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TECHN IQUES FOR PREDICTING STRUCTURAL RESPONSE
DUE TO EXPLOSIVE AIR BLAST

INTRODUCI’ION

The pro bl em o f predicting the response of an aircraft structure to external blast is difficult (or
the simple reason that the aircraft designer has never been required to design aircr a ft that would
survive the blast wave of a warhead. Since the aircraft designer has never been r c 1u e s t e d  to Ucsign
aircraft that could survive a blast wave , the aircraft stress anal yst has never had to develop the
tools for predicting the response of aircraft skin and structure to a free air blast.

On the other hand , the vulnerability analyst and the warhead designer are continuall y consulted
about the size of warhead needed to defeat enemy aircraft. Ihey arc prevented from taking a rati c .,al
approach and really settling the problem by at least three factors:

1. Construction details of new enemy aircraft are obviousl y unavailable to them. ~suul1) , only
some photograp hs of the external configuration are available. icit e , a rational structural response
model from first principles (i.e., Newton ’s laws , etc.) cannot c deve loped  s i n c e  they do no t  have
access to the necessary details to comp lete a rational model.

2. The main kill mechanism of warheads is usuall y fragmentat ion , w i t ,  t ir ‘ l i s t  i t i n g  i secondary
kill mechanism. Hence , most work has been done on fragmentation effe ts modeling.

3. The vulnerability analyst and the warhead designer are usuall y quite unfamiliar with the basic
“nuts  and bo l t s ” approach of the  aircraft stress analyst and , the refore , they never ti pt t I t ~ f o r m  of
engineering language that the aircraft designer and stress a n a ly s t  ,sc l o i s  is also compounded v the
fact that the aircraft designer has never had to c o n s i d e r  war l , ead  t i e t s  and i,as no f a m i l i a r i t y  w i t h
wa rheads and s t r u c t u r a l  response to b las t  l o a d i n g .

APPROACH

The approach that will be taken to the  p r o b l e m  f p r e d i c t i n g  t h e  s ru tural resp ttsc t o  external
blast is that of adapting and summarizing t h e  most important detail s f i sp her ical ,ar,e i n  f r e e  a i r
as it interacts with rigid surfaces.

The use of impulse  momentum fo ,  c a l c u l a t i n g  at r u c t u r a l  r e sp o n s e  and ti,, appr ’x im at  i n  of a uni-
form ly d i s t r i b u t e d  impulse  on t h e  su r f a c e  in question are appr ox imat l os t hat appear to be experimen-
tally justified.

Also listed is a techni que by Sewell and Kinney n t i ca l  ;m! u~~o, s~~t 2 ~~ a r : t ; a ~ TI ns~ ) ,  which
has been used by designers.

SAFETY FACTOR ANt ) AC CURACY

Certain simp lifications h a v e  been made in t h e development of toe desigi, procedures presented in
this manual. As a result , an a n a l y s i s  of t s t r u c t u r e  using these procedures w i ll generall y result in
a conse r v a t i v e  e s t i m a t e  of t h e  structure ’s apacity and , consequently, structures designed ising these
procedures will generally he adequate for the blast load exceeding t h e assumed loading conditions.

Certain unknown fattors can result In an over—estimate of the pr o t e ctiv e structure ’s apab il it y
to res ist the effects of an exp losion . These factors , reflections of the shock waves , structural
response , construct ion methods , quality of construction matertals . workmanship, e t c . ,  vary for each
design. To compensate for weaknesses resulting from these factors , it is recommended t h a t  t he  ‘ ‘ f l , ’c-
tive charge weight ” or the actual lt .irge weight , depending upon the method used t o  determine thy l i T

equivalent , be increased b y 20% for desi gn purpo ses . 



The effects of the warhead shape (which can increase the impulse and peak pressure) are neglected.
Tue effects created when the warhead is ii, direct contact w i t h  the  s t r u c t u r e  are also neg lected
(neglected h ere because at t h e  p r e s e n t  t i m e , they are impossible to calculate).

Another directional effect is sometimes found in high—velocity munitions (such as 23—mm high—
explosive incendiary (hlEi), etc.), particularl y in contact or close—in proximity fuzing. Here , the
forward velocity of the munitions will be felt in an increased damage capability in the forward direc-
tion . Use of impulse momentum structural response technique infers that the momentum of fragment and
gas cloud he added to the blast wave impulse. This effect , to the writer ’s knowledge , has only been
observed qu al itati’ e l y, and has rece ived little quantitative verification .

Another effect which has received little attention is that of warhead—aircraft closing velocity.
This has been discussed at length , but no hard and fast rules as to how to include It in warhead air
blast effects have been formulated.

COMMENTS ON DATA SOURCE

rite data source listed in Reference 1 was selected because the approach taken was a rational one
and the theoretical predictions were experimentall y verified. Although the results quoted in the
reference were obtained with concrete walls , the writer used the same techni que on walls built of steel
and obtained good agreement between theory and experiment. in terms of pure blast loading f struc-
tures , the civil engineering profession has had the most demands for rational and useful design proce-
dures for calculating the effects of air blast loading on structures . The advent of nuclear weapons
has forced the civil engineer to deal with the design of a building to resiSt air blast. The problems
of designing exp losive storage and loading facilities so that catastrop hic incidents would not occur
has also forced the civil engineer to be able to rationally design structural walls that can withstand
blast loads . The closest approach in the field of damage to aircraft structures has been the “critical
impulse in a critical time ” technique. Other characterization such as t he generic kill damage contours
is of little value to the aircraft designer since it does not relate improvements in design in their
ability to resist attack.

OUTLINE OF FUNDAM LNT ’~LS

1. Spherical charges in air , Hopkinson and Sachs ’ scaling relations

2. Reflected pressure coefficient versus angle t incidence

3. E x t e r n a l  b l a s t  loads on stru cture s

a. Reflected pressure

b. Clearing t ime

c. Orag phase

d. Geometric effects

4. Impulse momentum approach

5. Critical impulse in a critical t ime

6. Closed compartment estimates

7. Summary and limitations

SPHERICAL CHARGES IN AIR

Blast Wav e Phenomena

The violent release of energy from a d e t o n a t i o n  in a gaseous medium gives rise to a sudden pressure
increase in tha t  medium . The pressure disturbance , termed t he  b l a s t  wave , is characterized by an almost
Instantaneous rise from the ambient pressure to a peak incident pressure P~ 0. This pressure increase
or shock f r o n t  t r a v e l s  r a d i a l l y  f rom the  b u r s t  p o in t  w i t h  a d i m i n i s h i n g  ve loc i ty  I , which is always in
excess of the sonic velocity of the medium. Gas molecule s , making up th,e front , move at lower veloc-
it ies u .  This latter particle velocity is associated with , a dynamic pressure r the pressure formed
by the winds produced by the shock fronts. As the shock front expands into increasingly larger volumes
of the medium , t he pcak incident pressure at tie front he reases and the duration of the plessures
Increases .

_ _ _   
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At any point away front the burs t , the pressure disturbance ha~ the shape shown in Figure 1. The
shock front arrives at time tA and , after the rise to the peak value , the incident pressure decays to
the ambient value in the time t0 which is the positive phase duration. This is followed by a negative
phase with a duration t0 longer than the positive phase and characterized by a pressure below the
pre—shot ambient pressure (maximum value of p50— ) and a reversal of the particle flow. The negative
phase is usually less importan t in a design than is the positive phase. The incident impulse density
(hereafter referred to as unit incident impulse) associated with the blast wave is the integrated
area under the pressure—time curve and is denoted as 1~ for the positive phase and i~~

’
~
’ for t h e negative

phase.
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TIME AFTER EXPLOSION
Fig I Free field pressure tun e var iation

I f  t I t e  sh o c k  wave impinges  on a r i g i d  su r f ace  o r i e n t e d  at an angle to the  d i r e c t i o n  of p r o p a g a t i o n
‘f the  w ave , a ref lec ted  p ressu re  is inst a n t l y  developed on t h e  s u r f a c e , and the  pressure  is raised
to a va lue  in excess of the  i n c i d e n t  p ressure . Tht e r e f l e c t e d  p ressure  is a f u n c t i o n  of th ie pressure
in the i n c i d e n t  wave and the  angle formed between the  r i g i d  s u r f a c e  and the  plane of the  shock f r o n t .
For a r e f l e c t o r , where f low around an ed ge o r ed ges occu rs , the  dur a t i o n  of the  r e f l e c t e d  p re s su res
is c o n t r o l l e d  by the  size of the r e f l e c t i n g  s u r f a c e .  The high i reflected pressure seeks relief toward
the  lowe r p ressure  regions , and th is  tendency is sa t i s f ied by t u e  p r o p a g a t i o n  of r a r e f a c t i o n  waves
f r o m  the  low— t o the  h ig h —pres su re  reg ion .  These waves , t ravel ing at the  v e l o c i t y  of sound in the
r e f l e c t e d pressure  region , reduce the  re f l ec ted  pr essures to the  s t agna t i on  pressure which  is t h e  value
that is In equilibrium with the hi gh—velocity air stream associated with the incident pressure wave .
When such, a relief Is not possible (for example , when an incident wave strikes an infinite surface),
thte incident pressure at every point in the wave will be reflected , and th,ese reflected pressures will
last fo r the duration of the wave .

Tie peak positive reflected pressure is designated P~~, the peak negative reflected pressure r~~,
and the unit impulses associated wi th a comp letely reflected incident wave are 1r for the positive
phase and ‘r for the negative phase (Figure 2 lists the behavior of a spherical charge at sea level.)

Departures From Spherical Charge Behavior

For warheads other than spherical shapes , the blast wave produced may not be sphserical ly syimnetri—
cal. Figure 3 (from Reference 2) illustrates the variation of the peak pressure (and impulse) of a
point—initiated cy lindrical charge. The pressure and impulse may be influenced to a much greater extent
by the use of multip le detonators , focusing jacket , etc. It is recommended that the designer very
carefully inquire as to the extent of the nonsp herlcal behavior of the threat warhead before he attempts
a blast—induced structural response calculation.

_ _ _ _ _ _ _ _ _ _ _ _ _  -44
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Fig.3 Ratio of fTee air peak overpre ssuTe IP cyhnde r /P .sphe r e)  versus distance for cy linders with dihTe r ing aspect ra t ios  ( ‘ di

~~_,~~~~1valent. The m a j o r  q u a n t i t y  of b l a s t  e f f e c t s  d a t a  p r e s e n t e d  in t h is manua l  p e r t a i n s  to  t h e
b l a s t p r e s s u r e  o u t p u t  of TNT e x p l o s i o n s . These da ta  can be e x t e n d e d  to i n c l u d e  o t h e r  p o t e n t i a l ly mass—
d et o n a t i n g  m a t e r i a l s  and exp losives whose shapes d i f f e r  f rom those  cons idered  by r e l a t i n g  the  exp los ive
energy of the effective charge weight of thtese materials to that of an equivalent weight of ‘l’NT. The
exp l o s i v e  ene rgy  of t h e  e f f e c t i v e  chsarge  w e i g h t  is also equal  to t h a t  of  the  to t a l  mass of t h e
m a t e r i a l .  No clear—cut , high—exp losive equivalent may be u t i l i z e d  to d e f i n e  t h e  b l a s t  e f f e c t s  of
exp losive materials other titan hig hs exp losives themselves . The blast effects’ II f other materials in
the anticipated environments must be analyzed and then related to the blast effects produced by th e
TNT explosion at the range of Interest to obtain their equivalencies . To illustrate a typical analysis ,
exp losive tests of certain propellant liquids and hy drocarbon mixtures have indicated that the explo-
sive equivalent of these materials , which relate both i the peak blast pressures ~nd impulse , is constant
over the entire intermediate— and low—pressure ranges. At higher pressures , the TNT equivalent will
vary for each, pressure leve l and will be different than the TN T equivalent which relates the impulse.

For blast—resistant design in general , the TNT equivalent should be based upon a pressure and/or
impulse relationship depending upon the antici pated pressure—desi gn range . In addition to being a
function of the comparable blast effects themselves , the equivalent will also be dependent upon the
anticipated structural response. For the lower pressure ranges where structures respo ;d to either the
peak pressure or pressure pulse of the shock wave , the ratio of the weights of given exp losives to
that of TNT is given in Table 1 for both peak pressure and impulse in pressure levels varying between
2 and 50 psi.
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TABLE I

Equtvaicnt Wcigh, i Rati os hor Free’Air Effects

Peak p re s su re , - . Peak pressure ,Material lmpulse , i
~~ 

Ma t e rt a l  , Im p u l s L , 1s
_________________ 

PS0 ‘so

Comp A—3 1.09 1.07 Pentolite 1.17 1.15
Comp B 1.10 1.06 P ic ra tol  0.90 0 . 9 3
Comp B/DiR’s (70/30) 1.13 1.13 IUIX/Wax (98/2) 1.19 1.16
Cyclotol (70/30) 1.14 1.09 RUX/Wax (95/5) 1.19 1.16
Explosive 0 0.85 0.81 TNT 1.00 1.00
HBX— l 1.21 1.21 TNET B 1.13 0.96
1(8)1— 3 1.16 1.25 Torpex II 1.24 1.20
11—6 1.27 1.38 Tritonal (80/20) 1/07 1.11
Minol 11 1.19 1.17

NOTE: Data are app l i cab le  fo r  pressure levels between 2 — and 50—psi range for abiock overpressure.

HOPKINSON AND SACIIS’ SCALING LAWS

The data in Figure 2 are scaled fo r  sea level condi t ions  according to bop k i u son ’ s law . A n o t h e r
sca l in g law is Sachs ’ law . Figures  4 , 5 , and 6 (from Reference 3) sh ow peak pressure and scaled
impu lse for  a range of c o n d i t i o n s . Of i n t e r e s t  is the size of exper imenta l  s r r o r .
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Sachs ’ law . Their data for impulse wit h Ibopkinson scaling app l ied ir e  shown in F igure  5 , and w i L l s
S,iclss ’ scaling, in Figure s . One can see t h a t , w i t h i n  the l i m i t s  of s c a l e d  d i s t a n c e  c o ver e d  by l)t~~ey
an d S p e r r a zz a , ” Sach i s ’ Law is indeed verified by their tests .

In e x p e r i m e n t s  fo r  scaled d i s t a n c e s  close to explosive sources and under very low ambient pressure
con d i t i o n s , Jack  and A rm endt ’s showed th ia t  the  e n t i r e  c h a r a c t e r  of the  blas t wave ch anges at a l t i t u d e
f rom sea level c o n d i t i o n s , and t h a t  Sadi s ’ s c a l i ng f o r  pres~~ures does no t  app l y — — t h e  as s u m p t i o n  of a i r
behaving as a perfect gas is , of course , invalidated for these tests close to thie blast source . An
anomaly observed by both Olson , Ct al.b and Jack and Armendt is that th is law apparentl y does app ly
for the reflected impulse paramet er , even very c lose to the exp losive source. We note here that this
ag reement is strictl y fortuitous , and an exp lanation is given later.

Sacl is ’ law is used a lmos t  universall y to ~redict effects of  cha ng e in t h e  condition on blast
pa ramete r s . Most au th io r s  c o r r e c t l y  i d e n t i f y the  law as due to Sachs , b u t  some , such as Brod e 5 and
Glass tone , 9 s imp ly use i t  w i t h  no m e n t i o n  of i t s  a u t h o r .

I n h er e n t  in b o t h  h l opkinson and Sachs ’ law s , in a d d i t i o n  to the  a s sumpt ion  in Sachs ’ law t h a t  a i r
behaves as s per f e c t  gas , a re the  a s s u m p t i o n s  t h a t  g r a v i t y  and v i s c o s i ty  e f f e c t s  are neg l i g i b l e .
Sac hs ’ law inc ludes  Ihop k inso r i  s c a l i n g  as a sp ec ia l  c a s e , when t h e r e  ar c  no changes u t  a m b i e nt  condi-
t i o n s  be tween model and pro totype experiments.

For wors t  ,ass ,’ des ign , the  sea level  r e l a t i o n s in F i g u r e  ~
‘ are recortsnend ed , In p a r t i c u l ar , t h e

Z va lues  r a n g i n g  f rom 0.1 to 1.0 have some e x p e r i m e n t a l  v e r i f i c a t i o n .

REFLECI’ED PRESSURE COEFFICIENT VERSUS ANGLE OF I~~( I D L N ( ’ E

When .s detonation occurs adjacent to and .111/ye a protective structure so t h a t  no amp l i f i c a t i on  of
t h e initial shock was’s’ occurs between t h e exp losion source and the protective structure , then the blast
l o a d i n g s  a c t i n g  on the s t r u c t u r e  are  f r e e — a i r — b u r s t  b las t p ressures .

As the incident pressure wave moves radially away from toe center of the explosion , it w~ 1 come
in contact with the structur e and , upon contact , the initial wave pcessures and impulse are r ,;f’rced
and r e f l e c t e d  ( F i g u r e  7 ) .  The r e f l e c t e d  p re ssure  pulse  of F igu re  7 is typical for infinite plane
reflectors .

Pr

w

REFLECTED PRESSURE
Ui

INCIDENT PRESSURE

POSITIVE 

‘
~ 

NEG~~ IVE PHASE
PHAS E DURATION t
DURATION t o

Fig .7 Press u re- time var ia t io n f/il free air burst
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When t he sho ck w ave imp inges on a s u r f a c e  o r i en ted  so tha t  a line which describes the path of
t ravel of the  wave is no rmal to the  s u r f a ce , t hen the  point  of i n i t i a l  con tac t  is said to sus ta in  the
maximum (normal reflected) pressure and impulse. The pos i t ive  phase pressure  and impulse  p a t t e r n s  on
t he s t r u c t u r e  vary wi th  d i s t ance  f rom a maximum at this  norma l dis tance 15A to  a m i n i m u m  ( i n c i d e n t
pressure) where the p lane of the s t r u c t u r e ’ s s u r f a c e  is perpend icu la r  to the  shock f r o n t .  The peak
pressures , impulses , ve l o c i t ies , and o ther  paramete rs  of th is  shock env i ronment  fo r  a sp her ica l  TNT
explosion versus the  scaled d is tance  (z RA /W l / 3 )  are given in F igu re  2 .

The variation of the pressure and impulse patterns on the surface between the maximum and minimum
values  is a functIon of the angle of incidence a. This angle is formed by the line which defines the
normal distance IsA between the point of detonation , and the structure and the line Is which defines the
path of shock propagation between the center of the exp losion and any oth er point in q u e s t i o n .

The effect of the angle of incidence on the peak reflected pressures is shown in Figure 8, w h i c h
is ,s plot of the angle of incidence versus the peak reflected pressure coefficient as a function of
the peak incident pressure. The peak reflected pressure f1~~~ is obtained by multipl ying the peak
reflected pressure coefficient C~~5 by the peak incident pressure ~~~ For design purposes , the other
blast parameters except the duration of the wave may be taken as those corresponding to the reflected
pressure 

~ra 
and are obtained from Figure 2. The duration of the blas t wave corresponds to the duration

of the free s ir pressures.

~~ ~~~~~~~~~ _________________________________________________________
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The a i r — b u r s t  b las t  e n v i r o n m e n t  is produced b y d et o n at i o n s  w h s i , : h i  occur  above I t / c  gr l ’u n d  sur t ace
and at some distance away from tire protective structure so t h at tIi~ i n i t i a i  shock wave , prepag~/I i S S g
away from the exp losion , impinges on the ground surface prior to arrival at t h e structure . As t he
blast wave c o n t i n u e s  to  p r o p a g a t e  o u t w a r d , a f r o n t  know n as td5’ Machi front (Figure 9) is formed by thu
interaction of the initial wave (incident wave) and this’ reflected SLAVe , which is the result of the
reinforcement of the incident wave by the ground.

