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1 . INTRODUCTION

l’he purpose of this report is to review , unify , and extend recent
studies of shock uropagation in monatomic , discre te crystal lattices .
Most of these studies , undertaken by various investigators during the
past decade or so, have employed computer-molecular-dynamic techniques
to simulate the motion of the shock wave through the lattice , and this
procedure will be largely followed in the present i~~rk. A l though these
“brute-force ’ techni ques suffer from well-known limitations , the curren t
state of the art is such that they provide the only l ractical way of
treating highl y nonlinear problems in lattice dynamics . The calcula tions
of the report will be confined to a one-dimensional lattice. This
limi tation has been introduced partl y because the one-dimens i onal latt ic e
is considerably easier to treat numerically, partly because we heliec e
that mos t of the physical princip les are contained in such a model ,
and partly because it is desirable to investigate such questions as
numerical accuracy before proceeding to more complicated , three-dimen-
sional calculations .

The motivation for studying shock propagation from a microscop ic
point of view has been the belief that a continuum approach may fail ,
in certain cases , to predict the effect adequately. Ea~’1y inves ti gations
of shock propagation in gases , using a hydrodynamic approach , revealed
that for strong shock waves the shock thickness was of the order of a

gas molecular mean free path
1
. This condition invalidates the use of

the Navier-Stokes equations
2 and prompted investigators , mos t notably’

Mott-Smith , to reconsider the shock problem from the point of view
of kinetic theory. More recently , investigations have been undertaken

using computer-simulation methods
3
.

An analagous approach for the case of shock waves in solids has
proceeded much more slowly , owing primarily to the increased difficulty .
For several reasons , however , the need for such an examination clearl y
exists .

1. R. Becker , “Stosswelle und Detonation ”, . Physik 8, 321 (1922) .
2. H.M. Mutt-Smith , “I’he Solution of the Boltzmann Equation for a

Shock W a ve ’ , Ph ys .  R ev. 82 , 385 (195 1) .
3. G .A. Bird , “Aspec ts of the Structure of Strong Shock Wave s ’ ,

Phys. Fluids 13 , 1172 (1970).
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Fir st , i t  is ~oi ~~~ that discrete 1:i~ t ic es exhibit dispersion which
is  not accounted b r  in the hydrodynamic approach. For example , if a
one-dimensiona l , harm onic lattice (linear interatomic forces) is subjected
to steady compress in : , the resulting shock” profile does not approach a
‘tead y state *. The rt’ison is that the different normal-mode frequencies
pr e sent  i i i  t he  c i m p r e ~~sion ~~3Ve t ravel at d i f f e r e n t  group speeds ; the
h i g h e r - f r e q u e n cy  modes t r a v e l  more slow l y’ than the lower-frequency modes
and thus  t r a i l  ever  f a r t h e r  beh ind  the head of the  f r o n t .  The e f f e ct  is
s i m i l a r  t u  the  d i sp e r ~~i cc s~~i t .ud in g  of a q u a n t u m - m e c h a n i c a l  wave packe t .
For more realistic anharrnonic iattices (nonlinear interatomic forces),
dispersion is complicated by the coupling between the various normal
modes and it is import ant to determine the consequences of this coupling .

Second , a fluid-dynamical treatment of a solid can be valid only if
material ri gidi ty can be neglected . This condition is probably satisfied
prov~ d cd the pressure in the solid is much greater than the shear yield

~.treii gth. ls’hile it is true that pressures behind strong shock fronts
are much greater than the static yield strength , it would be more
appropria te to compare them with the yield strength under dynamic

conditions . As Tsai~ has pointed out , the yield strength then is proh ohl y
much greater than in the static case , perhaps approaching the theoretical
st rength.

Third , continuum trcatments of shock propagation are dependen t upon
ci5 uhiptions about equations of state for the solid under consideration

5 6as w e l l  as assumpt ions  about the na tu re  of v iscous e f f ec t s  . The
e q u a t i o n s  of s t a t e  are i nadequa t e ly  known for  so l ids  and the orig in of
viscous effects not completely understood . By use of computer simula-
t ions , one evades the necessity for these a p ri eri assumptions .

\ harmonic lattice cannot support a shock wave in the usual sense for
reasons discussed in the following section . We shall nevertheless
use this terminology to ret’er to the resulting compression profile
when the lattice is subjected to compression.
4. D . H .  ‘Fsa i , “An A t u m i s t i c  Theory of Shock Compression of a Perfect

Cry stalline Solid” , in Accurate Characterization of the High-Pressu re
Environmen t, edited by P.C. lloyd , Nati. Bur . Stds. Spec. Publ.
No. 326 (U.S. GPO , Washing ton , DC, 1971), p. lOS.

S. W . Band , “Studies in the Theory of Shock Propagation in Solids” ,
J . Geophys . Res . 65, 695 (19b0).

o . 1).R . Bland , “On Shock Structure in a Solid” , .J. Inst. Math.
Applica t ions 1 , 56 (1965) .

11)
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Fin a l ly ’ , s I nec the classic computer  s tudy  unde r’t oPen by Fermi  , la st a

and U lam ’ 
, cons iderabi e speculat ion has an sen about  t h e  m a n n e r  in wh i ch

crystci I lot t ices app i’octc }i thermal equ i i  ib riunt . The hydrodytiamic t h e o r y
assumes t h a t  t h e r m a l  equ i lib rium ex ist s behind the shock and all ow s for
only small deviations from equilibrium within the front . it is c le c irl ~
impor t an t  to examine  t h e  ‘. a l i d i t y  of t he se  a s sumpt ions  and they  w i l l  be
address ed in soot’ dc’ t o i l  in  t h i ,~ r epor t .

An a t t e m p t  to reso lve  the  p o i n t s  in the  above d is c u s s i o n  app eai’~
to  he of spec ia l  im p o r t a n c e  w i t h  regard  to A r m y - r e l a t e d  p rob le ms . I” or

example , the : eldov ich -v on  N e u m a n n - P o r i n g  ( ND) t heo ry  of d et o n a t i on
s

,
p robab ly  the most w i d e l y used theory  ot •’ s h o c k - i n d u c e d  d e t o n a t i o n , is
based on the assumption that the details of the shock front can be

• i gnored . In the NL) theory , the only effect of the shock is to raise
the temperature , den~~i ty, and pressure of the lattice to values hi gher
than in the undisturbed lattice. Chemical reactions are then assumed
to  occur in the t h e rm a l l y  eq u i l i b r a t e d  reg ion beh ind  the  shock f r o n t .
However , if t he  shock  P r o f i l e  is not  s teady , or if the  approach to
e q u i l i b r i u m  is  not much more rapid  than  the times required for chemical
r e a c t i o n , the above a s sumpt ion  must  c l e a r l y ’  he c a l l ed  i n t o  q u e s t i o n .

Before t u r n i n g  to  the p resen t  c a l c u l a t i o n s , we w i l l  b r i e f l y  sunimari: i ’
t he  e x i s t i n g  work as w e l l  as i n d i c a t e  some of the ques t ions  t h a t  i t  has
raised . The most extensi ~ e studies of shock propagation in discrete lot-

t ices have been u n d e r t a k en  by ‘ I sa i  and co~ oi’ker s 4 ’ 9 , 10 over the  las t  de c a d e .
Their more recent computer codes solve the atomic equations of notion for
three-dimensional , face- and body-centered cubic crystals subjected to
shock compression. An essential conclusion of their work is that the shock
profile is not steady in t ime , but that the leading edge of the thermally
equilibra ted reg ion behind the shock propagates more slowly than does the
front itself. Consequently, the transition reg ion grows wider in time .
The nonstead behavior has been interpreted by these investigators as
being a natural e . x t e n ~ ion of the low-temperature phenomenon of sec ond

11 l~sound ‘ — 
. Howecci ’  , a number  of q u e s r i  ,ms arise regarding t h i s  j u t  er-

7. E. Fermi , J . R .  P a s t a ,  and S .M .  Ula m , “Studies in N o n l i n e a r  P r o b l e m s .
Los Alamos Sci. lab. Rep. A-1940. 1955; also in Collected Works
of E n r i c o  F erm i ( U n i v .  Ch icago  Press , Ph ice ’u~o , I ObS ) , \‘ , II , p.

8. B. Lewis  and C. von EIhe , Combus t ion ,  Flames, and Explo sion of Cast’s
( A c a d e m i c , New Yor ,~, ,  ~n 5 1 ) ,  Chap.  X I .

9. D . H .  ‘l’sai and C . W . B e c k L t t  , “Shock Wa~’ e P r o p a g a t i o n  in Cubic
lattices ’’ , J . ;eoph v~ . Res . 1 , 2~ Ol (19Oo)

10 . D. 11. Tsai and R . A .  ‘l c i c l ) o n , i l d , “Second Sound i n  a S o l i d  tinde r Shock
Compress ion ’’ , 1 , Phy s . C o , 1.171 (1973

11 . .J . C. Wa rd and J . W I !  ks , ‘‘Second Sound and t h e  ‘l’h e rmo- - Mcc)i in i c a l
I)t’fect at Vi’ r’~’ I,ow ‘t empe ra tu r e s ’’ , P h i l . N a g .  •!3 , 4S ( 1952)

12 .  M . Chester , ‘‘Second Sound in Solid ’ , Phys. Rev. 13 1 . dt )l5 ( i O n S ) .

p.. - —



rr’t,ct ion . Fir st , ~~,i ~ e : t  t enries of second sound suggest that it
c,iii only occur un ier e~ t reme l y limi t ed experimental conditions .
Specifical ly, the temperature must be sufficiently low that umklapp

phonon scattering processes~~ are negli gible , but sufficiently high
tha t normal processes have been activated. Unless the first condition
is satisf~ eu , the secoiid-s~ n i ,~ ~ o~~e is i’apidl y damped in time , and ,
unless the se c.hd condi tion ~t , oni> Lallistic propagation occurs .
It is difficult to s~~e ho~ such ~u n d i t i o n s  can be met in a crystal
under shock compression i.n ere one i~u~~ d ordinarily expect uxnklapp
scattering to be of utmost irip ortance . Second, although the propagation
in to the crystal of a thermally equilibrated region behind the shock
front is superficially similar to the propagation of a second-sound
wave , we view these proce~~ es to be fundamentally different physical
phenomena. In the shock-wave case , directed energy which is deposited
into the crystal by the ‘-ho ck front relaxes to thermal equilibrium
h e h i n d  the front; if the re!a.~ation time is constant , the thermally
equilibr ated part of the crys tal will clearly propagate at the speed
of the front and the profile will be steady in time. In the second-
sound case , thermal or “random ” energy propagates into the crystal.
Ordinari ly this energy propagates only by diffusion but , under the
limi ted experimental conditions discussed above, it can propagate at
the hig her speed of second sound . ln our view , then , in order to explain
the nonsteady behavior of the shock profile , it is necessary to explain
why the relaxation time increases with increasing distance into the
c r y s t a l .

We should also poin t out that two additional conclusions of
Tsai’s work contradict continuum theories of shock propagation . First ,
the energy densi ty immedia tely behind the front appears to substantially
ov ershoot its final equilibrated value . To our knowledge , no detailed
explana tion of this effect has been offered . Second , the Hugoniot con-
di tions , which relate the initial and final values of the pressure ,
densi ty, energy , and veloci ty are not identicall y satisfied . The lack
of agreement has been attributed to the nonsteady behavior and this
explanation seems reasonable in V i e w  of the fact that these conditions ,
in their usual form , are based on the assumption of steady state.

‘i’he only additional computer simulations of shock propagation in
tne three-dimensional lattice with which we are aware are the work of

13. J .M . Ziman , Elec trons and l’honons (Oxford Universit y Press ,
London , 1960), Chap . Ill .



Paskin and his coworkers ’4’15 , These investi gations have been con-
siderably less extensive than those of ‘l’sai. It is difficult to
conclude from their results whether the profile is steady since the
shock wave has been allowed to propagate only a short distance into
the lattice . ‘the liugoniot conditions were checked and reported to
he satisfied. Although this conclusion appears to contradict the work
of ‘I’sai , we should point out that Tsai found deviations of only a few
percent and , since the results are highly dependent upon very accurate
determination of the thermodynamic variables under consideration , the
question must he considered unsettled.

In addition to the work on three-dimensional crystals , shock
propagation in one-dimensional chains has also been under active in-

vesti gation . Manv i , Duvall , and coworkers 16”~
8
, in an effort to

resolve some of the more puzzling questions , have studied the prob l em
in detail. They , too , observed a nonsteady profile and found that no
temperature rise existed behind the front. Computer solution of the
atomic equations of motion for a one-dimensional , weakly anharmonic

.19-21chain have also been undertaken by l’asi . ‘I’he numerical solutions
were then verified by an elegant perturbation techni que . las i’ s re sults
were in essential agreement with those of Manvi et al. In addition ,
the shock wave was allowed to propagate considerably fa rther i n t o  the
lattice than in previous investigations. At distances far into the
lattice , the propagation of well-defined , stable pul ses (solitary WOvOS
was found in the vicinity of the shock front. In ‘l’asi ’ s work as well

14 , A , Paskin and G..J. Dienes , “Molecular Dynamic Simulations of Sh&s k
Waves in a ‘I’hree-l)imensional Solid” , J . Appi. Phys. 13 , 1 0 5
(19721.

15 , A. Paskin and G .J. Dienes , “A Model for Shock Waves in Soli Is and
Evidence for a Thermal Catastrophe” , Solid State Comm . 17 , 19 ’
(1975).
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is ~L at  of M a n v i  and h i s  coworkers , i t  w~~s assumed t h a t  the  a toms of U ”
.:rvstal were initially at rest in their oqiil ibr ium pos it ions prior to
cxc itat ion by the shock wave. ‘Fhus , the seeming is important effect on
sh o c k  p ropagat ion  of a nonzero ambient t emperature ~as not ex amined  in
t h ~~~c o n e - d i m e n s i o n a l  c a l c u l a t i o n s .

l’hese questions w ill be addressed in considerably greater detail
i n  the text of this i’cj’ert in i~Li ch ~ e Jesc rif e !h~ results of calcu—
latiojis undertaken using our own ~~p~~~x’ prog~.1m written in-house.
To summarize , our motivation for this work has been as follows : Shock-
wave studies in three-dimensional crystals have raised , but in our
opinion failed to answer , a number of imp or tan t  ques t i ons , p a r t i c u l a r l y
regarding the e x i s t e n c e  of ’ ‘;t~~ad ;  st a t e  and the  approach to therma l
e q u i l i b r i u m .  ‘~t t e m p t s  to answer these  ques t ions  u s i n g  s i m p l e r  one—
d i m e n s i o n a l  models  h a v e  h~ en e x c e l l e n t , but  l a r g e l y  i nconc lu s ive .
in vie w of t h e  i mp o r t a n c e  of und r a t  an d i ng  shock p ropagat ion  to
\ : ‘ r y — r e l i t e d  ~‘r ’ob Jon . , i t wa ’~ coils idered w o r t h w h i l e  to deve lop  our own
t n — h ouse ~ ,i 1’ ,t f ’~ l i t  v f or  stud ying the se problems . ‘the o n e — d i m e n s i o n a l
ccwk d i s c u s s e d  here  ~~-. o t t  t n i t i i l  s t ep  in the  w r i t i n g  of a more compl i  —

ate ,i th r e e - d i me n s  o n i l  ode wh i ch we p lan  to  under take  in the  nea r
f t nrc .

ihe organ i nil ii) ) !  the report is as f o l l o w s :  In Sec.  2 , we in-
1 i ca  e t he  model a .  w e l l  a-. discuss the i n t e r a t o m i c  p o t e n t i a l s  used
ii ‘ar c u l c n l a t i , m ’ .. I n  Sec. 3 , an exact  anal y t i c  s o l u t i o n  fo r  the

propagation of c o m p r e s s i o n  w i v e S  in  the h a r m o n i c , o n e — d i m e n s i o n a l
l a t t  i c e  i s  p r ~’s ’ ’ t . t t ’d . I n  Sec. 4 , the  equat i ons of motion are rewritt en
in riond incus i onal form and the n u m e r i c a l  method emp loyed in the comput  t r
code discussed . Section 5 contains the results of the numerical

l i t  ion of the equat ions of motion for the anharmonic lattice. Prior
to excitation by the shock , the atoms were in i t i a l l y  at rest  iii their
equilibrium posi tions. Solitary waves are found to propagate in the
v i c i n i t y  of the f ront  and an analytic approximation for the shape of
the  so l i t a r y  waves i s  p r e s e n t e d . In Sec . ~~~, the r e s u l t s  of Sec. S are
‘ , \ t e l l d e , l  t o  t he  case in w h i c h  t h e  l a t t i c e  i s  c h a r a c t e r i z e d  by some

n on z e r o  i n i t i a l  temperature. L ot i s i d e r a h ie  d i s c u s s i o n  of t he  r e s u l t s
is  g i v e n  in each section . Sect ion 7 c o n t a i n s  a summary and conc i ion
is w e l l  as our i n t e n t i o n s  for  f u t u r e  work .

2 .  MODEL AND INTERA ’I ’OMiC P O T E N t I A L S

Ih i ’ model  unt .ler c o n s i d e r a t i o n  for the  p resen t  c a l c u l a t i o n s
c o n s i s t s  of a one -d imens iona l  chain of atoms , each hav ing mass m ,
w h i c h  i n t e r a c t  through some i n t e r a t o m i c  p o t e n t i a l  to be sp e c i f i e d .
(See F i g .  1 .) The t o t a l  number of a toms i n  t h e  cha in  is  N and the
equ i I i h r i i n n  spac i r i g  b et  we~’n successive atoms is a

~~
. The coordin ate

repres en t s the  d i s p l a c e m e n t  of the ~th  atom from i t s  e q u i l i b r i u m

p o st io l i , r~ is the distance t o  t he  ~th atom from a common origin
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(chosen to  be the e q u i l i b r i u m  posi t ion  of the f i r s t  atom) , and r 0 .  is

the corresponding distance to the equilibrium site of the j atom .
The coordinates are related by the expression

r. = r . + x ,  . ( 2 . 1 )
j Oj  j

The purpose of the c a l c u l a t i o n  then is to solve the c l a s s i c a l  equat ions
of motion of the atoms when the first atom is subjected to steady
compression at velocity U .

