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1. Introduction

In the report (Mor itz , 1976) we have seen that the
local behavior of a covariance function (c.f.) of the gra vity

anomal y .~g can be characterized quite we l l by means of
three constants:

C0 . . . . variance of ~g

correlation length (argument for which the
c.f. has the value C(~~) = C )

G . . . . variance of the horizontal gr adient of ~g

Instead of G we may also use the curvature parameter x
related to G by (ibid ., p.25)

= G~~
2 /C . ( 1 - 1 )

As regards the gl obal behavior of a co v ar i ance
function , the principal requirement is to fit the lower degree

variances c , say from c 3 to c 20 , as determined from

satellite and gravimetric data.
As an example of a set of local paramete rs for a

global c .f. we may take the rounded va lues

C = 1800 m ga l ,
3

= 80 km , (1-2)

G = 200 E ,

.ihere

— ,-__ _~
_ _a  

~~~~~~~~~~~~~~~~~~~ — -- -—~~--— _~.p._ ._. ~~~~~~~~~~~~~
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1 mgal = 10 5ms 2

(1—3 )

1 E = 1 Eötvbs = 0.1 mgal/k m = 10 9s 2

This implies a curvature parameter

= 7.1 (1-a)

The value of C is taken from (Tsc hernin g and R app,

1974). The correlation length ~ co r respon d s a ppr ox ima tel y
t o Kau la ’ s (1959) c .f .; it wou ld  be h i ghl y des i rab le  to have
a reliable new determination using the presently a v a i l U b l e

data.

The value of G is probably the weakest in the set

(1-2). It seems to be in rough agreement with the scarce

informat ion on gravity gradients found in vario us p u b l i c a t i o n

(cf. Schwarz , 1976 , p .15) and also with the values of gradients

of deflections of the vertical g iven by Bur~ a (1974) . Further

determinations of G0 are urgent l y n e c e s s a r y .

In their fundamen tal work , Tscherning an d Rapp (1974)

have g iven a very comp le t e d i s c u s s i o n  of p oss ib le  a n a l y ti ca l
models for glo bal covariance functions and have fitted a model

to g iven degree variances c 3 t h r o u g h c 20 and to the
var iance C . However , the correlation length ; comes out

too sma l l  and G , or x , is far  t oo la rge .

In the present report we shall try to fit a global

c.f . model to both the local parameters C0 , , G and to

the lower degree variances. The numerical values (1-2) w i l l

se rve only for the purpose of an example; the method gi ven is

app l icable also to other numerical values.

The r e a s o n  wh y ‘< for the Tschern in g- Rapp model is

too high is that this model is essentially a logar ithmic c .f .

(cf. ~ior itz , 1976 , especiall y p. 48). S ince the reciprocal
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d istance c.f. (ibid .,p.35 ) has a ~< of onl y 3 , w e m i g h t t r y
a l inear combination of a reciprocal distan ce c .f. and a

logar ithmic c .f .

C ( P ,Q) = ~~~~~ ~~P (co s~~) + ~2 y 
~~

2P (c o s~~) . (1-5)

Here C (P ,Q) ex presses the cova riance between the gravity
anomalies .~g at the points P and Q in space; is the

an g le be tween  the ra d ius v e c t o r s  r~ an d r
Q l e a d i n g f r o m

the earth ’ s cen ter of- mass to P and to Q

1 
_ _ _C

1 
= 

~~r 
and C

2 
= r r , (1-6)

P Q

an d R~ denoting suitable con stants , as are an d

-i~~ ; and the P ( COS U ) are the Legendre po l ynomials. The
notat ion follows that of (Moritz , 1976 , p p.34 — 51 ), wh i ch may
also be consulte d for m athematical details.

The disadvantage of the form (1-5) rests in the fact

that this model cannot be us ed for the covar i ance function

K(P ,Q) of the anomalou s potential T because it i m p l i e s

ri+1

K ( P ,Q) = R~~ ~ P (cos -L . ) + P (cos~~)1 3 (n- 1) ~ )n (n-1 )

(1—7 )

a n d t h e s e  s e r i es c a n n o t  be s u m m e d.

So we s h a l l  use  t he fo rm

C ( P ,Q) ~~~~~~~~~~~~~~~~~ + ~( f l 7 f l A 6 ) P ( ~~OS~’ )

( 1 - 8 )  

- — —-. a . - - - ~~~ - ‘ _ _— - . -- —-- —— -~~~~ ~~~~-—-. ___  
- . - . -  -
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which has the same local behavior since this local behavior

is mainly determined by the higher degree terms for which

n - i  n - i  11 (n— 2)(n+B)

as n -
~ . The corresponding K (P ,Q) can be summed , as well

as C ( P ,Q) itself , as we shall see in the next section .

2. The ~1ode l

Thus our c o v a r i a n c e  model w i l l  b e

C ( P ,Q) = 3 1 C 1 (P ,Q) ± c,.2C 2 (P ,Q) (2-1)

with ( A and B always denote integers)

C 1 (P ,Q) = ~~~~~~~~~~~~~~~ , (2-2)

C 2 (P ,Q) = ~(f l 2  ~÷B) o~~
2P (cos~~) . (2-3)

A t sea l eve l  we have in the s p her i ca l  a pp rox i ma ti on
r = r

Q = R , where  R = 6371 km is a mean rad i us of t he
ear th , and and as defined by (1-6) become constants.

Thus our mo del contains six parameters

IT
1 ~ 

, A , B (2— 4)

_ _ _ _ _  ___  -.- -—— -~~~~~~
, 

~~~~~~~~~~~~ ~~~
--—— —.-, -
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whic h may be used to fix th e data.

