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- 1.0 INTRODUCTION 
- -~~

Several  topics relat ing to conformal a r r a y s  have r ece ived  de ta i l ed  2~: 
~

,~t t en t i on  in the last few y e a r s .  These topics include pa t t e rn  s y n t h e s i s ,

~ -p es of appropriate  radia t ing elements , and their  impedance  and m u t u a l

cou p l in g  rh a r a c t e r i s ti c s , and wide ang le scann ing  of l i n e a r  a r r a y s  located

~~~~ plana r  and conical sur faces .  - -  - - — — -
~~~ C J ~~~.

Sy n t h e s i s  techniques for  the fa r  f ie ld ~a t t e rn s  f rom cu r r en t  d i s t r i -

bu t io n S on planar  su r faces  a re  well known. Since there are  no proven

tecl .nique s  for  synthesizing antenna pat terns  f rom a r r a y s  on conical sur-

f a c es , two different approaches have been pursued:

1. An equivalence pr inci ple was used to de te rmine  the d i s t r i -
bution of sources on a cone to produce a prescribed pattern

Using this app~ oach, planar arrays are replaced by sources

on a conformal surface. Thus, it is possible to generate

patterns using well known synthes is  techniques  for  planar

surfaces .  The equivalent  sources are continuous functions
on the cone. The practical val idi ty  of the method depend s on

the accuracy  with which the cont inuous funct ions  can be
approximated by physically realizable r ad i a to r s .  Equivalent  4
source d is t r ibu t ions  were  computed at d i scre te  points  on a
conical surface to approximate the patterns of a specif ic  :.
p l ana r  a r r a y

2. The computation of approximate pat terns  f rom d isc re te
rad ia to r s  jud ic ious l y positioned on the cone was ca r r i ed  out. ‘I-
An optimizat ion was per formed to obtain element  weigh t ings
that  y ie lr ~ the highest  s ignal - to-noise  rat io in the beam

point ing direct ion neg lect ing the effects  of mutual  coup ling.
Uniform wei ght ing schemes were  also used fo r  beams in the
reg ion about the cone axis . This second approach has been

termed a he r i s t i c  approach.

1 -



In the Final  Report on Con t rac t  - - 0 0 0 l 9 - - 7 2 - C - 0 2 12 ,[ 1] the r e su l t s  f rom
the above two apprt aches were  reported.  In the equ i va lence  pr inci ple
approach , exci ta t ions and radia t ion  pa t te rns  were  computed for  two
p ar t i c u l a r  beam poin t ing  d i r ec t ions .  These pa t t e rn8  were  then compared
to the fa r - f i e ld  p a t t e rn  that would have been produced by the genera t ing
planar  a r ray .

In the use of the heur i s t i c  approach seve ra l  layouts  of r ad ia t ing
elements were cons idered.  P a r a m e t e r s  such as va r i a t ion s of sidelobe
levels , grat ing lobe s and bearr iwidths w e r e  invest i gated.

In conjuncti (-ln with the use of the above two approaches , computer
p r o g r am s were wri t ten  for  the approximate computation of the f ie lds  and

p itterns of different configurations of elements  on the su r face  on the cone.
The ~~rogram used in the heuristic approach was appended in the first

Qua r~~ rl y Report [2].
In the present  report , ~he computation of an exact element pattern

is c ~scribed. The report beg ins  with the general  expressions for  two
potential functions represent ing the modal f ie lds  of arbi t ra ry aper tures
on a conducting cone. Expressions for  the e lect r ic  field components a re
then derived f rom the potentia ’ funct ions  for  c i r cumfe ren t i a l  and radial
slots with par t icular  slot exc i ta t ions .  The field expressions are  the basis
for a computer program which computes radiat ion pat terns  f rom both cir-
cumferen t i a l  and radial slots. The appropriate approximations for  the
Legendre  funct ions  and the spherical  Beg se. funct ions used for  their  corn-
putat ions  a re  8uiTimarized in ~ e.~i rr-3---oñhis report.

The computer program is a modification and extension of one
descr ibed by Pr idmore-Brown ~~~~~~~ has been executed on the IBM 370
computer system, now operational at the Hughes A i r c r a f t  Company . The

1 rogram computes the special fun ct ion s  in DOU BLE PRECISION , thus
giving  the required accuracy of the computations. The complete program
together with a brief descr iption of its use is inclJ~èd in Appendix A.  A
second program, useful  in stu d ying the exact eleme~ t modal pat terns at
minimum cost , is included in A ppendix B.

2 



Severa test  cases  were  excuted on the program in order  to
check its c o r r e c t n e s s .  In each test  case , the resul t s  compared f a v o r -
ably with ident ical  cases  of a c i r cumfe ren t i a l  slot considered by
Pr idmore-Brown and Stewart  [4].

A comprehensive analysis of the modal series patterns is pre-
sented in Section 4 of this report for a slot 39 radians from the tip.
The computed pat terns  are  then compared with p rev ious l y measured
pat te rns  [5]. Also  p re s I~nted are  pa t t e rns  of c i rcumfe ren t i a l  and radial
slots at 30 radians f r om  the cone ti p for  compa rison with the previous
slot location.

Suggestions for  f u r t h e r  investi gations , Section 5, conclud e the
report.

3
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2 . 0  RA DIATION FIELDS OF CIRCUMFERENTIAL AND
RADIA L SLOTS ON A CON E

Expressions for the radiation f ields from Blot-excited conical
antennas were  f i r s t  obtained by Bailin and Silver. [6] The f ields were
expressed in terms of normal-mode expansions using the orthogonal
properties of the eigenfunctions.  Although some correct ions appeared
in the iitera ture’~

1 modif y ing the f i r s t  resul ts , the expression s for the
fields need additional examination. More recently Pr idmore-Brown
and Stewart 1

~~
1 presented a more ri gorous calculation of the 0-polarized

electric field component of ci rcumferent ia l  slots. Their numerical  cal-
culation is based on expressions derived from integral t ransform methods.

In this section , complete expressions of two potential funct ions
represent ing the modal field s will be presented for both the circurn.fer-
ential and the radial slot. The electric field components will then be
obtained from the potential functions and will be available for calculation
of radiation patterns of the individual slots or a r r ays  of slots of any de-
sired conf iguration.

Figure 1 shows typ ical circumferential  and radial  slots and the
conical geometry. The usual spherical coordinate system centered at
the cone ti p is associated with the s t ructure.  The cone axis coincides
with the Z-axis  of the rectangular coordinates (x , y, z) associated with
(r , 0, ~ ). Primes denote coordinates of the apertures on the structure.

TE TMThe two scala r potential functions in question are 11 and [1
TE and TM to the radial direction , respectively. For an assumed time
dependence of exp {Jwt } both satisf y the wave equation:

(v 2 + k 2 ) I1  = 0. ( 1)

The electric and magnetic field components are then conveniently given
by superposition of TE and TM partial fields obtained from the potential
functions as follows:

4
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- - ~~~~~ - - - -~~~~-~~~ - — - - --~~~~~~~~~~~~~~~~~~~~~~~ -~~~~-~~~~~ -~~~~~

where r > , r < symbolizes the larger ano s m a l l e r  of the  c o or d i n a t e s  r , r ’ ,
mres p e c t i v e l y .  P~ (cos 0) is the  assoc ia ted  Lcgendre  f u n c t i o n  and

‘ iTj (kr) = 

~~2kr ~L + 1/2 (k r)  ( 5 )
LI

r H~
2
~h~~

2
~ (k r ) = %- ~—j ~—— ~ + 1 / 2  

(k r )  (6)

are the spherical Bessel and spherical Hankel functions , respectivel y.

is th - Bessel function of the first kind and order v and is the

Hankel function of the second kind :1 order v. 6 is the Kroneckerom
delta function

(1 m = 0
6om m~~~O 

(7)

whilr. the V. are the roots of ~he equation1

m
P
~ 

(cosO ) = 0 (8)
0

The function f1 (r’, ~ ‘) in eq’.ation (4) is the electric field source excitation

in the r direction.  Following the general  p rocedure  descr ibed by Bau m

and Silver  where  the bound~ ry cond it ions  a r e app lied in conjunct ion wi th

the Lorentz  reci proc ity  thi orem to the modal f i e lds , an ex p r e s s i o n  f o r
T E .

fl i s  obtained.  The TE scalar function with arbitrary source excita-

tion is given by,

(2~~
’ + 1) Pv’~

1
(cos 0)~; 1 iTE 1 ’

~~~
’ 

2 miI_I
m o  1= ir ( l + ö  ) ,, ‘. ( v ~ + 1) s in 0 ~ ~~ I 0 = Q

om i i o 3 v a Q  I o

V =
- r

2 
~~~

f fm  
f 1(r ’ , ~ ‘) r1 (r , r ’) s in m(~~ - ~) d r ’ d~~

~
r l ~ l (9)

r2 ~2 
)

~J f (
~~‘ 

l)sin0 f2
(r ’, ~ ) j ,  ( k r < ) h ~~~ (k r > ) c o sm ( ~~i i i i
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-----—~~~~~~~ --

1~r)  —f-—, [r ’ hi,~~ ~k r ’ ) ]  r < r’

~, i e r e r 1 (r , r ’) = (10 )

(‘k r)  —
~~~~

---
~ [r ’ 

~~~~~~ 
(Is r’) ] r > r ’

and ‘7 is the f r e e  space wave impedance  %! ~~~~~ The i’ .’ a re  the roots  of

the equation

a P~? (cos 0
= 0 (11 )

a e

~nd f 2 (r ’, ~~) is the E~ component of the source  exci ta t ion.  All other

quan t i t i es  are  as def ined for  the TM case .  It is interesting to observe

that , unlike the TM mode , the TE mode is excited by both the r -  and ~~~
_

components  of the source exci ta t ion in the a p e r t u r e .  Conve r se ly ,  the r-

component of the source excitation excites both the TM and the TE n~odes .

It should also be noted that the express ion in Equation (9 )  d i f f e r s  f r o m  the

expr ession given by Bau m and Si lver  [71 in the express ion  for  F1 (r , r ’)

and a common fac to r  of 1 / s in  0 .

The modal funct ions  and the cor respond ing  f i e ll  components  f rom

pa r t i cu la r  aper ture  conf igura t ions  on the cone s t ruc tu re  with appropr ia te

f i e l d  exci ta t ions  a re  given in Sections 2. 1 and 2. 2 below.

2. 1 Circumferential Slot

A narrow circumferential slot of width 2w <<A is considered as

shown in Figure 1. The narrow slot has an azimuthal length d = 2 ~ a sin 0

where 2 
~ 

is the azimuthal angle subtended by the slot , 0~ is the cone

ex te r io r  ang le measured  from the axis , a is the dis tance f rom the cone ti p
to the center  of the slot and A is the operating wavelength. The slot is
a’ ~umed to be excited by a voltage V across  its center and has  a r e s u l t i n g
f ie ld  across  it in the r d i rec t ion given by

8

_ _ _ _ _ _ _ _ _ _ _ _ _ _  _______



1ir (~ ’ - ~4
i~ (r ’, ~~‘ )  V co st - i ~ I ö (r ’ - a)  -

0 
L 

2
~~~~ 0
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>
0

~ (r’ - a)  is the D i r ac  delta func t ion .

~~~~ - t i t -u t i n g  the expression of E (r’, ~ ‘) in Equations (4) and (9) for

I (r ’ , ~~) and integrating over the primed coordinates~ we obtain the
TM TE

exp lici t expression for 11 and ~ . The function f2(r’, ~~‘)  is

set equal to zero in the TE case , as only the Er component of the source

excitation is assumed. Thus,

r
TM

( ~~~~ 
(i k a V ~ ) (2 v m + l )  

~::: :~ ~~ 
- 

31’j 
(kr .z ) }u I~~

2 )  
(kr>)

m 0  i=l 
V~~~( V u  + l ) ( 1+  6om~~ ô = 

g
o

2k~ a sin 0 cos m ~ -
~~ cos m (~ - ~ )

Zkasin Q
0 3

(k a sin g ) 2 .
~

rn

~TL 
~~~~~ 

= _

~~

_ 

(2 + 1) ~~~ (cos 0) 

2
m— 0 i=1 P~ (cos 0) 0 0

~r ( 1  + 6 ) V~~( V~ + 1) sin 0 _______________ 
0

om i 0 a~ a o

-2k a sin 0 cos(2~~~~~i g )  m sinm (~ - ~~)

a )
( k a  sin Q ) 2 

- m 2 
(14 )
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h~~~ (k r )  -
~~~

— (r ’ j  ~j (k r l ) )
j , 

r ~ a
where [‘

1 (r , a)  r = a 

(1 5)

~~ (kr) —~-j (r ’ ~~~~ (kr’ 
~ r’ = a 

r .. a

The radiation fields are readily found by substituting the express ion of ~~TM
and ~~TE corresponding to r> a into Equations (2) and (3) .  On us ing  the
asymptot ic  expansion for  the spherical  Harikel func t ions ,

h~
2
~ç-k r) = ~~~~~fi i .~~+ l /2 

~-jk r 
( 16)

k r— . w

and noting that

a~ 
(rh~~

2
~ (k r ) )  = 

.v ~-jkr 
(17)

the following expression s are obtained for the electric field components :

1 m w- j ( k r  - 4) 2k asin O cosV e 
___  o 2 a sinO-‘c’ o i oE9 = - ‘V Z w k a 

2 ~ 
— cos rri~~.r ,r  ( 1 + 6 ) (k .a  sj n Q  ) - mm=0 on-i o

(18)
. 2

~~ + 
j n-i

10 sin O sin O 200

~ -m
V . ~~~~

- P,,. -1,2 (cos 0)w h e r e  P 10 
~~~~~~~~~~ 

2 1/4 
J~~(k a )  

a F ~~
1
12 (c os Q)~~~~ : = 

( 19)
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it is p &ut ed  out that  the 0 -dependence  is r epre sen ted  by th e

f u n c t i o n  p~ m 1/2 (cos 0) instead of P
~r 

(cos 0) as originall y

1~ .rj~’t~d. 
This choice simplifies the evaluation of the Legendre function

~ t h e  dig ital computer and is preferred. Also , except for a constant

~ tor of 1 iTT , the expression for E agrees with that reported by Pridrnore-

1~~rO\V fl ,ui d S tewar t  d e r i v e d  by the K o n t r o r o v i t c h -L e b e d e v  t r a n s f o r m

y~~r t h ~ d .

2 R adia l Slot

A na r row  slot of wid th  2 w < < c i r c u mf e r e n c e  is assumed to be posi-

t i o n e d  a long a g e n e r a t r i x  of the cone and extends f rom r 1 to r 2 as  sh own in

Figure 1. It is further assumed that the length of the slot, (r2 
— r 1 ) ,  is

such as to allow definition of the ends of the slot by cons tan t  ~~
‘ . The slot

is excited by a voltage V~ resultin g in an electric field in the i -d i rec t ion

c iv e n  by

— v ’ g ( r ’ ) 6 ( )~~~- 
o r ’~~ i n 0

Th e function g(r ’) describes the
°
variation of the source  exci ta t ion in

the  r ’ d ir e c t on. Clearl y, si n ce f 1 (r ’ , ~~‘ )  = 0 , i . e .  , no source excitation

i n  th e r ’ -d i r ec tion , the TM mode of the po ten t i a l  f u n c t i o n  is not supported .

1 1w TE mode , on the other  hand , is ob ta i n e d  onl y f r o m  the cont r ibut ion  of
f ) ( r ’ , ~~‘)  in Equa t ion  ( 9) .  S u b s t i t u t i o n  of Equa t ion  (24) into Equation (9) re-
su i ts  in the fo l lowing  expre ss ion  for  1.1TE f or th e r adia l sl ot:

~~ (1) 
~
., 1-ri

TE 0 
t’. V + 1)  