The H a mi l t on i a n  for the  chain  can be w r i t t e n  as

N
H = m ~~ v + ~ (r 1, r ,, . . . r

~,~
’i ( 2 , 2 )

j = 1

where  = d x . / dt  is  the ve loc i ty  of the 3
th particle and ~ is the

total potential energy of the lattice. The d i f fe r e n t i a l  equat ion  of

m o t i o n  of the ~th particle is then clearly

d x .
m —a- = F, + F. ext (2.3)

dt2

where F~ = - ~~/ax~ is the force exerted on the ~th particle by the

remaining atoms of the lattice and F~~~
t is the corresponding external

force. For the problem under consideration , F.
ext is zero for all

particles except the first and then it is -F 1 
since this particle

moves at constant velocity u.

we assum e that the atoms undergo only small deviations from their
equil ibrium positions , the potential t can be expanded in a Taylor
series abou t the atoms ’ equilibrium positions such that

= 

~ 
(r0~ , r07, 

... r~~) + 2 
~~~

. .  X .  x . (2.3)

i ,j=l

where i s  a c o n s t a n t  w h i c h  w i l l  a r b i t r a r i l y  he set equa l to zero

hereaf ter and where

~
‘ij 

= (
~

) . ( 2 . 5 )

r0., r0.

It

L.~~~~~



The first-derivative term in the Taylor expansion for the potential
vanishes since the expansion is about the equilibrium position s of the
atoms. rhe potential represented by Eq. (2.4) is the so-called
harmonic potential. Finally, if we assume only nearest-nei ghbor

interactions such that only the + 1
St 

and - 1
st 

atom exert an

appreciable force on the ~th atom , we have

= - 
~ 

(6 .  - 2 6. + 6 .  , ) (..o)
13 i , j — 1  t,3 i , j + l

where ~ is  the  f o r c e  cons tan t  of the  “s p r i n g ” connec t  i n g  s u c c e s s i v e
particles and 6 is the Kronecker 6. Equations (.2.31 - (2 .6) then imply

that the equation of motion of the ~th particle is given in the
harmonic approximation by

d x ,
m (x -2x . + x ’  ,) + F , ext  

. ( . 2 . 7 )

dr ~;+l j  J L  3

l qu~ tion 12. ” ) i s a linear , second—order , d i f f e r e n t i a l  equation and , as

we shall sic in the following section , it is amenable to exact analytic
solut ion .

Particulariy’ it low temperatures , the harmonic a p p r o x i m a t i o n  to
the interatonic potential is usually adequate for calculating most
equilibrium properties of the lattice. For several reasons , however ,
the approximation is generally inadequate for the stud~ of ’ the shock-
wave prob l em . Fir st , at the high t emperatures present in most shock-
wave calculations , the atoms undergo siih~.tantia l devi ations from
their equilibrium posit ions and the I ay icr e x p a n s i o n  r e p r e s e n t e d  i n
Eq. (2.4) is no longer v alid. Second , if one pt’ rturm ’. a normal-mode
anal y s i s  to  so lve  a n a l v t  ic a lly t h e  e,’ni , i t  i o n s  of in~ t ion f o r  a sv s t & ’m
of coup led harmonic oscillators , it is found that the e n e r gy  of ’ each
mode is a constant of the motion . C o n s e qu e n t  l v , there e~~t ’ ~t c rio

mechanism in the harmonic app z’ o\  m a t  ion  fo r  red i  5 1  rihu t i n g  t h e  e n e r gy
among the  c a r t  otis modes . Tb i s  sy s t e m  t h e n , i ~ d i  st  urb ed  from t henn a I
e q u i l i b r i u m , can never r e t u r n  to  equ i i i  b r i  ti m . F i n a l l y  , i t  j s  kn own
that anharmonic terms are  responsible for  t h e  s t e e p e n i n g  e f fe c t  w h i c h
forms a shoc k wave f rom t h e  in it ii  I compression of t h e  l i t  t i c e .  thy
real i s t  i c latt ice—dynam ical s t u d y of shock p r op aga t  i on  m u s t  the re fore
be based upon a model which includes anharmoni c interacti on ’.,

Two ariharmonic potentials wh i ch have been w i d e l y  used in  l a t t i ~~e
dynamical calculations , and in particular in the study of s h o c k - w a v e
phenomena , are the Morse and Lennard-lones pote n tials . ‘I’hese potenti a ls
are semi—em pirical and based on the issumpt ion t h a t  o n i  t w o -b o d y
i n t e r a c t  ions  a re  i mp o r t a n t .  I f  we f u r t h e r  r e s t  n e t  cons  i d e r a t  ion
to only nearest —ne t g h h o r  int er act ions  t h e  p o t e n t  i a l s  can  br ’ w r i t  t e n ,
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respect i v e ly ,  as

N r -a(x -x , ) 
~= D 

~~~ 

i, i - i  
- 1] (2 .8 )

i=2

and 6 
2

~I 1 £ 
~~ 

- i 1 . (2.9)
i=2 L (a 0+ x. -x . 1 ) J

In these expressions , c ,l), and a are constants which are usually fit
to the experimental data. That the potentials are qualitatively

similar has been shown , for instance , by Choquard~~. Since it is
slightly easier to t reat numericall y , we will confine our attentio ti in
the remainder of this report to only the Morse potential.

One additional potential which will be discussed only briefly in
the text of this report is the so-called hard-sphere interaction first

suggested by Northcote and Potts in their stud y of the Fermi-Pasta-
Ulam problem . In this approximation , it is assumed that the atoms of
the chain can be represented by hard spheres of diameter d connected
F harmonic springs. Between collisions , the motion of the atoms is
governed by the harmonic approximation . Whenever the atomic separation
of successive atoms becomes equal to d , however , the atoms undergo an
el a stic collision in which their momenta are interchanged . For reasons
discussed in Sec. 5, it i s  of interest to study this interaction hri et ’l~

22 . P. Choqu t i’d , The Anharmonic Crystal (Benjamin , New York , l9~
” 1

Chap. 6.
23 . R .S. Northcote and R .B. Potts , “Energy Sharing and E quilibrium for

Nonlinear Systems ”, ,J• Math .  Phys. 5, 383 (1964).
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3 . ‘UI IL HARMON IC  L V I I I  C L

Propagation of compres s ion  pulses in one-dimen sional , harmoni c
)4 

~8chain s has been extensivel~’ studied~ . For reasons di scussed in
the previous section , a harmonic latti ce cannot support a shock wave
in the usual sense. Nevertheless , it i s interesting to carry out the
calcu lal ’ ion s i n c e  the  re~ u It lends phy sical ins ight into t h e  cal  c u l a t  on
for th e  an h ar m o n i c  c:ise , and a l s o  p r o v i d e s  a u s e f u l  limiting-c as e cheek
for the numerical calculations undertaken subsequently.

‘the first deta i led solu t ion of this problem was apparently g i v en
29 ‘by S c h r o e din g e r  who n o t e d  that  the equa t ions  of not ion  f o r  the  atoms

could he put in a form that resembled the recursion relation for Bessel
functions of the first kind . Tm this section we shall present a more
detailed calculat ion , i n v o l v i n g  a normal—mode anal si s , which we b e l i e v e
is somewhat more illustrative of the physical princi ples involved.

We sha ll beg in by so lving the atomic equations of notion for the
atoms of an int ’ini te , one-dimens i onal , harmon ic lattice for arbitrary
ini tial cond itions . The atoms are distributed symmetrically about the
zero th a t o m , w h i c h  is located at the origin (See I’ ig. 2) . No e x t e r n a l
forces act  on t h e  c h a i n .  We t hen show t h a t  by j ud i c ious l v choos i ng t h e
initial velo c ities and p o s i t i o n s  of the particles for j ~ 1 , the  f i r s t
pa r t  ic le c iii he made to t r a v e  I t the right at ,i cons t a u t  ye loci  t u
fo r  a l l  t i n e . i n  o t h e r  words  , t h e  boundary— cit ( t i e  proF len co r r e sponding
t o  shock propa gat i on in a s e m i —  i n f i n i t e  l at t  i ce  can he t ra ris  fo rmed to
an m i t  i i i  —

~~ i i lu e  p r o b l e m  for in infinite chain. We then use’ th i s mod e l
to  i n v e s t  i g a t e  t he  shock p r af i le for  two sets  of i n i t i a l  conditions .
En t he  f i r s t  case , the  p a r t  id es for  w h i c h  j ~~ 1 are assumed to he’
m i t  i a l  l y at  r e st  i n  t h e i r  equ i 1 ihrium ~~05 it ions , whereas , in t h e  second
ca lcu lot  ion  , t h e  i r cc Icc t i Cs are  d i S t r i b u t e d  according to  a M axw’ e II i a n
di st r i hu t  i an  a t  t e m p e r a t u r e  ‘F .

2 1 . l’ .~ 1 . Mors e  ar id  K.U. ingard , Theore t i ca l  A c o u s t i c s ’  M c L r a w — I I i  I I ,
New ‘t o r k , 1 9irS ) , Chap . 3.

25. R. 1~ ’ i ri stoc k , ‘‘l’ r’opitga t ion  (If a l ong i t u d i n a l  l ) i  s t u r ban ce  on a
( ) n e — l ) i m e n s i o n a l  l a t t i c e ’’ , Am . 1 . Phv s. 38, l2S~) ( l~~ 0)

2o . L . ’I . l3a i’ aodv and I .  i)r ~i ug l i  ii , ‘‘Propagation of a Sharp l)isturba t’ice
.\l ong a One— l )imensional lattic e ’’ , Am . .1. Phvs . 39, 1112 (19 1)

27 . A . ii. Nov t’e’h and M .11. Ri cc , ‘‘On The P r op a g a t i o n  of I) is t u rb a n c e s  in a
Semi — I n f i n i t e ’  Ont’ — I ) i m e n s  i a n a l  I at t i c e ’’ , Am . 1 . I’hvs . 1(1 , 4 (’,9 ( 19 7 2 )
I’ .1). goodman , ‘‘l’ ropagat  ion of a I) ist urhance on ;t One— lu mens i ana l

i t t  i c e  ~) o l v e d  by R t ,’Sl)OnSe l’tiflc t ions ’’ , Am . .1 . I’hys . 40, 92 (1972) .
,~9 . I Sch rot’d inger , ‘‘ :~ I ’Iyn i tm 1k F l  a s t  i sch (ekoppe I ter P u n k t  sy I eme ’’

t h u .  Ph~ s~ 1 1 , 9 l c ~ ( 1 9 1 4 ) .
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~~ . i G~n~ r a l  Solution of the Equat ions of M o t i  on for  the  I n f i n i t e ,
One -I) i men s i on a l ,  H a r m o n i c  Cha in

Consider it  c h a i n  c o n s i s t i n g  of N a toms connected by harmonic  s p r i n g s
of f o r c e ’  const  ant  ~ . Every at on has mass m and is lobe led by index j
such that

N - I N - I
‘ -—h-- ~~~~~~~~~~~~~~~~~~~~~

~e assume for  c o n ven i e n c e  t h a t  N i s  odd . I t  w i l l  be made a rh i  t r a r i  ly
l a rge  in t he  f i n a l  r e s u l t s .

‘l’he differenti al equation of motion for the ~th atom , assuming
only nearest-nei ghbor interactions , is given by Eq. (2.7) without the
forcing term , v i z . ,

ci
m —‘~~

- = ~ (x ~~~1 - 2 x~ + . (3 .1)

S i n c e  We ant i c i pate osc i 1 lot cry solutions at ’ th i ii e’9u ;it  j O t )  , he as S u m e
a so lu t i on of t h e  fo rm

I ( .t  f~~~)
x . = C .  e , (3 .2)

w h er e  C , i th e’ amp ! I tude , ~ i s the f r e q u e n c y ,  and ~ is  a phase  t’,ic toi- .
The re ;e~ por t  of I ~j. (3.2) is , of course, impli ed. Substitution of
Eq. (3.2) into (,S . I) yields for the ei genvectors C. the relat i on

- m~~ (~ = ‘t ~~ j + l  
- 2 C j 

+ C ~~~1 ) - ( 3 . 3)

(‘ 0115 1 Ac rob Ic s I nip lit ’ i c a t  i on  in  the’ so l u t  ion at Eq .  (3 . 3) an ses i t ’
h ,  as sumn e pe’ i’i ad i c bounda rv ~-ond i t ions  such t h a t

C. = C .  - (3. 4)

‘cs N is made orb it rar I ly large , the’ boundary  c o n d i t i o n s  a t  t h e  ends of
th e’ chain ire insi gnifi cant. To solve’ Eq. (3.3), let

C
l 

= - ( 3 . 5 )

w h i c h  upon si ib s t  i t  Ut ion  m l )  Eq. 3. 4) V i e  his



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

or

2iiis ’/N , —N+l -N+ 3 N-i= e = __-_  ___. _  , —.
~~— (3.6)

isa -,
= e 0 . ( 3 .~~ )

Here ,

2~rs 1
S = - r ’ -.. .8

where L=Na
0 

is the total length of the chain and a0 is the equilibrium

spacing . Finally, from Eqs . (3.7) and (3.5) we have

C~ = e” -~~~O - (3.9)

The superscript ii has been added to denote that C~ is the eigenvector

,tss’.rciated w i t h  a p a r t i c u l a r  one of the  N va lues  of s.

I f  the s o l u t i o n  represen ted  b y Eq.  (3 .9)  is  s u b s t i t u t e d  i n t o  t h e
original expression , l.L ( . (3 .3), we obtain after some algebra the result

= 

~ () 
Isin (5~~/ 2 )  , (3.10)

sh ere

= “~‘)~7~ (3.11)

The frequencies represented by Eq. (3.10) are the N normal-mode
f r e q u e n c i e s  in w h i c h  the  l a t t i c e  can o s c i l l a t e .  The speed v~ w i t h

w h i c h  a part icular normal mode , characterized by f requency  w~~ propa-

gates is given by the relation

S (1 9 .
= “~~ -~~‘ = —-s-— Icos t,sa0/2) I . (

~~
. 12)

The l ow-frequency, long-waveleng th modes , characterized by small v a l u e s
of s , propaga te  itt a v e l o c i t y  n e a r l y  equal to ,

0
a~ / 2  w h i c h  is  j us t the

o r d i n ;ir ”  sound speed in  the c r y s t a l .  The hi gher-frequency modes , howev er ,
p r o p a g a t e  more s l o w l y  I T ILI , thus , the lat tice exhibits dispersion .

) 1



‘ftc solution represented by Liq . (3.2) is only a particula r
solu tion for x . . In general , in order to satisfy the initial con-

di t ions , x~ mus t be expanded in terms of the complete set of ei gen-

vectors C’~. Thus we have
.1

x. = 1/ 2  ~~~ c~ 
i~~~~t+6 ) 

n: c~
s 
e

5
t
~~~~ ] (3.13)

where the real part has been taken explicitly and where the asterisks
denote complex conjugates . The quantities n and are to be deter-

mined from the in i t i a l  conditions.

Let a . and a, represent the  v a l u e s  of x. and dx,/dt at time t = O .
I I j 3

Substitut i on into Eq. (3 . 1 3 )  then  y i e lds

a . = 1/2 C~ e
5 

+ n C.
S 

e
U

s]

and ( 3 . 1 4 )

~ ~~~
‘ r * ~~a r —  i n ,c ( ‘ c  — n  ( .  e

j  2 [ 5 5 3  ~~~ s 1

If E q s .  (3 .1 1)  are mult iplied by C~
5 
and summed over j ,  one f i n d s  w i t h

the help of the orthogonality relation

~~ C~ C . 5 
= N~~~1 (3. 15)

that
i6 ia .

n
s 

e~ = 

~‘ 
~~~ — . 

- 
(3.ft)

Substitut i on of Eq. (3.16) into Eq.  (3.13) then yields

x
i 

= i~
- 

~ 
cos i - k )  5L ~~~

) 
+ 

~ 
t ]

s,k
(, 3. 1 7 )

+ sin [(J-k)sa () + ~~t] }



-— -~~~~ ‘-~~~~~~~ -~~~~ - w — ,~~~, ,,- 

~~~~~~

In obtaining this result , we have used Eq. (3.9).

Equation (3.17) represents the genera l solution of the equation

of motion for the displacement of the ~
th atom in terms of the initial

conditions of all the particles in the chain . The velocity can , of
course , be obtained by differentiation with respect to t. As N becomes

arbitrarily large , the right-hand side of Eq. (3 .17) changes negligibly
as s assumes successive values and the sum over s can be replaced by

an integral. Examination of Eqs . (3.6) and (3.8) shows that this
replacemen t is effected by using the prescription

71
/
a
0

d s .

-71/a
0

The reg ion of s space contained between ± 71/a0 is known as the firs t

Br illouin zone. Thus Eq. (3.17) becomes

a ~~ a0
x. = -

~

‘

~~

- 2_~ f ds cos [(j-k)sa0 
+

k- -~ 
. 71/a

(3.1 8)

+ sin [ u-k )  
~~~~~ 

+ ~ ] 
~

It remains only to evaluate the integral appearing in Eq. (3.18).
To do so , we make the change of variable

sa
0

Some rearrang ement of Eq . (3.18) then yields the equivalent expression

= 

~~ 
f  dy 

~~
a
k 

cos [2(j-k)y] cos(w
0
t sin y)

(3 . 19 )

+ cos [2 u - k ) yJ  s in ( w 0t s i n  y)



We have  used 11( . (3.10) to express 
~ 

in terms of y. We now make use

of the generating functions
30

cos (: s i n  0) = 1~~(~~ ± 2 J 2k ( z )  cos (2kv)

(3.20)
sin (: sine ) ) = 2 

~~ 
“‘k+l~~~~~

” [(2k+l)0]
k r=9

where ,J is the B e s s e l  f u n c t i o n  of the  f ir s t  k i n d  of order ~~~. Use of

l L j . (3.20) in  (3.19 ;illLo ç s immediate evaluation of the y integration .