The corres ponding c.f . f o r  T i s g i v e n  by

K ( P ,Q) = :t 1 K1 (P ,Q) + c~.~K r (P ,Q) (2-5)

with

K1 (P ,Q) = R 
( f l  1)( +A )

C P ( c o s ~~) , (2-6)

K~~(P ,Q) = 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

. (2-7)

If A ~ —1 , B ~ -1 and ~ -2 , t hen a l l  t hese
ser ies can be summed in closed form by a decomposition into

p a r t i a l  f r a c ti o n s , as s h o w n  by Tscherning an d Rap p (1974);
in fact s C~~(P ,Q) is their Model 4 and C 1 (P ,Q) reduces

for A -2 to their Model 3.

We have

n - i  - A + i
- - , ( 2 - 8 )

n 1  1 1 B ÷1
(n-2)~~n+B ) 

= + 
~-;-~

-) 
, 

(2-9)

1 1 l 1 7( n - 1 ) ( n + A )  = - 
~~~~~~~~~ ) (~~- 1 O )

1 1 ~+1 3+2
(n-i ) (n- 2 ) (n ÷B) = 

~B ÷ 1 ) ( B + 2 ) ~~~~~ 
- 

n -i ~~~~ ~~~h 1 )

—.——

~~~~

——

~~~~~~ 

-~~~~~~~~~~~~ —-—~~~~~~ —..~~- ______________________ ~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~
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With Tschern ing and Rapp we put (ibid. ,p.3i )

F (3 ,~~) = y 0 ~~~’P ( t) , (2-12)

= Y~~~~~~~’P ( t) for i > 0 , (2-13)

F (3,~~) ~~~~~~~~~~~~~~ for i < 0 (2-14)

w i t h

t = c os ~ . (2— 15)

We then have for A and B > 0

C 1
(P ,Q) = IT 1~~

F(~~1 ,~~) - - C~~t 
- IT 1

P~~(t)~ 
-

2 33 t
— (A+l)a , FA (.C l ,~~

) — 
~~

-
~
— - :~ :-I- -

(2-16)

C~~( P ,Q) =
~~~r2

F 2 (C 8,
~~
) +

2 3
B+1 

— IT
2 

IT 8 t
+ ~~~~~~~~~~ F (.3~~,~~) 

- - -

( 2 - 1 7 )

K 1
(P ,Q) = ~~rF 1 (~, ,~) - o~ P 2( t); -

— ~.3 , T . t
— -

~i::-r 
F;(T 1 ,14)) - 

~~
— - -

~

——

~

- - ~~-~-P~~(t)

(- 1 S)
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R 2
K2 (P ,Q) = ~~4F 2 ( I T 2 ,

~
) -

R22~~ 3 ~1
— 

~~~~~~~~~ 

F 1 (0 2 ,~
) — 07 P2 (t)1 +

2 2 3R IT . IT~~t IT

+ 
2 r F (  2 

~( B + i ) ( B ÷ 2 )  3~~~2 ’~~ B B+1 ~T2 2

(2-19)

Values of A and B < -3 are impossible because

otherwise a denominator in (2-2), (2-3), (2-6) or (2-7) would

be zero . The v~2lues B = — 1 and -2 are excluded because in

this case the series (2—3) or (2—7) cannot be summ ed . This

excludes all negative values for B ; for A onl y the

ne g a t ive value -2 is possible.

Thus we have for A = -2

C 1 ( P ,Q) = aJ F (IT 1 ,~~) - - a~ t - ~~~~~~~ +

+ IT 1 F 2 ( I T 1 ,~~) ; (2-20)

K 1 (P ,Q) = - R~ TF 1 (IT 1 ,~ ) - IT P 2 (t ) +

+ R 2F 2 (C 1
,~~) . (2-21)

Of particu lar importance for the present report

.-,i l l  be the case A = B = 0 , for .,hlcn
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- 2 3
C 1 (P ,Q) = a 1~~~F(o 1 ,~~) - - o 1 t 

- a 1 P2 (t)~ 
-

- (o 1 , -
~ ) - ~~t - ~~~ P2 (t)~ , (2-22)

C2 (P ,Q) = ~c2F 2 (o 2 ,’~) +

+ 
~~2 

[F (a 2 ,~~) 
- o~ t - ~a~ P2 (t) ; (2-23)

K 1 (P ,Q) = R~ [F 1 (o1~~~) 
- o

~
P2(t)1 

-

- R~ I F ( a 1 ,~~) 
- o~ t - ~o~ P2 (t)J , (2-24)