~~~ (c os 0) c o s m~~II ~~ 
~~~m i -i  sin 0 l r ( 1 + ô  )—~- — 0

o on-i at - a o 
~

r (2 5)

s f  
£~L~-L 

~~~~ , 
(kr ’ < )  1~~ (k r > )  d r ’

12



_ _  - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_  -

The  e l e c t r i c  f i e l d  c o m p o n e n t s  a r e  ob ta ined  f r o m  Equa t ion  (2 )

op er ~t t i n g  on E q u a t i o n  ( 2 5 )  g i v i ng :

r~~ 
-j ( k r _ ‘~/4 ) w

= ~ 

r s in  0 
j 1-n sin rn 

~ ‘~0 ~26 )

0 m=l

-j ( k r  ~ 1-/4 )

= 
~~ 0 : sin 0

~ 

j i~r::~:: cos P ( Z ” )

where
I 1 . _ l / z  (cos 0) r2 J (kr T )

0 = ~~~ (cos O) 0 = 0~ 

~~~~~

‘ 

~g~~• ’)  

~f k  r ’ 
d r ’ (28)

a~ a o  ~~~= V

p -rn 
112 (cos 0) r 2 J , ( k r ’)

= 

i= l  ~
‘v l  /2 (cos 0 ) 0 = 0

~ 

~~~! ~~~~~~~
—_  d r ’ ( 2 9 )

V =

and the v a re  the roots of the equat ion (30 )
-m

8P  ( c o s O )v - 1 Z 
= 0
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3. 0 C OM P U T A T I O N A L  P R O C E D U R E S  FOR

SPECIA L FUNCTI ONS

A b r i e f  c 1 e sc r i p t i on  of the p ro cedure s  used in the computa t ion

~~f ~,oxne f u n c t i o n s  a p p e a r i n g  in the f ar  field expre ss ions  is g iven  below .

i ~~~ j~~~ t i t a t i O f l  of Le~~en dr e  Funct ions

1.Tr om the exp r es s ions  of the f ie ld  components  given in Sec t ion  2 ,

s st  n that the c i l c u l at i o n  of r ad i a t i on  p a t t e rns  r equ ir e s  the eva lua t ion

~~~ fun ~~ io~ ~~~~~~~~ 0) and its d e r i v a t iv e s  with  respec t  to &- and 0. As

t e~l p r eviou SlY , we h av e  chosen to work with the funct ion p m (cos 0)

- .~t }ier  than  P~~~(cos 0) . The two f u n c t i on s  a re  related by~
8
~

p
~~~ (co5 0) co S(m ~~) = 

r (
(
1~ + m  

~ ~~ P~
m (cos 0) ( 3 ) )

~~‘ t ’r e f (k) is Euler ’ s gamma func t ion .  Us ing  the above r e l a t i onsh i p, it

i s  ea s y  to show that the ra t io

O in
— P (cos O)
8Q L’ -

O in
— P (cos O
81’ 1’ 0

~~t n  be rep laced b O -in
~ P~, (cos Q)
“0

8 -m (cos 0 )  
-

TE
in the expression of the functions ii and r~ . From equation (31) it is

-~l so  ev ident  that the roots of P~~ (cos 0 )  a re  also roots of p ;m (cos 0 ) .

f l e  same holds t rue  fo r  the d e r iv a t i v e s  of the two fun c t ions  with respect

~o 0 . D e r i v a t i v e s  of the Legendre  Func t ions  with respect to 0 a re  com-

p-~ted by t~ie r ecu r r ence  formula~~
1

14
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co s Q  in
- 

d p in (~ 08 Q ) = in 

~~~~ ~ 
P

1’ (coB 0) ~ Prn+ l(COS 0) (32)

d in
The derivat ives  — P a re  computed numerically u s ing  the formu la~~

0j
a1’

d f (~~~ ) = 1~~h {f( v 0
) - 8 f ( y 1 ) + 8f ( v a ) - f ( v ~~)}

v. ’ crc V .  = v + i h,. h i s  a selected increment in L) , ari d 1(t) . ) a re  the values
1 0

~ t the Legendre functions of order in and d e g r e e  V
1. 

PJT1 (cos 0).

Thus f a r  we have given express ions  for i~omputing the var ious

der ivat ives  of the Legendre funct ions  In te rn s  of the funct ions themselves.

The computations of these funct ions , however , require - extreme care , as

valid approximations must be used for  the d i f fe ren t  ranges of the variables

O and &‘ . For relatively small values of 0 such that Q< 7.~~ where 0 is
~-4-2m

expressed in r ad ians , the forrnu 1a [1
~~

rn ~~ 1 1 n
I i  - cos o)2 ~~ ( 1)

fl r f r +  n + 1) 
- ~- cos 0)

(33)P
;in (COS ~~ = 

~~~ + ~~~ 
- 1 1w - n  + 1) F ( m+n + 1 )  n i

n= o  -

is suitable for  computat ions . As  before , I’ (k) is the usual  Euler ’ s gamma
1-fl Afunc t ion .  The computation of P~, (cos ~) is th en obt a ine d f rom Equat ion  (31) .

r ( w + m + l )
_________________However , for P large , (v > 100) , the ratio 

~~~~~~~~ 
- in + ~~ 

is rep laced by its
2rnl i m i t i n g  va lue v

For la rge  values of 0 such that 0 � we use the exp . [12]ans ion72+Zm

(cos 0) = 

~~ 0 r (~ -in + 1) ( - lv  
(1/2 4 rn)k 0/2  ~

m) k
P

k= o k!  (2 sin Q) k 
~

“
~~

3”2
~k

(34)
sin [ ( v +  k + 1 /2) 0 + ii (1/2 k + 1/2 in + 1/4)]

where (b) r (b+k .J The abov e e~ pansion gives sa t i s fac to ry  resu l t s  fork F (b)
all values of v and _

~~
_-. < 9 < 5 .j__ . For 0 outside this range , the seri~~s is

asymptotic and its accuracy depend s on the value of ii . This last  expression
15 
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u sed for  n u m e r i ca l  C o mp u t a t i o n s  in the nei ghborhood of V = 70 + Zrn and

th e  des i red func t ion s a r e  ob ta ined  th r oug h backwa rd recurs ion .

~. z Computation of Spher ica l  Bessel  Func t ions

The computation of the f ie lds  involves the spherical  Bessel fun ct ion
(x) and the spher ica l  Hankel  func t ion  h~,,

2
~ (x). Since these funct ions are

related to corresponding cylindrical functions by Equations (5) and (6), the

cy l i nd r i c a l  func t ions  a re  computed ins tead.  For the Hankel func t ion ,
the asymp totic expan sion , Equation (16) ,  has  been used .

In the accompanying  computer  program , A ppendix A , the Bessel

fuc i c t io r i s a r e  computed in DOUBLE PRECISION u s i n g  computer system

l i b r a r y  rout ines .  If such l ib ra ry  rout ines  are  not avai lable  or accessible,

1gb speed computational subroutines for  these funct ions  may be writ ten
f rom appropr ia te  approximation s. These approximations are  given inj Appe n diX C.

The computation of the rad ia t ion  field f rom a slot along a generator
of the conical  su r face  requi res  the ev luat ion of the integral

r Z J ( k r )[ g(r )  ___ — d r
J 1-

S
A ser ies  solution of the indicated integral  when g(r ’) is a pol ynomial in
r ’ is obtained f rom the formula ~l3]

M r i + j 2 4 1 ~~ ~t’ 14+ 1
~ i ( — ~ .—-— —3 F 

~ 
+ J ~)

ft  J~ (t)  at = 
~~~~~~~~~~~~~ + 

( v ~~ 2k ÷ 1) 
r ~ + ko r (— -~—-—) k o

with Real par t  ( i t  ÷ V + 1) >  0. Alternat ively, the indica ted  integral may
be evalua ted  with suf f ic ien t  accuracy  by known numer ica l  in tegra t ion  tech-
ni ques .  The l a tt e r  method , us ing  Simpson ’ s “3/8 Rule ” , has been chosen
for  the p resen t  program. Either  method , however , requi res  the evaluation
of the Bessel funct ion J~ (x) .

16



4 .0  ANA LYSIS OF COMPUTED ELEMENT PATTERNS
FOR SLOT S ON A CONE

The convergence  of the nodal ser ies  represen t ing  the fa r  field s of

the ci rcumferen t ia l  and radial slots was examined by looking at the pat tern

change  in the sequential  summation of hi gher order  modes. In each case ,
0 .  . 0 .

p a t t er n s  we re calculated for  every  10 in azimuth and every 5 in elevation

for both the 0 -polar iza t ion and the i-polar iza t ion .  However , elevat ion cuts

were plotted only at ~~ = ~~~0 and ~~ = 180 degrees. These two cuts have been

plotted on an extend ed 0 scale to give a sing le view of the elevat ion cut.

Since the cone under  stud y has a 100 half ang le , the posi t ion of 9 = 800 was

~elected for azimuthal  cuts . This corresponds to the broadside of the conical
su r f ace .  F igure  1 shows the relat ive posit ion of slots in the coordinate
system.

The pat terns  to be shown subsequently have been normal ized to the
la rges t  value computed for both polar izat ions for the par t icu lar  modal sum
or individual  mode. For convenience , we shall r e f e r  to the individual  mode
pa t te .ns  by the small let ter “m” and to the sum patterns by the capital letter

4. 1 RA D IA TION PATTERNS OF CIRCUMFERENTIA L SLOTS

A slot of azimuthal  length d = A / 2  located at ka = 39 r a d i a n s ( k = 2  n/A )
f rom the ti p of the 100 half ang le cone was selected for  pat tern  computations.
This par t icu lar  location was selected because it correspond s to a case of a
c i rcumferen t ia l  slot at 8. 15 GHz and 9 inches f rom the cone tip previously
invest i gated experimentaiiy . [17] The computed resul ts  will be compared
with the avai lable  experimental  resul ts  where appropriate. The slot is
assumed to be excited by a voltage across  its center and has a result ing
f ie ld  across  it in the r direct ion given by Equation ( 1 2 ) .  Near  the tip of the
cone this excitation function may be represented by a few terms of a cosine
se r ies  with appropr ia te  coeff icients . A grea ter  number of t e rms  are  re-
quired for  adequate representa t ion  of the same funct ion when the slot is
located many wavelength s away f rom the tip. It will be seen later  that there

17 
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a cor re lat ion  between the number of expansion terms in the excitation

i~ nct ion and the numbe r of t e rms  required for convergence of the modal

ser ie s  represent ing the f ie lds .  However , this correlation is not easily

determui~~ 
beforehand . The dominant TE 10 mode of a r ec t angu la r  wave -

guide may be used to excite the slot.

F igures  2 and 3 show the 0-polarized pattern of the lowest two

modes , m = 0 and m = I , respectively, for ~ = 00 and ~ 1800. As

expected , the modal pat terns for  ~ = 180° are identical to the ~ = 0° pa t te rns ,

s ince the variat ion of the fields in the i-di rect ion is purel y s inusoida l .  The

pat tern  corresponding to the m = 0 mode shows signif icant  var ia t ion at broad-

side with extrema at 0 = 0° and 0 = 170 degrees .  The peaks at 0 = 12 °

arid 0 = 300 of this particular mode are  par t icular ly noteworthy. In contras t

to the m 0 mode pat tern , the m = 1 mod e pat tern of Fi gure 3 exhibits a

rela t ivel y small and smooth var ia t ion  at the broadside region. The maxi-

mum now occurs at 0 = 0° with a pronounced f i r s t  minimum at 0 = 150

followed by a local maximum at 0 = 25 degrees .  Also , the pattern is about

1 dB down at 0 = Q
~~

.
The total or sum 0-polarized pattern of the f i r s t  two modes , M = 1,

is also shown in Fi gure 2 for ~ = 0° and for ~ = 180° together with the M = 2

pat tern.  The addition of the second mode , in = 1, to the f i r s t  mode , in

effec t  dominates the resul t ing pat tern.  The effect  of the m = 0 mod e, how-

eve r , is still evident in the region near  the cone axis with a -3. 5 dB value

at 0 = I degree.  The forward-back d i f fe rence  var ies  f rom I dB at 0 = 1
0 to

9 d B at Q = 80° and to l4 dB a t Q =  0
0

Higher  order mode sum pa t te rns , M = 3 through M = 5, for both

= 0~ and ~ = 180° are shown in F igure  4. In each case , the sequential

summation of a higher order mod e in the sum ser ies  effect ivel y decreases

the va r ia t ion at the broads ide  region with the average  level of the ~ 0°

pa t t e rns  at -9 dB for  M = 2 and -4 dB for  M = 4. Addi t ion of the in = 5

mode raises the pat tern level only slightl y at broadside  while in the vicinity
of 0 = 40° and 9 = 150° changes of about -1. 5 dB are  noted. The next
si gnif icant  changes in the pat tern a re  seen in the M = 7 modal sum shown
in Fi gure 5 for ~ 00. At the same time , the ~ 1800 pat te rn  shows that
the pattern level decreases  with increased modes at the broad s ide  reg ion
while mainta ining the level of about -5. 5 dB and -15. 5 dB at 0 = 10 and
O = 0

0, respectively.
18
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The addi t ion  of the next  f ive  modes , m = 8 through in = 12 , to

the M = 7 total pa t te rn  g ives  the total pat tern of M 12. The pa t te rns

fo r  th is  case  a re  also shown in F i g u r e  5. Comparison of this pattern

with the M = 7 total pa t t e rn  shows that the addition of these f ive  modes

r e sU l t S  in a dec rease  of the pat tern level of less than . 4 dB in the range

of 0 = 40° to 0 = 140 degrees . Similarly, the ~ = 180° pat tern for  this

case  shows only a sli ght decrease  in the same range .  There is no si gni-

f i can t  change to either pat tern  outside this range.

Azimuthal  pat terns  for  the broads ide  angle 0 = 80° were  plotted

for  both 9- and i—po lar iza tions .  The- ;e  are  shown in Fi gures  6 through 8

for the 0-polarization and in Fi gure 9 for the i-polar iza t ion .  From
Figures  6 and 7 it is seen that the 0-polarized pat tern changes considerably
with the addition of hi gher order  mod e almost at all azimuth ang les. The

M = 7, 0-polarized pattern , however , Fi gure  8, is down -5, 8 dB at ~

and decreases  almost monotonically to about -26 dB at ~ = 1000 and remains
below that level for the remaining azimuthal  region. The M = 7 , i-polarized
p at te rn  is below -23 dB for all azimuth ang les , Fi gure 9. Smoother patterns
are  observed in both polar izat ions of the M 12 case as compared to corres-
pon l ing pattern of the M = 7 case.

To stud y fur ther  the effects  of the hi gher  order  modes to the total
p a t t e rn , the m = 13 mode was added to M = 12 p i t t e rn .  The resu l t ing  M =

13 sum pattern in -elevation ,  is shown in Fi gure 10. The azimutha l  pat terns
for the M = 13 case have been included in F igures  11 and 12. It is seen
that there are  no noticeable changes in either the elevation or the azimuthal
pa t terns  with the addition of the m = 13 mode. It should be pointed out , how-
eve r , that the normalized 0-polar ized  pattern of the in = 13 mode , has its
maximum at 0 = 90 degrees rather  than at broadside.  This is a consequence
of the O-dependence of the associa ted Legendre funct ions and their  deriva-
t ives . This also explains why onl y the broadside range of the pattern is
changed with increased hi gher order  modes.

