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FUNCTION OF AMBIGUITY OF RANDOM SIGNALS

A. F. Terpugov, V. A. Tolstunov

ABSTRACT Prasented is a generalization of the concept of the
ambiguity function for random signals. The use of obtained formulas

is demonstrated with two specific signals serving as an 2xample.

The Woodward ambiguity function, which plays an impoartant role
in radar theory, was obtained for the case of determin2i signals,
where interferinj noise is white and Gaussian . Wide-band random and
pseudorandom signils have recently been used in radar. The 1

possibility of coapressing such signals into a very narrow pulse in a

FTD-ID(RS)I-0387-77
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receiver has mad2 it possible, specifically, to resolve the
contradiction between the range of action anl resolution and to
provide =2mission secrecy. For this reason the problem of the

ambiguity functiosn of random signals is of particular intzrest.

In [ 1, 2] on2 possible generalization of the ambijuity function
to random signals is presented. Specifically the mathematical
expectation of th2 random ambiquity functions, i.e., ta2 mean value
of the Woodwarl aabiguity function, written for a fixed r=2aliza*ion
of the transmitt=23d signal, is used as the ambiquity function of
random signals. The generalization thus induced is clos2ly related t>
the instrument function of the radar set and has a practical

significance as the measure about which the different r2alizations ot

the ambiguity function of the random signal are grouped in a
statistical sens2. Thus, along with the mean value w2 must consider
the dispersion of the random ambiguity function, which introduces
probability ambiguity into the determination of targat pirameters.
Moreover, th= probability sense of the plotted function bhecomes

insufficiently clear.

In the pres2nt work a different approach to the solution of this

problem is proposad.

Let the proon2> signal S(t) be a realization of a random process

FTD-ID(RS)I-0387-77
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which is stored in the radar set to be later used in reception. Let
A
us assume that 6 represents the parameters, and © th2 2s5timates of
A
the parameters of this signal. If p(6/8) is the conditionial dansity

of the probabilities of estimates of unknown parameters, then in

receiving the signal in normal white noise, we can writ> the

expression [3, p. 149]:

A A
(1) P (8/8) =Ce%® 9,

A
vhere g (6, 8) is the ambiquity function, q - signal/noise ratis, C -

normalizing cofactor.

If the shape of the signal is known (fixed realization), then

. p (6/6, S) — Cen®.819),

If we use (1) and (2) and the known relationship

p (8, 8)= |p 6, 8/S) p (S) dS,

then, in the cas2 of a weak dependence of C on S (which Jenerally
occurs) we can get the following expression for the ambiguity

function:

A Ly 8, 4/s)
(3) g (6.0)=Lin [ cud.emp (s) as.

FTD-ID(RS)I-0387=77
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If we define 6 as signal delay and Doppler frequency shift, then

=-]

() g @=1m[o"

—co

T—t £
J S(1)S* (t+1)e/ Uar p(S)dsS.

Here T is the length of the probe pulse. For nonrandom sijynals (4) is

transformed into the Woodward ambiguity function.

It snould b2 mentioned that an ambiguity function obtained in
this form is not convenient for practical application, since it 1is

not always possible to find multidimensional density p(S). However,

for a broad class of signals function (4) acquires a simpler form.

Let us examine the signals whose autocorrelation func+ions
rapidly approach zero as the argument grows (this case 1is the most
interesting from the practical standpoint). Then when th2 signal has
a large base and the limitations (4] are sufficiently gesnesral, the
law of distribution of quantity z=1f250)s*(1+1)emtdt can be

0

considerel approximatsly normal. Consequantly, if we shift to randon

quantities u and v, so that z = u + jv, then

S 2 L 4 V) G R
2(1—r?) o2 %%y + 3
u, v) = 5 i
(5) p ( ’ U) e

216,06, V 1—r2 .
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If we use (5) and bear in mind that for the selected -lass of signals

ol - and 0; - have an order of magnitude of T (see the appendix), then

we can easily represent the ambiguity function (4) in the form of

1 (- — 1 ——
(6) g(v Q)= - v2+(1+'73dr)u’ ]—7 In{ou0p) 1—r2X
4(2_L'+ gﬁ\)z

/ 402B2—q2
XV 36 —~¥) + gy

where

1

R £ 9 O e LR
i p 2(1 —r3) o2

v
2 (l_,?) 03 - -F'D === —Tl"

R e
V= =) 000"

If we then ignor2 quantities of a greater order of smilln2ss, then

after in simple transformations we get
(7) g (v Q) = 7 [P +ut+ o2+ o} + 7k (v0n + rou?]