U l t i m a t e l ~’ , t h e  r e s u l t  becomes

= ‘1 2j - 2 1  L0t)

- “= (3.21 )

+ 
~~~~~ 

1 2m+ l~~~0 t ) ]
m =j  -k

‘ftc v e l o c i t y  of the  ~t h  
particle can he obtained by t ime  d i f fe r e n t i a t i o n

of Eq. (3.21) . Nc ting that 3°

dJ (:)
_____ = 1/2  

[J 1
(:) - 1

1 ( z ) ]  (5 .2 2 )

a l l o w s  us , a f t e r  some man i p u l a t i o n , to wri te the result in the form

( t )  = 
~~~ “2i -2k ~ 

~0
t )  + 

~~~~~ 
(a~ - 

~
ik + I j J 2i 2 k j ( ~t )j .

EL (tiations (‘ 3.21)and (3.23) , wh i ch represen t a general solution to

t h e  equat  i O n s  of  mat  ion for  t h e  ~~t h p a r t  i d e  i n  t h e  h a r m o n i c  c h a i n , ,t  u-c

t h e  c e n t r a l r’r su I t  of t h i s  sub sec t ion . In  t h e  fo 1 l o w i n g  st i b s e c t  ion
the>’ are app lied t o  he  s h o c k — w a v e  

~ 
rob len .

~~ . Handbook of M~i t h e ’ i n a t  I c~i 1 l unc t .1 ons , cdi ted by ~) . Ab ramow i t an~1
I .  S t egun  ( Na t  I - R u m ’  , “~ti - - Washing ton , [IC , l9o4)  , C h a p .  9 .



3.2 Application to Shock-Wave Problem

In order to apply the solution for the infinite chain to the
shock—wave case , we must generate the following set of initial condi-
tions : (1) The initial displacements and velocities to the left
of the first particle , which are at our disposal , must be chosen so that
the first particle moves at constant speed u for all t. (2) The
initial displacement cf the first particle is zero and its initial
velocity is u. (3) The initial conditions for particles to the
right of the first particle are arbitrary . Under these conditions ,
the steady compression of the first particle will generate a shock
wave in the right-most part of the lattice.

The symmetry of the problem suggests that we examine the follow-
ing i n i t i a l  condit ions for the par t ic les  to the left  of the f i r s t
p a r t i c l e  in the  chain

a = - ak -k+2

( 3 . 2 4 )
a = 2 u - ak -k+2

Note  that these conditions imply a1 = 0, a1 = u. If these initial

condi t ions are subs t i t u t ed  into Eqs. (3 .21)  and ( 3 . 2 3 ) ,  we f ind  a f t e r
some tedious manipulation of the summation indices

x.(t) = (2k+1) J2j+2k_l (w ot)

j+k-3
+ 

~
-
~i;
- ~~~ 

a
k ~2m+l 

(w 0t)  (3. 2 5)

+ 
~~~ 

ak[J2. )k (u0t) 
- 

~2j+2k-4 
(w
0
t) ]

one!

—
~~ I ———

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~
. .— ‘ 

_



v~~( t (  = ~~ 32j-2 
+ 

~~2 
2u J

ij + 2 k )
(w

o
t )

+ 
~ [.J 2k~~~)

t 1 2 .

(3 . 2n)

- “k [.J 2 . 2 ~~~l~~~ ) t - 
~
J 2 j k ~~l

(
~ ot)

- )
2j+2k_3~~ u

t) + 

~ 2j+2k-s
1 ~0t)] ~

For the ’ f i r s t  p a r t i c l e  i n  the chain , we substitute j=l in Eqs. (3.25)

one! (3 . 26) and obtain the result

x
1

t ) = ut  (3.27)

v 1 ( t )  = ii (3.28)

fo r  a l l  I . In oh t  i n i n ~ l L (S - ( 3 .  2 7 )  and (3 .  28) we have  made use of t he

foIloi ~~ng r e l a t i o n s  for  Besse l  functions
30

:

J )  \) = (-1) 1 ( x )  (3. 29)

j
0

( x )  + 2 .J ~~(x) = 1 (3.3a)

and 

2 (2 k + i )  ‘12 k ± l ~~~~ 
= . (3.31)

k = 0

‘l’hus , the initi a l conditions suggested in Eq. (3.24) give rise 11

~tCilLl V motion of the first particle to the  r i g ht  a t  velocity ii.

Eq u a t i o n s  (3 .  25) and (3 .  2 6)  represen t  the t i m e — d e p e n d ent ‘~ eloc i tv and

displacemen t of the ~
th 

particle in response to the resulting shock
w a v e .  Our interest , of course , is only i n  particles to the ri ght of’
j =0.



3. 3 Propagation in the Initially Quiescent Lattice

Equations (3.25) and (3.26) can be greatly simplified if we assume
that initially all particles to the right of the first, are at rest in
their equilibrium positions . Under this assumption , tne equations

become s imply

x . ( t )  = (2k÷l) J2~+2k.l
(wO

t) (3.32)

and

v.(t) = u J2. 2(w 0t )  + 2u 

~~~2 
J2i÷2k~4~~o

t) - (3.33)

The infinite series in Eqs . (3.32) and (3.33) converge rapidly and
evaluation of the sums poses no major difficulty. We have written
a short computer program which performs the calculation and we now
turn  to a discussion of the resul ts .

In Fig. 3, we have plotted the nondimensionalized velocit of each
particle given by

v i = v S / u  (3. 34)

as a function of particle number , j. Results are presented for two
different values of the nondimensionalized time

= w
0
t . ( 3 . 3 5 )

From the results it is clear that the shock front propagates at the
rate of approximately one-half particle per unit of nondimensional
time ‘r. This result could have been anticipated from Eq. (3.12) , which
ind i cates that the maximum normal—mode velocity is one-half lattice
spacing per unit of nondimensional time . The most important conclusion
that can he drawn from the fi gure is that the shock profile is not
stead~’ in time . Rather , behind the front, there exists a region of
oscillation with each particle oscillating about a mean value of u , the
compression velocity. The extent of the region of oscillation increases
with increasing distance into the lattice and is indicative of the
dispersive character of the lattice discussed previously. Since the
hig her-frequency components of the compression will continue to t r a i l
farther behind the head of the front , we conclude that the region of
oscilla tions mus t continue to grow .

In Fig . 1 , we have shown the velocit y-time trajectories of t w o
typ i ca l  particles in the lattice. Prior to excitation by the shock

front , the 100th  
particle is at rest in its equilibrium position . Upon
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excitation , i t reaches a maximum nondimensional velocity of about 1.25 ,
and then oscillates with decaying amplitude about unity. A similar

effect is observed for the 500
th 

particle in the lattice , excep t tha t

the decay time for the velocity is longer than for the 100
th particle ,

again because of dispersion .

Well behind the shock front , all particles are observed to move
uniforml y at the compression velocity; consequently there is no tem-
perature rise behind the shock front. This effect is not unexpected
because , as pointed out earlier , there is no mechanism in the harmonic
lattice for “randomi:ing ” the energy deposited in the lattice by the
shock wave. That the velocities behind the front should eventually
approach the compression velocity can be seen directl y from the
asymptotic expansion (large t) of Eq. (3.33) . For ~ fixed and finite ,

30one has

~im J (:) 0 . (3. 36)

In Eq . (3.33) , l et j+k=~. . Some rearrangement of the equation then
yi elds the equivalent expression

j+l (3. 37)

v.(t) = u J 2 .  2 (w
0 t )  + 2u J 2~~~4 (w 0t )  - 2u J ,~~~4

(w
0
t) -

Equations (3. 30) and (3. 3o) then imp ly

t i m  v . ( t )  = u (3.35)

t-+~i

J finite

3 . 4  Effect of Nonzero Initi al Conditions

In the preceding subsection we have obtained a solution of the
atomic equations of motion for the shock-compressed chain under the
assump tion that the atoms were in itiall y at rest in their equilibrium
positions . Different microscopic initial conditions will lead te
different results , of course , and it is of interest to ask i f  an
average taken over a large set of such i n i t i a l  condi t ions  w i l l  lead
to a steady profile.

To examine th is quest  ion , consider an ensembi  e of i n  i t i  a I d u d  it i d O S

in wh i ch the  p a r t i  d e s  i n  t h e  r i g h t — m o s t  pa r t  of t he  c h a i n  a t’ e i n  t h e i r
e q u i l i b r i u m  p o s i t i o n s , but  t h e i r  v e l o c i t i e s  are characterized by a
Maxwe llian distribution at  temperature T. These i n i t i a l  c o n d i t i o n s  I r e ’
summari :ed by the initial distribution f u n c t i o n

51
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6 ( 0 )  = ~ fl exp [ - m a~~~/ ( 2 k T ) ] (3 .39)

where k is Boltzmann ’s constant and Z is the partition function which

normali :es the distr ibution to unit y . The ensemble average of x.(t)

and v (t) is then obtained by multiplyi ng Eqs. (3.25) and (3.26) (with

all set equal to zero ) by Eq. (3.39) and evaluating the integra l over

phase space.

For the velocity, we obtain the result

< v . ( t )  ~~ = ~ a 2 L I . .. ,J (1) t)

~~~~ 

[:u .l ,. )k I
(
~~)

t + a
k ~

1
2 2 k (

~~~~o
t )  (31 ~)~

- 
~~ j+ ’k 1 Th t )  ] } CXj) {-m ~~~ / ( 2 k ’ I ) ]

wh e r e  t h e  b r a c k e t s  deno te  ensemble  A d  d ’ra g e ’ . fhe m t  i’g i’.I I ~ aver t h e

vanish because of’ the’ an t  i sym ine t ry  of the  in t e ~~r an d , l e a v i n g

v~~( t )  > = ~u ~
J
2~~ 2Ht) 

+ 2u 1 2j + 2 k 4 (w
~~

t )  ]
a, ~5.~~1)

X .~~f d  a 2 fd a3 ... j=2 
CXI) [- m a~~~/ ( 2 k I ) ]  -

‘[‘he remain ing integratio n in Eq. (3. 41) is just the definition of’ the’

N ir t l I  ion Fu n c t i o n . Consequently, we a g a i n  ob ta in  the  r e s u l t  of

- (5 .  3 . I - .\ s i m i l a r  r e s u l t  h o l d s  f o r  t h e  ensemb 1 e a v e r a g e  of t he

disp lacement , x .(t).

2

- - - , ‘ , . ~~~~~ . ,-. .~~~~



id ,’ conc lude  t ha t  an average taken over many experiments in wh ich
t he  i n i t i a l  4.~o n d i ti o ns  are characterized by Eq. (3.39) will lead to
t he  same r e s u l t s  for  the (average)  ve loc i ty  and disp lacement as for
the  case in which the initial conditions are zero . In essence , a v e r a g i n g
the initial conditions and then doing an experiment is equivalent to
avera ging the results of many experiments with different initial
conditions . This is certainly not true in general and results from the
fact t h a t  the solutions of the equations of motion depend only linearly
on the initial values of the velocity and displacement.

4. NOND1MENSIONALI ED EQUATIONS AN!)
METHOD FOR SOLUTION

‘l’he e q u a t i o n s  of motion for the atoms of a one-dimensional ,
harmonic lattice can be solved analvticall~- , as has been shown in the
last section . For the case in which anharmonic terms a r c  p r e s e n t , ho w-
ever , one must resort to numerical techni ques . In thi

~ h
sec t ion , w~

consider the differential equation of motion for the j particle when
the interatomic potential is the Morse potential represented by Eq. (2 .51.
We define certain nondimensional quantities and write the equa t ions in
terms of these quantities. The numerical techni que used in the  c omp u t e r
solution of these equations is then discussed . Finall y , the mechanics
of t he  c omputer  code and the  ac tua l q u a n t i t i e s  c a l c u l a t e d  are indic ated
b r i e f l y .

C o n s i d e r  the Morse p o t e n t i a l  in l = q .  ( 2 . 8 )  w h i c h  r ep re sen t s  t h e
i n t e r a t o m i c  interaction between nearest-ne ightbor particles i n  the ’
lattice. ,\s the values of x. become small , the exponen t ial term can
be expanded to produce , to lowest order ,

N
I) L~I ~~~ ( x .  — 

~~~ 
) (4.1)m . i i-I

which is , of c o u r s e , j u s t  t he  h a r m o n i c  1 irn i t of th .i s nteract ion , ide

can , t h e r e f o r e , e q u a t e  t he  c o n s t a n t  ia 2 to o n e — h a l f  t h e  h a r m o n i c  forc e ’
cons tant , ‘y’ . Ike of E q .  ( 3 . 1 1 )  then imp lie s

mo )
I) = --—--i-— ( 4 2 ~~

where i s , a ga in , the  max i mum no rrna 1 —mode f r equency  1 I ’ t h e  co r re ’ ~ nd i ng

h a r m o n i c  l a t  t i c e  - [‘he’ t a t  a !  potent i a I energy of t he  1 att i c e  can t h e n
he w r i t t e n

_ ‘, ,‘l



N

= __
~~_-_ 

~~ {e xp  [ —  ~~~~~ 
— x . 1~ ] ~ (4. 3 )

where we have used I.qs. (2, 5) and (4.2). In the abs~~ c e of ex ternal
f a r c e s , the d i f f e r e n t i a l  & ‘ :u , I t  j a n  of m o t i o n  of the j p a r t i c l e  is ) a st
given by the result

m ~~~~~~~~ =
~~~~~

-
~~~~ = ~~~~~~~ ~~~~ X [ 1  [- 2a(x .-x l i]- exp [-a (xj -x . 1)]

- CX [) [- 2a(x.
4-1~

x~)] + exp [-a(x ~ + 1 - x . ) ]~~ (4.4)

where  t he  ri gh t - h a n d  s i d e  has been o b t a i n e d  by d i f f e r e n t i a t i o n  of l .q .
(1 .5) with respect t o  x~ . Since the above equation contains no extern al

forces , i t  ‘ ipp l ies  o n l y  for j 2 .  The f i r s t  p a r t i c l e  which moves at
constant velocity ti for ill time satisfies the equation of motion

4 
~
‘ I

= 0 (4.5)
dt

si th initial con d iti ons = 0, dx 1/dt =

Equations (4.1 ) and (4.5) constitute a set of N,coup led , nonlinear ,
second-order differential equations which must he solved numericall y
for various values of the parameters under  c o n s i d e r a t i o n . B e f o r e
discussing the method of solution of these equations , it is most con-
ve i i  cut to convert t h e m  to  a set of f i r s t — o r d e r  eq u a t i o n s  and t o  r e w r i t e
them in terms of c erta in nond i mens i onah  q u a nt  it i es - To do so , we del inc
a n omi ~l i m e n s i o n a l  d i s p l a c e m e n t  of t he  i particle by

= x . ,  ( . i . u )
J ti

and a none ! i meiis i ona I t in c  , r , by t h e  re 1, 1 t ion

C = .H t (.1 7)

‘l ’he nond in cu s  ional velocit y of the 
th 

~~ rt i c Ic is t h e n  g i ~‘en by

dS,
I’~ 

~~~~~

-“ = 
u dt 

(.2 ,~~)

( 1 r s i m p !  y the real y e  1 oc it v n o r m a l  i :ed by t h e  conipres  S 1) 11 V t ’ I Oc’ it V -

‘S i



It ’ w e make use at’ Eqs. (-2 .6) — (4 .8) , we can cast Eqs. (1 .4) and (4.5)
in  t h e  form

s. =

= CXI) [- 2A (~~. - - C X() [- 
~~~~ 

- s~~ 1,’]

- CXj ) [- 
~~~~~~~ 

- S
i )] 

+ C XI) [~~
Am (S

~~+1 
- S

i
)] ,~ ~~ 2

= 0 - (4 . 9 )

In  t he se  e q u a t i o n s , A i s  g i v e n  b y t h e  express  ion

A = (4.10)m a
0

and each dot represents differentiation with respect t o  t h e  d i m e n s i o n -
less t i m e  T.  The i n i t i a l  c o n d i t i o n s  of t he  f i r s t  p a r t i c l e  a rc  g iven  by

0 , t ’
~ 

= I and , for  t h e ’  r e m a i n i n g  par tic les , the initial conditi ali ’l

depend upon t h e  in  m t ia 1 state of t h e  lattic e prior to c o m p r e s s i o n  - N o t
tha t  t he  on g i na l  N s e c o n d— o r d e r  equations have been convet-ted to 2N
I i i’ st — o r d e r  e q u a t i o n s .

M ost  i n v e s t  i gat or s  have  not cmii loved  t h i s  m e t h o d  of ’ n on e l m m e n s  ion —

a i i  i ng the  equat  i ons of  mat  ion , hu t  have  used the ’ I a t  t i cc cons  t a u t
It

)
, t o  no t -ma I i  :e the  disp lacement - As a resu 1 t , i t i nece’s sai ’~’ t h a t

1mev s u p p ly  t w o  p ame’ t ens  as i n p u t  da t a  t o  I’ the ’ it ’  nu mn er  I ca 1 en I cu 1 a t  i ot i s
[l ie ’ meth od w)i i ch we have used requires spec i f’i c a t  ion o f on lv One’ pa r,e~u’ er
na m e ’ 1 , A , t o  ~al  ye t h e  e q u a t i o ns  and appea r s  n ot— c c o n c c ’n  e m i t  t o  u~ &

~n t h e ’ n i z m n e r i c a  I c a l c u l a t i o n s .  It is i n t e r e s t  i n g  t o  p o i n t  c”u t t h a t

Mi n y i e’t a 1 - found i t  r a t h e r  s u r p r i s i n g  that t h e  sa l  i t t  I on of ’ t hi ’
e’qtt.I t i OIlS at  mat  i o n  iippeii reel t a depend only on t h e  p r o d u c t  of ’ t he
p a r a m e t e r s  ~t and u - ‘l ’he norma I i  :at i on  adopted above , Ii ‘w. ’v e i’ , l c d  0,1 1’- ’
t h a t  t h i s  mus t  clearl y be the  c a s e .