The measured E.-plane pat tern  of the c i rcumferent ia l  slot fed from
a hal f-he ight X-band waveguide is shown in Figure 13 together  with the M =

12 computed patte rn. The two pa t te rns  agree very well near  the cone tip
and for the broadside region where both pat terns  a re  quite un i fo rm.  The
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measured  pa t te rn  drop off to the r e a r  is a c o n s e q u e n c e  of shadowing  at

the base of the cone by the absorbant  mater ia l  in which the cone was set.

Thus, it is concluded that about 13 te rms  of the modal s e r i e s  a re  required

to correc t l y represent  the radiat ion f rom this slot conf igura t ion .  Fu r the r -

more , the tip d i f f rac t ion  effects  are  generally accounted by the lower order
modes of the ser ies .

Elevation pat terns were also computed for  a s imilar  slot located

at ka = 30 radians f rom the tip of the cone. These three pa t t e rns  corres-
ponding to M = 4, M = 5 and M = 6 a r e  shown in Figure 14. It i8 pointed
out that the two cuts shown here  a re  for  ~ = 00 and ~ = 90°. Although addi-

tional modes are  required to desc r ibe  the radiat ion cha racter is t ics  of this
case adequately, the f i g u r e s  do shown the effect of ti p d i f f rac t ion  as the slot
is moved along a g e n e r a t r i x  of th cone. The f i r s t  min imum of the ~

p at terns  now occurs at 0 = 25 0 f rom the tip of the cone as compared to 0 =

0 . .20 for  the ka = 39 position (F igure  5).

4 .2  RA DIATION PATTERNS OF A RA DIA L SLOT

In the present  section we consider the narrow slot along a genera t r ix

of the cone which was descr ibed in Section 2. 2. For the present  stud y the
length of the slot has been chosen as one -half wavelength at the operating
f requency .  The cone cha rac t e r i s t i c s  and the operat ing f requency ,  as well
as the location of the center  of the slot remain the same as for  the circum-
fe rent i a l  slot described in Section 4. 1. The slot is excited by a voltage V~
resul t ing in an electric field in the i-dir ect ion given by

E = ~~~~1 cos (kr ’ - ka)  
~o r ’ sin O

0

It is in teres t ing to follow the convergence of the modal ser ies
of the radial slot in the same manner  that was done for  the circumfer-
ential slot. We f i r s t  look at the in = 0 and in = 1 mod e pa t te rns  of the
i-pola rized components at ~ = 00 dep icted in Fi gures 15 and 16. The
effect  of the cone ’ s ti p on the modal pat terns  is clea rly seen by the be-
havior of the patterns near  the axis of the cone. This effect  cont inues
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to p e r s i s t  also in the total pa t te rns  of M = 1 th rough M = 5, shown in
F igures  15 and 17. It is evident  f rom the Fi gures that the total pa t te rns

are  dominated by the in = 1 mode. Both the pa t te rns  for  ~ = 0° and ~ =
180° exhibit a local maximum at about 20 degrees  f rom the axis .  This
maximum moves toward the broadside region with i n c r e a s e d  number of
terms of the modal series. Also , the higher order  total pa t te rns  are
inc r eas i ng ly n a r r o w e r .  The h ighe r  order  pat terns  of M 6 , 7 , and 12
a re  shown in F i g u r e  18.

The M = 12 for ~ = 0° pat tern  shows a minimum of -18 dB at 0 = 1°

and has  its maximum at exactly broads ide .  The pat tern  for  ~ = 1800 of the
same case dips to a minimum near 0 = 1 ~~~0 and then increases to about -14

d’~ at 0 = 100 degrees .  Both p a t t e rn s  dec rease  rap idl y near  0 = Q

~~~~

. The

i r r e g u l a r i t i e s  noticed in all the previous  total pa t terns  are  not present  at

all in the M = 12 pa t terns .
Az imuth  pat terns for the ~ -poIarized component and the 0-polarized

component for the radial  slot a re  shown by Fi gures  19 throug h 23. As  it

is seen from the Figures , all of the low order  sum p a t t e r n s  for  both polariza-
t ions exhibit considerable  va r i a t ion  in az imuth .  This can be viewed as an

iadicat ion of the slow convergence  of the modal se r ies  and the requi rement
for  addi t ional  terms in the s e r i e s  representat ion.  On the other hand , the
M 12, ~-po1arized total pa t te rn  shows a smooth t rans i t ion  f rom 0 dB at

= 0~ to -13 dB at ~ = 140° while maximum of the Q-po lar ized  p a t te rn  occurs
near  broads ide  at about -17 dB.

From the above cons ide ra t ions , it appears  that more than eight but

less than fou r t een  te rms  of the modal series  a re  requi red  to represen t  the

field s of this slot conf igura t ion  correct ly. The upper l imi t  was  fu r the r
checked by looking at the M = 13 pat terns  and compar ing them with the M =
12 pa t te rns .  These pat terns  a re  shown in F i g u r e s  24 through 26. There

were  no not iceable  changes  in e i ther  the elevat ion or the a z i m u t h a l  pa t t e rns .
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Elevation p—  tterns of the same slot located at ka 30 radians from

th e  t ip of the cone w e r e  also computed and a re  shown in F i g u r e  27 .  A s

~n the c ircUt T i fer ef l t i a l  slot fo r  this  posi t ion , the ~ = 0° and the ~ 90° cuts

are shown. The maximum of the M = 6 pa t t e rn  occurs  at 0 = 72 0 instead

of the expected br oar ~side , 0 = 800. This is because of the insuff ic ient

number of modes in the t runca t ion  of the modal s e r i e s .  All  other aspects

of the p a t t e rn  a re  the same as fo r  the ka = 39 pos i t ion , i n d i c a t i n g  that tip

d i f f rac t ion  has l i t t le  effect on the radiation pattern of t h p  r ad ia l  slot. A

g re a t er  number of t e rms  must  be taken in the modal  s e r i e s , h oweve r , as

the slot is moved f a r t h e r  away f r o m  the tip of the cone.  Also , these  hig he r

order  modes af fec t  mainly the broads ide  reg ion  of the element  pa t t e rn .
Although we do not have experimental  data for  the slot descr ibed

in this sect ion for  comparison at this t ime , the above pa t te rns  do look very

much like the patterns of a slot on a cy l inder  ti pped 10 degrees  f rom its

axis. In further studies of the problem, the above results will be verified

exi er irr i entally.
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The a n a l y~;i s  of the  c o mpu t e d  e le m en t  j - a t t e r n s  f r o m  c i r c u m f e r —

I t i a l  and  r a d i a l  s l o t s  on a s h a r p l y ti pped cone p r e s e n t e d  in Sec t ion  4 of

~~‘~~~j S  r ep o r t  is onl y a p a r t i a l  one.  For  m o r e  comp le t e  u n d e r s t a n d i n g  of

•~~ - r -  l i a t i o n  c ha r a c t e r i s t i c s  of such  el - m eat s  a d d i t i o n a l  i n v e s t i g a t i v e

an  mus t  be p e r f o r m e d .  Sp e c i f i c a l ly ,  the d eve l o p e d  c o mp u t e r  p r o g r a m

or the  exact  e l e m e n t  p a t t e r n s  m a y  now be used to compute  p a t t e r ns  of

sl t s  n e ar  the  ti p of the cone a n d  v e r y  ~a r  a w ay  f r o m  the ti p. The results

-
~ then  be a n al y z e d  so as  to se p a r a t  the  c o n t r i b u t i o n  of ti p d i f f r a c t i o n

i~~om the total  p a t t e r n .  Such a p r o c e d u r e  not  onl y a i d s  in u n d e r s t a n d i n g

the  r a d i a t i o n  cha r a c t e r i s t i c s  but  a l s o  wi l l  r e s u l t  in m o r e  e c o n o m i c a l

~l 4 - t t c r n  c a l c u l at i o n  as d i s c u s s e d  in the next  p a r a gr a ph.

The p r e s e n t  ana l y s i s  h a s  shown tha t  m o r e  modes  a r e  r e q u i r e d  in

the  t r u n c a t i o n  of the modal  s e r ie s  fo r  e l emen t  l o c a t i o n s  f a r  a w a y  f r o m  the

t i p  of the cone .  The c o mp u t a t i on  of a h i  ~her  order  mode , however , re qu i r e s
c o n s id e r a b l e  m o r e  compute r  t i  ie , f o r  t h e  i n - l e x  of the , -series in the

f i e l d  e x p r es s i o n s  is a f u n c t i o n  of both the  o r d e r  of the mode  and the loca t ion

of the e lement  r e l a t i v e  to the ti p of the  cone .  If the  contribution of tip

d i f f r a c t i o n  is s e p a r a t e d  f r o m  t~,e tota l p a t t e r n , many  r e p e t i t i v e  c o m p u t a t i o n s

would be eliminated and conical array problems will be solved more  econom-

i c a l l y. Such an a pp r o a c h  wi l l  a l low the ( 0 ’  p u t a t i o n  of p a t t e r n s  to v e r i f y the

t - Gu i v a l e n c e  p r i nc i ple p a t t e r n  sy nt h e s i s  t e c h n iq u e~~h J

Fhe computed e l emen t  p at t e r n s  of the c i r c u m f e r e n t i a l  slot re la t ive ly

close to the ti p of the cone have shown good agreement with measured patterns.

The experimental verification , however , need s to be accomplished for other

e l e i - l e n +  positions and o r ic it a t i  os .  In a ld i t i o n , the  p r e s e n t  a n a ly s i s  t e chn i que

could be extended so as to take in to  c o n s i d e r a t i o n  m u t u a l  coup l i n g  e f f e c t s .

The r e su l t s  could then be comp -i red wi th  s i m i l a r  r e su l t s  obta ined f r o m  the

geometrical theory of diffraction.
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A P P E N D I X  A

C OM p U - I -E R  PROG RA M FOR CONICAL
A R R A Y  P A T T E R N  A N AL Y S I S

A FOI~T R AN  IV v e r s i o n  of the  p r o g r a m  used  to compu te  ex a c t

e l em en t  p a t t e r n s  of c i r c u . v i f e r e n t ia l  ‘nd r a d i a l  - slot s  on a cone  is pre-

..~~m i t e d ~i t  the  end of th is  ap p e n d i x .  Sp e c i f i c a l ly ,  the p r o g r a m  u se s  the

IRM 370 co aputer s y s tem  p r e s e n t l y a ~-a i l - i b l e  - i t  the  H u g h e s  A i r c  r a f t

Cor i p a n y  f a c i l i t i e s . The f i e l d  e xp r es s i o n s of S e ct i o n s  ~~. 2 and 2 . 3 a r e

t h e  b a s i s  fo r  the p r og r a m . The two d i f fe r e n t  types  of s lo t s  a r e  con-

s id e r e d  c o n c u r r e n t ly when  they a r e  loca ted  at the same p o s i t i o n  on the

conical surface o’ individuall y when located at different positions .

The inpu t  data  to the p r o g r a m  in a s p e c i f i e d  f o r m a t  sp e c i f i e s  the

type of slots to be considered , their iocation on the conical surface , and

other pa rameters necessary for the c o mp u t a t i o n  of the  f ie ld  p a t t e r n s .

The program computes both modal and total radiation patte t -is . Th e

modal  p a t t e r n s  p r o v i d e  the  n e c e s s a r y  i n f o r m a t i o n  f o r  p r o p e r l y t r u n c a t i n g

the modal  s e r i e s , w h i l e  the tota l p a t t e r n  i n f o r m a t i o n  is  s t o r e d  on t ape  fo r

s u b s eq u e n t  u se  in a r r a y  ana l y s i s .  The i np u t  p a r a m e t e r s  r e q u i r e d  by the

PEA D s t a t e m e n t  a r e  d e f i n e d  as fo l lows:

TI IE T A O  = 
~~~ 

supp l e m e n t  of the h a l f - a ng l e  of the

con e in degrees .

KA = p o s i t i o n  of cen te r  of e lement  f r o m  the ti~

in r a d i a n s .

THETAI = i n i t i a l  value of sp he r i ca l  angle 0 in degrees.

THETAF f ina l  value of spherical  ang le 0 in degrees.
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DTH = increment of the spherical ang le 0 in degrees.

Pil l  = f i n a l  va lue  of a z i m u t h a l  ang le ~ in d e g r e e s .

DPI-lI = i n c r e m e n t  of the az imuth  a n g le ~ in d e g r e e s .

P r o g r a m  a lways  ev - l u a t ’  s p a t t e r n  f o r  ~ = 0
0

.

M = f i r s t  va lue  of the modal s e r i es . N o r m a ll y M 0 .

If M ~ 0 , the lower modes a r e  not  i n c l u d e d  in the

c o m p u t a t i o n s .

M C R  swi tch  sp ec i f y ing  the type of slot to be con-

s i d e r e d .  M CR = 1 spec i f ies  both c i r c um -

f e r e n t i a l  and r ad i a l  s lots  i n d i v i d u a l l y a t  same

p o s i t i o n .  M C R  = ~i specifies only circumferential

slot.  M ( R  = 3 s p e c i f i e s  onl y r a d i a l  s lot .

MVM upper  l imi t  of modal s e r i e s  f o r  c i r c u m f e r e n t i a l

slot.

M V R  = unper limit of modal series for radial slot.

Some of the r e m a i n i ng  p r i m a r y  pa r a m e t e r s  of the  p r o g r a m  a r e

d e f i n e d  a s  fo l lows :

IT c o u n t e r  and i d e n t i f i e r  of d i f f e r e nt  .:ases con-

sidered .

MX = n u m b e r  of t e r m s  in the i ’  - series required

for convei gence.

PHIN = a r r a y  of va lues  of the azimuthal ang le ~~~~
.

THETA = the sph e r i c a l  ang le 0.

ST array of ~ialues of the spherical ang le 0.

NTH = m a x i m u m  number  of 0-values .
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N i  ‘ I I I  — m a x i m u m  nu m be  r of ~ — va h i t - s

LX to ta l  n u m b e r  of po in t s  of f i t -Id  e v a l u a t i o n .

LM = DO loop index. LM 1 outputs patterns of

c i r c u m f e r e n t i a l  s lo t .  LM 2 , o u t p u t s  p a t t e r n

of r a d i a l  s lot .