K2 (P ,Q) = ~R~ F 2 (o 2 ,i ) -

- R~ [F 1 (o 2~~~) - o
~
P2(t)1 +

+ ~~~ [F (IT 2~~~) 
- o~ t - ~o~ P 2 ( t)~ . (2-25) 

-- .~~~~~~~~~~~~~ —_ .~~~~~- -— - -- _ - - _ __ ~~~~~~~~~~~~ .-— ~~~~~~~~~~- , 
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Close d expressions and a recursion formula for F

and the F . for i = -2 , -1 , 0, 1 , 2 , . . . may be foun d i n
(Tsc herning an d Rapp, 1974). F rom this report we take:

= .j~~ 
(2 26)

= ~ ln~ , (2-27)

F 1 (o ,~~) o (M + ot~l n4)  , (2-28)

F 2 (o ,~~) = -~
.c(1 + 3at)M + c~~P 2 4 t)ln4 +

(2-29)

where

L = H  1 — 2ot + 
2 

, (2 30)

M = 1 - L — ITt  , (2-31)

N = 1 + L - ITt  . (2— 32)

For the F. w ith i = 1 , 2 , 3 , . . . we have the

recursion formula

F . 1  = 
l I T  [ L + (2i-1)tF . - ( i - 1 ) - ’ F , (2-33) 

_ - -~~~~~~~~~~~~ .-—- --~~~~ - --. . —--— ---- ~~~~
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which is valid for i > 3 , starting with

F 1 = ln ( 1  + 1~~ +L~ 
(2-34)

F2 = o~~~(L 
- 1 + tF 1 ) . (2-35)

In the same manner , closed expressions can also be

found for the corresponding covariance func tions for other

quantities of the anomalous gravity field (Tscherning and

Rapp , 1974), especially for second-order gradients (Tscherning,

1976). We shall not give them here , because for the present

repor t we need only G , for which an approx imate expression

will be derived in the following section and exact formulas

in the Appendix.

3. Va r i ances

The variance C represents the value of the co-
0

variance function C(P ,Q) for the case that the points P

and Q coincide with a point at sea level , that  i s , for

r~~~~ rQ
R ,
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From (2-1) we get

C0 = ~~1
C~~~ + ~~2 C 2 (3-i)

w h e r e  C 10 and C 20 are the variances correspondin g to
C 1 (P ,Q) and C 2 (P ,Q) , respectively.

By subs t i tu t i ng ~ = 0 in (2-22) and (2—23 ) we get
for the case A = B = 0

C 10 = ~1 L F ( a 1 , 0) - - IT
1 

- 0~~~~ 
-

- C
i [F (~~1~ 0) 

- - , (3-2)

1 1 2 1 3C : ~.0 F (0  0) + 
~ ° 2 F (0 2)0) 

— 0 2 
- 

~
. . (3-3)

The ex pressions (2-30) through (2-31) become for = 0

L =

= 0 , (3-4)
0

N = 2~‘C

where we have put

= 1 - - . (3-5)

Us i ng t hese  v a l u es ~n (2-2 6) through (~~-29 ) a nd

s u b s t i t u t i n g  i n (3—2) we get

L ~~~~~~~~ . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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.--

~

..

-C 10 = — - a 1 ln~— - -

or , w i t h

2 2 3
0 0 0
1 ~. 1 1— — 0

1 
= ~~~~~~~~ = —

1

finally

3
- a~~i n ~_— - .

~-o ’
~ . (3-6)

Eq . (3-3) becomes similarly

C20 = -~-a~~(i+ o?~)ln .~-— - -~u~ 
- -~ c~ . (3-7)

Similar we get for the variance K of I , aga i n
for the case A = B = 0

K = ~1
K
1 + i 2 K20 (3-8)

where

K
1 = ~~~~~~~~~~~~~~~~~~~ (3 9)

K =  ~.R~ o (  i n-L_ _ , +-~.,~~ . (3-10)

For A o r B ~ 0 we can e3s i l y ev 3 l u a t ~ di r ’~c tly

the F (  ~, 0) that enter in (2— 16 ) through (2-21). Since 
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a l l  P~~(O) = 1 , we get from (2-12)

F(:,O) y n ~~l = = ( 3 - 1 1 )

and

F (0,O) — — ~ 2 - = = I T O  = .
~~
— . (3-12)

4 0

By i n t e g r a t i ng

= (3-13 )

w it h respec t  to we get

= l n y~-_ = ln -~- . (3-14)

On c h a n g i n g  the summat i on i nd ex by pu tt ing

m = n - i

we have

~ _.L n + i  
= —J_~ = in’

- m +i - m +1
n~~ i — i  IT1 1 — 1

Therefore (we w rite again n in the place of m )

i n — : — 
: l ln i (3-15 )
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In this way, (2-14) becomes

F .(o ,0) = 
1
~~
1 l n l for i < 0 , (3-16)

whereas for (2-13), w i th i > 0 , we have

-1 - 1
= V — (Y = 0 by definition)

0 1 — i  1 — i .  0

so that

F .(a ,0) = o 1 1 ln~ - Y — ~ .o~~
1 

for i 0 . (3-17)

Thus , for A = -2  , we ge t  f r o m  ( 2 - 2 0 )

C
I 

= + o~ ln~~ , 

- 

(3-18)

wher as for A and B > 0 we find

5
C 10 

= - (A+1)o ~~
A ln! + (A+1 ) V

~~~ A , (3-19)