______ ________________________________ J 
GROUND SURFACE

RG

Eig.Q An burst bIa~t environment

Some variation of the pressures over tl1e height ~ f t he  Mach f r o n t  o c c u r s  b u t , f o r  d e s i g n  purposes ,
this variation can be neglected and the shock considered as a plane wave over the full br ei ghit of the
front. The pressure—time variation of the Mach front is similar to that of the incident wave except
that the magnitude of the preso ure i s  somewhat  l a r g e r .

The height of the Mach front increases as the wave propagates away from the center III the detona-
tion . This inc rease in height is referred to as the path of the tri p le point and Is formed by the
intersection of the initial , reflected , and Mach waves. A structure is subjected to a plane wd\’s’
(u n i f o r m  pressure)  when the he ight  of the  t r i p le p o i n t  exceeds the he igh t  of the  s t r u c t u r e .

If the height of th e triple point does not extend above the height of the structure , then the
magnitude of the applied loads will vary with the height of the point considered. Above the tri p le
point , the pressure—time variation consists of an interaction of the incident and reflected inc idesi t

S 
wave pressures resulting in a pressure—time variation different from that of the Mach incident wave
pressures. The magnitude of pressures above the tri ple point is smaller than that of the Mach front.
In most practical design situations , the location of the detonation will  be fa r  enoug h away f rom the
structure so as not to produce this pressure variation .

ESTIMATE OF EXTERNAL BLAST PRESSURES ON STRUCTURES

The techniques that will be described now were developed for the civil or structural engineer.
Since the writer hiss never seen these techniques app lie d to aircraft , the exp lanation will be developed
around a rectangular structure. The application to aircraft shapes is therefore left to the reader .
One advantage of this approach will be that the reader , if he uses these approaches in estimating bl ast
loads on aircraft , will have no false illusions concerning the extent to which thes e app roximate rela—
tiona have been app lied and exper imental ly ve r i f i ed  against  a i r c r a f t  s t ruc tu res .

The blast loading on a structure caused by a high—explosive detonation is dependent upon several
factors : (1) the magnitude of the exp losion , (2) location of the detonation relative to the structure
in question , and (3) the geometrical configuration of the structure.

The procedures presented here for the dt .ermination of the external blast loads on structures are
restricted to rectangular structures.

II, - - - - - -- -‘4
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FORCES ACTING ON STRUCTURES

The I,’rc s’s ,uct ing on a structure associated with a plane shock wave are dependent up/sn both the
peak values and tfte pressur e—t tru e v a r i a t  ion of t h e  i n c i d e n t  and d y n a m i c  p ressure s  act ing in thi s ’ t r e e
field. Flu’ peak values of the free—tield incident pressures f o r tin’ s e v e r a l  b l a s t — l o a d i n g  c a te g o r i e s
were treated previously.

For cc c l  pressure range , there is a particle or wind velocity associated with the blast wave that
causes a dynamic pressure on objects in the path of the wave. In the free field , these dynamic pres-
sures are essentially functions of tInt air density and particle velocity . For typ ical conditions ,
standard relationshi ps hays- been established between thu s’ peak incident pressure / ~~~ a/Id the peak
d ynamic  p ressure  q0. The magnitude of t h e peak dynamic pressure is solely a f u n c i  i//Il of tire peak
incident pressure and , therefore , independent of the s i z e  of t h e exp losion .

For design purposes , it is necessary to establish tInt variation or decay of both tire incident and
dynamic pressures with time since the effects on a structure subjected to a blast loading depend upon
the inte /Is itv—time history of the loading as well is on tire peak intensity . The idealized form of the
incident blast wave (Figure 1) is characterized by an abrupt rise in pressure to a peak Value , a
of decay to ambien t pressure , and a period in which tIle pressure drops below ambient (negative pressure
ph a s c l .

The rate of d e c a y  of t u e incident and dynamic pressures , after t h e  passage  ci  t h e  s / l o c k  f r o n t , is
.s f u n c t i o n  or  t he peak pressure and this ’ size of the  d e t o n a t i o n .  For des ign purposes , t h e  a c t u a l  de c a y
o f  the incident pressure may be approximated by tile use of an equivalent triangular pressure—tim e pulse.
flue actual dur al i .:i of t h e positive pressure phase is rep laced by a fict iti /lus positive duration which
is expressed as a function of the t//tal positiv e impulse and the peak pressure :

(1)

The sh o v e  r .’ l i t  i . ’n s l u i 5, I or t h e equivalent triangular pulse is app licable to the inc ident pressures as
sd 1 as the r ,t 1 ’ c  t ed  b l . u s t  p r e s s u r e s ;  howeve r , in  th i s ’  case  of the latt er , t h e value ci t h e  i m p u l s e
used w i t h  Eq. 1 is equivalent to  t h a t  associated w i t h  t i / c  r e f l e c  t e d  wave . The fictitious duration of
t h e  d y n a m i ,  ‘ r e s su r s ’s may be assumed to be equa l  to  t h a t  ci t h e  i n c i de n t  p r e s s u re s .

F r  ds’termini~~tg t h e  p r e s s u r e — t u l l e  d a t , i  For t h e  negat i v , .’ p h a s e , a s i m i l a r p r o c e d u r e  as used in tile
evahuat i ,’n ‘/ 1  t u e p.’ si t i v e  p 1/as s ’  may be utilized. Flu e equivalent negative pressure —time curve w i l l
l~,uvs’ a t S m,.’ o f  rise equal 1,1 0.125 ~~ wl/s’r,.’,as this ’ I ict i t i o u s  dur a r , ion ~0r ~s gi ven b y tIne triangular
equivalent P / / 1 5 5 ’ / t I / , I t  ion .

t - - ( 2 )of

w h e r e  I and i are the tIIt .il i m p u l s e  and ‘s- - u k p r e s s u r e  o h  t h e  n e g at  ive  ph ase and t~ is t h e  a c t u a l
negative phase duration.

ABOVEGROUNI) RECTANGULAR STRUCTURES

General. For any given set l i  t r e e — I  leld incident and d y n a m i c  p r e s s u r e  p u l s e s , t h i s ’  l , ’rc s ’ s imparted
to an abovegrouind struct u re can be divided into three general components: (1) tb, force resulting from
the inc id e n t  p r e s s u r e , ( 2 )  t i / c  h ’ree rs’i-.ult ing from tire dynamic pressure , and (3) tire ret lected pressure
r e s u l t  ing f rom ti l e sil/lc k imping in g  upo:l an i n t e r f e r i n g  s u r l i e s t , The r e l a t i v e  s ig n i  f i c a n c e  05 each of
t hese  components  is d e p e n d e n t  upon the  gs’/ ’m / ’t r i c a l  c , ’ / If ig//ration and size of the structure , and  th i s ’
orientation of the structure relative to the  shock wave .

The int e r ,u- t i l l  of tire incident blast wave with an i l l  ‘c t  i s  a comp licated process. To reduce the
com p lex problem of blast to reasonable term s, it will be assumed h ere t h a t :  (1) the structure is
gene r a l l y r ec t a n g u l a r  in sh ape , ( 2 )  the incident pressure of interest, is in the order “1 200 psi or
less , and (3) tire object being loaded is in tIre region of the Machr reflection.

~~~~~~~~~~~~~ For a rectangular structure at low pressure ranges , the variation of pressure with
time on the side facing tire detonation is illustrated in Figure l0a. At the moment the incident shock
f ront  s t r i k e s  t h e  s u r f a c e , the pressure is immediatel y raised from ze i to this’ reflected pressure i’s.,
whic ir is a function of tire incident pressure and tire angle of inchde c b e t w e e n  t h e  shock f r o n t  and t h e
- tructure face (Figurs’ 8)

Tire clearing time t~. r e q ui  red to relieve t i l l ’  re flu ’ , -t e d pressures ha represerlted as

(3)C U

• - -~~~~~~~~~~~~~~~~~~~ --
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win t s’ I’ is tine velocit y of thus’ shuck fr//nit and S is equal t~ ’ th~ // / i g lur o h the structure H5 or ‘ ‘ l / I ’ t / - u l  i
its wid t lu u , whichever is smaller. [lu,. p ressure  i ’  .ac ti /i g on thus ’ trout surh j, e ut t e r  r i ”  is t I u e
a l g e b r a i c  s uns of  t ine  i n ~ i d,. /11 p r e s s u r e  u~~ and t ine  d r ag  p r e ss u r e  L’

~ $J .

P P + C 0q ( 1 /

The d r a g  c~ ef 1 i c ien t  C0 g ive s t u / e  r e l , j t ion sh i p betw s ’enn thi s ’ d y n a m i c  p i s ’ s s i ur s - a / I d  t h e  t I E  a l  t r .iri s l a t  ion a l
pr essure in the  d i r e c t i o n  of t In e  w i n d  p roduced b y t h i s ’  d y n a m i c  p r e s s u r e , and Va r ies  wi  t is  t h e  M~ cbs number
(or with the Reynold’s unuinber at low t n c h d e n i t  p r e s s u r e s )  arid t h e  relative geometry oh tile structure .
A value of C0 = I for tine front surface is considered adequate for t u e pressure r.inges considered in
this manual.

~‘ 

\~~~~~
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~:~i1,j i.,., .

~~F~0.C~qO ~~~~~~~~~~~~~ ~.Coq
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O t r tC
TIME

a) PLANE WAVE

F~(Avg) 
~~~~~~~~~~~~~

~~~~~~~~~~~~~ 

‘
~\ ~~~~~~~~~~~~~~~~~~ 

D,sI 3R~s2S

o t,(Avg) tc 
TIME t~ (Avg)

b~~~RYING WAVE FRONT

Fi g. h O  Frs,nt surface loading

At hig h er pressure ranges , the above procedure may yield a fictitious pressure—time curve because
of this ’ extremel y short pressure pulse durations involved. Therefore , the pressure—time curve construc-
tion mus t be ch ecked to determine Its accuracy. The comparison Is made by constructing a second curve
(dotted trl,rngle . as indicated in Figure’ lOa) , using tine total reUected pressure Impulse 

~~ 
depending

upon the shock enviru ,nment . The fictitious duration t
~ 

of the reflected wave is calculated from

-

where 1’,. Is tine peak  re t  le c t e d  p r e s su re  p r e v i o u s l y used .
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I i / i - / u  1 / i . e  g i v s ” tj,,.- su lua h l i - s t  value ol t h e  i nnl 5 // i l ‘ii- ( a u  , - ,i i //i - t en / u r v e ) , use that curve in
‘ u / I t  l/ ~~ t i/i- ’ w a l l  b iding . f lue r i - - n l e c t i ’ t  p r s ’ s s u i r e  m I // u s,’ i n c h i i d s - s  t h e  s- h  h e e l s  o f  b o t h  t i / i - -  in u’i denu t

m i d  ,hV Il,lll/i c ‘r i- s s ur e s

l i / i -’ p r e s s u r e — t i m e  cu ir v e  a S s/ r n / e s  t h a t  t h e  s h o ck  f r o n t  /1  t h e h,last wave is essentia ll y parallel to
t h i s ’  I r . ’/ / t  s u r t . u c / ’  o F t he  s t r u c t u r e  (p l ane  wave shock f r o n t ) .  in  t ISi -’ cases  whe r e  t he  d e t o n a t i o n  is
I, ’, - / t e , h  rs,’h . n t  i ve l y c h o s e  t o  t I n t  s t r u c t u re , I ll s ’ p r e s su re  arid impu l se  p a t t e r n s  a c t i n g  . lc r ’ ’ss  this ’ wall
sur imi - i- will v.iry . in t hese  - uses an .iyer ./ge pressure—time curve (Figure lOb) may be constru i ted using

~ivvr.Lg,.’ v , t l u s ’s of t u e  l / / , l d i n i g  a c t i n g  ove r  -I ls’~~g t h  Og “1 t h e  St runcture where DE is equal to 1.3 
~A 

(RA
is t i n e  /u/ irm ,i  I d i s  I juIce hli ’iwee/l t h e  d e t u ~n , i t  i u / u n  arid tIne front surface of this ’ structure) but not greater

ian 1,- . in  t i n  i s  so h u n t  ion , bot i u t h u s ’  p re ’ssur s ’s  ar id  t i n e  d u r ~~t i on are ave rage values of th u e l o a d i n g
act  lu n g  on thus’ wall h ,, ’twu ’i- ’ll points 1 Old 2.

A’~ in t h u s ’ c ,use of t he  p l ./tli - s-use front , I//C ca lcu l a t i o n s  [or the  average loading  on the f r o n t
C 5 / i l l  ci-  I i - h ti - a vary ing si ock w a v e  f r i - an t  mus t  cons ide r  t h e  e f f e c t  of ex t reme l y sh o r t  p r e s s u r e

i/ uI Si-’s . i / C  r i -  I l id  i’d i / l i - ’s ‘ I  
~~t’ 

,uuid  t , ire t a k e n  is ave r age  v alu e s , , f  t i le  l o a d i n g  a c t  i ng  h ue t w e en  po in t s
I Ill I 2

k o c h  I / Id  ‘1 ide yorta , i - s. As thus ’ s I / c e k  f r o n t  t r a v e r s e s  a s t r u c t u r e , a p r e s s u r e  is i m p a r t e d  to I tie
r i-s t 5 l , u i I  /13 5 / h i - ’ su n  cs’s e q u a l  t o  t I l e  i l / s  d e nt  Ir e  s su r e  at  a g i v e n  t i m e  at  any s p e c if i e d  p o i n t
rs’d i, e l  by - / :ieg .it vi -’ d r ag  pressure. l I / c  por t  i cuu o f  t h e  s u r f a c e  l o a d e d  at  a lu a r t  i c u l a r  t i m e  is  d e p e n d —
e n t  upon t l u s ’  ‘ c u t  io/t ,‘I t i n e  s h u , uc I f r o / u t  an d  t h e  w a v e  l e n g t h s  (L 5 and Lw ) of  t he  positive and neg .st ive
p u l s e s .

To Ic ,  u r . u t e b y , I e t e r t t n i / / s ’ t h u , . ’ ove r a i l  t o a d i / I g  on a s u r f av e  w h e re  t h u s ’  span d i r e c t i o n  is p e r p e n d i c u l a r
to tine sb ’,,. I n.sit , a s t e p - / i - s t e p  a l / a l y s  i s  of  t h e  w a v e  p r o p a g a t i o n  sh ou ld  be made.  T h u s  anal y s i s
w o u l d  i n e l u / h i - ’  a s m m u h l - u i  / e , ’liS d y n a m i c  an al ysis ,/f t h e  stresses produced in the element at any given time .
To s i m p l i f y t h u s p r i - I /,s’ d i u i -’ , sri .sppri-~x ir,uate methiu ud 01 calcu lati //g t I r e  p r e s s u r e — t i m e  h i s t o r y  has  l e e / I
devsi b lued where t i / u ’  u t ual l a d  in i g  oil tiue sun / , i - ’ hiss been rep laced by an equivalent u n i  f o r m  l o a d i n g ,
w h i c h u  w i l l  In - cl/i - i - - St ness/ -s in til e e l / -rn /rI t E s i m i l a r  to  t i / u s e  p roduced  by t ine  a c t u a l  l o a d i n g  as t h u e  b l a s t
wave t os s es  t h i s ’  s u r f a s s’ . For  thu is .u n s l ys is t i - i  be v a l i d , i t  i s  a s s u m e d  t h u a t  t h e  r e t  n t , rc cmen i t  on bo th
fa c e s  u s  e o n t i I l  / ‘ ‘ / / s  di- r , ’ss t i / c ’  s5uat i  i s ’ n g t h i .

The pe,sk Sal/is’ i - h  t I / i - -  inc  idvui t p r e s s ur e  de~ ,u y s  , iu i d t l u e  wave l e n g t h  i n c r e a s e s  as t i / c  s / / u i - k  wave
t r,us’e rs,’,; t his ’ roof. As i llustr a ted in F i gu re Ihmi , thu s ’ ma,x imum stress in the member occurs whieri the
shu ck 1 r o I l t  i s  at n i  It - b  a l t  i,, ’ li / ;h/ t h e  ‘c i u u t  I t  m a x i m u m  s t r e s s  is lo c a t e d  e l sewhere . The e q u i v a l e n t
u r u h  I / r n  1 u s d  i ng  ye rs~us r i m s ’  i s  St / WIt in Ft g I l d ’  1 lb and • to s imp i i f v  t I n e  c a l c u l a t i o n s , i / a s  been  t a k e n
as a function ci lb ,  b l a s t  s ues  p , s r , i I ’ / e t  i r s  l i t  1, ’ t n t  1 , t I n e  i / a d  c u d  ‘1 t I / c  C l e m e n t  b e i n g  c o n s  i d e - r e d .
rune  i r i u i v a t e n t  load f .u c r or  ‘ y I / i - h ‘ u /s  b la st  s i c i - ’  location ratio I / i- i .  i re  o b t a i n e d  ir / im  F i g u r e  12 aS .i
funct ion ‘ ‘1 t i l e  S’.i ’.’s l i - u u g t  i i  ip ,i ti r a t  ii-, 

~~~~ 
, rile pre ssuire builds up 1 irtea r’ly fr//ru t il e time t j  wh en

ti/ u’ b i  1St v i e s ’  ru ’ s ,  I/ u ’ s 11/ ,  ‘s- u ’, m l I u / i u l g  /~ i t h u ,  s’l e m s ’ nt t  ( p o i n t  f)  to t ime 
~d wh en t i l e  h / l a s t  Sdi’ ,.’ reaches

p o i n t  - F ,  l u ~ i - I / i ’l l  sal/Il- 1’
~ ‘ ‘I  l i / s - p i e  5 5 / I r s - i s  I l l ,  sum / / f  t i / i - ’  c i - u n t r i h u t i 1u n s’ u- I t h i s ’  5 ’ I U / V a l e l t t  i n c i d e n t

in I d r /~~ 

+ Jo I

whe re 1’sob is t i n ’  1,s ’,ik overpr s -s s /l re cu- cur ring it u- / i ut I ’  and q0~, or  r e s p ’ l l d s  1/ ’ t u e  v a l ue i- ’~ -

Following the peak , t in e  p r s ’ S s u r u - I i -’ i , , V s  l i n e a r l y t,’ ‘i - r u -’ at  time I + , , s I / c r c  I ’  i s  I / / c  time m t S i / , c i /

this ’ bl,i su wave r u ’ a c h u e s  tIne end o h  t / i i - ’  e l e me nt  (j/0 tn t I )  a iud  t uf is  Lu/C h ii - I i t  1, / u s  d u r . i t  ion oh  iv-
p o s i t i v e  p h a s e ,  h is’ n e g at i v e  / h / a s e  of t h e  e q u i v a l e n t  u n i t o r m  l o a d i n g ,  / I r i - - -~ u u r s ’ d , m, u~ I ’ s -  t u e / u

c o n s e r v a t i v e l y  .ns t h a t  o c c u r r i n g  a t  p o i n t  F

Tire d r a g  c o e f f  ic l e n t  Cp f o r  t h i s ’  r oof  and sid e s o r t  a- , - e S h S  .m lun d I 511 of the ‘
~~

-
~~ 

i’.uu,I iIl i C i n  i-i., s~ire.

Recommended  val/ies are as follows :

Peak dy n u a r n i c p,~m.’ssure L)ta ,~, ‘ ‘ u _ I fisi en t

0—2 5 ps i  — u S , - .1 )

2 5 — 5 0  p s i  — 0 .  1/)
50— 13 1) psI — 0 . 2 0

I f  t i n e  span  d i  r e / t t ion ‘f  tine m e m b e r  is p a r a l l e l  t / l  t ire  s h n i e k  f r o n t  , t h e  p r e s s l i n s ’— t  me c u r v e  show :u
in F i g u r e  13 s h o ut l d  he used where  L i s  t l / 5 ’ w i d t h  01 t I n e  s t r i p  or  e l e men t  b u ’ i n g  c / / n s i d e r e d .