To so l v e  I l j .  ( - I  - 9) we emp l oyed a f o u n t  h — o r d e r  R i t m i g e ’ kiit t a sc he ’iiie ”~
~ i y en the ~‘a liii ’s of t h e  f u n c t i o n s  an t he’ let’t — h a n d  s i d e  of  I l l .  ( . 9 )

t I me’ ‘r , t I i i  s me th o d  ap p r o x  i n m a t e s  t h e ’  i n  va 1 iics at t i nn’ • . [‘s’

31 .  , R. 1 4  r ’mm , i h ,i n , ll,A, other , and .2 .0. Wi l~~ , ’S , Aj~j~~ied \ i n ’ s ’n i c i l
~lc ’t  h~ d ) 1% i i  t ’e  , N e w  ~ork , I ) ) f ~9 ) , t ’h ap - -



fourth-order polynomial in A-v . The 2N equations in Eq. (4.9) can be
written in the general form

d y .

—

~~~~ 

= f~~(y 1, y 2 ,  . . .  
~~2N ~ 

j  - 1 ,2 ,. ..2N - ( 4 . 1 1 )

tb 3’ 1 
represents the value of the function y

~ 
at the beginning of the

i time interval , its value at the end of the interval , 
~~~~~~ 

is given

by the following algorithm

= y .  + A’r (k ~~1 
+ 2 k~~2 + 2 k~3 

+ k~4) / 6  ( 4 . 1 2 )

where

= f~ (y
1~~~

, 
~

‘ 2 i >’ N j ) (‘1 . 1 2 a )

+ 1/2 ~r k ,  ( 4 , l 2 b )
- 3, 1 ‘j, i

k , = f.(y
1 1 , y 2 ~~~• - .Y 2N I ) (4 . l 2 c )

= v. + 1/2 ~r k., (4.12d)
‘ 3 , 1 ‘ 3 , 1 3- ’-

= ~~~~~~~ Y 2 1 . . . Y 2 N i
) (4 12c)

* y ,  + t~i k.~ (4.l2t ’i
3 , 1 ‘3 , 1

= f
~
(’

1~~~ Y 2 1 . . . Y 2N I
) . (4.12g1

‘I’he initial v a l u e s  of all functions a r e , of course , known and successiv e ’
app lication of Eqs. (4.12) allows us to calculate them at any time t.

We should mention that in  our initial calculations , we did not use
t h e  Riinge-Kutta method discussed above , hut rather the improved E u l e r -

L a t i c h v  method’~ used by ‘rsai et al . and by Manvi et a l  - In  t h is me thod ,
the ’ v a l u e  • is approximated  b y a l i n e a r  f u n c t i o n  of A m , based on

the value of the function and i t s  s lope  at i - The slope at i+ l is then
eval ua ted and an improved v a l u e  of v . . calculate d from the a v e r a g e
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of t h e  s lopes  at i and i + l .  ‘th e process is then repeated until success-
iv e iterations agree to w i t h i n  some prescribed tolerance. It is known ,
however , t h a t  t h i s  i t e r a t i v e  t echn ique  is  not so accurate as the

fourth-order Runge-Kutta method 32 for the sant e value of M . In practic e’,
we found t h a t  a l t h o u g h a number of checks used to validate the computer
code (d i s cus sed  l a t e r  in th i s  section) were satisfied , varying the step
size , A i  , led to completel y different profiles when t he  E u l e r - C a u ch v
method  was used .  ‘I’he effect became more and more pronounced as both r
and the nonlinearity parameter , Am~ 

increased. Some further discussion

of this fact has been given by M,tnvj
33.

In addition to the velocities and displacements of each of the
p a r t i c l e s  in  the c h a i n  as a func t ion  of t ime , we have calculated in
the program , a number of other quantities of interest such as the
k i n e t i c  and p o t e n t i a l  energ ies of each p a r t i c l e  and the force exerted

on the  N th  
particle by the N÷l St . All energies have been nondimen-

sionali :ed by the kinetic energy of the first particle , 1/2 mu , and
a l l  fo rces  by the factor , 1/4 mw0u. The potential energy of a single

part icle was defined simply to be one-ha l f  of the  p o t e n t i a l  energy of
each of the “springs ” to which the particle is attached. Thus, from

}) q .  ~4 . 3 ) ,  we have fo r  the  potential energy of the ~
th particle ,

111,1 /
= -~~~~~~~~ ~ exp [-a (x .  - x . 1 ) ]  - l

I 6~~

+ ~~CX I ) [- a ( x . 1 - x.)] - 1 ~~ ) . (- 1 .15)

‘l ’his is not the  on ly  possible operational definition , hut is a reason-
able’ one.

i n  the ’ rena i r m d e r -  of t h i s  report  , unless o t h e r w i s e  i n d i c a t e d , when  i.~~ ’

refe r to the quant it ies discussed abo v e we shall mean their nondimen-
s ional i :ed v a l u e s . For reference , 1 ,ib Ic’ I i n d i c a t e s  the  q u a n t i t y  under
c o n s i d e r a t i o n  (column 1), the symbol for its nondimensio nal value
(colum n 2), the normali :ing fac tor by which the rea l  q u a n t i t y  is
divided to make it nondimens i onal (column 3), and t h e  a p p r o p r i a t e
fo rmula  for t he  q u a n t i t y  of i n t e r e s t , where applic able (column 4).

32. A.  R a l s t o n , A F i r s t  Course i n  N u m e r i c a l  An l v s i s  ( M c U r a w - H i  I I
New York , 1 9 b5 ) ,  Chap . S.

33 . R. Mami ~’ , ‘‘Shock W ave  Pro p~igat  ion i n  ,i l i i  ss i pat  i ug l,at t I e’e’ Mod e l ’ ’
Ph .  1) . T h e s i s  ( W a s h i n g t o n  S t a t e  tin iver si t v , 19b8) (unpub 1 i s hed )
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‘I’he i-emainder of this report will be con :erned primarily with the
nume r~ ca1 s o l u t i o n  of Eq.  ( 4 . 9 )  using the method just outlined. The
r e s u l t s  are d i s c i i s ~~ed in t he  f o l l o w i n g  two sec t ions . We conc lude  t h i s
s e ct i o n  by i n d i c a t i n g  a number  of checks we used to  insure the  a c c u r a c y
of our computat ional results.

F i r s t , we t u o t ~ t he i , d1 ’mon ic  limit of Eq. (4.9) b y e x p a n d i n g  the
e x p o n e n t i al s  and r e t a i n i n g  o n l y  t h e  f i r s t  nonvan i shing terms . The
equat ions  then  become

S. =
3 3

= l/ 4 ( S~ ÷ 1 
- 2S~ (4, 14)

V = 0

with the same initial conditions as before. This set of equations w a s
solv ed for the initiall y quiescent latt ice , using a step si:e of

= 0.05, and produ ced the same numerical results as obtained for the
anal ytic solution of Sec. 3.3. A s imilar result can al so be obta i ned
be s imp ly m a k i ng A m ve ry  s m a l l  (say ’ . 0.001)  in Eq.  ( 4 . 9 ) .

se c o n d , i n  a l l  ou r  c a l c u l a t i o n s  we ca lcu la ted  the work done by the
e x t e r n a l  f o r c e  :~ccdc’d to move the first particle at a constant veloci ty
Ot unit y , t h i s  e x t e r n a l  force  is , of course , j u s t  the  nega t ive  of t he
t’ot’ cc’ ~‘xe’ t ’tcd on t h e  f i r s t  p a r t i c l e  in the l a t t i c e  by the second. A
simple calculat ion reveals that in an infinite simal time interval of
AT , the external force does an amount of work W , normalized by

l,’2 mu , g i v e n  by

W = -
~
-

~~~
- ~‘~~p [

~ 
2.\

1
(S 2 . - S1i )] -- exp [- ,\ (S 21 - S1 .)]

+ ex p  [ - 
~
‘m~~ 2f 

- S1f )j 
- exP [- A(S ,f - SIf ) ]

y (S1f — SF ) (4. l~~’)

where  i and f denote  the  v a l u e s  of S1 and S~ at the  b e g i n n i n g  and e’fl~~

of the ’ t inc i n t e r v ; i l  , re~ p C ’ c t  i v e l v .  The t o t a l  work  done on the s y s t em
at  t ime’ r added to  t h e  i n i t i a l  k i n e t i c  e n e r gy  of t he  t i  r e t  p u t t  i e ’ l e ’
wa s  t hen  compared  w i t  11 t h e  tat ml i mit  ernal energy of t h e  I at t i c e  and t 0
t w o  r e s u l t s  w e r e  found t o  ag ree.

so

L.~~~~~ —I. ~~~~ =_,=~~~~~~,t1
-_ -— —-‘-- -.~~~~ , , ,,~~~ —‘- -‘ -..-- ‘ —
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Fin a il y , we repeated a large number of our calculations varying the
st ep  size M and consistentl y found that similar results were produced.
I t  was found , however , t ha t  as An increased , it was necessary to

LIec r d ’asc t h e  s t ep  s i z e , A r , from values acceptable for the harmonic

5 . PROPAGATION IN THE INITIALLY
QUIESCENT , ANHA RMONIC L~.TTICE

In t h i s  s e c t i o n , we shall be primaril y concerned with the numerical
s o l u t i o n  of Eq .  (4.9) for various values of the nonlinearity parameter ,
Am~ 

P r i o r  to  e x c i t a t i o n  by the  shock , each of the atoms in the lattice’

is at rest in  i t s  e q u i l i b r i u m  pos i t i on . In the l o n g - t i m e  l i m i t , we
observe well-det’ined , stable pulses (solitary waves) of constant ampli-
tude propagating in the v i c i n i t y  of the shock front. These solitary
waves are rather unusual physical entities and we digress in Sec.
5 . 2  to  d i scuss  t h e i r  c h a r a c t e r i s t i c s  and physical significance. In
Sec. 5 .3 , we present  an a n a l y t i c a l  approximation for the shape and
a m p l i t u d e  of the s o l i t a r y  wave s  under certain limiting conditions and

Impare the  results with our numerical solutions . Finally, we conclude
this section by briefly considering the results of our calculations for
shock propagation in a l a t t i c e  whose  atoms in teract  via the hard-sphere

p o t e n t i a l  of N o r t h c o t e  and Potts ’
~ discussed in Sec. 2.

5.1 ~he Morse Interaction

We have solved Eq. (L9) for various values of the nonlinearity’
parameter , A , wh ich  is a representation of both the strength of the

compression and the unharmonicity of the lattice . [ See Eq.  (4 . 1 0) .]
The- r e s u l t s  of t h e  c a l c u l a t i o n  can be understood most easily by com-
paring the velocit y-time trajectories for various particles in the
lattice ’ and  indicating ,chat conclusions can he drawn about the  shock

1 r o f i l e  in g e n e r a l .

V e l o c i t y - t im e  t r a j e c t o r i e s  for  severa l  p a r ti c l e s  in the l a t t i c e ’
are shown in Fig. S for the case  in w h i c h  t h e  n o n l i n e a r i t y  parameter ,

was  equal to 0.2. I n  o rde r  to  p lo t  these  t r a j e c t o r i e s  on the  same

t ime scale , nc have , in eac O case , readjusted the t ime axis so that ~ t

= I ) ~0e particle under consideration first t’eels the  e f fe c t  of the ’
shock f r o n t .  The act ii ,i l t ime at which the front reaches the p a r t  i d e ,
d c- n u t  ed by i ~, is ind i cated in t h e  f i g u r e .

ho’ a p a r t  i d e  c lose  t o  t he  d r i v e n  end of t h e  c h a i n  ( p a r t i c l e  S
in  the ’ f i g u r e i ,  t he ’ v e l o c i t y ’  v a r i a t i o n  is  s i m i l a r  to t h a t  foun d t a r
t h e  harmoni c l a t t i c e . ( S e e  Fi g .  4 , hu~ n o t e  t h e  change in  s c a l e . )

--
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Upon e’~~,jt,t t io n h> ’ t he- s h o c k  w i 4 ’ , t h e  p a r t i c l e  v e l o c i t y  reaches an
I i ’ ;  l , i  ode ut Hait 1 - tad sU (e,’e)uc’nt I y o s c i l l a t e s  about u n i t y ,  the

compres s  ion velocit y , w ‘ , dec  r e - i s  ing amp litude. B>’ the time the

shac~ t’~ n i t  has reached the 27t h p r t r t  i d e , the magnitude of the
as: ii l ,ition s ha- , i n ~ m ’,’, i ’.ed . ‘l~’,eIwhi le , the pulses have become narrower
and nor” well )e- t’ iii ,’,l . i ’hcsi ”jflc , the earl e-time development of the
O s c  i 11 it ions s l ; ; . ~ r e n t  i ~ 

,,oee  m cii b y’ d i  spe r  ion , hut  as the  shock
~ : ‘1 u,,,ite s t ,~r t  ~~ i i t . ‘ the lo tt ice , the nonlinear effects

r~~’:, ”ie ’ i n e r e , i s i n . r , l v i m ~i a r t . t r t .  These’ effects , ot’ 
~‘ourse , tend to

St ei ’p ’, ’n the’ p u l s e .  I t  is  r: ’, ’resting that the two effects become

i - ; a n  tn ’ t hI’  i c e  ,‘r se o r d e r  t ra~ i that observed by :ahusk and Kruska l
in t h e i r ’  s t  - ‘I as’’ i Ii . t ion s ni plasma .

l~> t he ’ t i us’ t h~ i’ i t  l i i i  reached the 100 th p a r t i c l e  the shape of
he’ pu l  se’S )la~’ become st i 11 m o r e  w e l l  e l e f i  tied and t h e  amp l i t u d e  appears

tO he t j ou ’ c i : h i i t g  ,i c o n ; t . i n t  m a , s i mu m v a l u e  of about  2 .  I f  we v i e w ’  a
p,: : t  i d i l al ’ p o n r t  i n  t h e  l a t t i c e , t h e  p u l s e s  i n  t h e  v i c i n i t y  of the
shoc ’i t r a i t r i p p e r r’ t o~~) r o) I lg~ t e i n t o  t he  l a t t i c e  f rom the  conpr esscd
end , S i n c e  i t  i s  f ou n d  t h a t  t h e  v e l o c i ty  w i t h  w h i c h  t hey  propagate
di’ . m~ i ’~e’s so t h d e c 4  ‘.‘as t u g  a m p l i t u d e , t bee tend  t o  sp~~ad apa r t  as t hee
pr~ ; i ~, it e. When t h ,  shock t r e at  h a s  reached the  700 p a r ti  d c  , we

( i  r id  t i j t  t h e  l e a d  i rut ci 1~~e’s have C V I)  Iv ed i n t o  a s e q u e n c e  of e x t r e m e l y

~e ’l l  — t i e t i  ned e’x c I t a t  i oims (so Ii t n t  my w i v e s  ) and have  indeed  reached  a
c oa st  t n t  ana l i t ud e  a t  • t p p i ’ o e i m a t e l y  2. he pri lce~ 1 

Ire m o r e ’ d i  s t a n t  l i ’
sp iced i n  t i r e  t h n i n  when the t ’ r o r ~ w a s  i t  t h e  100 p a r t i c l e , owin g
t o t h r ’ ’ p i ’  ~‘od ing et t ec ’, 4 i s c m i s s e d  pree’ i a i i ’ e lv .

‘l ’he’r e ’ for e ’ , r ir \ 0.2 . t h e  v e l o c i t y  t r , t i t ’ c t a m ’v for  p a r t i c l e ’ s

w i t h  N > 200 can  h e ’ ~ ‘ ‘sc i ’r bed is t o  I l o ~’ s The t r’ a ec t o t ’’, ’ n i t i - i  1 1 > ’
v a r i e s  o 1 i n f  .1 S e q i l e i i c e ’ I t ’ s o l i t a r y  w a v e ’s l f  esse ’rit i a l  le  c o n s t a n t
shape  and ampl  i t  i i i , ’ , t he’ numb er  ot t ( i i ’ ’ ’ w i n e s  i n c r & ’ a ~. i n g  s l o w l e  w i t h
inc re-as i ng p a r t  I it Ic m m ’  i r ’ I ( ’ e ’  r - ( h e  Vt’ b c  i t > ’ I I I I  undergoe’s damped
osci I l o t i o n s  t h o r n ’ t h e  ‘ , ‘ : i l u e - u n i t e , e n t a i l l > ’ ’)u ’  w e o s c i l  l o t i o n s  ~o’-

come ’ neg l i g i b l e  ar id r im e ;‘ ~r t i d e, i nil I pr a~’t i : . i l pu rp os es , I h e r  n a m e s
‘ i t  , I  c o n s ta n t  e’e’I m ’itv t’e p i i l  to  t h e  . ‘ ‘ r ~~t ’~ s s i o n  ~t ’ l a c i t v  t~ ’i i l l  l , i t e m ’

t i m e s .  T h i s  b e h a v i o r  i s  s i r ; , i l , i t ’ t e t  t ( I , i t  ohs ,’mve d he l , t’ ~i~~ in h i s  s t u d i e s
u I  1 se ’ a k l e  n o n l i n e a r  1 l t t i e ’t’ d e s c r i b e d  he ni c u b i c  i r n t ’ r ’ , i 1 I r r r~ p o t e t i t I .

P i glire a show a s i n i  I l , i r a e l n i e m i c e  .~t’ t r i m  c-c I ‘i’ i c’ s I ’ I i ’  t he c i  we  i n
which the ’ not i l i n e ’ , i r ’ t t v  p I r . i r n e t e r  \ , w a s  u ’ O u , l !  t o  w r i t e ’ , I ) ii , il l t l t i I O ’ l ” ,

5 )  - N . ’) , , n i h i i  -k  e an d  ‘ ( . I ) . K i i  i-;ka I , “I mi t e r i c I I omi  at ~ I l i t  I Iii - i .1
Cu ! l i s j o n 1 i ’ ’;~ l’ l a ’ n r r m n i  u i 4 !  ‘h i ’  R e c u r r e n c e ’  a t ’ h u r t  i i i  St i l t ’s ’’ ,

- Is ’ )  t i -m s  1 , ,  210 (1 OaS)
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t h e  same d e s c r i p t i o n  applies  near the f ront  except tha t  the pu l ses
are narrower , owing to the increased nonlinearity. A rather remarkable
re sult uf the calculat ions is that the solitary waves evolve to the
s,une’ maximum amplitude for any nonzero value of Am ; the time necessary

t a r  t h e  solitary waves to develop , however , increases with decreasing
v al u e s  of A

m

For Am = 1.0, we again find that the solitary-wave train is

f o l l o w e d  by a reg ion where the ve loc i ty  osc i llates with decreasing
amplitude about unity. In this case, however , the oscillations do mot
decay - e n t i r e l y ,  but appear to approach a constant ampli tude . This

behav i or was noted by Strenzwilk
35 in calculations performed with the

model discussed in this report. We illustrate this feature by plotting
in  F i g. 7 the  maximum v e l o c i t y ’  for p a r t i c l e s  behind the  front for both
v a l u e s  of the non l inea r i t y  parameter  at a t ime when the front is approxi-

‘ n i . i t e l y  at the 480 th p a r t i c l e . The m i n i m u m  v e l o c i t y  for each case can
be obtained by reflecting the corresponding curve about the value unity.
It is apparent from the figure that , for Am = 1.0, the velocity of

p a r ti c l e s  near the  end of the compressed reg ion osc i l l a t e s  between
t h e  values 1.54 and 0 .46 .  We observed no tendency for these
oscillations to decay during the course of the computation. This
result suggests that the oscillations far behind the front approach
a constant amplitude which decreases with decreasing values of the
nonlinearity parameter. For Am = 0. 2 , t h i s  ampl i tude  is so small

that the particles are essentially moving at a constant velocity
equal  to  the compression v e l o c i t y .

The question arises as to whether these oscillations might lead
to a temperature rise behind the front . During the calculation , there
appeared to be no tendency towards randomization of the velocity ; in

ac t  , t he  v e l o c i t y  of each p a r t i c l e  c ont i n u e d  to vary a long w e l l - d e f i n e d
us c il l~ttions . The absence of thermalization is illustrated in Fig. 8
w h i c h  shows the  v e l o c i t y  d i s t r i b u t i o n  funct ion , f , for the f i r s t  25 ( 1
particles in the lattice at two slightly different times for A = 1.0.

The distribution function represents the number of particles with
v e l oc i t ies in a particular interval , normalized to the total number of
particles. For the system to he in therma l equilibrium , the distri-
bution should be constant in tine and the profile should correspond t o  a
~t a x w e 1 l i a n  d i s t r i b u t i o n  about u n i t y  corresponding to the e q u i li b r i u m
temperature. It is apparent from the figure that the distribution

3 l ) .F .  S t r en z w i l k , “E f f e c t  of l ) i f f e r en t  I n i t i a l  A c c e l e r a t i o n s  on t h e
Subsequent Shock Profi le in One-Dimensional Lattices ” , B R I ,  Repor t
I t o  be published’t .

--
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function for this case is not Maxwellian . In fact , the shape of the
distribution curve changes dramaticall y with time , depending on where
in the oscillation cycle most particles happen to be when the distri-
bution is sampled . We conclude , therefore , that shock compression in
the initiall y quiescent lattice does not lead to a temperature rise
behind the front.

The conclusions which can be drawn from our calculations as well

as preceding studies
lô_ 21 of shock propagation in an anharmonic ,

quiescent , one-dimensional lattice can be summarized as follows : (1)
‘The shock speed is , on the average , constant and increases with
increasing A

~
. ‘The calculation is quite simple from the computer data

and w i l l  not  he carried out here. (2) The earl y’ development of the
shock profile is governed by dispersion which leads to an oscillat ory
velocity’ profile. As these oscillations grow in amplitude , resulting
in larger relative displacements , nonlinear effects become important .
Eventually a point is reached at which the nonlinear effects , w h i c h
tend to s teepen the pulse , exactly balance the dispersion , whi ch
tends to broaden it. Soli tary waves propagate in the vicinity of the
front at this time . (3) The effects of nonlinearity become more
pronounced with increasing A for a given distance into the lattice ,

and wi th increasing dis tance into the lattice for a given A
m 

These

effects are made ev iden t  in  t w o  w ay ’s . The solitary waves develop more
q u i c k l y in more n o n l i n e a r  l a t t i c e s , and , for a g iven A , the n u m b e r ’

of s o l i t a r y  wan - es  i n c r e a s€ ’s as the  shock p r - ’p’ u ~~.t t es  f a r t h e r  into the
lattice. (4) The energy deposited into the lattice h the shock front
appears either as potential energy due to compression of the lattice
or as ordered translational energy of the particles behind the front .
There is no thermalization of the energy so that the compressed latti ce -
remains at zero temperature  a f t e r  the shock has passed . (5) The shock
p r o f i l e  is  not stead y in t i m e  because of the  s p r e a d i n g  e f t ’ec t  of p u l s e ’s
of different amp li tude discussed pr ev i o u s l y . ‘The last t i~o r e s u l t s  a re ’
in obvious contradiction to the usual assumptions i n  c o n t i n u u m  t r e at -
ments  of shock propaga t ion .

5.2 Characteri stics and Physical Si gnificance of S o l i t a ry  h a n ’ cs

Solitary waves , such nis the ones discussed in t h e  l ist siibse- ct
h a v e  been o b s e r v e d  to p r o p a g a t e  in o the r  n o n l i n e a r , d i  spers  i v i ’  m e d i a .
The-v r ep resen t  p a r t i c u l a r  s o l u t i o n s  to n o n l i n e a r , d i f f e r e n t i a l  eqiaa-
t r o l l s  w h i c h  d e s c r i b e  wave  p r o p a g a t i o n  i n  c e r t a i n  c o n t i n u o u s  m e d i a  i i i i

i n  th e ’ so - c a l l e d  “Toda ” d i  sc r et  e I a t  t r cc ‘‘
~ . ‘Two i’ see’ l I e - u t  rev i

.~~~~t ,  l o d a , “ V i  F ra t ion a t~ a C h a i n  Wi  th  N o n 1 inca r’ In? e’ n ’ i c t i n i ’’ , .1 -

Soc . , J n t  p a n  22 , 431 )1967) -
‘1 . Tu Wi , ‘I c i v e ’ P r o p a g n i t  i on  in A n h a r m o n i  e l a  t t r c es , - I  . Ph v s  - Soc

. 1  , i ( u n i m l  2 , 5 , ~0 1 ( I  0a7 I -



- -— -
~~~~~~~~~