_ _ _ _ _ _ _ _ _ _ _  
1 B+1 ~ 

____C 20 = 
B+2 

in— - 

~~~ l_ B t ) B  (3-20)

For A = 0 this reduces to (3-6) and (3-7), as it should be.

In a s i m i l a r  way we could readily compute the varian ces

K 10 an d K 2 0 fo r A ~ 0 an d B ~ 0 , but we shall  not
need them in this report.

_ _ _ _  _ _ _ _ _ _ _



We f inal l y  consider the gradient variance G

I t is the variance of the mixed horizontal-vertical gradient

or ha l f  t he va r i a n c e  of the ver ti ca l  gradient

~~g /- z ; cf. (Moritz , 1976). In fact , expanding C(s) , the
c .f . of ~g , in powers of the horizontal d i stance S

C ( s )  = a - a 1 s
2 

+ a s 4 
- + . . . , (3-21)

a n d d i f f e r e n t i a t i n g :

C (s) = - 2a 1
s +

C ’ ( s )  = — 2a 1 
÷ , . .

we have

C’t (O) = ~C ’ (s)~ = - 2a 1

so that by eq. (1-31) (ibid., p. l0 ):

var (W ) - C” (O) - ~C ( s )

= 4a 1 = 2 G 0

s ince

G3 = 2a 1 (3-22 )

by eq. (3-9). i b i d . ,  p. 24 .

Expanding ~g in s p atial spherical h armon i cs ,

—- -~~~~~~~~~~~~ - -  .- - -- - - --~~~~~ 
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= ~(
fl+2~ g

and differentiating along the radius vec tor r (with which

the local z-axis co incides ) we get

- = v n + 2 R~ f l + 3~
~- R ‘r ’ g

~ ~

so that the degree variances for 3.igI~ r a r i se f r o m  t h o s e
of .~g by mul ti p l i c a t i o n  by the fac tor

n+2 2

Hence we have correspon ding to (2-1):

G~~ = ~ 1
G
10 

+ (3—23)

where by (2-2) and (2-3)

= ~~~ V~~~~
l

( 2 ) 2 ~~~~~~
1 , (3-24)

G ,0 = 
~~~~ (n 2~ +B) (n+ 2 ) o

~~~ 
; (3-25)

the factor 1/2 expresses the fact that G is half the

v a r i a n c e  o f ~.~g / r  .

Since the gradient is a very local q u a n t i t y ,  o nl y t n e

hig h er-degree terms h ave much influence , so that o n l y the

asymptotic behavior of the terms in the sums is e s s e n t i a l .

Hence we ma y approximatel y repl a ce
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by n(n- 1 )

(n~ 2)(n+B ) (n+2) by n

wh ich  b ehave  as ym pt o t i c a l l y (for n -
~ ~

‘) in the same way.

We thus ge t , to a very good approx ~ m a tio n ,

G 10 = ~~~~~~ V n ( n 1 ) 3 ~~~~~
1 

, (3-26)
2 R 3

= _ S nC~~~ , (3-27)o 2 R 3  -

T h ese  ser i es can  b e rea d il y summed. By differentiating

= ~~_L_ (3-28)

twice with respect to we find

= 
1 , (3-29)

1

= 
2 

- (3-30)
2 ( 1 — - - ) ~

~e t f l j S  have

= 
2 

— 
2 

-

(1_ ~~~2 ) 2  
2 — 

~~~~~~~~~~~~~~~~~~~~~~~~~~
. -~~~~~~~--~~~~~~~~~~~~~ ---~~~~~~~~~~~~~~
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3
2a-

= ________ - 2a-~ 
L.

3 (1—c r )

the approximations are justified since and c2  w i l l  be

very small , so that a-
1 and o, are very close to 1 an d the

2 3terms 1/;.~ and 2 /; > >  1
1

In th is manner we finally obtain

10 
— 

R
2 ~ 

‘ 
—

2R c ,

These ex pre ssions are very simp l e  b u t  qu i te a c c u r a te:  it i s
no t difficult ot verif y that they have a relative error of

or d er . S i nce ç w i l l  be seen in the next  s e c t i on to be
around 0.001 to 0.006 , these ex pressions are accurate to

w ithin a few percent. 1
~

A thorough check of (3—31 ) and (3—32 ) is provided

by expanding the c.f. into a series (3—21 ) and using (3-22).

In doing this, we s h a l l  f o l l o w  the p rocedu re  an d the no t a t i ons
of (Mor itz , 1976 , sec .4)

By means of (3-5) and on pu tting

= 2sin* ‘ (3 33)

2 
= ~~2 , (3 34 )

the expressions (2-30), (2-31), an d (2-32) are readil y trans-

formed into

~~Rig o rou s expressions for G and G w i l l  be found in the
Appendix. 10 20 

--— —~~~~
---

~~~
—-

~~~
- - - _ —- - - -

~~~~
—- ---- - -

~~~~~~~~~ 
_ -

~~~~~
-.“_ -— ~~—-
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L = / ;
2~~~~~~~ 2 (3 35)

= + ; 2
+~~2 

+ ~~~2 , (3— 36)

1~~M = - : + ~~ + ~~~~~~~~ . (3 37)

These express ions are st ill rigorous.

We now subs titute these express ions int o (2-26)

through (2-29), an d these into (2-22) and (2-23). We now expand

in to a power series with respect to o , n e g l e c ti ng a g a i n
a re la ti ve er ro r  of ~ - Af ter somewhat lengthy calculation

we o b ta i n

C 1 (0) = C - 
1 2  

+ O (~~~) , (3-38)
10 2;

~

C IT (p ) = c~0 - 
1 2  

+ Q (~~~~~) . (3 39)
- - 4;~

The p lane horizontal di stanc e s is related to

by

s = 2R s in ~ = R\ = R (1+~~) 
2

so that , w i t h  a r e l a t i v e  e r r o r  o f ; ,

( 3 - 4 0 )

T his is substituted into (3-38) and (3-39), so that

C ( s )  = C
10 

— 
~ s 2 + . . -

~
‘1 

_ - ._ 
- _ _ - _ - - _ - - -- _ - ____ _-- - _ _ - -._ _, _ -.
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C 2 (s) = 
20  

- 

4R 2;~ 

+

whence (3-31) and (3— 32) follow in v iew of (3-22).