R i - a r  S u r f a c e .  As tIne s h r o c k  f r o n t  tnu ’v, ’s pas t t In , .’ r e a r  ed ges of  t h e  ro of  and ,‘r  s i d e  s u r f a c e s , t h e
p r e s s / i r s ’ b r u u r u t  w i h  1 e x p a n d  f o r m i n g  s e c o uu d a r y  w,mv , ’s w h i ch  p r o p a g a t e  over  t h e  rear w a ll , in t h e  ase of
h / / r i g  buildings , t h is ss’/ - u,ll d .ur v wave e n v e l op ing  t h e  back s u r f a c e  e s s e n t i a l ly r e s u l ts fium tH e  spi  l lo v e r
f r o m  ti / i - ru’of , whu hi -’ in short buildings , s/lrF.u/u ’ loads arise from tIne interactu/ ’n ‘h the spi ll u ’vs’r both
f r u i t s  t h e  r ’ ” , i  and t I le  ~ j u l s ’  su r t ~ i ’e t. , I n  lu ot h  , uses , t i r e  s e con d a r y  waves are ri -  i l i i -’ is i-’d due to t h e i r
1mp h lugeme’ n t w h t i n  r e f  I i ’  / t i l/~ i u l u  Cs , h~ r i - s i - ti tl y ,  b itt h i- ’  I rufo rrtnat ion is available ,‘uu thus ’  o v e r a l l  i-’f fec  t s
on t i/i r u . , r ‘ i / I n  u/i t loading produced by t h u e  r e f l e c t  ions / f  thu ,. ae’condarv waves.

_______________  ____
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b) AVERAGE PRESSURE — TIME VARIATION

h / i  I I R , , t  arid sud e s/ I l  I / i - - i-’ I i u a duru g  b sp , uuu uJ i r e c tnuum r  pe r p etudu cuh ;u u 1/1 siu/,cl. l it/u I

I n  I// st d e s i gn  d.o. s-s , I u i -’ p r i m a r y  ri - a s _ / I t  h r  , i u .- t e ’ r n t u i n i n g  t ic - h u h u s t  l . a / h ’ s  l e t  in g  o.u n h i - -  r e a r
s , , n t a c s ’  i s  t o  , h u ’ t e r m i l u e  I i u i - ’  ‘ v e r d i  d r a g  e f f e c t s  ( u i o t h  h r / / I t t  m I l d  r e a r  s u r l . u c u -  1 ’ . l d i I u ,’ s i  on I / s e  s t r u c —
t u i r s ’ , E o n  t i n t s  I / i r p / ’su - • . n p ni ’c  i - / I / i r e  may hi -’ used W I / i rs’ t I n e  b l a s t  l o a d i n g  on t i r e  s l i t l i - c  i s  c . m h c l i l a t u , ’d
U s i t i g  i l / i - ’  s’ulU iV. ml s ’ u / t u t u i fo rm m e t i u l u d  u t i l i z e d  fo r  i-’/ / m p u t l n i g  thus ’  ‘ h a s t  - -a d- , on t : , s -  r u t  ill,] side s u r —
I .ui- ..’ ’, , s- r e  I t / c  peak press /Ire of t lue  I’n i-’ i 4 s u r c ’— t i m e  — / i r v s  / Figure 1 - u / I  / is i - u t -  i l u t  e’il u s in g  t h e i r ’ uk
‘n essuri- t l i s t  W o u b u l  occur  at d i s t a n c e  1/ (go i l it  u ’ on F i g u r i - ’ 1 -~a / I t i/ i - ’ rs’,n r  i - dge ’’ f ti/ i - ’ tOO t

s l a b , , r b u i - ’ s ’ I l i i v z m t s - I l I  I i i  f . , - t , ’n  u’g i s  1 . / s / u i  lili I I I , ’ wave I u - / I g t J /  of t / ~ s 1 / 5 5  ri - s i - u / n c  . / h , l i ’ i-’ and  ti/n-
U u t s u p p o r t i - ’ i l e t i g t i u  o f  I//i - re ar ‘il /rh . u , / ’ . lu s i r e  t h u s ’ t i m, ’ i - f  r h s s -  m u d  d u r . u t  i on .

L i k i - -  u ,- r, ’, ’f anud  5 / / l e  s u i r t  u s ’s , t i / , -  ‘ l i s t  i / h i d ’ S  .5 ,  1 ing on t i / I ’  r e i n  s/ i n  .u c s - u , . - a f u u u c t  h i - I  of tI/i -
ihr . ig / r i ’s- .u in i ’s m u  ,id si i t  h i - /n  to t h i s ’  I n c  ideuu t  pressures . h i s , ’  dy n l a n l u i c  / r , . - s s l i r i -- ,u I th u s ’ drag / , u r u - s p ’~u . F ’ , t o
t h u a t  ,,ss~, s t e / I  w i t  II  t i n e  s ’ / l u i v l m l e n i t u e ’.sU n/ ’ , w i s h  hi - ’ t i ne ’  re ,‘flll,l i I/du d h u g  i ’ ~~~5 I  i i -  l e l u t ’s . 5 t i -  t i  / s - , . I i u/ as
- /  ‘i ’d f r  t h u s ’  roof  .itud s i i h e  s u n t , u e e s ,

I%IPULS L %lO~ll NI i,~%I SI RLiCI I. K U. RLSPONSL

I / / u ’ c l , I s , ; h d . i l  . i p i / r o i m d l /  to - .1 r u t uiral re si / /Is i - - h _ 1r ‘n i .’ s s u a r , . -  ‘ads t Iu .m t nrc’ of -.uc nt t i l e , -  .I ui r . l t  i t
w i t i s  ni - -s~ ’s~, t to  t i r e  w i - s t  p e r i ,~u h I I  ti /i ’ ns ’ s h l / ’lld ulI ~ t n u l l  L ure is i - a l h u , I im l I / l i s e  mi,m ,.’u u t u m  t e c h m n i qus ’ .
ri m ~~~~-~i’ 1/ r , ’ . l ,  I s  IS In n i t i , ’ r t . u l  ‘t I c  i n  t h a t  i t  Ut i i i  .tcs SeW t o / u ’ s e q u a l  ions of ta/ I

SIn/ / r i ’ discussing I / c  f u n u d , u u u s ’ l l t a h  p n i l l ,  p es o f  d y t u a m i c  .11111 Vs I S , ti / i g ril le Ill s ’s u iss - ,/ in t ine
.mnsi l y s i ’ i  /11  s t i l l ,  t I m es /u ll d i - - n s t . m t h c  load  w i l l  he r s - v i i ’wi-’ ,l h r i i - ’ h l v .  Two d l i f e r e u i t  n n re t / s ’d s u- ire u s ed
e i t / , - r . i- ; .i r ,u t i - . b y or ., - I l , I i n n / - u / t l v  In  S l u t  I c  - u l t . m l v s i s :  I l ls ’ I S  h i a s m ’ d  on t I / i ’  l u n i n c i p le of  u - j u i h i b r i t s n ,
and I l / - I  t h e ’ r on work  ,h , ’Ilm ’ m u d  1 / I t  / ‘ r t u a l  u- li/- r gs- u- / lI ,  i ,lu- n .it i / I l l s ,

_ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _  
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l u g  l . u R I / i l l  ant / i  side sur lacC I u u s u d u n u g  I s p a r u  d n r e c n s ’t i  pa r allel  t i u  shnu u ck  h r u u r u t  I

~ lI l/rt t h i s ’  ap p l  i u - c it  i , ’tu of eX t cruu .u l I ,l ’u - , ,u gi V / u  St n / i l  1 1 / n e  i s  d c l ’n t n e d  Old i n t e r n a l  t o r ce s  deve’l—
. -~~s-d in i t s  n// n i / I n s , I I I  r d / - n I - ‘ u i  I s i s -  s t , i t  i s ,’ s’ q u i l  i h u n  ium , t i / i - ’  s - e u - l u - u n suet . ‘t  i l l  t h e  i- ’ x t , . - r n a l  .ni,t

in tennal I , ’  nc i- ’’s . u u - i i  ng ~un .nnv I n ec  bod y p .  r t  i ’  / 1  t I l l  St ruu t ~s r i -  m u s t  ‘ i ’  equal to u -cr c . Fi-/ r tlus ’
equ l i b r iu iu  .11 1 1 / ,  ‘ u - I  r u n  t i s u i - - . / . ,i ’..’lt ls,’ . 1 / l i  vu ’ , t n sum 5 ’ h  I / u , -  u - x t i - ’ r t u a l  I ‘i’ / / ’S u - m d  t i / I ’  r e a c t i o n s  oh
t i / i -  f o u n d a t  t i - i t t  m u s t  ,ils,I I i , I i u . m  1 t I  ‘ i - n - - -

The Se t  d l  ‘ , I 5 / / l  i-u n W u l  I ,  i l ’ I l c  ~m n d  c l e r g y  / ~‘lls i u-l u ’ r a t  Ions  is s, lme l  imes uss ’d w h u e n  i t  i s  u l e c e s s a ny
t ,~ ,h , ’ t i -’ r m i n e -  t h u ,  defor m -it i// I l  0 1  ,s ~~t r u - u . tun u - , I t t  t h i s  t” ,- t~~~~l l ’s ’ ’  i’i tt i .i - lt ’ I I  t ins ’  110 1 t h a t  this ’  de fo r ma—
I i i , n u  i - u f  t i m e  ‘i t  ru~ , l u l l , -  (‘i / 1 5 5 n ’ s  thu s ’  poi nt of app l i u - ,m t ion / 1 1 t his’ ‘- i t u - i ’ni~~l I - ‘ m d  ti-i I I , -  disp laced. 1 / / u -  t o r i - c
t h u en  /1 , /I ’ S  w - n ~ on t h i -  - u - I  r u u t u n s -  , Mi - mt/WI/h I s ’ , I / ‘ l , i / i s l’  ‘ ‘ I  I / / u -  s t n l i /  tun,i l ,J 1’f, ’nm ati /Iu s , p o t s - i t t  i i i  s - I l i - - r g v
i s  ‘s t o n e d  in  l i i - St  r u c t u i r e  in  t l i c  1 , 1 rt l, Ut s I n a I  ut e ’tu e ’ r gv . B y t h i s ’  p n i n c  I p ie ,l I conservation i - l i ct / c r gV
tin s ’  work  done by tIn e’ external I ’  ru c .mt i d t I / c  s ’ulu ’ r g v  S t  ‘ r u - h  I n n  t /ii’ met al/e ns mus t  I i  e q u a l .  I u i  s t a t  iu -
i u ~ .u lys is , s i mp l i f i e d  u n r e t l u o d s  such  ,u s  t h e  m e t h o d  ‘f v i r t u a l  w o r k , cd th i s ’  m e t h o d  of t h e  um ni  t lo r d  i i i - ’
hi ’  n i ved fr i -urn thi ’ cc /l u ’ n i l p n iu u c Ip le  ‘I  e ’u ue n gv  c o n s e r v a t i o n .

I n  t I n e  . s u u . s l y s i s  of s l a t i  i - a l l y i uude ’terminate st  r u c t  i n s ’ s , i n  a d d i  t. i~’n to  ‘satisf ying tite equal ions
Ii e’qu hllh r lu rn , i t  i s  n e / c ’ s s a ry  t I  include a calculation f th tu’ d e f o r m a t i o n  I f  t he  s t r u c t u r e  i n  or d er
I/I arriv e ut .n i - o n u p h e t c  s olu t  I / / u I  01 the internal tonc es in tb se structure, The met h ods based on energy
c ’ u n s h d e  r a t  /11 / 5 , Suc in as t i n e  me’ t h s ~~,l of  I i - a s n wsurk ,nun d I lie method based on cast igl iano ‘s t h eorems , .ini-’
gen e r a l l y used.

_____ ~~~~~~~~~~~~~~~~~~~~~~~~~ —
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For t h e  anal ysis of structu res under dynamic loading , thus’ same two melluods basica ll y ire used ,but t he load changes rap id l y w i t h  t ime , arid t h i s ’  accelerat ion , ve loc it y and , ble ’ nuc ’e , t hu s ’ i u lms nt i a l forceand kinetic energy are of magnitudes requiring consideration . Titus , in a d d i t  i ’ll t / ~ t l ui - - interna l andexternal forces , t u e equation of equilibriu m includes I/us ’ inu e rt i a l I r e , ’ , ,sil d thue equation of dynamicequilibr ium takes tu e form of Newton ’s euluatio nu of motion:

( 7 )
where

F t o t a l  e x t e r n a l  f o r c e  u -ms a futnct i// n of  lime ’
R total internal force as a function of time
M = total mass

a = acceleration of tine mass.

As for the princ iple of conservation of energy , tine’ work done must be equal to the sum /l b tinekInet ic energy arid the strain energy:

(8)

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - - -
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where

= w or k  done

Kg = k i n e t i c  energy

lIE = s t r a i n  e tuergy

and th i s ’  s t r , u i u t  ene rgy  i n c l u d e s  b o t h  tIne reversible elastic strain energy and the irreversible plastic
S t r a i n  i-’~ii-’ ngy. Thus th e difference between structures under static and d y n a m i c  loads is thu s ,’ presence
of  inertial force (‘ta) in time equal i/u n of dynamic equilibriu m , and of k i n e t i c  ene rgy  i n  t h e  e q u lu t i o n
s / I energy conservation . Both te rms a re  r e l a t ed to  t i n e  mass of tIme structure. h ence , tine mass of the
structure lueconties an important consideration in dynamic analysis.

In thus ’ above discussion , the two meth ods of anal ysis are described as if th ey were in dependent of
ea ch o t h e r .  Th u s is not the  case. Tine f o r c e  and energy  e q u a t i o n s  are i n u l e n d e p e n i d e n t  and are d e r i v e d
from each u  o t h u e n ,  A l t h o u g h  these two m ethuods  are not indepe ni denut , t h u s ’  c o n v e n i e n c e s  of app ly i n g  I l ium to
.u given problem var ies depending on tine particular problem un der consideration , Geunerally, th us ’ force
equ a t i o n  is c o n v e n i e n t  f o r  anal y s i s ’ s / h  s t r u c t u r e s , and the  energy e q u a t i o n  is c o n v e n i e n t  f o r  des ign .

DYNA MICALLY EQUIVALENT SY ST L~iS

In  d y n a m i c  ana l y s i s  t h u s ’  re sr i - ’  /1111 
~ 

thins’s’ quaIn t it is’s to be considered: (1) this ’ work done , (2)  t h e
s t r a i n  energy , anid ( 3) I l u s ’ k i n e t i c  i ’l ls ’ n gy  . To u ’ V d l u , m t  I ’  t h e  w u u r k d u , t i s ’ , t h e  d i s p lacement  at an y p o i n t
on the structure under exterrta l distributed on c o u i c e n u t r a t e d  loads mus t be knowuu. Tine strai n energy is
equa l to  t h e  su ln e tn a t i on  of  t h u s ’  s t r a i l u  i-’lli-’ngie s in all this ’ ‘structural elements , wh ich may be in bending,
compression , sm ear , or ti’ rs I u n . The k i n e t i c  I lls’ ngv it i v o l ve s  t i m e  u ’ I / e r / , Y o f  t r a n s l at ,  ion and r o t a t  ion
of a l l  th is ’  ma ssu ’s  of t h u s ’  s t r u c t u r e ,  This ’ a i - t , i , i I e v a l u a t  ion 01 t lsi ’-u- e qualit i ties f u r  a g i v e n  s t r u c t u r e
u n d e r  dynamic 1/l u/i w/,uld bi-’ comp l icated. li//WI/se r , h r  l u n m u -  i i  cal snob  le ’ms t h i s  u - u n  be a v o i d e d  by
using appropriate assuitlpt I lls.

in order t o  s i m p l i fy  thi s’ problem , a given strudIu~’e is r e l u l . l c s ’ / h by a d y n u a m i c a l l y e q u i v a l e n t  s y s t e m ,
The distributed masses of t h u e  g i v e n  s t n u , i c t u re  a re  l u m p e d  t u ’gcl  I / c t  i n t o  a -.tu ain h ’cn  of c / i / c e n t  r a t e d  masses ,
The I t  r a i n  e n i e r g y  is assumed to  be s t o r e d  i n  several  w e ig h u t  l e s s  s p r i n g s  wh i ch d, not  i i , i s’ s’ to be h ave
e la s t i c a l l y .  S imi l a r l y , t h e  d i s t r i b u t e d  load  is r e p l a c e d  by a n u m b e r  o f  conc eu ltrated loads  a c t i n g  on
t he concen t  ra ted  masses .  Tine r i - f~’ nc , t h u s ’  eq u 1 val  e t u t  SVIS  t u r n  cons i s t s  rune re l y ol  a n u m b e r  u - u t  c o n c e n t  r ated
masses j o i n e d  toge th i e r  b y w e i g i s t l e s s  s p r i n g s  and su i ~j u ’ e t i -- d t i- i  n u - u l l l c e l / t n a t s ’d i /l ads  w h i c h i  vary wit hu time.
This concentrated mass—spring — load system is defined as Sri e q u i v i l s ’ u u t  d y su am i c  system.

The reduction of a givenu structure I,’ an equivalent dynamic system invo lves  the  p r i n c i p le o f

dynamic simil~ nity whic in is th Is’ requirement t h r a t  thu s ’  w / l r k  done , s t r a i n  e u u i - r g v  , and k i n e t i c  ene rg y 01

tine equivalet i t system must bi-- identical , respu ’cti vs’lv , w i th u th ose oS this ’ given structure . Anuy given
structure , a multistory building or an individual structural element such as a beam or column , can be
approximated by ,ln s .quivaleni t dyn am i/ - system for thus ’ purpose of dynamic analysis.

L)YNAM IC ANALYSIS ANt ) DESIGN

The analysis of a structural member under app lied d yluami c i / lads  c o n s i s t s  of t h e  d e t e r m i n a t i o n  of
tIne deflection of tu e member u s i n g  Newton ’s equa ti/’ui of mo t ion. Anal ysis is a direct procedure while
design is a verification by .m iu. m lv sis. This’ acce ls ’rat itun , vel o cit y , and disp lacement versus time rela—
tionsh ips are obtainable from h ue mat h ematical solut i on of the eq/sat ion of m o t i , ’ll of tine structural
‘i s- ’,ti-’m , But the solution also requires expressi on u i f  t h I s ’  load and structural parameters .

In the’ typical design problem , I / i c  l oa d - t i ms ’  r e h a l i / I n s h u i p  is known while the structural parameters
are  I / u / I  and , the re ’f uu re , must  be a s s u m e d .  The d i s p l a c e m e n t  of the  structural element at certain critical
p o i n t s  u - n h  be r e l a t e d  to moments  o r s t resses  ut tius’s e s,mme points. Solution of the e q u a t io n  of m o t i o n
will give the maximum defls’ct ion of  t u e system which can be cemlnared to acceptab le or l imit values and ,
if adequate , the structural properties originally assumed are sit  i s f a c t o r v  f o r  t h e  l o a d i n g  pa rame te r s .
I f  not , t ine ass u m p t i o n  of a new set of s t r u c t u r a l  p r o p e r t i e s  w i l l  g ive  .u new equation of motion whichu ,
in turn , can be solved. The process of s t r u i u - t ui r .m l desigus is a trial —and—error procedure——a series of
analyses to vu ’ni f y assumed designs .

It c,iti be seen thu at thi s’ writing and s o l u t i o n  of t h u s ’  e q u a t i o n  of m o t i o n  fo r  a s t r u c t u r e  are  essen—
t i a l , but  usuma ll y mechan ical , steps in the desi gn process. They .nre not  a lways  r e a d i l y a p p a r e n t  In
the  eq /sa t  ions and c h a r t s  pre ser i t e ’d lus ’ re , bu t  t h e y  are n e v e r t h e l e s s  t h e r e .