,
~~~~~~~~~~

--‘- -—
~~~~
-,“. .

articles 38” 39 have recently been written which discuss the properties
of so l i t a ry  waves and the sort of systems to which they apply.  The
article by Toda emphasizes in particular propagation in the nonlinear
lattice .

Until recently, solitary waves were considered to be only of
academic interest. Since they represented only particular solutions
to differential equations , it was suspected that they would exist
o n l y  under a rather special set of initial conditions. Consequentl y- ,
i t was felt that their significance to an arbitrary initial-value
p r o b l e m  was  m i n i m a l .  At any rate , i t  was bel ieved tha t , upon c o l l i s i o n ,
two solitary waves would scatter irreversibly, so that t h e i r  presence
~uuld , at most , be a transient effect.

i’he last assumption was disproved by Zabusky and Kruska1’~
1 

in
their numerical solution of the Korteweg-de Vries equation d e s cr ibini ~
plasma waves . Solitary waves of various velocities were allowed t
c o l l i d e  and , a f t e r  c o l l i s i o n , were observed to m a i n t a i n  t h e i r  o r i~~~n , i1
shapes . The term “solitons” was coined by Zabusky and Kruskal to
refer to solitary waves which remained stable upon collision with Ufle’

another . The most significant , and rather startling, conclusion t i ”
these investi gations is that , for a system in which solitons pi ’al~~

i
~,i~

one can expect “randomization ” of the energy or therma l e q u i l i h n i i i :
to occur only after extremely long times , if ever.

Zahusky and Kruskal suggested that the existence of soliton .s c ’uld
exp lain the paradoxical results obtained in the famous b’er~ i , ‘a- - t i ,

Ulam computer study 7 
in the 1950’s. These investi gators had e s c i t e ’ d

single normal mode in a weakly anharmonic lattice and had observed t~~~t .
rather than becoming equipartitioned among the various normal modi- --’- ,
the energy flowed periodically among only certain of the modes. In
addition , after some recurrence time , the system returned to its i n i t i a l

s tat e , appa ren t ly  d i s p r o v i n g  the ergodic hypothesis 40 of s t a t i s t i c , t l

m e c h a n i c s .  Var ious  exp l a n a t i o n s ’ 
~~~~~~ of the  r e su lt s  hav e  be e - n i  o t t e r e ~: ,

38 . A .C . Scott , F .Y . F .  Chu and I) .W. Mc l a u g h l i n , ‘‘The So ii t o n i :  \ Ne
Concept in App lied Science ”, Proc . I b Id ; 61 , 1343 (1 ¶1 3)

3~) . M. Toda , “ S t u d i e s  in a N o n l i n e a r  h i a t t  i ce ” , Ph y s i c s  Repor t  c
l R C , 1 ( 1975) .

10. R . C .  ‘l’o lnan , The P r i n c i p les of S t a t i s t i c a l  M e c h a n i c s  Osford
I i n i v e r s i t v  Press , New York , 1938) , Chap . 3 .

1 1 .  1. Ford , “L q u i p a r t i t i o n  of l~nergy for  N o n l i n e a r  S’,- ” t em s ,
M a t h .  [‘hys. 2 , 357 ( 1 9 6 1 ) .

12. .1 . Ford and 1 . Water ’ s , ‘‘L o m p r i t e r  S t u d i e s  of ’ h ne’r’gv ~5 h - i i ’ i n g  i n  I
i rgod Ic  i v y  for Nonl i nea r Osc ii l i t  or Systems ’’, 1. Mi t h r . l ’ h v s  -
4 , 1293 (1963) .

13. . A. Jackson , ‘‘Nonlinear Coup led Osc ii lators . I . Pert iirh ar i r-ni
l h e o r ~’ ; Ergod i  c Problem ’’ , ,J . Math. Phvs . ‘1 , ~C l  ( 1 ~i u 3

I S
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hut the suggestion of abusky and Kruskal seems to be the most con-
c l u s i v e . Since their study , there has been renewed interest in the
study of solitar y-wave behavior , as can be witnessed from the review
articles cited previo usly.

5.3 An~~1n ~~,~~~A r o x i m a t i o n  for Solitary ’ l~ave s  i n  t h e  C o n t i n u u m  L irr ia t

.-\ compar i son  of t h e ’ s o l i t a r y - w a v e  p r o f i l e  fo r  A m = 1.2  ( F i g .  5)

w i t h  t h a t  for -  A = 1.0  (F i g.  6) i n d i c a t e s  t ha t  the  s o l i t a r y  w a v e
becomes h ro ader tm as the  n o n l i n e a r i ty  p a rame te r  d e c r e a se s , ‘I ’his t r en d
suggests that for sufficiently small values of Am i t  m i g h t  be ’ p o s s i b l e

to der- ive an analytic approximation to the solitary-wi ne pr ~~t ile Ic
the  c o n t i n u u m  l i m i t  of t he  eq u a t i o n s  of m o t i o n .  There fo re- , we non ’
cons ide r  the  case  in w h i c h  the n o n l i n e a r i ty  p a r a m e t e r  i s  s m a l l  and
take the continuum limit of Eq . (4.9). For small va lues at ’ A , t h n

e x p o n e n t i a l  te rms in Eq.  ( 4 . 9 )  can he expanded , and i f we - r v t , i i n  anl~
the lowest-order nonvanishing terms in A , we obtain

= 
(Sk+ l  + Sk l

_ 2Sk) 
- A m ~

5k + l  
- 

~k~~l )] . (5.1)

‘l’he right-hand side of Eq. (5.1) is just the force derived from the -
19— ~l it —

cubic in teratomic potential used by l’as i  and by M a n v i  e t a l .  > —
he now i55iiifle that S can  he r e l a t ed  to S by a ‘l an -b r ex p a n s i o n

k+l k

about t h e -  l a t t i c e ’  cons t an t , a,,~, equa l to :ero , i . e . ,  a c o n t i n u u m  :ipp i’oxi-

n a t i o n . L e t t i n g  Sk = 5 , we have

~s 1 :S i ;;~ s i
N = 5 4  — +  — —-- -— -—— + --—— — —— - 4 ( ‘ -‘ ‘- Ib ±l k 2 “ ‘  

~k
3 ~ ak

4 -

Suh s t  i t r i t i n g  E q.  ~5. 2~ i n t o  E q .  , 5 . 1 )  and r e t a i n i n g  terms throug h the’
f o u r t h  d e r i v a t i v e  produce  the  r e s u l t

5 1 ;~ S 1 $ ~
Am ~ s .~s+ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .

Equat i on (5. 3) i s the s o- c a l l e d  :ah~isk y e ’t luat i on ’~~ . I f we ’ nt ’f lee  t t h e -
l a s t  two te rms ,  we get the  ordinary linear w ; i ve  e qu a t i o n . ( R e c a l l  t h a t
the sound speech in t h e  ha r n non i  c l a t t i c e ’  was o n e — h a  I f i n  our nondimen-
sional units.) The l i st  t e r m  on the ri ght-hand side’ repres ents t h e ’
l o w e s t — o r d e r  n o n v an i  s h i  r ig t e rm i n  the non] m ean t’.’ , w h e r e - a s  t h e  f o u r t h —
den n - a t  i ye term m u s t  be kept to account for  d i s p e r s i o n .
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Equation (5.3) is obviously difficult to solve in general , but since
we are only interested in determining what well-defined pulses the l a t t i c e
can support , we assume a traveling-wave solution of the form

S = S(k - Ct) = S(y) (5.4)

where C is the solitary-wave propagation velocity. Substitution of
Eq. (5.4) into Eq. (5.3) and noting that

v - -~~- - c
dS 5 5dy C

(5 6)
~k dy ‘ ‘

yield

12C(4C - 1)V ‘ = CV “‘ + 36 AmVV 
/ (5.7)

where the primes denote differentiation with respect to y. Equation
(5. 7) can be in tegra ted  once and , app ly ing  the boundary condi t ions  tha t
V and its derivatives vanish at ± ~, we obtain

l2c(4C2 - l)V = CV’’ + 18 A , (5.8)

Multi plying Eq. (5.8) by the integrating factor , ‘i” , and integrating
once more yield

l 2 C ( 4 C 4 
-l)V = C(V’)2 + 12 A V3 , (5.9)

whence

V f = ~~~~~~ - 1 )V - 12 Am V 3
/C ] 

1/2 
(5. 10)

Equation (5.1U , can be solved for y’ to produce

I ’ dV
y = j ,, ‘) 3 1/’~ 

(5.11)
j [u~~c - l)V - 12 “m 

v I C]

‘I’he integration in Eq. ( 5 . 1 1 )  is e lementa ry  and produces the  r e s u l t

v = 
(4C

2

A 
~~~ scch 2 3(4C - 1) y 

] 
. 

~~~~~
, 1 2 )

m

5(1



Equation (5.12) should represent an approximation to the amp li tude-
and shape of the solitary waves for sufficiently small values of Am
provided the continuum approximation is valid. To check the results ,
we obtained from our conputer data values of the propagation velocity C
for  d i f f e r e n t  v a l u e s  of A , substituted them into Eq. (5.12), and compared

the r e s u l t s  w i t h  the results of our numerical calculations . The results
are i n d i c a t e d  in ‘rable 11 in w h i c h  we show the va lue  of A ;  the propa-

gation velocity, C; the soliton amplitude , A ; and the full width of
the soliton at half maximum , ib. The last two columns show the
corresponding va lues  as ca l cu l a t ed  from Eq.  ( 5 . 1 2 )  u s ing  values  for C
contained in column 2. The results are in fair agreement (within about
15~) for the smallest value of A , but the difference between computed

and analytical results increases rapidly with increasing A .  Figure 9

shows a comparison of the  numer ica l  and analytical wave profiles for
A = 0.1.m

TABLE I I .  ANALYTICAL \N1 ) C O M P U T A T I O N A L  V A L U E S  OF S O l , I T A R Y - W A V F
AMPLITUDES A N I )  WIDTHS . V E L O C I T I E S  ARE E X P R E S S F I )  I N  NUMB E R
OF PARTICLES PER UN I’i’ OF NONI )IMFNSION.-\l. TIME .

Computat ional Analy tical

A C Pc A A Am

0.1 0.59 2.0 3 .1 2 .3 2. 5

0.2 0 .68 2 . 0  2 . 3  2 .9 l . n

1.0 1.11 2 . 0  1 .0 5.6 0.20

5.4 
~~~~~~~~~~~~~ 

Model of Northcote and Potts

\ o r t h c o t e  and b’otts ’
~ have suggested a potential in which the atoms

are assumed to have a finite diameter , d , and interact with one another
v i a  h a r m o n i c  f o r c e s .  B e t w e e n  c o l l i s i o n s , the motion is equivalent to
that of a harmonic lattice , hut , upon collision , the atoms e’xchanle’
momenta. This extremel y nonline ar potential was used h~’ Northcote and
Potts to re-peat the Fermi , P a s t a , IJlam problem in an effort t o  d e t e r m i n e -
whether the strong nonl I n e ar i  t w o u l d  cause  the system to approach
t h e r m a l e q u i l i b r i u m .  ‘l ’hei r  results suggested that t h e -  s y s t e m  d i d
e-qui Ii brat e’ titer exci t it i on of a s i n g l e -  mode .  ‘I’hat t h e r m a l  i :a t  i on of ’
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Figure 9. Comparison of numerical and anal ytical solitary-wave ’
profiles for Am = 0.1. The solid and dashed lines represent

the numerical and analytic solutions , respectively.
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or’ the energy occurred (perhaps) led Montroll
44 

to speculate that this
potential did not p o s s e s s  solitary-wave solutions.