4. Numerical Mo del Fit

We shall now show how the presen t mod el can be fitted

to the d a ta by an  ap p ro p r i a t e  c h o i ce of p a r a m e t e r s .

The degree variances corresponding to the model (2-i)
through (2-3) are given by

n—i n+2 n— i n+2c = ~~~~~~~~ + (n- 2)(n÷B)a-: ~~2 
(4-1)

S i nc e es t i m a t e s  of c 3 through c 20 (or even higher ) are
ava ila b l e  and since each n from 3 to 20 give s one equation

(4-i) , it might  be though t p o s s i b l e  to de term i ne a l l  s i x
paramete rs  

~~~ ~~~ 
~~~~~ A , B in th is  way .  However , it

turns out very soon that this is impossible since the equation

sys tem for this purpose is very poorly conditioned.

In fac t , i t i s r e a s o n a b l y  f e a s ib l e  o n l y  t o d e t e rm i ne
and 

~~~ 2 i n th i s  manner .  The v a l u e s  of 
~~ 

IT 2 , A , B mus t

be found by other considerations and given in advance. Then

an d can be obtained by a least-square s fit to the

degree variances.

Such a least-s quares fit by means of a two-parameter

mo del has already been done by Tscher n ing and Rap p (197a , p .23 ) .

S i n c e  t h e  “f it ted ” degree variances are very smooth , it is

poss ible only to take two of them , sa y c 3 an d c ,0 , to

determine and 
~~2 

Eq . (4-1) gives 

- .-.-
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2 5  2 5
+ ~—~-a- 2~~2 = C

3 
,

( 4 - 2 )

19 2 2  19 22
20 +A 0i ~~i 

+ i8 (20 + B) a- 2 ~~2 
= c 20

If these two equa tions are solved for and 
~~ 2 and t he

values so o btained are used in (4—1) to compute the inter-

med i ate  c , it w i l l  be seen that also these c w i l l  agree
w e l l  w i t h  the “f itted” T scherning—Rapp values.

From Tschern in g -Rapp (1974 , p.23 ) we thus take

c 3 31.5
(4-3)

c20 = 10 .2 .

These  are the “g lo ba l ”  pa rame te rs  to be use d . Fo r the “ loca l ”

parameters we take C and G from (1-2):
0 0

C = 1800 mga l 2

(4-4)

G 200 E2 ;

the correlati on length w i l l  not be considered at present.

To these four con stan ts (4—3) and (4-4) we shall  try

to fit the mod el (2-1) through (2-3) with A = B = 0 , which

compr ises four parameters 
~~~~~ ~~~~~~ 

~~~~ 0
2 

- These four

parameters wi l l  be det ermined from the four given values

c 3 ,  c 20 , C , G by an iterative procedure.

W i t h  A = B = 0 , the system (4-2) becomes

2~~ 2 5
+ 

3~~~~~~~~~~
2 C 3 , (~~ :a1
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19 22 19 22
2O~ i + 

~~~~~ 20
a-

2 
:~~ = C

20 
. (4— 5b )

It may be giv en the simpler form , putting 0
2

/ 0
1 

= q

+ q 5~ 2 = f
1

(4-6)
1 2 2

+ -1-~-q ~2 
=

where

3f1 - —~-c32o
1 

(4-7)
20

2 
— 

2 2~~2o -

190 k

The s o l u t i o n  for C
1 

and 
~~2 

may be expressed as

= (q 5 
- Lq 2 2

)
_ 1

(f - f )

(4-8)

= - q 3
~ 2

Furth er equations are furni shed by (3-6) and (3-7):

3

C 10 
= .~.!. - a~~ln-~-— - -

~-o~~ , (4-9)

C,0 = ~a~~(i+:~~)ln L - 
~~-:~~ 

- , ( 4 - 1 0 )  
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where

= 1 — , = 1 — ° 2 (4—il )

Then the varianc e of the gravit y anomalies is given by

C = ~ 1 C~ 0 
+ ~2C 20 . (4-12)

For the gradient var iance we have (3-31) and (3-32):

2 3 ‘ (4—13 )
R

G20 
= 

2R~~;~ 
(4-1 4)

and

G = ~~, G
10 

+ :t 2G 20 - (4—15 )

These are the basic formulas for our iteration , us ing

the numerical values (4-3.) an d (4-4).

F i rs t  we no te  t ha t an d 
~~~~
, as resu l ti ng f rom

the solution of (4—5a ,b) are no t very sensitive with respect

to ~~~, and 0 2 - At any rate, T , and 0 2 w i l l  be close to

(and sl ightly smaller than ) u nity. ~e there ore start with

some a pproximate values for and , i f  they are not

ava i l a b l e , we may use = = 1 as our starting values.
W i t h  and 7

7 w e ge t f 1 a n d f 2 f r o m  (4_7) and t :

an d from (4-8) - 

- - - ,- ~~~~- - -~~~~ - 
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Now we can try to de termine better values of o
~ 

and

02 in such a way as to get the deseired C = 1800 and
G = 200 . This may be done in the following manner. Start
W ith some , compute

= 1 —

and G10 by (4-13) . Now 
~~2 

can be calculated in such a wa y

that the sum

a G  + c ~~G1 10 2 20

gives the correct value G 200 . In fact , then G20 must b e

= cz~~~(200 
- a G

1
) , (4 16)

and ;8 = 1 - a-
2 

can be found by solving (4—14) for 
~~2 

-

With these values a- and a- we can compute C
1 2 0

by (4-9), (4-10) and (4-12) . In general , the C th us o b-
ta ined wi l l  not be equal to the desired value 1800. We can ,

however , repeat the computation of C for various assumed

always finding the corresponding a- 2 by (4-16) . If in this

way we get values for C tha t are partly < 1800 and partly

1800 , we ma y interpolate the argument 
~ 

for the d es i red
value C = 1800 - Again the co rresponding 0 2 can be corn-

pute d using (4-16).

Thus both G and C are f i t ted , but the v a l u e s

~ and 
~ 2 

are not yet com pletely correct. We thus repeat

the com putation of and ~~~~, on the basis of the values

and 0
2 

last ob tained . Using these values ~~~, and 
~~~
,