The si mp lest  d ynami c sy s t em / - ,‘lls i ’ i t s /, I u- u ut u,ncetitratn’d mass ‘ i / l / I / / / / r  I / i - i  by a weig htless spring and
s u b j e c t e d  t o  a c o rr c e n t r a t e d  l u , , u ~I as sbiowr i i n  Fi gu re l~ . A  s i n g l e’  d i i u - l - 1 . I c , ’ m e n t  v a r i a b l e  X Is  s u f f i c i e n t
1 /  descrIbe i t s  t a / t i / / I l ; b ie nce  h i n i s  sv ’i I  u r n  i s  c a l l e d  ,i s i n g l e — / l u / I r s ’  u - - u f—freedom system. Thus ’ degree of

A ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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I n s ’e, h,,m of a i-h v nua mi u -’ system is del I t ied ms t i ne  n iumbe r  of i u u d e l / s ’u u d e u u t , d i sp l ac s ’m e n i t  van  l a b  Is’s u u c i - ’ d u ’ d  to
s/ / i - u -- i t ’ .’ comp ls’tei y thi ~ confi gum nation of t l i s ’  system. Tints manuual is restricted to consideration of
s i u t g l e — d e g r s ’ s ’ — o f — f r s ’u’dom s v st em uu  , i t s l y ,

x l  

_ _  __ _ _
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Fig .IS Typica l sing Ie’dcgree- oh-n t s’cdu u T~l s>’ .ri-’tni

Two fundamental methods are available for treating simp le systems subjected ho dynamic forces.
The fir- s t of  these methods is concerned with solving the differ ential equations of this ’ system by cit inen
classical , uiurne nicai , or grapiuica l means. The socu und method of analysis , a ciuart solution , depetlds
on solutions thuat have been determined by use of tine first met hui -ud and is an approximate solution to
the problem.

(LNLR-~L

St n uictural i- ’lerne ruts mus t deve lop  an i n i t u ’rna l resi  s tat ic s ’  s u f f i c i e n t  Ii-’ stop a l l  m o t i o n  wi th in lb s
limits u ’b d u b  ls ’c t i o n  p r e s c r i b e d fu ’ r t h e  /‘ . m r t i c u l a n  u - h i - s i g n ; f l s ’x u r a l desi gn is h u e  d e t e r m i n a t i o n  of th i s
required resistance. Thus ’ hi -’ ,s d capaci Iv u - u i  t h i s ’  member depends on this ’ peak s t r e n g t h  deve loped  b y th i s ’
member and on this ’ ability of t i n e  memhu’r I/I sustaiti its resistantce for a specific thoug hu relativel y
short period of t ime . This section d~scnibs’s the rniethnods used for flexural design of s t r u c t u r a l
e l e m e n t s  and is d i v i d e d  i n t o  t w u  parts: ( 1) s ’ lemeni t s  t h t a t  ni-’ sp i -und 1/’ t he  p r e s s u r e  only , and p res su re—
t i m e  r e l a t i o n sh i p t i l a l  corresponds to tire low— and intermediate—pressure design ranges , respectivel y,
sod ( 2 )  e l e m e n t s  t h a t  r e spond  to t h e  i m p u l s e  w h i c h  f a l l  i n t o  t h e  h i g h — p r e s s u r e  des ign  range .

Both the method of analysis and thus ’ maximum de flectio uu criteria are different. Elements thiah
respond to t h e pressure only and pressure—ti ne relationship are desi gned using a response ch art , while
elements tim-i t respond to the impulse are designed using eit h er impulse ch arts for large deflection
designs  or an impu l se  rne th n od  for designs wit h lim ited deflections . Maximum allowable deflectiuns for
tine first case are based on this’ ductility ratio , and in this’ second case , on the  angle of r o t a t i u -’ul at
the  su p p o r t s .

I- LEMENTS THAT RESPONI) TO PRESSU RE ONLY ANI) PRESSURE-TIME R I- LATIONSHIP

These elements were previousl y sh own to be th ose w h e r e  the  t rue  m a g n i t u d e s  of the  p r e s s u r e  and
duration i’f the app l i e d blast lu,ads must he known . The determination of t i u e  dy n a m i c  response of these
systems is accomp lished using a response ch art win ch relates tine dynamic properties of the b l.ms l loads
(pressuns’ and d u r a t i o n )  ho those of this’ element (natural period u-’f vibration , resistance , and deflection).

_ _ _ _ _  _ _ _ _ _ _  
--
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The maximum allowable deflection is expressed in t erms of the ductility ratio or the ratio of the
maximum de f l e c t i o n  Xm to the equivalent maximum elastic deflection XE of the element. Maximum deflec—
tions associated with the analysis of elements that respond to pressure only and elements that respond
to pressure—time relationship usually conform to those designated as limited deflections .

In o r d e r  to u t i l i z e  these response charts , both the blast load (pressure—time history ) and time
resistance—deflection curve are idealized to linear or bilinear functions . Time idealization of these
functions consists of rep lacing the true functions by one or a series of straight lines .

Idealiz at ion of Load and Resistance Functions. The most counznionl y used idealized pressure—time
function is an initiall y peaked triangle defined by a peak pressure B and a duration T .  Thu s s i m p l i f i e d
loading f u n c t i o n  has been s t u d i e d  e x t e n s i v e ly .  The b a s i c  c o n s i d e r a t i o n  in rep lacing the given loading
by an idealized loading shape is that the maximum disp lacemen t produced by each must be equal. No
general rules can be given for the idealization ; howevs’r, the following will serve ag a guide. Since
tm is  t h e  time at which the maximum deflection Xm occurs , the idealized load ,und tine given load should
be very close to each other in this ’ time interval from zero tO t l~ and have th us’ same area under tIne
resp ective curvs’,, in tIne same time interval ,

For exatnsp l,e , consider this’ si-ul id loading curve shuown in Figure 16. For a time tml to reach maximum
deflec tion , the idealized loading curve is best defined by ~ l and T1 , whuile for a time twl th e loading
would be defined by 

~ 2 and T2 .

B,

B2 ~

U)
U)

\
\

t ml
TIM E

Fug. Ii ’  I d e a lua t n iuu n  / 1 pressu re - t u r tn e  h u /n ct u I / n ’ .

T u e  t v p i e u l  re sist.mn cc flm nc t i o n  or limited def lect iel l desi gn c uu itslsts of elastic , elasto—p iasti c ,
and  p l a s t i c  n .nng s ’ s , and f u ur the ’ l,urgc ma on t s~ of ~r ol u l s’m.s , can be . u d e 1u , n t e l v  i d e u - m h I ys’d to a b i l iu i ea r
t , u nuu . For the  p a r t i c u l . i r case whu e r s ’  thus ’  s t r u c t u / r , m I  i - l en ien t  s ’x h u i b i h s  onl y e l a s t i c  and p l a s t i c  b e h a v i u ’n ,
i u - i c . m l i . ’, u t i o n  01 h~I,’ resi s t ,m li e f u m u i u  t 1/111 is n et  n e c e s s a r y .

Natur al ~~~~~~~~~~~~~~~~~~~ When d e s i g n i n g  for limit ed def lu’c tions using this ’ responan’ chart ,
thus ’ eti ect lye uI.m tur ,nI p e ’ r i u / d  i - i f  vibration is required. Tiihs’ i-’ Ifective period of vibration , when
rs’ l a t e u h t o  t h u s ’  du r a t i o n  of a h l , i s t  l/ i .nding u/f given i n t e n s i t y  and a g i v e n  s t r u c t u r a l  r e s i s t a n c e ,
de he  run t rues the  max I mann t r .1/ 1 si cr11 de f h i - c t  ion -s, of I l ie ’ S t  rui / 1 ura I i- lemeu n 

- -  - 
- 
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This’ effective natural period o vibration is

= 2 -  = 2”  ~ - -
~

-—- (9)

whe re m~ is this ’ effective unuit mass asud KB is tine equivalent unit stiffness of t h e  system.

The va lues  used f o r  a,, and  K
~ 

f r  ,i p a r t i c u l a r  e l emenit  depend upoul the allowable maximum di-- t lec—
tionus permitted. For examp le , when desi gning for comp lels’ly elastic behu nvior , t h e elastic values of
the s’ffective unit mass and unit stiffness would be used; for elastu—p lastic action , time et fective
unit mass is thus ’ average of the elastic and elasto—p lastic values and thus ’ stiffness Is the equivu-m lent
unit stiffness K B. For design in the p lastic range , a weig h ted value of thus ’ ef fe ,th v e unit mass is
used with the equivalent unit stiffness KB. Whmen p lastic deformations less than those specified by
h u e limited deflectionu criteria are used , tiue use of the average value of the average elastic and
elasto—p lastic effective unit masses and thus ’ p lastic effective unit mass will suffice for m o s t  struc-
tural elements considered in thu s manual .

De herurui ation of Maxinuuns Res,p,pnse. Thus ’ maximum response of a pressure or pressure—time Sensitive
sys tem wit in an elasto—p ias tic resistance function subjected to a tnianugular loaditig pulse is showni in
Fi gure 17. Thus nonidimensional chart is a convenient p lo t of solutions made by numerical integra tion
of the equation of motion usinig a digital comput er. If any two of thus ’ four parameters are known , t h e
remainiuug two can be f o u n d ,  It Sims/Old be noted that since t h e  blast load is exp re s sed  in terms of
pressure (fi-unce/unit area) , unit values are used for the resistan/ lu ’ and stiffness of an element.

In h u e typ ical design example , the pressure—time loading is calculated , and t h i s  curve is then
idealized ho thus ’ triangular form defined by B and ~‘ , If a structural member is assumed , this ’ idealized
r e s i s t ance  function defined by r u, X g, and KB car t be ds’terriiined alu unug withu tine natural period TN .
Then , k n o w i n g  t h e  ru - u t l i -/ s  Sir 0 and T1T ,i,i , Xm and t~ can he ‘b l a m ed readil y f n u u m  Figure 17 by reading
the ratios .V,~ !X g and t 0/ C ’,’ .

Thu s’ defl s’cti ,ul l ‘5’m is thus ’ maxitunum def lect i i-un corresponding to t i i s ’  assumed parameters . ‘rhe value
of tm is t I / u ’  t ime a t  w h i c h  time maximum deflect ion occurs .muid is used t o  ch eck the adequacy of tine
ideali nahioti of time l i - / a d i u l g  c ,un s ’e , I f  e i t h e r  t ,,1 or Xm i r e  u n s a t i s f a e t u - u n y , this ’ procedure is r e p e a t e d .

Dete rm in u -mt i l / f l  o h  Rebi - /umo d. In thIs’ desi gn of elements th at rI’ -- s/lu - ,ad to the pressure onl y and prs ’ssure—
t ime rela tiouus imi p ,  the elemenit must be designed I / u  resist thus’ negative deflection or rebound whui ch n caun
occur after the maximum positive deflection huas been reach es5 . Tite r a t i o  of  t h e  r e q u i r e d  u n i t  r ebound
resistance to t h e  u l t i m a t e  utuit resistatu s’e r u - i ,  so that, thue u.-lefl/i - l i t w i l l  r e m a i n  c i a / / t i c  h i r i n g
rebouuid , is ob tained from Figure 18. Entering wit h thu e ratios XmiX E arid T / T y p r e v i o u s l y d e t e r m i n e d
for the desi gn , the required unit rebound resistance x- canu be read in terms of t h e  originally
designed ultimate unit resistance r0.

It may he noted t h at If h ue loading is app lied in a relativel y sh ort t ime compared to tIne natural
pen -sd of vibration , time required rebound resistance can be equa l to the resistance in t h e  i n i t i a l
design direction. When t I ne  l o ad ing  is a p p l i e d  fo r  a relatively long time , the maximum deflection is
reached whi i-’ o the positive forces are still large , and the rebound resistance is reduced.

ELEMENTS THAT RESPONI) TO IMPULSE

G en e ra~~~~ ,uations for Maxiutuuunu Res,ppuise. When an e lement  respi -lu i ds hi- ’ t h e  i m p u l s e , l i i i - ’  maximum
response depends upon this ’ a r e a  u n d e r  t i n e  p r e s s u r e — h  Ime c u r v e  ( i m p u l s e  of t i n e  b l a s t  lo a d i h i g i . Tine
magnitude and time variation of tu e pressure are not important. Response ciuarts based on pressure—
time relationships are therefore not app licable to th ese problems . Instead , t u e element resistance
required to limit tine maximum d e f l e c t i o n  ti-u a specified value is obtained thuroughu this ’ use of a semi—
graphical method of analysis.

Consider the pressure— and resistance—time curves shown in Figure 19. The resistance curve de— - 
-

picted is for a two—way eleme rut with a r e s I s t a n c e — d e f l e c t i o n  f u n c t i o n  h a v i n g  a p o s t — u l t i m a t e  r anige .
From Newton ’s equation of motion it can be shown thuat the sumimation ~‘f the areas ( c / u l l s i d e rln g  a rea  A
as p i - I s i h i v e  and a rea  B as n e g a t i v e )  under  the  t i m e  curves  up to any t i m e  t a d i v i d e d  b y t ine  co r r e spond ing
effect ive’ masses is equal to the instantaneous velocity at that time:

I f  -r )  (10)
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The displacement at time ta is found by multi plying each differential area divided by the appropriate
effective mass by its distance to t,~ and summing the values algebraicall y :

~~ f ~ (f r) 
(t~ — dt (11)

0
-J

BLAST IMPULSE

A

“ 1
t~ t 0 t , tm

TIME

Fig,I9 Pressure t ime and resistance-time curves for elements that respond to impulse

For an element to be in equilibrium at its maximum deflection , its impulse capacity must be
n u n t b e n i c a l ly  equal to the impulse of the applied blast load. With the use of the foregoing equations ,
the expressions , w h i c h  define the motion and capacity of elements subjected to impulse type loads , can
be d e f i n e d .  These express ions  ,mre p resen ted  f o r  bo th  large and limited deflection criteria.

Case l——1,ar~~ Deflections.

1. u t i l i z i n g  Eq .  Il and b y t a k i n g  moments  of thus ’  a reas  under  the  pressure— and res i stance—time
curves (Figure 19) about time I~~, assuming that time unit blast impulse i~ is a p p l i e d  in s t a n t a n e o u s ly
at  t 0, and tinat t hue time to reach yield t~, is also close to zero , the expression for the maximum
d e f l e c t i o n  X rn 15

I i \
i t  r t  ~t — — ‘- i—) r (t — t~~~(t — t )t u r n  u l  rn 2 ~ p~~ rn 1 uir 1 

(12)rn us - m 2rn
U U Up

If moments of the areas are taken about t1, th en the deflection at partial failure Xj, is

- 2
I t  r t

Lu 1 ii 1
x - _ 

- (13)1 us 2rn
U U

Using Eq. 10 and summing the areas to im and recognizinug t h a t  the Instantaneous velocity at tm equals
zero

.1 r t  r (t — t

us 
- “

~~
‘
~ 

- 
_U
~
L
~m

rn ~ = 0 (14)
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2 .  So lu t ion  of the above th ree s imul taneous  equa t ions  is accomp l i shmed  by solving E q .  14 f o r  m m
and substituting this expression into Eq. 12 , and solving Eq. 13 for tI and substituting this expression
into the modified Eq. 12. After combining and rearranging terms , thus ’ general response equation becomes

. 2 rn— r x + —u—’ r x - x ) ( 15)2rn u l  rn Up ( rn 1
U U~

The left side of this equation is simply the  i n i t ial ki ne t i c  ene rgy resulting from the applied blast
impulse and thus ’ riguut side is the modified potential energy of thus ’ element. Thie modification is re-
quired sin ce the above analysis requires the use of two equivalenut dynamic systems (before and aft er
t ime tj). The modification factor rnuIrn

~~ 
equates thus ’ two dynamic systems . If the effective mass in

each range was the same , rnU /mup would equal one and the righmt side of the expression would be tx
which is t h e potential energy .

3. For onie—way elemenuts which do not exhibit the posh—ultimate resistanuce na l ige , or for two—way
panels where tine maximum deflection Xm is less th an X1, l’q .  15 becomes

.5
(16)

.,n u r n
U

5. The above solutions are valid only for large def le’ cth i - /n des ignu (support r/ ’t atiouss 55 degrees)
since the variation of resistance wit h deflection in ti /c elasti’—p lastic range bias been ignored. Th is
limitation is based on t h e  assumption th at tine time t / / reachu yield t a anud the duration of hits ’ impulse
t0 are small in comparison to t sr.

CRITICAL IMPULSE WITHIN CRITICAL TIME

Another technique whui chu huas received limited UsC i ’, I / m s ~~n l t i c , n l  impulse wl th nf n a critical t ime .
An e x c e r p t  from two references (Refenenuce 10 and 11) i s  i , ’ r , - i u u  i u n c i ~ i ds- i-1 w h i c h i  i l l u s t r a t e s  the  n ie thuod .
From R e f e r e n c e  10 , t he  f o l l o w i n g .

CRITICAL IM PULSE

‘flue i d e n t i f i c a t i o n  and seli-’s’ t ii ) n  i / I  h i s s ’  c n i t  h i - s I  time w i thmIn winich
an impu l se  mus t  be r e c e i v i - ’ d  by ,m t a r g e t  in  orde r t / ’ save  damage i n f l i c t e d
is essentially emp irical. hhmuws ’ver , t hu en s ’ are’ .nv a i h a / ’ J c ’ ,, / l I /s ’ t / i s’ , ’r s ’ t  h i - a l
guidelines. Th us, for a simp le system at rest but capable / ‘ t  im a r m o n i c
mo tion , a maximum vel oci t y  and maximum amp litu de of swing .ure g i v e / I  inn
an impuls e o f very shuort duration . Increasing t h u s ’  d u r a t io n  of this’ given
impulse results in a decrease in achieved ve’Lci - i tv and amplitude . However ,
this decrease is relativel y small until tins’ duration sIt thus ’ impulse
becomes about one—qua r t e r  of this ’  n u a t u n a l  p s ’n i i -Id  ‘f  o s c il l a t  l u / I l , wh i e u i
f u r t h e r  i o c n e , m s e s  g i v e  m a r k e d  dec reases  in  isnip i i t-ads ’ . These o b s e r v a t i o n s
have been  ampl y co n f i r m e d  b y ana log  c o m p u t e r  s t u d i e s  as i l l u s t r a t e d  i n
FIGURE 2 .  In a d d i t i o n , it may be nuo teu l that a simp le brammonic os cilla t / /r
travels from zero to maximum disp lacement In one—quarter i - i its natural
period and that tine enforced motion of a structural member leading to
damage i-’ffects should not be greatly dIfferent.

On a basis of thuese consideratio ns , it appears thuat a time equal to
one—quarter of the natural period of oscillation should for auiy struc-
tural element represent ~n roughu sort of cut—off t ime for impulse effec-
tiveness. Representative calculations based on this ’ determination of
sacin natural perIods are discussed in th e  following section.

In addition hi stru ctural deformations us a I / / r m  of blast damage ,
there is also tine situation winere an object such ms a truck // t a bod y is
physically disp laced and inurled from its original position. Tine forces
giving rise’ to sui--i u .i hnur llng n e t  i/ / lu must at least be sufficiently great
t o  o v e r r i d e  t i m e  f / / n / s’s of  g r a v i ty ,  and t h ey are  a r b i t r a r i l y taken to be
those forces w h i c h  b y m e t  i ng  f / , r  one s e c on d can p roduce  t u e  c o r r e s p o n d i n g
free—fall velou’ity. A time in the order of one second thus becomes tire
critical time i / /n blas t damage receIved by thu s hurling mechuanism.

_ _ _ _ _ _ _  - ‘~~~~~~~~~~~ ‘ -~~~~ .-- _ _ -
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RATIO IMPULSE DURATION

NATURAL PERIOD

Fuoun 2 R et m. nu s e amp tnuu dc of imndamped hua r monn c mormon sr,ssms du ran mon of applied
umpulse.