We have modified our computer code to treat a hard-sphere lattice
subjected to shock compression . Our interest was to determine both
whether equilibration of the energy occurred behind the front and
whether the energy could be propagated in the form of solitary waves.
For purposes of calculation , we assumed a nondimensiona l diameter (real
diameter normalized by u/w0) of 0.

73 and a nondimensional lattice spacing,

a w
R = — 2— 2- , (5.13)

of 3.0. Again , we assumed that the atoms of the lattice were at rest
prior to excitation by the shock.

- - ‘ - - th thFigure 10 shows the velocity-time trajectories of the 2a and 50
particles in the lattice subsequent to excitation by the shock. In the
vicinity’ of the t ront , we find again a series of well-defined pulses
having constant amplitude and width. The amplitude is approximately 1.~~.
It should be observed that well-developed solitary waves are propagating

in the vicinit y of the front as early- as the 25th particle. The increased
nonlinearity causes the solitar y waves to form more rap idly than in the
Morse-potential cases we studied.

From Fig. 10 , it may he noted that , at any given particle , there
appears to be a tendency for the solitary waves to become more distant l~
spaced in time with increasing time. It is interesting that this is t i n e
opposite effect from that observed in the case of the Morse potential.
The spreading can be seen more easily in Fi g. 11 in whi ch is plotted rh
velocity as a function of particle number at three different times . ht’
figure indicates that the length of “dead spaces ” or regions of the lattice
in which  the  ~‘~ r t ic 1e  v e l o c i t y  is essentially :ero increases with hot
distance from the front and with time. In addition , there appears to he
no gradual decay of the pulse amplitude as we approach the region of
uniform motion behind the front , but rather there is a sudden transi n ion
between this region and the reg ion of solitary-wave propagation.

The reasons for  tie: dift ’an’ence’s in detail between the hard-sphere
case and the  M o r s e - p o t e n t i a l  case ’ are p r e s e n t l y ’  not clear to us. It is
nevertheless inter esting that both predict a nonsteady profile and no
temperature rise behind the fron t as can be observed from Fi g. 11 . In
addition , the hard-sphere potential does appear to be able to support
the propagation of solitary ’ waves at least under t h i s  rather ordered
set of i n i t i al conditions ,

.14. E. Montroll , in “Proceedings of the Explosives Chemical Re -actions
Seminar ”, A R C — I )  Report 70— ~, l ) u r h i a m , NI , lY # R , p. 145.
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6. PRO PA ) AT1 ON I N ‘FIlE AN HA RNON IC LA’FTI CE
Al’ NON:ERo IN Tr IAL ‘l’EMPERATURE

The calculations of the preceding section represent somewhat of a
compromise to phy sical reality - because , as we have emphasized , i t was
assumed that the particles were initially at rest in their equilibrium
positions . Consequently , the effect of nonzero ambient temperature
upon the shock profil e has not yet been examined , In this section ,
se discuss calculations performed for the case in which the particles
in the lattice were allowed to undergo some initial therma l oscillations
p rior to being excited by trt e shock. Our intention is to determine which ,
i f  any, of the anomalous resul ts of the preceding section (nonsteadv
prot~~le , absence of equilibration , propagation of solitary waves) are a
manifestation of the rather ordered set of initial conditions used in
that calculation .

In Sec. 6.1 , we discuss the procedure for doing the calculations
and in Sec. 6.2 the method for preparing a one-dimensiona l lattice in
thermal equilibrium . In Sec . 6.3 , various velocit y- time trajectories are
disc ussed as before and we observe high-amplitude solitary waves propa-
e~ating amid a therma l back ground . The solitary waves are isolated from
th e thermal back ground and compared wi th those obtained in the p r e v i o u s
sec t ion . In Sec . 6.1 , we observe a “collision ” or nonlinear in teraction
between two solitary wave- s and discuss the consequence of their stabil it y .
In Sec . 6.5 , we investi gate the possibilit y of therma l equilibrium
he-hind the shock front and calculate t1~e thermod ynam ic variables of interest -
Fin al l y , in Sec. 6.6, we examine the extent to which the steady-state
conserva tion equations are satisfied.

6.1 Method for Performing Cal cu lat ions

Since the shock front travels at a finite speed into the lattice
and since our major interest is in the shock profile , i t is clearl y
unnecessary to monitor the p a r t i c l e s  whi ch lie - well ahead of the fr-out
In the p receding section , this posed no proh i em because the p a r t i c l e s
the - ad  of the front were at rest in t h e i r  e qu i l  ib n i urn p o s i t i o n s  . Con -

-e ’qti ent 1 , we 5 i m p l~’ p roe Je’ i our computer prog ram wi th a test wh i oh
;nise ’d the cal cul iti on to include on lv Jart i cl es whose y e - b c it v and

displacemen t were greater than some small number.

A sin ii an test i s no l o n g e r  poss i b Ic  i n  t h e  p r e s e n t  cal cu Ia t ion
becau se  the part ic les ahead of the f r o n t  are now i n  mot ion prior t i
being ox e - i ted by t h e  f r o n t  - I n  oriie r to aver I d mon i t o r i  ng a l l  t h i ’
par ticle s ahead of the  f r o n t , it is clearl y desirable - t o  add t h e
1~a r t  i c 1 t 5  i n  s e g m e n t s  o n l y  is t he-v ace- needed . One m i  ght  s t i l l  e ’xpe ’c t
howeve r , t ha t  i t  would  be d l  h i  c u l t  t o  e !e - t  c c  t t h e -  b ea t  i o n  of t h e -  sh ee k
f r o n t  i n  the  lattice - a rt i c u l i n l ~’ t o n ’ e~~~i k  shock ’,.



An e x t r e m e i y  c l e v e r  solution to the problem was suggested to us

by Tsai
45

. l~ ’ simula te the semi-infinite lattice at t = 0 by a series
of iden t i c a l  segmen ts , each con taining n particles in therma l equili-
brium , as shown in Fig. 12. In other words , the veloci ties and dis-
placements of the particl e-s i n  the chain are initially related by the
period ic conditions

V (0) = V .  (0 )
m jn+m

S (0) = S, (0) , j = l 2 . . . , m = 1 ,2 ,...n
m jn+m

The first particle is t h e n  sub jec ted to steady compression a t a
nondimensiona l  v e l o c i t y  of un i t y  as before and , as a resul t , a shock
wave proceeds through the chain.

Consider  t he  ~th  par tic ic assumed to be located in the first segment
Before the shock front reaches this particle , its motion is identical to

the j+n
th 

particle because these atoms are acted upon by identical forces
and had identi cal initial conditions . Working our way backwards from

the ~
th par t i c l e , we locate’ the first particle whose displacement and

velocit y differ appreciably’ from those of the symmetric particle in the-
second segmen t and , thereby , d e t e r m i n e  exactly the locatio

~ h
of the front

at any  time t . Fun- thernor-e , un t i l  t he  shock reaches the  n p a r t i c l e - , i t
is n e c e s s i r y  to solve t h e  equations of notion for only- the first two
segments since the particles in all the remaining segments will have
trajectories identical to the corresponding particles in the second

~ 1
segmen t. (In order to calculate the force from the ri ght on the  2n

particle , the d is placemen t of the 2n~ 1 
St 

particle is requ i red . However’,
we do not have to monitor this particle since its displacement is

equivalen t to t ha t  of the n+l
St par t i c le .) When the shock front nears

the ~
th 

par ticle , the par ticles in t he  third segment are included i n  the
computation. The shock front is located in the same manner as before ,
and the process repeated ,is often is  necessary to complete the c;i l cu b i t  ion .
It is there fore ne’ce’ssary to monitor at most 2n part id es ahead of th~’
shock front a t  any’ t m e , the last n representing the equilibrium condi i ems
of the chain ahead of the shock. For purposes of c a l c u l a t i o n , n w,i—

t a k e n  to he 100.

o. 2 Preparation f In i t i a l  Segment in ‘b ’herm al I~q~~i I i h r i u m

l~e ’ heg i it this sn h s e - c t  ion by considering the propert le’; of a one--
dimension al chain of atoms in  therma l equi 1 ib ri um. We the -n di scie — -~ how
we may a r t  i f i c i a l t v  prepar e- t h e  lattice so these propertie s arc- ‘eat Hf t e d ,

25 . I).H. 1 - i i , p n i e ; i t e  comnm uJrie - ,ltlon .

L 
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Consider a chain of n particles obeying cyclic boundary conditions

such that the first and th atoms are connected. The chain is assumed to
be in therma l e q u i l i b r i u m  at temperature  T. From the de f in i t i on  of
equilibrium , the probability that the system occup ies a particular
differen tial volume in phase space is given by the distribution function

F(v
1 ~~

. x1, ... Xn
)dV

1~~~
•dV n

dX
1~~

••dX n = exp +

dv - . .dv dx . .  .dx (6.1)
1 n l  n

where is the partition function which normalizes the distribution to
unity and ~ is the total potential energy of the lattice. The pr obability
that particle j has velocity between v . and v~ 4~dv~ regardless of its

displ acement and regardless of the velocities and displacements of the
remaining particles of the lattice is obtained by integrating Eq. (6.1)

over all displacemen ts and all veloci ties except t he  i~~~. If  we assum e
a velocity-independent potential , the resul t is

F~ v .)dv . = exp [ - mv~~./(2kI)] dv~

where

z exp [-  mv 2
./ ( 2 k T ) ] dv~ . (o .3)

Equation 1, 6 . 2 )  indicates that the velocities of all particles are
distributed according to a Maxwellian distribution at temperature ‘1’ ,
regardless of the form of the potential interaction as long as it is
ce - b  c i  t y  independent . C o n s e q u e n t l y ,  the mean (ensemble  average)  square
v e l o c i t y ’  of ;~n y ’ p a r t i c u l a r  p a r t i c l e  is c~iven by

< V
2 > = f v

2 
exp
[
~ mv 2/(2kF)

]
dv = kT/m , ~.4)

and the’ mean thermal velocity’ by

= I ~~. v ~ = J k b /rn . ( I c  .5)
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If t h e  l a t t i c e ’  di~~ - ;i ssed  above wet-c harmonic , it is well known t i o i ’.
the total energy- contained in the lattice is given by

E = nkT . (6 . 6)

On the . i v ’r : i g e , halt of  the - energy is potential and half kinetic. If an
initi al e ’n e ’r gy  c, iven l iv  Eq. ( 6 . 6)  is put into an anharmonic lattice and
the lattice ’ allowed t e l come to thermal equilibrium , it will equilibi-ate ’
at soff l e’ slig htl y d H t e r e n t  t empera tu re  1” owing to the difference in the-
harmonic and anharmonic potentials. i f the lattice is only sligh tly
anharmonic , however , the temperature i’ should not be appreciably differ-
ent from T and Eq. (6.6) will be a reasonable estimate of how much energy’
to  initiall y ’ put into the lattice to correspond to an anharmonic latt ice’
in equilibri um at temperature T. Before proceeding further , it is

~‘u nVe ’fl i ent to nondi me ns ienal i:e the quantities of interest as before . The’
t h e r m a l v e l o c i t y , u c n ’~-~t l i : e ’ d b y t he  compress ion  v e l o c i t y, th e n  is

= 
(
~ i~

)

’
~ , 1, 6 . ’” )

mu

and , t h e  t a 1 ClIc .’ I ’gv in the 1 at  t i ce , norma ii :ed by the kinetic ene -rp ;
of th e ’  f i r s t  p a r t i c l e ’ , i s

= —~~--~ - = = .n \~~ . . ( 6 . 5 )

2mu nu~

i’h e t i l e r C i l l  y e  loo it ~
- , V , is the only addi tionab parameter that must he’

spec if  ied  in t h e  computer input -

In o rde r  t o  p r e p a r e  ou r ’  m i t  j a b  segment of n particles in t he rma l
e - q u i l i b r i u n n , St  ge ’ i i ’rite d a set of n-I random velocities o~~ained from
a ~E i . ~~t ’ l l  ian v e l o c i t y  d i  ~~ r i c u t  ion . I’he velocit y of the n particle
w i - ;  d e - t e’ ru i i n e - d  f r ci ’ ; t h e -  au dit ion

~ 
0 , ( 6 . t i

iCrpos ’d So .15 t o  l n r p ’l I -t  no n e t  C i s s u t  urn t o  t he  c h a i n .  Each p a r t i c l e
t h e ’  h i m  ~~i s  i ,~~ i;: c i to  be’ in l t ~ e q u i l i b r i u m  p o s i t i o n  i n i t i a l l y  n o
( c i t  vn! t i b  en c -r .~\ ~~~ t h i  e ’ e b ’ c  i ’ I eee w e ’ r e’ ~c , i1ee l  by a c o n s t a n t  t a 1  tor c -

~ft i s lao c r  s. - ch ,-e e’n so t h a t  t h e  i n  i t  l a b  n o n d im e n s  b u r n  1 energy in t h e
chain w i .  ~, iv e ’n  l i v E~1,  1c ~~) . l ];u ’— , we requ ir ed

— ~~ ( I . 10;

i c h l i t  e- m e i  ne ’- I hi’ I i t ui ~
‘

i i i

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _



1 1 e v  i rig > h t  ,e i ne -el  t h e  sea 1 e’d vel oc t i es in the manner discu ssed
we ass i gned t h e r e  to each  of t h e  n particles in the segment. lht’

l a t t i c e ’  e as t h e n  a l l o w e d  to oscillat e Ire-ely and we ’ emp loyed a number- o t ’

checks  to i n su re  that  i t  was  a c t u a l l y  en e state of therma l equ il ibri ;er~.
F i r s t , we calculated the velocit y distribution function at sever al t i r r n ’~
and found t h a t  t i e  f ’,~r e c t  ion was e- o n s t a n t  in  t i m e  and e s s e n t i a l l y  tl a xwe’ l li.ere.
Second , we1 calcul ,it- ed the  t i m e  average of the  v e l o c i t y  squared fo r
several of t h e -  a t o m s in the lattice , obtain ed by e v a l u a t i n g  the  e x p r e s s i o n

= 
A T  

f  1, , ~~) d r  ( 6 . 1 1 )
1

1

where’ Ar is 1 t ime Icing ce-ri -p e r e c i w i th unit r’ - We’ found t h a t  t h e  t i ree
i c e - r a g e igrec -u with r’~ e ’ .i~ er’ .ig e t a k e -I ov e r  a l l  p a r t i c l e -s en  t h e  s v s t -: i ~ l
any time , v i : . ,

< V - > = -
~
- 

~~ 
V .

2 
~r) . ( o . 12 )

l’h i. r’d , w e’ fe-un it r h , i t  the t i l  k inet i~ m d  p o t e n t  m l  ene rg i e s  in  t hi-
l a t t ice ’ r e - r e i n e d  e ’ s s i ’ : t i a l  by ’  e’ ee e t em nt in e m ’ . \ s  we ’ p o i n t e d  ciut b e - f i r e - ,
one w o u l d  e - \ ) ; , fo r  e har reo nic l i l t  i c e , t h at ~t h e ’  k i n e ’t i c  and l e t  c i t  i a l
e r r e -r g i e ’’~ ~ould he’ ;-qe I e r e c t  e - , m : } ;  g i e  e t c  hr  n \

)~~~ For the ’ a n h a r m o n i e - c’ 1i~~e’ .

t h i s  i s  no lo n ger rue end we l en t ge nee ’ i - a l  l v  t h a t  t h e  k i n e t i c  c n e r g ~ w e
s l i g h t l y  l a r g e r  t h i n  the ’ p o t e n t  i i i .  F e n a l l r - , i i .- c a l c u l a t e d  t h e  local
p o t e n t i a l  and k i l t - t i c  e n e r g i e s  1’v .iee r a g in g e-V e’F :1 f e ’s- ( s av , 2 5 )  p e r t  i d e -
w i t h i n  the  segment , mr l found tha t t hee -se we ’re ’ r ou g h iy  c o n s t a n t  in b o t h
sp ace  and t i m e .  ~ c rne - 1k’ ; it  ions  l i d  o c c u r ’ , h u t  these ice -re - a ttrib u t e - t b
t i  t h e  tact t h a t  relat j e - e’ l v  few p a r t i c l e s  were  c o n t a i n e d  in  t h e  i m v e r e g c ’ .