~ d d i t i o n a l  r e l at i o n s h i ps b e tw i - e n  the  p r o gr a m  ~-a r i ab l e s  , p r i n t e d

~~~ ) 1 t  an d  the f i e l d  c o m p o n e n t  eq u a t i o n s  a r e  p r e s en t e d  f o r  c o n v e n E  e n c e  in

~-, i -  A — 1

In a d d i t i o n  to r i n t e d  output , the  p r o g r a m  also provides a record of

•~l l  computed  field component - - - a l u e s  on m a g n e t i c  tape for  f u r t h e r  u t i l i z a t i o n

~~ St p a r a t e  pr ogrdr r i . The d e s ir . -d l e n g t h  in i nches , the l a b e l i n g  i n f o r m a -

~~~~~~~~ 
and  the  i n i t i a l  and increme -it va lues  fo r  both axes  mus t  be spe~ i fi ed in

~E m e  a r g u m e n t  li st of the CPLOT3 (. . . . ) plottinc routine. A zimuth~ l cut plot s

i r e  ob t a ined  onl y if  JS 1 0 fo r  0 = ST(JS )  t h r o u g h 0 = ST(JL) degrees in steps

J ST E P .  The p r o g r a m  t e r m i n a t e s  w i t h  the  comp l e t i o n  of t h e  c o mp u t a t i o n s

,~r the  l a s t  da t a  c a rd .
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‘~ I ( A L  f s ’~-~ A Y
I ) )  • . 1F ~ c I ~1~c I N I .  ‘ ) I  I i- i f H i ,  R U S ,  AR , ~1R , NU A R R A Y  S MUST RE ;~~I A T E ~ OR

j I M  I ( I  I N [) E X “ M X ” , I I ~1- NUMBER HF R O O T S  OF LEI,INDRF FU NCT ION.
~~~~~‘ ‘ 1 P [ E~~~ 

r C T (  8 , 6 6 5 ) , t - C F (  F’ ,66 5 ) , E R T (  8 ,6 6 5 ) , E P F (  8 , 66 5 )
C ’ -’ P L U X  A C T ( l l 5 ) , A C F ( l 3 5 ) , t i R T ( 8 5 ) , 4 R F ( E~5 ) , A 4 ( l 2 0 , 3 ) , R R ( 1 2 ~

) ,3)
(- r”PLt X [ C T ’ ~, E C F P ~, E R T M ,E R U M
ç -i~tP L1X X 1 N ,X N P ,P S D , P S , PSI~R ,PSP ,CF 1 , C F 2 , Z ; P O , 1)J
p- ’ I I PL F I’R EC I S h I N  P J , R E S , B 1 , N IJ ( 9 9 ,2 ) ,~ ,I~ 1,NU?, XN IJ ,X NUP1, P,P D , P 1 , Q
1)’~’ JP L~ 

PP - I C  I S I~ i~ SNT , C S T , R A r ) ,DT R ,P 1112 ,TT D, PI
D I -t f ‘4SU’~’. B J ( Y D l ,P F s ~~9’~ ,2 ) , PH 1 N ( 2 0 ) , C M N 2 0 ) , S M P ( 2 3 ) , M S ( 1 5)
D I M E N S I~~”~ 

I( 2 , I 5 ) , K A S ( 1 5 ) , S ( t 6 5 ) , S F ( 6 b 5 ) , S ~~T ( 2 0 ) , S ~~F ( 2 0 ) , S T ( 4 0 )
P I M F NS 11~’~ S T I ( 4 0 ) , S 1 2 1 4 0 ) , S T 3 ( 4 0 ) , S T 4 ( 4 0 ) , S P ( 4 0 ) , S F P ( 4 0 )
12! H V A L F N C E  ( A i ~,S ) ,( RR , S F )
f )tJ IV A L F ’ \C E I BJ , S ’ i T ) ,  ( B J ( 2 1 ) , S Y I )
p t - A t  K A , I S A L , K A S
D A T A  7 l , Z F R O , f l J / 3 . 1 4 1 5 92 6 5 3 5 89 7 9 , ( 0 . , 0 . ) , ( 0 . , 1.) /
D A T A  j S , J L , JS T F P / l 7 , 17 , 1/
tl I R  IS A P A P A M F T F P  OR T P E  OF S L O T .  ‘~C R = 1  T~~F A T S  C I P C L J M F .
ANI) RAI ) I A L  C A S I  A T  S A M E  P PS I T I O N ,  KA D I S T A N C E  t P O ’ ~ T I P .

? T R E A T S  C I P C .  ONLY , WH ILE M C R = 3  T R E A T S  R A D I A L  O N L Y .
- . T A  J S , J L , J ST E P / . . . /  S E L E C T S  T I l E T H E T A  — C U T  P L O T S .

~~~ 
r - R M A T (  IF’ l , 49H TH t -  T A O  KA T H F T A I  T H I T A F  1)TH ~HI flPHI OK ,

1 7X , 14 H M  ‘ICR MVM MVR )
110 FnRt ~AT ( 2 X , 2 F  7. 3 , 5F 6 . 2, F8. 5 ,4 - ! 4 )
ill F I R M A T I 3 E I 5 . 5 )
j 12  F O P M t i T ( 2 X , 4 H M C R = , I2 )
113 FORM AT (2 x , I lHMC R ,LM ,K CP= ,315~
115 F~~P- M A T ( IH1, ’CC N E ANGLE = ‘ ,F6. 1, ’ DEGR E S ,  - A ’ , F 8 . 3 , ’ , ‘ 1 ’ ,12 )

~~ 6 FJ R Y A T ( I H O , 5 H M I d D F  I 1/ / 3X , I H N ,8 X ,2 H N U , 19 X , i l I 4C f l F f ’ C N N T , 2 0 X ,
15 I IDPDNU , 12X , I2 H R E S S F L  F I J N C T )

~ i?  F 1 ) P M A T ( 1 H I ,  5IINIIJDE , I 1,5 X, 4H MCR ,t ? )
118 F ) R MA I  ( ? X , ?(  4 H N EJ (  , 13 ,  1H , I? ,? H ) =  ,F l4 . 0 )
120 F 1 R MA I ( I H O , T H F T A  = ‘ ,F6 .l , ’ D E G R F F S ’ / / 3 X ,IHN ,4 X , 14-~DI: — 1EGEN U JNCT ,

1 1 lX , 1 7 H T H E T - ~— P A P 1 IAL  SIJM ,IOX, IHN ,4 X , I4 H L EG I N P R E  FUNCT ,
I I IX , 17 H P H I  — P A R T I A L  SlIM)

121  F n 0 *~ A T ( 2 (  I4 ,4 X , E 13.5 , 5x , l u t  ,E 1 3 . 5 ,3H , , i 13.5,  I H I
130 FPR” i . T I 14, F 14 .~~, F ? 0. 8 , F  1 6 . 8 ,2 F 20 .8 , F 16 .8)
140 F 1 R M A T ( I H I , 3 0 X , ’ R A D I A T I O N  P A T T E R N , ’ ,F 4 . o , ’nF( ; P-E ’ -  C 1V ’JE ’If

12x , l 1 I - - i F X C I T A T I O N , 2 5 H F 1  FM . T Y P E ( C I R C = 1 , Pt D= ’)~~. 1 3 , S X ,
1 l l ’ ’ 1 E — C n M p ( T H ~~1 , P H =2 ) = , I 3 / ( 3 ( 4 X , 4 H K A  = , F 7 . 2 , 2 X , 2 ’= , 1 3 , 2 X ,
l i  F C = ,1 7 . 4 ) ) )

141 I - J Q M A T ( 1 H + ,5 0 X ,’ K A  = ‘,F 7. 2 , ?X , ’ M = ’ ,I 3 , 2 X ,’FI = ‘ ,F 7.4 /
1 ( F 2 4 . 2 , I t l , F - 1 3 . 4 , F l 7 . 2 , 1 8 , F 1 3 . 4 ) )

1’- t~ FO R MA T  1 / / I X , IOH Pt -4 1 ,T Ht  T A = ,Fc .1 , 1 6F7 . 1 /(9 X , I 7 F J . 1  ) )
170 F mUi’ A T ( F( . l , 1~~, 1 7 F 7 . 1/ ( 9 X , 1 7 F 7 . 1 ) )
Ill F1 PM~~T ( 2 X , 3 ( 1 X , 3 H A R ( , I3 , 1 H, , I2 ,2 H)~~,~~E11 .5 ) / )
1 72  F R M A T ( 2 X ,3 14” O = , IL , 2X ,E 13 .5 ,5X ,1 t- 1 ( ,f 13 . 5 , 3 H  , , F 1 3 . 5 , IH ) ,

I 3 X ,2 [ 1~ - . 5 )
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~~ f ( 1R” t i T ( ? X , 4 1  15 . 5 , 4 X ,  2 H S (  , I 3 , ? F l ) = , F 1 0 . 3 , 2 X , 2 I 41) ~~ )
- ‘~ A I ( 1110, ’ tIll T A  = ‘ , l6 • , ‘ rJEG R[- r ~ ‘ / / 3 , ~t l— , 4X , I 4 11 1) R—L F -f ~~ FL INC I

i i iX ~ 17 111411 — P A R T  IAL  SUM, LOX , 1l-IN, 4 X ,  I4 I IL FGF NDRE F- UNC I ,
1 L I X ,  1 7 H ! I I F T A — P A R T T A L  SlIM)

1 1  F fl k”Al(41tIL ~~~ ,I1,5 H MC P= ,I1,4H M 1 ,I2,5H MVM= ,T?,5H~~ ’VR- ,I?,
[4 ~ 4 K~~= ,F f -~. 2 ,8 H  T H F T A C = ,F t . T ’ ,oH NPH I= , 13 ,5H NTH = , I 3 ,4 H L X = , 1 4)

i~~2 F’1 I.~M A T ( 4 F l L M~~,I1 ,5H MCp ,J 1 ,4 H M1 , 12 ,5 H  M V M _ , 1 2 , S H  ‘Ivr~= , T ~~,
[ 1,H KA = ,f 6.?,RH THETA C= ,F6.2,6H ‘-4 PH J = ,13,5 H NTH= ,I1 ,4’4 LX ,14 )

j~~4 f r R M A T ( 1 O F 7 . 2 )
F I1.?”A T ( ? F  1 5 . 7 , F 9 . i,2 e l~ ’ .7 , F9 .3)

1r t ~ F- L ) R M A T ( / / 1 I X  , 9 F I F C T (  IT ,L ) , 14X ,ZH I) 11, l SX ,~) t l L C f  I IT , t  I, 14 X , 2 H D B )
1q 7 F- 1P’ -- A T ( / / 1 I X , 9 H F R F (  11,1) ,14X,? H11 ’~,I 5X ,~~l 4 F - ~F(  11 ,1) ,  14X ,2 HDR )
1_ .-

~
- - F~~R Y A T ( ? X ,’**~~T H I S  P A T T E R N  CUT IS  Z F R I 1  A N )  IS MIT PLO TTl - 1).**~~’)

1~ iq Fj ~< M A t U 1 1 , 3 0 X , ’ k A fl IAT I Ii N P A T T E P -~J, ’ ,F4. ) ,  ‘DEG REE CONF ’//
12X , I I H F X C I T A T I O N , ? 5 H F L E M .  T Y P F ( C I R C i,RA D = ? ) = ,I3,~~X ,
I I d H E_ C O M P ( 1 H 1, PH 2 ) , 1 3 / ( 3 ( 4 X , 4 H K A  = ,F 7 . 2 , 2 X ,2H M= ,1 3 ) ) )

l°i F D P M A T  ( ? X , 2 F  1 0 . 3)
i- ~2 F 1 P M A T ( 2 X , ? 1 3 , 5 F I T E S T = , F R . ? ,3 X , 5HT FS F ,F8. 2 )

Pi l l?  = ~~I / 2 .
S T O P !  = D S O P T ( 2 . / P I )
I IST PP I .‘i* ST f l P I
T P I
DIR =

IT 0
C A L L  P L PT I

I P F A O ( 5 , l I O , F N D = 9 9 ) T O E T A O ,K A , I H E T A I  ,THt I A F  , O T H ,PHI ,DPHI ,OX ,
lM ,MC F , MV M ,MV P
IF (THFTAO .1-O .U ..AND.KA.FQ.0 .) STOP
I~~( T H~- TA 1t . F Q. D . )  TH E T A D  = T H E T A F
W R IT E ( 6 , 1 0 9 )
fj R I T F ( 6 ,1 1 0 ) T l l E T A O , x A , T H F T A I , T f f f t A F , D 1~~,pH I , Op H ! , pc ,M,MC~~,MV M ,~~V R

I F  ( O P H I .1 Q.0. ) DPHI=5.
‘Al = C

T I  = I I  + 1
KL~ 0.0
NP HI =P III /I)PHI + 1.
K A S I T T I  KA
S I P I KA  = S D P T ( T P I * K A )
S T P O T P  = S T P T K A / T P I
ST’~f lP = S I P I K A / P I
SNT (. DSI~~(O TR* TF ’FTA D )
SNT I) l = ~!S T ( ? p I / S N T f l
S N T O 2  = S T O P  T / S N T O
A K S C  = KA * SNT fl
T A K S °  = ?. * A K SO

= P1 /OK
= 0

300 (‘a ’) T f l ( 3 l 0 , 3 1 U , 3~~0 ) , MCR
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‘1~I I S  THI  ~H’~’ 8 L R  OF TE RMS CONS IOI ’ED IN TIff ‘I—SE R IES, AND
I S  DII I~~LD RY T HE D A T A  V A L U ES  OF MV M ,MV P .

u o MM = MVM
G’l TO 3

;30  ‘A’~ = “yR

~3 = U

= j U  + ~
‘ISI I M )  z M 

-

11D~’K *TA K ’I )l~COS (R.M*DK/TAKS (1)/ ((PODKt-AKSO )**2 — R M * P M )
= FC $S TPOT P

F C ?  F C~~SI°~’P
F l  i T ,1M) f-C

4 ‘~P I -

T ’ I I T A  I f I T A I
IA = 1
C A L C U L A T E  AN D S T O R E  C f ’ I S ( M P H ( ( i ) ) , 5 1 t 4 ( M P H I ( t ) )
flr) 2 1 1,NPHI
RI  I
P H I N U  ) = (P -I — l .) * D PH I
RA I)MPII = p ’ A * D Y R * P H ! N ( ( )
S’-’ P( I)  = S I N ( RA D ’ I P H)

2 C - ’ P(  I )  = COS (RA DMPH )
MX IS N~~. OF TFRM S IN NU—SER IES REI~. FOR C O N V E R G E N C E .
MX = KA + 2.*P M # 10.
l~PTTF (6, 1 15 )  THETAO ,KA , M
‘IP I = M + I
UNIt = 180. (THETAO —

DO 11 Mfl = 1,2
I F ( M I ) .E~j . I. A~~fl.M C R . E Q . 3 )  GO TI) 11

S X NU = ~~~~
‘ + •~~ 

— ONI)
Ill Ml) — 1

C C A L ( ’ I L A T I E I N  PF !ERDES OF L E G E N O R E  F ! J N c T l f l ’ S , Nf l , N I I P R I M P .
OP it) J = l,M X
NIh XN U + DMJ .04

= l~U1 4- .08
C A L L  Q( InT ~~( T 1 I F T A ’ ,NUI,NU2, M,X ’JU,  ID)

C ID IS PA R A M E T E R  F~~R MODE.
(Alt ~ FS ID tJ (TH[TA0 ,XNU, M ,1O,RE S (J,Mh,) I

C [ V A L U A T E  NI i—C IJ EI IN N O—S E R IES, NOTING THAT RE SID I’E FiR
C RA D I A L  C A S F  IS SA M E  A S FOR MODE 2.