we compu t e be t te r  
~~i 

and .:. by aga in assuming a s u i t a b l e

o . (usually it is best to take the last value ) , computing



the corresponding a- 2 by (4-16) and evaluat ing the corresp onding

C0 - For a sligh tly different assumed the process is

repeated , and the o
~~ 

corresponding to the desire d C 1800

is interpolated.

Now we can anew compute c~ and and re p ea t t h e
i teration as long as necessary. The pri n c i p l e  is always the

same: assume 0
1 

- compute the corresponding 0
2 

in such a

wa y as to ensure the correct G 200 , c a l c u l a t e  C for
different and interpolate correspondin g to the
desired C = 1800 . The it eration is necessary because ~~.

and 
~ 2 

depen d on and a- 2 
, but for tunate l y t h is  de p en-

dence is rather slight , so that , i n genera l , the iteration w i l l

converge wel 1 -

For the given values (4—3) and (4—4) the result is

= 0 .993 963 , (4 17)

0
2 

= 0 .999  281

9 .907 , (4-18)

= 37.77 -

The correlat ion length ~ of the c .f .  w i th t hese
parameters can be computed from the functional repr esentation

(2—22 ) and (2-23), using eqs . (2—26) through (2—32). It is

the horizontal distance for which

C( -~) 
.
~C = 900 m ga l 2 - (4-19)

The computation may again be done by interpolation: c a l c u l a t e

C (~ ,) and C (;2) for two ass umed arguments 
~~~ 

and ;2

an d interpolate for .ibi c n C (;) = 900 - If and 
~~~2