We ’ s h o u l d  p o i n t  n i t  t h a t  we - h e - 1 e’  s t u d ie d  e q u i l i b r a t i o n  ot the ’  chain
w h e v e e  t he t ’r r I s  w e ’re s u b j e c t  e e l  t o  . a r’ i o e i ’~ h c i - i r e e l , e  r’r cond i t  ions  , h e i t  h a v e
f o u n d  t i.e t on l y~~~h e’ I i c  ceiti d i t  i Ofl p ro eh i ce ’d re e s e - n a i l  Ic  r e -e u I t s  - For-
t i r e ’  case ’ O f  I i ‘ c i  e n ]  e-~i I i  ion s , i t ’  f o u nd t i e c t  t h e  unequa l force-s
e e ’ r - t ej  it lie ge en t i n e ) . lpon t h e  ends of the chain by - t h e  u sed
particle s t ended i, ) ~a L  .e’ t h e ’  c 5 l . t e ’i o f  m m ~~s of t h e -  chain to d r ift
f i r - ~t e n  one’ direction ,m nd t h e - n  ire the ’ o t h e r .  T h i s  r e s u l t e d  in  r a t h e r
lee rg e ’ — s e ’ i l e ’  d e — p l t c e m e ’ n t s  of th e- inter i o r p e r t  L I e s  f rom t h e ’ i r  e’ c h e i i l i —
h r i u e : i  p o s i t  ions . For the ’ e a . ;e of ’ free c - r ed ; , we’ found ‘e t  r e - m e - b r -  l a r g t -
di s p l a e ’c’me n t  of  t h e  p e rt id e’s p art i e ’ u l m r i y  towir ’l the ends of t h e
chain. I t  i s  common l y .ie ’:e’ p t e ’d  t h a t , f o r  s u f f i c i e n t  Iv  bar -ge ’  - ;y - ; t e-ms ,
t h e  end cone) i t  ions do not e f f e c t  th e ’  cc 1k  p i -op er t  re ’ S of ’ t h e -  s y s t e m .
.\ 1 b e e r e ’ n i t  l v , h e - w e ’ v e ’  , .m chain o f 100 ) e m t ’t i e ’ l e -~ i s  not  l a r g e  enoug h t o
neg le~’t such e ’f t ’e ’ct s .  Th e’ g c - s e -  r i b  ~l ’- .iraFi l i t r ’  of u s i n g  p e r i o d i c -