In the limiting case, when T — =, expression (7) acquicra2s the forn

of :
(8) g (v, Q) = o (@+22).

Formulas (7) and (8) make it possible to rather simply cilculate the
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ambiguity functions of random sigrnals. Here (8), when Q0 = 0,

determines the autocorrelation function of the signal.

As an exampl2 let us determine the ambiguity function of a
random Gaussian signal with autocorrelation function R(t,, t,). It is F

quite apparent that

T—

u= [R(t t+7) cosQtat, 4
0 E
(9)

T—v

v= [ R(t t+7)sinQtadt.
0

If we use the known [ 5] relationship for Gaussian random guantities

Sy

81823384=m'§§4+s—l§;'§;§4+§1§4'5—2§3~

then we find

T— X ):

o2 = [{ R (i t2) R (trix, ta+7) cos Qfy cos Qladtidty b
0

T—

+ [ R (tu tak 1) R (fi+1, ) cos Qty cos Qtadtidty,
0

T—

(19} 2= [ R (ti, ) R (tr+v, ty+7) sin @ty sin Qtadtydty +
0

T—1

+ ([ Rt ta+7) R (ti+1, ta)sin Q1 sin Quadndny,
0

T—1
p— __‘T{j’s R (11, t3) R (ti+7, t2+1) cos Q¢ sin Qt, dtdt, +
0

T—%

+ ([ R (11, ts#7) R (1 +7, 12) cos Q1 sin Qydt,dty),
0
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Now let us sel2ct for the sake of deformation the autocorrelation

function of the signal in the form of

- | 'I—"'

R (t, t)y=e ™ ,

where w<! is the correlation integral.

Then, by calculating integrals (9) and (10) and ignoring terms of a

greater order of smallness, w2 get

] _2t/tx 4 Q (7._1_) _.2;/1“ inQ 21k
T, Q) = e P sin 3t 34
g ( ) = T3 o sin ———2 4+l e ——Q—- +4+1392

(1)

T, sinQ (T—1)\?
e =
sin?Q(T—;t_)

2Q

—
X2 (T—t)li-?%e n“sin‘g(g‘ﬂ (

As one might 2xp2ct, the ambiguity function depends substantially on 3

the correlation interval, where the lower the value of 1, the

better the form acquired by g(r, 9). From (11) we find th2 ambiguity

function section with plane Q@ = 0

(12) g (x, O)=(1—— -;.—)[(l+‘ _;_)e—zmx+ %]' 1

which, whan T - e is transformed into the autocorrelation function of

the signal.
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As another =xample let us look at a phase-manipulated signal,

represented by a3 random quantity, which with equal probability

acquires one of two values *1. Here the latter sign chanj2 is

described by the Poisson process with parameter

t
A (t;, t2) = jh (X) dx.

i
In order to calculate the ambiguity function of (7) we must datermin=
the mean value of the products S (t) S (t + v) «ad S (t,)eS (t, +

r)eS (tz) X S (tp + 7).

Now let us 120k at the product of S (t) S (¢t + r). It is equal
either to +1 or to -1, depending on whether the number of transitions

through zero on the interval (t, t + 7) is even or oili. Taus,
(13) S (1) S (t+1) =P (8 t+1)—Py(t, t+7),

where

p‘l (t, t+T) = _;_ “ +e-?.\(l_ l+n}‘ P,,,(t, l+‘t) =_12__”__e—2Au, t+1)]

represents the probabilities of the even and odd numbar »of

transitions through zero, respectively.
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In order to find the mean value A (t;, t, 7) =S (ty) S (¥, *

(tz) S (t, ¢+ r), we introduce events determined by the following

tionships:

B=(t, < t,),
By=(t,+1<1y),
By=(ti+1>1,),
C=(t:>1),
Ci=(t,+1>1)),
Cr=(t2+1<ty),

where

from

0Lty b T—r.