To sutmutarize , tbn e critical t imes for exp losive blast damage are
arbitrarily but reasonably taken as one—quarter of the natural period
for structures and structural members , and one second for destructive
hurling away for nonzmttaciued objects.

Critical Impulse

S t r u c t u r a l  damage i n f l i c t e d  by ex plosive blas t is the result of an
impulsive load that exceeds the resistance of a material. In ordinary
impulsive loading, a stress wave moves through the material suchu that

0 = pcv , ( 7 )

where

i-i is the stress ,
p is the  d e n s i t y ,
C is the velocity of sound in the material , and
V is the relative particle velocity associated with thue stress wave

(the product PC is known as tine “acoustic impedance ”)

For t ine  l i m i t i n g  s i t u a t i o n  where the  s t resses  developed are equal to
the dynamic y ield strengtir , there also is a l imiting or critical particle
velocity, V~~, which  if exceeded causes permanent disp lacement within tine
material.

Experimental values for this critical particle velocity are available
for the tensile failure of some of the cousnon metals . For other materials ,
the critical particle velocity can in princip le be found from time dynamic
yield strengtiu when such dynamic yield values are known (they are
apprec iab l y g r ea t e r  than  the conven t iona l  s t a t i c  va lues ) .  hb owever ,

-- _...411114
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blast produced t’ailures are seldom ones in simp le tensioni . hence ,
the critical particle vel/ /c ity applicable in the disruption of a t .mr get
by blast is not 5/’ s imp ly desc r ibed , b u t  it shuould be at least c i s / s n u l y
re lated to t h e  c r i t i c a l  p a r t i c l e  v e l o c i t y f o r  failure in simple tension.
For purposes huers ’, these two critIcal I/article velocities will be con-
sidered as being identical.

For blast damage , time critical particle’ velocity is actuall y a dif-
ferential velocity referenced to a part of tue system at rest. Consider ,
f o r  examp le , a st r u c t u r a l  sys tem where  a sk i n  is s t r e t c hu e d  be tween  two
rigid support members. Wh en an impulsive load is app lied , thus ’ inertia
of the  suppor t  members keeps them front moving s i g n i f i c a n t ly ,  w i n i l e  this ’
t h inn er skin is acce le ra t ed  to a ve loc i ty  thi at  may exceed thue  c r i t i c a l
velocity, in which case tearing of the skin results. Similar considera-
tions app ly in systems that cantilever out from a massive inertial
reference system , such as thue empennage or the wing of an aircraft
cantilevered out from the fuselage .

The critical impulse per unit nre ,m associated with the critical
vel oc it y is g i ven b y e l emen ta ry  c o n s i d e r a t i o n s  as

I s~V (8)
C C

where

,~ is thue density of this ’ targe t material ,
- / is this’ thickness of the material , and
V0 is the  c r i t i c a l  ve l o c i t y .

Time c r i t i c a l  impulse  may also be expressed  in terms of thus ’ dynamic
yield strength for the material by combining the above relations ts / give

I (9)

wise me

C is the  ve loc i t y  of sound In thus ’ material , and
is the dynamic  y ie ld  s t r e n g t h .

The ve loci ty o f soun d , C , can be rep laced by its equivalen t

c =

wh e re

5’ is the  modulus of e l a s t i c i t y

and this gives a third form for the express ion  f o r  c r i t i c a l  impulse

I = (~ u/ E ) ~~~~~S . n (10)

These th ree  forms of thus ’  express ion  fo r  c r i t i c a l  impu l se  are a l l
expressed in coherent units and are all equivalent. The first of these
would appeal to those who bnave worked wi thi impulsive loads and shuock
waves in metals , but the others may on occas ion  be p r e f e r r e d  since t iuey
c o n t a i n  i tems d i r e c t l y  r e l a t ed  to the o r d i n a r y  s t r e n g t h  c h i a r a c t e r i s ti c s
of a material.

The above expressions app ly as part of the criterion f//r blast
damage when the  damage occurs  by d e f o r m a t i o n s  of a s t r u c t u r e  or a
structural member. For this ’ important situation where a target is
damaged by hurling it bodil y from its original position , the critical
impulse is arbitrarily taken to be thuat which could cause the entIre
object to reach free—f/all velocity in one second. Th is is convenient
mathue nratically, and also is in accs rd with t u e observation that the
corresponding f a l l  of ab out  16 f e e t  is or d in ar i l y very damaging to  most
t a rge t s  of i n t e r e s t .

REPRESENTATIVE CALCULATIONS

Values for the blast damage criterion , critical impulse with uin a
c r i t i c a l  time , were computed  bo t iu  fo r  a p a r k e d  a i r c r a f t  and for a l lg i u t
i n / h u s t r i al  b u i l d i n g .  For this ’ a i r c r a f t , three ’ types  u ’l damage were
considered: (1) tearing tire skin , ( 2 )  breaking m u f f  a wing section , and
( 3) p h y s i c a l  d i sp l a cemen t  by hu r l ing  t ine  e n t i r e  p lane.
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Aircraft Skin Failure

For damage by the mechanism of t e a r i n g  the  s k i t u , t ine  c r i t i c al time
is taken from a computed value for the resonant frequency of this struc-
tural member. The skin was assumed to be of 1/16—inch—thick aluminum ,
clamped to stringers on 8—inch separation . For clamped panels of
infinite length , this’ resonant frequency , f , is given by th e relation

f = 217 ,600 x 0.985 x 6/h
2 (11)

where the factor 217 ,600 pertains to this type of structure , and thus ’
factor 0.985 is for the type of metal .
He me

6 is the skin thickness in incines , and
b the distance of spacing in incu s’s .

Thus,

f = 217 ,600 x 0.985 x (l/16)(8)
2 

= 212 cps (12)

This resonant frequency corresponds to a natural period of vibration of
1, 000/212  = 4 . 7 0  m i l l i s e c o n d s  ( m s) ,  and to a critical time of 4.70/4 = 1.2 ms.

The c r i t i c a l  impulse  requi red  fo r t e a r ing  tine skin is computed in
any one of thuree separate ways , depending on t h u s ’  p r i m a r y  d a t a  a v a i l a b l e .
Data  on thus ’  a l u m i n u m  s k i n , as obtained from various sources are as follows,

5 (thickness) = 1/16 inch = 0.0052 feet
sD ( d e n s i t y )  2 .7 g /cm 3 = 2.7 x 62,4/32,2

5 . 2 2  s l u g s / f t3
C (speed of sound)  16 , 4 7 0  f ps
V~ (critical velocity) = 240 f ps
- l (d yuuamic yield strength) = 140 , 000 psi 2.02 x l0~ psf
E ( e l a s t i c  modulus )  = ii x 106 psi = 1.58 x l0~ psf

I. Critical impulse from critical velocity:

I = = 5 . 2 2  x 0 .0052 x 24/ )  = 6.5 psf—sec
C C

= 4 5 psi—ms (13)

2. Critical impulse from dynamic y ield streuigthu and speed of souund:

I~. = 
~-~~ /C 0.0052 x 2.02 x l0~ /l6 .47O = 6.4 psf—sec

44 psi—ms (14)

b ,  C r i t i c a l  impuul se  f rom e l a s t i c  m o d u l u s  and d y n a m i c  y i e l d  strength :

( ,  I E ) ~~~~ ‘ Y = (5.22/1.58 x 109)1/2 x 0 . 0 0 52  a 2 , 0 2  x l0~

6.0 psf—sec 42 psi—ma (15)

Differences in tine calculated results , which in this instance are minor ,
are caused by disparities in the on iginual d,sta .

A d iag ram i l l u s t r a t i n g  s k i n  r u p t u r e  us caused by a b l a s t impulse
thu at exceeds  hiss ’  c r i t i c a l  I m p u l s e  f o r  h i s e ’  s k i n  w i t h i n  t h I s ’  critical time
is sisown schennuahica lly in FIGURE i .

Thue computed minimum overpressure for tisis damage becomes 43/1.2
= 3/~ psi , which u must persist for at least as long as 1.2 nuns in order to
prov ide  the necessary minimum impulse’ .
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An excerpt from Re’fcretice 11 gives hackgr ouu u d to support t h e a b i l i t y  to  estima te critical fracture
st ress and c r / t h e n !  i m p a c t  v e l s / c i t y .

S c a b u h / i f l q — — W h i e n  t ine p r i m a r y  l o u u g l t u d i n a l  wa ve , w i mich  is one of com—
//re’s siu u Il , strikes tine lower edge of thue p late it is reflected and comes
back ms a wave of tension . If the wave Is decaying in intensit y,
ir ut e rfere ur c o between the i n c i d en t  and reflected waves will cause a tensile
stress to be built UI) a shuu rh distance from tine bottom of the p late.
The tension may reacin a high enoughi value to cause t ime p l a t e  to f r a c t u r e .
Wh en .m fracture suf tints type occurs , this ’ plate is said to have scabbed.
Fracturing oi th is tvpu ’ was firs t described by ihop kinson many years ago
and is somet imes known as ,n hhop kinson fracture.

f lu e ’  m e c h a n i c s  of s/ - m i / h / I n g  can be treated qualitatively in a fairly
e’l em e u u t a r y  f a s i u i o n .  C ,u n s i d e r  .u L a t e r a l l y i n f i n i t e  s lab  of f i n i t e  thm icknuess

( a )  ( b )

l”ig. 9-S Stress t)isn rjbut iuun Near Free Sunr-
tact . ,,f Plate f l ’in ine Thiekn,.m, annt Infinile
t.uete’rusi t,~~ts’et, ~ah tn efusri. sn.-ttn’eiui/m ~~nut b
uh ,’r tIy atrer r,’flecnim ,n u,t I r u t I / s , , ’ , un  di ni u n rbanc e.

and .ussuunu u ’ a p ,-ri ect lv elastic p late material. Suppose’ t h a t  tine pressure
puls e is / / i t i r e  f o r m  show n in Fig. 9—3A ; u / / m u  15 , t iue ’  pressure rises
inshant,sI uu’u //is ly and then h’egi /15 t / /  de~~nv , Wh en t ine  d h s t u r h , a n c e ’  s t r i k e ’ s
t h e  f r e e  (rig iut / l /u// i 11uh.n r~ u i  t h e  p l a te ,  it will be reflected as .s tension
wave . One i n c  i d e n n t  c om p r e s s i o n  wave and i t s  ne’ b b e ’ s t ed  t e l/ s  u / I l  c o u n t e r —
l i n t  w i l l inuterfer e . ris e ’ resultant distribution 5 ’i s t r e s s  w i t i u i u i  t i re
p late u t  -m particular time ’ during r e f l e c t i o n  u t  thu e’ wave will h/C tinat
shueuw n in  F i g .  9 — l iu . f ins ’  t e n s i o n  AS w i l l  increase as the reflected wave
mn’ve’s tu / tin e’ left. If at some point thus ’ metal can no longer support
thu s ’ tens ie’n • i t  Wi 11 I r i , tore and a scab will fl y s/t n . For a body wi thu
-n definite ~ni t i c a t normal fracture stress , tine thickuus’ss 6 of this ’ scab
w i l l  he s q/ u / h  to onu s ’— Iu ah i tine distance with ui n tine wave thiat cor re sponds
to - s de’cre’,msu’ iu u stress equa l t o  tine’  c r i t i c a l  normal fracture stress.

Stu u di s ’s of thu s ’ scabb iung u’f metal p lates h ave shown tiuat tine two
f I n / r e  that inllume u u, - e’ scabbing most are , (a) tire’ shape of th e  s t r e s s

and (6) a criti c. m l normal fracture stress that is ch a r a c t e r i s t i c
of t h u s ’  material acted upon . The latter may be inifluenced by the con—
dit io n i s of load iuug and tine state of stress in thus ’ bod y.

The very strong depeuude ’nce tiuat t u e location ot this ’ scab isas on
ttus’ s/ I n / /u- of the stress wave i s  perhnaps best illustrated by some examples
suh ~~u .m/ /h/ ing I / h flat , m ild steel p 1ate~ tiuat were explosively loaded in
the manner shown in Fig. ‘~— 3 c I / i  Chrapter 5. The plates in t u e tes t
r , m u s g n . d  In tin ickuuess from 1/4 to 2 Inch; thu s’ explosive cunarges were 1/8

511 /h  1/4 inch in thickness . Results ,nnu’ shown in Fig. 9—4 . The most
i n l u - r u - ’m u i n g  th i l uigs shu ’w n b y t / u u ’  t w u u  curves are t h i a t  t I n e  t h i c k n e s s  of
sn-ab Incr s ’,ssu’s rather tiuan decreases wl thu p late thuickness and that ,
under some’ ci ’ui d lh ions , a 1/8 I n c u r  l i ve r  of exp losive can produce a
th ic k e r  ss - .ihu thuan .1 1/4 i n c h  h , n v u ’ r .  The gene ra l  qualitative aspec t s
I/ f t h~u’ u u m r v u ’ s  nsf Fig, 9-4 st e  iou agreement  w i t h  expected  b e h a vi or ,
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i.e., flattening and elongation , of the pulse as it moves through th e
plat e. Decrease in steepness of the stress—time curve behind the wave
front with increasing plate thickness will cause increasing ly thi cker
scabs to form . ‘the pulse will be more s u s t a i n e d  and the  i n i t i a l  p re s su re
somewhat  h ighe r  fo r  the t imicke r  cinarge ; hence , t he  thickness  of the  scab
generated by the 1/4 inch layer of explosive will be greater than that
generated by the 1/8 inch layer wh en the plate is thin.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

0, 1 

._
::,~

3/
/S

o in , Ex plosive

• in. Explosive

0 I

0 I 2
Pl ate Thickness , inches

Fig. 9-4--D ependence of Scab
Thickness ott Plate Thickness for Two
Thicknesses of Explosive. Plates were
m uh d steel Sod ioade,j in manner  of
Fig. 5-3c .

Experimentall y determined values of the critical normal fracture
stresses for five metals are listed in Table 9—1 . The relationsisi p

C 0 cv E q u a t i o n  (9— 1)
can be used to associate a crit ical differential particle velocity
with each critical normal fracture stress . Values of critical particle
velocities obtained in this way are also listed in this’ same table.
There is some , but not conclusive , evidence that indicates that tine
state of stress that exists in the region of t u e fracture at thus ’ t ime
the  f r a c t u r e  occurs  may a f f e c t  thus ’  va lue  of ~,..

Table 9—1

C r i t i c a l  Normal F r a c t u r e  St resses  and A s s o c i a t e d
Critical Impact Velocities

C r i t i c a l  normal  A s s o c i a t e d
fracture stress critical impact

velocity
psi ( f t / s e c )

24S—T4 Aluminum 140 ,000 202
Copper 410 ,000 2n4
Brass 310,000 216
1020 Steel 160,000 84
4130 S t e e l  440 ,000 235

AIR BLAST INSII)I/ COMPARTMENTS

Warhead Effect

The subject of air hl~nst insIde this ’ various compartmeuut a of t h e aircraft such us the wi n g box ,
f u s e l ag e  f ue l t a n k s , and t h e  v a r i o u s  fuselag e compartments i s  u s u a l ly  r e s t r i c t e d  t o  the smaller warheads.
A ru ile of thumb sometimes used is tinat a 2—pou nd—w eiguut charge p laced I n s i d e  an aIrcraft will destroy 
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t i n e  ai r c n , m t  t . This rule , of course , san b een foumnd e x p s ’ r im e ’n t a l ly  ho  h i a v e  e x c ep t  i /I n s  f o r  c e r t a i n  a i r —
cn .ntt compartments where tine h / / l i m b  geometry by s h i e l d i n g ,  . n u u g l e  , / I  inucidenc e effects , and venting can
Increase t u e amount of exp losive required t u  k i l l  t he  a i r s,  r , m l t  by almost a factor of 10.

Effects to Consider

1. The wan iu siad l e n g t h — t o — d i a m e t e r  r a t i o  w i l l  inave a very  pr o n o u n u c e d  e t f s i c t  f o r  t h e  c l o s e — s c , m l e d
distances in many aircraft compartments. It can be hi ghly di ne ct iu u na l,

2. Momentum as well as impulse must be connsiders ’d.

3. The fragmentation can be quite different witb tiu i five diameter s of thus’ wanhucad . (h ubs can
p roduce  a fragment holu’ patte,rnu which the wounded structure must respond t o  in  i t s  m a x i m u m  s t r u c t u r al
deflection.)

4. Nothing is a v a i l a b l e  to p r e d i c t  t h e  e f f e c t s  of  a c o n u t a c t  b u r s t  ( w h u u ’ r e -  t h e  w a r h e a d  is in  con-
tact , or partiall y throug hi tine structure , ,ut detcunation).

5. Detonator locationu , multi ple detonators , possible jacket focusing e’ifect , etc., can h/ave a
pro nouui ced i n f l u e n c e  on e f f e c t i v e  e x p l o s i v e  y i e l d  in v a r i o u s  an g u l a r  d i r e c t i o n s ,

6. Da ta  on t h u s ’  a b i l i t y  of a i r u - r a f t  f a s t e n e r s  to  resist tens ion created by b l a s t  Loads  a r e
nonexistent. ilence , predi ctions of amount u / I  a i r c r a f t  skinu removal (due to  i n t e r n a l  blast) is difficult
if not impossible.

Best Method of Procedure

Desp i t e  ~u l  1 t h u s ’ u n c e r t a i n t i e s  p rev iosus  b y  1 ists- ’d , we mus t  p r / / c m ’u ’d  and ds/ t h u s ’  s-s t we’ can)  I i  we a re
ever  to i n n  ive  lIt a r , st  i o n / n i  appro. schu . The fm ul bowi ng iN) rsua cii is temit ,mt iv,’ he sugge’s ted :

1. Cons i der r e f l e c t i o n  f rom ad~ .uu - en t  w ,u l l s  (us i uu g wt ’ i g h i t  of u’X / /b/ /siVe ’ ( W E )  + 20 ) .

2. Check to see wis et tu er volume is vent ed,

3. P r u c e ’cd w i t h  s t r u c t u r a l  response  c a l c u l a t i o n .

Reflections Frtnm Adjacent ~~uiis sif Clos ed Vem iled (‘unmpartn lents

In confined areas , alnp li ficati s/n of time initial shoc k fru- I l t (b rs’u ’— ,m ir pres sures) duse to reu 1s’c t ions
within th is ’  s t r u c t u r e  w i l l  o c c u r ,  At , m n y given poitut on a particular ret b e e t  i n g  s u r f a c e ’ , t h u . ’  t e / t . 5 b
impulse loading is a c o m b i n a t i o n  of tine cont n i h u t  i ons  fn s /m t i ne  i n i t i a l  sm ock  .mnd f r o m  t h u s ’  s m o c k  re-
flected from adjacent surf .sces .

An approaimate method for tune , calculation 5/f the’ total impulse In a full y vented cubicle’ bias been
developed in connection with tine Safety Design C r i t e r i a  Program. //Is - total reflected Impulse .mcting
on various points of each surface of thue cubicle h ave heenu calculated and then Integrated to obtain u thus ’
total impulse l o a d s .  In order to  s i m p l i f y t h e  c a l c u l a t i o n  o t  t h u e  r esponse  u / I  .5 c u b i cle w a l l  to these
app lied loads , this ’ total impulse is assumed to be distributed un lfu /rrn ly, giving an average value of thus ’
Im p u l s e  a c t i n g  on any one s u r f a c e .  The ’ actual d h s t n i h u t i u / u I  o f  t h u s ’  b l a s t  I m p u l s e s  is t u i g u u l y i r r e g u l a r
due to t he m u l t i p le re f l e c t i o n s  and t i m e phasing , - m d  r e s u l t s  in  l o c a l i z e d  h l g i u  sh ea r  s t r es s e s  in t h e
el emen t s .  When d e s i g n i n g ,  t he use of average  impulse ’  1/lads is p r e d i c t e d  on t u e  a b i l i t y  of  tIne element
to  t r a n s f e r  t ise se l o c a l iz e d  loads to regions of l/ / we ’ r s t r e s s .

the  methuod  of c~u l c u l a t i n g  tine average b l a s t  impulses  was deve loped  us ing  a t h e o r e t i c a l  p rocedu re
i,ased on semiemp i r i c a l  b las t  d a t a  and on t ins ’  r e su l t s  of response t e s t s  of r e i n f o r c e d  concre te  s l abs .
The c a l c u l a t e d average impulse  loads have been compared w i t h i  those  o b t a i n e d  f r o m  t ine  r e s u l t s  of t es t s
of a scale—model steel cubicle and iuave shown good agreement for a wide range of cubicle arrangements.