c u re - I.e rv e’~~~ cl i t  i on s  iii ce nue jic it e -r  5 emil  i e’ o r  s r i - e l  I 
~~~~~~ 

t i - m ’~ ly e

--



discussed elsewhere46.

l’ie- have considered in our  c a l e u l ; m t i e e n i s v a r i o u s  v a l u e s  of the therm.l
\e b c  ity 

~‘b~ 
If w~’ choose as r’ e ’ e s o r c c e l !  b e ’ v a l u e s

‘1’ = 300°k

= 10 ~~
c
k g

= 500 m / s ,

d i  ~‘t Clii

( ~~~ ) 2 

(6 .13)
mu

on -qu Ie t lv , it room t . ’ : e c(c e ’ r ’. t t e i r - - Se ’ do not e x p e c t  t h e  therma l ve ’loc i ty ’
to be nec~l i gibl e ’ w it h r t - .p e - ct to t a ’  compre s s ion  v e l o c i t r - . F u r t h e r n e e c r - e- ,
is I d e c r e a s e s , V 1. u n i v  de-o r ’a -~es as .~rTT and i t  is  l i k e i r ’  t h a t  on l y’ a t

. - ‘r v  l a w  t e m p e r e t e i r e s  i n d e e d  can  one i x p e c t  that neglecting the therma l
y e ’ l O c ~ i t v  i s  ci r e e l  i ic . s stmflu l t e o n .  I t  w a s  this consideration w ; e i  ch
p rompt ed  the ccl c c i i  c i t  ions  e- t t i e r S se’ c t i on .

- 3 VeIe e t c - l e e  u~~)~ - dt on es acid Propiegat Ott elf Solitar y Waves

I n  t h i s  eu L , e c t i o n , we discuss the velocity-time trajectories
- h t m l  ned whe n “he e-~~i i 1 i hr.e t i’d lat t i c e  d i s c u s s e d  e-h ove ’ was s u b j e c t e d
to  .~hoc~ compress eon fo i  t h e  c a s e ’ in wh ic-h A m = 1 .0 and VT = 0 . 5 .
I i  ih i l ’ e 13 show s t h e  trajectori es for three particles in the lattice ,
-c e-tid y , 100 , 200, and 100 . A g~m m n . t h e  t ime scales have been adjusted
so t h a t , at time t ~~, t h e  particle ’ first feels the effect of the shoc~
Re f e r r i n g  t o  the  100tht 

p e r t  i d e’ and t o  the pulses labelled .-\ ,B , and C
in  t he ’  grap h , we- o h - . - i \ e ’ some- y e - i d e - n e-c of hig h—am pl i tude solitary’ w a v e - —.

g e t ing .ie e i id cc ‘ h e r r - e l  s ie k g i  owed. Be c i u i se of t h e -  b a c k g r o u n d ,
h w v e r , th e  -;h cj e e - s  of the ’  p u l s e s  a r e ’ n o t  so w e l l  d e f i n e d  as i n  t h e  c a se
f or which the pai-t id es we-re ’ m u  i,i l b y - it  re-st in the -jr equi lihr’ium
p o s i t i ons .  R e c a l l i ng  th at p i-opagcition is occurrin

~ h
toward the’ left , i

see’ that by t he  t i m e  the ’  f r o n t  h a s  reached the  200 p a r t i c l e , p u l s e  C
has begun to appro ac h p u l s e  B , wh ere a s  pci1 se -\ has  moved con s i elerab b y
f e  rt her mhue ’ad of B. \ t  part i d c  30(1 , p i l l  se .1 has moved st i l l  f a r t he r
ahead of B , h u t  i i app ears  t h a t  p u l s e s  B and C ~~e nearl y t h e  same
d i e t  ;mr e ce apart is when the shock was i t  t h e -  200 part i d c .

- le- . R .,J . Alder and ]’.)). W~ i rm w r i gl ut , ‘ ‘h I  id i t s  in t’le I e’ c c i  I c e  r lhrncm ne u t ’s .
I . t e ’r ie r ’ ; c  I \I t hod’’  , - I  . ( ‘he -n , Phy ’e , 3 1 , - b h t (  (I 1)h1) 1 -
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F i g u r e  13 . \ e’ b o c i t v - t i t r r e t r a j e c t o r i e s  for  th r e e  p a r t i c l e s  in a ~leei ’se ’-
p o t e n t i a l  l a t t i c e  w i t h  nonze ro  i n i t i a l  t e m p e r a tu r e . The
par ticle first feels the - effec t of the shock at  the  t i m e  t

C)

- -



We’ are therefore led to speculate that B and C crossed while propagating
th th -b e t ween the 200 and 300 particles.

The .~hcs v e observations are rather imprecise. Ire fact , i t  is not
really clear whether the poises we have observed are high-ampli tude
soli tary waves interacting with a thermal background or simply rather
e xt reme , perhaps unstable therma l oscillations . In an effort to resolve
this point , we redid the calculation , but instantaneously stopped the

compression when the shock front was at the 140
th 

particle. The remaining

particles of the lattice , those beyond the 140
th 

were then placed at
rest in their equilibrium positions . Essen t i a l l y , we had a hot , shock-
compressed lattice directly next to a cold lattice. If the large-velocity
oscilla tionc .~~re indeed the result of high-ampli tude solitary waves ,
then we should see t h e - s e -  waves propagating with superacoustic speeds
in to the cold lattiec leaving the thermal background behind . We should ,
therefore , be able to isolate the solitary waves from the thermal
back gr ound.

Figure 14 illeic ’trate’ s t he -  r e su l t s  of the calculation . The velocity-

t ime trajectory of the l 45 ’° p a r t i c l e  is p lo t t ed  for the  case in  wh i ch

the  shod compress ion war. stopped at the 140
th 

particle and the remainin g
tiie tic le - s placed at . - - t  in  their equilibrium positions. For compa r i son ,

the - t r aj e c t u r \ -  of t h e  145th partic le oitainu ed in the original calculat eou e
i s shown iii  low e r pa r t  of the  graph .

From F i g. 14 ~e li -ede’e-d fired solitary wave’s propagating cut into the
cold lattice. Unlike foe- the case’ studied in the last section , however ,
the pulses a p p a r e n t l y d i  not evolve to the sam e constant amplitude and ,
t the head if ty; - fi -on t  , the amplitude’ s are higher than for the case of

t h e  i n i t i a l l y  cold lattice. Comparison of the location of the peaks of
the p c i  lses in the upper  ~nd iuwe’r parts of the  figure aga in  emphasi  :es
h i t  the on c i nab p :c 1st-- ; she cli sec - .:e s are - se-I i tarv wave r- . propagat i ng

I I I  IL  the’ nr e il Ic .ic~
_ gro erI ea . C~’cseq ucri t 1: , t h e  l a b e l s  A , B , arid C ,

r r d  pond to t 1 -  -~a nee- p u l s e s ou st -r i  e-d p r o p a g a t i n g  b e t w e e n  the 100 th  and

‘il rt id e-s in l - i g. 13 ; t he  I m i c e - i  , I ) , r e f e r s  to the fourth solitary
c i ,  e -  or  di sceis sed p r e v i ous 1 y -

(~~ - have’ cab cci l e i t e d  freu r: c our c Om p e c t  c r  data the amp l i teid e ’s , and
1 n a g a  con ye’ b c  i t  C e’ of wave r- .-\ , B , C , ari d P in titel cold lat t m cv . bl~e’
results are shown i n  I ;ch Ic I I I .  We oh- c’ eve  a g a i n  tha t  the  p ropaga t ion
i’r’ b e - c i t y  i n u c r c i s e s  w i t h  h i e ~ re’~i - - .i ri g amplitude. Consequentl y, a s p r e a d i n g

e- • w i  11 he i e l  r l i m ed as Pt’ f e - i c  w h i c h  w i l l  p r e v e n t  the profile from
appr edh ing a --t e-idy sr  a t - . ~ e- c iii also anticipat e from the table tha ’
pul se’ s B i r e ! C w i l l  ev - e - ~ i e i l 1 y’ ‘‘ c u b  l i d e ’’ ~~~~~ -\ s i m p l e  c a l c u l a t i on r e v e a l s

t h a t  t he’ c o l l i s i o n  - ‘ le e - o ld t a k e - 1) 1 1ev er r  t h e  v i c i n i t y  of t he  280 t h  
1e-i y t  i e ’ ] e
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TARI  II Ill. l~ROPAUAl ION VL IOC I Ii A N I )  AMPLITUDE OF SO LI’bA RY W ’AVC S.
P R c ) P A UA ’FiON ‘c C  I OC IFIE~S ARE I N PARTICLES PER I J N I  T OF
N 0 N1 ) 1Ml )N lON ~’dJ, TIME .

S ol i t o n  A m p l i t u d e  P r o p a g a t i o n  V e l o c i t y

-\ 3, 2 1.50
B 2 , 9  1, 32
C 3,2 1 .50
D 2.’~

jO the  l a t t i c e  a p p r o x i m a t  e l y’ (n c i t e  i t s  of time after sol it on B reaches the’

part icle. Since the velocit y ’ of the hi gh- amplitude’ so l i t ,m i ’y- w ave -s
i s  not  g r e a t l y  i n f l u e n c e d  he - t h e  t h e r a l  backgr ound , our’ ori g ina l specu~
lcc t ion that B and C crossed prior to reaching the 300

th 
particle ;mp Ir e-cc rs

c e - ire - ct. In the follow ing S e ’c tj o f l , we examine the stability ot the
so l i ta ry w a c e s  upon c o l l i s i o n .

h. -1 So1itary-Wa~e- Collisions

Since we have obsc t’~ e’cI in the previous sect ion t h a t  t h e  sol c t c r \ ’
waves may collide at some point in the lattice , it is necessary to
examine their st ab ilit y ’ upon collision . Such a collision is re-ore-s e- ri t ed

in Fi g. 15. At the 170
th 

pa rticle im the lattice , we see two solitart-
waves well separated in time . Propagation is occurring toward the left
and the hi gher-ampli tude , faster- -moving wave is behind the slower one.

By t h e ’ t ime the propagation has reached the 185
th p a r t i c l e , we find that

t h e  f as t e r - m o v i n g  s o b  it ~c r’ y ceavc has overtaken the slower one and a
n o n l i n e a r  i n t e r a c t i o n  i s  oc c u r r i n g .  It shou ld  be emphasized that t h e -
i n t e r m e t  ion is nonlinear and lot just ci linear superposition of the
-c eqici rate w ce ’s as mi ght be ~- .xpc cted if the solitar y waves represented t

s o lu c t  ion to  cm linear dj f f e i c-nt iai squat ion . When the wave- pair has

reached the 200
th 

part i d l e ’, we flue ! that the faster sol i t ai’y wave -  l en s
moved c o m p l e t e l y  t h r o u g h  the  s lower  one , hu t  each has m a i n t a i n e d  i t s
or i g ina l  shape.

We have’ monitor-ed sever c i l u t  these coil isions , and in each case’ the’
so I i t m  iv waves emerged f rom t h e  c o l l i s i o n  w i t h  their ori g inal shape ’— ’
m t  n t  . Consequent  ly’ , we d e ) i ( e  luele t h a t  t h e  s o l i t a r y  w O v e ’s sh ich  Se ’
obse rve pr ’o p ; e g e t  i ng in  the l a t t i c e  i r e ’ , in f a c t , sob tons. b’he’ pre-’- e -r id e-
if t I c e - -c ’ stable entities impedes tlre thermal i z a t  ion cii ’ e r i e -  i- ge helm m d  l i e ’

shock front t ine! “ , m ise’e the epie’s t ion ,ms to whet her the - i-mci I e-e )uI i i  m h r  i urn

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
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Fi gure 15.  V e l o c i t y - t i m e  t ra jec tor ies  for three p a r t ic l e s  i l l u s t r a t i n g
a solitary-wave collision . The origin in each case
corresponds to the t ime represented by ‘r 0 . 
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i t  an elevated temperature is established iii the compressed lattice.
Ii- ,is q-~ e c t i O n  s i l l  be addressed in the f o l l ow i n g  subsec t ion .

h.:; Investi gation of Thermal ESuilibrium Behind the Front and
C a l c u l a ti o n  of the Thermodynamic Variables

We leav e  1;lo tted in F i g .  16 the p r o f i l e s  of the p o t e n t i a l  and k i n e t i c
energies , averaged ove r  100 particles , for several times . The single-
- a r t i c l e  potential and kinetic energ ies were calcula ted from the formulas
ir ed icac ed in Table I. The profiles exhibit a structure characteristic of
shock profiles in the continuum approximation , namely, a transition
c’ e ’g i o n j o i n i n g  two reg ions in which the average values of the variab les
i re  r o u g h l y  cons tan t .

Bec m n s e  of the  la rge  number of partic ic’s which have been included
in t i~i- aver age , it is difficult to determine from the figure whether - or
lot the transition reg ion increases in w i d t h  as the  shock p r o p a g a t e s

f a r t h e r  i n t o  the  l a t t i c e .  However , it is apparent  f rom the  d i s cus s ion
of the preceding subsection that the transition region , which consist s
of hi gh - amp l i t u d e  solitons propagating with different velocities on the
thermal background , must increase- with propagation distance . The growth
of the t ransition region ,owing to the spreading of the sol i tons , shou ld
become evident even in the averaged profiles if the calculations are
extended to longer times . We conclude , therefore , that the shock pro-
file is not ste ccdv in t ime cis is generall y assumed in continuum treat-

c~1c -n l  s i f  shoe-k propcm g at ion in solids .

l i c e  relat i - c eby conc -ct ecc t enec- gy dens i t  ies l o c a t e d  w e l l  b e h i n d  t he
fron t lec id us to inqu i re whether this segment of the lattice is i n
t h e r m a l e q u i l i b r i u m . ‘l’h e q u e s t i o n  is sonewhcet d i f f i c u l t  t o  an swe ’ r
c o n c l u s i v e ly , pa r t  icu ’, a r l v  in one dimension , because of the l’c m i r i v
small number  of p a r t i c l e ’ -. b e h i n d  the’ front . If , for instance , we ’
c -m l cu la t ed the v e b o e  ite distribution function , s i gni fi cant de’v i ;it ions
i ron a ~1.i x s -  l i e  an f cm nc t  i on  mi ght  he an t  ic ip cm t e’d eve -n if t h e  re-gion

5 t ’i ’e in  f :mct in eejuil ibri um , —

Ne-i - e -r t h e  l. cs s , in in at t c r e p t  t o  an sw e r  t lii s quest iOn , we ’ b c - i t  i’d
from F i g  - l l~, cit a part icu l a r t inc 

~ 
, t i e -  m p p i - e cx im ei t e p oi n t he ’h in d

the  f r o n t  at w h i c h  t h e  av e r a g e  e r e c t - g e  es cl i  s c u s s e d  above’ h ‘~~ m e ’ const lo t -

‘he v e l o c i t y  d i s t r i b u t i o n  f u n c t i o n  f i r  pecm ’t i d es l e - c a t e -~t e lse-en t h i s
Po n t  -ue ~I t h e  d r i v e n  end of the ’  l a t t  i c e -  was  t h e - m i  c e l c u l i t e l .  b’h e s i b - -
cii l e c t  i on  sc is  subsequent  ly  r ep e a t e d  c i t  d i  f f e r e ’n t  i i  lues i t  ‘he  t m e  and
fo r ~l j l ’f er cn t  numb er s  of P~U~ i d es d o t i t i i n c ’~l w i t h i n  the ’  ~~emp 1e ’ , ~~e

e’ons i s t e ’r t t  l v  o b t a i n e d  - m n e a r l y  ~‘!- mxs’ e’ l l  arc d i d  r i b m i t ion f r i u c t  ion  w h i c h
~ipp i -i r e - d to e’ e ir’ ’ ’ e’spoeid t o  cm t h er m a l e n e r gy  t h a t  w i - c  c i 1 e p m ’ox e m i t  c l v
~ i c t o r  ot ’ 2 . 3  h i ghe’ r t h a n  the ’  a mb i e n t  t h e r m a l e r c e - m g v . -\ t y p i c a l  d i s —

I - - t t  n e t u t u  ‘ iou  e d i t  - i i  tree! i s  ‘dee-sal i n  F i g .  l ’i i n  sIc l c ’Il t i c c  rrumbe ’ r - i f

‘ urns h i v i n g  v e l o c i t y  in  , e g i v e n  i m r t e - r i c e l  i s  p l o t t e d . ‘I ’he - ~l m r c , t i ’ i b u i t  i o n
i - , r h , i t  o t i t m i n e - e l  c i t  t i m e  T’~~23O , and t h e ’  s a t nj - l e  c o n s i s t e d  of the t ii ’ s t
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250 particles of the lattice . The shock front at this time was around

the 360th particle . As can be seen from Fig. 16, the energy density is
nearly constant at this time for this sample of particles. At least
qualita tivel y’, the Maxwellian character of the distribution function is
obv i ous .

That the distribution function remains constant in time and corre-
sponds to a higher-than-ambient temperature (See Tables IV and V.) leads
us to conclude , tentatively, that some equilibration of energy occurs
behind the front. For a number of reasons , however , the question has
not been se t t led  conclusively.  Fi rst , it is possible that the t imes
at which the distribution function was calculated were not sufficiently
well  separated to discern time-dependent behavior in the function . It i s ,
therefore , possible that at a much longer time the function w i l l  have
changed s ign i f ican t ly .  Second , it is not entirely clear whether the
deviations from a theoretical Maxwellian distribution function , obvious
in F ig .  17 , result from the small number of particles in the samp le or
from an actual state of nonequilibrium. It is clear , however , that the
distribution function is much more near ly Maxwe l l ian  than those obtained
in Sec. 5 (zero ambient temperature), and it seems unlikel y that the
initial thermal oscillations could have caused so substantial a change
in the function without any additional equibibration.

The question of the approach to thermal equilibrium clearly needs
further investigation . We will , however , defer such investigation
until the extension of the calculations to three dimensions has been
made. The larger number of particles behind the front , in that case ,
should at least lead to a more accurat e determination of the distri-
bution function .

Assuming  e q u i l i b r a t i o n  far  beh ind  the f ront , we have also calcu-
la ted other thermodynamic variables both in the compressed and uncom-
pressed , equilibra ted regions of the crystal. As we have pointed out
prev i ously , the solution of the equat i ons of motion of the particles
in the lattice is independent of the  C - d i c e i i  ib r i u m  l a t t i c e  sp a c i n g  l~~~ -

However , i n  o rder  to c a l c u l a t e  both the shock speed and the d e n s i t y
within any region of the c r y s t a l , a v a l u e  of t h i s  p a r a m e t e r  must  be
specified . We chose a normalized value , given by

a

U

of 6.1) and found that t he  shock speed , n o r m a l i  :ed t o  the  compre ss  ion v e l o c -
i t y ’ , was e s s e n t i a l l y ’  cons tan t  i n  t i m e  and approximately equal to S. i i u i . l ’h i c
shock speed cor responds  to a ylcmc h number of approx imatel y S. The’ p r ’- - ’- c e re
with in  ci given reg ion of the crvst i i i  was defined to he tIle’ fir r~ ‘ e- ~~~ ‘ rt 
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on the 1
th particle b y t he  ~~~1, 5t a vt ,-r ged over the number of pa r t i c le s

in the region under consideration. The therma l energy was defined
i c y  the  express ion

= < ~~~~~ - \ )
2 

> (6.14)

where V is the average particle veloci ty  in the region and , here , the
notation < > means an average over the appropriate number of particles .

The values of these thermo dynamic variables , as wel l  as the average
kinetic and potential energies discussed previously, are indicated in
Tables IV and V. Table IV contains the initial values or values in the
uncompressed region of the lattice. In each case, these values were
ca l cu l a ted by averag ing over the last 100 particles in the lattice , all
of which were locaf ’d ahead of the shock. In the table , is the nor-
malized density in tl C s reg ion of the crystal , or the average number of
particles per nondimee-sional lattice spacing, P is the average pressure
defined previously , V is the average particle velocity, and i is the
time at which the calculation was made .

TABLE I V .  VALUES OF THERMODYNAMIC VARIABLES i t ’- UNC~~’1PRESSED LATTli :lc Al
DIFFERENT TIMES. ALL VALUES WER E OB ’l ’A INE D BY AVE~~~G 1 N C  OVI R
THE LAST 100 PARTICLES l \ THFc LATTICE.

V f l  Plc  I: , I’

200 0 0.32 0.18 0 .3 2  0.16” 0 .le -

230 0 0 . 28 0. 22 0 .28 0. b n h  1 . 2 2

[ A R I F  V .  ‘~.-~b 1 )lcS OF ‘l ’ill RNOi)~NAMlC VARiABLES IN COMPRESSED LVI l t d  2 k b

D I F F I k I \ I  ~~ 
c~ - \NI c FOR DI I :FE R ENT NUMBERS OF PAR IIC I 115 l\

if IF SAMPlE .

- , Kl -  Pb P
5 - ‘ - I

200 130 0. * 1. ~
‘
5 1. 01 0. f~~0 0. 1IY S .

200 1.00 1. 52 1.03 0.82 0.11)5 5.”2
23 0 150 0.9~

’ I .t~5 l . Ot 0.’
~l 0.19 ” 6.02

200 0.93 1 . S~ , 1 . 11 0. “0 0. 19’ (i . 19
250 0. r)2 1 . hi )  1. 06 0 . ”3 0 . 194 5.



R e s u l t s  are o b t a i n e d  for three different sample sizes by averaging over
the firs t 150 , first 200, and firs t 250 particles in the lattice. The
number of p a r t i c l es  in the sample is indicated in the second column of
the table by the parameter , N~~.

Re f e r r i n g  f i r s t  to al i t ’  IV , m-~e see that the i n i t i a l  values  of t h e
various parameters Ire i n  roug h agreemen t for  the two times considered .
It  is l i ke ly  that  more exact agreement  could be ob ta ined  by c h o o s i n g  an
initial sample which c o l m t 3 i n e d  more than 100 particles (i.e., n larger
than 100 in Sec. 6 . 1 ) ,  hut  i t  is a lso p o s s i b l e  t h a t  we have not achieved
complete thermal equilibrium in this segment. If not , the deviations
from equilibrium were fel t to be sufficientl y small for prac tical con-
siderations .

I t is of par t i cu la r  in teres t to note in Table V that the thern1,~l
energy , liT~ 

behind t h e  front is nearly constant for all samp les and at

both times considered. I t is rough ly a factor of 2.5 higher than the
amb c~ it therma l energy as we have pointed out previously. Since the
therma l energy is directly proportional to the temperature , the
tempera ture is , therefore , also a factor of 2 . 5  higher. We observe an
increase in the density’ of about 20°c and an increase in pressui-e by
about a factor of 6. ‘I’he average particle velocity in each of the
samples is , of course , near ly’  equal to the  compression v e l o c i t y ’ .

b. (i The Conserva t ion  Equ a t i o n s

If the shock profi le were steady in  t ime , the  thermod y n a m i c  v a r i a b l e s
in  f ron t of and b e h i n d  the  shock o b t a i n e d  in the  las t  subsec t ion  wou ld
s a t i s f y the f o l l o w i n g  conse rva t i on  equat ions :

~ (V. — U
s

) = c
~~f 

(i~ — U s) (fi .l 5 a )

- - 1i 5
) = + b i

f 
)V
f 

- i J ~~ ( C c . 151) 1

2F S . ( V .  - U5) 
p
~
+P
~ ~

V . - U s) 2E
5

f ( V j~ - I L )  f +P f i V f 
- U~ )

( 6 . l S c )

In  these equa t ions , L l ~ d en o t e s  t h e  sho ck  speed , which i s approximate ly

S.u9 -is discu ssed e,’irlie ’ r , and i ari d f denote ’ n ut  I a !  v a l u e s  i n  t rou t
‘t the shock (Tab Ic IV ) and 1’ i u n  1 ~-a lIiC ~~ b e h i n d  the shock (‘I’ab 1 e V I

respect l y e  l~~. The q i l a n t  its’ l c~ i s  t h e  t c t a l  enC-rgy mea sured  in  the
-~hoc~ fram e m d  is u - e l a t e d  to the’ I t - m t  i a i  and kmn e t m c energies i n
t e e  l a b  frcu n r ’ t r csieie the t icr m til a

_ _ _ _ _ _
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= PE + KE - 2 \bi~ + U~ . (6 . 16)

~cm~tti o !~s (6.15) ~ aci be d e r i v e ~1 f rom more general hydrodyn amic equat ions 4 ;
w h e n  c o n s i d e r e d  in c o n j u n c t i o n  ‘j i t h  an eqeat iom of s t a te , they y i e ld  the

s o - c a l led Hugoniot c o r m d 1 i t i o e 1 s ~
t S

.

Althoug h , as we d a \ c  —t i-essed earlier . the profile is not steady in
t i m e ’ , it is of interest to determine the e. - ent to which Eqs . (6.15) are

~fied. To do so , W d  ,,cked the con~e vat ion equations at ‘r 250
using the data from Tabie ii’ and V. Th-’ final values were taken to be
the averages over the first 250 partic lec~ in the lattice (last row ,
I c it i le V ,i . The equations were rI-en checke I by directly substituting for
the variab les in Eqs . (e-e .IS) lie d comparing the right- and left-hand sides
of the equat i ons .

The results are cnd atcd in l’ahle \i. Column 1 lists the equation
number , column 2 the vai~ -’ obtained for tI’e left-hand side of the
cc)tmd t ion , column 3 the corresponding value for the right-hand side , and
column 4 the percent deviation . The last figure was calculated by taking
the absolute value of the ratio of the difference in the right- and left -
hand sides to the v a l u e  of the left-hand side. It is rather interesting
t n m t  t h e  largest deviations are around 5%, suggesting that the nonsteady
ht-liavior of the profile effects the Ilugoniot conditions only slightly.
‘.
~ s m i  lcir cu r ic l u s  ion has been reached by ‘lsai.

tABLE V I  . S 1E-\PY-STATE (IIJNSIIRVAI ION EQUA’l’IONS

f - 1 i i c i t i O f l  ~ IllS RUS % Deviat i on

e . ~ - c m - 1 .1 3 —1.50 5%

31.03 52.58 3°~

( c ~ I Sc — 2 2 5 . - ( 1 1  -2 32.47 2%

I I) \ l ) ’ ~ ioge ‘~t m t i ~~t i a ! P}~2,sics (Holt Re~inhart , and W i n ’~t on
\e ’i~ ‘i c i r k  , !10o 1 , Ch t 1i . 1 2 .

C ” - Il .~~. l .iepm auin and o,. R o s h k o , F l e n i t ’u i t s  of G a s d y -n a m i c s  ( W i l e y ,
~~ ‘e~ Y o r k , lieS ” ) , (l1 i~~ . -1 .

- — 
~c: . -rrr . : fl
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W e have carried out n u m e r i c a l  and some analytic calculations
d e s c r i b i n g  shock p i - u~ a g a t e u n  i n  a o n e - J im e n s i o n a l , d i s c r e t e  l a t t i c e .  A
number of interatomic t~~~~~ial~ h c iv e  been st udied , but the most exten-
sive t re,etment has bee-n g i - c e - i m  t o  t i c e  case  in w h i c h  t he  atoms i n t e r a c t
v i a  a Mo i’~ e-type potential. I w o  s~c e c m a l  cases of i n i t i a l  cond i t ions
‘n a v e  been cons idered . I n  t i m e  t’i rst , -,~e assumed the atoms were initially
at rest  in t h e i r  e e (u i l i b r i u n i  p o s i t i o n s  ,:e- r o  ambien t  t empera ture )  prior
to be ing  exc i ted  b y the  shuck; in the  second , the l a t t i c e  was i n i t i a l l y
in  thermal  e q u i l i b r i u m  w i t h  au -i e n e r gy  t ha t  corresponded roug h l y  to room
temperature .

The m a j o r  c o n c l u s i o n s  w h i c h  can he drawn f rom t h e  c a l c u l a t i o n s  are
as fo l lows :

1 . In no cases sl id ) ed m~a: the huck 1c 1 - o f i  le found to  be st cad> ’
in t ime  as is g e n e r a l l , - ~ s s i i n t i - d  in :e) i l t  i n u u m  c a l c u l a t  i o n s . l’h e cause
ut the nonsteady behavior is the p m pagation of well-d e fined pulses
( s o l i t a r y  waves ) b e h i n d  t he  f r o n t  wh o se  j ’ i -  or ci~at  m o n  ye loci  t v v a r i e s

th a m p l i t u d e . ‘l’he d i  f i e r e - n - e in  ; - ~- n l g a t  I d ) f l  e l o c  i t v  of d i f f e r e n t
so l it o n s  introduc e- s a St i i c c i d ing ~

- ii- : t w h  c i  app m c ~~it l v  p x- ev ’ci t  -m the
p r o f i l e  from ever a p p r o a c h i n g  a s t e a dy -  st a t e .

2 .  For the  i n i t i a l l y  q u i e s c e n t  i i t t  ice , no ~‘ p m i  l i b r a t  ion  of
energy occurs beh i nd it- shock f r o n t  and t t o ’ r e  i s , con~~ -~~i e i i t  I v , no
temperature i’i sc. 111 e’nt - r g v  j u t  roduced b y t c c ’  ~h oc k w ave-  is either
pot ent i al or ordered t rans  c i t  i ~c i c j  cue r g v .

3. For a I a n  ice ’ ~ i t h  ~ n on: e ro  itilt i i i  t e m p e r a t u r e , t h e i ’ ma l i iit i o n
of ene t’gv beE end  t I i  c -  f r o n t  does apt- - a : -  1 - ) c -~O 1r hu t  t h i s  aspe’c t of t h e
prob len requ m re -c f u rt h e r  i n yc -s i gat I c ii . The prof ile , h o w e v e r , i s  st 11
n o n s t e acj y and t h e  t r ~m - - e t  ion reg ion  c t -c m the two  c~ m e i  l i b r , i t e d  p a r t s
of t he Lit i c e  g e d .  Is ith t i r l i t ’ . A g a i n , t h e ’  g r o w t h  r e s u l t s  fro n e t h e
spreading eff’e’c ’ ~~

‘ so l  1~ m u -  w e e , - - of d i  t i - r e n t  amp ! ittide s and p r o p a —
gc e t to i l  v c_ - lo cit i e m ~

In the i c i t  i t t , c~~- c i t - n i  C c )  ~t e’ie ,i the el cu lat ions to a three—
d i m e n s i o n a l model  to see ’ i t  s m i  (at c - i t t - c t  s w i l l  b a r  m~ t i n  t h a t  c a s e .

Recent ly, ~
‘atnim ~ky 

- I i - ;  interpret e d  m e nc r t - c c - -e’ i n  t h e r m a l  conduc t  ion
w i t  h t h e  add it i on  of ,mmmnac’nion e c i t  es , o ( — ~ ’ I’ve d by )‘,evton , R i ch , and

I i ssc Ieec’ °~~, ccc t’c ’ s m  it i ci i; f t u i m i  he P r u i c : c ~1 c t  i c ~ m i m t  sol m t oil c i t  t h e  neod e’ l
s t u d i e d .  I h i t  mode l  wa -c Cs . d i m e n s i o n a l  ( i s  wi -li ccc, sotop ica l I >’
iflipilre ) en d i t  t h i t t e r , - appe a l  - i’ci o m i . e h c  Ic o e x p e c t  t h a t  so 1 i t oc e
p c’ o p c l g i C  i o n  might be’ in 11 1 c c - ra nt c i t  c - c t  i n ci thr ee —d inieii- - io uea i mode !
mi s  w e ’ l l

- I i ) . N . , ! . ~eihu s~~~, “ S ’  Ii t o t e - millet I C l e r g y ’  c liispo rt en Nin e I in emi r ( m i t t  i c e - ~~’
Comput  t ’ i’  ( ‘b y- c . Comm . 5 , 1 (I 1 .

50 . I). N. Pact c c i i  I I I , ~l . R i  ~h , and )‘~ - ‘-I. I i s s c h er , ‘‘ I  i t t e’e- l ’ h e m m c i l
I o n c h i ~- C iv  i t > ’  i n  j ) j  - -ci r de - r e t (Ia t’nc ’mm ~: acid \ i i h ; i rcno n c c  ( r y ’ .t a !
~I c c h & ’ l , ’’ , I ’ h i v - c , Rm ,’v . I to ) , ‘O h  

------- _----- - -“ - --~~~



It ’ so , we believe that the effects may be significant in the study
f s h o c k - i n d u c e d  d e t o n a t i o n s . In most current theories , the effect of

the shock front is ignored ei~tirely and the only function the shock has
is to raise the temperature , pressure , and density of the solid to higher-
than-ambient values. Chemical reactions are then assumed to occur in
the the rma l l y equilibra ted part of the crystal behind the front. It
would  ap pear , howe ver , t h a t  if the transition region grows in time ,
reactions may occur in a region of the crystal characterized by an
extreme state of nonequilibrium , and it is important to assess the
e f f ec t s  of this nonequilibrium environment upon chemical-reaction rates.
It is un l ike ly ,  for instance , that such rates can be represented by an
Arrhenius-t ype relation whose va l id i ty  is dependent upon the assumption
of equilibrium . Furthermore , the solitons at the shock front lead to
particle velocities si gnificantly higher than the velocities typically
found in the equilibrated reg ions of the compressed crystal , an effec t
w h ich may be si gnifie-ant in understanding the initiation process in
e x p l o s i v e s .

It would also be desirable in the future to study the properties
of solitons in more detail than has been possible in this report . Of
particular interest would be to study the effects of random thermal
oscillations upon the propagation of solitons of different amplitude .
Such a s tudy  wou ld  perhaps  lend insight into why (or why not) equilibra-
l i on of energy occurs behind the front in the case of the initially
equilibrated lattice . It would also be interesting to study the effects
of pe r tu rba t i ons  t ransverse  to the propagation direction of the soliton
( i n  a two- or three-dimensional model). It would appear that only the
absence of stability’ under such perturbations could prevent soliton
propagation from being an important effect in more realistic , three-
dimensional crystals .

_ - -- ------- ‘— - - -  -- -
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