2)

Fig. 19

_ _ _ _ _ _ _ _  ~~~~~~~~~~~~~~~~
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If a normaliza tion rou te is taken we advoca te the use of th~ heur i .

tic approach described in sections 5.3.1 and 5.3.3 to identify an initial

par t i t ion, the reason being that some computations needed for the normalizati

procedure can also be used for par t i t ion ing  purposes .

The output of Fig. 19 wil l  be a decomposition of the ori gina l  set

of objects. In [Andreu & Madnick 77] we proposed to in t e rp re t  the result

intuitively. A more forma l approach , which is possible if the i n i t i a l

problem or iginated from a character iza t ion of each object  by means of a set

of attr ibutes, is to analyze which of these attributes are predominant in

each of the subsets, using factor analysis.

With reyard to a methodology for the assessment of interdep -r ~~e~. IL

among pairs of objects (requi  -!n- ~n t s ) ,  it seems that working with a meani~..: u

set of attributes gives wide choices with respect to applicable decomposition

niques . In addi t ion , proceedir~y this way would reduce the I~;ImLc-r of assessmc

be made (na as opposed to n2, where n is the number of objects and a the

number of attributes; we are assuming n > a). Signif icant improvement over a

simple yes/no assessment would be achieved even with the simplest attribute-

oriented approach (like assessing only the relevance or non-relevance of

each attribute for each object).

— - . - -

~

----- -. - 
-
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APPENDIX I

For the discussion in thi s Appendix , we assume that the graph (0,A)

is connected (i.e., there are no disjoint subgraphs). This assumption is reason-

able because if there were disjoint subgraphs they could be treated separately,

i .e., they would be completely independent of one another for our purposes.

Wi th this provision, we show tha t if we def ine

s . . = Number of links in the minimum path from o. to o .,
3J i J

then it is true that:

a) ~~~ = 0~~~~ i = j ~~~~
b) s. > 0 Vi,j,

‘3

c) s . s .. V i ,j ,  and
‘3 3’

d) ~~ ~ 
s
k + 5k j  V i ,j , k.

We proceed as follows :

a) It is obvious that s . = 0 Vi , so that
ii

I = 
~ 

= ~ Vi,j.

Furthermore , s . . = 0 implies tha t we can travel from node o . to node o .
1] ‘

wi thout trIlversing any link. This is only possible if i = j. So,

= 0 ~~~ 1 = j Vi , j ,

which comp1et.~ ; the proof.

b) s > 0 follows immedia tely from the def ini tion of s . . (i.e., “number
13 — 1]

of links” can not be negative).

c) Since the adjacency matrix A is symmetric , so is S:

S.. = S . V i ,j .
‘3 31

- - r •~~~.. -
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d) ~~ show that

S
j~~ ~ 

S i k  + 5k j  V i ,j , k ,

we consider two cases:

i) o is in some minimum path from o . to o ..k 3

If this is the case , since both Sik and 5k j  are minimum path lengths ,

there is no better way of going from o . to 0 .  than going from o. to °k 
in 5ik

steps, then from °k 
to o~ in 5k j  steps , i.e.:

s . . = s .  + s
i ik kj

ii) 0 ~ 5 not in a minimum path from 0.  to 0 . .k i j

This means that s. + s . is the length of a path from 0 .  to o. which
ik kj 1 j

is not minimum , i.e.:

5 .. < S .  + 5 . .
ij  ik k3

I

~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ -

. 

-~~~~~~~~~~ -
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APPENDI X II

Given three nodes o., o . and o C 0, wi th associa ted core sets CS., CS .i k , j

and CS , we def ined  s , s. arid s . as follows :k ,j ik kj

Ics~r~ csj ICS . C
~
CS
k I

s.. = l —  , s. = 1 —  , and
Ics~ u cs . I ik 

CS . ~JCS~,J

Ics (
~csj

s . = l —  k

ICS
k
L)CS

J t

Here , we show that these quan t i t ies  meet conditions 2, 3 and 4 of section

3, i.e., that

a) s. . > 0 Vi , j ,
13 —

b) s. . = s.. Yi,j, and
3.3 31

c) s
~~

. 
•
~~ 

5
ik 

+ S
ki 

Vi,j,k.

We proceed as follows:

a) Since for any pair of sets CS. and CS. it is always true that

ICS~ U CS . ~ jcs . (~ Cs. I ,

it is obvious that

Jcs . (~ c s j
3. 

< i, Yi,j.

J Cs. L)Cs.I 
—

1

Thus, s. . > 0 Vi ,j .

Furthermor: , since ~~~~~~ csi > ~ (*) for any i , j ,  (1) also implies that

5i j  1 1 Vi ,j .

(*)
Throughout the discussion in this Appendix, it is useful to keep in mind that

lx i > 0, whatever the set X is. 