These a2vents can be regarded as random, or, if we assume that

the domain 0 < t,, t, < T - r random quantities A (t,, t,, 7)

are arbitrarily selected. Then

(15)

P[A==x1]=P (B) [P (A==1/BB,) P (B/B\) +P (A= +1/BB,) P(B/B,)]+
P (C) [P (A==1)/CC)) P (C/C)) +p (A==+1/CCy) P (C/C2)).

Conditional probanility P (A = 1/BB,;) 1is represented as the sum of

th

®

for

probabilities of all such combinations of values of the signal 5

which A = 1, and we examine the first tern

P[S (t|)=l. 'S (tl+‘t)=l, S (12)=l, S (12+T) =l/t1<t|+f<’2<t2+fl.
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Since the time intervals do not overlap, and the appearance of +1 or
-1 does not depeni on the number of possible transitions on an
interval, then

P[S (t)=1,S (h+1)=1,8 (&2) =1, S (L2 +71) = /L, <t +1<r<ta+1]=

=5 Pu (ty, ti+7) Py (1, &) Py (2, 2 47).
Such relatioaships can also be obtained for othar tarms. Then,
by calculating (15), we get

L[240 kD=0 LA, f <ty + 1<ty <t .

-

H6) 2P I L] <<t 1<ty
P (A==1)—
_:_ [24e- Al =2A AT WD), £, < <ty +T<t +T,

%[2ie—“(fn BAD=28(0 AT £ <ty 1< <H T

Further, the finding of the ambiguity function with (13) and (16)
considered leads to awkward expressions. Thus, we examin2 here only a
particular case, where @ = 0, A(X) = Ag. Then

T—1t

g (1, 0)= H S (1) S (fi+7x) S (t2) S (f2+71) dt dt,.
0

By using (16), after certain simple calculations we will get:
1 =y T
o £ 0= (1= 7]+ gz o= 3

Prom (17), when T > =, we get the autocorrelation function of
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the studied signal in the form of
g (Tu 0) =e’“",

which is the well known result of [7].

CONCLUSION

1. As th2 amopiquity function for random signals we shouli

generally use the expression

g (6, 8)=—1n f ce®.019 p (S) dS.

2. If the unknown parameters are range and targ2t v2locity, then

g (x, Q)=~lq—lnfe

—c0

T—t
j S(H)S*(t+1)elQat
0

=
p (S) dS.

3. In the cise where the autocorrelation function of the signal
rapidly declines to zero as the argument grows, it is possibla to use

an aprroximate formula as the ambiguity function:

gz, Q)= —7’.—, w402+ 05 + 0 + —;ZTZ— (vou4-roau)’ ],

where
T—1

utju= S S (t) S* (t+7) eat.
0

FTD-ID(RS)I=-0387-77
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APPENDIX

Let us show that o and o] have an order of magnitade of T.
For convenienc2 l2t us switch to references at intervals of At =

1/2F, where 2F is the width of the spectrum of the stuii2i signal.

Then

. Q : !
where ui=SiSiypcosiypr, n=B—m—1, m=2Fv, B=2fT is the signal base. Zonsequently

n n
2 1 NN Ruoo:
o | 3 ) R
(=1 j=I
Here Ry is the correlation coefficient between % ani uj; ; o is
the dispersion of random quantity 4. . Por signals which can be

realized in practice the following limitation is natural

02< C<oo,
Then
C N\ '\
1
03<4_F-T \ [Rij |

Since for the selactad class of signals R;—»0 and l|i—j»>»,, for any
value e>0, no mattar how small, when [—jl>N we get [Riyi<e (for
definition we will assume that e< 1/n). This means that in the
matrix IR4l.,- containing n2 elements not more than (2N ¢ 1) n alements

exceed £, and tha remaining are smaller than €. Prom this it follows
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that
< e tn (2N +1) (1—)] <. IN+1
u“ 4F13 € ( _B)J\AEI”"*'”( + ”:
i.e., when n»>®0j>- no faster than n, this means *that “ - has the

order of magnitui2 of T. It is precisely this way that we prove that

63~T.
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