d _ _.
~~

_. _ _ .
~~~ .~~ - - . .
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have not yet been sufficiently close to ; , the p r o c e s s  may
be repeated . The result is

= 68.91 km , (4—20)

corresponding to an angular d istance

= 0.6197° . (4-21)

The varian ce K of the anomalous p otential T is
0

obtained from (3-9) and (3-10)

K = c~1 K10 + c~2 K20 
= 186.3 + 381.8

or

K = 568.1 (kgal .m ) 2 
- (4-22)

The cor re sponding variance of geoidal heights N is

K
v a r ( N )  = .—~

. = 591 .5 m2 , (4-23)
g

= 0 .98 kgal bein g a mean value of gravity .

5. Conclus ions

The numerical model di scussed in the precedin g section
does not fit all par ameters (1-2); it only fits C and
Its correlation len gth has been found to be 68.9 km , which
is smaller than the value 80 km correspondin g to (1-2). 

~~ - - - .-- - -~~~~~~-
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It is possible to get a d ifferent valu e of ~ by
seic ting A or B in a different way? Rather conclusively,

the answer appears to be 10.

To see this , le t  us f i x  the v a l u e

A = -2 (5-i)

and vary B - Then the system (4-2) becomes

5 i s0 10 1 + 
~TB°2

0
2 

= 
3

(5— 2)

22 1 22
° i 

+ 20 +B a- 2 02 = d 20 ,

where we h a v e  put

d 3 
= ~c3 , d

20 
= ~~c20 - (5-3)

As a first , very cru de , a pproximation we put
a 0

2 
1 , obtaining as a solut ion

d 20 
-

(5-4)

47~(d 3-d 20)(3+B)(2O ÷B) -

W i th the values (4-3) this becomes

a 8.6 - 0.36 B
1 ( 5 - 5 )

a 0.36 (3+B)(20+B ) -
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What are the possible limits between whic h B can

vary ? A lower limit is

B = 0 , (5-6)

as we have seen on p .7 . An upper l i m i t  may be obtained by the

condi ti on

> 0 ; (5—7)

for negative o
_i 

the posit ive definiteness of the covariance

func tion C (P ,Q) can no longer be guaranteed. The l i m i t i n g

case  a.
_i 

= 0 corresponds , by (5 5), to

B = 8.6/0.36 a 24 - (5-8)

This corresponds to the case of T scherning-R app

(1974 , p .22), in which a model with only the function C 2 (P ,Q)

i s use d . However , for this model G >>200 E2 
. This indicates

-) 0
that if G = 200 E’~ is im p ose d , t h e  u p p e r  p oss ib l e  l i m it

should be smaller. It is found to be

B = 10 ; (5—9)

for larger B the conditions C = 1800 and G = 200 turn
0 0

ou t to be incompatible.

In fact. for each B we can ap ply the iterative

procedure described in the preceding section , to f ind

ot . and o , .o-
~~ corresponding to the values C an~ G

1 .~- 0 0

given in advance. It is found that this is possible for all

B from 0 to 10 , whereas for B = 11 and higher , t he v a l u e s
of C corres ponding to G 200 are al l  • - 1800 so that

an interpola tion of 
~ 

for C = 1800 can  no l onger  be

p er formed . 

_~~
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For B = 0 we thus find

= 0 .994 032 , = 10 .000 , (5-10)

= 0 .999 484 
~ 2 

18.18

and the correla tion length

= 68.7 km . (5—il)

For B = 10 we obtain

= 0 .995 455 
‘ 

= 6 .199 , (5—12)

0 2 = 0 .997 953 ; 
~~2 

= 127 .28

= 60 .7 km - (5-13)

(The com pari son between these values of i and 
~ 

with

th e a p p r o x i m a t e v a l u e s  g i ven by (5—5) shows that the latter is

on ly  a rough a pp rox i ma ti on . )
It is thus seen that , for A = -2 and B variable ,

the possible values of ~ l ie between rather narrow bounds:

60 .7 < < 63 .7  km , (5-14)

the value = 80 km cannot be reached by this model (it

can be expected that for B = 1 , 2 , - . - , 9 th e c o r r e s p on di ng
values lie indeed w i t h i n  the l i m i t s  (5-14)).

It i s seen that  e v e n  by s e l e c ti ng a
different A , the si tuation w i l l  not change e s s e n t i a l l y .  The

mo d el re t a i n s  it s g e n e r a l  c h a rac t er , the coefficients of C ,

decreasing a s jmptot i cai l y as 
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n -s- 2
(5—15 )

corres ponding to the reciprocal distance covari ance function ,
an d t hose  of C2 as

1 n-i- 2
(5—16 )

corres ponding to the logarithm ic covariance function. What may
change are the numeric al values for the l ower and upper bounds
in (5-14); in fac t , for A = B = 0 we had , by (4-20)

= 68. 9 km

It can be expec ted , however , that  these  chang es  are sma l l . A t
any ra te , we shall again have

~ ‘2 ‘ (5—17 )

and 
~~2 

differening perhaps by 10 km.

It thus appears  that  g i ven  va lues  of the lower  degree
v a r i a n c e s  ( s a y ,  from 3 to 20), toget her with C and G ,

ra ther narrowly determine the correlation distance . For
i n s tance , c h o o s i n g  in the pres ent  case

= 
‘1~~~’2~ ~ (5-18)

taking A = -2 and fi tting B to this , t h e c o r r e l a ti on
distan ce of the model w i l l  be wrong at most by, say, 5 km.

The exac t upper and lower bounds and if 

--~~ -.~~ - - - - - - - - -~~~~~~~~~ ~~~~~ --
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bo th A and B vary may probably best be found by a computer

ex p er i m e n t s i n c e , on the one han d , the formulas for general

A an d B are not diffi cult to program but , on the other hand ,

the required hand cal c u l a t i o n s  are very laborious. If this is

done , then the exact expressions for G
10 

a n d  G 70 g i ven i n
the A ppendix might be employed rather than the approximat e

ones used above .

A cond ition of f o rm (5-14) seems to be quite generally

t r u e , not onl y for the special model (i-B) used in this report.

Even the “ g e n e r a l ”  
~ 

and 
~ 2 

shoul d not differ very much

from those for the model (1-8) with variable A and B , and

even from those for A = -2 and B variable.

Fo r this we may adduce the following argument. Other

p o s s i b l e  c o v a r i a n c e  mod e l s  have c o e f f i c i e n t s

n + 2  n - - 3 3 n+~fl a- , n~ o - 
, n o , e t c . ,

but these are all ruled out because they would have increasing,

rather than decreasing, degree var iances.

The sim plest model with decreasing degree variances

is (5-16), cor responding to a logarithmic cova r iance function ,

but such a model alone w i l l  give too high a G ; therefore

the reci procal distance model (5-15) is also necessary. M o r e
general woul d be an expression with degree variances

1 r i+2 1 n -s- 2
C O  +~~~~~t — ~7 .  + ~~~~~ - + . . .,  -

1 1 2 n  3 n ~

but it can be expected that the first two terms . c orr espond in g

to the model  used in the p r e s e n t  report , w i l l  be d o m i n a n t .

The expression (5-19) represent s a lin e a r  c o m b i n a t i o n

of degree variances 
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~
_ k

a-
n+2 w i t h  k = 0, 1 , 2 , - . . (5-20)

Even non-integer values , say k = 0 .5  , do not seem to have
an e s s e n t i a l l y  d i f f e ren t  b e h a v i o r .

Such a different behavior could only be expected if ,

in an e s s e n t i a l  way , the degree var iances behave capriciously ,

for instance decreasing from n 3 to 30 , then increasing
to n = 100 , etc. If they decrease monotonicall y, at least on
the average , then the behavior can be expected to be similar
to our present covariance model.

This fact , if it is true , is of very great importance.
Al ready  C , G and the lower  degree v a r i a n c e s  toge ther
determine to correlation length ~ rather well. Some values ,
such as ~ = 80 km with the presently assumed numerical data ,

are exc luded .  Th is  emphas i zes  the i m por t a n c e  of d e t e r m i n i n g
a good value for the gradient var iance G - This quantity ,

which is a very local one , is the same for  l o c a l  and g lo b al
covariance functions; this is not true for -; - Th i s C ,

rather than , p r o v i d e s  a basis for calcul a t i n g  a g l oba l  c .f .
f rom l o c a l  covariance functions.

_ _
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APPENDIX

G r a d i  e r t  V a r i a n c e s

Let us calculate the difference between the exact

ex pressions for the gradient variances G 10 an d C20 , g i v e n
by (3-24) an d (3-25), and the a pproxi mate formulas (3-26) and

(3-27).

We use the f o l l o w i n g  a u x i l i a r y  f o r m u l a s  w h i c h  can  be
directl y verif ied :