•
... - 

~~~-=---~~ - - -- -- - - . •-
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b) Since both set union and in tersection are commutative opera tions , it

follows that

s. . = s.. Vi ,j.
13 31

c) To show tha t

~i j  -
~~ 

5ik + 5k j  Yi ,j,k (2)

we will consider three cases that cover all the possible values for s. . (0 < s. . < 1,
13 — 1 3 —

see (a) above).

i) s. . 0.
13

Since S
}~ 

5kj 1
0 (see (a) above), (2) follows immediately in this

case.

ii) s. . = 1.
13

By definition of s.., this imp lies that

ics . (~ CS . = 0, i . e . ,  CS. (~ Cs . = ~~~, so that

~~~~~~ ~~~ 
+ !CS

k~~~ 
CS . I ICSk ! 

(3)

(because since CS. and CS . are disjoint, elements in CS
k 

can only belong to

either CS . or CS .).
1—  :3

Then , Sik + Ski 
< 1 (= s..) is impossible , because it implies

ICSi
II CSk I ICSk 

(‘
~CS .I

1 —  + 1 —  ~ < 1 , or
lCS
~U 

CSk I ICSk
LJCS . I

lCSjI’
~~

CSk l ICSX
flCSJ

+ > 1  (4)
ICSjL/CSk I !CSk

LJ CS J

If we now realize that

• CS
1 ~.J CSk I > !CSk I and 1 

(5)
ICSk ucs1 l > ICSk I 

~ J
it follows that if (4) holds, so does

.1
~~~~~~~~~~~~~~~~~~ i — -

• 
--

~~~~~~~ 
—--— 

~~
-— - .
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1cs1 (~ CSk I ICS
k I~~ 

CS
j I > 1 , i.e.,

I CSJ~J I CSk I

I cs. C~ CSk I + ICSk C~ 
cs.

> 1 ,

which contradicts (3).

iii) s. . = 1 — a, 0 < a < 1.
13

This implies , by de f in ition of ~~~~~~~~~ that

ics~. 
(‘
~ CS . a CS . 

~J CS (6

Moreover, s. . > s. + s . in this case implies tha t
13 ik kj

Cs. (~ CS CS (~ CS.1 k k j
+ > 1#a (7

ICSi LJ CSX I ICSX UCsi I

We consider two subcases :

a) ICSk I > ICS.L) CS .j (8

Since lC5 . (~ CS < CS . ,  and ICS fl CS . I < ICS .I , it is true that
1 k —  i k j  3

ICS . t’~ CS + ICS (
~
CS .I < Ics . I + ICS . I = ICS . L) CS J + CS. (scs i, (8

k k j — 1 3 1 3 1 3

i.e., by (6),

ICs~ (~ CSk I + ICSk t~ CS~~ 1 (l+a) jCS.L) CS~~I 
(9

Furthermore , by (5), (7) implies

ICS~~n 
CSk I + lCSk ()CSjl

> l+a , i.e.,

I CSk I

lCSj t~ CSk I + ICSk
(
~ 
CS.~ > (l+a)ICSk I , or, by (8),

lCS~ 
(‘

~ CSk I + ICSk (‘t cs~ > (l+a) lcs~. u cs~
which contradicts (9). 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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~) ~
CS
kJ 

< ICS
~ U 

CS
~~l .

This subcase requires a more careful proof. The following arguments

simplify it:

— s. . > s . + s . cannot hold unless CS has elemen ts in coomon wi th both
ij  ik kj k

CS. and CS .. To see this, recall that by definition of S ik ~ 
CS. fl CS

k 
= 

~~~~~ 
Sik 

=

so tha t since s .~ < 1 the above inequali ty is impossible regardless of the value

of S
k •~ 

Therefore , we need only to consider the case in which CS./’I CS
k ~ ~

CS
k
ll CSj ~

— If s
3~ 

> 
~ik 

+ 5kj  does not hold when CSk LI (CS~ 
p...) CS~ ) CS1 L) CS~ (i.e,

when CS has no elements outside CS LICS.), it will not hold when CS
k 

has
k i

• elements outside CS. LI CS .. To see this, let

CS~ represent the part of CSk 
inside CS . u CS ., and

CS~ represent the part of CSk outside CS.%.J 
CS~~, i.e.:

• 
CS~~U CS~ 

= CS
k,

CS~~71 CS~

CS~ U (CS. L) CS .) = CS. LJ CS ., and

CS~ r~ (CS. U CS.) =

Then, it is apparent that

ICS1 U CSk I = ICS~ U cs~ i + ICs~ I ,

ICS
k
U CS . I  = Ics~ UCS .I +

Ics~fl CSk I = ICS1
(1CS

~ I, and

ICSk 
(\ Cs.~ = ~cs~ (\ Cs . 

~~
,

so that (7) can be written as follows:

-
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~Cs1 (ics~ I Ics~ r~cs~ I
> 1+a,

lC51 IJCS~ I + cs~ I ICs1~ (J CS . I + ICSJ~I

from where we see that if does not hold for Ics~ I = 0, it cer tainly won ’t hold

for ICS~ I > 0.

Consequen tly , in wha t follows we limi t our atten tion to proof that (7)

is impossible when

CS
k /l CS . ~ q ,  CS

k
tl CS. ~E and CS

kU
(CS. L/ CS.) = CS1 LI CS..

To do this , we rewrite (7) as follows :

CS. (~ CS Ics (\ CS . ICS . I + ICS . I1 k 
+ 

k j 
> 

1 
~~~~~~

