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FUNCTION OF AMB LUI TY OF RANDO!~ SIGNALS

A. F. Terpugov , V. A. Tolst unov

AB ST R ACT Pr~ sen t~~1 is a genera 1iza~ ion of the co n~~~o~ of ~~~

ambigui ty func tiD~ f z r  random signals. The use of obtained formulas

is demons t ra te d w i t h  t w o  specific signa ls serving as in  ? x a m p l e .

The W o o d u a r l  a m b i g u i t y  f u n c t i o n , w h i c h  p l a y s  ar ~ im p ~~r~- an t  r ’l~

in r a d a r  t h e o r y ,  w a s  o b t a i n e d  f o r  t h ~ case of d e t e r m i n ? 1  s i g n ~ils ,

wher e interferin ; noise is whit i and Gau3sian . W i d . c -h a n l  r a r v l om  i n d

pseudorandom signils have recently been used  in radar. Th~

possibili ty of c~~~pressing such siynal s into a very !~irr )v puls” ir~ ~

FTD—ID ( ~~ ) 1—0387—77
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receiver has miI~ i t possible , speci f ical ly ,  to resolve ~hc~

contradict ion between the range of action an~ resolu tion j.n:1 t~~

provide em i ssion secrecy. For this reason t rie probl em of the

ambigui ty function of random siynils is of par t icular inr~~r~ st.

In [ 1, 2]  on~ possible generalization of the am bi ji it y ~ u r ~c~~~io i

~o random signals is presented . Specificall y the ma~ henatica l

expec tat ion of th~ ra n dom a m b i g u i t y  f u n c t  i ons , i. i. , t i  ~ ‘ean val u~

of the Woodwarl inbiguity fun ction , w r i tt en for a fi~ e~ r~~aliza~~ion

of the trans m it t~~ signal, is used as the ambiguity fun ction ot

ran dom signals. The generalization thus induced is clos~~ly  r e l a

th e instrument function of the radar s~~t and has a prac tical

sign ificance as the measure about which the iifforent r~~iLi za t~~ons ut

the ambigui ty Cun~~tion of the random signal are .jrouped in a

statistical senso. Thus , a l ong  wi t h t h e m ean v a l u e  w~ iust consider

the dispersion of thp randon ambigui ty function , which iri~~roduces

probability am bi guity into the determin ation of target ?Ir~~~e~~ers.

Moreover , + a~ probability sense of the plotted functi on becomes

insufficiently clear.

In the pres~ nt work a different approach to the solition of this

prob lem is proposed.

Let. thm proj? si g nal 3 (t) be a realiz.ition of a rini om pr’cess

~ i . — iD (h~~)I— 03i7— 77
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which is stored in the radar set to be later used in reception . Let
A

us assume that 0 represents the parameters, and 8 th~ astim ates of

the parameters of this signal. If p ( ~I8) is the conditi n il lensity

of the probabili ties of estimates of u n k n o w n  p a r a m e ter s , t h e n  in

receiving the signal in normal white noise, we can w r i t ~ t h~

expre ssion [3 , p. 149):

(1) ~~~~~~~~~~~~~~

A
where g(8, 8) is the ambigu ity function , q — s i g n a l / no i s e  r a t io , 0 —

norm alizing cofa~ tor.

If the shape of the signal is known (fixed realizationl , then

A A
(‘) p (0/8, S )  ~~ qg( e.W!S)

If we use (1) and (2) and the known relationship

p ( ~ , e )_— J p ( ~ , 0/ s) P (s) dS ,

then , in the casa of a weak depend ence of C on S (which jen’~ral ly

occurs)  we can get t he  f o l l o w i n g  e x p r e s s i o n  f o r  t he  a m b i g u i ’ y

function :

(3) g 4. 8 = —~- lnf ~~(e . M~s) p (S) dS;

D( P:~) - J  ~87-77
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If we d e f i ne  0 as s i g n a l  de l ay  and  D o p p l e r  f r e q u e n c y  s h i f t , t h e r ~

(4)  e (t , Q) = —
~
-. In f eT’ $ s(:)s (i+t)e ’~ ’dg p(S) dS.

Here T is t h e  l e n g t h  of t h e  p robe  pulse . For n o n r a n i o m  ~i g n a l s  ( L 4 ) is

t r a n s f o r m e d  i n t o  t h e  W o o d w a r d  a m b i g u i t y  f u n c t i o n .