This’ parameters whu ich are necessary to determine the average impulse loads are structure confi gurn-
tIon and size , charge wei ght , and charge location . Surfaces depicted are not frangible ’ for determining
the shock loadings but could be frangible when considering gas pressure buildup . For tine four—wall
c u b i c l e  w i t h  root , one of tine surfaces shown must be frangible or vented for such gas pressures ,
Figure 20 shows the definition of a four—wall cubicle.

Because of the wide range of required parameters , tire procedure for tine determination of tine
impu l se  loads  was p rog rammed  fo r  s o l u t i o n  on a d i g i ta l  computer. Tine  r e s u l t s  of t hese  c a l c u l a t i o n s,
presented in Figures 21 th rough 29 , give t ine  sca led average  u n i t  b l a s t  i m p u l s e  11, as a function of t h e
parameters defining the configurations presented in Figure 20. Eachi illustration is for a particular
combinat ion of values of h/H , 1/L , and t iue  n u m b e r  N of reflecting surfaces adjac ent to the surface for
which the impulses are being calculated. The wall (if any) parallel to the surface in question was
found to have a neg ligible contribution to the impulse for t in e range of parameters used and was therefore
not considered.  
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Fig.20 Fout-wahh cubuche with roof

The g e n e r a l  proced ure  f o r  use of t h e  above i l l u s t r a t i o n s  is as f o l l o w s :

1. De te rmine  the va lues  of t h e  pa ramete r s  i n d i c a t e d  for  the se lec ted  s u r f a c e  of thu s -  b a r r i e r  or
c u b i c l e  c o n f i g u r a t i o n  and c a l c u l a t e  t h e  f o l l o w i n g  q u a n t i ti e s :

h I L L 1 - 3

~~~~
. 

~~~~
• 

~~~~~ 
and

2. In most c i s c ’s c hu ’  above procedure w i l l  requi re i n t e r p o l a t i o n  fo r  one or more of t I /u’ paramet ers
w h i c h  d e f i n e  a g iven  s i t u a t i o n , in o rde r  h u l  o b t a i n  t h e  c o r r e c t  average  i m p u l s e  l o a d .

3. Because  of t he  l i m i t a t i o n  in the n m //ge ’ of t h e  t e s t  d a t a  and t he  l i m i t e d  number  ,/ 1 v a l uo s  of
the  par ameters  g iven  in this ’  above i m p u l s e  c h u a r t s , e x t r a p o l a t i o n  of t h e  d a t a  given in F i g u r e s  .7 1 throu 5
, a may be r equ i red  fo r  souse of the p a r a m e t e r s  i n v o l v e d .  On the  o t i n e r  ha n d , th e  limiti n g v / h u e s  as g iver)

in t i n e  c h a r t s  i o n  o t h e r  p a r a m e te r s  w i l l  not r e q u i r e  ex t  r a p o l a ti o n .  The v a l u e s  of t i se  a v e r a g e  i m p u l se -
l u u a d s  co r respond ing  to t he  va lues  of tIne p .mramn~ters whuich u exceed their limiting values (as ‘he ’fin ed by
the charts), will be a p p r s x i u n m t e l y equal t o  those  c o r r e s p o n d i n g  ho this ’  l i m i t i n g  v a l u e s .  The t b  l o w i ng
a r e  r , ’ u ’ uuns nn ended p r o c e d u r e s  t h a t  w i l l  be a p p l i c a b l e  in  mos t  cases f o r  c i t / / e r  e x t r a p su l a t i e l l . or  e s t a b l i s b i —
ing t he  l imi t s of impulse  loads c o r r e s p o n d i n g  tel va lues  of t h u s ’  v a r iou s  p a r a m e t e r s  t h a t  c’x eed t i r e
l i m i t s  of t h e  c h a r t s :

(a)  P lot  curve  of va lue s  of 1b ve rsus f o r  cons t an t  values of 7, R~~, 7. 1/ , hi 7/ , and 1
E x t r a p o l a t e  c u r v e  to i n c l u d e  va lue  of 1b corresponding to the value of .~~~ r e q u i r e d .

— (b)  E x t r a p o l a t e  g iven  curve  fo r  c o n s t a n u t  values of 2A~ ~~~~~~ ):,‘tb , and 1 : , t o  I u t u  1 / id e  v i l u s ’  of
i~ corresponding to tu e value of L/RA required.

( c )  V a l u e s  of 7b c o r r e s p o n d i n g  to v a l u e s  u u~~ L/il g r u - a t u ’ n  t h u a n  1/ shall be taken as e q u a l  t o
those corresponding to LIP 6 for a c t ua l  v a l u e s  of  - ,  1/ , and ilL , but with .i I i i t i t i o U s  vabuu’ of

L/RA i n w h i c h  RA is thue  a c t ua l  value and L is f i c t i t / o u s  v a l u e  equa l  t L/  ~ H .

(d) Values of 
~b 

corresponding t s~ va l uues u / h  l/L  less t h u a n  0.10 and gr s ’a t e r  u / i a n  0 . 7 4  sinaI I he’
taken as equal to those corresponding to ilL 0.1) and 0.75 , respectively.

(e) Values of 1/, c o r r e s p on d i n g  to  v a l u e s  of h/H l e s s  t u - m n  0. Il  ausd g r e a t e r  t I / , m : I  0. 7 4  s i n a I  1
be taken as equal to those corresponding to h/H S I / ,15 Lund 0 . 7 5 , n/ - s / / u - u ’ t l v e l v .
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As prev ious ly mentioned , a protective element subjected to the hi gh—pressure range effects of an
exp losion may be designed fm/r the Impulse rat her than for the pressure pulse only if the duration of
the applied pressures acting on the entire element is short in comparison to its response time . An
estimate of th is duration may be obtai uue- d by adding the time increments correspoi. .ing to the time
re’quired for the blast wave to full y engulf the element and the duration of the blast load at the
section u / i  the element furthest remeuved from tb5 exp losion. This relaticnship is represented by:

t (t 4 )~, — (t A )A 
+ l . 5 ( r ~~~~. (17)

where

to duration u /f load (ms )

(tA )F. tIme of arrival of tine b l ,sst w.m’.’ u’ at the point on tine element furthest from the
exp losion; detined by the largest slant distance.

= time of arrival of the blast wave at tine point on tine element nearest to the
exp losion; d e f i n e d  by the n o r m a l  distance.

(to)F duration of  t h e  b l a s t  / / r e s s u re  a t  t i n e  p o i n t  on the element furthest from tine exp losion .

The t ime of a r r i v a l  ~f the b b , m s l  wave fuur tine two points of i n t e r e s t  as well as time duration of tine load
at the furthnest point on th5’ element are obtained from Figure 2. To account for the increased load
duration due to the multip le reflections of tiue blast wave within the cubicle , the value u-if (to)F Inas
been increased by 50%.

A protective element subju’cted to tin e higis—pressure rannge effects of an exp losion may have to be
designed for the pressure pulse ratbuer thian i c r  thi e impulse effects if the duration of t h u  app lied
pressures acting on the entire element is long inn comparisons to tine response t ime of tine element
(t m less thain 3t a). For these’ cases , the actual pressure—time relationshsi p resulting from a pressure
distribution on the elemenit , which is I nig bnlv irregular due to th i~ multipl e reflections and t ime phas ing ,
may be approximated by a fi ctiti ous pe.s~ u’d triangular pressure pulse. Tine durati on t 0 u i  this pulse
is obtained from Eq. 17 and a fict it iou s peak pres suru’ lu-f is established as a function of this durarion
and the average blast i m p u l s e :~~, (Figures 21 thmr oug h 29) ,nutin g on the element.

“1
b (18)

The above s u / L u t  ion f u / r  th is ’  average impulsu ’  b u i :ud does not a c c o u n t  f o r  i nc r ea sed  b l a s t  e f f e c t s
p roduced by c o n t . n e t  c h a r g e s .

PartialIN Vented Explunsions

Interior B la s t  Loadth~,s. When thne openings in a c u b i c l e - t y p e  s t r u c t u r e  are small compared to the
tu ut a l surface area , full venting of a contained exp losion will not occur. The effect of the reduction
of the venting areas from a full y vented u,oui f iguration is an increase in tine interior pressures ,
impulse , and duration. In addition to the initial shock wave and its reflections , the accumulation
of gases from tine exp losion results in a pressure buildup , and since tine venting area is l imited , tIn e
duration of the pressure is prolonged.

A typical pressure—time record at us point on the surface of a partiall y vented chamber is shown
in Figure 30. The high peaks are the multip le reflections of thue initial shi cu ck wave . The mean pressure ,
denoted sos 

~m , 
has a long duration when compared to the duration of the shock wave pressures . The maxi-

mum mean pressure P~~ is used as the basis for design and is a function of the charge weight , contained
volume of the chamber , and venting area.

Figure 31 shows an experimentall y fitted curve based upon test results of partiall y vented chambers
with small venting areas . The max imum mean pressure is plotted against the charge—volume ratio. The
sizes of the venting areas used in the individual tests were relativel y small compared to the volume
of the chambers and the quantities of exp losive , and had no noticeable influence on the maximum pres-
sures recorded.

Since little data are available concerning the duration of thnese pressures , it is suggested that ,
for purposes of design , the pressures be asswned to have a very long duration and a constant magnitude
insofar as the response of the structure is concerned. The total impulse used in the design of such a
cubicle is a combination of the contributions from time initial shock wave , its reflections , and the
pressures causu’d by the gas accumulations . Because of tine long duration aspect of tine gas accumulation
pressures , the strength of tIne individual elements of tine structure must be equal to , or greater tlnan ,
the pressure P,~~ , whereas the response of t h e elements to time initial blast wave and its reflections
will be similar to tine response of cubicles where full venting is achieved. 
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Le~~~~~e Pressure Loadi~~~~. L i t t l e  data are cur ren t ly avai lab lu ’  b r  tIme determ ination ou leakage
p ressures f rom a p a r t i a l l y  vented  e x p l o s i o n .  Table  .1 (from Ru’ ) e r e u l c u ’  12/ li s t’, tin e experimental ventingu ’r ‘ leak areas . In ~~us t e’:uses , r a t h e r  smal l  I u.-~nk . m g~ a reas  w 1/ veun t  t i n e  e l  r u c  t ure ,
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Fig,3 I Tenn renu lus from four chambers, pressure versus cha rge .vuuhun ui e ra un o

TA I LI- 2
l)n nuueu usm mu ns of ihe (‘hannbers Used u s nine Tesus and Th cu n Leak Areas

Mark Form Dimensions Volume , m 3 Leak area , cm2

A Sphere Diam 0.92 m 0.41 15—80

B Tub e Diam — 1.5 m 4.5 30—400
Length = 2.5 m

C “Cube ” 2 . 5  x 2 . 3  x 2 . 3  m 13.2 25—200

1) Tube DIam 2.0 m 2/1 .2 7—2000
Length = 8.5 m
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SLMM-~R~ ~I’sL) LI~ulITA1 1ONS

1. The i m p u l s e , peak pressure , and d u r a t i o n s  of blas t waves f rom sp h e r i c a l  chn arges in a i r  are
list ed.

( a )  C y l i n d r ic a l charge deviations from spherical beimavior are covered.

(b) Momentum and trave linig—cimarg e effects are mentioned , although no quantitative effects
are listed.

(c) hlop kinson versus Sacims ’ spbuer lcal charge scaling laws (to account for altitude variations)
,mre discussed.

2. The effect of ang le of blast wave incidence on lowering of reflected impulse is discussed.

3. Simp le methods of computing external blast loads on rectangular structures are discussed.

A suimnary of tine sing le—degree—of—freedom structural response is listed. Suggestions as to
how to h andle the elastic—p lastic response rannge ore innc luded.

5. C ritical Impulse withIn a critical time is dicussed.

C . Teciunniques (assuming ri g / h  surface ref l ections) used to estimate internal blast loads are
‘“u - re ci

7. b ’ ru’ssure buildup due tu l u r o u j u m c t s  o f  combus t ion : in part ially vented closed chambers is dis—

~u’,sed . l im ited experimental data are s:;u uw n ,

RLI ’L RL~5C1,S

1. Departments of tine c~t r ~u - 1i ,~iu ’5 to  Resist the ‘,‘[fu-’ct~ of Accidental Exp losions , Arm y Technical
Army , N, m vy . and Manual  t M  5—1300 , N c m v v  P u b l i u - a t  i u l ul N~\\’F’sC ~~~~ 7 , A i r  Force Manual
A i r  Force AFN 8 8 — 2 2 , L’ S. Governmeuut Printing Office , Washing ton , D.C., June 1969 .

2. Swisdak , Mich ael M. Explus~ on Ef fects and iH u.u juu ’ :~~~; u ’ u - c , / ‘ a r t  1. Explosion Effects in Air.
N S W C / W O L / T R  7 5 — t I n , N ,ival S u r fa c e  Weapons  C e n t e r , Whi te  Oak , Silver Spring,
Rd., 5 October 1975.

3. Baker , W . E. S ~m: ,Zar~ ty ,‘~ I ’ t Qui~~ in Li:: fl ” I ’fl n :  D7na;’C Cs: Theory and Practice of Scale
et al. Model:nu,s , Spartan Books , hay den B ’ u-; k Cuu -m /u smfly , Inc . Rochelle Park , N .J.

1973.

Dewey , Jane H. “The Effect oi  u\ tm osp h i e r i c  P r e s s u r e  and Temperature on Air Sm ock ,’

Sperrazza , J. BRL Report No. 721 , Aberdeen Provlung Ground , Md ., 1950.

5. Ericsson , V. “On Comp lete Blas t S c s I inig,” .;our .  of the Physics of Fluids , Vol. 3,
Edin , K. No. 5 , pp. 893—895 , September- october 1960.

6. Olson , Jr., W . C. “The Effect of Atniosp hier ic Pressure on the Reflected Impulse From Blast
et al. Waves ,” RRL Memo Report Nu-’ . l’m2 1 , Aberdeen Proving Ground , Rd., January

1960 .

7. Jack , Jr. , W. U. “Measurements of Normally Reflected Shock Parameters From Explosive
A rmendt , J r ., 8. F. Chuarges Under Simulated High Altitude Conditions ,” BRL Report No. 1280,

Aberdeen Proving Ground , Md ., April 1965.

8. Brode , H. L. ‘Numerical Solutions of Spherical Blast Waves ,” Jour, of App l . Physics ,
Vol. 26 , No. 6 , pp. 7 6 6 — 7 7 5 , June 1955.

9. Glasstone , S. The Effects of Nuclear Weapons , U.S. Atomic Energy Commission , Rev. Ed.,
(Editor) pp. 128—129 , April 1962 .

10. Sewell , R. C. S. Response of Structures to B las t :  A New Cri teria , Annals of the New York
Renney, C. F. Academy of Sciences , Vol. 152 , Ar t. 1, pp. 532—547 , 28 Octobe r 1968.

11. RInehart , J.  S.  Behavior of Metals Ilnder Impulsive Loads , Pub l is Ined by the American Society
Pearson , John f o r  Metals , Cleveland , Ohio, 1954 .

12. Weib u l l , H. R. W. Pressures Recorded in Partiall y Closed Chambers at Explosion of TNT Charges ,
Annals  of the New York Academy of Sciences , Vol. 152 , A r t .  1, pp. 357—361 ,
28 October 1958.

- 
_ _ _ _ _ _ _ _



- -  - ‘  -

45

HYDRAULIC RAM PRESSURE PREDI CTION
AND STRUCTURAL RESPONSE

I NTRODUCT ION

1)ur ing p eu e t r at io n  of ’ an a i r c r a f t  l ’iic ’I cel l .  hlIIIu.’tS and o th e r  high— speed pr op ec’t u t ’s
genera te intense pressure Waves I~ t im e  fu e l ,  Respon se 01 the  f u e l  cell ~ alk tel these
pressure wave s  ca im be catastrop hic lall ure due  to severe l’r .ncturin g ot entrance and ex mt
fuel cell walls , ib i s latiure Is o f t e n  am _’ c’eh l t l l a t e d . mm brittle iJ l lI i hh I IJlInl cell wa l l s , b~ the
bullet or high—speed project tie w e n u n d  in t h e  fuel cell ~t ~h l I . and a ca tas t rop hic ’ brittle
fracture failure at low stress levels . can u ) cc ’ i i r ,  i l t i s  p h c I I o iu e h l o t J .  termed “ h y d r a u l i c
ram. ’’ is of par ticular I m p o r t a n c e  to the  sur% u v l h bu l ut\ ot m il mt a r~ amr c’r.m l ’t -

A compute r  pro gra lmi  s~ Os u,le~ eloped b~ the  N.~ .il Weap ons (‘ e n t e r  wh ich
ca lcu la t e s  the pressure w aves generated h ) d e c e l e r a t I n g .  t u n i b l m g  projecti le s III  a I1IIIJ -

The theory  of h y d r a u l i c  r am is given in R e f e r e n c e  I - l ime pressur e p r e d i s. l i on  t h e u r ~ in
this  repo r t is excerp ted  from Ref ’erc’~ic’e I - I lie lm ~ d rau l tu .  r am stru ctural response
theory  is described l a t e r  in t his report.

THEORETICAL CONSIDERATIONS

To calculate fluid pressures , i t is necessary to k n o w  the velo ci ty ,  rate of kinet ic  energy
loss, and time of projectile arrival as funct ions  of distance along the trajectory. Estimates of
these quantit ies can be obtained by using a simple model of the bullet behavior.

The bullet is assumed to travel in a straight l ine , and its deceleration is described by
Newton ’s Second Law .

m~J~ =- D (1)

where

m = bullet mass
V = bullet velocity

t time

D = dra g force

The dra g force can be expressed as

r~~= ...,. ~, 2A  ,-. (2)
• 2~~ ~ “ok I)

Naval Weapons (‘eui h m, r .  Flu id Dv,na,, uic -i  u su j / I s/u of / l n ’drau th e Rum / I - hs~ F - A - t ,s nu nd st rsnu un and \~ K -

I:ung , (‘h ina Luke , (‘A . NW( , October 197 € ,  II ( ( “iS-74 I - ((IN . p umlu hu c.nluuu u t Ni ’! -‘s SS II  II -
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where

p = fluid densi ty

V = bullet velocity

CD = drag coefficient of time bul l e t

A0 = projected frontal area of an Ltl1 ~ awed bul le t

Noting that

d XbV = - ~~- (3)

where x~ = bullet  position along the trajectory , equat ions I and 2 can be combined , yielding

dV (4)

Where the velocity decay coefficient , 13, is defined as

13=~~~~P C D A O ( 5 )

the rate of kinetic energy loss , dE/ dxb ,  where E = l/ 2 mV 2 can be expressed as

dE dV— -mV — (6)
dxb dxb

Combining equations 4 and 6 yields

(7)
dxb

For t u m b l i n g  bullets , (3 is a funct ion of Xb .

In this model the bullet  is presumed to enter  the test cell wi th  0 degree yaw and
continue in this  a t t i t ude  wi th  a constant  drag c o e f f i c i e n t  u n t i l  it reaches a distance , x l ,
where it begins to tumble .  The bul le t  becomes ful ly  In mble d at a d ist a nec • x 2’ and continues
in this a t t i t u d e  wi th  a constant  drag coe f f i c i en t .  h owever , as evidenced from experimental
results ,2 the bul le t  will  impact  the  cell w i t h  0 degree yaw and c o n t i n u e  to tumble  along its
trajectory for a nu mber  of cycles before assun mi ng a stable a t t i t ude .  Time model lmas an option
to include th is  cont inuous  t u m b l i n g  of the  bu l l e t .  Time coefficients , (31 and (32 , are associated
with  the 0-degree yaw and t u m b l e d  a t t i t u d e s , and the  value (33 is associated wi th  time 

-
‘

st ern —Ii rst  a t t i t u d e .  For s i m p l i c i t y  it wa s assumed t h a t  t i m e  t u m b l i n g  proceeds at a constant
rate along the  t ra j ec tory  (Figure  1 L t hat  is

X~~-X ~~~~x 3 - x 2 x4 - x3 = . . .  (8)

2NavaI Weapons (e nter .  Fluid Dvna,nic ,lnalI ’sj s of !I( ’draulic Ram Ill by F.. A. Lun dst ro m and W. K Fung,
China Lake, (‘A , N W ( ’ , October 1974. (J’ft ’G/AS- 74-l’ .015 , pulsinu.atio n UN(’LASSII ILl).)
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ZERO YAW TUMBLING TUMBLED

-

~~~~~~~~~

VELOCITY DECAY
COEFFICIENT . j 3 I 

STER N—FIRST

—

_ _ _ _y

0 

x3

Figure 1. Bul let Orientation Versus Distance Along
the Bullet Trajectory .