TIP = XNI J/RFS (J ,MD )
T = Itfl / (XNU~~t2 

— .25)
TI TI P
XN P IM XNI I*PTU 2
X”J P = r~~pL x ( 0 . , x N P I M )
XEN CFX P (X~~P)

~~ (J~~I/I)) = T *X FN
If - (Mh ) .N[.2) GO 10 10

58

5- - - -5-—- -



HP- (J, M P+1 ) = TT $XEN

- j  NU(J, ’AD ) = XN I J

ii C- IN I I ~ tI[
W R !TF (6,1 13 ) ( (J, MD,NL I(J,MD),’IO= 1,2) ,J=1, MX )

C ALCU L A T I O N  )F BESSEL DEPENDENCE l IM E S  F (NU )/RESIOUE.
,~R (TE (6,1l2) ‘ICR
PP 16 MD = 1,3

1 f(’IP.LF.2.AND .MCR .E Q .3) GO TO 16
IF (MD.€Q.3. AND .MCR .EQ.2) GO TO 16
W RITE (6,116) MD
K = ~ 1)
I F ( M D . F . . 3 )  K = 2

EX E CU TION (11 ST 500 I N I T I A L I Z E S  AR (J , MO ) TO PREVE N T OVERFLOW .
I F ( ~ 1 . F L~.2. AN D. M . EQ .O )  GO TO 500
i 15 J l,M X

XNU = NIJ (J,K)
IF (” L’.NE.3) GO TO 13
CAL L R ISS I (KA ,DN,XNIJ ,BJ (J))
RI SSI E V A L UA T E S  INTEG RAL FOR RADIAL SL OT CASE
c, J T O 14

13 C A L L  R F S S F I ( K f - , X N L J ,R J ( J ) )
IF (MP.F ~~.l ) GO TO 14
XN HP 1 = X N f . I i- 1.
C A L L  ~ 1SSF L (KA ,XNU P1,B1 )
F D1L~~~ ING EXPRESSION IS ftiR D/ flXt X~~JNU (X)).
RJ (J) = (XNU + .5)/KA *BJ(J) — 81

l~t IFIJ .Ll.5 .OP .J.GT .’4X—6)
IWR ITE ((- ,130 ) J,N (I(J,K ) ,RR(J, M1)),RES (J,K),RJ(J)
nJS I NC, = hJ (j)
AR (J, UD ) IIP(J, MD )*BJSING

15 C-1NTINUI
Gfl TO 16

‘- D O CONTI NIIE

~~ 17 J = 1, MX
17 A P - (J ,”-D ) = ZFPI)
16 Ct’~~I IN IJE

CALCI ILAT I PN ~1F I. EG E ND RE FUNCTIONS AI~O J A R I T A L  SUMS.
tAT = 1.. (TH ITA F — T I - 4 E T A I ) / D T H
NA I  T f ; J - T A I / D T H
I F ( N A I . N F . 1 )  I A T = I A T + 1
t A M  = IAT/2
LOOP l~ I N I T I A L I Z E S  THE N H— SERIES TOTAL SliM FOP EAC H NEW ‘I.
On l t~ I = l , I A T
AC T (I) = ?EPP
A C F ( T )  = Z FR I’
A MT (I) = ZERO

18 A R t - I l )  = ZERO
CF RN /SNIP
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Ut) 2CC )  ‘If ) 1 ,
II (Ml).l~.~ .I. ANt ).MCR .EQ.3) CL) TO 200

~~1. f~ F~ 16 , 1 1 1 ) ~ h ) , 1. 1CR
L I F T A  = T H E T A  I
)rl 210 IA 1 , I A T

G t )  T O  (240,241), M D
. -,~~~ I f - ( I A.F? .1. ’)R .IA .EQ.I AM .rJ R .IA.EQ.IAT) W RITR(6,l2O) TIIF TA

0,1) TO 20
.‘-•1 IF (IA .F0.1 .O P .IA.E Q.IAM .OP .IA .E Q .IAT ) WRITF (6,180) THI TA

~~,) RAD = FITR +TH F TA
SNT = I)SIN(RAD )
C S T  = O C O S I R A D )
STHA ) = TH ETA

~~~~~~~~ ST1,ST?,513,ST4 A RRA YS A RE CREATED FO R PLOTTING ROUTINES.
ST1 (IA ) = THETA
ST2 (IA ) = THETA
ST3 (IA) = T H E TA
STA (IA )  = THETA
PS ZERO
PSD ZERO

~‘S DP = Z C R~
PSR Z E R I
P S 1~~G = 0.
POSING 0.
P = 0. 00
P1 = 0.00
PC) = 0.00
DI) 30 J = 1 , MX  

- -

XN ’J N l J ( J , M D )
CALL IEGE N I ) (TFI FTA ,XNU,MPI,PD,Q,0)

= Pt)
jF (U)25 ,25 ,2 2

22 CALL LFG EN i) (TII FTA,XN IJ ,M ,P1,Q,0)
PD = W I A * C S T / S N T * P 1  + PD
P P S I N ,  = P1)
CALL I 1 G E N D L I II FTA ,XNU,M ,P,Q,O)
PSINI, = P
II (MCR. [D.3) GO TO 26
PS = PS • A R I J , MO )*PSINC,

2” PSI) = P 5 0  . AP(J,MO ) *PDSLNG
?6 I F ( M r ) .rJ F .2 . n R. MC R . E Q .2 )  GO TO ??

P51W P SOR + A R (J,MD+1 )*PDSING
PS’~ PS P + AR (J ,MD +1)*PSING
P S U R  AND PSR ARE TOTAL SUMS FOR THE R A D IA L  C A S E .

2 7  IF (IA.FQ.1.flk.IA .FQ.IA M .flP .IA .FQ .IAT ) GO 10 31
( ,-) TO 30

U I E ( J . L T . 5 .O R.J. G T . M X — 8 )  GO TO 32
G~’ TO 30

60
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I~ 
(~-‘CR .f :. 3 )  C,I) 1(1 2 8

,, -j I F ( ’ - , Ie ’ ) J, t ’ D , PS O ,J, P,PS
-
~~~ il ( ‘ I r~.1-J~ . ? . t) R .1.iC R . F 1 J . 2 )  GIl Tn 30

-~~~I~~ I L 6 , I 2 1 )  J,00,PSDR ,J, P,P S R

~ C ’ \ T I NIlE

~~~A L t 1A T I f l~ OF F I E L D  COM Pf lNENT S AT F A C H  T H E T A  FOR E A C H  M~
( F I A R  = R M/ S N T
Cl - i = C M P L X ( 0 . , C F 1 A P .)
G~ 

Tfl ( 220,230) ,MD
,~~j A C T t I A )  = A C T I I A ) + PSD

- - 
A F ( I A )  = A C F ( I A)—  PS- *r Fl

C ’  TI’ 21 5
10 G b0~~~35, 37 ,236),M~~

~~~ -A C T ( I A I  = A C I ( l A i  + P S* C f 1~~CF
AC F (IA) = AC E (IA ) + P504-CF

•~~ - A ’~ T (IA ) = A P T ( I A )  + PSR*CF I
A R F ( I A )  = A P F ( I A I  + PSDR$11 J
GO II’ 2 15

1 7  ~~ 1 ( 1  A ) = A CT (TA ) + P54-CF 1 ~CF
Al l ( I A )  A CR( IA ) + PSD*(F

:i~ 
IF Ut~. E Q . I I  T H I T A = F L P A I ( NA I ) * D T H

‘1~
) TIl E T A = T H F T A  0TH

~ 
I.) I - T N T  I N I F

EVA [’’ATI nN OF- A MPL ITUDES AND FINAL FIELD COMPONENTS.
NIH IAT
M T = N T H
L X  = N~PI1I4NTH
KZ P- IS A Cfl~I\ -T [ R  FOR I N I T I A L I Z A T I O N  OF THE TOTAL FIELD A R RA YS.
KZ R = KZR + IT
IF (K7R .GT . IT) GO TO 45
DI’ 40 L = 1 ,L X

FCTUT,L I = ZERO
FC FI 11 ,1) =

EP.F (IT ,L ) = ZERO
‘~0 FRT ( 11 ,1) Z E R O
‘~5 CONT IN IIF

I F I~~C~~.FO.1) 01) 10 5’~
TIlE fyi SC LOOP EVALUATES FIELD COMP . OF CIRC U M . SLOT .
E C T M , FCFI~ APE THE FIELDS AT A POINT FOP A P A R T I C U L A P  ‘I.

‘. ECT, l-CF ARE THE TOTAL E l f-LO S AT A POINT , CIRCUMF. CASE.
1)0 50 1 = 1, NPI 41
00 51 J = 1,NTH
I = NTH 4- I — NIH + J
I F ( M .~ h 1 .0)  0,0 1” 54
F I lM = rrI~~c P . p ( I ) * A C T ( J )
CIF ( IT ,l ) ( 1 . 1 — 1 5 , 0 . )

-1  ( 1)  —3 00.
SF- P IJ )  = S F ( L )

6 1
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C, ’ 1’ ’  ‘-5
I I I ~ I C ? 4 - C~~J ’ ( I )  i-A C 1 (J)

IC 2~~SMP (I)*A C F (J)
I b ( C t t~~S ( 1 C F M ) . L T . 1 . E 15)  E C E M  = ( I . E — 1 5 , 0 . )
EL f - I lI ,L ) = EC ~~( IT, L) + FCFM

= lO.*A Lfl1,10 (PEAL(ECFM *C .ONJG (ECF ~~)))
5FP (J ) = SF 11 )
Ir (CAF ~S (ECTu ) .LT .1.E_ 15 ) EC IM = (1.E— 15 ,0.)

~IT ( IT ,L ) = ECT ( IT ,L ) + ECTM
S (L) = 10.4-AL O G IO (REAL (ECTM*CONJG(EC TU ) ))
SP (J ) = 5 (1)

~ C ‘ NT I NIlE
t J~~F “~~P I TI (6,170) P H I  N (I ), (SF’ I J ) , J = I ,NTH) ~ A N )  FOR “SF P ( )  H E R E

so ClINT I’-JU E

S T A T F M F N T S  T F l P f l J : H $58* A~~E ONL Y FOP ~ R i T ~~NG O UT 1.~ )DE PA TTERNS.

~4P IT~ (6,143)1 SI (J ) ,J= 1 ,~ I
DC “6 I = 1 , N P l I
NI~~ = NTH$i I — 1 )

‘JINI = N I N  * 1
NIN ~~T ~‘- IN

‘,~~~~~R I T E ( ( - , I 7 O )  pl~l I N ( I ) , ( s ( J ) , J = N IN l ,N ; N M T )
IF (’A .F~~.O) GO TO 59
W RI T F (6 ,1 4 3 )  (ST (J),J 1, MT )
p~ 5° I = 1, NPHT

NTH*~~I — 1)
N I N I  = NIN  + I
N T N P ~T = NIN + MT

5R ‘ .RTTF (6,170) PHIN(T ),(SF (J ),J=N INI, N INM T )

5’) I F ( ~~lR .F O .2 )  GO 10 69

~~~~~ FRF’I AR F THE FIE LDS AT A POINI FOR A P A T  IC ’’LA P M~
ç r p T ,  [P-F A P E  THE TOTA L FIELDS AT A PO INT , R A D I A L  CASE .

)O (it) I = 1, NPIU
1C 6 1 J = I , N T H
I = NTH* I — ~‘ T H  + J
IF (M .Nf- .O) GO TO 64
FRFM C’.1P (I)~~AR F (J)*SNTO1
E R T (IT,L ) ( 1 . E — 1 5 , 0 . )
S (L ) = — 3 0 0 .
SP(J ) 5 (L )
GD TI’ or

~4 r~~r ’~’ = C’~
P I I ) 4 - A~~F ( J ) * SN1fl?

r p T P ~ = 5MP( j )*APT( J )*SNTO2
I r ( C A ~~S ( F R T M ) . L T . 1 . E — 1 5 )  [RIM = 1 1 . 1 — 1 5 , 0 . )
F R T ( I T , [  I = I R T ( I T ,L.) + t R IM

S ( L )  = i0. 4 - A L O C , 1 0 ( R E A L ( F K T M * C I N J I , ( E R T M ) ) )
SP (J) = S([)
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ô5 IF (C A t S ( F P I M ) . L T .1.F-_ 15 ) IP FM = (1.E— 15,0 .)
Fl.~F ( 11 ,1 ) = F J-C1(  11 ,1) 4
SIR )  1O. *A LOGIO (RFAL (E R FM *CONJG (ERFM )))
SF ’ (J) = S F 1 1 )

ol In .TINUF
USt “W PI T F (6,170) PHIN II ),(SP (J ),J=1,NTH) “ AND I-OR . “SFP () HERE.

~ 0 C f l N T I N h l~

S T A T E M E N T S  T ifl- - lOC H *68* ARE ONLY FOR W R I T I N G  PUT MO~~ PA T LERN S.
I F ( M . F 0 .O )  G~ TO 6~1
W P I T F ( 6 , 1 4 3 )  ( S T ( J ) , J = 1 , M T )
lI) 66 1 = l,NPH (

N T N  = NT II* (I — 1)
N I N 1  = N I N  + ~

N I N ~~T NIN + MT
66 W R ITE (6,110 ) PFII N ( I), (S (J ),J=NIN I, N INM T )
67 WRtTE(f- ,141) (ST (J),J 1, MT )

DO 68 I = 1,NPHT
NI N = f’JTH* (I — 1)
N IN 1  = N IN + 1
N INM T = N IN * MT

60 WR1 TF (6,17O~ PI-IIN(I ),(SF (J ),J=N IN I , N T N M T )
r . . . . . . . .

69 I F I ’-1 .C,F.MM ) GO TO 3~~0

GO TI) 3
150 1FIMC P .NE. 1 ) 60 10 360

MC R 3
ISW = 1
IF (M .r,E.~~”R ) GO TO 360

GO T O  100
160 COOT I NI lE

C TH E “ I T ”  CASE TOTAL PATTE RNS ARE COMPUTED AND PLOT TED BELOW.
W P I T F ( 6 , 1 1 2 )  M CR
IH ITAC = 100. — T F- ’ ETA O
IF I I S P - . F - ~ . 1) M ( I ~ 1

C THE W R I T E - h O) STA TEMENTS W R I T E  THE COMPUTED DATA ON TAPE.
W R I T F (1O) MCR
Dfl 400 LM 1,2
Mi VV U — M~ + I
T F ( I & . .Fc.?) Mi = MVR — M l + 1
W ’ I I F ( h , i 1 ? )  NCR
l F ( A f ~~.UC.?.AND.LM .E Q.2) CD 10 400
IF(~ ’rR .Eç’.1.A~’D.tM .EQ.1 ) GO TO 400
KER = 0
)fl 370 I
FIS T
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FU S E = — 700.
1)11 3 7 5  J = 1 ,NT FI
L NT FI 4-I — ~ TH + J
oi TI’( 311,37?) ,LM

3 11 S(L ) = 1O . * A L O G I O ( P E A L ( F C T ( I T , L ) * C O N J G ( F C T ( I T , L I I ) )
S F ( L )  = 1O . * A L I D ; 1 O ( R F A L ( E C f ( I T , 1 ) * C O N J G ( F C F (  I T , L ) ) ) )
GP TI) 374

1 7 2  S I t )  l0.*AL I ’G10 (REA L (ERT (IT ,L )*CON JG (FRT (It ,L))))
S I l L )  lO. *A tflGl O (REAL (F~~F ( IT,L)*CONJG( [RF( 11 ,1 ) ) ))

31 4 IF (SCL ) .G T .TE ST ) TEST S (L )
IF (SF (L ).GT.TESF ) TESF=S I (L)

~~ 5 CON TINUE
S M T ( I )  = T E S T
S~’F (I) TFSF
.~~ ITF (6,l92 ) LM , I, TEST ,T E S F

. 70 CONTIN ’JE
G~~~T O  ( 3 7 6 ,3 7 7 ) ,LM

3 76 4 R 1T 1 ( 6 , 1 8 1 )  LM,  MCR ,M1 ,MV M ,MV R ,K A , T H E T A C , N P H I  ,NTH ,L  ‘K
WP IT I  ( 1 0 )  LM ,MCP ,Ml, M V M , M V R , K A ,T H E T A C , N P H I ,~~T H, LX
W R I T  F - C l  0)  (PH I  N( I) ,  1=1,  NPH I)
WR T I- l ie )  ( S i  ( J ) , J ’ l , N T H)

I I F (6 ,  186)
WPITF(6 ,185) (ECT ( IT,L ),S (1),ECF( IT,L ),SF(L),1=1 ,LX)
W RI T E (1O) (ECT( IT ,L),S (L ) ,FC F (IT ,L ),SF IL ),L s1,LX )
GO Tfl 378

377 W R I T E (6,181) LM, MCP ,M1 ,MVM ,MVR ,KA ,TIIETAC ,N PHI ,NTH,LX
W P - I T E f l O )  1M,MC-~ ,M1.MVM ,MVR ,KA ,THET l’C,NPHI ,NTH ,LX
W PI1 F (1O ) (PHIN( I),I= I,NPH I )
W RI T E  (10) (ST(J) ,J=1,NTH)
W R I T F ( 6 ,1R7)

~O~ IT i ( o , 1 E 5 )  ([—P11 IT ,L ),S(L ),ERF( TT,L ),SF (1 ),L= 1 ,LX )
W R I T E  (10) (ERIC IT,LI,S (L ) ,ERF( IT,L),SF (1) ,L=1,LX )

378  COO l  l ’ J t ? F
C LOOP 410 FINDS LA RG’  ST VALUE IN 5(L) AND SF (L) AR RAY S.

S’~T N  — 200.
= — 2 0 0 .

1)’) 410  I = j , N PH I
I F - I  S MT I I I .G1.SMTN) S M T N = S M T (  I)

V ‘.10 I F ( S M F I I ) . G T . S M F N )  S M F N = S M F I I )
S-~ TI = SM TN
S - 1 1  = ~ MFN
WR I TI (-5 , 191 ) SMT 1, SMF F

= SM IT
IF I ~- ‘~‘1 I .GT .SNORM ) SNORM=SM FF

~ l- IT F (6,191) 5MT 1, S1.J OR M
37 ’)  KC~ = K CP - + I

WI~ I TF (6,113 ) MCP ,IM ,KCR
G )  TI’ ( 38 1 ,3 8 f l , L M
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-~ u~~T [  ( I  .14 0 )  T H E T A C , L M , K C P , I K A S I  IT ),MS I I ),F ( 11 ,1 ), I = 1 , Mi )
(Dl TO 371 3

~~ ITN~5, 1. 9) T IlE TAC ,LM,KCR , (KAS(IT) , MS ( I), 1= 1, 41)