, (10)
ICS1 U CSk I ICSk LI 

CS. CS. U CS. I

and consider the following cases:

I)  ICSk I ICS1 U CSJ - n, n > 0 ,

where the n elements belong to CS. fl CS . (recall tha t since we assume a > 0,

CS. (~i CS . is non-empty).

The situa tion is depicted in Fig. All—i.

CS. flCS .

I 9

I I CS.

CS I I Ik .~—.-—-.-- —
n elements

Fig. All-i 

— • -.. ,— -
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In this case , (10) would read

Ics . I - Ics . I  - n ICs . I + cs.!1 3 1 3+ > , i.e.:

~
CSi~~ 

CS
~~I 

— n ICS 1L./ C S ~ I - n CS
1 ~~~~~~

i~~ i~c~~-t1
c
~j1_ njcs .~J csj + IE~~11cs~ uc~~L 

— n [CS
1 ~._1cs .I

~~~ JIC~~~~~ CST 
- n lc s j  + ~~~~~~~~~~ 

- njcs I

i.e.:

n{jCsj + ICS~ I — 2IcS .U Cs .~~} > 0,

or , since ICs~ U cs. = I CS~ I + cs. — CS. (~ Cs .

n{2~CS. tlcs .j - ICs .I — Ics. I } > 0 ,
1 3 1 3

which is impossible because cs.! 
.~~ jcs1 fl cs~ I ~~. Ics~I and n > 0.

II)  ICSk I = ICSI U cs.~ — n . — n~ , n .,n . > 0,

where the n , elements belong to Cs , but not to CS . (~ICS ., and th e n , belong to CS .1 1 1 3 3 3

but not to CS. (‘~ CS~~.

The situation is depicted in Fig. AII-2.

cs r~ cs .i 3

csj I-
I I C S .

CS
k ~~~~~~~ I I I

i j
elements elements

Fig. AII-2

__________________ .4
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In this case , (10) would read

IcsJ - n . CS.
~ 

- n . cs.! + !cs J1 1 
+ 3 > 

1 (U )
ICS U CS.I — n~ I cs u csj — n. Ics

~
Ucs

~ I

(note that this expression reduces to the previous case when n . = n .).

Expanding ,

{I Cs ~ I — n
~~
){lCS1U Cs.! 

— n1}I cs ~ u cs. !  + {Ics~ I — n.}[Ics .~jcsj — n . } l c s . U c s j

{Ics
~ I + Ics . I }f l c s .u  csj  — n .){I cs.u Cs.! — n.}.

For convenience , let

lcs1 I = I, Ics~ I = .r, cs. ~j csj = A ( 12)

We then have :

• IA
2 

— n .IA - n,A
2 

+ n~A + JA
2 
- n.JA - n A

2 
+ n~A1 1 1 3 3 3

• IA - n .IA - n .IA + n n .I + JA
2 

- n.JA - n .JA + n .n .J, i.e.:
1 3 1 3  1 3 1 3

n.A(J + n. - A) + n.A(I + n. - A) - n .n. (I + J) > 0 (13)
1 1 J 3 1 3

By (12), it is now apparent that (see Fig. AII—2 and recall that we

assumed that neither n , nor n. belong to CS. (~ CS.)1 3 1 3

J + n . - A =  ICS . I  +ri , - ICS . U C S . I  < 0 ,
1 1 1

I + n. - A = cs. I + n . - ~CS. U CS . I < 0, and obviously
3 1 3 1

+ ICS .!) < 0 ,
1 )  1 3

so that (13), and hence (11) and (7), are impossible.

III) ICSk I = Icsi ucsjl — - “i — 
“, t3~~ ’ fl., n > 0 ,

where n~ and n1 
are the same as before and the n elements belong to CS~ 

(‘
~ CS~~.

- ~~~-~~~ •- - - . - -~~~,..--. --- ~~~~~~ • - - -• . —-• . - -. -- . - • 
-
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The situa tion is depicted in Fig. AII-3.

Cs. (~ cs .
I S

cs. I I1 . 