While the bullet is tumbling,  i.e., x 1,  <xb , <x2, (3 varies radically as a function of Xb .
This variation can be expressed in general form as

(9)

where

~1b- X l
(10)

while

f(O) = 0

f ( l ) =  I

An empirical funct ion of time following form was used.

f ( Y ) = [ l / 2 - I / 2 cos ( Y )] ~ ( 11)

The exponent , n = 3, is varied (see Footnote 2) yielding the following equations , for
X ) < Xb < X2

F X b - X I l ~
~i(xb ) = ( 3 I + ( J 32 - ( 3 l )  l / 2 - l / 2 cos[

J 
( 12a)

for x2 < Xb < x3
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fl(xb)= (32 + ((33 - (32) ~l/2 - lI2 cOsI:
~~~:~11 ( l2 b )

When (3 is constant , equations 3 and 4 can be integrated directly. In the region 0 < xb
< xi , where (3 = (3k , the ini t ia l  conditions are V = V0 and t = 0. Th e integration then yields

0-( 3 lx b
Vb = V O~~~ 

(13)

and

~~~~~~~~~ ( 1 4 )

and equation 7 yields

dE (15)
d Xb

In the region of tumbli ng, x 1 < ~~ < x2 , algebraic expressions cannot be found ;
there fore , a numerical integration met lmod is used for time model.

For stripping of bullet jackets fro imm time AP (armor piercing) core of the API (armor-
piercing incendiary) am mun i t i on , a crude met imod for incorporating time jacket energy
deposition was developed. Time projectile penetrates time f luid for a distance , X S, where the
jacket strips. Time kinet ic  energy of the jacket and incendiary mater ia l  are calculated at that
point. The energy deposition of time AP core is calculated in time normal man lier except that
values of (3 appropriate to the core must be used. Time energy deposition of tIme jacket is
assumed to be exponential  and is added to that  of the core . The equation for total energy
deposition is

dE E~5 ~(3~
(x b - x5)

= mc/3cVb2 + aj_ e (16)

E~5 = 1/2 mj Vs2 ( 17)

where

m~ = mass of jacke t

V5 = velocity of bullet at stripping location

mc = mass of core
a = a const ant found to be 1/3 (Footnote 2)

Because of time mathematical  dif f i cul t ies  introduced by the wall boundary conditions , a
simple model (Figure 2) is used wlmic lm neglects time wail effects.
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(x . ~ J
(4~

CAVITY SURFACE

7
~~~~~PACT POINT

Figure 2. Model of Drag Phase of Hydraulic Ram.

The bullet shown in Figure 2 is ini t ia l ly  stationary in an inf ini te  body of fluid until
t = 0. Then the bullet is inipulsive ly accelerated to an ini t ia l  velocity of V0. At times , t > 0,
the bullet moves with a velocity, V , in a straigh t line along the axis. It is assumed that the
flow field can be described in terms of a potential function , ~~, which satisfies the wave
equation.

(18)
c2 at

where c = speed of sound in the fluid.

Then , the fluid velocity, ~ is expressed as

(19)

and the Bernoulli equation yields

P P 0~~p~~~~~1/ 2pu 2 (20)

where

P = total f luid pressure

P0 = ambien t  pressure
p = fluid density

u u

The boundary conditions for equation 18 are t lmat  time fluid velocity is tangential to the
projectile surface and tha t  P = P~ oil the cavity surface , where 

~c denotes time pressure in the
cavity. It is assumed t lmat P~ is constant throughout the cavity;  hence , the problem is to
determine the pressure as a funct ion of t ime at any arbitrary p oint (x ,w) where , as shown in
Figure 2, w is time perpendicular distance of this point from the x axis.

The problem is f u r t i mer  simplified by ignoring the bounda ry conditions and then
approx imat ing  ti l e cf f ’ect ~~ the  bul le t  and cavity on ti me f lu id  by the action of a line of
sources dis t r ibuted along tile bul let  t r aj e c t o r y ,  Then , the result ing flow field is symmetric
about time x axis , and the potent ia l  due to these sources can be expressed as



T ””
~

”.”.’ — -‘

so

Xb(T)

f ~~~~~~~ (21)

where

= distance along time trajectory
r = distance between points ~ and (x ,~~)

source str ength at ~

For the fini te  sound speed , the integral must be evaluated along the line r + n c  =

constant , where r is time retarded t ime given by r = t - n c .  Time integration path is included in
the time space representation shown in Figure 3. Using equation 14 , the time of bullet
arrival , t b, on the trajectory as a function of the bullet  position , xb , can be determined.
However , the results of the theory are not considered to be valid during the cavity collapse;
therefore , the lower l imi t  in this integral can be taken as zero. Time upper l imit , Xb, den otes
the projectile position when r = tb .

The source strength , ~~, is estimated by a method based on the conservation of energy .
It is assumed that  time flow is confined to a Section , dx , as shown in Figure 4.

BULLET TRAJECTORY

(x , ~
)

t

T . 

INTEGRATION
PATH

I I

tb .  

~ ~~
xb Xb x

Figure 3. Integration Path of Integral in Equation 21
on the Time-Space Plane.

_ _ _ _ _ _ _ _ _ _  
_ _ _ _ _ _  - -4_______________________ ,‘---‘,- - - -
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Figure 4. Flow Model for Estimating Cavi ty Growth and Source
Strength Variation.

The flu id velocity itm this section is then

u = 2~~~ ,t) 
(22)

At the cavity radius , w = a and u = da/ dt  so

~~~ h / 2 a ~~’ (23)

Following Binkoff ’s theory .3 t he kine t i c  e lmergy, d K , of the fluid in this section within a
radius , £~, is

dK = ~ u 2c~(lwj dx (24)

with equation 22 and integrating

dK 4irpN~
2dx (25)

where
N = Qn(~’2/a)

Since the upper l imit , ~2 , cannot he inf in i te  due to the physical impossibility of allowing dK
to be inf inite , &2 will  he assumed to be f in i t e .  Because the value of N varies slowly as a
function of ~~~, it can be treated as a constant .  This is justi fi ed for tIme special case in which a
bullet is traveling with a constant v eloci ty ,  since thc correct cavity shape is obtain ed for
constant values of ti m e q u a n t i t y  ~‘l/a in time 15 to 30 range . Physically, this step can be
rationalized by considering the negl ect ed inf luence of the noncy lindn ical divergence of the
flow.

The work , dW , done by the diffe rence between ti m e ambient  and cavity pressure is

dW = ir(P0 - Pc)a2dx (26)

The energy , de , deposited by the projectile in the  f lu id  at dx is 
- - -

I ,  l3 u r ~, f l  m u d  I I I  / , u r , u u u n u u r u s ’ii u u - lu / s  Ii~jf~u ’u ,; ‘j ~/ (~ / u ( / 5 u s Nese ‘ i n k , ‘ i , ,~J~~u i u  I’ne’~, 957
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d e ( ~~~—) dx (27)

with equations 15 and 16 showing time expression for dE/ dxb as a function of the distance
along the trajectory.

Time conservation of energy can be expressed by the relation

de d K + d W  (28)

and wi t l m equations 25 , 26 , and 27 , it becomes

(~—) (lx = 4irp~
2 N dx + ir(P0 - P~)a 2dx (29)

Defining

(dE \
\dxbJ~A2 = 

ir~P - p (30)
‘o  c

P - P
B2 = ° C 31pN

and simplifying, the energy balance yields time express ion

= ± 1/2 B ~~A 2 - a 2 (32)

Eliminating ~ h o r n  equation 32, with equation 23

a~~- ±B ~~A2 - a 2 (33)

With bounda ry condition a = 0, at the t ime of projectile arrival , t b, integration of equation
33 yields

± ~JA 2 - a 2 = A - B(t - tb )  (34)

where , according to equation 32

~~= l/2 [BA~~B
2(t~~tb)J (35)

The cavity behavior reaches a m a x i m u m  radius when da/ d t  = 0. From equation 33, this
radius is A, and from equat ion  34 , the  m a x i m u m  radius occurs at t i ii1C , t m, at

t m t b 4
I 

(36)

The effects  of l im e  walls were neglected.  so equations 30 a i md 3 1 g ive only the t ipper  bounds

-- -~~~~~~ -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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for A and B; h e imce t ime source s t r e m mgt h i . e q u a t i o n  35 , will  be increasingl y i n accu rate as t im e
cavity approaches i t s  i m m a x i n m u m  in side an ac tua l  fue l  ccii .

Now , time pressure field resul t ing  from time l ine of sources can be calculated. Substi-
tu t ing  equa t i on  35 for time source strength in equat ion 21 y ields

X b(T)

~(x ,~.m ,t) -l/2B 5 ! 
~~~~~~~~~~~~~~~~~~~~~~~ 

(37)

Note that time retarded time r in equation 21 was replaced by t - n c .

To compute the pressure , the terms in Bernoulli ’s equation (equation 20) must be
evaluated.  The ter m , a~ /at , in Bernoulli ’s equation can be expressed in a simple form by
using Leibnitz ’s rule for time differentiation of integrals. Equation 37 becomes (see
Appendix A)

X b(T)
a4~~~ 1/ 1

[

BA h ax b(r) 1 + l/2 B2 f (38)

where R b is the distance between the bullet  and the point (x ,w) and Ab denotes the value
of A , evaluated at X b. The chain rule for differentiation gives

ax b(r) ax h(r )
~~.

at ar at

where

ax b
(40)

where V is the bullet velocity evaluated at X b, ami d since

aR b(r) 
1 + 1 x-X b ax h(r) 

(41)at c at c Rb at

equation 39 becomes

ax b(r)  x - Xh aX 1) (T)
at ~~~~~~~ 

,

~ 

~~ R b at (42)

Solving for aX b(n / a t  gives

ax h(r) V 
— (43)

at v x - X h
1 - — 

R b

k~~~. _ _ _  
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Wit h equation 43 and solving the in tegra l , equation 38 becomes

1 -~~~~~~~~~ 

- Xb 
+ I 

[~~ -X b + R bI 

(44)

c Rb

where R0 is the distance between the impact point and tile point (x ,w). In the same manner
time f luid velocity components , u ,~ in the x direction and u~~ in the ~ direction , can be
derived as

I 
x - X ~

BAb c Rbu =—  1/2 —
X ax Rb V X - X b

Rb

Xb(T)

+ 1/2B ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(45)

V~~~
BAR. c R

u = - ~~ 1/2 —
~ a~, Rb v x ~~Xb

Rb

+ 1/2B ~~ 
r 

{A ( E ) - B [ t - t b(~)]}~~ d~ (46)

It simou ld be noted t i m a t  f unc t ions  A(s) and t b(s) depend on time t umbl ing  behavior of the
bullet.  ilence , time integrals in equations 45 and 46 cannot be eva luated expl ic i t ly .  Noting
the reaction that

= + Li 2 (47)

the pressure field can be obtained by subst i tu t ing  equations 44 , 45 , 46 , and 47 into
Bernoulli ’s equation 20.

Waves reflected from rigid plane walls can be calculated exactly by means of the
mct l m od of images. Time boundary condition for a rigid wall is t imat  time normal component of
the fluid velocity, u~ , v anisimes at t ime wall .  Pressure generated by time bullet  has been
approximated by a line of sources (or sinks ) .  Time boundary condit ion at the wall can be
satisfied by adding the pressure due to a mirror i mmm age l ine of sources (or sinks) as illustrated
in Figure 5.

The boundary condition for a free surface is I’ = U at the surface. A negative mirgor
image satisfies this  condit ion to ti me ex t en t  that

L ~~~~~~~~~~~~ -~~~~- _ _ _ _ _ _ _ _  _ _ _



— ‘

~~~~~~~~~~~~~~~~~~~~~~~~~~ —
-

~~~~~~~~~~~~

cc

I~+ l/ 2u t
2
~ >> IIm/2un2

~ (48)

where u t and u~ are the tangential  and normal fluid velocity components at time surface.
Equation 48 is satisfied for most conditions dur ing the ini t ia l  phase of hydrau l i c  ra m.

The method of inmages is easily extended to calculate  reflections from the walls of
rectangular volumes. The result is a three-dimensional  rec t an g t m l a r  arra y of images. The
nun m be r of images in  t i m e  array is de termined by the  m u i i m b e r  of wave re f le c t i on s  to he
included in the c a l c u l a t i o n .  A method fu r a u t o m a t i c  genera t ion  of the  image array co-
ordin ates was developed , ai md i ts  use is discussed in A p pend i x  B.

Time walls of aircraft fuel cells arc ne i t h er free nor r igid .  i lowever . due to the i r typ i cal l y
l ig l mt construct i on , waves re l l e cte d  from these wa l l s  can be approxi m ated by means of time
metimo d of inm ag es f o r  Free surfaces. T u e  ef fect  of t ime ine r t i a l  propert ies  of time fuel cell wails
oi m wave reflections is discussed in the Lun dstro m report (Footnote I .

R I G I D  SURFACE
(u~ = 0)

MIRROR~~~~~~~~~~~ ~~~~~~~~~ F SOURCES

Figure 5. Geometry of Method of Images for a Single
Rigid Surface.

SUMMARY

The pressure is calculated according to Bernoulli’ s equation

P - P o -p ~~ - 1/2pu 2

The first term is dominant  far from the bullet , while the second term is important closer to
the bullet , The boundary condition P = 0 at time surface is satisfied by the method of images
for the p ant/ at  ter m only. It is suggested that time full equation be used to calculate incident
pressure waves on time wall.

Although the action of the cavity behind the bullet is accounted for in the fluid model ,
time absence of f luid wi th in  time cavity is ignored . There fore , in the absence of external
surfaces , ti m e calculated pressure will be positive outside the cavity, zero on the cavity
surface , and negative wi t im i n  time cavi ty .  Indeed , time pressure will go to minus i n f i n i t y  as the
cavity axis is approached. 1mm addit io im , time cavity presents an addi t ional  surfac e for refl ect ing
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pressure waves.  Thus , waves arisi img fromm i time bul let , re fle cti im g fro m mm time fluid volume surface ,
and the n rej lcc ’ii, ig from i/u ’ c a mit v surJ ~scc’ are not accounted for.

The presence of time hounding  free surfaces of time fluid volume ofte m m produces large
negative pressures within the fluid , timus producing bulk cavitat ion.  Th ese phenomena are
not included in time fluid model.

It is suggested that the pressure calculated by the program be truncated at negative
pre sstmres; that is , if

P �O
then

P = o

This process assumed t h a t  bulk c a vi t a t i o m m always occurred at md also automati cal ly  accounted
for time absence of fluid in time cavity.

Since the bullet is tmiode led by a line of sources , time pressure goes to i n f in i t y  at time
bullet. It is suggested timat the pressure calcu lated by time progra m be t runcated at time
stagnation pressure of time bul le t .

HYDRAULIC RAM STRUCTURAL RESPONSE

II4TROL)UCTION

T he pur pose of th i s section of t hi s re port is to descr ibe mod i f i-
ca tions to the metho dolo gy of the Hy d rau l i c Ram Pressure Pro g ram
discusse d in the previous section. These mod i f i cat i ons a l low for the
determinat ion of the wal l  def lect i ons tha t resul t from p rojec ti l e  i n ter-
action wit h a fluid-filled rectangular tank. The theory and example
discussed are for the exit tank wall. However , the theory shoul d be
easily extended to the other tank walls as required .

In the development of the theory for Hydraulic Ram Pressure
Pre d ic tion , the time var i a ti on of the pressure can be ca lcu la te d at
v a r i o u s  po i n ts in te rna l  to a fuel tank tha t has been im pacted by a
projectil e . The p ressure pred ic t ion  theor y st ip ula te d that wal l
reflections coul d be modeled by line sources which were negative
mirror images (sinks) of the sour ces mod e l i n g  the ori g ina l  project i le
penetration . Under these conditions , the sid es of the tank are
represen ted as free surfaces , and hence , by definition , the tank wal l
pressure is zero at a l l  times . The hyd r a u l i c  ram s tructural  res ponse
th eory , now to be describe d , mod i f ies this  so as to a l low ca lcu la tion
of wall response by the so-called In varia ble image ” theory .

STRUCTURAL RESPONSE THEORY

The specific response model that is used replaces the mirror image
from the exit wall used in vers ion one of the code with an infini te void.

- - — _ _ - - . — - ----- --~~~~
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Consequently, a pressure distribution p~ (x~t) and a fluid velocity

u (xyt) can be calculated at the position of the exit wall. The struc-

tura l response of the exit wall which acts against this pressure is based
on Foppi s ’ calculation .’ The assumption is that the total response pres-
sure , q, generated by the wall is such that

q = q 1 + q2

where q 1 is due to the loa d resis t ed by bending (theory of small
deflec tions) and q2 is due to t he loa d res is ted by membrane stress . For
a given displacement , z0, one can calculate the total strain energy , U ,

which is g iven by the ex press i on

U = U 1 + U2

where

U1 
= bending strain energy

U2 
= membrane strain energy

Timoshenko et al’’ 5have determ ined the analytical forms for the
membrane an d bending strain energies under uniform pressure for a plate
of hori zontal len gth , a , and vertical length , b. The wall deflection is
assumed to have the form

z z0 cos (~~)cos(?)

where x , y are the transverse coordinates on the wall; a, b are the asso-
ciated widths; and z0 i s t he center deflect ion .

The result ing energy expressions are given by

— 

i~
4(ab)(Eh 3

)(z2) (1 1

8(12)(l - v ) ~a b I

S I u u u I s ’,~u s ’ u k ’  .i uu u j S ~ ‘uu / ‘~~ sk ~ K r Icm ~u ’t l Ju , ’ , u r u  uj Plaic.c auud Shells , 2nd Ed. Nc55 York. McGraw-Hill
U k  ( uun,1pan~ In s , ,  I ‘/~~‘m , rm’ 4 1 c 42 t i

u I u nn uu ustnu ’nnk ‘ u t  il I s/ ’ .ats, us l ’r,nhl,’m.c in / u c u s u u - .’ ru, l ~’ . 4th I’d. Nc55 ‘i’ u r k .  Wiley an d Company, 1974 .
p. 441.
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4 4
Eh 7 1 2  

[9 1b + a 2 1
2 2(1 - ~

2 ) 256 L ~ 
+

it2Cz 0
2 
[1 /1 

+ 1) + 2 ( a  b 1

9 2 2 / a
+‘ë iT C 

~b a 1 9

12 cz 2 
1 1 2C 2 

(a + 
b \ 

+ 
16 C

2]} 
(50)+ v L  2 ~~~~~~~~~ E

where

v Poisson ’s ratio

E = modulus of elasticity

h plate thickness

and

{ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(51)

2 2  
_ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _C = it Z — 

2/a b~ 4(32)(1 + v) + 9(9 - v)~ + —

for

aU2 = 0

The kinetic energy term for the wall deflection is given by

= ~~ ab .22g T 
Z
0

where

= mass /un i t area of plate
9
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This allows the establishment of the Lagrangian L = I - U and its
associated differential equation so that

/ ~~ / a L \  /aL -

\atj (~ z0) I~ z0 ~

where Q represents the pressure forci ng function due to the projectile-
fluid interaction and is related to the total weighted average pressure
at the wal l  such that

= (2) ab
~T

where

2 b/2 a/2
= (
~

) ~ f f p~(xyt) cos (
~) cos (~

) dxdy (52)
-b/2 -a/2

From the Lagrangian formulation ,

4 3
~ 

it Eh ( I  + _ L~ ~o yh 12 (1 - y2 ) \a 2 b2 / °

+ 
Eh 

~~ ab ~~~~~~~~~

4 2 coe [1 ( i .+ 1)+ 2(~~~+ ..P.)]

+ 9 2  (coe ) 2 (a + 

~
)+ ~ (coe) 2

+ v [271
2 coe (

~ 
+ 

~
) - ~~ (coe )2 (a +

~ 

.~~~~~~~~~~~~~~~~~~~~~~~~ — - . . -  — ‘ - -- .— - ---
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+ ~~ (coe)~] 
} 

z 3 
- ~~ 16 ~ = (5 3 )

where

(6- 18v) ( 1+.~)+ 24(~%+_ ~-)
coe = 

2 b a 
b (53a)

4(32) (1 + v) + 9(9 - v)  (-

~ 
+ —)

The pressure distribution i s ca lcu la ted from the pressures due to the
fluid-bullet interaction evaluate d at the exit surface . A problem wi th
this formulation is that values are generated for the wall velocity
which exceed the particle velocity of the fluid. To correct this
deficiency , a variable image techni que is employed. This allows the
interaction to be modified through the fluid potential function in such
a manner as to preserve the continuity between the plate velocity and
particle velocity of the fluid.

Using the potential function , q~ , associated with the incident pres-
sure wave and Bernoulli ’ s equation , then