~~~ .~ ° 1 T I ~ C f ,143) (ST I J 1 ,J=1 ,NTH)
CT F = —70.
1):) 3 ( ~ Q

N I N  N T I I * ( I  — 1)
N I - N i  = NI N • I
NI N M T t-~!N + N I H
l F (KCR.F ~~.2) GC TO 386
On 380 J = i,N TH
I = NT H 4-I — NIH * J
SYt (11,SMF(l) ARE PH I—CUT NORMALIZA T I I1N S . SMTT ,SMFF A RE FOR
COM PONENT N I R M A L Z A T I ON .  S N O R M = M A X ( S M T I , S M F F )  O V E R A L L  N I1RMA L I LA T .
S I L l  = S IL ) — SNORM
S I - IL ) =S F (L ) — SNORM
SPIJ ) 5 (1)
5 E P ( J )  = SF (L )

~~~ C flNTI~~’~F
3- I s ~R IT F (&,170) PH IN I 1 ), (S(J) ,J=N IN1 ,NINMI )

— 
T H F F~~LL[’WINI , CAR [)S CONTPfl T IlE NUMB ER OF PLOTS DESIRED.
I F ( I . l ; T . 1)  CI’ TEl 390
I F I S P C ? ).IT.CTF.AND .SP (3).LT.CTF .AND.SP (61.LT.CTF ) CI) 1” 397
CALL SY MBOL (1 .,7.5,.l ~,36,0.,—1 )
CALL LF -GND L ( 1.3,7~~5,.L4,O.,I, ‘=‘ , t , PHIN ( I 1,0)
C’~LL C PIOT3(1,ST ,9.,0.,20., 14HTHETA, DEGREFS,14, 7.,—28.,4~~,

I ?  P~~4FP IN 08, THETA COM PONFNT,28 ,NT I4 ,SP)
381 IF (SFP(2).LT .CTF .AND.SFP (3).LT.CTF . AND .SFP (6).LT.CTF) GE) T o 390

CALL SY MBOL I 1.,7.5,.14,36,O.,— 1 )
C A L L  I F I ~ND1 ( 1.3,7.5,.14,O.,1 ,‘= ‘, 1,PH IN C! ),0)
CA LL C PLU T3 I1, ST ,9.,O .,?0.,I4HTHFTA , OFGkE€S, 14,7 .,—?8.,4.,

L2OHP OWF R IN 1)8, PHI COMPONENT, 26,NTH ,SFP )
GO II’ 390

~716 ~k I T F ( 6,170) PHIN (l ),1SF (J) ,J=NIN I, N INMT )

~~~ C ON TIN U E
I F ( [ K C R .E0 . 1)  GO TO 379
THE Ffl LL r 1~,lN G CARDS PLOT PATTERNS Pt THETA VS. PHI.. . . . . . . . . . . . . . . . . . . .
I f ( J S . F I ) . U)  0.1) 10 400
IF I JL .1,1 •NT F-4 ) JL=NTH
fl’’ 5(,) J =

ij;l 5P~. I = 1, NPHI
I = NFl !*I — NIH + I
5 0 ( [ )  5 (1)
S E P 1 1 )  = S E l L )

5B0 IDOl I ~ U
II (SP (?).LT.CTF.ANO .SP (3).LT.CTF.ANP.SP (6).IT.CIF) 61 10 587
CALL SYMOIl (1 .,7.5,. 14, 37,0.,—1 )
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C A LL L I I’’- t ’ 1 I  1. 3 , 1 .5, .  [4,0., ~~, • = ‘ , 1, s 1 ( J )  .0)
C A L L  IPI ‘I 3 ( I , P H ! N , 9 . , O . , ? O . , I Z E I P H I ,  t ) E G R { F S , I 2 , 7 . , — ? 8 . , 4 . ,

1 ,’fP1P~~-~F P- I I  OR, TI E - TA COMPONENT ,2fI ,NPP II,SP )
5717 I t I SFPI?).LT.CTF.AND.SFP (3) .LT .CIF .AND .SFP (6).LT .CTF) GO TO 5’)J

C A L L  SY MPOL (1.,7,5 ,.14,31,0.,—1 )
CALL 1F0.ND) (1.3,7.5,.14,O.,l, ’=’ , 1,51 (J) ,0)
CALL CPIOT3 (1,PHIN ,9.,0.,20.,I2HPI4I, DEGPFES,12,7.,—28 .,4.,
L2 6HPPWER IN OR, PHI COMPONENT,26,NPHI,SFP)

‘~~O CONT INUE. . 4 . . . . . . . . . . . 4 . . . . . . . . . .
4-10 CI)NT I NI lE

On TI’ 1
‘)9 C~~NT INUF

E N O F I L E  10
cALL PLOT (0. ,O.,999)
STOP
END
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St)~~’ I ’ l l  I I 01 ‘~ ~I t I X , N Il , JNUX )
)~I I J PI I P1- I (I S (- ~N NO ,J~~1 IX,X X

~ 7 A (*P I)RSJ1
x x  = x

IF (X . I,T.1t)L)..r~~ .rj).GT.i0O.) (‘,(1 T~ 100
J N ’J X  DBS J INX,Nt I)

~ F
1~’0 CA L L  BE - S I XT (X X , NU,JNIJ X )

t~ I- TURN

S I~~~I1 JT I NI P-F SI X TI XX, N i l , JNIJX [ )
C-~IiM flN /p F S ~~kK/L 1 ,L?, 4 (7OO)
I~F A L * 8  X X ,~’fl), J N UX t , A
THE F3 I E S F X T  S U P - R O L J T I ’ - E  R E T U R N S  THE VALUE OF THE B E S S E L
FUNCT IO N 01- O P - PE R P . L T . 40 0  AND ARGUMENT X . IT.400.  LA ’ ~GE R O R O E Q S

c ~ND A R G U M E N T S  -‘tR E C f l N S 1 D [ R E O  BY EXTENDING THE D I M E N S I O N  OF A ,L I.
Li = 700
K = NI!
C A L L  DP- S~~2 ( X X , N l J , A )
JNIIXL = A (K+ 1 )
R~ T U R N

SI !  ~-h (l( J1 [NE ~ ~ SI I KA ,I1K ,NU, I3I N T
C I l l S  [S AN I N T l  k ’ A T I - N  PR O GRAM USING S I M P S O N ’ S  3 / R  R i L E .

N~ IS TOE N I ~~ ’ f l  OF I N C R E M E N T S  ON RK A XIS, MI JLT IPLE OF 3.
)TM F N S I P N  1 (4)
) n b O Il I F PI’~~( T S I ( ) N  Nll ,~~ I N T , I’J

~. F A L KA
) A Tt ~ r\~~/1s/

P 1K = KA —

= KA •
RN = NP-

= (P2K — ~ 1K )/RN
Pt = 0.0
P- K = P 1K
01 30 I =
0 ’  20 J = 1,4 ,1

= p X * * I — 1 . 5)
CA l l  f i I S S 1 t I R K ,Nl J, J-~J)

- C’S (Rlc — KA)
1(J ) P l c p * P J * ( , l ) R
I) (J .EL.4) Co II’ 30

?1) ~~~ = P - K  UP-
30 A - A • ( 1 • / a • ) I4R * (HI) + J~ • ~~: (

~~‘1 4 3 , SF1 3) 4 F (4))
r4 INT = A
RI TO P-N
F-Nfl
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5 il ~~P’’ tlT I ~
- I I ~- I \O (  I I~ I P. ,NLt , ~A , PNI J , P1, II - )

ji ‘‘Jr I F 1’~- I. I S I ON P1 , P7 ,CI- , PA , A , P~-j !j ,
~ ~‘‘~ t 1I~~ I ‘N P1 ,CSl)l~,SNl)P.,f S’t,SI~A ,T ,X , 1 ,RAD,0,C, TX,Y , N,I

-)‘~T -’~ 01/ ~.l 41 ~- ‘~?6”3S8~i7 9/

—‘ A t ) = T O F T A ~~P I / I 5O.
‘I’ ?.~~P S 1 \ I l A i ) )

I ’ t I~ + • 5~~D’~

N = ( 7 O . + R ~~+ R - )
IF - (NtJ .IT .I6’).+~~~+~fM ) ) = — 1

= I S I N ( I 1 A I
CS’~A = O C I S H A )

= N
+ ( P ~~ +~~.)

J = 0
=

¶ 1 (Nt 4 - P A r .L T.°.) ç,() TO C
~O

~ N \i I — 1
= N(l~’R A l ’  • I.25f •’~*PY )* PI

SN - ’t  = 1-SI p I A )
ISA = PCCS(A)
I = 1.
F’? = P1
T = 1.
01 = SNA

)3 I = — T * ( ( C — . 5 ) ~~~~~ ? —

SN-’- = S~ .-~~CSn A + (SA*Sr\ :DA
ISA = (CSA — S N A * S N P A ) / C S D A
P 1 01 + T *SNA

- C. + 1.
I F - ( r -~~ S(T) .Cl .I.O— °.ANP.C.LT .35. ) GO 10 20

= .~‘5  — [ M7

T~ 
(N.  • ( — 1 ) )  ~~~~‘ ~~ 4(1

J = J + J
[ F  ( J.[- c .  1 ) 0’’ T ’l 1 0
C NO 4 2 .
T X
NT (N.J )/?
1)11 30 J l,NT
C C — 2.
P7 = T X - ~PI  — ( 1 . + P / ( C ~~( C , 1 .) ) ) * P 2

~0 P1 T ) I * P?  — h ! . + F 3 / ( C * I C ~~l . ) ) ) * P 1
J = 2 — “fli ) (N41,2 )
Ni l ~~IJ — RN

1 IIJ .EC.~~) P1=P2
IF- (IQ .FI’.1 ) RI Tj~~N TI’ SlI P-ROOT S FOR COMPLETION o F  ROOTS.

40 I’ I ~~ .~~L .1)  RI TURN
X = Nil •R~ —
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I = S i t  •p v  —

I 1 ( M . E f ~~. 0 )  X= I.
IF (M .IT.? ) Cl) TO 45
DC) 44 I
I = 1 — 1 .

~,4 X = X *T
-, ‘ IF (N(I .C~T.1IO. ) GO TO 46

CAL L  C.Itfr’ PAT( N U,M ,GR ,lJ
CF = 2 ./DSQRT (PI*Y )*x*GR
PNIJ CF *P1
RET LIPS

..t- T = 1./I 16.~~NU )
CF = 2./DSQRT (P1*y*Nu )*x* (j.—? ..Ts ( L.— T))
PNU = CF*P1
P FT [JRN

~O NH = Ni t —R N — 2 .
(NU*PA O.LF . 9) NOW EXECUTING.
F = Nil *KI J — . 25
X DCOSIRAP )
Y = (I. — X ) / 2 .
P 1 = 1.
I = 1.
C = 0.

f O  C = C + 1.
I = — T * ( E  — C* (C—1.))/(PM.C)*Y/C
Pt = P1 + T
I F ( O A R S ( T ) . G T .1.D—9 .M-’ D.IL.LT.2S.)  GO T O 60
CAL L GAM RA T (NU, M ,GR ,2)
RMG M = PM + 1.
GM 1 G A M M 4 P ( R P ~’G M)
I F( N U . LT . 100 . )  CF OP/GUI
I F(NOJ .GE.100.) CF = NU** (M+M)/GMI
PNIJ = 11*1 (1 1. — X ) /  (1 .+X ) )**( .5*RM) ) S (  (—1. )-*$M)*p1
RI- TURN
E N D
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S~i l W O ’ I INE R l - S I D U ( T I E I A , NU, M ,ID ,DPDN1I )
S IIB —P I S IL ’JE RE TURNS DPJVJU ,THETAO . WHEN 10=0 AND ITS
T ’lF- TA DIP- [VAT lyE WHEN 0=1.
OPIJOLE P R E C I SI O N PI, F ,RA O , C S T ,SNT, DPDN LJ,DPNU2O ,MU,P2, PN’JZ
DI M ENSI ON 1 14)
DATA PT ,H/3.14159265358979,.0001/
NH = NH — 2 . 4 1-1
1 1

10 C A L L  LFr ,E~~D ( T H E T A , N U ,M ,F( I ) , P2 ,0 )
IF (ID.FC’ .O) GO TO 15
M P I  =

CALL LEG [ND(THETA,NU,~~P1,PNU2, P2,0 )
RAt ) THETA *PI/180.
CST = DCI’S (RAD)
SNI T = PS !N (RAO )
P M  =

F I T )  =RF * CST/SNT*F (I) + PNU2
15 1 = 1 s- I

NU = NI) 4- H
IF ( 1  .F0. 3)  NIl = Ni) + El
IF (I.LT.5) Gfl TI) 11
DPDN (J = I F ( 1 ) — 8 . * F ( 2 ) + 8 . * F 1 3 ) — F ( 4 ) ) / ( 1 2 . *H)
NIJ = N Il — 3 . 4 !--!
RETU PN
E N D

FU NCT I ON (,A ’-IM A R IX )
I)0LIBLE P R E - C I S I O N X
TF (X.GT.1.) GO 111 2
z = X

1 T F ( Z . C T . O . ) GO TO 3
7 = z + 1.
011 TO 1

2 1 = X — 1.
3 TI = 1 4- .5

Ti C  = T I  4 5.
Ti  = T Z C ~~*T1
T I  = FXP(—T7G)*TI*2.50662827465
GAM Z = 11 * 1 l.+76.18309173/IZ+1.) — 86.50532033/tZ+2.)
1+24~~0I/.0n~~?2/ (l+3.) — 1.231739516/IZ+4 . I + .120858003E 2/
1 (7+5. — .53638?E—5 / ( 7+6.))