I cs~
CS
k H.~~..J- L.~...J

elem~ nts elements elem~nts

Fig. AII-3

In this case , (10) would read

Ics .I - n . - n cs .! - n . — Ics . I + !cs . I1 1 
+ > 1

cs1 ijcsj — n . Ics~ Li csj 
- n . jcs . ~j cs j

Comparing this equation with (11) , since n > 0, it is obvious tha t if

(11) does not hold neither will this one. This completes the proof for subcase ~~.

• _ _ _ _ _ _ _.

~~~~~~~~~~~ 

, • ~~~~~~~ ~~~~~~~~~~
. 

~~~~~
••
~~~~~

- . •
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APPENDIX I I I

*
Here we show that the distances d . . defined as

13

* 
s.~~

es . 
*

d. . = 1 — (1)
13 s.*es .~ 

+ ~~~~~~~~~~~ — s.~~es-

where

= 
k~ l 

[min(s .k , s jk)] , (2 )

and where the S ik
’S are entries in a similarity matrix with the properties

discussed in section 5.3.2, meet the matric conditions of section 3.

We proceed as follows:

a) d .. = 0 implies tha t (by ( 1) and (2))

k~l 
[min(s .k , sik

)] = k?~l 
5ik + 

k~ l 
5jk 

— 
k~ l 

[min(s Ik~ s~ k)I
2 

i.e.,

2 k~ l 
S
~k 

+ 
k~ l 

5jk
k~ l 

[mln(s.k 9s .k )I = 

2

which in turn implies

5ik = S.k , k =

for otherwise

2

~ znin(s . ,s . 
2 

<
. k~ 1 ~~~ 

+ 
k~l 

S
ik (3)

k=1 ik jk 
2

Thus,

• 
d
1~ 

= 0 
~ 

s~~ = ~~~

As in the graph case , it may happen that

• — - •
. =~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~ • -•-— - -•-
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d . .  = 0 with i 
~

but we take care of th is  circumstance by collapsing objects o . and 0 ,, so that

for all practical purposes ,

*
d . . = 0 ~~ i = j ( 4)
ii

Furthermore, if i = j obviously d.. = 0. This, together wi th (4) y ields

~~~ = 0 ~~~ I = j (collapsing nodes if necessary) (5)

b) Equation (3) readily implies that

d.. 0 if s1~ ~ ~~~ ,i.e., by (5),

*
d .. > 0  i,j.
13 —

* 

Fur thermore , it is apparent that  s . ,,,øs . ,~ > 0, so that

d . . < 1 i ,j.
13 —

c) By definition of a (see (2) above), and since “m m ”  is a commutative

operation , it follows that

d ., . = d ..
13 31

d) To show that

d ,. I d .k + dk. ‘li,j,k, (5a)

we can follow exactly the same strategy as in point c) of Appendix II. We will not

repeat it all here; we will only show that the same inequalities employed there

hold true here. (In what follows, we refer to equation i of Appendix II by 11—i):

I
_ _  
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— Equation 11-3 , in the new notation , would read

S
i*~

SS
k* + Sk *

®S
J * ~~ . 

S
Jç~~

®S
J~~ 

(6)

i.e., by ( 2 ) ,
Ii 

2 2 2E [min(s. ,s )] + ) [min(s ,s . )] < ) sp=l ip kp p=l kp jp — p=l kp

Since obviously

min (.,. , s
k
) < s~ ~# i,k,p because we assume 5kp ~ 

0 (7)

(6) holds true .

— Equation(s) 11-5 would read

n n

~ [min(s. ~ )]2 :~ s
2 

~ i,kp=l ip kp —- ; - 1 kp

which by (7) is also true.

— Equation 1I-8a would read

n 
2 

n 
2 2 2Z [min(s. ,s )] + ) [min(s ,s. )] < ) s . + 3 s .  ,p~.1 ip kp p=l kp jp — p=l ip p=l jp

A B C D

which also by (7)  holds here , since A < C and B < D.

- The proof corresponding to subcase ~ in Appendix II , f ina l ly , can be

followed step by step in the generalized setting .

- .4 --
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APPENDIX IV

Here we show a very simple way of converting a di ss imilar ity

matrix D ( d . . )  into a s imi lar i ty  One S(S..). By simply letting

s.. A - d . . ,
13 13

where A = max Cd - . £ D),
13

the entries in S will behave as similarity coeff ic ients. In particular, if

the entries in F) are metrics (see section 3), then the entries in S wil l  have

the following properties :

1) s. . = A 1ff i = j, because d. . = 0 iff I = j.
13 ‘3

2) s. . = s . . V i ,j, because d. . = d. - V i , j .
13 31  13 3 1

3) S . .  > 0 V i,j1

because of the def in i t ion  of A.

4) s. . A V i ,jJ
‘3 —

_ 
_  
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