~~~ (n+2) 2 - n ( n - 1 )  = (4-A )n ÷ A (A -3) - 
( A ÷ i ) ( A - 2 ) 2

n - i  + 2 \ ~ - - 5 - B + 
16 B+i) B-2 2

(n-2) (n+B)’~ 
n - ( B ± 2 ) ( n - 2 )  + B+2 ) n+B

( A - i )

The dif ference between (3-24) and (3-26) is therefore:

= G~~~~~t _ G
aP Pr o

~~~~~~~
e 

=-. 10 10 10

2
IT ~~ 

- —

i~~i n— 1 2 ~= —~-~ - - ~- ( n ÷2)  - n (n~ l ) J  0
1

= 
~~~2 

(4~ A ) ~~na-~~~
1 

+ A ( A - 3 ) 7 o ~~~ -

- (A÷1)(A-2)~~~~~4 
- 

. ( 4 - 2 )

t
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In v i e w  of ( 3 - 2 8 )  and (3-29) we have

2
a-

r n + 1  1 2 3
= 

________ — a- — 2a - , (A—3)
3 ( -a - , )

4

= a~~( 1 ÷ a- _i ÷ + ... ) = , (A - 4 )

and by ( 3 - 15 ) ,

~ 1 n+ 1 1-A 1
= a-

~ 
i n k-

s~ that

0+1ar i  n+ 1  1— A  1 1
= a

_i 
ln 1 

1—A ~~~
4 ~ ( A - 5 )

for A = -2 , the value of the las t sum is taken to be zero.

Thus (A—2 ) becomes , w i th 1 — o~~ =

2 2 -

= 
~~~2 ~~ 

- - 2a-~~) +

‘1

- ( A ÷ i ) ( A ~~2 ) 2 ( I T ~~~~l n ~~~ L~~~~4 ) .  ( 4 - 6 )

The d ifferenc e between (3-25) and (3— 27) is transformed

s im i l a r l y .  We h a v e  

--~~~~~~~~~~~~ - _ _ _ _ _ _ _  _ _  _
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- — _ _ _ _ _ _ _ _ _

= G~~<~~
Ot - GaPProXimate =

20 20 20

- ~ r (~~- 1)  n+2 ) 2 
- n~~ 

~~~~~~ -— 

2R 2
~ 

L( n-2 ) n+B ) 2 
-

2 0+1
r n -s- i i6r 2= 

~~~~~~~~~ L(
~~~~~~~~~~~~~ y 2  

+ 

~T n-2 +

n + 1

+ ~~-~- (B_ 2 )2~~fl~ B -

By ( A - 4 )  and ( A - 5 )  th i s becomes , w i t h 1 - o~~ = ‘2

= 

~ 2 r (5 - B) + ~~~ a~~ln-~— +

n+1

÷ ~~~~~~~~~~~~~~~~~~ 
1-B~~~~~~~_ 

(4-7)

The exact sums of the ap proxima te expressions (3-26)
and (3-27 ) , a r e , by the l as t  f o rm ula on p. 17 and the first on
p. 18 ,

2 3

G~~~
pr0x1

~~~
te 

= - 2 :~ 1
: 

, (4 - 3 )10 2R 2 ;3 1

IT

G~~P P r 0 x : m a t e  
= ~~~~~~ —.4 - - 2 :  - ( 4 - 9 )_ 0  2R 2 -

~~
— C —

We thus h a v e  th e ex a c t e x p r e s s i o n s

= G C P c 0 0 X m 0 ~~~ LG , ( 4 - 1 0 )
:0

= G C P P 0 <~~~~~~ + _ L . ~; , ( A — l i )20  

-- ~~~~~~~- -- -. - -
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the su m mands on the r igh t -hand s ide  being g i v e n  by ( A - 8 )  and
(4-6), and by (A-9 ) and (A-7) , r e s p e c t i v e l y.

The c o r r e c t i o n s  ~G _ i0 and 1G 20 are  of o rde r

so that the formulas (3-31) and (3-32) are , in fact , accurate
to that  o rder .

REFER EN CE S

Bur~a , M. (1974) The first derivatives of the components of the
deflections of the vertical on the territory of the
~SSR.  Geo fy s i kä ln i  Sborn~ k X X I I , No. 416 , pp .9-64 ,
A c a d e m i a , Prague.

Kaula , W.M (1959) Statistical and harmonic analysis of gravity .
J.Geophys. Research , -i.64 , pp .2401-2421.

M o r i t z , H. (1976) C o v a r i a n c e  f unc t i ons  in l e a s t - s q u a r e s
c o l l o c a t i o n .  Rep t .  No. 240 , Dep t .  of Geode t i c  Sci
Ohio S ta te  U n i v .

S c h w a r z , K.P. (1976) Geodetic accuracies obtainable from
measurements of first an d second order gravitational
gradients. Ibid ., Rept. No. 242.

Tscher n ing ,  C .C. (1976) Covariance expressions for second and
l ower  order d e r i v a t i v e s  ~f the anomalous potential.
Ibid. , Rept . No. 225.

Tscherning, C.C., and R .H. Rapp (1974) Closed covariance
expressions for gravity anomalies , geoid u n dulations ,
an d deflect ions of the vertical , imp l i ed  by anomal y
degree  v a r i a n c e  m o d e l s .  I b id .,  R e p t .  No.  208 .

~