IF - IX. (,T.l. )G(J 1 0 5
4 CAM ? O,P tM Z / l

I F ( l . I C . X )  GO T fl  5
7 = 7 — 1.

C,~ T I  4
‘~ GA MMA! -’ = GAM?

P- i TURN
END
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SUII PI)UI 151 Ri’1DIS(TI ~F T A ,Nlll ,NU?, ’~ ,N’ !, ID)
ç R11~~TS (1 I’SU AR E (1FITA INED WHEN 10=0, OF DPDTHETA WHEN ID=1.

Ofl IPLI P R E C I S I O N  PI ,EPS
OPtIP - LE P R E C I S I O N  NU,Nt i 1,NU2 ,N’ ,L,P2,Q ,PNI) ,RAD,FP ,FP S, F P L ,S C I , S N T
DATA PI ,FPS/ 3.1415926535~~J79,I.fl—7/

26 F O R ~~A 1I1 4H ITN,NU,FP ,FPS,I5,3E15.8)
NI) = Nih
I T N = 0

3 CALL L [GFND ITHETA ,NU , M ,PNU, F P ,1)
IF (ID.F0.0) GO TO 15
MP I = 11 + 1
C A L L  L F C , E N D (  T H E T A ,NLJ ,MPI , PNU,P2, 1)
O A T )  TF~F T A * P I / I R 0 .
CSI DCOS (RPtD)
SNT D S IN I R A D )

M

EP = R M * C S T * F P  + (NU4-RM+ .5)*SNT*P2
15 Q = Nl)2

ITS = [TN 4- i
I F - I  ITN .EQ.1 ) GO TO 20
FPS = F- P — F- Pt
IF (DABSIFPS ).LT.EPS) FPS = DSIGN (EPS,FPS )
9 NIh — INU — NUL)/FPS*FPL

20 NUL = NH
FPL = fP
NH = 0
I F ( D A 1 I S ( N 1 J — N U L ) . L T . E P S )  RETURN
! F ( IT N . G T . 2 0)  GO TO 30
GO T O 10

30 W R I T F ( 6 , 2 6 ) I T N ,NU, C P ,FPS
RETURN
END
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Sl !l Io i i J I I N f  0AM~~AT (Nu ,M ,(;R ,IG )
su~l- C A ’- ’ P - A T  C A L C U L A T E S  AND RE T UR NS THE R A T I O  OF- T W O  G A M M A
F UNCTIONS .. G (NU +.5)/G (NU+1.) AND G(NU+RM ..5)/G(NU—R’A +.S).
OOtJ ’ ILF P R E C I S I O N  NU,X , D1

10 F O R M A T ( 3 E 2 0 . I 0 )
kM U
1 F ( I C . . E i ~~. 2)  GO TO 30

KNI) = N-I )
O = N H — ~L : l A T ( K N U )
111 = P 4 1.
X 0 + .5
PA TI = X/D 1
V = G A M M A R X ) / G A M M A R ( D 1 )
II t KNI I.F f l .0)  ~ A T 1  = 1.

V
JF (KNU .LT .2) GO TO 25
DI) 20 I = 2,KNU
01 = 01 + I.
X = X 4- 1.
P A T  = X /D1

20 Y = Y*R4T
25 CR = V

RE TURN
30 IF(M .E Q.0) GO TO 50

S = Ni) + PM — .5
T = S
MT = 2*M — I
00 40 I = 1,MT
I = I — 1.

40 S = S*T
GO T El  60

50 S = 1.
450 CR = S

P FT LIPN
E N D
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I
APPENDIX B

COMPUTER P R O G R A M  FOR MODA L

OR TOTA L FIELD PATTERNS

This p r o g r a m  is also wr i t t en  for  the IBM 370 sys tem and p rov ides

complete field pa tt e rns  and plots select ive cuts of modal or sum patterns.

The field component data is provided by one to three  magnetic  tapes

g ene ra ted by the genera l  p rogram of Appendix A . This auxi 1i :~ry p rogram

allows for  detailed stud y of the m odal se r ies  without costl y recomputa-

tions of the general  program.

Most of the program pa rame te r s  have the same meaning as in the

program of A ppendix A. Other parameter  def ini t ions  a re  as follows:

NTAPE = number of data tapes to be read.

If NTAPE = I only tape identif ied by NC

will be read,

NC = Tape uni t  number.

IT = Counter for  the t o t i l  number  of comp le te

f i les  read f rom all the tapes . Must  be

< to f i r s t  subscr ipt of the E -a r r a y s .

Sca l ing  a n d  l abe l ing  informat ion must be provided in the a r g u m e n t s  of the

plot subrou t ines .  Mult i ple graphs will be drawn with the present  l i s t ing  in

all plots. The complete l i s t ing  of the program is included in the following

pages .
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I
—i wE F-. I - t 1  T~ i ’ s  AN U ELLIS I’F- C(’N h A L  A u-’J~~V ~k1iL-LLM.

C NI u 1 11 liii S ~~~~~~~ AM IS T A K E N  FRO M lA PEl

~ C-O l ’ L~ ~. (11 1 i, ~
- I ,ECF (ii ,6&’ ) ,F- R I ( 11  ,6 5 )  ,ERF ( 11  , oe~5

L c M I ’ L . X  ;s 11 ,~ - t ..1 F , I - k T 1,FPFF
R t ~~- L ~~~~~~~( f’M!-l -:-J / c r L L/ ~~U11 I tO!~) , E ( F F ( ( 1 Y) / R F L D / E r T T ( ô t ~~) , FRFF (C. )
L ( ’T 1 S U N  / I’V ’~/ PF~i N ( 2 G ) , S T ( 4 0 ) , S ( 6 6 5 ) , S F ( ~~ 5)

l , M t - i ( - N / K , A/~~~A ( l 5 ) , t 1 1 A ( I 5 ) , M V t 1 A t l~~) , ? ~Vf ( l 5 )
i’P~~A N T A P i / ~~/
‘ ) I , I A  ~lTuPr /l/

i~~i 1- i M A E ( 4 ~;IL-1= ,l1,~~i~ MC R= ,!l,4 1--’ Ml= ,T? , D i -  MVM = ,1~~,5H
1’-Ul KA - , F t - .�,~~U I H E TA C ,F(- .2 ,45 H NPI1l ,I3, ’~lI N IH= ,13, 4H LX ,14)

I- ~/ I f ’ k M~~T (~~h L M - , 1 1 , t , I-~~MLR= ,T 1 , 6H M1 ,12 , ’~H MVM ,1�,5H MVI- - = ,I�,
j /,F l  Kt. = , i c - . ,~ ;H I H ’ T * L , F- 4 5 . / , 6 H  0r ’-l !~ - , I 3 , 5 } ’  fiTl! ,13,4H LX= ,14)

~~~~~~~ 

F - I T - M A T  (~~L l - . ~~~~~~~~~~~~~~~~~~~~~~
I’ c ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ Li-(IT,L),l4X,2HD~~)

l~~( F0-~MA1 I / / I A X , 911 ’ - K T (  I T , L )  ,14X ,7Fl t~ s , l X ,9h~~m -cF ( IT,L),14X,2HC~.)
1~~ f - i i , -J~i A 1 t L . F - i ! . 7 )

(lALL r’LUl l
r\L
IT - o .

I ~1 L I  + ~
J F  I h1.~~r .l ( .A f-.[ .F-.( .~~C . l 1)  (.0 1~ J 3 1C
R LA I : ( N~ ~~~~~~~~ 10) ~~
Cl-  lit ( ~~~ ,.~s1 , c ~ ) ~~~

C ~ l Lt ~~i R I- ~~~N F  A F-i L ’PE ¶ - 1  A r~ I F - F E R~~N T  F .L ~ t-lt NT E C I S 1 T I O N .
~~11 1-- E A I I t N I . )  LP, (~F ,~1~~,~~V M ,MV F- ,’<A ,T H ET A L , N P F - 1 , N T H I L X

. i  A i ’ ( S I t ._ ) I I- r.~~N (  1 1 , 1= 1  ,N P F ~I
- t . (N~.- )  (s1IJ), .~— l ,N TH )
1:t  / , j t ( ~~ 1 ) I i. 1 ( 1  , , L ) ,S ( L ) , rr. F ( l T ,L) , c F ( L )  ,L= l , L X)

~ f-i~I l t )
F1— .HT ) — Ni

~-~V v A  I L I  I -

:‘v ’-~. I i ) Sv ~~.

k - S ’  “ W --  I I Ic , 1 c ~ ) I LC 1 ( 1 1  ,L ) ,III) ,t ~.F (II ,L) ,Sr-IL ) , L 1  ,LX ) “ HLRt
ii --i~~k.~~~ .1) ~ ic
-,(: -I’ -

’ ~t (

~~~~~~~ ~~~
‘- 
~‘‘IN ~. LFI ,MCK ,F1] ,N V M ,MVR ,~~~,T i W T 4 t ~,NF’~ !1 ,NTH ,LX

L I  : (FJL ) (~~E 1 r I ( ~ ) ,1~— 1 , N F - F~I)
k~ -~L I ~

( ) I ~- 1 (J ) ,..i = ,N1I- I )
.. ‘ m , L ~( N C )  I ’  i— i ( I I  ,L) ,S (L) ,FQ F( TT ,1 ),SFIL ) ,L=1, LX )
‘ A / I l l ) =
‘- I ~. ( )T ) 0 1

~ 
( 1 ) -

oS ‘ i L( -’ - ,1L~~.)  (LR1I11,L),5(L) , r
~~~ Ij T,L ),$rIL) ,L=1,LX )h ’ HF-St.

L ( )  , -  10 1

~~~u n ~
-i — i
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IF (NTAPE.EQ.1) GO TO 312
I F I N C . E Q . 1 2 )  GO I I )  31?
I F ( N C . E C . 1 l )  GO 10 311
N C 11
~ o TO 1

:11 N C = 12
GO TO 1

: -12 CONTINUE
00 340 I I  1,11
I~~( M C R . E Q . 3 )  GO TO 317
OH 316 1 11,11
DO 315 L = 1,LX
E C T T ( L )  = ECTT(L) + ECT (I,L)

~ 15 E~CFF (L) = cCFF (L ’ + ECF(I,L)

~ 16 C O N T I N U E
317 IF (MCR .EQ.2) GO 10 330

DO 321 I = 11,11
DO 320 L = 1 ,LX
ERTT (L) = ERIT (L ) + ERT (I,L)

~ 2O ESFFIL) = ERFF (L) + E R F ( I , L )
.2 1  CJNTINUE
330 CONTINUE

THE FOLLOW ING “ir” S T A T E M E N T  IS  TO ~E U S E D  ONLY WHE N
HIGHER OROLR MODL PATTERNS IN SUCCFSSION ARE REQUIRFI .
CALL PHICUT(IL,MCR,MI,MVM ,MVR ,KA ,THETAC,f*H1,NTI-1,LX )
I F ( 1 I. E Q . 3 .O R . 1I . E Q . 6. O R .I I . E 0 . 9 )  GO 10 340

CALL PLOT ( — 37.,0. , —3 )
340 CONTINUE

CALL PLOT (O.,0.,999)
-199 C O N T I N U E

STOP
END

4 
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SUBROUTiNE PHICUT(ITp 5C!~ ;flI,flVM,P1VR ,KA ,THE1AC,NP l1I,N1 r 1,LX )
D IM ENSION SFtTI2O ),S00f20),SP (40) ,SFp (40)
COMPLEX ECU, ECFF,LRIT , ERFF
PEAL KA,KAA
COMOON /CFLD/LCTT (665) CFFI665)/RFLD/ERTT(6~-5), FRFF (b~-- 5)
C0~ iN /PVS/ PHIN(20) ,ST (40) ,S(665),SF (665)
C( . .0N/KAMA/KAA (15)-~11A (15 ),?4VF-1At15 ),MVRA (15)

•~~..EXECUTE ‘DATA JS,LL,JSTEP/O ,O ,I/’ LAST IF  T H E f l — C U T S  NOT U E S I k t i .
DATA JS,JL,JSTEP/ 0, 0, 1/
D A T A  JS ,JL. ,JSTEP/ .7,17,1/

11~-! F-0 MAT I2X,12HMCR,LMP ,KCR= ,315 )
i.G F C- ~MAT ( IH1 ,30X, ‘RACIATION PA ITF PN ,’ ,F4.O, ‘DECREE CONE ‘II

1 2 _ ~ ,11HEXCITAT1ON ,2SHELEM. TYPE IC lRC=1 ,RAD~~ i= ,I3,5X ,
118 HE—CUMP(T H= 1, PH 2 ) , 13 / ( 3 (4 X , 61’K A = ,F7.2 , 2X ,~~HM 1= , 1_ ,

~~i,
L4H M V M ,13,2X ,4HMVR ,13)))

i ’3  F O R t ~AT (//1x,1UHPHI,THFTA= ,F5.1 ,1t~F7.l/(9X ,17F7.1 ))
170 FORMAT (Fb.1,3X , 17F7.1/19X ,17F7.1 ))

I~~l FORMAT (4H1LM= ,11,5H OCR= ,I1,4H M1= ,j2,5H MVM= ,I?,SH MVR= ,V ,
14H KA ,F-6.~~,bH THEIAC= ,F6.2,6H NPHI= ,1 3,5H NIi-I = ,13,4h LX- , ’.~~)

~~
, F U R M A T ( 2 c i~~ . 7, F- 9 .3 , 2E 15 .7 ,F 9 .3 )

i” l  F U R M A T ( 2 X , 2 F 1 0 . j )
1’~2 F O R M A T I 2 X , 2 I3 ,5 H T ES T ,F R .2 ,3 X ,5I TESF ,F8.~~)
.....Ti~~ F O L L O W~~N(; TW[~ STAItMENTS DETERMINE CURVE IGENT I F IF ’<
,....FiR Ti-IE ‘L .~E , ’ PLOTTING ROIJTINF...........

111 = iT  — 1
KL = MOD(ITI,31
DL~ 400 LMP =

L F ( M C R . E J ..~I . AN O. L M P. Ec . 2)  GO TO 400
I F( MC S .~~c .3 .A Nt ) .’ M P . E C . l )  r,p 11- 400
K C~ = U
Iju ~7U 1 = 1,NPH1
TE ST —201-.
T E S F  —~~UU.
DC 375 J =

L = NTH*I — NIH + J
GO 101 ~,71,37fl,LMP

~71 SIL l 1O.*ALL ,.,1OIREAL (ICTT (L )*CONJGIICTT (L ))))
S F - I L )  = 1O. *ALUC ,1LaIREAL (ECFF (L )*CONJGILCFF (L))))
GO TU 374

372 5(L) 10.*ALUGIU (REAL(EFTT (1)*CONJG( [F..TT(L))))
SF (L) = 10.*ALL J G 1 0 (- E A L I L R F ~~(L)*CONJG(ERFF (L))))

37’ IF- (S( L ) .c ,T .T I-S1 ) IE ST = S IL )
IF (SF (L ) .GT.IESF ) T ES F = S F I L )

.~75 CONTINUE
SMT (1) = TEST
S M F ( I )  = TESF
w R IT E (6 , 1 9~~) t .MP,1 ,T EST , IESF

37U CUNTINUE

76
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~1f ~. I T L ( 6 , 1 — 1  ) (S~-1 T ( 1  I ,S NF( 1 ),I=l,Nr ~ ’;
GO TO ( 3745 ,37 7) ,LMP

-
~ ,o ~‘ikI1 L I 6 ,lb 1, LMr , MC~ ,Ml A l IT I ,MV MA ( I t)  .MV ~ - I ) t - - -  I )

1T IIETAC ,NFHJ ,Ed r-~,LX
US E “WR IT E(6 , 185)  ( E C T T ( L ) , S ( L ) , E C F F ( L ) , S F ( L ) , L 1, L X) ”  ~i:- -~~~ .