~~~~ 1 2p1 
= -p —

~~
-
~~ 

- 
~-pu 1 (54)

where 4n~ inclu des the potential produced by the projectile and by the

waves reflected from the walls of the container exclusive of the exi t
wall. p.~ is the incident pressure , p is the density of the fluid and
u1 is the fluid velocity where u,~ = v4n 1. Now assume that the potential
of the reflected wave from the exit wall has the form 

~ 
= k~

’
~ where k

varies in time and space and 
~
‘
i is the mi rror image of

Bernoulli ’ s equation for the reflected wave gives

(55)

and with similar substitution

_ 
~~~ -- -  -~~~~~~~~~~~~-~
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U = —
~f 

= kt~
’

1 
+ 

~(I ~) (56)

where n i ndicates the norma l at the exit  surface. Since the u2 term
in equation 2 can be considered small relative to the potent ial term,
it will be ignored in these and subsequent equations. At the wall ,

~ 
equals 4~ and a~1/~n equals -~~

‘
~/an . From piston theory , a plane

reflected wave is assumed , propagating parallel to the wall normal such
that

= _Pcurn and p. 
= ~cu1~

where c is the velocity of sound in the fluid.

Substituting equation 56 into equation 57,

= +pcku - pc~1 (~) 
= kp 1 

- pc$~ (
~

-
~
) (58)

but from equation 55,

—— kp 1 
— pu

~1 ~~ 
(59)

Comparing equations 58 and 59 ,

= (i\ (
~-~\ (60)

~n \ c /  ~atj

Thus the total pressure at the wall is

p1 
= p1 

+ 
~r 

= ( 1 + k)p1 
- 

~~ 
(
~-~

) (61 )

Similarly, if equation 56 is substituted into an expression that equates
the wal l and fluid vel ocit ies at the wall ,

= 
~~ 

+ urn 
= ( 1 - k)u~~ + 

(
~~~
i)(

~~~~~
~)
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or

= - -
~~-- [o - k ) u ~ -

E l i m i na t i n g t im e der ivat ive from PT ,

= (1 + k)p~ + ~c[(1 - k)Uni 
-

To derive an expression equivalent to the weighted average pressure at
the exi t wall , this equation must be integrated by substituting into the
expression for the forcing functi on. This gives

= ( 1 + k)~ 1 + pc (l - k)
~ni 

- PC(~ ) ~o 
(62)

and , equivalently,

— c r —
- - - k)u . - t~

-4’) z~ (63)

where k is  assumed un i fo rm at the ex it w a l l . G i ven the in i ti a l
pressures and fluid velocities at specific time increments , one can
then c a l c u l a t e  the p ressure ~~ and the time variation of k , z0, and
These values are then used to predict a new set of variables at the
next time increment which are finally averaged wi th the initial set to
yield the final parameters for the given time interval. The pressures
used in the calculations are gauge pressures and are allowed to go
negative. For tinie intervals exceeding the time for maximum deflection,
th is formulation occasionally generates unrealistic results. However ,
experimental data and data obtained from these calculations tend to be
reasonably cons istent for the time intervals of interest.

The magnitude of the stress on the exit plate due to these deflec-
tiort s can also be estimated. From Hooks Law , an empirical relation is
established between the components of stress and strain in a given
body. For a th i n plate ,6 the equations relating the unit elongati ons

and and the normal stresses and a,~ become

S. Tinnuoth cnt kuu and J. N ( oodncr. /‘/uu u rn of l:’la~tieitn ’ . Nc55 York . McGra~~-IInll Rook Compa n ny . Inc..
195 1 . p 24.

L~_ ~~~~~~~~
— ‘ -

~~~~‘~~~~~~~ 
- .

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

, 

~~~~~~~~~~~~~~~~~~~~~~~~ 
‘
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ey =
~~~~~y~~~

v a x ) (64 )

where E is the modulus of elasticity and v is Poisson ’s ratio. Using
the equations for the plate displacements and the basic relations for
the unit elongations (c >~ 

and Ly) given by Timos henko ,’ at the center
of the exit plate ,

= (coe) ~~ z0
2 and Cy = (coe) -

~~~~~ z0
2 (65)

where coe is determined in equation 53a. Solving equation 64 for
and and substituting equation 65,

— E 11 ~ 2
- 

- ~~ 2 ~ coe + E) Z
0

— E / ~/l ~\ 2oy —
-__-—--,,.2it ~coe) -~- + — —  zo

These are the expressions for the stress used in the code.

All these relations apply to the special case of a planar wave nor-
mally inc ident on a planar wall and are assumed to be adequate for all
situations input to the code. The more general  ex p ress ion for the pres-
sure introduced in this section reduces to the p i ston theory ex pres-
sions for the pressure for transm issive , rigid , an d free su rfaces when
the parameter , k , has t he v a lues  of 0 , 1 , and -1 , respectively. The
parameter , k, is l isted in the output and its variation models these
var ious wall response conditions .

EXPERIMENTS

Experiments were performed wi th a 5-ft-high by 5-ft-wide by 2-ft-
thick water-filled test cell. A number of 12.7-nimi API round s were
fired through the 2-ft thickness. The exit wall was a 20-inch-square ,
0.125-inch-thick aluminum sheet that was rigidly clamped at the edges .
Deflec tion of the exi t wall  was measure d by two h i gh-s peed camera v iewin g
the exit wall profile from the top and from the side. Details of the
experiment are described in a paper by Ankeney .7

I )  I’ A nn k cnu s-~ . “II~ ci rau lic K at tn  S trunc In r u R c~puu uu ac .’’ presen lcd it t he II dt uud m u  ui us Ratnn Scnnnn.,r ,
I)jyton . Ohu uu , 2 ( 1  2 2  ()ct unbc r I ~~~
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An e q u a t i o n  of m o t i o n  fo r the ex i t wal l  defl ec ti on is previousl y
derived in this report . The derivation assumes a wall deformation in
the form

z = cos cos . (66)

where x an d y are transverse coord inates on the wa ll , 9. is the widt h of
the square janel , an d Z0 is the panel cen ter def lect ion .

Usin g the Lagran ge equat ion , a second-order , nonl i near , or d i na r y
differential equation for Z0 was ob ta ine d. The effec ts of pla t e mass ,
and elastic bending and membrane stresses are includ ed . The forcing
func tion for this equation is the wei ghte d avera ge pressure a t the wal l

2 9./2 9./2
= (~~

) f f p~(>~y~t) cos (p- ) cos (
~~

) dxdy (67)
9.12 —9.12

Assuming k is uniform across the plate , repeating equation 62 gi ves

= (1 + k) ~~~. + p c(l - k) Uni 
- u~ 

c(~)
2 Z0 (68)

Similarly, an equation for k is obtained by integrating equation 63

= 
~~~~~~ ~(l - k) Üni 

- p c~~)
2 •

~~~~~ 

(69)

The weighted average incident pressure ~j an d nor mal f l u i d veloc i ty
~ni are obta i ned from the previously discussed theory . In prac ti ce , the
in tegrals  for j5~ and ünj were evaluated by calculating p

~ 
and u ni at

400 equally spaced points on the exit wall. Within the bullet cavity
Pi = -13.8 psi and uj~ = 0 . The _ we ig h ted potential is mos t easil y
obta i ned by integrating 

~i = 
~ ~~iI~t.

One shot from the experiments of Reference 7 was analyzed . The
im pac t veloci ty  of the roun d was 1 ,354 f t /sec . Ins pection of the high -~speed motion pictures of the bullet cavity showed that the bullet had
just attained a fully tumbl ed attitude on exiting the test cell . No
permanent deformation of the exit wall was observed , so the assumption
of elastic strain in the analysis is justified .

The inc ident  pressure , 
~~~

, and the quantity , p c ü~ - 1 1,  are plotted
i n  Figure 6 as a function of time . The bullet exits the test cel l at
1.6 milliseconds . As a consequence of the diverging flow produced by
the bu l l e t , ~i ~ p c Ü nj . Problems with piston theory are anticipa ted .

The exit wall deflection was then calcula ted by the variable image

---~~~~~~~~~~~ 
.
~~~~~~~~
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method as expressed in equation 15. The results are plotted in Figure 7,
together with the two sets of experimental points. The experimental
error is estimated at ±0.25 cm . T he var i a b le  ima ge metho d clearl y gi ves
reasonabl e agreement with experiment. The rise time of the experimenta l
wall deflection is much faster than expected from theory . This
discre panc y is not yet understoo d.

The total pressure at the wall , p, an d the source stren gth , k , are
plotted as a function of time in Figure 8, The incident pressure , 

~~~~
,

is included for reference. During the first part of the panel deflection ,
the dominant characteristi c of the plate motion is inertia. The mass
of the pla te is so low , however , tha t the p la te acts very mu ch l i k e  a
free surface. This is clear from Fi gure 8 where ~ << Pi . The source
strength , k, responds to this situation by dropping very rapidly from
its initial value of 1 to approximately -0.9. This is consistent
w it h t he previous observa tion tha t the var i a ble  ima ge met hod i s exac t
for fre e surfaces when k = -l

As the wall approaches its maximum deflection , the bending and
membrane stresses begin to dominate the wall motion. The i nward
accelera tion of the wal l  is res i ste d by the fluid , producing a large
ne t pressure at the wall . The image stren g th , k, responds to this by
increasing gradually up to a value of 3 or 4. In a sense , the wal l
migh t be called “su per r i gid” at this point.

1200 -

1000 -

pciiin
— 800

w

w

400

P1

0 —— _____ — ____ — — _____ — _____ — —

1 I I I I I I I
0 V 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

TIME . MILLISECONDS

FIGURE 6. Weighted Average iimci dent Pressure
and Normal Velocity.
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The variabl e image method was appl ied here assuming a prescribed
defl ection profile of the exit wall and a uniform image strength , k.
Equations 59 an d 60 can also be applied when using more sophisticated
techniques of structural analysis by allowing k to be nonurliform over
the wall.
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Appendix A

DERIVATIVES OF P OTENTIAL

POTENTIAL

Xb(T)

.1 ..L {A(~) ... B [t ..L t b(~)J ~ d~

LEIBNITZ’S RU LE

X (r)

~~~~
BAb [ a x b(r) 1 B2 rat 2R b t  at J 2

Xb(T)

~~~~~
BA b [ax b(r)] B j aIfr

{A(~
) B [ t t ( ~)Ji d~

X (1

~~~~~ ~~~ t~~~
TiB S.b 

- Bit . tb(E)J~d~

DERIVATIVES OF X b( r )

ax b(r) axb(r) a,.~~~~ .
at 

— 

at at at

Similarly,

ax b(r) 
— 

~~~

ax b(r) 
— 

~~~ax — ax

RbSinccr t .— ;  Rh + (x  . Xh )
C U

at — 
aR h — 

i x .  X1, ax h(r)
at C at c Rb 

~~~~~~~~~ — -~~~---~~~~~~~



ax~(r) 
= v 1 

x - Xb ax b(r)

at R b at

* 
. 

ax~(r) 
________

at v x~~Xb
~ C Rb

at — I aR b _ I ax b(r)

axb(r) 
— V ax b(r)
— - — I~~-(x - Xh)aw CRb!

v c ’~,axb(r) C Rb
=

c Rb

= .1 ~ ia — I 

~ 
1~ ax [,(T)

ax c 8x CRb~
” b~[ 

- 

ax

axb(r) 
— ~ x - Xb [ ax h(r)

ax c Rb 1. ax

V X - X b
axb(r) - 

C Rb
ax V x - X b

c Rb

Integra l in a~/at expression

Xb Xb
d~

J r ) 
i 12  2o o ‘

~~~~~, + ( x . E )

y~~~x - ~~ ~~ x - y  dc -dy

—.----.-

~

—---

~

—

~

- .

~

. . _  -



_ _ _  , . . - . ———-
~ - — . ,-------- --..-—-

70

- Xb
dy

From tables

_ _ _ _  

x - X b
I = - i Q n (y + \L32 ÷ y 2)]

~ + sJ~,
2 +

= Qn
X - X

b + . q 2 ÷ (~~~~~)2

x + R0= ~~~~ x - Xb + Rb

Derivatives within integrals of a~/ax , a~/ a .., express ions

~~l l E Jk J ~~~~~i ~/~ 2 ÷ ( x ) 2 ....~~~a~, r2
~~~ r2 8W r3

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~2 + ( x E ) 2~~~~~~ax ~2 a x r2
~~

Combining terms

= 
V + Qn ( x + R0

at 2Rb ~~~~~ 2
c Rb

V c.., X b(T)

aW~~~2Rb V x .X b
÷
2 c  [A(~

).Bt .I h)]J~dE

c Rb

X b(T)

~~~~~~~~~~~~~ ~ x~~Xb 2J {A . B [t .. t b~~~~
]
~~ ~~~~dE

c Rb

_ _ _  - - -..- ~~~~~~ . . - - - _ . -. . .
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PROGRAMMING NOTE

The remaining integrals are diff i cuit  to evaluate numerically. For example , for x term
def ine

X b(T)

1~ ~5 {A~~ - B 
[t 

- t b (~~)]} ~~~~~~~~ d~

Find an expression for al /at and calculate I as a function of time by integrating al / at.

L~Ibnitz ’s Rule

Xb(r)
aI~ (Ab~~B~~~) ’ ; ~~

b [ax b i] - B 5  2L:~~~ dE

but

X b(T) X - X b X -X b( x . .~ — 
Y / I

d~ — .  

(w2 + ~2)3I2 dy — 

~~~V~~~~
2 +

_ . / 1  I

\R b 
ko

and

ax 1,(r )  V
at 

~ 
x - X h

c Rb

~~~~~~~~~~~~~~~~ (Ab.B~~~) 4
h
~~~~~~~~X +B(~~~~~~

)
c Rb

Similar ly,  for ti le w term

X b(r)

l~~E w f f A ~~
B ( t . t h)1_

~ 
dE

_ _ _  ~-- -—-- .-.



- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ 
- —  

—... — - — --— .. 
~~_ ~~~

_
~J~~

_r~ ~~~~~~~~~

I. .eihniti s Rule

Xb(T)

~~~~~~

= (Ab B~~ )~~~ ~a r) ]

but

X b(T) x - Xbr x - X b
i ~~~= . %  dy =~~~~( 

~~~\
~ r3 

~ (w 2 + ~2)3”2 t n~
2 t~~[7 y 2) 

~

= i f x  x - X b
~

2
~

R0 Rb

ax b(r) v
at 

I 
V x - X b
c Rb

ai~ ( Rh\ V B f x  X X b
* . .

__
~~.i_

_ 

\
Ab B ---J——~ 

l - ~~ 
X - X h~~~~ R o R b

c R b

_ _ _  
. 
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Appendix B

I (’O~~~IENDIi1 ) BVLLLT CONSTANTS

Constants .30 cal iber .51) calibcr 12. 7 mm 14.5 into,

Build 165.7 grams 622-649 grains 746 g rains 963 grains
weijili t

l)ia,n,cter Diameter: Diameter: Diamcter:Bullet 0.308 in. 0 . S I0 - ’ O .S I  I in. O .5I0 0.5 1 I in. 0.586 0 .587 in.dinncn~nuu ns
L~ i ncitl, : 1 .39 in. Lc n ptln : 2 .3 1  ni . Length: 2.5 in. Length: 2.6 in.

Pc netrat o r 80 81.2 grains 375 grains 448/449 grains 655 grainswe ight

F)ia met e r:  Diameter : Diam eter: Diameter:Pc c.~ t ratuu r
0.244 —~

() .2 45 in. 0.426 O.427 iii . 0.427 in. 0.4889 in.dtn sensis ’ ns
L.enj ~th: 1.08 urn . Length: 1.8 in. Len gth: 2.07 in. Length: 2.075 in.

J ,cc L vt  84.5 85.7 ~ranns 247 274 grains 297 -
~ 298 grains 293.21 gra ins

weight inc ludes incendiary includes incendiary excludes nnccndia ry

Jacket Same as bullet Same as bull et San ne as bullet Same as bullet
dim ens ion s duuntcnsnn , n s dimensions dim ens ions dimensions

Ru lIe t/ j ~ck et
projected 

0 .0745 in2 0.2042 0.2050 in. 0 .2042 0.2(t50 in. 0.2697 -40.2906 in.area ,
unt u nunl u led

Hulk t /j , i c ket
p ro j cc t cd 

0 .31732 in 2 0.73 625 in 2 1.03772 in 2 1.322 in 2
a rea .
untum bkd

Penetrator
projected 0.0468 -4 0.047 1 ni 2 (1. 1 4 2 5  0 . 1 4 3 2  in 2 0 .143 2 in 2 0.18773 2inarea ,
untunn tuled

Pernet rato r
proj ected 

0.2601 in 2 0.59830 in 2 0.700214 in2 1.05 in 2
area .
tum bled

fl ui let
projecte d 

0.0314 in 2 0.112 1 in 2 0.0855 in 2 0. 12566 in 2
area , stern-
fu st

CD of bullet ,
normal 0.10 0.05 0.05 0.10
att itude

CD of bullet ,
tumbled 0.60 0.30 0.30 0.30
alt itude

of pe netr ato r .
normal 0.10 0.05 0.05 0.10
att itude

CD of pene t ra to r .
lunthkul (1.60 0.30 0.30 0.30
att i l ud c

C~ o f j .i c kr t ,
tumble d 1 .0 1.0 1.0 1.0
att i tude

C1) of bullet .
s te r n-f i rst  0.82 0.82 0.82 0.82
alt ut n u ,

k - ——  — ... -.— —. . —. -,
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Appendix C

TUMBLING BEHAVIOR OF 12.7 AND 14.5 MM API
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