It  shou]nI be ~i en t i o n e d  t h a t  an a m b i g u i t y  f u n c t i o n  o b t a i n e d  in

th i s  for m is not  c o n v e n i e n t  f o r  p rac t ical a p p l i cat i o n , s in ce  jt is

not always possibl’~ to find multidimensional density p (SI . However ,

f o r  a b r o a d  class of  s i g n a l s  f u n c t i o n  ( L 4 ~ a c q u i r e s a s i m p l e r  t o r ~r .

Let us e x a m i n e  t h e  s i g n a l s  whose  au t o c o r r e l a t ion  f u n ~~~i o ns

ra p i d l y  a p p r o a c h  z e r o  as t h e  a r g u m e n t  g r o w s  ( t h is  case is t h e  most

i n t e r e s t i n g  f r o m  t h e  p rac t i ca l s t a n d p o i n t ) .  T h e n  when  t h a  s i g n a l  h a s

a large base and the limitations :41 are sufficiently general , t h e

law of distribution of quantity z ~~S ( I )  S ’ ( i + t )  e1~ dl 3n b e

c o n s id er e !  i p p r o x i m a t e l y  n o r ma l .  C o n s e q uen t l y , if we s h i f t  to  r a n d o m

quantitic ’~ u and v, so that z = u + jv , then

(t ’— v) ’ 2f(u—~~ (t_ ~~) (u—Ti) ’
2(1—, ’) ~ +

p (u , v)  = —
~~~~~~~~~

---—== e
~ ~~~~~~~ j ” I_ r2
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If we use (5) an~ bear in min d t ha t for th e selected ~Iass of signal~
- and a~ have an order of magni~-ude of T (see the appendi x ) ,

we can easil y represent the ambiguity fLnct ion (4) in the form of

( 6 )  g 
~~~~ 

— ~~ ~~ 2 f. (i + — in {o~o~ ~ i1i7Fx

q(~~~+ 
~~~~~~

>( j ’ 4u 2
~ 2 y2) +

where

2 .  _________ 
q 

2_  _________ 
V

a 
2 (l_ 2) a~ 

73 ’ 2( 1 — r ’) c,~ 7’

‘
~~~

If we then ignore quantities of a greater order of Smillfl ?sS, t h o n

a f t e r  in  s i m p l e  t r a n s t o rm a t i o n s  we get

(7) g (T , Q)=

In the limiting case, when P —
~~ ~~~, expression (7) ac~juir~ s the form

of:

(8) g ( t ,

F o r m u l a s  (7)  m d  ( 8 )  m a k e  i t  p o s s i b l e  to  r a t h er  s i m p l y  c a lc u l i t~ tL~ 

_ _ j
~

_
~~~~~~~~~ _ _ _ _ _ _  _ _ _  _ _ _
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a m b i g u i t y  f u n c t i o n s  of r a n d o m  s i g n a l s .  H e r e  (~ ) , when 1? 0,

d e t e r m i n e s  t h e  au t o c o r r e l a t i o n  f u n c t i on  o f  t h e  s i gna l .

As a n  e x a m p l e  let us d e t e r m i n e  t h e  a m b i g u i t y  f u n c t i o n  of a

random Gaussian signal with autocorrelation function R (t 1, te) . rt i~
quite appa rent that

(t, t+t )  cos Q t d t ,

(9)  .

= S R (~’ t+t)sinQtdf.0

If we use the  k n o w n  [5) relationship for Gaussian random guanti l-ies

Sg

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

then  we f i n d

= (t i, 12) R (t 1+~c, t2+~t) c~ s Q11 cos Q12 d1 1d12 +

+ SS R (t i, 12 + t) R (t ~+~ , 12)cos Qt cos Q12d1 1 d12,

(1 0) cj~ H R  (t i , 12) P (11+t, W+t) sin ~ t1 sin Qt2 dt~dJ , ÷

+ S i R (ti, 12+1) R (t j + T , t2)sin ~~ sin Ql2dl 1dt,,

~~~ 
P (ti, 12) P (t~ +r, 12+1) cos ~211 sin Q12 d11dt 2 +

+ cS~ (1~, 12+1) R (1~ +~ , 12) cos W1 sin Q12 d11d121.