GO TO 376
377 WRITE (6 ,181) LM P ,MCR,MI A (I1 P ,MVMA (IT ) ,M VRA (IT ), KAA ( I I ) ,

1THETAC,NPHI ,NTH ,L.X
C USE “WRITE(6,1b5) (ERTT(1),SIL),ERFF (1),SF(L),L ~~1,LX)” HE F - t .

376 CONT iNUE
LOOP 410 FINDS LARGEST VALU E IN SI t I ANI) SF11 )  A R R A Y S .
5 i T N  = — 2 0 (
SIIFN — 2 0 m - .
CL) 410 1
IF (SM T I I ) e ’m. ,T.SMTN ) S?~1N SM T I I)

4 10 I F I S M F ( I ) . C - T . S M F N )  SMFN=SMF ( I)
S M TT = SMTN
SMFF = EMF f~
W F I l~~ (~~,1’~l) S M 1 T , S M F - F

~NrJRri = SMIT
I F ( S M F F . G T .S N O R M)  SNO RM=SMFF
W R ITE (o,191)  SMTT ,S NO S M

37c? KCR = K C R  i 1
W S I T E I ~~,113) MCR ,LMP ,KC R
WKI T E t t ,140)  T HEIAC,LMp ,)4~CR ,()(,& A ( I ) , M 1A ( l  ) , MV MA ( 1 ) , MV RA ( I),I 1,IT )
W RIT L(6,14 ~~

) ( S T ( J ) , J 1,NTH)
CTF = -7 0 .

DO 390 I = l,NPI- I
N u N  N T H* ( I  — U

NIN1 = NIN + 1
NINMI = NIN + NTH
1F (KCP.EQ .2 ) (,L, To 3845

C “SNORM” NO RMALIZ E S PATTERNS WITH RESPECT TO LARGEST VALUE
IF  BOTH FIELD COMPONENTS. ~ SMTTN AND “SMFFM ARE FOR
INOIV IDLAL C~ ’MP(’NENT NORMALIZATION .
[0 380 J 1,NTh
I = N I H *I  — NIH +
5 (L ) = S I L )  — S19UR~

F 1 L)  = S F ( L )  — SNORM
= 5(L)

~F~~( i l = S I-I L )
( NT
S L I E  I ~— , 1 7 G )  P HA N ( I  ) , (S (J ) ,J= N IN1,NINMT)

(I.C,T.1.AND .A.LT.NPI-4i) GO 10 390
I~ - ISPI2 ) .LT. (TF .AND.SP (3) .LT .CT~ .AND .SP ( 6).L1 .l-1F) GO 10 387

• Ic I~~~PI I . L T .C . I f .A ND.SFP(3 ) .LT .CTF .AND .S F P 16) . LT . CTF )  GO TO 39(-

~M ~O idL

~ I ’~~I , .I7(~- ) ‘HIPIII ),(SF IJ ),J ’NIN I ,NINMT )
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1;) C[O.~1 I~.UE
IF (KCR .E Q .1) GO TO f)9
C~~LL SUD--FBCUTIKL ,..... ) FOR Car-jiNuous PLOT OF PHI=O ANL PHI 1&30.
C ALL FL CUT (KL ,NTH ,NPHI,LX,LP4P )
THE FOL ’O~1ING CARDS PLOT PATTERNS OF THETA VS. PHI.
• . . . . . . . , • . • . S S • • • S • • • • S • ~ ~ • . •
IF (JS .E0 O ) GO ~U 591
IF (JL .GT .NTH) L~ NTH
DO 590 J ~~ J S ,  ! L ,J S T E P

DO 580 ~ 1,NI HI
L = NTH*1 — P4TH + J
S P I l l  = S I L )
S F PI I)  g SF (L )

~&o CONTINUE
CALL PBPLOT (KL ,PHIN,9.,0.,20..,12HPHI , DE (~REE S ,1 2,SP ,7.,28.,—4.,28HPOWER IN 08, THETA COMP (JNENT,28,NPHI,I)
CALL PBPLOT (KL ,PHIN ,9.,O. ,20 .,1214PHI, DEGR EES ,12 ,
1SFP,7.,28.,—4.,26HPOWER IN OS , PHI COM PONFNT ,26,NPHI,1)
IF (IT .E Q.3.OR .I1.EQ .6.OR.IT.EQ .9) GO TO 590
IF (LMP.E Q.2) CALL PLOT(—24.,0.,— 3)

~~ u CONTINUE
~~~~~ 1 CONTiNUE -

• . S S • • S • S • S • S • • ~ • • S S ~ • • S S ~ S ~ • • S

IF (IT.EQ.3.OR.IT.EQ.6.OR.IT.EQ.9) GO TO 400
IF- ( LM P .E Q .2) CALL PLOT (—13.,0 .,—3)
• S • S ~ • • • S S S S S S S S S S S S S S ~ S S S S S S S S

400 CONTINUE
900 RETURN

END
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SUBR OUTINE pE~pLO T (k,X,X P4, XS ,DX ,XL A B, NLX ,Y ,YN ,YS ,DY ,YL AB ,NLY ,NP, ID)
D IHE NS ION X (80) ,Y (80) ,XIA Bl1 0) ,YLAB I 10)

••..I[ 1 GIVE S SI N OLE INCRE IIENT SCALE.
= 2 O I V c S  rwO— 1NCR E?-I EP 4 T SCALE........

NX XN
NY YN
XI  = XS
VI = II’S
NXI = NX + 1
NY I = NY + 1
IFIK.NE .O ) GO TO 30
D R A W  AND L A B E L  THE X— AXIS.
CALL PLOT (O.,O.,— 3)
DO 10 I = 1,NX1
CALL P L O T ( O . , — .07 ,2 )

CALL NUMBER (— .07,— .21,.1O,XI,O. ,— 1)
‘IF STATEMENT ’ CHANGES INCREMENT FOR ALL POSITIVE SCALE.
GO TO (11,9), ID

9 IF II—b ) 11,11 ,12
11 X I  = X I + DX

GO TO 13
12 XI = XI — OX
13 CALL PLOT(O.,O.,3)

I F ( I . E ( .~ . N X1 )  GO TO 10

C / L  PLOT (1.,O .,—~~)10 CLNT INUE
CALL PLO I ( — X N , O . , —3 )
AX = X N / 2 .  — .14 *( 6 . / 7 .) *N L X / 2 .
CALL SYMB OL (A X , — .42,. 14,XLAB,O. ,P4LX )
OPAW AND LAb EL THE V—AXIS.
CALL PLDT (0.,U.,—3)
Di 20 1 = 1,NY1
CALL PLOTI— .O7,O.,2)
CALL NUMbER (— .14,— .07,. IO,YI,90.,—1 )
VI  = Y l + DY
C A L L  PLOT (O .,u .,3)
1F (l.~ Q .NY1 ) GO TO 20
CAL L  PLOT (0.,1.,—2 )

20 CONTINUE
CALL PLOT(O.,—VN ,— 3)
AY = YN/2 . — .14*(6./7.)*P4LV/2.
CALL SY M B O L (— .35,AY,.14 ,YLAB,90 .,NLY)
THE CURVE M A Y  BE D R A W N  BY ‘CALL LINE’ IN THE X—Y A R R A Y S  ARE FIRST

FIRST CONV I SlED INTO INCHES. ‘CALL CSC .EG’ CONVERTS AUTOMATICALLY.
.....‘ST— 30’ SELECTS THE TWO— I~~CREM EN T OR THE ONE—INCREMENT AXIS.

30 GO 1 0( 3 1 ,3 2 ) ,  10

31 CALL CSEGIO ,K,NP ,X , XN ,XS, DX,Y,VN ,—-Y S ,-OY )
GO 10 33
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~Z CALL CSEG (O, K,NP ,X,X f ,—X S ,—OX ,Y,YN,—YS,—DY)

c S E T  N~~W UR1oIN 3 1 J~ )’E S ~ EYf M1) PRESENT PLOT.
13 CALL PL UTIXN+3.,0 .,— 3)

RETU RN
END

SU B R OU T I N t F-t~LUT ( lT,NTH ,NPHI ,LX ,LMP )

L ‘S 1 J t j — F t~C U 1 ’ rLUiS THE PHI O A N D  PH1 180 CUTS (iN SAME PLOT.
DIMENSIUN STIILU ) ,SF-PIBO),SFPP(80)
CUM~10N /PVS /PHIN ( 20) ,ST(40) ,S (6 6 5 )  ,SF(665)

1~~3 FDRMAT(//IX,IUHPHZ,T 1FTA= ,F~~.1,16F7.1/(9X,J7F7.i ))
1~~’s FOkM A T (~~X , 5 151
l b  F0RMAT(Fc ,.1, 3X,17r7 .1/(9~~,17F7.1 I I

DO 6U0 J = 1,Nih
JU NIH + J
LN = NIH + 1 — J
LL LX — NTH + J
STT (J) = — S 1 (L N )
S T I ( J U )  S T ( J )
S F P ( J )  S I L N)
SPPIJUI = SILL )
SF P P (J ) = S F ( L N )
S F P P ( J O )  S F - I L L )

bOO CONTiNUE
C THE ARRAYS AR E READY FOR 11SF BY PBPLOT RUUTINES I-liE PLUTT1NC .

NT~. =

N i l  NTH + 1
WRI T E I -t,144) LX,NTH,NPHI,NT2,NT1
()P T( (~~1O ,o11 ), LMP

610 CALL PLPLUT(IT ,STT, 1O.,200.,—40.,14HTHEIA, DEGRLES,1 4,
lSPP ,7.,2b ., —4 .,~~bHPflWE R IN DR , THETA CO MPONENT ,28, NT2,2 )
WR I1L (e~,1’.’) (STT (J),J=1,NTH)
wR Ir ~~c~~ ,17L) PHIN( 1), (SPP (J),J=l,NTH)
WR1 TE It ,1’~~ ) (S11(J),J=NT1,NT2 )
W kITE Ie~,1 7C) PHIN (NPHI),(SPP(J),J NT1,NT2)
GO TO o1.~.

‘11  C A LL P~sP LL ;T(IT ,STT ,1 O .,20O .,— 40.,14P4THETA , OEGREE S ,14,

~~~~~~~~~~~~~~~~~~~~~~~~~~~ IN OB, PHI COMP ONENT ,26 ,NT2 ,2)
W R I TE(t, 1 ’.3) ISTT (J) ,J 1,N114)
w R IT L R , 17 U)  PHIN( 1),(SFPP(J ),J=1 ,NTH )
WRI1E (6,1’~~) (ST T(J),J=NT1,NT2)
WSITEIb,17 C) ,~H1N (NPHI), (SFPP(J),J=NTI,NT2)

t- 12 CINTINUE
RETU R N
END

BLOC K DATA
COM PLEX ECT I, 1-CF F , E RTT , ERFF
C~~~”~~N /CFLD/~~CTT (665),ECFF(665)fRFLD/ERTT(665),~~PFF (e~65)
CLJMPLIX ECT T / 6455* (1.E— 15,0.)/,FCFF/665*( 1.{—15,J.)f
C f l M P 1~ )( f P T T / o o ’ ~* ( 1 . E — l 5 , o .) / , E R F F / 6 65 * ( l . F — 1 5 , o . ) /
E N D
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APPI:NDIX C

FX P A N S I  ~NS FOR ‘FI lE  CO MPU ’!  A T I O N  OF F1 I E

BESSEL F U N C T I O N  J
1~ (x)

In the e v en t  t h a t  l i b r a ry  r o u t i n e s  a r e  not a v a i l a b l e  t h ree  c h f f t -  r e n t

e xp a n s i o n s  may  be used  fo r  the Besse l  f u n c ti o n s  J~, (x) f o r  d i f f e r e n t  r~~n g e s

of x and 
~~~~

.

For x <35 and i’~~x, the power series expansion~~~
1

J~, (x) = v !  

~~~~~~~~~~~~~~~~~~ 

~~~~~ (J_~_ ) 2~k ( C - I )

is  used .  A more  co n v e n i e n t  f o r m  of ( C -I ) s ui t a bl e  fo r  computat ion is g iven  by

J (x)  = 
~~~~ +1 )  [~~~ s1 + S

1 
S2 

- S 1 S2 
S

3 + 

] 

( C - 2)

where S. = 
2 

- —1 ( v +  ‘) i

The asympto t ic  expansion [ 15]  is used to r e p r e s e n t  the Besse l  f u n c t i o n  fo r

3 5 - c x < l 3 O and ~~~~3 J .

J o ( 2 
)

/2 

[
~~ 

(
~ 

- ~~~~~~~~~ ( P  + ~)) ~~~~ (~~1) m 

( 2 x )

(C-3)

- sin (x  - ~~~~~ ( t - + 4 ) ~ f _ 
‘~~~~~~ ~L ‘z~~~+~l

’1 ]
m= o (Zx )

where  ( 
~- , m) is I t a nk e l ’ s symbol de f i n e d  by

2 
{(4 

2 
- 1 )  (4 2 

- 32 ) (4 2 
- (2~ i- 1) 2

]}
(C-4)

= I ( ~~ +~~ + m )/ [m! (~~~+ v  - ml]
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The Mci  ssel  exp a n s i o n  ~~~~~~~~ v a l i d  fo r  s- r ea l , l a r g e  and  p o s i t i v e
is u s e d  to r ep r e s e n t  the  B e s s e l  fu n c t i o n  f o r  ~-. > 130 and ~- >3  J ~~~~. Thi s
expans ion  is i n c l u d e d  h e r e  fo r  Co n v e n i e n t  r e f e r e n c e .

T 1/6

~~~ L 
(~ ‘ + f ) 

1/6  + U ( C - 5 )
48

where 1

T r 
i (
~~~~ 

~~~~ T [ 6 1

= 

~ (v ~~~~)
2 /3  

~~~~~~~ 

U O ~~) 
~~~~~~~~6 ] 

r

and T(~- ) = 1 T1 (~~) = -b--
1 2 4

U ( ~~ ) = U 1 (~~ ) = —

~~~~~~

-

~~~~
+ 

~~~~~~~~

2 4 61 • 7 •  
____T 2 O~

) - 
8100 

+ - 3240 + 1620

3 5 713 19  
______= - 283500 + 11340 - 8 10 + 45 36

Taking x = ~- + and = x - the above exp a n s i o n  of the first three terms

becomes:

J (x )  = C 1 ~~~~~~~~~~~~ [450 + (60 - 150 ~2 ) + ~~~~~~~~~ [-2 + 25 - 35 + 10 ~5
j ]

x [450 - 31500 - 5250~~~ [~~~ 
-

+ ~~~ [52 - 1900 + 140- t
~~~ 

- 2500 ( 1]

- r ( 1 / 3 )where  C
450 ‘r (48 )

~ + 
( 3 / 4 ) 16 r ( 21 3 )

2 31500 ~
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