______________________________ ~~~~
—

~—— . I. -
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Now let us select for the sake ot deform ation the auto correlation

func t ion ot the signa l in the form of

- I
R (1k,  12 ) = e

wher e TK~CI is the correlat ion integral.

T h e n ,  by  c a l c u l at i n  1 in t e g r a l s  (9)  and  (1 0) a n d  i g n o r i r i j  t e r m s  of i

greater ord er of sma lln ess, ~~ ° y e t

g (t , ~) S~fl
2 ~ ( t )  + ~~~~~~~~~~ ÷ 4::~~2 ] x

(11) 1 + 
sin ( T —t)

xl 2 ( T —r) +’ -e~~
’
~’sin~~ 2 s in 2Q ( T— i)

L 2Q

As one  m i~~ht expect , ~he ambiguity function depends substantially on

the correlation interval , where t he  lower  t he  v a l u e  of ¶aç , t h e

b e t t e r  t h e  f o r m  i c .~u ir e d  by g ( r , i?) . From ( 1 1 )  we f i n d  t h e  a m b ig u i t y

function section with plane 0 = 0

(12) g (t , 0) 
~~

(I— _flE(1 +‘ ~~) e
2tt K+ 

~j.

wh ich , when T —- ~~~~ is transformed into the autocorrelation function ~~

the signal.
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As another exam ple let us look at a ph a se—ma nipula ted sig nil ,

r ep re sent e d  by  a r a n d o m  q u a n t i t y ,  w h i c h  w i t h  ~? q I I a l  p r o b a b i l i t y

~c q u i r es  one of t w o  v a l u e s  ±1. Here  t h e  la t t.~r sijti :hin~~ is

descr ibed  by the Poisson process with parameter

A (ti, 12) = (x )  dx.

In order to calcuLate the ambiguity function of (7) we lnu3t Ietc~rri~-

the mean value of t h e  pr o d u c t s  S ( t )  S (t + r)  , .~~‘1 S ( t~~ •S (t +

r) ‘S (t2) X S (t2 + r )

Now let us l o k  at the product of S ( t ) S (
~ 

+ r ) .  I t is eu u a l

e i t h e r  t o  +1 or to —1 , depending on whether the num b eL ~f tran si’ions

through zero on the interval (t , t + r )  is even or oi.t . r~~us ,

( 1 3 )  S ( 1)  S (1 + t)  P q (1 , 1+1 ) —P H ( t , t + r ) ,

w h e r e

P., (1 , 1 + t) = ii + e 2
~~

t • (+ t9 
~° (1 , +t ) —i..- ~ —e~ 2’~~ t+r)J

re p r e s e n t s  the probabilities of the even and odd number of

t r a n s i t i o n s  t h r o u g h  ze ro , r e s p e c t i v e l y .
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In order to find the mean value A (ti, t2, ~
) = S (t 1) S ($~~

~) S (t 2) S (t 2 • r), we in troduce events det ermined by the followin g

relationships:

B =(t , < 12),

B2 = (1 1+ 1> 12) ,
( 14)

C= (12>11),
C1= (12+1>11),
C2 = (12 + 1< 11) ,

w h e r e

~~~~~~ ~~~ T T .

These e v e n t s  can be regarded  as r an l om , or , if w e  a s s u m e  t h a t

from the domain 0 ~ t1, t2 ~ P — r ran d om quanti ties A (t 1, t2, r)

are arbitrarily selected. Then

P [ A = ± I ] = P  ( B ) [P (A = ± I / B B 1) P ( B/ B 1) + P  ( A = ± I / B B 2) P ( B / B 2 ) J +
(15)  P (C) [P ( A = ± 1 ) / C C 1 )  P (C/ C i) + p ( A= ±  I /CC2)  P (C/ C 2)] .

Cond i t i ona l  p r o b m n i l i t y  P ( A  = 1/B91) is repr esented as the sii a of

the proba bilities of all such combination s of values of the ~iuna l I.

for which A = 1 , and we exam ine the first term

P [S (1~) = I, S ( l i + t )  = 1 , S (1~) = I , S (12+1) = I/t ~<1~ +1< 12< 12 + 1).

- -~~~~~~~~~~
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Since the time intervals do not overlap , anu the appearance of +1 oi

—1 does no t  d e pen i  on t he  n u m b e r  of possible  t r a n s i t i o n s  on an

interva l, th en

P [ S  (t~) =1, S (t i + t) = I , S (12) =1 , S (12 + 1)  = I/tl<1 l+r< 12<12+T]=

= —i- P ., (t i, t~ +t )  P ., ( 1~ +1, 12) P ., (1 2, 12+1).

Such relation ships can also be obtainnj for other terms. T~~r’ri ,

by calculating (15) , we get

~~ [2±e~~A(~’ i,+T )—2~~(t ,. t~+i)], 11<11+1<12< 12+1.

(16) ~~~~~~~~~~~~~~~~~~~~~~~~~ 11<12< 11+ 1< 12+ 1,
P (A = ±1) =

—
~

— [ 2±e ~~~~ l,)—21t(I,+t , t i+T)] (2<11</2+1</ 1 +r,

—
~

— [ 2±e 2
~~” t ,+t) 25(t~.i~+t)] 12< 12+ 1< 11<11+ 1.

Further , the finding of the ambiguity function with (13) and (16)

considered leads to awkwa rd expressions . Thus , we exam ine here only a

particular case, where 0 = 0, X(x) = X~~. Then

g (t, 0) 
~Ts ( 1 k)  S (1i+ .r ) S  (1 2) S (12 + r)  d1 1 d 12.

By using (16) , aEter certain simple calcu lations we will get:

(17) g (1, 0) (i_ —
~

-)‘ e 4
~” + 

(e_4)~o(T t )  1) +~1 —

From (17), when P —
~~ —, we get the autocorrelation funct io n of

- ~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~ -
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the studied signa l in the form of

g (in , 0) =e 4
~’,

which  is t h e  w e l l  know n res~ait of ( 7 ] .

CONC L US ION

1. As the a~ oiguity func tion for random signals we shoul-J

generall y use the expression

g (~
, e) = —~- l nf  ~~2 (8. eJ S) 

~ 
( S )  dS.

2. If th e unknow n parameters are range and target velocity, t hou

I

~~j— 5 $(1)S (t~4-~)e!~Hdt

g (t, f~) = --- infe ° p (S) dS.

3. In the case where the autocorrelation function ot •h~ si.~nal

rapi dly declines to zero as the argument grows, it is possihi? to u~ -~

an approximate formula as the ambiguit y function:

g (r, Q)

where

(/) s ’ (/ + t)  e~~dt.

PT: —ID( R3 ) I—U 3 8 7—77
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A P P E N D I X

Let us show t h a t  o,~ and o have an order of ma -jnit ide of

For convenience Let us switch to refer ences at intervals of At

1/2?, wher e 2F is the width of the spectrum of the stu lici signal.

Then
I,

I ~~~~ Uj,2F
i—I

where  U, =SiS,+m cos , n =B—m—I , m=2F 1, B=2FT is t he s igna l  base. on sequ~-. nt 11

n n
I •‘0~~~ ~~~~ j-

1—I j—l

Mere Ri/ is t he  cor r e l a t i on  coeff ic ient be tween  U1 an ~ u,; ; o~ is

the dispersion of random quan tity ug. For s ignals w h i c h  can be

realized in practi ce the following limitation is natural

o~~~ C<oo .

Then

c~< 
~~~~~ ~~ 

I Rij i.
i—I i—I

Sinc e f o r the se lec ted  cl ass of sig n als Rij —*O a n d Ii—iI~-*oo, ,  for  a n y

va lue  ~>o , no m a t t e r  h o w  sma l l , whe n I t—J I > N we get I R i i I < €  (for

d e f i n i t i o n  we w i l l  a s sume  t h a t  e~~ 1/n)  . This means t h a t  in  t h e

matrix R11 11. - c o n t a i n i n g  nZ elements not more than (2$ • 1) n ~ lc m e n t s

exceed ~~~, and the remaining are smaller tha n € . F rom t t~is it f o l l o w s

- :  
~ - (  h . : )  1_ U 

~-7 7
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that

G 2
~~~~~~

’
fn 2e+fl  (2114-I)  ( I— e) J (2N-l-I) J,

i.e., when  ‘~-~~~°°°~~ --~~~°° - no faster than n , this means th at ~~~~
- h a s  t h e

order of magni tule of T. It is precisel y this way that we prove that

Received 30 Nove :nber 1970, rev ised 3 Ma y 1971
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